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| INTRODUCTION 


The expression f(x) = a,x" € ax"! +.. +a xa, 
where a's are constants (a, * 0) and n is a positive integer, is called a polynomial in x of degree n. The polynomial 
fix) = 0 is called an algebraic equation of degree n. If f(x) contains some other functions such as trigonometric, 
logarithmic, exponential etc. ; then f(x) = 0 is called a transcendental equation. 

The value of x which satisfies f(x) = 0, A) 
is called its root. Geometrically, a root of (1) is that value of x where the graph of y = f(x) crosses the x-axis. The 
process of finding the roots of an equation is known as solution of that equation. This is a problem of basic 
importance in applied mathematics. We often come across problems in deflection of beams, electrical circuits 
and mechanical vibrations which depend upon the solution of equations. As such, a brief account of solution of 
equations is given in this chapter. 





GENERAL PROPERTIES. 





I. If & is a root of the equation f(x) -0, alien the polynomial f(x) is exactly divisible by x - & and con dis 
For instance, 3 is a root of the equation x* — 6x? — &x — 3 = 0, because x = 3 satisfies this equation. 
. x—8 divides х“ — 6х? — Вх – 3 completely, i.e., x — 3 is its factor. 
II. Every equation of the nth degree has n roots (real or imaginary). 
Conversely if a, 05, ..., ©, be the roots of the nth degree equation f(x) = 0, then 
fix) =A (x— à) (x — 0) ... (x — a, ) where А is a constant. 





shes for more than n va 





Soluti on. By irisgactiri; we find x = -2 "wem the given түл 
2 is its root, Le. x — 2 is a factor of 2x? + x* — 13x + 6. Dividing this polynomial by x - 2, we get the 
quotient 2x? + 5х — 3 and remainder 0. 
Equating the quotient to zero, we get 2x? + 5x — 3 = 0. 


Solving this quadratic, we get x = SEEE A се ORE eal. 
Hence, the roots of the given equation are 2, - 3, 1/2. 
1 
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Note. The labour of dividing the polynomial by x — 2 can be saved considerably by the following simple device called 
synthetic division. 





|Explanation : (1) Write down the coefficient of the powers of x in order (supplying the missing powers of x by zero co- 
efficients and write 2 on extreme right. 
(11) Put 2 as the first term of 3rd row and multiply 1t by 2, write 4 under 1 and add, giving 5. 
(ш) Multiply 5 by 2, write 10 under — 13 and add, giving — 3. 
(iv) Multiply — 3 by 2, write — 6 under бапа add given zero]. 
Thus the quotient is 2x? + 5x — 3 and remainder is zero. 


Obs. To divic 


Ш. Intermediate value property. If fia) and fb) have different үз 
signs, then the equation fix) = 0 has atleast one root between x = а 
and x = b. 

The polynomial fix) is a continuous function of x (Fig. 1.1). So while x 
changes from a to b, fix) must pass through all the values from Да) to ДЬ). 
But since one of these quantities Да) or fib) is positive and the other nega- 
tive, it follows that at least for one value of x(say à) lying between а and b, 
fix) must be zero. Then g is the required root. 

IV. In an equation with real coefficients, imaginary roots occur in 
conjugate pairs, t.e.,if a + iB is a root of the equation Дх) = 0, then 
a — iB must also be its root. (See p. 534) 


Similarly ifa + J/b is an irrational root of an equation, then а — Jb must also be its root. 





a polynomial by x + A, we write — А on the extreme right. 
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Fig. 1.1 


ation ofthe odd degree hasatleastonerealroot, ог 





This follows from the fact that imaginary roots occur in conjugate pairs. 





' lle 1.2. Solve the equation 3x! - 4& + x+ 8B = 0, oneróot being 2 й, 7 70000 00 
Solution. Since one root is 2 + V71, the other root must be 2 — VTi. 
The factors corresponding to these roots are 
(x—2— 7i) and (x — 2 + VTi) 
or (x -2— VTi) x 24+ VTi) = (x — 2P 7 2 x? — Ax 11, 
which is a divisor of 3x? — 4x* + x + BS A) 


Division of (i) by x? — 4х + 11 gives Зх + 8 as the quotient. 
Thus the depressed equation is Зх + 8 = 0. Its root is — 8/8. Hence the roots of the given equation are 
2 + УТЕ, — 8/3. 
V. Descarte's rule of signs. *The equation f(x) - 0 cannot have more positive roots than the changes of 
signs in f(x); and more negative roots than the changes of signs in f(— x). 
For instance, consider the equation Дх) = 2х7 - x? + 4x! – 5 = 0 hd) 
Sign of fix) are + - + - 


САГА” 


Clearly, fix) has 3 changes of signs (from + to — or — to +). 
Thus (1) cannot have more than 3 positive roots. 


* After the French mathematician and philosopher Rene Descartes (1596-1650), who invented Analytic geometry in 1637. 





Also f-x)2 2(- x) —- C xP «- 4C- x —5 
= — 251 + х5 — 4х3 – 5 


VV 


This shows that f(x) has 2 changes of signs. Thus (1) cannot have more than 2 negative roots. 





VI. Relations between roots and coefficients, Ло, ©, Од, ..., O, be the roots of the equation 
ах" eaux" 5 ax"? ua, ,x+a,=0 4431) 


m=- аб. = №, ана 2 
1=- 00, Зато, оо 2 


ЕЕ ЕЕРЕЕ ИР СН В А Pee Pe ee ЕЕ Е ИЕР Р ҮЛ ээ ҮҮ ЭЭ ээ” Бэ зэ вт тэ ING 


01030, ...... 0, = (7 1)" Pn, 


2, г 


а О ЗЫ й iod ipe" зый: on x* - dX"* 36-0 iat one root ts double of another. -< 0 

байый. Lib ie roots беоб y such that В = 2a. 

Also a+f+y=7, of + Ву+ yo = 0, apy- — 36 

ra За + у= 7 xi) 
202 + 3ay = 0 n) 

20?ү = — 36 8480) 

Solving (1) and (zi), we get a = 3, y= — 2. 

The values o = 0, ү = 7 are inadmissible, as they do not satisfy (11). 

— are 3, 6 and — 2. 


D E ҮСТ, 14 4 ] Woe "CI E oe 1 | ry T. "i T 7 | т > кг ти 
E ү ^ p 4 ч Ni 14 Ой? P. Ч | DIC. T e". = 1 
П СРС" PX f io mU hee 1 mn t Ё Lid Сг РИ үд 4: | given t 3 3 A 7) ХУЙ! үл : iou x p TS Е not, or 3 i ai 4 , 1 





E ey J ry -— m" 
ample 1.4. Solve th 5 Posen CETUR US ЇГ) 


| | Hae i iie P К и ET 
ШӘ | ! » A qo 3^ ut Os Я 


Solution. Let the roots be a, В, y, 6 such that o + B= 0. 
Also a+P+y+6=2 ~». y+6=2 
Thus the quadratic factor corresponding to с, В is of the form x? — Ox + p, and that 
corresponding to y, 5 is of the form of x^ — 2x + q. 
no 24-223 + 4х2 + 0x — 21 = (x? + p) (x? — 2x + 0) Ai) 
Equating the coefficients of x* and x from both sides of (i), we get 
4=p+q, 6--2р. 
г. р=-3, 4-1. 
Hence the given equation is equivalent to (x? — 3) (x* — 2x + 7) = 0 


х The roots агех = + 4/3 ,1+ iv6. 
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Solution. (à) Let the roots bud di a, а + d so that the sum of the roots = 3a = aA Len а = - 1/3, 
Since а is the root of the given equation 
5 а5-1а2-та-пн-0 440) 
Substituting a = 1/3, we get (1/38-10/38 -т(/3)-п = 0. 
2/3 — 91т + 27n = 0, which is the required condition. 





or 


or 


от 


oT 





(b) Let the roots be a/r, a, ar, so that the product of the roots = a? = n. 
Putting a = (п), in (2), we get n — In?? + mn? — 5n = 0 or m = In? 
Cubing both sides, we get m? = л, which is the required condition. 


Example 1.6. Solve the equation x* - (2x3 — 91x? + 22x + 40 = ‚О whose roots are т А.Р. _ "ad p 


Solution. Let the roots bea — 3d, a —d,a + d, а + За, во that the sum of the roots = dis 9, 
а = 1/2 

Also product of the roots = (а? — 9d*) (af — d”) = 40 

1 - 9d" | È - а | -40 or 144d'- 404? - 639 = 0 

4 4 
à а? =9/4 or —7/36 
Thus, d= + 3/2, the other value is not admissible. 
Hence the required roots are — 4, — 1, 2, 5. 
Example 1.7. Solve the equation 2x* — 15x? + 3513 — 30x + 8 = 0, whose roots are т В.Р. | 
Solution. Let the roots be a/r?, alr, ar, arë, so that product of the roots = at = 4. 
Also the product of a/r?, аг" and а/г, ar are each = a? = 2. 

The factors corresponding to a/r?, ar? and a/r, ar are x? + px + 2, x? + qx + 2. 
Thus, 2x*— 15x? + 35x? — 30x + 8 = 2(x? + px + 2) (х? + qx + 2) 
Equating the coefficients of x? and x* 
—15=2p+2qg and "35 = 8 + 2pq 
р==90,9=—8, 


Thus the given equation is 2 б - ах + 2] (x? — 8x + 2)=0 


Hence the required roots are 1/2, 4 and 1, 2 ie., 5 , 1, 2, 4. 





Example 1.8. If a, B, y be the roots ЦЭ т 0, find the value of - ТЭГДЭГ 4 
(а) Eo" |. (b) Хо? fo? pS N 
Solution. We have а-фЁ«ү-0 vel) 
aB + By + у = р Ui) 

apy = — {j (Ett) 


(a) Multiplying (i) and (iz), we get 
a*p + о?у + Ву + Ba + ya + YB + 3opy = 0 
Уа2р--Зофү-39 [Ву (iii) 


(b) Multiplying the given equation by x, we get x‘ + рх? + qx = 0 


Putting x = a, В, ү successively and adding, we get Ус! + рхо? + gia = 0 


Lot =- рхо? — q(0) (dU) 
Now squaring (2), we get a* + В? + + 2(aB + By + yo) = 0 
ха? = – 2р [By (11)] 


Hence, substituting the value of Xo? in (iv), we obtain 
La! =- р(— 2p) = Zp*. 
(с) Хор = Хо? Za — «вуза = — 2p(p) – (- q) (0) = – 








PROBLEMS 1.1 | 


_ Form the equation of the fourth degree whose roots are 341 and. V7. (Madras, 2000 8) 


Solve the equation (1) x" бх + 20 - 0, one root being 1 + 3r. 
(ii) x* — 2? — 22x* + 62х — 15 = 0, given that 2 + 48 is a root. 


‚ Show that x' — 3x! + 207—1 = 0 has at least four imaginary roots. (Cachin, 2008) 
. Show that the equation х + 1522 + 7x — 11 = 0 has one positive, one negative and two imaginary roots. 
. Find the number and position of real roots of x* + 43? — 4x — 13 =0, 


Solve the equation 3x* — 1113? + Вх +4 = 0, given that two of its roots are equal. 


7. гу, ra r, are the roots of the equation 2x?— 3x* + kx — 1 = 0, find constant А if sum of two roots is 1. 
(S. VO, 2009) 

"8. The equation x! — 4x? + ax? + 4x + b = О has two pairs of equal roots. Find the values of a and b. 

| Solve the following equations 9-14: 

8. x! — Әд + 145+ 24 = 0, given that two of its roots are in the ratio 3: 2. 

10. a? — 42° — 20x + 48 =0 given that the roots @ and [jare connected by the relation 04-20 =0. (S.V. T.U, 2007) 
IL xi— 643 + 19x? - 12x «4 = 0, given that it has two parts of equal roots. | (Madras, 2003) 

042. x!- Ях + 21x*— 20x + 5 = 0 given that the sum of two of the roots is equal to the sum of the other two. 

h 13. 3? — 12x? + 39x — 28 = 0), roots being in arithmetical progression. (Madras, 2001 5) 
14. 8x? — 14x? 4 7x — 1 = 0, roots being in geometrical progression. (Osmania, 1999) 
15. O, A, B, C are the four points on a straight line such that the distances of A, B, C from O are the roots of equation 

| ах!» 3bx* + Sex + d =0. И Bis the middle point of AC, show that a^d —3abe + 2b* = 0. (S.V. T. U., 2006) 

_ 16. Solve the equations (i) х? + 2х" — 210? — 22x + 40 = 0 whose roots are in A.P. 


(i) x* + Bx? — 80x? + 40x + 64 = О whose roots are in С.Р. 
Ifa, B, ү be the roots of the equation x? — /x* + mx п = 0, find the value of 
(1) Xc"p*, GU (В+) (y+ 00 (ce + B) 


. Find the sum of the cubes of the roots of the equation х3 — 6x* + 11x — 6 = 0. 
‚ Ма, В, y are the roots of x? + 4x — 3 =0, find the value of (i) cc! e pr! + y! GD e + po? y. 
. На, В, ybe the roots of x? + nx д = 0, show that 


(i) a? + p^ + f= Baby (py yo + of), (11) За? Ха? = Бю Dot. 





| TRANSFORMATION OF EQUATIONS 


(1) To find an equation whose roots are m times the roots of the given equation, multiply the 


second term by m, third term by т? and so on (all missing terms supplied with zero coefficients). 


of the 


For instance, let the given equation be 


3х1 + Gat + 4x^ — Вх + 11 = 0 A 
To multiply its roots by m, put y = mx (or x = y/m) in (1). 
Then J(y/m)! + 6(у/т + 4(у/т + В(у/т) + 112 0 


Multiplying by тї, we get Зу? + m(6y?) + m*(4y?) — m?(Ry)  m'*(11) = 0 
This is same as multiplying the second term by m, third term by т? and so on in (i). 


Cor. To find an equation whose roots are with opposite signs to those of the given equation, change the signs 
every alternative term of the given equation beginning with the second. 
Changing the signs of the roots of (/) is same as multiplying its roots by — 1. 
The required equation will he 
3x* + (— D6x? + (— 1? 4х2 — (- 1? Bx + (- 1*5 11 20 
art- Gat + dot + Ex + 11=0 


which is (1) with signs of every alternate term changed beginning with the second. 


to Ifx. 


(2) To find an equation whose roots are reciprocal of the root of the given equation, change x 








Solution. Since the roots of the given equation are in H.P., the roots of the equation having reciprocal 


roots will be in А.Р. 


ar 


The equation with reciprocal roots is 6(1/х)? — 11(1/x)? — 3(1/x) + 2 = 0 
253 — 3x — 11x +6=0 А) 
Since the roots of the given equation are in H.P., therefore, the roots of (i) are іп A.P. Let the гоо be a — d, 


а, а + d. Then 


roots are Ву 1o, yo + I/P, оў + I/y "Wwe 


or 


or 


За = 3/2 and ala? — d?) = — 3. 
Solving these equations, we get a = 1/2, d = 5/2. 
Thus the roots of (:) are — 2, 1/2, 3. 
Hence the required roots of the given equation are — 1/2, 2, 1/3. 


Example 1.10. If a, В, i ge Хүйн of the cubic Фери Эр ай ка =1 = 0, 





Hence evaluate Хов + 1/y) (By + 1/0). 


Solution. If х is a root of the given equation and у a root of the required equation, then 











у = Вү + Lia = ору +1 r*1 [r ay = r] 
(84 (x 
ya ЭД 5 ж= PA 
x ¥ 


Thus substituting x = (r + 1)/y in the given equation, we get 


[ret] [nsi] БЭ 
— —-p|-——| +@д|- -rzü 
. У ¥ x oy 


ry? —qir + 1) y? + pir + 1? y — (r + 1) = 0, which is the required equation. 
Hence ЕХ (ор + 17ү) (Ву + Шо) = pir + 1)4/r. 








x: ample 1.11. Form an equation whose roots ts are cubes of the roots of x3 — 3x* 1 - 0. nw 1 Ха)" 
Solution. If у be a root of the required equation, then у = x? Ai) 
Now we have to eliminate x from (7) and (ii) 

Rewriting (i) as 3*4 1 = ox" 

Cubing both sides, x? + 3х9 + 35-1227 


Substituting x? = у, we get v! — 24y* + Зу + 1 = 0, which is the required equation. 
(3) To diminish the roots of an equation f(x) = 0 by A, divide f (x) by x — А successively. Then the 


successive remainders determine the coefficients of the required equation. 


Let the given equation be 


as gat uuu, пива; =0 400) 
To diminish its roots by Л, put y = x - h (or x = y + A) in (1) so that 

ag + AY e a (y + h^! ca, = 0 Az) 
On simplification, it takes the form 

AQ" + Aly t+. A 0 Att) 


Its coefficient A,, A,, ... А, can easily be found with the help of synthetic division (p. 2). For this, we put 


y=x-—/ in (tit) so that 


Ay (x — hy + А (х А)" L4 sd А,-0 (tv) 
Clearly, (i) and (iv) are identical. If we divide L.H.S. of (iv) by x — ^, the remainder is A, and the quotient 


Q-A,x—hY-!- A,(x—hY' ^? +... + А Similarly, if we divide Q by x —^, the remainderisA, ,andthe quotient 
is Q,(say). Again dividing ©, by x - ^, A, , will be obtained as remainder and so оп. 


Obs. To increase the roots by А, we take А negative. 





чыннан: Sum of the roots of the given equation = 6. 
In order that the second term in the transformed equation is missing, the sum of the roots is to be zero. 
Since the equation has 3 roots, if we decrease each root by 2, the sum of the roots of the new equation will 
become zero. 
Dividing x? — 6x? + 5x + 8 by x — 2 successively, we have 





1 -6 5 8 (2 
2 -8 - 6 
-4 -3 2 
2 -4 
-2 -7 
2 
1 0 
Thus the transformed equation is x? — 7x + 2 = 0. AE) 


If a, В, y be the roots of the given equation, then the roots of (1 are a — 2, B — 2, y — 2. 
Let these roots be denoted by a, b, c. 
Then b – с = В – y. Also a + b +c = 0, abe = — 2. 


245 
New (b —e = 4.62 —9be- (a 4b 4 c—af- — 2*4 4a 


' The equation of squared differences of (i) is given by the transformation y = x? + 4/x 
or х -ху+4 = 0 Ui) 
Subtracting (ii) from (i), we get - 7х + xy -2-0 or xz2Ky-7) 
Substituting for x in (i), the equation becomes 
[2/(у — 7) —7I[2/y - 7] «2-0 ог у? – 28у? + 245y - 682 = 0 ши) 
Roots of this equation are (b — c, (c – а)?, (a-b  Le.(B— ү)?, (y— о), (a — BY. 
Hence (tit) is the required equation. 





RECIPROCAL EQUATIONS 





If an equation remains unaltered on changing x to 1/x, it is called a reciprocal equation. 
Such equations are of the following standard types : 
I. A reciprocal equation of un odd degree having coefficients of terms equidistant from the beginning and 
end equal. It has a root = — 1. 
II. А reciprocal equation of an odd degree having coefficients of terms equidistant from the beginning and 
end equal but opposite in sign. It has root = 1. 
Ш. A reciprocal equation of an even degree having coefficients of terms equidistant from the beginning and 
end equal but opposite in sign. Such an equation has two roots = 1 and — 1. 
The substitution x 1/х = y reduces the iain of the — of half its former degree. 


ҮР?! A а. "аар у ч , i, itas BAN 213 А e 172 4 Er г: A. IR | d 
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Solution. This і isa айсан equation of odd degree with ттт signs. 2 х= lisa root. 
Dividing L.H.S. by x — 1, the given equation reduces to 

6x* — 35x? + 62x? - 35x +6 = 0 
Dividing by x", we have 
6(x* + 1/x?) — 35(x + 1/x) + 62 = 0 
Putting x + Ш = y and x? + 12 = у? — 2, we get 
6(y^—2)—35y 462-0 or 6бу”-35у-50-0 ог (Зу-1Х2у-5)-0 
х+ Шх=у= ШЗ ог 5/2 








Lé., Зх? – 10х+3=0 or 2х2 5х+2= 0 
Le., (3х-1Хх-3)-0 or (2x—-1)Yx-2)-0 


x=1/3,3 or 1/2,2 
OM the required roots are 1, 1/3, 3, 1/2, 2. 


Example 1.14. Solve 6х — 25x^ 31x! - 31x* + 25x - 620. . | (Madras, 2003) 


Solution. This is a reciprocal equation of even degree with opposite signs. г. х= 1, – 1 аге its roots. 
Dividing L.H.S. by x — 1 and x 1, the given equation reduces to 
—95x? + 37x? — 25x +6=0 
Dividing by x?, we get 
6(x? + Lx?) — 25(x + Их) + 37 = 0. 
Putting x + 1/х = y and x? + 1/x? = y? — 2, it becomes 
6(у2– 2) – 25у + 3720 or 6у2 – 25у + 25 = 0 


or (Зу — 5) (Зу — 5) = 0 
in x+ Их=у= 5/2 or 5/3. 
Le, 2х2 — 5x -2-0 or 3x?^—- 5x +3 = 0 
cxi 
x= 2, 172 or as 


Hence the required roots of the given equation are 1, — 1, 2, 1/2, == ; 


AISE 





1, Find the equation whose roots are 3 times the roots of x^ + 2x* — 4x + 1— 0. | | 

2. Form the equation whose roots are the reciprocals of the roots of 2x? + 4x? — 13x? 4 73 — 6 = 0. (S. V.T.U., 2009) 

3. Find the equation whose roots are the negative reciprocals of the roots of J AUN 

x* + 7х5 + Bx? х + 10 = 0. 
4. Solve the equation 6x* — 11x? — 3x + 2 = 0, given that its roots are in Н.Р. 
Б. Find the equation whose roots are the roots of | 
(i) x* — 652+ 11x — 6 = 0 each increased by 1. - ASL. TU., 2009) 

(it) x4 + x3 — 8x? — x + 2 = 0 each diminished by 3. Ё B wl 
(iii) x? — Gx  10x* — 10x? + Sx + 6 = 0 each diminished by 1. 

6. Find the equation whose roots are the squares of the roots ofa? — x? + Вх — 6-0. 

7. Find the equation whose roots are the cubes of the roots of x? + px? +g = 0. | 

8, Ifa, В, Y are the roots of the equation 2x* + 33? — x — 1 = 0, form the equation whose roots are a- ord, (= Ву and 


a-y 
9. If a, b, c are the roots of the equation хЗ + px* gx 4 r=0, find the equation whose roots are ab, be анфса.! 
ч 2003) 
10, If c, В, у be the roots of x* + mx +n = 0, form the equ ation whose roots are 174 
| | м 4 Е 1972-1214 
(а) o * B—y, -ү-0,Ү46-8, (b) Вус, UB, оргу (г) ӨЛҮҮ «wp 
16 Find the equation of squared differences of the routs of the cibic x? + 6224+ 7x 2 = 0, : 
12, Solve the equations : | v gu 
(0) Gx* + 5x? — 88x? + 5х 4 6 =0 (ц) 4x4 — 20x* + 33a? — 20x 4 4 = 0. | | (Madras, 2003). 
(iti) Вхб — 2254 — 55x? + бБх + 22x — B — 0. (10) бо? +х*— 4353 - 4337 4 x 46-0 БАТТЛ, 2006) 


(0) 339 + x5 — 2704 + 2713* - x — 3 = 0. 

13. Show that the equation x*— 10x? + 23:2 — 6х — 15 = 0 can be transformed into reciprocal equation by diminishing the 
roots by 2. Hence solve the equation. 

14. By suitable transformation, reduce the equation x* + 16x? + 83x? + 152r + 84 = 0 to ап equation in which term in x? 
is absent and hence solve it. + (Madras: 2002) 


| SOLUTION OF CUBIC EQUATIONS-CARDAN'S METHOD* 





Consider the equation ах? + bx*+ex+d=0 UL) 
Dividing by a, we get an equation of the form x? + lx? + mx + n = 0. 
To remove the x? term, put y = х (- 3) or х = у – 3 so that the resulting equation is of the form 


y +py+q=0 ...(2) 
То solve (2), put усижи 
so that y? = и? + v? + Buv (и + п) = и? + v? + Зиру 
or y! —3uvy – (и? + v?) = 0 (8) 
Comparing (2) and (3), we get 
uv = — р/З, u? + 03 = — д oru? + 03 = — 9 and u? v? = — p?/27 
u?, v? are the roots of the equation t? 4 qt — үл = 0 
which gives и? = zc q+ Jg? +4p"/27) = АЗ (say) 
and иЗ = Zq- Jq? + 4p" /27) 
The three values of u are A, Am, Ao, where w is one of the imaginary cube roots of unity. 
From uv = — p/3, we have v = — p/3u 
When u = À, Amand Ao, 
2 
2-р pū | po 7 ” 
ù=- -—,—-——— and- —. соо = 1 
3A' BA ЗА | | 
Hence the three roots of (2) are A — 2 ‚Ао — [73 , Aw? — (Being = u + v) 


ЕВ known у, the ——— A" of x can be found from the relation x = y — //3. 





Solution. Given equation is x? — 3x? + 12x + 16 = 0 m 
To remove the second term from (i), diminish each root of (i) by 3/3 = 1, ie., риёу = х 1 ог х=у+1 
|... Sum of roots = 3]. Then (1) becomes 
(y+ 1) – 3(у + 1) + 12(у +1) + 16 = 0 or у? + 9у?2 + 26 = 0 (it) 
To solve (ii), put y = u + v so that y? — 3uvy — (u? + 03) = 0 (Ut) 
Comparing (ii) and (iii), we get uv = — З and u? + v? = — 26 
иЗ, v? are the roots of the equation t? + 261 — 27 = 0 
or ({+27)(¢-1)=0 wheneet =—27,f= 1. 
or иї--27 Le,u=—-3andu'=1 ie,v-1 
ini Mie tite ends У+1=-1 
Dividing LALS: of (i) by x + 1, we obtain x? — 4x + 16 = 0 


or к= SSN 228i а 


Hence the required roots of the given equation are — 1, 2 € i 24/3. 





*Named after an Italian mathematician Girolamo Cardan (1501-1576) who was the first to use complex number as roots of 
an equation. 









_ Example 1.16: Solve the cubic equation 28x* — 9x? + 1 = 0 by Сагаан 
Solution. Since the term in x is missing, let us put x = 1/y in the given equation so that the transformed 
equation is y? — Sy + 28 = 0 (1) 
To solve (i), put y =u + v so Шайу!-Зиру-(иї +53) = 0 AU) 
Comparing (ii) and (Zi), we get uv = З and и? + v? = — 28. 
à uï, v? are the roots of t? + 28t + 27 = 0 
or (£+ 1)(t--27)-0 or t=-1,-27 or uz-1,v-—3 
y =u+v =- 4, Dividing L.H.S. of (i) by y + 4, we obtain y? — 4y + 7 = 0 whence y = 2 + i 4/3. 
Roots of (i) are — 4, 2 + i V3. 
1 
"2+iv3 


Example 1.17. Solve the equation x? + x? — 16x + 20 = 0. | JA 


Hence the roots of the given cubic equation are — 





or — "n (2-143)7,(2--143)7. 


нь |m 


й 


Solution, Instead of diminishing the roots of the given equation Бу — 1/3, we first multiply its roots by 3, 
so that the equation becomes 


x? + Зх? — 144х + 540 = 0 on Ad) 
To remove the x? term, put у = x — (— 3/3) or x = y — 1 in (1) 
so that (y — 1 + 3(y - 1)? — 144(у — 1) + 540 = 0 
ог у? – 147у + 686 = 0 E) 
To solve (iti), let y = u + v, so that 
уз — Зиру — (и? + v3?) = 0 (EEL) 


Comparing (її) and (гї), we get 
uv = 49, u? + 3 = — 686, so that и? v? = (343). 
u?, v? are the roots of the quadratic 
#2 + 6867 + (343)? 20 or (t+ 343)? = 0 
х # =— 343 іе, и? =53 =- 343 or и-и--(1. 
Thus у=и+ь=- 14 апах=у – 1 = – 15. 
Dividing | L.H.S. of (i) by + 15, we get 
(x—-6)"=0 or x=6,6. 
The root of (2) are — 15, 6, 6. 
Hence the roots of the given equation are — 5, 2, 2. 


Example 1.18. Solve x* — 3x? 4.3 — 0. 


Solution. Given equation is х – Зх + З = 0 AL) 





To remove the х? term, put y = х - 3/3 or x = y + 1, 
so that (1) becomes (у + 1)? – 3(у + 17? +3 = 0 
ог у Зу +1 = 0 AEE) 
To solve it, put y =u + v 
so that y? — duvy — (и? + v3) 2 0 eel ELL) 
Comparing (ii) and (iii), we get uv = 1, иЗ +3 = — 1 
u?, v? are the roots of the equation t +? + 1 = 0 


Hence и? = -1+ 43 and v? = a 22 
1/3 | 
= Эр 1 
и = E put = =r cos 0 and /3/2 = ғ віп Ө 
= [r (cos Ө + i sin Ө)! sothat ғ= 1, Ө = 2л/3 


= [cos (Ө + 2лл) + i sin (Ө + 201113, 
where n is any integer ог zero. Using De Moivre's theorem (р. 647). 








БЭРТ БНН кз 
д, 3 


и = Cos | 


Giving л the value 0, 1, 2 successively we get the three values of u to be 
8 0421. .. 0-2к 0-4л . . 0-44л 
‚ cos — —— 








H . + л L 
cos — +Е Я —,cos ———— +t sin +), Sin 
a d a 
' 2m 27 вт Вт 14т .. lán 
Le., cos --415Ш--,005--418Ш--,(005--415Ш---., 
9 g 9 9 9 Ü 


The corresponding values of v are 


| 2m 2n Sit Bit 14m lan 
cos — — sin —, СОБ — c Sin — , COS —— 244 sin —. 
t 9 ü Ч) t 9 


The three values of y =u + v are 2 cos 2n/9, 2 cos 81/9, 2 cos 14л/9. 
Hence the roots of (1) are found from x = 1 + y to be 
1+2 cos 27/9 1 + 2 cos 81/9, 1 + 2 cos 147/9. 


PROBLEMS 1.3 








Solve the following equations by Cardan’s method : · il | i ) 

1. х7-21кх4«54-0, — (U.P.T.U., 2003) 002. х?— 18x 435 =0 „АЕ; et | (Osmania, 2003) 

з. -15:-126. (БУТИ, 2009) 4, 2x8 + ba? ex 220 балл o НИР, 2003) 
5. Ая =0 (ЗУТО, 2 2008) 6. 53 Gr? 4 Gr —5 =0 Leh ВИА "pP EA 

7. х®—8х+1= | 8. 27r! + 64x" + 198x — 73 = so P INC E T 





SOLUTION OF BIQUADRATIC EQUATIONS 








(1) Ferrari's method 
This method of solving a biquadratic equation is illustrated by the following examples : 


Example 1.19. Solve the equation x! — 12x? + 41x? — 18x — 72 = 0 by Ferrari's method. (УТ, 2007) 





Solution. Combining x* and x? terms into a perfect square, the given equation can be written as 
(x? — бх + А)? + (5 — 21x? + (121 — 18x — (А2 + 72) = 0 


or (x? — 6x +A)? = (2A – 5x? + (18 – 12A) x + (А? + 72)) (i) 
This equation can be factorised if R.H.S. is a perfect square 
Le., if (18— 122)? = 4(2.. 5) (А? + 72) [b* = 4ac] 
ie., if 215 – 4132 + 2521.—441-0 which gives A=3. 
(1) reduces to (x? — бх + 3)? = (x - 9) 
i.e., (х2 — 5x — 6) (x* — 7x + 12) = O. 


Hence the roots of the given equation are — 1, 3, 4 and 6. 
Example 1.20. Solve the equation x! — 2х? — 5x? + 10 x - 3 = 0 by Ferrari's method. | 


. Solution. Combining х! and x? terms into a perfect square, the given equation can be written as 
(x? — x +A)? = (2A + 6) х? — (2А + 10) x + (А? + 3). This equation can be factorised, if R.H.S. is a perfect square L.e., 





if (2X. + 10) = 4(2À + 6) (А2 + 3) [b? = da] 
or 2А3 + БА? —41— 7 = 0, which gives А = — 1. 
(i) reduces to (x? — x — 1? = 4х2 — 8x + 4 
or (x? —x 1)? – (2х – 2) =0 or (Х2-х-3)(52-3х-1)-0 
__ -1+,/1+12 ” 3+/9-4 
Е 2 | 2 
Hence the roots are -1+ Vis iis v5. 


2 ' 2 ebuzzpro.blogspot.com 





(2) Descarte’s method 
This method of solving a biquadratic equations consists in removing the term in x? and then expressing the 
new equation as product of two quadratics. It has been best illustrated by the following examples : 





xample 1.21. Solve the equation x* - 8x? — 24x + 7 = 0 by Descarte’s method. ’ (U.P.T:U., 2001). 
Solution. In the given equation, the term in x? is already absent s0 we assume that 
— Bx? — 94x + 7 = (x? + px +q) (x? — px  q') lz) 


Equating coefficients of the like powers of x in (1), we get 
-8=9+9'’-Р?, - 24 = р(9 – 9);7=99 
4+9 =р?- 8,9 –9 -24/р 
@- 8)? —(24/p)2 = 4x 7 
p*-16p'+ 36р? – 576 =0 or # – 161° + 36t—576 = 0 where t = р? 
Now Ё = 16 satisfies this cubic so that p = 4. 
q*tq'-8,q—-q'-6 ~~ 4-7,4-1 
Thus (9 takes the form (x? + 4x + 7) (x? — 4x + 1) = 0 


— 4 + 16 - 28) 16 - 4 
whence xz ZAROTE огх = =" 


Hence x = — 2 + 13, 2 +73. 
_ Example 1.22. Solve the equation х^ - 6x? ~ 3x? 22x — 6 = 0 by Descarte's method. | 
Solution. Here sum.of roots = 6 and number of roots = 4 
To remove the second term, we have to diminish the roots by 6/4 (= 3/2) which will be a problem. 
Therefore, we first multiply the roots by 2. 2. у? — 12y? + 12y? + 176y — 96 = 0 where y = 2x. Now diminishing 
the roots by 3, we obtain z* — 422° + 322 + 297 = 0 where z = y — 3. 
Assuming that 21—492? + 322 + 297 = (22 + pz + q) (22 — pz +) S) 
and comparing coefficients, we get 
-42 =9+9'-р?; 32 =р (9'-9); 297 =q 
4+9 -р"-42:4-4 = – 321р, q 9 = 297 
E (p? — 42)? — (— 39/р)? = 4 x 297 
or i? —84 t? + 5767 — 1024 = 0 where t = р? 
Now t = 4 satisfies this cubic so that р = 2. 
7+9 =-438,g-q'=-16, ~ ee 
Thus (i) takes the form (22 + 22 — 27) (22-22-11) = 0 


_ | + Nao 
Whence z= -2+4(4 +108) c z= 2+ (4+ 44) 








2 9 
ог х= у = 5@+3)= 102+ 28 )= las 2) 
Непсе к= 1+ 4/7 95 4/3. 

| | | | PROBLEMS 1.4 | " dad eden bet 
Solve by Ferrari's method, the equations : | 3 | NA is м 
1. xí— 1053 + 352 -50х+24=0 — (U.P.T.U., 2003) 9.46903 —7x!—8x 412-0 — 1. TN 20) 72). 
3. х* — 10x? — 20x — 16 =0 4. x! - Bx? — 12524 60x + 63 — 0 яа 2005), 
Solve the following equations by Descartes method : | | | 1 4 
Б. x* — fix" + Ox° + 22x -6 = 0 6. хъ+ 12 58-20 — Ax "d P M CER 
7. х4-8Х3-54х-7-0 — (U.P.T.U., 2001) 8. x* — 10x + 4427 — 104x + 96 — 0 | \ 


Obs. We have obtained algebraic solutions of cubic and biquadratic equations. But the need often arises to solve 
higher degree or transcendental equations for which no algebraic methods are available in general. Such чаны сап һе 
best solved by graphical method (explained below) or by numerical methods ($28.2). 








GRAPHICAL SOLUTION OF EQUATIONS 


Let the equation be f(x) = 0. 
(i) Find the interval (a, b) in which a root of f(x) = 0 lies. 
[At least one root of f(x) = 0 lies in (a, b) if fia) and f(5) are of opposite signs—51.2(11I) р. 2]. 
(Н) Write the equation f(x) = 0 as 6(x) = w(x) where w(x) contains only terms in x and the constants. 
(ii) Draw the graphs of y = ф(х) and y = w(x) on the same scale and with respect to the same axes. 
(iv) Read the abscissae of the points of intersection of the curves y = 6 (x) and y = w(x). These are required real 
roots of f(x) = 0. 


Sometimes it may not be convenient to write the given equation fix) = 0 in the form ф (x) = w(x). In such cases, we 
proceed as follows : 
(i) Form a table for the value of x and y = fix) directly. 
(ii) Plot these points and pass a smooth curve through them. 


(iti) Read the abscissae of the points where this curve cuts the x-axis. These are the required roots of 
fix) = 0. 








ite jically are approximate and to improve their accuracy, the curves are replotted on 
nediate vicinity of each point of intersection. This gives a better approximation to the value of 
od rot above graphical operation may be repeated until the root is obtained correct upto required number of 
cimal places. But this method of repeatedly drawing graphs is very tedious. It ts, therefore, advisable to improve upon 
he accuracy of an approximate root by numerical method of $28.2. 








| Example 1.23. Find graphically ал approximate value of the root of the equation. | | ' 
| Ї dexueet-d 
Solution. Let Лх)-е"1-х-3-0 „(И 
f1)2141-3-2-ve 
and 2) =е+2-—3= 2.718 – 1 = + уе 
А root of (2), lies between x = 1 and x = 2. 
Let us rewrite (1) as e-iz8-x. 
The abscissa of the point of intersection of the curves 
y mut Kt) 
and y-8-x t) 


will give the required root. 
To plot (ii), we form the NEN table ot values: 


| 
| 





Taking the origin at (1, 1) and 1 small unit along either 
axis = 0.02, we plot these points and pass a smooth curve 
through them as shown in Fig. 1.2. 





To draw the line (iii), we join the points (1, 2) and (2, 1) on the same scale and with the same axes. 


From the figure, we get His — root to be x = 1.44 — 
DOT FA ee Pe PO Mes МА: Aum Xe Pelee tite DOGMA CES 
ain graphically an approximate value of the root of x = sin x + ri 


i | са ЯВ. . Ot ч гү; T р Te 32 t 1 
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mx A T Ex => "E УБ 23 мэр. “tte: m x адска y "ап ep = 29 roxi dps: PAs 


Solution. Let us write the given qudd as sin x =x — - n/2 У} 


The abscissa of the point of intersection of the curve у = sin x Ea 
and the line y = x — 1/2 will give a rough estimate of the root. | сан 199 


To draw a curve у = sin x, we form the following table : Er. у | emen I ми) Ч) 





Taking 1 unit along either axis = л/4 = 0.8 nearly, we plot the 
curve as shown in Fig. 1.3. 
| Also we draw the line y = x — 7/2 to the same scale and with 
the same axis. 
From the graph, we get x = 2.3 radians approximately. 


- д. E 4 iple 1 О bli T is o ki E! Y x elo шан E AW 

Solution. Let flx) = cos x cosh x + 1-7 0 

“A КО) = + уе, f (1/2) = + ve and f (п) = — ve. 

^ The lowest root of (i) lies between x = 7/2 and x = л, 

Let us write (1) as cos x = — sech х. 

The abscissa of the point of intersection of the curves 

у = cos.x (iE) and y--sechx 

will give the required root. To draw (ii), we form the following table of values : 
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ti) 


Taking diam origin at (1. 57, 0) and 1 aiit talons ather axes = — 0.4 ба ууе яруу" the cosine curve as 


shown in Fig. 1.4. 





y! 
Fig. 1.4 
To draw (iii), we form the following table : 





Then we plot the curve (iii) to the same scale with the same axes. 
From the figure we get the lowest root to be approximately x = 1.57 + 0.29 = 1.86. 


PROBLEMS 1.5 _ 





Solve the following equations graphically : 


1. x!-x-1-20 (Madras, 2000 5) 2 x33—3x—-5-0 
3. х3— 62? + 9x — 3 = 0. 4. tanx-1.2x 
5. x-—3cos(x— 1/4) 6. е = бх which is near x= 0.2. 


ПЕЙ OBJECTIVE TYPE OF QUESTIONS 





PROBLEMS 1.6 


Choose the correct answer or fill up the blanks in the following problems : 
1, If for the equation x? — 3x* + Ax + 3 = 0, one root is the negative of another, then the value of k is 


(a) 3 ---09)-8 (c) 1 (d) - 1. 
2. If the roots of the equation x" — 1 =0 are 1,0, 05, .....4 O, Шеп 
-(1—0,) (1 — 05) ...... (1— 0, ,) is equal to 
(a) 0 | (b) 1 (с) л (d) n + 1. 
3. Но, В, rare the roots of 2x* — Зх? + 6x + 1 2 0, then a” + p^ + 77 is | 
(a) 15/4 (b)-3 (c) — 15/4 (4) 33/4. 
4 x +2 іва factor of 
(a) x* 2 (b) x! —x* 12 
(iat = 2x* =x + 2 (d) x* + 2x* -x —2 
5. На+ p y-25;op fy + ye =7; ofy=3, then the equation whose roots are œ, В and yis 
(a) x3 -7 20 (b)x*— 73? +8 = 0 
(€)x* Бх? + Tx 3-2 0 (d) x? + Tx? —3 = 0. 
8. If one of the roots of the equation x? — бх? + 11x —6 = 0 is 2, then the other two roots are 
(а) land 3 (b) 0 and 4 
(c) — Тапа 5 (d) — 2 and 6. 
7. The equation whose roots are the reciprocals of the roots of x? + px? +r = 0is 
(a) x + Ира? ШГ = 0 (5) Vr.x?*4 Vpx*1-0 
(c) rx? + px*- 1-20 (d) rx? + px +1 = 0. 
B. If Land 2 are two roots of the equation x* — 33 — 19x? + 49x — 30 = 0, then the remaining two roots are 
(a)-3and 5 | (b) 3 and — 5 
(c) - 6 and 5 (d) 6 and —5. 
9. Ifthe roots of x? — Зх? + рх + 1 = 0, are in arithmetic progression, then the sum of squares of the largest and the 
smallest roots is 
(a) 8 (5) 5 (с) 8 (4) 10. 
10. A root of x?— 8x? + px +g = 0 where p and q are real numbers is 3 + 1/3. The real root is 
(a) 8 (b) 6 (с) 9 (4) 12. 


11. One of the roots of the equation Дх) =a que lg. et бүх P dots Олеге дү. see, _, ute real, is given to be 2 — 31, 
Of the remaining, the next n — — 2 roots are given to be 1, 2,9, ...,n —2. Thenthrootis | 
| (a) n (b)n—1 (c) 24+ 31 (d) - 24 3i. 
12. Ifa real root of fix) = 0 lies in [0, b], then the sign of fla) .f (b) is ...... 
13. Descartes rule of signs states нас... 
14. Ifa, B, y are the roots of the Мин —рх+а=0, then X Ма=.. 
15. Но, В, yare the roots of x? = Т, then £c is........ 
16. One real root of the equation x? + 2x7 + 5 = 0 lies between ....... 


= 
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Linear algebra comprises of the theory and applications of linear system of equation, linear transforma- 
tions and eigen value problems. In linear algebra, we make a systematic use of matrices and to a lesser extent 
determinants and their properties. 

Determinants were first introduced for solving linear systems and have important engineering applica- 
tions in systems of differential equations, electrical networks, eigen-value problems and so on. Many compli- 
cated expressions occurring in electrical and mechanical systems can be elegently simplified by expressing them 
in the form of determinants. 

Cayley* discovered matrices in the year 1860. But it was not until the twentieth century was well- 
advanced that engineers heard of them. These days, however, matrices have been found to be of great utility in 
many branches of applied mathematics such as algebraic and differential equations, mechanics theory of electri- 
cal circuits, nuclear physics, aerodynamics and astronomy. With the advent of computers, the usage of matrix 
methods has been greatly facilitated. 





DETERMINANTS 


ар b 


(1) Definition. The expression а, is called a determinant of the second order and stands for 


b, 
‘a,b, u,b," It contains 4 numbers а, В|, а», b, (called elements) which are arranged along two horizontal lines 
(called rows) and two vertical lines (called columns). 
нээ 
Similarly, | ёр. 6 c, | is called a determinant of the third order. It consists of 9 elements which are 
а b, € 


arranged in 3 rows and 3 columns. 








*Arthur Cayley (1821-1895) was a professor at Cambridge and 18 known for his important contributions to algebra, matrices 
and differential equations. 
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ар b, с, 
в 5, Cy 
In general, a determinant of the nth order is denoted by I 
Ч, 5, Ch d, | | : 1, 


which is a block of n* elements arranged in the form of a square along n-rows and n-columns. The diagonal 
through the left hand top corner which contains the elements a,, 6., са, ... L, is called the leading or principal 
diagonal. 

(2) Cofactors 

The cofactor of any element in a determinant is obtained by deleting the row and column which intersect 
in that element with the proper sign. The sign of an element in the ith row and jth column is (— 1) */. The cofactor 
of an element is usually denoted by the corresponding capital letter. 











а b c a а 187 
For instance, in A= | аз b. c» |, the cofactor of b, ie., B, = (- 1? +? 1 | and С,-- = caf " 
iy o © ар 62 | аз b 


(3) Laplace's expansion.* А determinant can be expanded in terms of any row (or column) as follows : 
Multiply each element of the row (or column) in terms of which we intend expanding the determinant, by its 
cofactor and then add up all these terms. 
Expanding by £F, Œe., 1st row), 














b, б | йо ©» а» by | 
A=a,A, + +¢,C, =a | -- “1 ,с | 
1А, + 6B, + с1С, 1 bs е | 5, аз с 1 а bs 
= d (6.6. — bala) — 6 (acy — азс„) + с (а,б — алб.) 
Similarly, expanding by C, (г.е., 2nd column) 
üp Со ар с а €| 
A-b,B кыв, + BB =— h +b | 

i its аз сз аз C3 аз Cy 

















= —bj(a,c4 — ägt) + b. (ac, — a40,) — b. (a.c, — а) 
and expanding by Я. (2.е., 3rd row), A=a,A, + bB, + с.С.. 
Thus Ais the sum of the products of the elements of any row (or column) by the corresponding cofactors. 
If, however, the sum of the products of the elements of any row (or column) by the cofactors of another row 
(or column) be taken, the result is zero. 


bi | e “| a, Ё 
ба сз G3 Ca | аз bg 

=—a,(b,c, — bac) + bac, —a,c,) —c,(a,6, —a,b,) = 0 
In general,a,A,+6,B;+¢C,=A wheni-j 

-0 when i = у 

















eg., in A, aA, + bB, + с,С, ==- ü, 


. АЧ eR | | à A g | 
~ Example 2.1. Expand A |h b f|. 
| aif e| 
1 | | ” b f h f h b 
Solution. Expanding by Kj, A= о, ЭЭ c | M f | 











= albe — f?) — h(he — gf) + g(hf — gb) = abe + 2feh — af? — bg? —ch*. 


*Named after a great French mathematician Pierre Simon Marquis De Laplace (1749-1827). He made important contribu- 
tions to probability theory, special functions, potential theory and astronomy. While a professor in Paris, he taught 
Napolean Bonapart for a year. 





| | 0 1 2 3 | - 1 f J 3 

(AU Tee on ЭРУУЛ ac Ie АЙ. P" US "А 

Ехашрїе 2.2. Find the value of A= 9 3 0 1 к” » i t | ЯГ 
| | | з IE AES | Чан AE 


Solution. Since there are two zeros in the second row, therefore, expanding by R, we get 


1 2 3 0 1 3 
Az-|3 0 11-0-3(2 3 1| +0 
012 302 














(Expand by C,) (Expand by К.) 
——[1(0x2-1x1)-3(2x2-1x3)«4«0]-3[0—(2x 2-3x 1) 3(2x 0— 3 x 3)] 
-—(-1-83)-3(-1- 27) 2 4 + 84 = 88. 


"EX PROPERTIES OF DETERMINANTS 








The following properties, are proved for determinants of the third order, but these hold good for 
determinants of any order. These properties enable us to simplify a given determinant and evaluate it without 
expanding the given determinant. 


І. А determinant remains unaltered by changing its rows into columns and columns into rows. 


| а b, с, 
Let А= |а, 6, с, | [Expand by Rl 
143 63 сз 
= а (Бос; — бус) — b, (asc, — age.) + с (аб. – аз.) 
а 6, б | 
Then Az|b b, b, [Expand by К) | 
G G G 


= a,(b,c, — 635) — a4 (Буса — 0461) + a4 (ӧс — bci) 
= a,(b,c, — b,c.) — b (a,c, — азс) + ¢,(a,b, — ар) = A. 
Any theorem concerning the rows of a determinant, therefore, applies equally to its columns and vice-versa. 
2. When a row or a column is referred to in a general manner, it is called a line. ` 


П. If two parallel lines of a determinant are interchunged, the determinant retains its numerical value but 
changes in sign. 








а Б, с | 
Let А= |а, b, c,| [Expand by Rjl 
а Oy Cy 


= а)(0,с,-0ш05)-0((,Са-асү) + са, — азб) 
Interchanging С, and C., we have 


а a b, | 
АР | вы Cp b, | [Expand by Ri] 
| аз с; by 


= & cb, — сабз) — с (аз; — agb) + бас; — asc) 

= — [a (Бе; — 055) — b (a,c, — азс.) + с (аб. —a@,b,)] = — А. 
Cor. If a line of A be passed over two parallel lines, i.e if the resulting determinant ts like 
b су à 
бэ Co а 
Өр C3 аз 
In general, if any line of a determinant be passed over m parallel lines, the resulting determinant 

№ = (— 1}" A. 

Ш. A determinant vanishes if two parallel lines are identical. 
Consider a determinant А in which two parallel lines are identical. 


A = : then А”=(— 1)* А. 











Interchange of the identical lines leaves the determinant unaltered yet by the previous property, the 
interchanges of two parallel lines changes the sign of the determinant. 


Hence А=А’=-А or 2A=0, ог 4-0. 
IV. If each element of a line be multiplied by the same factor, the whole determinant is multiplied by that 
factor. 
a, pb с а b с, 
1.е., аз pb, с. |=Рр | @ b, c, 
аз pb, б| |as 5, 6 
For on expanding Бу С., 
L.H.5. = — pb (a,c, — азс.) + pb.(a,c, — a4c,) — pb4(a,c, — ac) 
= pl- 6, B, + b,B, —6,B.) = R.H.S. 
2 а b с, а b с, 
Similarly, ka, kb, ke, |= Ва, b, с» 


а by су a, by сз 
Cor. If two parallel lines be such that the elements of one are equi-multiples of the elements of the other, the 
determinant vanishes. 














| аы аы 
Le., by рб |= р b, b,| =р(0) = 0 
as by pby| |as by by 
V. If each element of a line consists of m terms, the determinant сип be expressed as the sum of m determi- 
nants. 


ар b c*dj-e 
Consider the determinant A= | a, b, с +d- е, 
аз D, C3 tdg —6 
end of whose third column elements consists of three terms. 
Expanding A by C,, we have 
А = (с +4, —e (a,b, — abo) — (C3 + d, —e, (a,b, —a,b,) + (c, + d, - e) (a,b, — a.b) 
= [e (a,b, — a45,) —c,(a,b, — a4b,) + с (а, — a4b,)] + [d Gb, — a4b,) — d(a,b, — ab) 
+ d (a,b. —a,b,)| - leu: — 4b.) —e,(a,b, — a.b.) + e la b, —a,b,)I 
а 5b 6 а 5 d а б € 
=!а„ b ty + а b, а, | а b, e, 
аз b, с, а; b, d, аз b, e, 
Further, if the elements of three parallel lines consist of m, n and p terms respectively, the determinants 
can be expressed as the sum of m x n x p determinants. 


а а? а-1 
Example 2.3.17 |b b ат = 0 in which a, b, саге different, show that ас = 7 
ee e) 


Solution, As each term of C, іп the given determinant consists of two terms, we express it as a sum of two 
determinants. 


a a” 2-1| a а? a? a at = 1 1 а а" 2 | а a* 1 
b b^ j-1i|«s|b b 51456 b? -1| -abc|1 b b*|-|b b. 1 
c c сє?-1 e x^ г & œ -l 1 сс! c c 1 


[Taking common а, b, c from А,, Rp, R, respectively of the first determinant and — 1 from С. of the second 
determinant.] 
1а а Та 
=abc|1 b b'|-|1 b b 
1 C lee 


Е 


меда ALGEBRA : DETERMINANTS, MATRICES 


[Passing С. over С. and C, in the second determinant] 


1 а а? 1 аа? 

1 b Ё? | (аЬс- 1) = 0. Hence абс = 1, since (1 b b* | #0 ава, b,c are all different. 
| 2 2 

1 c c lc с 


VI. If to each elements of a line be added equi-multiples of the corresponding elements of one or more 
parallel lines, the determinants remains unaltered. 





а ù сү 
Let А= |а 6 c, 
a, by Cz | 
. a + pb -qg b, с, 
Then A = | ag + pbg -qez b, с | 
аз + pb, — 963 b, c, 
ар b, с, ph b, c -qe b, e 
-|a b c|*|pb b, c; |*|- qe; bg cs 
аз 5b, 6| | pb b, e| |796 43 с, 
=A+0+0=A. [Бу ГУ-Сог.] 


Obs. This property is very useful for simplifying determinants. То add equi-multiples of parallel lines, we shall 
employ the following notation : 


Suppose to the elements of the second row, we add p times the elements of the first row and q times the element of 
the third row ; then we say : 


Operate Л, + pk, + Б. 
Similarly Operate “С, + mC, —пС„ 
means that to the elements of the third column add m times the elements of the first column and — n times the 


elements of the second column. 1 


Example 2.4. Evaluate | " 


Solution. Operating А, — R, — Rp Е, - 3R,, В. —2R,, the given determinant becomes 
-8 -12 0 -2 
e 6 -20 1 | 




















4 -6 0-1 [Expand by C,] 
5 i 4 2 | 
-8 -12 -2 
=-| 6 -2 1|=0 | А, =28.] 
(-4 -6 -1 
x+2 2x+3 de+4 
Example 2.5. Solve the equation | 2х+3 dx+4 4x+6 |-0. 
3x5 бх-8 10x4+17 
solution. Operating А. — (E, + К„), we get 
х+2 2x3 3x44 
2х+3 Зх+4 4х-5 
=0 Operate R, — В, and В, + Е.) 
0 1 4х-8 E xx ee ш: 
х+2 25-44 6х+12 1 2 6 
or х+1 х-1 х-1 (-0 or (х+ 1) (+2) |1 1 1 -0 
0 1 dx +6 0 1 3х-8 














To bring one more zero in C,, operate К, —А.. 





210158 
s (r-1)(x«2)11 1 1-0 
0 1 3x48 
Now expand by C,. — (x + 1) (х + 2) (3x + 8 — 5) = 0 or —3(x + 1) (x + 2) (x + 1) = 0 
Thus, x=-1, -1, -2 
ert Ey - T7103 f 
7; 28 | м WAA o1 11779 са (4 
А ый |} ie de ( { | 2 


ah mana 


Solution. Let A be = given E Taking a а, b, с, "T common frons В, R,, Rẹ В. respectively, 
we get 





i а?+1 a! a a 


БТ Fre ap p” 
шилжин c! c! c1 c 
а w^ wt ты | | 
[Operate А, + (А, + R, + R,) and take out the common factor from Rl 
1 1 1 1 
"M b bt+1 p? 5" 
= абса (1 + a7! + 6-1 + ет + q-l) ce ea 2543! ge 
(43 4“ wt фа 
[Operate C, — C,, C, —C,, C, — C4] 


зан 





УП. Factor Theorem. If the elements of a determinant Aare functions of x and two parallel lines become 
identical when x =a, then x — a is a factor of A. 

Let А = fix) 

Since А = О when x = а, г. Қа) = 0. 
ie., (x — a) is a factor of fix). 

Hence x —a is a factor of A. 





тей = b, В, «B, and hence A = 0. хо а -– Б іва factor of A. 

Similarly, a — c and a — d are also factors of A. 

Again putting b = c, В, = В. and henceA = 0. : b-c isa factor of A. 

Similarly b — d and c — - d are also factors o£ A. 

Also A is of the sixth degree in a, b, c, d and therefore, there cannot be any other algebraic factor of A. 
г. Suppose А = kla — b) (a — c) (a — d) (b —c) (b — d) (c — d), where k is a numerical constant. 

The leading term in A = a?b*c. The corresponding term on R.H.S. = ka?b*c. 

E^ к= 1. 

Непсе, A-(a-—b)(a-—c)(a—d)(b —c) (b а) (e а). 





Solution. Let the given determinant be A. If we put a = 0, 


(b--cy 0 0 
A= 0 c b* 1-0 
c* c^ Б? 


a is a factor of ^. Similarly b and c are its factors. 
Again if we put a 4 b - c = 0. 


(-а a а? 
А= | 5 (5) b | =0 
c? oco 


In this, three columns being identical, (a + b + c)? is a factor of A. 

Ав Ais of the sixth degree and is symmetrical in a, b, c the remaining factor must therefore, be of the first 
degree and of the form А (a + b + c). 

Thus A = kabe (a + Б + с) 

To determine £, put a = b = с = 1, then 


4 1 1 
1 4 1)=27k or 54-27k Le.,Rhk-2 
114 








Hence А = 2abe (а + Б + с). 
Otherwise : Operating C, — С, and С. — Ca, we have 
| (Ь+ с)? — а? 0 а? 
А = | 0 (са – Б? р? [Take (a + b + c) common from С, and C, 
c? (a by с (а + 6) (a+b) 
Б+с-а 0 а? 
0 c+a-b Б? [Operate А, – №, – R,l 
|c-a-b c-a-b (a+b) 


= (па +b + с)? 





В+ с-а 0 а? 1 1 
= (а + Б + с)? 0 с+а – Б b” | Operate Ci ыан С», С. + TA 
-2b -2a 205 ü b 


b+c alb a* 
=(a+b+c)|b’/fa c+a Ё? [Expand by R,] 
0 О 2ab 
= Qabla + b + с)? [(b + c) (c + a) — ab] = 2abc (а +b + с). 
VIII. Multiplication of Determinants. The product of two determinants of the same order is itself a 


determinant of that order. 
| b, € dà om n 
Let Д, = | b, с, and А. = |1 т, п, 
бз сз d ma ns 





then their product is defined as 
a, + бут ren, аЬ + тә + суп, al, + bm, + сүлд 
Aå = | asl, + Бот + солу, aul, + bm, + cons, аһ, + быт; + суп» 
азд + bm, + сату, а + bm, + спо, азіз + bym + cans 
Similarly, the product of two determinants of the nth order is a determinant of the nth order. 














4537 ab+ ch ca БА. | AG о | 
Example 2.9. Evaluate | ав-сХ ВА” becw-aX|x|-c А al. P 
b —a Х| . І 


са БХ. be-ah c^ +? | 


Solution. Ву the rule of multiplication of determinants, the resulting determinant 


di dj, d; 
A-|d d» d 
аз Ч, dj 


where 4, = (а? + А?) А + (ab + сА)е + (са — БА) (— b) = Ма?  b* + с? + A?) 
dia = (а + А) с) + (ab + САА + (са — bX)a = 0 
ауз = 0, 
do, = 0, dog = Ma? + b? + c? + А2), dog = О. 
da = 9, day = 0, dg, = Ма?  b* + с? + А). 






































Aa” +h? +c" + А?) 0 0 
Непсе 0 Ма tbt c^ 4 A*) 0 
0 0 Ма? +b? + с? +27)! 
= (a? + b? + c? + А), 
Example 2.10. Show that |А, 8, 6б.|-|ас b, 65| where A, B etc. are the co-factors of a, b, etc. 
Ay В, C3) | ay by eg | a) 
respectively in the determinant (а фос). 
а © C Ау. Ci 
Solution. Let А=|а b, е, | апал = |А, B, C, 
| qA +В В, «eC, aA, + b. By +С, a Аз + bB + eC, А 0 U| 
Then AA’ = | ag A, +В, + Су, аА, 4-5,В, + оС, agAy+b,B,+oC,|=|0 A О =A* 
аз А; + 8,8, + c4C,, 2А, + b,B, +С, аА + ВВ; + Сз, 0 0 Al 
Hence A’ = AŻ, 
Obs, A’ is called the reciprocal or adjugate determinant of ^. 
2be За? c* b* 
Example 2.11. Ёхргевв| с” 2ea-b^. а 
b” af 2ab — c* 
as the square of a determinant, and hence find its value. 
Solution. Given determinant 
a.(—-a)-b.c-c.b, a.(-b)-b.a-cc.c, a.(-c)tb.bc.a a bc -а c b 
=|6.(-a)+e.c+a.b, 6.(-b)+e.a+a.c, b.(-c*c.bra.a|-|b c a|x|-b a c 
c.(—-a)-a.c4b.b, c.(-b)--a.a* b.c, c.(-c)-a.bb.a c a b| |-e ba 























abe a b c| 
-15 c a| x(-1*|b c a 
c a b c a b 
la b c 
whereA-|b c а | =- (аЗ + b? + c? Babe) 
саб 
Hence the 

















[Taking out (—1) common from C, and interchange C., C,.] 


= A? 


given determinant = A? = (a? + b? + c? — Заре). 


4 № 14 | | hs | і | 
8. t]: ў y Dv 2-0, then prove, without expansion, bae os - oes wheres: y, 2 are unequal. 
202 1+2 AUT Л, | JT | 
| байг ш (Andhra, 1999 : Assam, 1999) 


3.'Showthat()|? 5.7 (| == BYE 
A 2, ie AGE if | ipt y | 
akg =) (5 — “Юү - a (а ду pif "e 


а, Evaluate |1 


Prove the following results : (6 to 1 2) | 
[a+b btc сжа| |a 6 e 
6. || *m mtn n+l | 
| p+q ger r*p| 


а? зе» д 
10 | 


(A Дух 1998) 



























b аг be+a 1 а? b” c а? | ] 
15. | са” +b" cab. 1 16. | " А : T | Ara 240 
ab +c? ab+e 1 bed! өнд dab! ас яту yar 
üa-x c b | 
11. Ifa+6+e=0,solwe| с 6-х a |=0 if 
b а 0-3 | T4 
| xr*l 2x4] 3x41 LM 
18, Solve the equation | 2х 4x+3 6х-3|-0. 4. 
4х+1 6х+4 8х+4 ‘ 
| E | 1 
| Б? +е? аб ас 0 c bf А | 
19. Show that | Ба с? + а? be 210 0! а = An? hee? n 
ca b a xb b a 0 








EZE MATRICES mE 


(1) Definition. А system of mn numbers arranged in a rectangular formation along m rows and n 
columns and bounded by the brackets [ ] is called an m by n matrix ; which is written as m x n matrix. À matrix 
is also denoted by a single capital letter. 


а: ау 2а, d, 
Un Up; cp e 
Thus Am) m - 


is a matrix of order mn. It has m rows and n columns. Each of the mn numbers is called an element of the matrix. 

To locate any particular element of a matrix, the elements are denoted by a letter followed by two suffixes 
which respectively specify the rows and columns. Thus а, is the element in the i-th row and j-th column of A. In 
this notation, the matrix А is denoted by la, J. 

A matrix should be treated as a single entity with a number of components, rather than a collection of numbers. For 
example, the coordinates of a point in solid geometry, are given by a set of three numbers which can be represented by the 
matrix |x, y, z]. Unlike a determinant, a matrix cannot reduce to a single number and the question of finding the value of a 
matrix never arises. The difference between a determinant and a matrix is brought out by the fact that an interchange of 
rows and columns does not alter the determinant but gives an entirely different matrix. 


(2) Special matrices 

Row and column matrices. A matrix having a single row is called a row matrix, ед., |] 3 5 7]. 
2 

А matrix having a single column is called a column matrix, e.g., | 3 
5 

Row and column matrices are sometimes called row vectors and column vectors. 

Square matrix. А matrix having n rows and n columns is called a square matrix of order n. 


The determinant having the same elements as the square matrix А is called the determinant of the matrix 
and is denoted by the symbol | A |. For example, if 


123 i 5.8 
А-13 3 4|, thn|A|-|2 3 4 
3 4 5 3 4 5 


The diagonal of this matrix containing the elements 1, З, 5 is called the leading or principal diagonal. The 
sum of the diagonal elements of a square matrix A is called the trace of A. 
A square matrix ts said to be singular tf its determinant is zero otherwise non-singular. 


Diagonal matrix. A square matrix all of whose elements except those in the leading diagonal, are zero 18 
called a diagonal matrix. 
A diagonal matrix whose all the leading diagonal elements are equal is called a scalar matrix.For 


example, 
з 00 3 0 0 
О -2 0| and |0 з 0 
0 06 0 0 3 
are the diagonal and scalar matrices respectively. 


Unit matrix. A diagonal matrix of order n which has unity for all its diagonal elements, is called a unit 
matrix or an identity matrix of order n and is denoted by Г. For example, unit matrix of order 3 is 


100 
010 
0 0 1 


Null matrix. [fall the elements of a matrix are zero, it is called a null or zero matrix and is denoted by ‘0’ ; e.g., 


000 | | 
lo 0 0 4 is a null matrix. 





Symmetric and skew-symmetric matrices. A square matrix A = la; 1 is said to be symmetric when 
а,-а, (or eit i and J. 

Л a,,=—a, for all Land у so that ай the leading diagonal elements are zero, then the matrix is called a skew- 
symmetric matrix. Examples of symmetric and skew-symmetric matrices are 


ah g| 0 А -g 
л b f| and |-h О ff | respectively. 
Eg fc g -f 0 
Triangular matrix. A square matrix all of whose elements below the leading diagonal are zero, is called 
an upper triangular matrix. A square matrix all of whose elements above the leading diagonal are zero, is called 
a lower triangular matrix. Thus 


a А g l 
| "à b f and 2 
нь 3 ОУ с 1-5 4| 
are upper and lower triangular matrices respectively. 





MATRICES OPERATIONS 


(1) Equality of Matrices 
Two matrices A and B are said to equal if and only if 
(1) they are of the same order 
and (ii) each element of A is equal to the corresponding element of B. 
(2) Addition and subtraction of matrices. ГА, B be two matrices of the same order, then their sum 
A + B is defined as the matrix each element of which is the sum of the corresponding elements of A and В. 
fa a] [а d] [ate 5 +a 
Thus, а b,|*|e, 4„|=|а„+с„ b +d, 
аз b. са da аз +C, b, d. 
Similarly, A - В ts defined as a matrix whose elements are obtained by subtracting the elements of B from 
the corresponding elements of A. 


| Га, 51-10 ral sas died 
*hus, к | |% d,| |а,-с, 5,-4, 
Obs. 1. Only matrices of the same order can be added or subtracted. 


Я: Addition of matrices is commutative, 
Le., А-В-НЯ-А. 





3. Addition and subtraction of matrices is associative. 
e. (A-B)-C-A-«-(B—-C)- B + (A-C). 


(3) Multiplication of matrix by a scalar. The product of a matrix A by a scalar k is a matrix whose each 
element is k times the corresponding elements of A. 


| k kb, ke 
Thus, kI“ b a |=| ыг 
| z b, с» ka, kb, kc, 
The distributive law holds for such products, i.e., ВА + B) = АА + kB. 


Obs. All the laws of ordinary algebra hold for the addition or subtraction of matrices and their multiplication by scalars. 





Example 2.12. Find x, y, z and w given that MARTE О! ЧӨ, Т 


e ИЖ a pop o8 жу 
3] Чи Butt beste 5 | 


Solution. We have Ж 33| | 7+6  5+х+У| 
Solution. We have = -4 ный Man] 


Equating the corresponding elements, we get 
Өл =x + 6, зу = 5+х+у, 32 =- 1 +z +w, Зш = 2и +5. 
or 2х = 6, 2у = 5 + х, 22 = ш 1, и = 5 
Hence x = 3, у = 4,2 = 2, ш = 5. 





81575910" АГ 
Example 2.13. Express |-8 11 4| as the sum of a lower triangular matrix with zero leading 
13 -14 6 | IT. g 
diagonal and an upper triangular matrix. 
ооо 
Solution. Let Д = |а О 0 | be the lower triangular matrix with zero leading diagonal. 
b c 0 
| m n 
and U=]|0 р q| bethe upper triangular matrix. 
0 0 r| 
-8 5-1 |0 0 0 il m n 
Then -8 11 4|-|a O 0|4|O ра 
13 -14 6 b c 0 0 0 г 








Equating corresponding elements from both sides, we obtain 3 =, 5 = m,- 7 = п, – 8 = а, 11 = р,4= 9, 
13 =6, - 14 = с, 6 = ғ. 


0 оо 3 5-7 
Непсе E= |= 0 0| and 7-1 11 4 
13 -14 0 0 0 6 


(4) Multiplication of matrices. Two matrices can be multiplied only when the number of columns in the 
first is equal to the number of rows in the second. Such matrices are said to be conformable. 


а, 5, Сү | 0, 1, 


| | a, Db, с 
For instance, the product | ^ ,° LXI. ту т 
аз D, сєз ив. Йй 
a, b, c E oU 
4 9, ©“ 


a + бүт, en, aly + бүт, + ony 
рее И | Gol, + Dum, сойр, asl, + бут, + еп. 
is defined as the matrix ай Бот + п, азі + Dag + суы 

аһ +bym, en, a,L € bm, en, 





Linear ALGEBRA : DETERMINANTS, МАТРИСЕВ 


ау а» | o ийн. 
In general, if A = Әәл Чэ -- Gon | and B= by bos ... by, 
ani 9,2 -. Ug о | b,» az а, 


he two m x n and n x р conformable matrices, then their product is defined as the m x p matrix 


Cj бїс - бїр 
АВ - Со Coo те Сор 


| Cmi Ста Стр 
where с, a;, Ё, + ab, + a,b. +... + a,,5,,,, t.e., the element іп the ith row and the jth column of the matrix AB 


is obtained by weaving the ИВ row of A with jth Бин of B. The expression for Ci is known as the inner product 
of the ith row with the jth column. 

Post-multiplication and Pre-multiplication. In the product AB, the matrix A is said to be post-multiplied 
by the matrix B. Whereas in BA, the matrix À is said to be pre-multiplied by B. In one case the product may exist 
and in the other case it may not. Also the product in both cases may exist yet may or may not be equal. 


Obs. 1. Multiplication of matrices is associative. Le., (AB)C = А(ВС) 
provided A, B are conformable for the product AB and B, C are conformable for the product BC, (Ex. 2.16). 
Obs. 2. Multiplication of matrices is distributive. ie., A(B + C)=AB + AC. 
provided A, В are conformable for the product АВ and А, C are conformable for the product AC, _ 
.. Obs. 3. Power of a matrix. If A be a square matrix, then the product АА is defined as АЗ, Similarly, we define 
igher powers of A. Le, А. А? = АЗ, АР, А? = A* ete 
If A? = A, then the matrix A is called idempotent. 








NES [^W 2 
Example 2.14. ГА = f 2 3|andB=|-1 0|, form the product of AB. Is BA defined? 
28:34 2 = 


The product АВ is defined and 
a 
-15 -5 
| 2.1+3.-1+4.2, 2.-2+3.0+4.-1| |7 -8 


Solution. Since the number of columns of A = the number of rows of B (each being = 3). 
[0.1+1.-1+2.2, 0.-2+1.0+2.-1 
1.1+2.-1+3.2, 1.-2+2.0+3.-1 
Again since the number of columns of В # the number of rows of A. 
The product ВА is not possible. 











| | | "3 90] SV FIG 
Example 215.ЇГА-1-1 8 1|,B=| 1 2 3|,compute AB and BA and id that АВ » BA. 
0 0 2| If Hu 2 
Solution. Considering rows of A and columns of B, we have 
1.2+3.1+0.-1, 1.3+3.2+0.1, 1.443.3«0.2] | 5 9 13 
AB = | -1.2+2.1+1.-1 -13+2.1+1.1, -14+2.3+12|= -1 2 4 
0.2+0.1+2.—1, 0.3+0.2+2.1, 0.4+0.3+2.2 -2 8 4 
Again considering the rows of B and columns of A, we have 
2.1+3.—1+4.0, 23-32-40 2024314 65| -1 12 11 
ВА - 1.1+2.-1+8.0, 1343-22-30 10-2.1-38.2!-1-1 7 8 
L-i11-1-420, -L8412420 —10+11+22| |-3 -1 5 








Evidently АВ « BA. 








aple 2.16. If A = ie 


е to 





oe c 


2 2][1 m nl 
Solution. Let АВ 3 Ip 4 г 
d 4и vu ш 


3 + 2р+ ди Зт + 20 + 20 3n+2r + 2ш 
1 +Зр+и т + 39 +0 п + дг + ш 
5 +Зр+4и 5m+3q+4v Бл + Зг + 4ш 


342 
=/1 6 1 (given) 


5 6 4 
Equating corresponding elements, we get 
31+ 2р+2и=3, 1+3p+u=1, 5 + Зр + 4и = 5 E) 
3m + 20 + 20 =4, m+3q+v=6, 5m + Зд + 40 = 6 (it) 
3n+2r+2w=2, п+3г+ш=1 5n+3r+4w=4 iii) 


Solving the equations (i), we get/ = 1, p 20,u = 0 
Similarly equations (ii) give m 20,9 = 2, 0 = 0 
and equations (tii) given = 0, г = 0, ш = 1 


100 
Thus, В-10 2 Ol. 


0 0 1 


Example 2.17. Prove that A? — 44° — ЗА + 111 = 0, where A= E 0 4 | А 128171 
12 3 414. 


1 3 213 2 1+6+2 3+0+4 2-3-61 [9 7 5] 
Solution. А?=АхА=|2 0 -1|12 0 -1|-12-0-1 6-0-2 4-0-3|1-41 4 1 
1 2 431112 3 1+4+3 3+0+6 2-2-9| 18 9 9 
975] [13 2] (9-14-5 27-0-10 18-7-15| [28 37 26] 
АЗ= А хА=| 14 1х? 0-1 1+8+1 3+0+2 2-4+8 |-|10 5 1 
899111 2 3 8+18+9 24+0+18 16-9+27| [35 42 34 


АЗ 4А? — ЗА + 11 


28 87 26 9 7 5| 1 3 2 100 
=|10 5 1|1-411 4 11-320 -1/+11/0 10 
35 42 34 899 1 3 3 001 


28-36-3-11 37-28-9+0 26-20-6-0| 000 
10-4-6-0 5-16-0-11 1-445340 |=0 090 =0 
355-32-3-0 42-36-6-0 34-36-9411 000 


Example 2.18. Ву mathematical induction, prove that if 
11 — 95 1+10п -25н| 
p= | 4 -9 | were | 4n 1- pd 
ree veld) 
Let us assume that the result is true for any positive integer Л, so that 


Solution. When n = 1,A* gives A! = b = "i 


ШиЕАН-А-вЕВНА: DETERMINANTS, MATRICES 


1. 


=> 


on 


$m 


=] 


2 
re 


Ak = 1+10k -25k 
i AR 1 — 10£ 


4k 1—10k -9 


| 11(1 + 10%) - 1004 — 25(1 + 10k) + 225k 
448-41-108) – 100А —9(1— 105) 


11410841) -258-1) 
i 4( +1) 1-10 +1) 


Ak+1 = Ak Ale 15 dis | 


This is true forn =k + 1 AL) 
We have seen in (Г) that the result is true for n = 1. 
Itistrueforn 2141-22 [Бу (20) 


Similarly, it is true Югл =2 + 1 = 3 and 50 on. 
Hence by mathematical induction, the result is true for all positive integers n. 


Example 2,19. Prove that (AB)C = A(BC), where А, В, С are matrices conformable for the products. 
(J.N.T.U., 2002 S) 


Solution. Let A = (а,Д be of order m x n, B = [b, {1 be of order n x p and С = (с,) be of order of p ха. 


Then АВ = |a) [b,] = Y Gip бу) 
k-1 


(ABYC = р ds 223 Ы ээ 200 p У ад by | 


k=l | [51 k=] j=j 


р 
Similarly, BC = [bj] . 217 = У: бү, буу 
im] 


a [=] iat 


р п | 
АВС) = læ; p b, 41-13 - | 543 b, “|| -|$ 4 рэ Gi by, 4) 
= 1 kal Ё-1 


Непсе (AB)C = A(BC). 


PROBLEMS 2.2 





d—x 2 2 
For what values of x, the matrix | 2 4-х 1 is singular ? 
5 Pet 4) 
х+3 2y-x| 10 -7 
-1 4a-6| ia 2a|' 


Matrix A has x rows and x + 5 columns. Matrix B has y rows and 11 — y columns. Both AB and BA exist. Find x and y. 


Find the values of x, y, 2 and a which satisfy the matrix equation Ё 


ГА +В = Ё y d and A- B= В nt calculate the product АВ. 


^» Га 8 4 
НА-12 0 1.2 
{8 105 


2 10 
and В = з 2 1 ‚ find АВ or ВА, whichever exists. 
ie O I| 





нА |; 8)8- [ : and C= «1 | 0| verify that (AB)C = А(ВО) and A(B + C) = AB + AC. 


3 
2 
x 2^7 33 3 1 ка 1 2 
Evaluate (1) х, y, 2] h b f ;()| 4 -5 х|-6 4 |: 2 HE (44) |-21х(4 5 -2)х1-3|х13 21 
ЕР -3 -2 5 8 5 
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B. Prove that the product of two matrices 
| vos ^0 _ cos G sin 8 Ге. ^ сов” ф cos $ sin ф 
cosüsinO віл? 6 cosdsing sin ġ 
is a null matrix when Ө and differ by an odd multiple of 1/2. 


9. НА = | V {ысу d , show that J +A =(1—А) ba буу im 4 


tan а/2 0 sin с 
10. НА = E 3| ‚ find the value of A*— 6A + 8/, where T is a unit matrix of second order. BATU. 2006) 


|1-2 а 
11. ra| 2 3 -1 ndi më unit matsit боса; etate ва + 
- Mx 


3-1 à 
10 2 - 3 -1 1 
12. НА-((2 0 3j|,H2|0 0 2), verify the result (A + B)* = А? + BA + AB + Б. 
01 2 4 -32 
fo 1 0 000 
13. If £ = |0 0 1|andF-|1 0 0), 
0 0. 0| 010 
calculate the products EF and FE and show that EF + FE? = E. 
| сов sina сов па sin na| 
14. НА= Ё зага sd jr show that A^" = |. vehe COR Pu ‚ when n isa positive integer. 
5-9 T | | 
15. Factorize the matrixA=|7 1 -5| into the form LU, where L is lower triangular and U is upper triangular 
8: 7-4 





matrix, 





"4-2 RELATED MATRICES 


(1) Transpose of a matrix. The matrix obtained from any given matrix A, by interchanging rows and 
columns is called the transpose of A and is denoted by A” 


15 1 4 7| 
Thus the transposed matrix of A = |4 5 | 18А = Ё 5 4 
7 8 | | 


Clearly, the transpose of an m x n matrix is an n x m matrix. Also the transpose of the transpose of a 
matrix' coincides with itself, Łe., (A'Y =A. 
For a symmetric matrix, А’ = А and for a skew-symmetric matrix, A‘ = — A. 


Obs. 1. The transpose of the product of the two matrices is the product of their transposes taken in the reverse order 
.е., (AB) = B'AS, 
For, the element in the ith row and jth col. of (ABY 
= element in the jth row and ith col. of AB = inner product of jth row of A with ith cal. of B 
= inner product of jth col. of A‘ with ith row of В” = element in the ith row arid jth col. of BA’ 
Hence (AB) = B'A". 
Obs, 2. Every square matrix can be uniquely expressed as a sum of a symmetric and a skew-symmetric matrix. 
AN T.U, 2001) 


Let A be the given square matrix, then A= 5А +A‘) + 5 (А — A’). 


— 


let B= (АА) and C= га -А) 


Bo 


В’ = E (А+ А = (АГ (А = ДА” *A)-B, те, В = 54 + A‘) ва symmetric matrix. 

















metric and. СГА АГ, 
e? E X iras om 


т 4 ын 
=, ' 


1 $ i 01 2 
Then А+А=| 3 6 and А-А”-1-1 0 -6 
m o -9 6 0 
4 15 -4| [ 005 1| 
5 А= 2(А+А)+ 5 a- А)= 115 3 -3|+|-05 0-4. 
|-4 -3 -7| | -1 3 0 
(2) Adjoint of a square matrix. The determinant of the square matrix 








A, А, Аз 
. Then the transpose of this matrix, ie., | В B, B, 
C Cy C, 
is called the adjoint of the matrix А and is written as Adj. А. 
Thus the adjoint of A is the transposed matrix of cofactors of A. 
(3) Inverse of a matrix. [РА be any matrix, then a matrix B if it exists, such that AB = BA = I, is called 
the Inverse of A which is denoted by A~! so that АА”! = I, 





| o Jaa ajA А, А] ПА| 0 0 
For А (Adj A)=|a, b с |В, B, В, |= 0 [A| 0 
ааа GJ lo ом 





Г 


= = : ib 2 E - d " =] = = 
eo ee 
p We a < 


ы ” j 
ig , 
= 1 
ч, | 
[4 
D 
4 
* scc | 


| 
$ 
= 
^o. - 
JP | 
E 
222 
4 
=, | 
- 
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Obs. 8. The reciprocal of the product of two matrices is the product of their reciprocals taken in the reverse order Le., 


(AB)? = B- A7! (Assam, 1999) 
If A, B be two matrices, then the reciprocal of their product is (AB). 
Clearly, (АВ).(В-1А-))-АСВ-1) Аг! [Бу Associative law] 
= AIA-1=AA1 = J, 





Similarly, (B-A-!). (AB) - I 
Hence В-1 4-1 is the reciprocal of AB. 
Obs. 3. Multiplication by an inverse matrix plays the same role in matrix algebra that division plays in ordinary 


e. if [ABI = (СИР then [AT [ANIB] = АС) 
ёс В=А-ЧСИЛ, ie. EiL = A [C]ID]. 


| [459 3 
Example 2.21. Find the inverse of | POUR. | 
-3.-4 =4 


Solution. The determinant of the given matrix A is 


1 1 3| |a bh e 
1 | 1 d 3e Ву 1 (say) 











If A,, A,, ...... be the cofactors of a}, a,... in A, then A, = —24, 4, = 8, A, - 12; B, = 10, B -2, В, = 6; 
С,=2,С,= 2, С, = 2. 
Thus A = a4À, + a,A, + aA, = — 8. 
Aj Ас A| [-24 -8 -12 
and adjA=|B, B, B,|=| 10 2 1 
С, Cy С. 2 2 2 
Hence the inverse of the given matrix A 
3 1 3 
пй. | |726 9 nu dk i. $8 
- =— | 10 2 6!=|-- -= -— 
.1 1 1 
4 4 4 
Note. For other methods see Examples 2.25 ; 2.28 and 2.46. 
Example 2.22. Find the matrix A if Ё d A [2 Ei 5 Ё : M (Mumbai, 2008) 


DEI inia 2 1 -3 2 -2 4 
Solution. If f 21-8/| - 3 = Сава | 2 3 =D, then 
BAC-D or AC-BJD 


2, А = B-! DC-! 

| a adjB [ 2 -1| 
ии dab c 2l 
— c fa 5 
Similarly, Cz E ч 


Непсе, А=| | 
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PROBLEMS 2.3 





„ША = | TO M^ Y , verify that AA’ = 7 = АА, where / is the unit matrix. 


-5Ш a. созо 
Express each of the following matrices as the sum of a symmetric and à skew-symmetri¢ matrix : 


2. 
39 -2. 6 [à a b 
Р -1 (40) |с В b 
5 4 0 € a£ 
3. If A is a non-singular matrix of order n, prove that A adj А = | A |1. (Mumbai, 2006) 
1/2? ха | 
Verify that A (adj A) = (adj А)А = | |I, where =|] 3. 51. 
1512 
[2 3.4 | 1:5:2-8741 9 
4. Find the inverse of the matrix (0) |4 3 1| (Mumbai, 2009) (4) |-2 1 1 (В.Р,Т.Г, 2005) 
12 4 $159] 
5:24 3$ 42 | 
5. НА= |1 3 1|, compute adj A and АЛ, Also find Bsuch that AB = 11 6 1], (Mumbai, 2008) 
iR 5.6 4 
з —8 4| 
6. IfA=|2 -3 4|, (i) find At; (ti) show that A? = A 
| D ai A | | 
7. Find the inverse of the matrix 
0 1 1) КА Я 
8211 0 1| and if A = 7 dr Si. 
1 1 0j (e. 717 АБ | 
show that SAS-! is a diagonal matrix dig (2, 3, 1). (Mumbai, 2007) 


10. 


il. 


12. 


13. 
14. 


15, 


1 I3 2 
НА 2 1-2, prove that A7! =A". 
ir A 


- feos 6. -sin Ө Men 1 2 аһ" 
2 Show that [= 5 Т ава!” Nen a tanG/2,. 1 |: 


1-2 =) 100 | 
НА = f 0 : and В = f 1 : , verify that (ABY = B'A', where A’ is the transpose of A. 


217. 142 1772 0 
А- [ 9 ] EE Е iz ] ‚ verify that (AB)? = ВАЧ. 
1 4 2 1-1. 3 

IL A is а square matrix, show that (i) A + A’ is symmetric, and (ii) А — A‘ is skew-symmetric. 

| (РТИ, 1999) 
НА = ав (di; d, dal, d, d, d4 4 0, prove that 27 = diag Ыта dyt: | 
НА and В are square matrices of the same order and А is symmetrical, show that B'AB is also symmetrical. 
[Hint. Show that (B'AB)' = B'AB] 
If à non-singular matrix A is symmetric, show that A-! is also symmetric. 


РД (1) RANK OF A MATRIX 


If we select any г rows and r columns from any matrix A, deleting all the other rows and columns, then the 


determinant formed by these r x r elements is called the minor of A of order r. Clearly, there will be a number of 
different minors of the same order, got by deleting different rows and columns from the same matrix. 


and 


Def. A matrix is said to be of rank r when 

(1) it has at least one non-zero minor of order r, 

(ii) every minor of order higher than г vanishes. 

Briefly, the rank of a matrix is the lurgest order of any non-vanishing minor of the matrix. 





If a matrix has a non-zero minor of order r, its rank is 2 r. 
If all minors of a matrix of order г + 1 are zero, its rank is < г. 
The rank of a matrix A shall be denoted by р(А). 
(2) Elementary transformation of a matrix. The following operations, three of which refer to rows and 
three to columns are known as elementary transformations : 
I. The interchange of any two rows (columns). 
II. The multiplication of any row (column) by a non-zero number. 
HI. The addition of a constant multiple of the elements of any row (column) to the corresponding elements of 
any other row (column). 
Notation. The elementary row transformations will be denoted by the following symbols : 
(i) А, for the interchange of the ith and ЛЬ rows. 
(и) AR, for multiplication of the ith row by А. 
(iii) В, + pR, for addition to the ith row, p times the jth row. 
The corresponding column transformation will be denoted by writing C in place of R. 
Elementary transformations do not change either the order or rank of a matrix. While the value of the minors may get 
changed by the transformation I and II, their zero or non-zero character remains unaffected. 
(3) Equivalent matrix. Two matrices A and B are said to be equivalent if one can be obtained from the 
other by a sequence of elementary transformations. Two equivalent matrices have the same order and the same 
rank. The шон - is used for е 





"T CO eer ї 
Ч E Te “= 

4 Aw Ed Б 

4 2 


у эй | я | i Г Р 
id - i F ч Y j 4 й ! 
| - Е. ex, Р Ч | р 
ї т АЕ 55-28 - ЛЕ = = жй 


 Bülüton. . G) Operate R, -R, and R, - 28, so that tb the gi given matrix 
12 3 
-10 2 -1|-A (say) 
02 —1 
Obviously, the 3rd order minor of A vanishes. Also its 2nd order minors formed by its 2nd and 3rd rows 


à | 
il =-140. 


p(A) = 2. Hence the rank of the given matrix is 2. 
(11) Given matrix 


are all zero. But another 2nd order minor is | 





9 i = -l 03-84 -1 
110 0 0 -11.9, 0 0 
"18 1 -3 -1 зо 0 о 
(1 1--3-4 10 0 0 
[Operating C, — C,, C, — Cl [Operating А. — R,, К, — К] 
(01-8-1 | : 
.|10 0 0 
00 0 0 
00 0 0 | 
[Operating R, — 3R, К, —R,] органы C; + 3C, C, + С 


Obviously, the 4th order minor of A is zero. Also every 3rd order minor of A is zero. But, of all the 2nd 


order minors, only Г Ч --120. s рА) = 2. 


Hence the rank of the given matrix is 2. 
(4) Elementary matrices. An elementary matrix is that, which is obtained from a unit matrix, by subject- 
ing it to any of the elementary transformations. 





Examples of elementary matrices obtained from 


L 0 6 100 100 1 p 0| 
ЪЬ=|О 10 | are R= 0 0 1|-C4;hR,-|0 д O| Ri +рЕ, = 010 
0 0 1| 0 1 0 001 0 0 1 


(5) Theorem. Elementary row (column) transformations of a matrix A can be obtained by pre-multiplying 

(post-multiplying) A Бу the corresponding elementary matrices. 
| ар 8, c 

Consider the matrix А = |а b, c, 
аз by сз. 

100 a, b с, a b, с, 
0 0 1|x|a, b c,|-|a4 by е, | 
0 1 OJ [аз b cj [4 5 c 

So a pre-multiplication by R, has interchanged the 2nd and 3rd rows of A. Similarly, pre-multiplication 
by РЕ. will multiply the 2nd row of A by & and pre-multiplication by А, + pR, will result in the addition of p times 
the 2nd row of A to its 1st row. 

Thus the pre-multiplication of A by elementary matrices results in the corresponding elementary row 
transformation of A. It can easily be seen that post mutiplication will perform the elementary column transfor- 
mations. 

(6) Gauss-Jordan method of finding the inverse*. Those elementary row transformations which 
reduce a given square matrix A to the unit matrix, when applied to unit matrix I give the inverse of A. 

Let the successive row transformations which reduce A to / result from pre-multiplication by the elemen- 
tary matrices R,, Rp ... R; so that 

RAR, у... RRA -1 

4 RR, QL..RQRAA = [А 
or RR, ys. RR = А”! -ААЛ-1 

Hence the result. 

Working rule to evaluate АГ. Write the two matrices А and I side by side. Then perform the same row 
ана ibas эж, on both. As soon as A is reduced to I, the other matrix represents A7. 


Then R,,xA= 








E 


ET ы, iple pë 2,2 Us 


ex Үү 70 Л P. ЕНА D] 


) 8 19 

РД 217 EE 
= of V? т 1 
Ü 


NONI f My № А а 


Solution. Wiiting t the same matrix side by side with the unit matrix of order 3, we have 





1 1 3:10 0 
1 3-3:010 (Operate R, — В, and R, + 2 R,) 
|-2 -4 -4: 0 0 1 


р 
-10 «ар -1 10 
р 9 


1 з: 100 1 1 
(Орегаїе 5 Кә and о Ёз) 


(Operate В, — R, and R, + К.) 


| c oc 


"Named after the great Gern after the great German mathematician Carl Friedrich Gauss (1777-1855) who made his first great discovery as а 
student at Gottingen. His important contributions are to algebra, number theory, mechanics, complex analysis, differential 
equations, differential geometry, non-Euclidean geometry, numerical analysis, astronomy and electromagnetism. He 
became director of the observatory at Gottingen in 1807. 
Name after another German mathematician and geodesist Wilhelm Jordan (1842—1899), 

ebuzzpro.blogspot.com 





10 в: 8 10 
1 1 — fs] 
-|0 1 -3: -5 50 [Operate R, +В, R, — SR, and (- 2) R, 
ig. b 53 
00-2: 5 55 


} 

c 

| 
= о oO 

| 
1 нә [Сл фо 
| | 
[mem p 
| | 
|m К | со ко | 62 
аенын 


3 
34 
Hence the inverse of the given matrix is -2 -1 -1 (сї. Example 2.21] 
wh „А. _1 
4 4 4 


(7) Normal form of a matrix. Every non-zero matrix A of rank г, can be reduced by a sequence of elemen- 

tary transformations, to the form 
I 01. | mE : 
Ё d called the normal form of A. evs) 

Cor. 1. The rank of a matrix Ais r if and only if it can be reduced to the normal form (1). 

Cor. 2. Since each elementary transformation can be affected by pre-multiplication or post-multiplication with a 
suitable elementary matrix and each elementary matrix is non-singular, therefore, we have the following result : 

Corresponding to every matrix A of rank r, there exist non-singular matrices P and Q such that PAQ 
equals (i). 

If A bea m x n matrix, then P and Q are square matrices of orders m and n Барын 


“хаш ple 2.25. К iy EE I р СК О LI ES GG XA 
" . Yr Та ej Fg dd "Fan F БҮЛ ҮЛ 1 ги л 1: Лаг 1 re ти YR Jj ч FI Т 
i E — EFE [КЕ DAS WO NEAR FPE Fe _. 
at дё E! 
| i 


| Lu f bi CM б, m гү 
у e Y A a МЖ Ч 4" A. AR Y [2 21 Я 
ij 8. 2 M | JA £3 AN 1 | И ii | £ 1 (3 


nto its n 





Solution. dice Jd = [By Ral 


C» co tO e 
чан 
o3 
| 
bo 


poe „| [By R,- 2R,, R,—3R,, Е, - 6R,| 


[By C, + C,, С. + 2С,, С, + 4С] 


f 
ооо” Dooe ооон 


CRIS of gio 
à 


oo eo 








10 0 0 
0 1-6 -3 ЭГ” 
"10 4 9 10 [By А, – R4] 
ооо о 
10 0 0 
ó i =ê .2 
“jo о 33 22 [By R, - 48 
оо 0 о 
10 0 0 
01 0 0 н 
"|o o 33 22 [Ву C, + 6С,, C, + ЗС 
00 0 0 
100 0 
1010 0 1 
“10 0 1 22 [By ace, 
000 0 
1000 
0100 5 
“10 010 [By C, - 22С,) 
0000 


1 











1 1 21100 100 
Solution. We write А = JAI, ie. |1 2 3|=|0 1 0(А 0 10 
0-1-1 (100 1 001 
We shall affect every elementary row (column) transformation of the product Бу subjecting the pre-factor 
(post-factor) of A to the same. 
(1 o 01 [100] [1 -1 -2 
Operate C,-C,,C,-2C,, (1 1 1|=|0 1 O;A/O 1 0 
-10-1-1100 1 0 0 1 
1 0 0 1 10 1 -1 -2 
Operate R,- R,» о 1 1-1-100(А(0 1 0 
8-1-1 [001] (9 0 1 
Operate С. – Cp, 0 1 0|=|-1 ТОАО 1-1 
0 -1 0j 001 0 0 1 
100 100 1 -1 -1 
Operate R, + Ry, 010=-1104А0 1-1. 
0 O O| |-1 11 (0 0 1 


which is of the normal form Е 4 
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_1 
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PARTITION METHOD OF FINDING THE INVERSE 


According to this method of finding the inverse, if the inverse of a matrix A, of order л is known, then the 
inverse of the matrix A, , , can easily be obtained by adding (п + 1)th row and (n + 1)th column to A,. 





nl 
A, : А Ху: Xs 
Let А= |... 5...1 888. А =... : в 
A в XS. m & 


where A,, X, are column vectors and A,’, X." are row vectors (being transposes of column vectors A,, X.) and a, x 
are ordinary numbers. We also assume that A,~! is known. 


«а» ж] 


Then, AA 2 Z, ie., 


ned , Ж 0 1 
A, : 013, Ех 
gives A,X, + A,X,’ =I, X) 
A,X, + Agx = 0 .-AEL) 
AX, + 0X, = 0 ii) 
A,X + ax 1 (їр) 


From (ii), X, = — Ау! Ах and using this, (iv) gives x = (о — А„' АТА, 
Hence x and then Х, are given. 
Also from (i), X, = A! (I, - AX.) 

and using this, (iii) gives X,/ = — Ay A, (a -AJA T Aj) = АГАТ x 

Then X, is determined and hence A^! is computed. 









Lo oE 
Solution. Let д=|* $t Hal 
3 5 3| (4, : @ 
| 4 [№ АГУ 8—1] 
T др rupi 
|: X 
Let At=| 2. c чи | s0 that AA- = I. 
Жо ж @| 
а АА 1А, =3 + [3 5-| 4 “ia --10 
х = (®- Ау АРА =- E 
aul Ж = 11-41. 1| 4 
Also, Х,--АСАХ-1 4 1 1.11-49--451-8| 
Then Ху =-Аз Арх = [3 54 “1 (-49--51-4 2| 


ян E? | 3-1 1193-1141 | 
Finally, X, =A, KI — A, X, zi» 1-15|-4 [11-а 2] 





1-8 1] 11-44 81 | 14 02 
=| 4-1 10| 55 -10| |-15 0 


1.1 -0.2 -0.1 


ЕЕ: 0.2 —0.4 
Непсе At=|-15 0 05|. 
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B С 


form where A, B, C, P, Q, R, S are all matrices. 


or 


ves [s S] 9 


ГАР-ОН AQ«OS| [I О 
BP+CR BQ-«CS| |O I| 
г. Equating corresponding elements, we have 
AP + OR = I, AQ + OS = 0, BP + CR = 0, BQ + CS = І. 


Second relation gives AQ = 0, їе, Q-0asA is non-singular. 


First relation gives AP = I, ie, Р=А\. 
From third equation, ВР + СА = 0, Le., СА =- ВР = – ВА" 

C- СЕ = – CBA% ог ЇЕ--С ВА! ог Е--0-1ВА 
- fourth equation, ВО + С5 = І, or CS=I or 85-07 


Hence мл | E Hr 
1000 
ЗЭН .[02 0 0| [A О 
өе М“Їзоло -Їв А 
0103 
* | _[1 0 _[8 üla 0 
” ila | isle 4 


Hence, М = 
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SOLUTION OF LINEAR SYSTEM OF EQUATIONS | 


(1) Method of determinants—Cramer's* rule 
ax by ez - d, | 


Consider the equations (a,x + by + cz = d; w(t) 
Gan буульы сг =й 
| | " а b 0 
If the determinant of coefficient be = | а b, Cs 
ёо 
[х2 5€ | | I 
then ХА = ха» by Co [Operate С, + уС„ * zC4] 
хаз Os © 
axtbyteoz b с, dj b с, "T 
-|ax*bytcz by c|-|d, b, c; [By (i) 
dox a by сз з 5 < 
| d à e| |a фа | | й 
Thus хэ|4, b c |+ а by су provided А # 0. I) 
dy by c| |as by сз 
x a d, су) |a b а | E 
Similarly, у= |а Ч, c|*|u; b, cs ii) 
аз dy c | |03 6 с 
| a b dj |a ща 7 
ви z2|a b d,|*|a 0, c (їр) 
а By | |а % с 


Equation (ii), (iii) and (iv) giving the values of x, y, z constitute the Cramer’s rule, which reduces the 
solution of the linear equations (i) to a problem in evaluation of determinants, 
(2) Matrix inversion method 





а b с, 
H А= |а b с» |,^ 
аз ӧз с 
then the equations (1) are equivalent to the matrix equation AX = D Av) 


where A is the coefficient matrix. 
Multiplying both sides of (v) by reciprocal matrix A^!, we get | | 
АЛАХ-АЛП or IX-AD Їг АА = Д 


"Gabriel Cramer (1704—1752), a Swiss mathematician. 





ог Х-А їе, у|= B, В, В, |х Ja, (vi) 
|z ё С Cy | (4, 


а b с 
where A,, B, etc. are the cofactors of a}, b, etc. in the determinant = | a, b, c; | (A#0) 
[@ Өвс % 
Hence equating the values of x, у, z to the corresponding elements in the product on the right side of (vi), 
we get the desired solutions. 





Solution. (1) Ву т nants : 


























3 1 2 
Here 2-3 -1|-3(-34«2)-21-4)-(-146)-8 [Expanding by C,] 

1 2 1 

i 3 1 2 
à s= -3 -3 -1| [Expand by C,l 

4 2 1 
= 386 3+2)+3а-4)+4(-1+6)]=1 

112 3 2 1 3 1 38 
Similarly, ju 2 -3 -1|=2 and ёе 2 -8 -8|=-1 

|1 4 1 1 2 4 
Непсе xzlyz23,2--1. 


Note. The use of Cramer's rule involves a lot of labour when the number of equations exceeds feur. In such and other 
cases, the numerical methods given in $ 28.4 to 28.6 are perferable. 








(ii) By matrices : 
3 1 2 ар бү c 
Неге А=|2 -3 -1=| а. b е | (say). 
Then A, =-1,A,= 3,4, =5; В. =-3, В,-1,В,-1,С,-7,С,--5,С,--11. 
Also А=а А, + a,A, + aA, = B. 





-3-9-20 1 
-9-3438|-| 2 
21-15-44| 1-1 





Solution. i —À can be ннен ав АХ = В, dine 


1-1 1 1 | 3, 2 
_ |1 1 1 1 Xo -1-4 
А=|1 1 мэ ааг ыы 4 








To find А-1, we write 


[A: N= 


Ees a шу. | 


Непсе, 


oh ы A 


оон 
оне сосоь-ос о 


Ерина. | 
> 


= 
№ 


сонны OONA HBR KR 


v2 


Om oOo 





Онмсго oomoo 
I[OOO rf OCS 





| 
os ве be .. 





ынны NNN вены 
нос оон 


LI жи пш LE 





1/2 1/2 
-1/2 12 0 : 
112 0 12 0 

0 о -1/2 1/2 


1/2 1/2 «12 -1/2] 
о 12 12 0 
12 0 1/2 0 
0 0 -12 1/2 


112 1/2 №2 -1/2 
-1/2 0 о 12 
0-12 0 12 

0 0-12 1/2 


носон 


ти dip "mv фа 


.. шош .. ве 





........ 


1/2 


-1/2 
0 —1/2 


0 
0 
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46 HIGHER ENGINEERING MATHEMATICS . 


5 1 Lt 

32. In a given electrical network, the equations for the currents iy i5, i are 
Si, +1, + i, = 85 2, —Big— Big 2 5, Ti, + 2055 — t4 = 0. 

Caltulate i, and i, by Cramer's rule. 

13. Using the loop current method on a circuit, the follwoing equations are obtained : 
Tij- 4i, = 12, — 4i, + 12i,- 614 = 0, — 6r, + 148, = 0. | | 
By matrix method, solve for i, i, and iq | 742 

14. Solve the following equations by calculating the inverse by elementary row operations : M 
2x, + 2x5 + 2x4—53x,2 2; 33x, + Gx,— 2x, ex. = 8 рх, +x- indl; 2хү + хо + Bry +x, = 5, 


3 4-5 1 mi 
11. By finding A-1, solve the linear equation AX = В, where A = ! 2 ў Xe Е | and B= - | j 
| z 


ЕЕС (1) CONSISTENCY OF LINEAR SYSTEM OF EQUATIONS 





Consider the system of m linear equations 


4X, + (5X) +o + @„Х„ = Ё 

ar + а хо +. “+ л = № 

ашла + аызХ» Tct а АХ, ET b 
containing the п unknowns хү, Xa, ..., x,. To determine Ж» the equations (1) are consistent (/.e., possess а 
solution) or not, we consider the ranks of the matrices 


“үө in Oy, Go 4» Gin Ь 
Байж CL. Ё... tl гр -t (1 bit 

Gag 2n | and КЕс-| “5 2n 

Ge Ginn Onl П д? icis Gunn h 





A is the co-efficient matrix and K is called the augmented matrix of the equations (1). 

(2) Rouche's theorem. The system of equations (i) is consistent if and only tf the coefficient matrix A and 
the augmented matrix K are of the same rank otherwise the system is inconsistent. 

Proof. We consider the following two possible cases : 

I. Rank of A = rank of K = г (г < the smaller of the numbers m and л). The equations (i) can, be suitable row 
operations, be reduced to 


bti + Бух +... + b,x, =h 


0.x, + охо +... + box, Hs ii) 
| Ох +0.х„ bob, ex, =, 
and the remaining т — г equations being all of the form 0.x, + ds WF алхаа + 0x, = 0. 


The equations (ii) will have a solution, though n — r of the unknowns may be chosen arbitrarily. The 
solution, will be unique only when r = n. Hence the equations (г) are consistent. 
II. Rank of A (i.e., г) < rank of K. In particular, let the rank of К be r + 1. In this case, the equations (i) will 
reduce, by suitable row operations, to 


bx, box, + Мы: п В, 
О.х; + 0х5 + + b, Xn = a 


Оху Олд +.. + Bon Xn = bp 


0.х, О +... FOX, m4, 
and the remaining m — (r + 1) equations are of the form 0.x, + 0.x, +... + Ox, = 0. 

Clearly, the (г + Dth equation cannot be satisfied by any set of values for the unknowns. Hence the 
equations (1) are inconsistent. 

[Procedure to test the consistency of a system of equations in n unknowns: 

Find the ranks of the coefficient matrix A and the augmented matrix K, by reducing A to the triangular 
form by elementary row operations. Let the rank of A Бег and that of K Бег. 





(1) If r +r, the equations are inconsistent, ie., there is no solution. 
(1) Ifr-r'-n,the equations are consitent and there is a unique solution. 
(i) If r 2 r' < n, the equations are consistent and there are infinite number of solutions. Giving arbitrary 
values to n — r of the unknowns, we may express the other r unknowns in terms of these.] 


2.31. Test for consistency. and solve 


бх + Зу + 72 = 4, 3x + 26у + 22 = 9, 73.» By 410: 3 5. 
(Bhopal, 2008 ; J.N.T:U., 2005 ; P.T.U., 2005) 





5 83 7 
Solution. We have 3 26 2 


15 9 21 12 

Operate 3R,, 5R,, 15 130 10 =| 45 
Ч 2 10 5 

15 9 21 12 

Operate R,- R,, 0 121 -11 y =| 33 
7 2 10 5 

| 35 21 49 9 28 

Operate TR, 5А., 1 p. О 11 —1||у|=| 3 
3 1 [35 10 50 z | 25 


c 
= 


9 х| 14 
Operate R, — К, + Ep ZR, 0 11 -1j||y|=|3 
| ооо 


The ranks of coefficient matrix and augmented matrix for the last set of equations, are both 2. Hence the 
equations are consistent. Also the given system is equivalent to 
5.2 ца 2-1 Ie 


! ин 
— 


5x + dy + 7z = 4, Пу-2=3, .. jvc and x Үү? 17° 


where 2 is a parameter. 





Hence x= Ч E ES and z — 0, is a particular solution. 





Obs. In the above solution, the coefficient matrix is reduced to an upper triangular matrix by row-transformations. 


Example 2.32. Investigate the values of A. and y so that the equations. 
Эх + By + бг = 9, Tx + By - 22 = 8, 2x + By 4+ he =p, 


have ч! no solution, (ii) a unique solution and (tit) an infinite number of solutions. ОО 
Pd | | | . (Mumbai, 2007: УЕ 5007) 
2 d Hl) x 9 | 
Solution. We have |7 3 -—2||у|=|8 
23 Аг и 
The system admits of unique solution if, and only if, the coefficient matrix is of rank 3. This requires that 
2 d 5 
(7 3 -2|215(5-23)20 
[2 3 А 








Thus for a unique solution A * 5 and и may have any value. If À = 5, the system will have no solution for 


those values of u for which the matrices 


23 5 23 БӘ 
А= |7 8 -2| and К-17 3 -2 8 
23 5p 


Т: 





are not of the same rank. But A is of rank 2 and К is not of rank 2 unless р = 9. Thus if à = 5 and u #9, the system 
will have no solution. 
ГА = 5 and u = 9, the system will have an infinite number of solutions. 


3 сэ - tm 3 E "Tm k Ч + = ж-т = mp y a Бич: = : - E. х 5 5 == 
Jui = Hp cel a am. M ар P I Tuna E ‚№ Tm p» Ре N 1 


р Zl ae Pr ти "gs Fa ! p рт WA 
Abo DA iad, GENG mis = DEM ЕРУ ME LL е tet ГЕ I 
quations and solve them if consistent «x = 

2 1 4525 X 


Ew 4. |. 7 1 a} 154 И ООС Уф р: ! "I а АН i 
уте тгл; u-—dgyctz-'i p | pe „гү ү, ay 7 
Д SMO ер В # Ане. эр RT cr Rr IA o6 cu ГЫЙ ОР 
Solution. Given eqni. can be written as 






-9 g 81^ 2] 
111 „|= -4 
-3 171, | 8 
Operate А, — 2R,, Е, — AR,, 
1 -2 0 3 51 Го 
0 51 У1-10| 
0 51 *| 10 
t 
1-2 0 "| Го 
Operate R} — R,, 0 51 3 У1-10 
lo оо 0]. [0 


Clearly, rank of the coefficient matrix is 2 and the rank of augmented matrix is also 2. Hence the given 

equations are consistent. But the rank 2 < 4, the number of unknowns. 
The number of parameters is 4 — 2 = 2 
Thus the equations have doubly infinite solutions. Now putting t =k, and z = k, in 
х- 24у + З= 2 and Sy+z-5¢=0, 

we реёх – 2у + ЗА = 2 and бу + д, – 5А, = 0 

Непсе yzk -kJ5 
and х= 2 + 2у – ЗА, 

= 2 + 2(k, —k,/5)— 3k, 


| 2 
=2-k,- 5 ke 
(3) System of linear homogeneous equations. Consider the homogeneous linear equations 


алу + djaXo +... + х, = 0) 
Gg, X + golo +... 5, X, = 0) 





.- (EEL) 
GX ча ох, +. +a, Xp =O 

Find the rank r of the coefficient matrix A by reducing it to the triangular form by elementary row opera- 
tions. 

I. If r = n, the equations (itt) have only a trivial zero solution 

X,=X,=..=x,=0 

If r « n, the equation (iii) have (n — E linearly independent solutions. 

The number of linearly independent solutions is (n — г) means, if arbitrary values are assigned to (n —r) of 
the variables, the values of the remaining variables can be uniquely found. 

Thus the equations (iii) will have an infinite number of solutions. 

Il. When m « n (t.e., the number of equations is less than the number of variables), the solution is always 
other than x, = x, =... = x, = 0. The number of solutions is infinite. 

Ш. When т = n (i.e., the number of equations = the number of variables), the necessary and sufficient 
condition for solutions other than x, 2 х=... Ех, = 0, is that the determinant of the coefficient matrix is zero. In 
this case the equations are said to be consistent and such a solution is called non-trivial solution. The determi- 
nant is called the eliminant of the equations. 





| Solution. (i) Rank of ee ман 


123111 3 3 
JS 4 die eX = [Operating В. — ЗЕ] 
7 10 12| |7 10 12 дан itg m 

т 2 38 
-|0 -2 -5 [Operating R, — 7R, — 2R.J 

0 0 1 


is 3 which = the number of variables (i.e., r = n) 
г. The equations have only a trivial solution : x = y =z = 0. 
(11) Rank of the coefficient matrix 


421 3] [4 2 1 3 , А 
6347-00 5/2 5/2 [Operating №, – = R,,R,- ZR, 
21011 [0 0 -1/2 -1/2 | 
42 1 3 
-10 0 5/2 5/2 [Operating R, + 1 R, 
00 0 0 5 


is 2 which < the number of variable (1.e., r € n) 
Number of independent solutions = 4 — 2 = 2, Given system is equivalent to 
4х + 2y +z + 3w = 0, 2 + ш = 0. 
—. We have z=- шапа у = – 2х -w 
which give an infinite number of non-trivial solutions, x and ш being the parameters. 





Solution. For tha | given n evitan of НОНО üo havea nontrivial solution; the determinant of the coeffi- 


























cient matrix should be zero. 
ak-8 3 3 gk – 2 8 3 
ie., 3 3k- 8 3 -0 or |ЗЁ-2 3k-B 3 =0 [Operating C, + (C, + С.) 
à З ЗЬ – 8 3h — 2 3 35-8 
1 3 3 1 3 3 
or (3k-2)|1 3k-8 3 =0 or (3k-2)/0 83-11 0 -0 [Operating R,—R,,R,—R,] 
1 3 ЗА – 8 0 0 Зе —11 
or (3k — 2) (3b — 11)? = 0 whence Ё = 2/3, 11/3, 11/3. 





Solution. For th the given інт of mem t to a m о Ы solution, the determinant of the с 
cient matrix is zero. 














a b c a+b+e a+b+e a+b+e 

Le., b с a|=0 ог b с а -0 [Operating В, + R, + R4] 
c a b с а Ь 
1 1 1 1 0 0 | 

or (а+Ь+с)|Ь с a| 0 or (a+b+c)|b6 c-b a-b|-0 [Operating C, — C,, C, — Ci] 
c a b c а-с b-c 

















or (а +b + с) [(е —6) (6 —e) – (а —c) (a – Б) = 0 

or (a +b +c) (—a* —b* —c* + ab + be + ca) = 

ie., a+b+c=0 or a?4b?4c?—ab—bc—ca- 0 

or a+h+c=0 or 5 Ка — 6)? + (b – с)? + (с-а = 0 
or Gtbtc-0;a-b,b-c,c-a. 


the “зайн tof үе шарын 


Hence the given system has a non-trivial solution ifa+b+c=0 or а= ф = с. 


Example 2.37. Find the values of A for which the equations Bile 2 ae 
A- Dx + (3 Dy + 2h2z = 0 T | Lg c AD 
- Ix + (4А — таре ар. aye ite) 
“эвдлэн + 8(А- ne D А 





Solution. The given equations will be consistent, if 




















А-1 98141 23. 
А-1 44-2 143 | =0 [Operate R, — R,] 
8 3A«*1 3-1) 
A-1 ЗА+1 24. 
or if, 0 A-8 3-A | =0 [Operate С, + С; 
2 ЗА+1 30.—1) 
3-1 3A4+1 5-1 
or if, 0 А-4 0 -0 [Expand by А, 
2 3A+1 64-2 
з . lAÀ-1 5А+1 - А S | | Е 
or if, (А — 3) | 2 93141) -0 orif, 2/1 —3) [(4 — 1) (ЗА — 1) - (5А + 1) = 0 
or if, бА(А – 3) = 0 or if, 1-0 or 8. 
(a) When А = 0, the equations become — x + y = 0 .. ЦР) 
-x-2y-3z-0 (UE) 
2x +y—az=0 ALLL) 


Solving (П) and (ii), we get х Y  __ = 
Е E араў т 


(b) When X = 3, equations becomes identical. 








PROBLEMS 2.7 Mi 


1. Investigate for consistency of the following equations and if possible find the sólutions САН 


4х - 2у + б2= 8, х +у— 32 =—1, 165 — Зуч Ge = 21. i ) ү, | 
2. For what values of & the equations x + у «2 = 1, 2х ty 42 = dra ya 102 = Ad ao Бин АА ole Ва 


completely i in each case, . (Bhopal, 20087 АЧ 2008 ; bj i 2006) 
3. Investigate for what values of ) and и the simultaneous equations К rite 41 d / 
x+y +2 =6,)x4 ду + 32 = 10,х+2у+Ал = E. | | ‘ 


have (2) no solution, (И) а unique. solution, (iii) an infinite number of solutions. / | 
| (Mumbai, 2007 ; U.P.T-U., 2006, Rohtak, 





! 1 | т 
L 


(Bhopal, 2009 ; : PIE C 2005; Raipur, 2005) 


Test for ви solve, 9 
(1)9x = Зу + 72 25, Bx + y — Зе = 13, 2x 19у — 472 = 32, 
(14) х + 9у +Е= 3; 2х Sy + 92 = 5, 3x — Sy. + Ба = 2, Зх-90у-2:4 
‚ (iii) 2x 4 By +11 20, бх + 20у,— бг + 3 = 0, бу 2.182 + 1=0. 
(010) Bx Sy + 22 = lx 2y = 4, 10y +32 =—2,2х-3у—-г=5. 


(Bhilai, 2005 ; Madras; 2002) 
(Rajasthan, 2005). 
(ТЫ. 2010; Nogarjund, 2008) 





5. Find the values of a and b for which the equations 
4+ GV +2=3,x4 2) + 22 = 0, х + Бу + 32=9 
are consistent. When will these equations have a unique solution ? (Kurukshetra, 2005.) Madras, 2003) 
6. Show that if  « — 5, the system of equations. | 
Зх- у 4+ tr =3, 2 + 2y —S3z 2— 2, Gc - by + Az 2 — 3, 
have a unique solution, IfA = — 5, show that the equations are consistent. 
Show that the equations 
| Зх +4 + Бе = ай 4х + by + 62 =b, Bx + Oy + Tz =c 
do not have a solution unless а + с = 2b. (Raipur, 2004 ; Nagpur, 2001) 
8, Prove that the equations бх + Зу + 2= = 12, 2x + 4y + Вг = 2, 89x + 43у + 452 = c are incompatible unless e = 74 ; and 
in that case the equations are satisfied by x =2 44, y= 2 — Bt, z =— 2 + 2t, where (isany arbitrary quantity: | 
9. Find the values of À for which thé equations (2 — A + 2y + 3 = 0, 2х + (4 – Ау +7 = 0, 2x + By (6 — A) =0 are 
consistent and find the values af x and y corresponding to each of these values of A. 
10, Show that there are three real values of A for which the equations (a — А) x + by + ez = 0, bx + (c — Му + az = 0, 
сх + ау + (b A) = 0 are simultaneously true and that the product of these values of A is 





7 


a 


а фе 
b c al. 
|c a 5 
11. Determine the values of k for which the following system of equations has non-trivial solutions and find them : 
(k - 0х + (486-02) у + (Е л 3)==0, (й— 1) х» (8k 4 1) у + Zkz = 0, 2х + (3k + 1) y + 3(k — 1)2=0. 
(Mumbai, 2005) 
12. Show that the system of equations 2x, — 2+5: — АХ, 2x, — 3x, + 2х. = А, — Ху + 2х, = Ах, can possess а non-trivial 
solution only ifA = 1,4 =- 3. Obtain the general aalation i in each PP 
13. Determine the values of À for which the following set of equations may possess non-trivial solution = 
dx. XQ — Ах. = 0, dx- 2x5 — 3x, = 0, 213 + 4x, + Ax, = 0. 
For each permissible value of A, determine the general solution. 
14. Solve completely the system of equations 
(x+y — 22 + Bw =0;х-9у+2-ш=0;4х +у- Бе + 8ш = 0) бх — Ty + 2z — do = 0. | 
(ti) Зх +4у—2—6ш =0 5:2 + By + 22 gw = 0; 2х +у- 142 Эш = 0; x Зу + 132+3ш=0: (J.N. T.U., 2002 5) 


О = 














(1) LINEAR TRANSFORMATIONS 


Let (x, у) be the co-ordinates of a point Р referred to set of rectangular axes OX, OY. Then its co-ordinates 
(x', у’) referred to ОХ”, OY’, obtained by rotating the former axes through an angle Ө given by 


x =x cos 0 + y sin Ө, ux) 
y'=- x sin Ө + y cos Ө 
А more general transformation than (i) 15 
З = | i) 
у = 0х + By 
which in matrix notation is М - k E H 
У] 1% & 


Such transformations as (i) and (11), are called linear transformations in two dimensions. 


| x= hx + my + nmz | 
Similarly, the relations of the type y'= ых + тоу + Nož} a) 


z'— lx may + naz 


give a linear transformation from (x, y, 2) to (x', y', 2') in three dimensional problems. 


у] [m à à А] [x 
In general, the relation Y = AX where Y = | 2 |, A = “a че Ч X= |" (iv) 


У, а, b, c, .. А | x 


n " м 





E. 


give linear transformation from n variables x,, Xa, ..., x, to the variables y,, Ус, ..., y, i.e., the transformation of the 
vector X to the vector Y. | 

This transformation is called linear because the linear relations A(X, + Х„) = AX, + AX, and A(bX) = БАХ, 
hold for this transformation. 

If the transformation matrix A is singular, the transformation also is said to be singular otherwise non- 
singular. For a non-singular transformation Y = AX, we can also write the inverse transformation X = A^! Y. 
A non-singular transformation is also called a regular transformation. 

Cor. If a transformation from (хү, хо, x4) to (уу, y4, Ya) is given by У = AX and another transformation of (y,, Ya 23) to 
(21, 25, 24) is given Бу 2 = BY, then the transformation from (ху, Xa, X4) to (z,, 2,, 2,) is given by 

Z = BY = ВАХ) = (BAX. 

(2) Orthogonal transformation. The linear transformation (10), г.е., Y = AX, is said to be orthogonal if, 

it transforms 
yi +27 +... ty," into x,” +x,° +... +x," 
The matrix of an orthogonal transformation ts called an orthogonal matrix. 


X 
| “a 2 2 50228 
We have AA = [X Xpan | х =х,^+х„5+..+х 
r2 n T 1 2 n 
Xa 
and similarly, YY =y +у,?+..+у,2. 


If Y= AX is an orthogonal transformation, then 
ХХ = Y'Y = (AX) (AX) = Х'А'АХ which is possible only if A'A = J. 
But А-1А = I, therefore, A’ = A^! for an orthogonal transformation. 
Hence a square matrix A is said to be orthogonal if AA’ = A'A = I. 


Obs, 1. If A is orthogonal, A’ and A^! аге also orthogonal. 
Since A is orthogonal, A’ = A^. 

z (Ay = (А-0) = (А), ke, B'=R where B=A’ 
Hence B (ie., A^ is orthogonal. As A‘ = А-1, A~ is also orthogonal. 
Obs. 2. If A is orthogonal, then | A | 2x 1. 


Since AA -AA-I = |А |А =T] (Mumbai, 2006) 
But 1471-1341, 5 1АЦ1А1-11| 
or [А |*=1 be, (34-41. 


Example 2.38. Show that the transformation 
y, = 2X) XQ Ky Vg SX XQ AX, Vy = ху - 2х5 
is regular. Write down the inverse transformation. 


Solution, The given transformation may be written as 


Y=AX 
хү Yi 2 1 1 
where Х= |х, |,ҮУ= |у, |,4=|1 1 2 
Ха | Ул 10 -2 
2 1 1 
Now [А]|=|11 2|-2-1 
10 -2 








Thus the matrix A is non-singular and hence the transformatiuon is regular. 
The inverse transformation is given by 
Х= А-У 
2-2 -1 
where A!-|-4 5 3 
| 1 -1 -1 








| Thus x,= 2, - 29 — Уз; Хо = -4у, + Wy + Зу. 5x4 =Y] — Ya — Ya 
is the inverse transformation. 





- 2/3 13 2/3] |-2/3 2/3 1/8 
Solution. We have АА”= | 2/3 2/3 1/3|х| 1/3 2/3 -2/3 
1/3 —2/3 2/3 2/3 1/3 2/3 


4/9 4 1/9 + 4/9. -4/9-2/0-2/9 -2/9-2/9-4/9| 
ш|-4/942/9-2/9 4/94/94 1/9 2/9 – 4/9 + 2/9| =I. 
— 2/9 - 2/9 + 4/9 2/9 4/9 + 2/9 1/9 + 4/9 + 4/9 


Hence the matrix is orthogonal. 





| Solution. АБА is orthogonal, AA’ 24 


111 21,112 2] (100 
2 3|? 101512 1 -2|=j0 10 
"12 -2 (| "|а b с11001 
1+4+а? 2+2+ab 2-4+ас| ї 0 0 
or 2-2-05 4+1+5 iine о 9 1 
2-d4+ac 4-2ibe 4444с | 10 0 9 
А 5-02-9,5402-9,8-62-9, іе, а? = 4,6? = 4, с2= 1 


Thus a-22,b22,c- 1. 


1 12 2 
Since А is orthogonal, A! = A’ = =|2 1 -2]|. 
3122 1 





Any quantity having n-components is called a vector of order п. Therefore, the coefficients in a linear 
equation or the elements in а row or column matrix will form a vector. Thus any n numbers ху, Xa ..., x, written 
in a particular order, constitute a vector x. 

(2) Linear dependence. The vectors хү, X4, ..., X, are said to be linearly dependent, if there exist 
numbers А, do» гар: А, not all zero, such that 

m A,X, + Ах +... + X, 0. (i) 

If no such numbers, other than zero, exist, the vectors are said to be linearly independent. If i, # 0, 


transposing Ax, to the other side and dividing by — А, we write (i) in the form 


X, = Вох, + Их. +... их, 
Then the vector ыы is said to be a linear combination of the vectors Xy Ха ма» 








Solution. The relation Ах, ый | 
i.e., 4,0, 3, 4, 2) + 1,(8, — 5, 2, 2) + 1,(2, — 1, 3,22 = 0 


is equivalent to A, + З + ZA, = 0, ЗА, – БА, —A, = 0, 


4A, + 21, + ЗА. = 0, 2A, + 20, + 2A, = 0 


As these are satisfied by the values A, = 1, A, = 1, A, = — 2 which are not zero, the given vectors are linearly 


dependent. Also we have the relation, 


x, +X, — 2x, = 0 


by means of which any of the given vectors can be expressed as a linear combination of the others. 


Obs. Applying elementary row operations to the vectors хү, xy, ху, we see that the matrices 


у | $ 
А = |х and В = хә 
Xg Ky X9 — 2X4 


have the same rank. The rank of B being 2, the rank of A is also 2. Moreover хү, x,are linearly independent and x, can be 
expressed as a linear combination of x, and x, [* Ky = 3 (хү - ža) |. Similar results will hold for column operations 


and for any matrix. In general, we have the following results : 


Ifa given matrix has r linearly independent vectors (rows or columns) and the remaining vectors are linear combina- 


tions of these г vectors, then rank of the matrix is г. Conversely, if a matrix is of rank г, it contains г linearly independent 
vectors are remaining vectors (if any) can be expressed as a linear combination of these vectors. 


2. 


4. 


| PROBLEMS 2.8 


Represent each of the transformations 

хү = Jy, Фу, уу =2 + 22, and x, = yyt Aya Yy = 32, 
by the use of matrices and find the composite transformation which express хү, x, in terms of zji >. 
НЕ =x cos œ- y sin 0,1 =x sin (t + cos à, write the matrix A of transformation and prove that A-! = Д’, Hence write: 
the inverse transformation. | | | 
A transformation from the variablesz,, x. x4 tO)... y, is given by Y 2 AX, and another transformation from, Ул 
Уз to z,, 24, z4 1s given by Z = BY, where 


А: = 





2 X119 111 
0 1 -2|,8-11 2 3|. Obtain the transformation from хү, Xg x4 92,2, 2%. 
23.2; 7 Ш } 3/5| '4 | 

Find the inverse transformation of y, = x, + 2x4 бх, ; y, — 2x, + 4x, + 11x, ; Уу = 25. 


. Verify that the following matrix is orthogonal : 


(Kurukshetra, 2005) 


м 


1/3 3/3 2/3 | ‘cos 0 0 sin& 
(i) |213 13 -2/3| (Hissar, 2005 S PTU; 2003) (| 0 1 0 
2/8 —2/3. 1/8 sing 0 eos 8 


Find the values ofa, b, c if A = [ 5 = 1 is orthogonal ? | (Mumbai, 2005 5) 


6. 
ja —b с | 
оо 
7. Prove that i Ч 2 V 4 х is orthogonal when ! = 2/7, т = 3/7, n = 6/7. 
- m n -i | 
8. If A and B are orthogonal matrices, prove that АВ is also orthogonal. (Anna, 2005) 
9. Are the following vectors linearly dependent. If so, find the relation between them : | ЭЙ 
(:):(2, 1, 1), @;0,— 1), (4/2; 1). (Mumbai, 2009) 
(ai) (1, 1, 1,8), (1, 2, 3, 4), (2, 3, 4, 9). 
(i) x, = (1, 2, 4), x; =(2, — 1, 3), x4 = (0, 1, 2), x, = (- 8, 7, 2). (U.P. T.U., 2003 ; Nagpur, 2001) 





(1) EIGEN VALUES 





If A is any square matrix of order n, we can form the matrix А — AJ, where I is the nth order unit matrix. 
The determinant of this matrix equated to zero, 





аһ One ve Gay 7 А 


is called the characteristic equation of A. On expanding the determinant, the characteristic equation takes the 
form 

(-1Y 2^ + kA! + RATE + tk = 0, 
where &'s are expressible in terms of the elements а,, The roots of this equation are called the eigenvalues or 
latent roots or characteristic roots of the matrix A. 


(2) Eigen vectors 
xy Qj dio = Gin 

If X = jn and А = n ны И jn , then the linear transformation Y = АХ wl) 
Ха | 4,1 бла =e бил 


carries the column vector X into the column vector У by means of the square-matrix A. In practice, it is often 
required to find such vectors which transform into themselves or to a scalar multiple of themselves. 
Let X be such a vector which transforms into AX by means of the transformation (i). 
Then АХ-АХ or АХ-МХ-0 or ЇА-4АЛХ-0 AD) 
This matrix equation represents n homogeneous linear equations 
(ауу – А)ху + jX taux, -0 
йсүХү + (ага - М +... + 2035, = 0 


инээ. нэ. энэ ит ВБ ВЕ аорте 


ü,1X1 * X2 +... + (dy, — A), | =0 


E) 


which will have a non-trivial solution only if the coefficient matrix is singular, i.e., if | A — A7 | =0. 

This is called the characteristic equation of the transformation and is same as the characteristic equation 
of the matrix А. It has n roots and corresponding to each root, the equation (ii) [or (iit)] will have a non-zero 
solution. 


| i СР 18) |J ' i f i 
а on еу aff РК 
(t 


Ё 


Е а i 4 i e 2.45 Li lc tria (Bho: al, : Ve 
ERA ET OF Y) Lr. БОЛТ fubdit uc HU TA. "Ye A 
Solution. The — equation is [А — Al] = 0 








Э 5-А 4 2 
Le., 1 2-2 or A*—7TA4+6=0 
or (А – 6) (А – 1) = 0 A А= 6,1. 


Thus the eigen values are 6 and 1. 
Ifx, у be the components of an eigen vector corresponding to the eigen value A, then 


»-16-4, 4 Ж| x 
а SIE) 


Corresponding to А. = 6, we have ї : - d H =0 
which gives only one independent equation — x + 4y = 0 


^ rm giving the eigen vector (4, 1). 


Corresponding to A = 1, we have " | 


which gives only one independent equation x + y = 0 


* - лс giving the eigen vector (1, — 1). 





1-1 к 
Solution. The characteristic equation is | A- № | = | 1 5-1 1 | ie., 43 — 73? + 36 20 
3 1 1-Х 


Since А. = — 2 satifies it, we can write this equation as 
0.42)03-93-18)-0 ог (A + 2) (А – 3) (А – 6) = 0. 
Thus the eigen values of A are À = — 2, 3, 6. 
If x, y z be the components of an eigen vector corresponding to the eigen value A, we have 


Г -A 1 3 | х 
[A-Ar] X=] 1 0-4 1 у| =0 E) 
ЖЭЛ 
Putting А = — 2, we have 3x + y + 32 = 0, х + Ty +2 = 0, Зх + у + 32 = 0. 
The first and third equations being the same, we have from the first two 
ps Wu 2 X £ 
-20 0 20 -1 0 1 
Hence the eigen vector is (— 1, 0, 1). Also every non-zero multiple of this vector is an eigen vector 
corresponding to А = — 2. 
Similarly, the eigen vectors corresponding to А = З and A = 6 are the arbitrary non-zero multiples of the 
vectors (1, — 1, 1) and (1, 2, 1) which are obtained from (1). 
Hence the three eigen vectors may be taken as (— 1, 0, 1), (1, — 1, 1), (1, 2, 1). 





Solution. The characteristic equation is 


3-A 1 4 


or (3-A) (2-4) (5-4)=0 
Thus the eigen values of A are 2, 3, 5. 
If x, y, z be the components of an eigen vector corresponding to the eigen value A, we have 


mE 3-3 1 4 1] 
А-АЛХ-| о 2-a 6 ||y|=0 


0 0 5-4 
———— —— 3220,Le,x4y-20 and z=0. 
B fl „2 = р, (say) 
MES ME. е 


Hence the eigen vector corresponding to А = 2 is А, (1, — 1, 0). 
Putting A=3, we have y *42-0,—y 62 =0, 22=0, 1.е..у=0, 2-0. 


аа Жы ЕС. =k 
1 0 * 


0 





Hence the eigen vector corresponding to A = 3 is А, (1,0, 0). 
Similarly, the eigen vector corresponding to А = 5 is k, (3, 2, 1). 


"UM PROPERTIES OF EIGEN VALUES 








І. Any square matrix А and its transpose A’ have the same eigen values. 


We have (A—AIY-A'—AI'—-A'—AI 
| А-А | = [А-А | 
А-А | = [А-А | Le |B [= [В | 


| A—Al | = Oif and only if | A- 37 | = 0 
i.e., Ais an eigen value of A if and only if it is an eigen value of A’. 
П. The eigen values of a triangular matrix are just the diagonal elements of the matrix. 


Let А e oo o o. | be a triangular matrix of order n. 
0 D us uu 
Then | А-Х | 2 (a4, — 3) (ag, –А)..... (а, — А). 
Roots of | A -AI | -ОагеХ =a,,, Goo, ..., буд 
Hence the eigen values of A are the diagonal elements of A, i.e., ауу, боо» ..., Onm 
Cor. The eigen values of a diagonal matrix are just the diagonal elements of the matrix. 
Ш. The eigen values of an idempotent matrix are either zero or unity. 
Let A be an idempotent matrix so that A* = A. If A be an eigen value of A, then there exists a non-zero 
vector X such that 


AX = АХ AL) 
АСАХ) -АОХ), Le, А?Х = МАХ) 
i.e. AX - МАХ) [ A*=A and АХ=АХ 
4, АХ -2A?X "b 
From (1) and (2), we get °X = AX or (А-А) X 2 0 
ог А? — А = О whence А = O ог 1. 


Hence the result. 

IV. The sum of the eigen values of a matrix is the sum of the elements of the principal diagonal. 

[This property will be proved for a matrix of order 3, but the method will be capable of easy extension to matrices of 
any order.| 

Consider the square matrix 














а 912 143 | 
A=]; 055 Gog AE] 
бэр баа 65 
а1-^ ayo aig S x 
so that [A-A |=| ау  $-À а (On expanding) 
031 gg gg — A 
= — AF + Аа, + Gag *44- .. (ш) 
If àj Ag, А; be the eigen values of A, then | А— AI | =(— 19 (А-А) (A — 14) (A — Ag) 
= АЗ нА? (А + AQ t Ag) - ... и) 


Equating the right hand sides of (її) and (iii) and comparing coefficients of А?, we get 
М + Ay + Ag = Gy, + 054 + аз. Hence the result. 
V. The product of the eigen values of a matrix A ts equal to its determinant. 
Putting А = 0 in (iii), we get the result. 
VI. If is an eigen value of a matrix A, then 1/X is the eigen value of A~. 
If X be the eigen vector corresponding to A, then AX = AX (i) 





in 
co 


Premultiplying both sides by A^!, we get А-1 AX = АТАХ 
Lë., ІХ= ААХ ог Х=мМАПХ) ie, АЗ Х-(1//)Х 

This being of the same form ав (i), shows that 1/A is an eigen value of the inverse matrix A“. 

VII. If ^ is an eigen value of an orthogonal matrix, then 1/ is also its eigen value. 

We know that if À is an eigen value of a matrix A, then 1/A is an eigen value of A^!. [Property V]. Since A 
is an orthogonal matrix, A^! is same as its transpose A’. 

1/А 13 an eigen value of A’. 

But the matrices А and A” have the same eigen values, since the determinants | А —А/ | and | А’-М№М | are 
the same. 

Hence 1/А is also an eigen value of A 

УШ. If A4, Ag ..., A, are the eigen values of a matrix A, then A" has the eigen values М", 147, uu А," (m 


being a positive integer). (Mumbai, 2006) 
Let A, be the eigen value of A and X, the corresponding eigen vector. Then 
AX. = AX, .. n) 
We have АЗХ, = = A(AX,) = А(А, Х)-АДАХ) = МАХ) = АХ, 
Similarly, АЗ xs ЭГ X; In general, A"X, = A,"X. which is of the same form as (i). 


Hence À," is an eigen value of A". 
The corresponding eigen vector is the same X.. 


CAYLEY-HAMILTON THEOREM* 





Every square matrix satisfies its own characteristic equation ; ie., if the characteristic equation for the nth 
order square matrix A is 
А-А |=(—1%А” + kA" 14+. +k, =0 kE) 
then (—1)"A" + kA" 7! +... +k = 0. 
Let the adjoint of the matrix A — Al be P. Clearly, the elements of P will be polynomials of the (n — 1)th 
degree in A, for the cofactors of the elements in | А — АЈ | will be such polynomials. 
P can be split up into a number of matrices, containing terms with the same powers of A, such that 
P= Pik" -pAX-.«P. QA*P, EE) 
where P,, P,, ..., P, are all the square панов of order n whose. elementa are functions of the elements of A. 
Since the product of a matrix by its adjoint = determinant of the matrix х unit matrix. 
[A -АЛР= | А-М | xI 
by (i) and (ii), [A - АЛ [P, А-1ҮїР,Э-2-..-Р, (XA P 
= i- ПМЕ, AI. tk A+ RI 
Equating the coefficients of various powers of A, we get 


-P,z(-1YI [> УР. =] 
AP, —P,=k, 1, 
AP, — P, =k, I, 
AP I.T Pm RS № 
AP, =k I 
Now pre-multiplying the equations by A", A" ^! , ..., A, I respectively and adding, we get 
(—1)"А" -k,A"- e. ek, LA RI - 0, iii) 


for the terms on the left cancel in pairs. This proves the theorem. 
Cor. Another method of finding the inverse. 
Multiplying (iii) by А-1, we get 
(-1P A^- a &jA^72 4 ek, +k, АТО 


whence A=- 1 р 1-14 КАР 2+... +2, Д. 
л 


*See footnote on p.17. William Rowan Hamilton (1805-1865) an Irish mathematician who is known for his work in 
dynamics, 
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This result gives the inverse of Ain terms of n —1 powers of A and is considered as a practical method for 
the computation of the inverse of the large matrices. As a by-product of the computation, the characteristic equa- 
tion and the determinant of the matrix are also obtained. 








Example 2,45, Verify Cayley-Hamilton, theorem for the matrix A = Ё 4 and find its inverse. 
Also express А? — 4A* — 7A + 11А“ —A — 10] as a linear polynomial in A. (Bhopal, 2009) 
Solution. The characteristic equation of A is 
1-3 1 | о Р 
Ву Cayley-Hamilton theorem, A must satisfy its characteristic equation (1), во that 
-4А-51-0 (н) 

N РЕ А 4А – Б/І = 1 4 1 4 E 1 4 ЕС: É 0 

"T E 11: 3| ^55 5| 103 


-|9 16| 416 |5 0| 001. 
"18 17 8 12| |0 5| |0 0 
This verifies the theorem. 
Multiplying (ii) Бу АЛ, we - -41-5А:-0 


jc 1 1 4 1 0 11-38 4 
=l = — 
or A = (A - 41) = = Ч 5|- 4 | Е | 9 - 1| 


Now dividing the polynomial йн — 424 — ТАЗ + 114? — А — 107 by the polynomial A? — 4А — 5, we obtain 
А5 — 405 — ТАЗ 4 — 101 = (А? — АА 5) (А — 23 +3) +), + 5 
=A+5 [By (0) 
Hence А5 — 4A‘ — ТАЗ + 11A? — А — 107 =A + 5, which is a linear polynomial in A. 


y L.S | 
Example 2.46. Find the characteristic equation of the matrix А = | 1 3 - ] and hence find its 
3407-4325 40118 | 


inverse. 


1-3, 1 3 
1 8-3 -3 
=f -4 -48-1 


Solution. The characteristic equation is -0, ne, A®-20A4+8=0. 








By Cayley-Hamilton theorem, A? — 20A + 81 = 0, whence A^! = 21-8 ЭЭ! A*, 
„|1 00 {| нэ. -8 —12 | 3 1 3/2 
-5|0 10|-; 10 22 6 -|-5/4 -1/4 -3/4 [cf. Ex. 2.21 
0 0 1 2 2 28 —1/4 -1/4 -1/4 
[= Д | 
Example 2.47. Find the characteristic equation of the matrix, А-10 1 0| and hence compute АТ, 
JI 2 


(UTU. 2010) 
Also find the matrix represented by 
A? — БА? + 7A6 — ЗА? VA SA? + ЗА? -2А +]. (Anna; 2009 ; Rujasthan, 2005 ; “UP. TE., 2003) 


Solution. The characteristic equation of the matrix А is 
2-А 1 1 
0 1-4 0 
1 1 2-4 


-0 ог [А —5A* + 7A — 3 = 0] 








According to Cayley-Hamilton theorem, we have A? — 5А? + 7A — ЗІ = 0 AU) 
Multiplying (i) by A~', we get 

















А? — БА + Т1—ЗА-1=0 or Ал = 2 [А#— 5А + ТД i) 
211 | 4+0+1 241-1 2+0+2 544 
But 42-10 1 0 | 0+0+0 0+1+0 0404-01-10 1 0 
1 1 2 | 2+0+2 1+1+2 14044 4 4 5 
[5 4 4| 211 100 2 —]1 -1 
A*-BA«7I-|0 10|-5|01 0|+7|010|=| о з 0 
4 4 5 1 1 2| 0 0 I1 -1-1 2 
1 2-1 -1 
Hence from (ii), A^! 3| 9 3 0 
-1 -1 2 
Now AP — 5А? + ТАЗ — ЗАЗ + A1 — БАЗ + 8A? — 2A + I 
= A9 (A? — БА? + ТА — 3I) + А(АЗ — BA? + 7А -3D + А? + AGT 
-А -А-1 | АЗ БА? + ТА – ЗГ = 0] 
5 44] [2 1 1 10011855 
=10 1 0(-0 101+ 0 10 |= оз D |. 
445 |112 |001 5 58 
PROBLEMS 2.9 
3 1 4 
1. Find the sum and product of the eigen valuesof | 0 2 6 |. (Madras, 2006) 
0.0 5 | 
2. Find the eigen values and eigen vectors of the matrices : | 
(a) Ё 1 (WAU. 2005) (b) Ё 4 | (Bhopal, 2002 8) 
5. Find the latent roots and the latent vectors of the matrices : 
8 -6 2 | 
(а) | -8. 77 —4 | (Bhopal, 2008 ; Nagarjuna, 2008 ; S.V. T. U., 2008 ; J.N.T: U., 2006) 
8-4 3 
201 
(010 2 0 (4М.Т.17,/2005т: Kurukshetra, 2005) 
1:9. 2] 
=2 9.-3 
(c)|-2. 1 -6 (Mumbai, 2006 ; B.P.T.U., 2006 ; U.P.'T. U., 2006) 
1417-3 ко 
8,— z^ 2 TELA 
(d)|-2 3 -1 (Kurukshetra, 2006) (| тот -32| - _ (Madras, 2006) 
2-1 3| -1-2 1 
4, IFX be an eigen value of a non-singular matrix A, show that | A эйр value of the matrix adj A. 
(U.P-7.U., 2001) 
2 3.4 | 
5. Find бее eigen values of adj A and of A? — 2А + I, where A= |054 2| (Mumbai, 2006) 
0 0 3| | 
| Гор. МАР 
6. Two eigen values of the matrix А = |1 3 1| are = 1 each. Find the eigen values of A”. 
122 


1. Show that ГА, 15, ..., A, are the latent roots ога matrix А, then А? has the latent roots A7, Ag, ... A7. 
(P. T.U., 2005) 


LINEAR- ALGEBRA : DeTERMINANTS, Matrices ЕЩ 


В. For a symmetrical square matrix, show that the eigen vectors corresponding to two unequal eigen values are 
orthogonal. 
9. Using Cayley-Hamilton theorem, find the inverse of 


! 10.3 | | n^. 
@ Е ^ 6012! 13:51 (Osmania, 2000 8) 

SA [10235 d] | | 

1 1 З A l 2 | : - 
abli ^3 -3| (Bhopal 2008S) | (lo -2 0 (АРТИ, 2006) 

2-4 -4| lo 03 


1 41 
10. Find the characteristic equation of the matrix А = | 2 | . Show that the equation is satisfied Бу А and hence 


(1. ЖЗ 
‘obtain the inverse of the given matrix. (Bhopal, 2008 ; Anna, 2005 ; Kerala, 2005) 
11. Verify Cayley-Hamilton theorem for the matrix A and find its inverse, 
í(£-1 3 Ма R54 - 814. 
(D|-1 2—1 (Anna, 2009 ; S.V. T.U., 2008 ; Madras, 2006) 
ам 1А. "2 
72-2 | | 98.2 4 A ү, 
шо 8-1 2 (Coimbatore, 2001) (ig) |4 83 2 (P.T.U., 2006) 
6) 2-1 2 4 3| 
12. Using Cayley-Hamilton theorem, find A*, if A = Ё 4 | (Anna, 2003) 
2. -p 2 
13. НА-1-1 4-1 |, find A*. | (Madras, 2006) 
і-ї 7 
| 11:92:80 | ! 
14. Using Cayley-Hamilton theorem, find А, where A = | 2. -1 01. (Bhopal, 2008) 
0. 0 v1] 


4. 6 58 
15. ТА = 1 3 2 | evaluate A, A ^ and A *. 


-1:—4. —d 
1.0 0 | 
16. IfA-| 1 0 1 |, show that A" = A"-* + A?— 1, Hence find A99. (Mumbai, 2006) 
| ото. | 


(1) REDUCTION TO DIAGONAL FORM 





If a square matrix A of order n has n linearly independent eigen vectors, then a matrix P can be found such that P^! AP 
is a diagonal matrix. 

[This result will be proved for a square matrix of order 3 but the method will be capable of easy extension to matrices 
of any order.] 

Let A be a square matrix of order З. Let A}, A, A, be its eigen values and 


X3 


Хү Xo 
Ху= |у, |,Х,= | у, | and Х. = | у, | be the corresponding eigen vectors. 
21 ža 53 
Denoting the square matrix |Х,Х,Х.|-|у, yo y, | by P, we have 
wp GA 5з 


AP = A[X, X, X,] = АХ, АХ, АХ] = [A,X,, АХ, AXI 





A,X) А.х. УХ. А № Ха | | А, 0 0 | | | 
=|Му Ж» = Yo Ул|Хх| 0 А 0 | = РО, where D is the diagonal matrix. 


№21 A Аа | [% 22 231 (0 0 ^ 
P|! AP = P! PD = D, which proves the theorem. 





(2) Similarity of matrices. A square matrix A of order n is called similar to a square тайх A of order n if 
= P-!AP for some non-singular n x n matrix P. 


This transformation of a matrix А by a non-singular matrix P to À is called a similarity transforma- 
tion. 














If x is an eigen vector of A, then y = Р-! x is an eigen vector of А corresponding to the same eigen value. 
(3) Powers of a matrix. Diagonalisation of a matrix is quite useful for obtaining powers of a matrix. 
Let A be the square matrix. Then a non-singular matrix P can be found such that 


D=P" AP 
E: ГР = (PHAP) (PAP) = Р-1АТР [: PP'zI] 
Similarly, D? = P-! A3P and in general, D^ = P-! A"P (È) 
To obtain A", premultiply (i) by P and post-multiply Бу P-!. 
Then PD^P-! = PP-! А" РР-1 = А" which gives A". 
M 0 о 

Thus, А" = PD^P- where, 0" = | 0 № 0 

о 0 Ag 


Working procedure : 

1. Find the eigen values of the square matrix A. 

2. Find the corresponding eigen vectors and write the modal matrix P. 
3. Find the diagonal matrix D from D = P-! AP 

4. Obtain A" from A" = ши. 


* PE 3 я "m 5 " NH. Е a Яа ы AX. E 
" T . ki ee oA 
Ze a " P. Га ry 
pes Lt Г тэд. AM ЧД (1285 T. Эф ey is ua 
PUE J m" we Е Р | Т T A - Р Е Е Ж: 4 1 | 
T 22417 Г: ә 


= 
1 I T T л i m i 
Байн 
= ТЭРНИЙ! 29 


Ор er V.T.U. л, 20 





Solution. The зешн — of A is 


1 2-4 1|(-0 or 4*-23?— 514 5 — 0. 
= =] =<! 


Solving, we get A, = 1, А, = 45 »Ay == _\5 as the eigen values of A. 
When A = 1, the corresponding eigen vector is given by 
-2r + 2у – 22 = 00, x+y +2=0,—x-y-—z=0 


Solving the first two equations, we get s = <= E giving the eigen vector (1, 0, — 1) 


When А = 4/5 , the corresponding eigen vector is given by 
(-1- 4/5) х + 2у – 92 = 0, + (2 J5)y «z-0,—x-y- 52=0. 





Solving 2nd and 3rd equations, we get 


ла ааг өг а А 
6-2/5 -1+4/5 1-45 45-1 2 -1 


giving the eigen vector ( 4/5 — 1, 1, — 1). 


Similarly the eigen vector corresponding to А = — 45 ,181(-/5 + 1,—1, 1) 
Writing the three eigen vectors as the three columns, we get the transformation (moda/) matrix as 


11 J5-1 45-41 
Р-10 1 -1 
1 -1 1 


Hence the diagonal matrix is 





ae TATE 3 
б ГУШ VAR МЛ d 3) 


БОР, MEE ир 
prod 
bor 


ple 2.49 $ ШИГ ды} Цэх ate > basal ин ТВ pan (nu is. 29 
£, ч ' si | LA r | Е (4 
ТУЛА. ap JY e ictus МЭ ХНИ 
| , ] | ы ! В ИГЕ T. 523) 


дахиа "T. UY UE f i ЖИ ET 147 


‘Solution. The eigen тэта of A (found i in p 9, 43) are — 2, 3, 6 and the eigen vectors are са, 0, 1), 
(1,— 1, 1), (1,2, 1). Writing these eigen vectors as the three columns, the required transformation matrix (modal 





‚БЕ 
er — 


8. РТ. | у ^+ вв Ps 7 j | Уч А ' 6 4 ч 


4 Г i 86 








matrix) 18 
-3 X d 
Р=| 0-12 
1 11 
-1 11) ja 5b e 
To find P-!, |Р|=| 0 -i 21-16, b ё (say) 
1 11:13) | аз b, Cy 
A, =—3,B, = 2, C, = 1, A, =0, В, =- 2, C, = 2, A, = 3, B, = 2, C, = 1 
Also | Р | =a,A, +6, В, +c, С, =6 
P= TP] В, В, В, =e 2-2 2 
"MO. G 6; 1 2 1 
-2 0 0 
Thus D-PJAP-| 03 0 
006 
C 0 0 [16 0 0 
D'|o 3 0 0 81 0 
оо "IN 0 0 1296 
| ао p -8 03 
Hence А* = РГАр=1| о 1 allo 81 0 2 9 2 
5| 1 1110 o 1861 1 21 


-8 0 8 | [251 485 235 
27 -27 27 |=|485 1051 485 
216 512 216| |235 485 551 


Е р { NI. 1 AS 
XE d |. 12! Ги М 1 
ol ay YT ay Lf ЯН Ai a | 


i ре) |a 
I/2 УРТ a 
! 





ДЖЕ "A 23 “үнд ea уа а vf 
J з.б E 3 Ё 1: MES 


Solution. The characteristic equation ati A 15 


3/2-X 1/2 
1/2 3/2-4|99. Le.(/2- 3) — VA = 0. 


A*—3X4220 whence A 1, 2. 
When i = 1, [A — AJ] X = 0, gives 


b 1/ 2| ч = [о ial f 1 НЕН (Ву 28, 2R] 


D 5 Ч) цан 


x, +x, =0.Ifx,=—1,x,=1, ie., the eigen vector is [1, — 17. 


When A=2,[A АЛ X = 0, gives | 1/2 tale |- To] 


. [i -ilal ВЕ 
.. Fo ollz l-le By RyRy 


й —X,+%,=0, Le, Хүэх, 
If X, = 1,x, =l, i.e., the eigen vector is 11, 11 


Now D= |0 | and B«| : 1 





0 2 -1 1 
Ж РЗ = 1 | 
| [P| 211 1 
1 
If iA =e, р = le 0 
RA =e, AD) =e Ч 3 


Replacing e by 4, we get 


дл 1[20 12] [10 6 
"2112 20| | 6 10| 


REDUCTION OF QUADRATIC FORM ТО CANONICAL FORM 





A homogeneous expression of the second degree in any number of variables is called a quadratic form. 


a Л g х | 
For instance, if ^ b ас » and X' = [x y z|, then 
x f 2 
X'AX = ах? + by? + сг? + 2fyz + 2gzx + 2hxy wef) 
which is a quadratic form. 





Let A,, Ay, A, be the eigen values of the matrix A and 


Хү Xy Xy 
А; = |у [AE | Ya |, Аз= |» 
21 Zo Za 


be its corresponding eigen vectors in the normalized form (i.e., each element is divided by square root of sum of 
the squares of all the three elements in the eigen vector). 


A, 0 0 XQ Хо Хз 
Then Бу §-2.16(1), Р'АР=|0 A, 0 | мһегеР= |у Ys Уз 
0 0 A, а 25 23 


Hence the quadratic form (Ù) ts reduced to а canonical form (or sum of squares form or Principal 

axes form). 
Ах" + Ау? + Ag2* 

and P is the matrix of transformation which 15 an orthogonal matrix. 

Note. Congruent (or orthogonal) transformation. The diagonal matrix D and the matrix A are called 
congruent matrices and the above method of reduction is called congruent (or orthogonal) transformation. 

Remember that the matrix A corresponding to the quadratic form 

ax? + Бу? + ez? + 2fyz + 2Етх + 2Лху 


coeff. of x” coeff. of yz 1 coeff. of zx 


a А g 
Ч 1 cof dots 5 сой! of ху |. Les, f " f | 
& с. 
3 coeff. of zx 1 coeff. of xy сое. of z^ 





| Example 2.51. Reduce the quadratic form Зх? + р + 32? —2уг + 222 — Oxy to the ieri te nd 
specify the matrix of transformation. | (Bhopal, 90 N 09 : Kurukshetra, 2001 





8-1 1 
Solution. The matrix of the given quadratic form is A = - 1 $ - 1 








1-1 8 
3-А -1 1 

Its characteristic equation is | A- № | 20, Le., -1 5-А -1 =0 
1 -1 3-4 


which gives A = 2, 3, 6 as its eigen values. Hence the given quadratic form reduces to the canonical form 
Ах? + Agy* + 22°, Le., 2x? + Зу? + 62°, 
To find the matrix of transformation 
From [A — AJ] X = 0, we obtain the equations 
(3—^)х-у+2==0;-х+(5-Юу-2=0;х-у+ (3-№2=0 
Now corresponding to А = 2, we get x —y +z = 0, —x + Зу – 2 = 0, апдх-у+==0, 


whence 55 хал „Ж. 
1 0 -1 


The eigen vector is X 1 (1, 0, — 1) and its normalised form 15 (1/-/9 , О, — 1/./2 ). 
Similarly, corresponding to А = 3, the eigen vector 18 Х, (1, 1, 1) and its normalised form ts (1/ 43 5-8, 
1/3 ). 
Finally, corresponding to А = 6, the eigen vector is X, (1, – 2, 1) and its normalised form is (1/6 ,—2/.J6, 
1/46 ). 
1/42 1/43 1/6 


Hence the matrix of transformation is P = о 143 -2/46|. 


—1//2 1/43 1/6 | 


ЖЕШ NATURE OF A QUADRATIC FORM 





Let Q = Х AX be a quadratic form in n variables хү, Xo, ... X,. 
Index. The number of positive terms in its canonical form is called the index of the quadratic form. 
Signature (S) of the quadratic form is the difference of positive and negative terms in the canonical form. 
If the rank of the matrix A is r and the signature of the quadratic form © is s, then the quadratic form is said to be 
(i) positive definite if r = n and s = n 
(ii) negative definite ifr =n and s = 0 
(tit) positive semidefinite if < п and $ = ғ 
(iv) negative semidefinite if r « n and s = 0 
(v) indefinite in all other cases. 
In other words a real quadratic form X AX in a variable is said to be 
(1) positive definite if al! the eigen values of A > 0. 
(ii) negative definite if all the eigen values of A < 0. 
(iit) positive semidefinite if all the eigen values of A 20 and at least one eigen value = 0. 
(iv) negative semidefinite if all the eigen values of A € 0 and at least one eigen value = 0. 
(v) indefinite if some of the eigen values of A are positive and others negative. 


$: Example 2.52. Reduce the ИЕ om та + Bx gx - Diss toa цагда 
luction and discuss its nature. | 
Also find the modal matrix. 





0 1 d 
Solution. (1) The matrix of the given quadratic form is A = [ 0 - " 
1-1 0 


– А 1 1 
Its characteristic equation is [A — АЛ = 0, ie., 1-4 -1| = 
КЕЕ) 
which gives А – ЗА +2 = 0 
Solving, we get А. = 1, 1,— 2 as the eigen values. Hence the given quadratic form reduces to the canonical form 
hx? + Ау? + А22 = 0, їе, х2-у?-222-0 
(її) Since some of the eigen values of A are positive and others are negative, the given quadratic form is 
Indefinite. 
(111) To find the matrix of transformation 
From [A - АЛХ = 0, we get the equations 
- х+у+2=0, х-— Ау +2 = 0, х – у – А = 0 
When А = – 2, ме реё 2х +у+2 = 0, х + 2у 2 = 0, х у + 22 = 0). 
Solving first and second equations, we get 


DA ыы * 
-1 1 1 
The corresponding eigen vector X, — (— 1, 1, 1) and its normalised form is (— 1/43, 1/43, 1/43) 
When А = І, we get —x+y+z2=0,x-y-z=0,x-—y-—z=0. 


These equations are same. Take y = 0 so that x =z. 
The corresponding eigen vector X, = (1, 0, 1) and its normalised form is (1/42 , 0, 1/ 48 ) 
To find the eigen vector X, = (l, m, n) (say) 
Since X, is orthogonal to X 204 -{+т+п=0 
Since X, is orthogonal toX,, ~ Г+п = 0 
| ae, | 
These equations give театр 
The eigen vector X, = (1, 2, — 1) and normalised form is (1/6, 2/46,— 1/46). 





Матнисєв 
Hence the modal matrix is 


-1/43 з 146 





P=| 1/3 0  2/46|. 
1/43 1% -1/,6 
PROBLEMS 2.10 
-1/2 -48/2 0 1/2 43/2 0 | 
“НА-|-43/2д 120 and Р-|1-/3/3 1/2 01, show that PAP is а diagonal matrix. 
0 о 1 





0 0 0| 


. Show that. the linear transformation 


A , changes the matrix 





| 0089 sin8 EE CAT | 
He Me ae o|» where Ө = 2 tan 


C= Ї | to the diagonal form D = HCH’ 








л b 
3. Redüce the matrix А = у 2: A to the diagonal form. (B.P.T.U., 2005) 
4. НА- E Ч find A" and АЧ. (Mumbai, 2006) 
3-471 
5. IfAs|-1 5 -1|, calculate At, (Coimbatore, 2001) 
Aches ШЕ; 
6. IfA = Ч - 1) then prove that 8 tan А.А tan 3. (Mumbai, 2006) 
| 6-52 
7. Find the eigen vectors of the matrix |-2 3 —1| and hence reduce 6x? + 3у? + 32? — 2yz + 4гх-4ху to a ‘sum of 
82173 
squares’. Also write the nature of the matrix. (Calicut, 2005) 
8. Reduce the quadratic form 2xy + 2yz + 22x into canonical form. 


(Anna, 2009 ; Kurukshetra, 2006 ; Mumbai, 2003) 


1 0. 0 
. (a) Find the eigen values, eigen vectors and the modal of matrix ‹ 8 — | - 


9 
0-1 3 
(b) Reduce the quadratic form хү? + 3x," + 3x4” — 2x, to а canonical form. (Anna, 2009) 
10. Reduce the following quadratic forms into a 'sum of squares' by an orthogonal transformation and give the matrix 


11. 
12. 
13. 


of transformation. Also state the nature of each of these. 
(1) 3х, + Bay? + 8x + 2хүх„ + 2x xy 25, 


(it) Ba? + Ty? + 322 — 19xy — Byz + dex | (Алпа, 2002 5) 
Find the index and signature of the quadratic form xj + 2x5 — Зх}. (Madras, 2006) 
Find the nature of the quadratic form х? + By? + 27 + 2xy + 2уг + бах. (Bhopal, 2099) 
Show that the form bx," + 26x,* * 10x," + хх, + ldr, + Bx Xo і is a positive semi-definite and find a non-zero set of 
values of хү Ху, x, which make the form zero, (P. T.U; 2003) 





ЖЕЙ COMPLEX MATRICES 


So far, we have considered matrices whose elements were real numbers. The elements of a matrix can, 


however, be complex numbers also. 


(1) Conjugate of a matrix. If the elements of a matrix А = |а, | are complex numbers а, + i B, a,, and P, 


being real, then the matrix 





A - [ars] - I&,, – iP] is called the conjugate matrix of A. 
The transpose of a conjugate of a matrix А is denoted by A’ or A9, Le., (AY = А“, 


(2) Hermitian matrix. А square matrix A such that A' = A is said to be a Hermitian matrix*. The 
elements of the leading diagonal of a Hermitian matrix are evidently real, while every other element is the 


complex conjugate of the element in the transposed position. For instance A = ls ," гч is a Hermitian 
— 4 

рини E Е р 

matrix, since А’ = кл p |- 


(3) Skew-Hermitian matrix. A square matrix A such that А’=- А is said to be a skew-Hermitian 
matrix. This implies that the leading diagonal elements of a skew-Hermitian matrix are either all zeros or all 


















purely imaginary. 
roperties 
I. Any square matrix А can be written as the sum of a Hermitian and skew-Hermitian matrices. 
(Mumbai, 2007) 
Take B= LA) and C= —(A-A’) 
Then Bi = ААА А) 
2 2 
-= Ie 4m 
and B =3AtA=7A+tA=R 
i.e., В is a Hermitian matrix. 
Авай: Ст А Дры зга A) 
2 2 
m= 1 TR ML 1 ЭГЧ a " 
and С = 2(4- А)= 2 (А – А)=-6 
C" = — С, Len Cis a skew-Hermitian matrix. 
Thus, | = =(A+A)+—(A-A)=B+C 
Hence the result. 
II. If Ais a Hermitian matrix, then (ТА) is a skew-Hermitian matrix. (Mumbai, 2007) 
We have (iA) = (i AY =(-iAY =-iA’ 
= — [А [- A'- A] 


Thus (iA) is a skew-Hermitian matrix. 
Similarly ГА is a skew-Herrnitian matrix then (iA) is a Hermitian matrix. 
III. The eigen values of a Hermitian matrix are real. (see Fig. 2.1) 
Let A be the eigen value and X the corresponding eigen vector of a Hermitian matrix A, so that 
AX = АХ 
ХАХ-ХЭХ-АХХ or Х-ХАХ/ХХ 


Since ХХ = уху + XoXo +... + ХХ» = |x, |? + |x4 ]7 +... + |x, | 18 real and non-zero. Also X'AX is a Hermitian form 
which is always real. 
A, the eigen value of a Hermitian matrix is real. 
IV. The eigen values of a skew-Hermitian matrix are purely imaginary or zero. 


* Named after the French mathematician Charles Hermite (1822-1901), known for his contributions to algebra and number 
theory. 





Let A be the eigen value and Х the corresponding eigen vector of a skew-Hermitian matrix А so that BX = AX. 
ХВХ-ХЭХ-АХХ or A= X'BXIX'X 
Since X’N is real and non-zero. Also X BX is a skew-Hermitian form which is purely imaginary or zero. 
^. А, the eigen value of a skew-Hermitian matrix is purely imaginary or zero. 
4. Unitary matrix. A square matrix U such that U” = U~ is called a unitary matrix. For a unitary 
matrix, U, U. U* = U* , U= I. 
This is a generalisation of the orthogonal matrix in the complex field. 
Properties 
Г. Inverse of a unitary matrix is unitary 
If U is a unitary matrix, then 
=u 
or U= [71 
5 (ayy = 1777 
Writing U^! = V, we have 
Л! -У or У!-У 
Thus V (= U-) is also unitary. 
Cor. Inverse of an orthogonal matrix is orthogonal. 
П. Transpose of a unitary matrix is unitary 


If U is а unitary matrix, U' = 0-1 
= (0) = U3 
= К = [UAF = [0711 


Writing U' = V, we have У’ = УЛ 
Thus V (Le., C") is also unitary. 
Cor. Transpose of an orthogonal matrix is orthogonal. 
III. Product of two unitary matrices is a unitary matrix. 
If U and V are unitary matrices then 
U-Ulve-y! 

Now, UV’ = уу-ур. 

= VU" 

= (UVY [-- U, V are unitary.] 
Thus, UV is a unitary matrix. 
Cor. Product of two orthogonal matrices is an orthogonal matrix. 
IV. The eigen value of a unitary matrix has absolute value 1. (U. T. U., 2010) 
If U is a unitary matrix then UX = AX D 
Taking conjugate transpose of (1), 


(UXY-(UXY-XU'-XU- 
Also (UXY =(AXY - AX' 
i.e., ХЭЛ ax ...(2) 
Post-multiplying (2) by (1), we get 
(X’ u oy (UX) = АХ) = (АХ) 


X' (UU) X = Q3) (X X) [2 Uiuvel 
X'X = (А) ХХ 
Thus AM = [A|? = 1. [- XX #0] 


Hence the result. 
Cor. The eigen value of an orthogonal matrix has absolute value 1. 





241 -5 
Solution. We have A’ = 3 i 
-143!1 4-21 
2-1 -5 
and А“ = 3 -i 
-1-3i 442i 
2-i -5 


а 


i 





4-1 +9+1- o? — 10 — 5i - 3i — 10 + 10i 
10 + 5 -- 31 - 10 – 101 25—1* +16 —4i" 


Ч 
ан а 


| Fig. 2.1. Eigen values of various matrices. 


which is a Hermitian matrix. 





1) i (14 i) | 
1 (1 - i) |1 (1-1) 3 (-1-0 
Niy А.А = : | : Ч 
^ (1-0) ae +i) 2 ü - i) 


14404140 -la-palq-ip 
11.0» 11» 1) ^ (1—iy +. а i) 
(1407-2060 1150-10-01 





Hence A is a unitary matrix. 
la. 
Also А-1 = Аё = 2 





-50+0 


ванн. ХН” T (13-3А(21-4-1-4у48 


= ^. Also A =| : "1 
20 1 


1-2t 1 


-1-31| 1 -1-2)]., i[-4 -8-4 
л 1 ||[1- 1 2612-44 -4 | 


| шиш woes | —=4 »-41| -4 2+4| 1136 O0] . 
г. Product of (1) and (1) = — -— =. 
ичсэн: xl -4i =й 12-8 = xl 0 Ы f 


Hence the result. 





Ега 


E 20 | о BJECTIVE TYPE OF QUESTIONS 


Choose the correct answer or fill up the blanks in the e following pro nis: 
1. To multiply а matrix by scalar k, multiply | 
(a) Е any row jid k (b) every element b yk bus Еа E. 


а" ay] £98 1-42 
С | 1. e» 1 4 | P ep 1-п | 
| T | Г Й 


| 9%. 5 -2 0 2 | Та: 0 0 
“өө N 0.25. 0 2 (4) 0 -025 0 


[0 0-1 


2218 
(ol ре = goad E = Т can be expressed as 


Je [X= h У 4 ‚ then X equals. 
BE 1 
i Р i 
. НА= Ч Ч ^ then А (adj A) equals 


* ү 3 | | | 0 ч (4 n ‚| (4) none of the above. 


10 10) 10 0 1 10 

. ИЗх + 2у +2z=0, х+4у +2 = -0, 2x4 y44dz- 0, be a system of equations, then. 

Ха) it is inconsistent 

(b) it has only the trivial solution x = 0, y= 0, z=0, 

(c) it can be reduced to a single equation and so a solution does not exist. 

(d) determinant of the matrix of coefficients is zero. ——— 

0] . 01 Г cos0 sin@) . — 

‚ ША = lo il В- Ё Y Hi and С = |- ne 2 then 

(a) © = А со88-8 sin Ө. {b С =А sin Ө + В cos 0 
(c) C = A зіпе- B cos Ө | 22 (d)C-A cos 0+ B sin 0. 














LINEAR ALGEBRA : DerERMINANTS, Matrices 


(а) А is row equivalent to B only when б = 2, B = 3, and y -4 
(b) A is row equivalent to B only when a = 0, В +0, and y=0 
(c) A is not row equivalent to B 

(d) A is row equivalent to В for all value оѓо, f, у. 


2. M atrix бак доне. Maec 237254 o 
(а) is always true | m. / (b) depends upon the matrices 
(c) is false һ ЧОУ 
If A is a square matrix such that АА’ = J, | 
(a) A* (c) А- 
If every minor of order r of a matrix А is vero, then rank ofA is — | 
_ (а) greater than г. (b) equaltor (©) less than or equal tor  (d) less than г. 
„А чө. matrix А is called вов if v | | 
EA рум CIAA TSI 


17. The sum of the eigen values of a stein is the. Pru of the ; elements of ‘the PERA digest 
The sum and product of the eigen values of bà шийх ^h a] are ......... AMM ..,..,... respectively. 


then ki is. RES 


Ри 


. Using: байгу Hapilon ЗЕЦ the value: 22 амтыг Та + 21 when A= iy 21 18 сагс (Anna, 2009) 


Rf 


22. A quadratic form is positive semi-de SUAE i d 
а. A, Xn and В, „аге date: matrices. When will | | I 
(a) А . В exist (0) A + B exist 7 


The quadratic form ү (Ыз Н to the diagonal matrix diag yy Mee +k, Ji is 
(a) xi X6 +..+х, | (000) Aga axe +... + XR 
(©) 3252 Ads ace A2 
. An example of a 3 x 3 ка of rank one is , 
. The quadratic form corresponding to the symmetric matrix В ui} isi. 
‚ Solving the equations x + 2у + Зг = 0, Зх + Ay + 42 = 0, Tx + 10y + 1920, =... "I wr Е 





_ 38. The eigen values of a triangular 


6-2 2 
. The eigen values of the matrix |-2 3 —1 


‚ Amatrix А is idempotent if.. 


ий А 

3. The sum of the eigen values of 11 5 11 is 
3-1 -1| | | | 

(0-2. erit AT ТИ “| GM (ш) 7 2, 4S VU, 2009). 


> The sum of wo eigen values and trace оба 3 3 matrix. areequal,thenthevahueof [A|ik..... ^ (Anna, 2009) 
. If the sum of the | eigen values of the ipsins of the еза form is zero, then the шини of the quadratic form is 


TETTE 


| 080 -sin Ж 
: The seinen sto | a а "x 30 


9. If the product of two x i values of the 


WET ts ss n are e the eigen values ofa square matrix А, Тал Hid elden veined of Al ane 


H. By applying elementary trans ies ns to a matrix, its rank 


(a) increases. tyes 4 77. fe) does not change | 
. If Ais an eigen value of A, then it is an eigen value of B, only if B =........ 


T8 YR de ve POP P E 


. Matrix М d is singular for хаг 


7. Every Hermitian matrix can be written as A + iB, е А is real and ......... and В is real and ....... A 


3. The sum and ( ioter ofthe eigen values of | 


cos sin Ө 
віп Ө сов Ө 


The product of the eigen values of a matrix is equal to. 


. The eigen values of A= jn JE аге the roots of ке a andi 


j гА = |_ | then А? =... 
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VECTOR ALGEBRA 





EWM (1) VECTORS 





A quantity which is completely specified by its magnitude only is called a scalar. Length, time, mass, 


volume, temperature, work, electric charge and numerical data in Statistics are all examples of scalar 


quantities. 


A quantity which ts completely specified by tts magnitude and direction ts called a vector. Weight, 
displacement, velocity, acceleration and electric current density are all vector quantities for each involves 


magnitude and direction. 


— 

À vector is represented by a directed line segment. Thus PQ represents a 
vector whose magnitude is the length PQ and direction is from P (starting point) 
to @ (end point). We denote a vector by a single letter in capital bold type (or with 
an arrow on it) and its magnitude (length) by the corresponding small letter in 
italics type. Thus if V is the velocity vector, its magnitude is v, the speed. 

А vector of unit magnitude is called a unit vector. The idea of unit vector is 
often used to represent concisely the direction of any vector. Unit vector corre- 
sponding to the vector A is written as A. 

A vector of zero magnitude (which can have no direction associated with it) 
is called a zero (or null) vector and is denoted by 0-а thick zero. 


The vector QP represents the negative of PQ Ee. = Bis 
Two vectors Aand B having the same magnitude and the same (or parallel) 


directions are said to be equal and we write A = B. Clearly the vectors AB, LM 


and PQ are all equal (Fig. 3.1). 


76 


Q 
Р, 
Ki PF 
м и 
| В 
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Ру А 
^ 
“a 
Fig. 3.1 








(2) Addition of vectors. Vectors are added according to the triangle law of addition, which is a matter of 


common knowledge. Let A and B be represented by two vectors OP and PQ respectively then ОО = C is called 
the sum or resultant of A and B. Symbolically, we write, 
C=A+B 
(3) Subtraction of vectors. The subtraction of a vector В from A is taken to be the addition of -B to A 
and we write 
A+(-B)=A-B 
(4) Multiplication of vectors by scalars. 
We have just seen that A+A=2A 
and —-A+(—A)=-2A 
where both 2A and — 2A denote vectors of magnitude twice that of A; the former having the same direction as A 
and the latter the opposite direction. 
In general, the product mA of a vector Aand a scalar т is a vector whose magnitude is m times that of A 
and direction is the same or opposite to A according as m is positive or negative. 


Thus А-аА. 
бао are the vector 





Solution. Let ABCDEF be the given А ауны such that 
AB = A and BC =B 
AC = AB+BC =A+B 





Also AD = 2 BC = ЭВ 
CD = AD- AC =2B-(A+B)=B-A 
Now DE = -АВ --А [: АВ = and || ED] 
EF =-ВС =-B [> ВС = and || FE] 
and FA = -CD =-(B-A)=A-B [ CD -and| АЕ] 


3.2. (1) Space coordinates. Let X'OX and Y'OY, Z'OZ be three 
mutually perpendicular lines which intersect at О. Then О is called the 
origin. 

ХОХ is called the x-axis, Y'OY the y-axis, Z'OZ the z-axis and 
taken together these are called the coordinate axes. 

The plane YOZ is called the yz-plane, the plane ZOX the ZX- 
plane, the plane XOY the xy-plane and taken together these are called 
the coordinate planes. 

Let P be any point in space, Draw PL, PM, PN Ls to the yz, zx and 
xy-planes. Then LP, MP, NP are respectively called the coordinates of P = н 
(Fig. 3.4). In practice, if ОА = х, AN у, NP = z, then (х, у, 2) are the Fig. 3.4 
coordinates of P which are positive along OX, OY, OZ respectively and 
negative along ОХ”, ОУ”, OZ'. 

The three coordinate planes divide the space into eight compartments called octants. The octant OXYZ 
in which all the coordinates are positive is called the positive or first octant. 

Note. Three non-coplanar vectors A, B, C are said to form а right-handed (or a left-handed) system according as a 
right threaded screw rotated through an angle less than 180° from Ato B will advance along (or opposite to) C as shown in 
Fig. 3.5. 

An area of a closed curve described in a given manner is represented by a vector whose magnitude is the given area and 
direction normal to the plane of the area. Thus the vector А representing the area is taken to be positive or negative accord- 
ing as the direction of description of the boundary of the curve and the sense of A correspond to a right-handed or a left- 
handed system. 





We have explained the most commonly used system of coordinates namely 
the Rectangular Cartesian Coordinates. The other two systems of coordinates often 
used to locate a point in space are the Polar spherical coordinates and Cylindrical 
coordinates, which are explained in $ 8.21 and 8.20. 

(2) Resolution of vectors. Let I, J, K denote unit vectors along OX, 
OY, OZ respectively. Let P(x, у, 2) be a point in space. On OP as diagonal, 
construct a rectangular parallelopiped with edges OA, OB, OC along the 
axes so that 





Fig. 3.5 
OA -xL OB -уд, OC =2K Е 


Then R= OP = OC’ + C'P 
E — =+ Е — E 
= ОА = AC" + OC = ОА + OB + OC 

Hence В = xI + yJ + 2K is called the position vector of P relative to 

origin О and. 
rz |Е| = J(x? 4 y? +27) 
| = OP? = ОС + C’P* = ОА? + AC" + С'Р?] 

(3) Direction cosines. Let any line L or its parallel OP, make angles 
a, В, y with OX, OY, OZ respectively, then cos a, cos D, cos у are called the 
direction cosines of this line which are usually denoted by L, m, п. 

If l, m, n are direction cosines of a vector R, then 

(08 = Пету + nK, (ii) P + m? + п? = 1 

Proof. Let D be the foot of the perpendicular from Р(х, y, 2) on OY. 


Then 
у = ОР = г cos В = тг. Similarly, z = nr and x = Ir. 
В = xI + yJ + 2K = r( + т +пК) 
or be Ж os pear 
r 





which expresses a unit vector in terms of its direction cosines. 
Also 1= | В | = {02 4 m* +n?) thus + м2 + п? = 1 
Le., cos? @ + cos? В + cos? y= 1 (V.T.U., 2010) 


. Direct ions ratios, If the direction cosines of a line be proportional to a, b, с, then these are called propor- 
lirectio зайлах direction ratios of the liae 


If the direction cosines be /, m, n, then 


Fig. 3.7 








у +m? en?) 2 


со “Хай „Кай ae?) gio 
C 


a ar 


l= n= 
(хл?) T Tz " (Xa?) 


(4) Distance between two points P(x,, уу, z,) and Q(x,, Yo z;) is 





a ue P, yy 23) бх» ys, 23) 
== 














[(x, — xj)? + (yo —y,)" + (z; — z,)*] 





and direction ratios of PQ Gre X, — Xi, Ya — Yp Zo — Z} Fig. 3.8 
We have 
ОР = xl + уе + г,К 
and OQ = х1 y,J +2,К 
E Б. — 
PQ =0Q -OP 


| БУ? = р == э! um UB j 1: Li 
44 =й 
" M ын Jaala e Ч А t r the xe de эй» m" аы d 
| E i E P ET А P m Ц iP T En Ч T he ь 


p = | XE. 





Solution. We have АВ = | 





Since AB? + BC? = CA? and AB = BC, it follows that AABC is a right-angled isosceles triangle. The direc- 


= 
tion ratios of АВаге-1-44,6-9,6-6. 
1 1 
АШ, 48% 


Its direction cosines are —— 


SECTION FORMULAE 
The point В (x, у, z) dividing the join of the points A(x,, y,, z,) and Blix, yo, 24) in the ratio тү: m» is 
в- ™BtmA e, аша тыц тын ta ты enun | (i) 
т] + ma "ma + то Ha + тэ My + то 


Let P(A) and Q(B) be the given points referred to origin О. Let R(R) be the point dividing the line joining P and Q in 
the ratio m, : т, so that 








PR тр du | | 
— = he, Mma. PR =m.: 
нд 23 2 1: RQ 


— + Sj =e 
or m,(OR — OP) = m, (OQ — OR) 
Or m4 R — A) = m, (B — R) 
whence R= B+ mA 
| m; + тэ 
Since А =xil +y +2,К, B=x,1 + у) +2.К 
and Re=«xl+ у + 2K 
даула ОЗТ + а) +m tals зу! + 2) 
пи + My 
Equating coefficient of 1, J, К, we get the desired results (i). 





я 
"n 


Cor. 1. Mid-point of P(A) and Q(B) is 2 (А + B). 


2. Point R dividing the join of P(A) and Q(B) in the ratio m, : m, externally is В = me | 





Solution. Com он a шарит ОАВС with есийн com OA нэ: ВС. Take Oa as ; the origin anid let the 
other vertices be АСА), B(B), C(C). 


(80 | 
Since CB is parallel to OA, therefore, 


В-С= СВ=ЛОА =AA. 
The mid-points of the diagonals OB and AC are D(B/2) and К(А + C)/2. 





DE - OE - OD = (A « C)- B ДА - (B C) uU) О 


Fig. 3.10 


" 5 (1-ЛА i) 


From (ii), it is clear that DE is parallel to OA ; from (i), it follows that DE = 1(OA — CB). 
Hence the result. 


cts the 





Example 3.4. Show that the line joining one vertex of a parallelogram to'the mid-point of an opposite side tris 
diagonal and is itself trisected there at. 
Solution. Consider a parallelogram OABC. Take O as the origin and let the 
other vertices be A(A), B(B) and C(C). 
The mid-point D of OA is A/2. 
Now since OA is equal to and parallel to CB. 


ОА = CB, Le, A=B-C 





x po o А А 
which may be written as al laa ELS wa = Р so that Р trisects DC and OB. Fig. 3.11 
241 3 | гн 





PROBLEMS 3.1 


1. Зэр: R = БТ - 2J + 4K and R, = I + 3J + 7K, find the magnitude and direction cosines of the vectors В, + R, and 
2. Show that the points (0, 4, 1); (2, 5, =. . (4, 5, 0) and (2, 6, 2) are the vertices of a square, (Osmania, 1999 S) 
3. A straight line is inclined to the axes of x and y at angles of 30° and 60°. Find the inclination of the line to the z-axis. 
(Madras, 2003) 
4. На line makes angles о, В, y with the axes, prove that 
(i) ша» sin? B + sin? y= 2. (МТМ, 2000 ; Osmania, 1999) 
(11) cos 2x + cos 20 + cos 2y = — 1. | 
5. If A and B are non-collinear vectors and P = (2x + Зу — 2)A + (3x + 2y + 5)H and Q =(—x + 4y —2)A + (3x — 4y + TJB, 
find x, у such that 7P = 39. 
6. Prove that the line joining the mid-points of the two sides of a triangle is parallel to the third side and half of it. 
. Prove that (1) the diagonals of a parallelogram bisect each other ; | 
(11) a quadrilateral whose diagonals bisect each other is a parallelogram. 
В. In askew quadrilateral, prove that : 
(i) the figure formed by joining the mid-points of the adjacent sides is a parallelogram. 
(ii) the joins of the mid-points of opposite sides bisect each other. 
9. Ina trapezium, prove that the straight line joining the mid-points of the non-parallel sides is рака!їс) to the parallel 
sides and half their sum. | 
10. Prove that the үесогБА-31-4-2К,8--1-34-44К,С-4Г-24-6К can form the sides of a triangle, Also find 
the length of the median bisecting the vector С. GI N.T.U., 1995 5) 
11, Find the ratio in which the line joining (2, 4, 16) and (3, 5, — 4) is divided by the plane 2x ~ Зу +2 + 6 = 0. 
(Mysore, 1995) 


= 


12. Show that the three points I — 2J + ЗК, 21+ 3J — 4K, — 7J + 10K are collinear, 
13. If A, B, С be the position vectors of the vertices A, B, C of the triangle ABC, show that ле three 


(1) medians concur al the point Е (А+ В+ С), called the centroid. 


аА +58 + cC 


, called the racen:re, 
ath+e 


(ii) internal bisectors of the angles concur at the point 


VECTOR ALGEBRA & Soup GEOMETRY 


14. Show that the coordinates of the centroid of the triangle whose vertices are 
Gr Vay 2) (хе, Vo: 25), (хз, Ya 24) BTS 
E +Хо+ ху МТУ 2 928) 
| 3 i 3 45.21 
15. Show that the coordinates of the centroid of the tetrahedron whose vertices 
аге (x , y., t r-1,2,3,4 are 





1 | 1... 1 | 
1175 kie (э * Mart yah Yah ay Булан t au 


[Def. A tetrahedron is a solid bounded by four triangular faces. Thus the | Fig. 3.12 | 
tetrahedron ABCD has four faces—the As ABC, ACD, ADB, ВСВ. (Fig. 3.12.) ' i 

It has four vertices A, B, C, D and three pairs of opposite edges AB, CD ; BC, AD ; CA, BD. 

The centroid of the tetrahedron divides the join of cach vertex to the centroid of the opposite triangular füce in the 


ratio 3 : 1]. | 
16. M and № are the ЕЕ Ё the. Барорад АС and BD respectively of a quadrilateral ABCD. Show that the 
resultant of the vectors АВ, AD, CB, CD is 4 MN. (Cochin; 1999) 


PRODUCTS OF TWO VECTORS 





Unlike the product of two scalars or that of a vector by a scalar, the product of two vectors 1s sometimes 
seen to result in a scalar quantity and sometimes in a vector. As such, we are led to define two types of such 
products, called the scalar product and the vector product respectively. 

The scalar and vector products of two vectors А and B are usually written as A. B and A x B respectively 
and are read as А dot B and A cross B. In view of this notation, the former is sometimes called the dot product 
and the latter the cross product. 

In vector algebra, the division of a vector by another vector is not defined. 


SCALAR OR DOT PRODUCT 





(1) Definition. The scalar or dot product of two vectors A and B is 





defined as the scalur ab cos Ө, where 0 is the angle between А and B. ^ 
Thus A.B = ab cos 8. 
(2) Geometrical interpretation. A.B is the product of the length of B | 
one vector and the length of the projection of the other in the direction of the | 
/огтег. ^B | 
Г 5 М 

Let OL =A, OM =B then Fig. 3.13 


А.В = ab cos Ө =а(ОМ cos Ө) =a(ON) = | A | Proj. of | B | in 

the direction of A. 

Similarly, A . B = | B | Proj. of | A | in the direction of B. 

(3) Properties and other results. 

I. Scalar product of two vectors is commutative. 

Le, A.B-B.Afor A.B-abcos0- Ба cos(-0)- B. A 

П. The necessary and sufficient condition for two vectors to be perpendicular is that their scalar product 
should be zero. 

When the vectors A and B are perpendicular, A. В = ab cos 90° = 0. 

Conversely, when A. В = 0, ab cos Ө = 0, ie., cos Ө = 0. (з. a0,b 20), or 0 = 90°.) 

Ш. А. A = а? which is written as A“. Thus the square of a vector is a scalar which 
stands for the square of its magnitude. 

IV. For the mutually perpendicular unit vectors, L, J, K, we have the relations. 

I.JsJd.K-2K.I-0 

and I? =J* = К? -– 1 
which are of great utility. 





Fig. 3.14 





V. Sealar product of two vectors ts distributive Le., 
(A+B).C=A.C+B.C 

VI. Schwarz inequality*: | A.B |= [А | [В | 

|А.В1-1А1181 (со5601:1А118| [- | cos 6| <1) 
УП. Scalar product of two vectors is equal to the sum of the products of their corresponding components. 
For ifA=a,l+a,J+a,K, B=6,1+ 5,J +6.К 
then by the distributive law, A. В = a,b] + ab, + ab, 
In particular, А? = a,? + a,* +а,?. 
VIII. Angle between two lines whose direction cosines are l, m, папа l', т’, п’ is cos! (П + mm’ + nn’). 
The unit vectors in the direction of the given lines are О = /I + mJ + nK and U'- Л + те + п К. 
If 6 be the angle between the lines, then 

U.U'- (H + mJ + nK) - (I + m'g + n'K) 


or 1.1.cos0-/l' + mm’ + пп’ (У.Т.Г, 2008) 
Hence cos 0-1 + тт’ + nn* mii 
Cor. 1. sin” 8 = 1— cos*0 = 1 — (II + тт’ + пя’ 


= (12 + m? + n*) (Г m"? n?) — (Il* + mm’ + пп)? 
= (mn' — nm'Y* + (nl* — In'Y* + (lm' — ml? 


| sin 9 =+ JX(mn'— пт’. ii) 
Cor. 2. The condition that the lines whose direction cosines are І, m, n and Г, т’, п’ should be perpendicular ts 
Ш + mm’ + пп“ = 0 A) 
and parallel js 1-1, т = т“, п = п" Atv) 


These conditions easily follow from (i) and (ii). 
Cor. 3. The angle 6 between two lines whose direction ratios are a, b, c, and a’, b’, c' is given by 
2 аа + ББ’ + cc 


Aw ira?) i 
Кре ер + (ca' — ас? + (аЬ — Ба) 
or sin Ө = —_ = - 
XX a^ (Xa ^) 
These lines are (i) perpendicular if aa’ + bb’ + ec’ = 0, (i1) parallel if a/a' = БТБ" =e/e’. 


IX. Projection of the line joining two points (x,, y,, zp and (Xs Y» Zo) on a line whose direction cosines 
are 1, m, n is xq — x.) + т(у уу) + n(z4 — 24). 





--8 —k 
Let OP -х( уу! +2,K, OQ -х, + у, +2,K 
РО - (x, —x)E + (у-у t (2, 20K 
Alio unit vector U along the given lines is Л + m4 + nK. 
Projection of PQ on the given line = PQ U. 
= I(x, = х) + m(y, — y) + n(2,— 2,). 


i o Ls R нооча 
di-J42K о р, 





Solution. Let ОА -1-2449К, OB -21-4-К, 0С-31-4-2К 
Then BC =I- 2J + 3K 


CA =-2 -J 


* Named after the German mathematician Hermann Amandus Schwarz (1843—1921) who is known for his work in confor- 
mal mapping, calculus of variations and differential geometry. He succeeded Weierstrass in Berlin University. 





and AB =1+33 - 3K 
ВС = 414, СА = 45, АВ = 419. 
Now d.c.'s of AB and AC being 
1//19, 4 — 8//19 and 2/,/5, 1/45, 0, 
„Жа Е Кн: 
-75 45 vis J5 49: 
Le, ГА -cos! (5/19). Again d.c.'s of BC and BA being 
V 414, – rp ЗАЛА and – 1/9, - E 3/19 ; 
- la -8 — m 3 TL : | ын сг 
е have B= — , —== = , (14/19) , i.e, ХВ = cos ! (14/19) 
We пате cos XD ЛЭ. Ла ` лә. ЛА A A d 
Finally, d.c.'s of CA and CB being -2//5,-1//5,0 and – 1/V14, 2/14, – 3//14 ; 
we have cos C = ЭЕ” = 3 8. 


· Example 3.6. Prove that the. right -bisec ctors of the sides of a triangle concur at its circumcentre. 
Solution. Let АСА), B(B), C(C) be the vertices of any triangle ABC. The mid-points of the sides BC, CA 


and AB are 
p( 925, a(S) А5 =) 
, 2 j 2 U 2 


Let the perpendicular at D and E to BC and CA respectively intersect at the 


We have cos A О = J(5/19) 





=0.1.е.. „С = 90° 











point P(R). Then БР. BC =0 














фе, (R- 2+0) с-В)-0 ati) 
and EP .CA =0,ie., (в-а. (А С) =0 _(й) 
Adding (i) and (ii), we get в- ===). (А-В)=0 


which shows that FP is perpendicular to АВ. Hence the result. 





Further PA = PB if |A-R| = |B-R| 
or if, (А-В)? = (В – В)? or if, A*7-2A.R=B*-2B.R 
of if, (R- A+) . (А-В) = 0, which is true. 





Solution. Let P be "m" z,) and Q be (x,, у,, 2,), then 
d? = (x, —x,)* + (уу-у, + (гү — 25. 
The feet of the perpendiculars drawn from P and Q on the XY-plane are the projections of P and Q on this 
pon If these аге L and M, then L is (x,, уу, 0) and M is (х,, Ya 0). 


d, = projection of PQ on XY-plane, i.e., LM 
Ж dy = (кух) + (уу -»,* 
Similarly, d? = (у, - y, + (z, — 2, and d? = (2, -2 + (x, —x,) 
di + dz + dz = 2[(x, —x,)* + (y, -YF + (2, – 20] = 242. 





Solution. Take O, a corner of the cube as origin and OA, OB, OC the three edges бычий it, as the axes. 
Let OA = OB = OC = а. Then the coordinates of the corners are as shown in Fig. 3.17. 


The four diagonals are OP, АА’, BB’ and СС". 
Clearly, direction — > ОР 0 





i 1 1 
IE “Дэн Ps В Уз' /з' Уз (a, Ne 
1 1 
Similarly, direction cosines of AA‘ are — X. ——.— 
ы їз -37-3 
Similarly, direction cosines of BB’ аге are —, - Ex : p se 
3 3 v3 x Ala, o, o) С\(а, a, о) 
: 1 1 
and Similarly direction cosines of CC’ are ——, —. Fig. 3.17 
^ EUR A 


Let /, m, п be the direction cosines of the given line which makes angles с, В, y, 5 with OP, АА”, BB’, CC" 
respectively. Then 


cos о (+ т +n); cos B= AC Lem en) 
Las Зы 
cos y= П: ашышы. ланах Ja (I + т=п) 
Squaring and adding, we get 


cos? о + cos? В + cos? y + сов? 6 = = KL emenf«Clemenf«(-menf + (т пуд 


= = [4(12 + т? + n?) = S, [5-7 m? e n? = 1] 





Solution. Lét OA =а, 1, OB = b, OC = с be the гараа of the eem eee Then the coordinates 
of the corners are as shown in Fig. 3.18. The four diagonals taken in pairs are (i) (О P, AA‘), (ti) (OP, ВВ"), 
(iii) (OP, CC"), (iv) CAA', BB’), (0) (AA’, CC’) and (vi) (BB', CC"). 

Let the angles between these pairs of diagonals be Ө,, Ө,, ... 6; respectively. Clearly d.r.'s OP are a, b, с; 
d.r.'s, of AA’ are — a, b, c, d.r.'s of BB’ are a, — b, с and d.r.'s of CC’ are a, b, — с. 

г. For the pair (1) i.e., (OP, АА’); 






-а 65-07 -а +b” +e” Zi 








cos 8, = — - A'(o, b, c) 
Ка? +b? +? «Ка? -с) a^ 24 bP +c? | 
2 8... 2 2 2 c 
ЭМЭЭГ а“ – 6 + +h" с Ц. А 
Similarly, cos 6, = -$— A cos 0, = T : P i e| EC 
ý a +h + с? | a + б 4C минээ I b AN | Y 
-а? —b* 4. c* | -а +b? – с? | 
MEET I тт у. ub MC 7 сай -— — — 
; x» Ага, o, о) C'a, b, 0) 
а? — 6? с? 
cos Ө. = : : Fig. 3.18 
; +h ge 
noting that at least one term in the numerator is negative, we have in general 
| +а? tb rc 
cos 8 —- 








hat the li nes a = = 
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1 
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Solution. виа п ба the given A we -— 





(n «n(-* 38 эрэр ог a? +(е-а-Бут + bm? = 0 


or allim + (c-a - bXl/m) +b = 0 (1) 
Ifl, m, nj; Li m», n, are the direction cosines of these lines then Z. mas [ т. are the roots of the qua- 
dratic (1). 


- зэ HE. _ 7I. (by symmetry) = Ё (say). 





| j if L ly i тү No a 1 1 (2+: Ч)" 


The lines will be алайа if l= 7 m, Mo, Ny = No. 
i.e., if, Lim,=LJm ie. if, (e-a—b)? = 4ab 
or if, c-a—b=+2J(ab) orif, с=а+Ь+2/(аЬ) = (Ја + БУ 
or if, эн fm orif, Ja + + уе =0 [Taking necessary signs] 


T- L E e » Й. T = Y n ў Эр - БЖ, тэс н aj aS Р і, ee # ла гэж Р LT Ё i a ® П r 
Ци, еШ Е x Tr Ott Jd „А 3 
B Р ЭЛ Р Р B = 


| ОЛАЙ Жү yi br. Р, ЗАР: “re УГ тЄЁ j 


„о. 

p Eem i ф | 

D i” А. в і. аы = i 

р У È iu M "EET 11, Кү, 
1 ыг > . ЧЕТ 4 
(PM » 4 i [D ! 





Solution. Let t us eliminate! Pom. the given а.н бот, Бу мэгээд =— 3m - бий in the second тоо 
5m (— 3m — 5n) — 2mn + бп (- 3m — 5n) = 0 
i.e., 15m? + 45mn + 30n? = 0 or m?+3mn + 2л? = 0 
or (т + пт + 2п) = 0, Le, т+п = Оогт + 2п = 0 
Now let us first solve the equations / + 3m + 5n = 0 and т + n = 0 
[ m n 


These give m = —n i 41--2л, h q = — = = — E 
ese give m n an n, i.e y m i: 1) 


Similarly, solving the equations / + 3m + 5n = 0 and т + 2n = 0, 

xi l m n Р 
We get TE (tt) 
(i) and (ii) give the direction ratios of the two lines. 
If 0 be the angle between these two lines, then 
(— 2)x1 ttc iun 2)-1х1- 


cos Ө = 





Fa a = 


PROBL EMS 





tA and: Fi "CE tuallv pe 
й à wx TE Эс е: nx у тр a Ei = 
Là е 





4. ПА =1 + 247 —ЗК and В = 31—J + 2K, show that A+ Bis perpendicular to A= B. Aloo osista ie seio hépiet 
2А + Band A + 2B. 
Б. Show that the three concurrent lines with direction cosines (s, ma, n4), ЦЭ ть, n5), (I, т p nj are coplanar if 


6. Find the projection of the vector Ї 24 + K on 41— 4.3 + ТК, 
7. The projection of a line on the coordinate axes are 12, 4, 3. Find the length and direction cosines of the line. | 
(Rajasthan, 2006) 
8, Show (by vector methods) that the mid-point of the hypotenuse of a right-angled triangle is equidistant from its 
vertices. 
9. Prove (by vector methods) that the angle in a semi-circle is a right angle. 
10. Show (by vector methods) that the diagonals of a rhombus intersect at right angles: 
11. Show that the altitudes of a triangle meet in a point (called the orthocentre). 
12. ABCD is а tetrahedron having the edges BC MG at right angles to opposite edges AD and BD respectively. Show 
that the third pair of opposite edges AB and CD are also at right angles. 
13. Find the angle between the lines whose direction cosines are given by the equations / + m + n = 0, Pm? n* 2 0. 


(Rajasthan, 2005) 
14. Show that the lines whose direction cosines are given by the equations 4/m — 3mn — nl 20, and З +m + 2n =0 are 
perpendicular. | (Anna, 2005) 
15. Show that the lines whose direction cosines are given by the equations L+ m +n = 0, al? + bm? + сп? = 0 are 
(D) perpendicular, ifa +b c — 0, (iz) parallel, if a-* 4 b^ 3 67! =0. 
16. Show that the straight lines whose direction cosines are given by the equations 
al + bm cn = 0, fmn + gnl + him = 0 are ti) perpendicular if Г * 5 z =0 (Osmania, 2003) 
(ii) parallel it Jaf + Jbg 4 ch -0. | | | | 
17. Show that the angle between any two diagonals of a cube is cos! 1/3. (V.T.U., 2009 ; Assam, 1999) 





18. (ый, ту), lo, ть n3) and (ly; mtg, n4) are the direction cosines of three mutually perpendicular lines. Prove that ће 
line whose 4.с.'5 are proportional to 7, + /, + l3) m, +My + Tha My + My +N, makes equal angles with the axes. 
| (У. 7.07.2003) 
19, АВ, BC are the diagonals of adjacent faces of a rectangular box with its centre at the origin О, “Ив edges are parallel 
to the axes, If the angles BOC, СОА and АОВ are equal to 8, ф, y respectively, prove that _ 
cos Ө + cos ф + cos w=— 1. | 





ЕХ VECTOR, OR CROSS PRODUCT 








(1) Definition. The vector, or cross product of two vectors A and B is defined as a vector such that 

(1) tts magnitude ts ab sin Ө, Ө being the angle between A and B, 

(11) tts direction is perpendicular to the plane of A and B, 

and (iii) it forms with A and B a right-handed system. 

If N be a unit vector normal to the plane of A and B (A, B, N forming a right-handed system), then 
Ax B = ab sin 6 М. 

(2) Geometrical interpretation. A x B represents twice the vector area of the triangle having the vectors 

A and B as its adjacent sides. 

If N be a unit vector normal to the plane of the triangle OAB, then 

Ax B = ab sin ð М 


=} [а sin в) N = 2A ОАВ М = 2^ OA B. 


(3) Properties and other results 
1. Vector product of two vectors is not commutative, 
АхВ ғ ВхА. In fact, Ax B - — B x A. Fig. 3.19 








for АхВ-аба8ш 0 М or 2A OA B. 


and B x A=absin(—0)N=-absin@N or 2AOBA. 

П. The necessary and sufficient condition for two non-zero vectors to be parallel is that their vector product 
should be zero. 

When the vectors A and B are parallel, the angle Ө between them is 0 and 180° so that sin Ө = 0, and as 
such А х В = 0. 


Conversely, when Ax B=0;absin@ =0 
Lé., sin Ө =0 (~ @=0,6 #0) 
ог 8 = 0 or 180°. In particular, A x A= 0. 


Ш. For the orthonormal vector trial 1, J, К, we have the relations : 
їх1-4х4-КхК-0 
Ix J=K, 4х1--К 
JxK=I, KxJ=-l 
KxI-2J, Ix K=-J. 
IV. Relation between scalar and vector products. 
We have (А.В)? = a?b? cos Ө = a?b? — a?b? sin? Ө = a?b? — (А x В). (А x B) 
(A x В)? = А?В? – (А . В). 
V. Vector product of two vectors ts distributive 
Le., (А+ В) хС= Ах С +В х С. 
VI. Analytical expression for the vector product. 


I J K 
If A-aj*ajJ +a,K, В = b,Ecb,J b,Kthen Ax B- |a а а 
5 by b, 


For we get 
A x B = (a,b, — а,Ь, + (a,b, — абу] + (а, jb, — a,b К 
whence follows the required result. 








Solution. Since AxB-|4 3 1(-71-64-10К 
2 —1 2| 
and | Ax B | = y(n" + (6) +(—10)"] = /185 
. Unit vector М 1 to A and В = FTU = (71 — 6J — 10K) y 185 
Also а= |4? +3? « 1* = J26 and b = 3. 
If 8 be the angle between А and B, then | Ax B | = ab sin Ө, Le, sin@= | Ax B |/ab 
Thus sin Ө = /185/3V26 whence Ө = 62° 40'. 





Solution. a Let A(A), pa. со bé the vertices ef the trien ABC (Fi ig. 3. 20) and О, the origin a so that 
BC -0С-08-0-8 


ebuzzpro.blogspot.com 





js = 
and BA-OA-OB =А-В 
г. Vector area of A АВС 








L [BC x BA] = 1 КС - В) х (А – В)] 


[Cx A-Cx B-Bx A + B x В] 





= = ВхС+СхА+АхВ] [7 ВхВ -0| 0 
2 Fig. 3.20 


Thus area of A ABC = = |ВхС+СхА+АхВ|. 
(it) Let О be the origin so that 


-+ E — 
OA-I-EK, OB = 1+4 + 5K and OC =J + 2K 


Then ВС-ОС-ОВ--21-3К 
and ВА-ОА-ОВ--1-4-6К 
I J К 
| . 21. э 1 
2. Vector area of ЛАВС = —(BCxBA)=-=|-2 0 -3 
9 9 
-1 -1 -6 
Thus area of A ABC = 5 [-3I- -99+ 2K| = 5 Ji. 





Solution. Take B as v ihe: origin E let the ае ший of C and А Ж С and А (Fig 3.21); so that the 
position vectors of D, E, F are 


C/2, (С + АУЗ, A/2. 


A DEF = Ex DF) = a JE 3 


2 2423 2 
1 > 
= SIAx(A-Ol- 5 СхА= т ~ ААВС 


ЛЕСЕ = 2 (ЕСХ Е В) = IC- A/2) х С/2| 





ыг 


СхА-- ААВС. Hence the result. 





Solution, Let I J Renate mit vectors aloni ewo неран оа itus OX. OY en thet 
12-2 - 1,1.4/-0 


апа 1х1-4 х.е] = 0 
Let ZPOX = А and ZXOQ = B, 


If OP = p and OQ = д, then the coordinates of P are (p cos A, — p sin A) and those of аге (9 cos B, q sin B) 
so that 


Vector Амвевна 8. Зоо GEOMETRY 


or 


or 


or 


Lë., 


ОР = (р cos АЛ (p sin AM 
OQ = (9 cos ВЛ + (q sin В 


Then |ОРхОО| = | р cos. AM — (p sin АМ] х [(q cos ВУ + (9 sin B} | 


= ра |cos A sin B (I x JJ) — sin A cos B (J x T) | 
= pq (cos А sin В + sin A cos В) for | Ix | - 1 





E = . 
Also | OP x OQ | = pq sin (А + B). Equating the two expressions, we get (2). Fg. 3.22 
> ә 
Similarly, (11) follows from OP .O@ = pg cos (А + B). 
Example 3.16. In any triangle ABC, prove that Tr 
(1) ат А = b/sin B = c/sin C. | (Sine formula) 
(ii) а =b cos C + c cos B. (Projection formula) 
(iii) а? = 6? + c? — 2bc cos A. (Cosine formula) 
| | — -> = 
Solution. From AABC, we have ВС + CA + AB = 0 
+ > > 
СА+ АВ=- ВС AA) 


(1) Multiplying (A) vectorially by AB, we get 
— E = — 
CA x AB =- BC x AB 
+ — > -» 
|CAx AB|- | BC x AB] 


be sin (t — А) = ac sin (п — B) 
a/sin A = b/sin В. 





Fig. 3.23 


Similarly, multiplying (A) vectorially by CA ме get 
a/sin A = с/вїп C, whence follows the result. 
(и) Multiplying (A) scalarly by BC ‚ we get CA . ВС + AB .ВС-- (ВС y 
ba cos(t— С) + са cos (л B) = —a*^ ог a=b cosC «ccos В. 
(111) Squaring (A), we get 
(САР + (AB)? + 2CA . AB - (BC)? 


b? + c? She cos (x — A) = a? or a? = b? + c? — 2be cos A. 


PROBLEMS 3.3 





. Given А = 214 25 — Бы Bis Gt е 3-7 + 2K, find A х B and the unit vector perpendicular to both A and В. Also 





determine the sine of the angle between A and B. 
0 1 
2. ША and B are unit vectors and Ө is the angle between them, show that sin 37 = 5! ІА B |. 


в. Find a unit vector normal to the plane of A= 31 — 27 + 4K and B - I 4 j - 2K, 


| 


4. For any vector A, show that ЈА x IJ? + [Ax J|* + |Ax K|* =2 |А|?. 
5. Руят method, find the area of the triangle whose vertices sra Gs ,—1,2),(1,—- 1, = 3) and (4, — 3, 1). 


б. (a) Prove that, the vector area of the quadrilateral ABCD is > 1 AC 3 Вр. 
2 


(b) If 31 J — 2К and I- 34 — 4K are the diagonals of a parallelogram. Find its area. 


90 | 


7. Given vectors А = 1—34J + 2K and В = 21+ 4: K. Find the projection of Ax B parallel to 51 = K 
B. IfA+B+4C=0, prove that Ax B-Bx C=C x A, and interpret it geometrically, 
9. Show that the perpendicular distance of the point € from the line joining A and Bis |B х С. ТУС ХА +А xB] 
+ |В-А| 
10. In AC, diagonal of the parallelogram ABCD, a point P i is taken. Prove that ABAP = = ADAP. 
11. Prove by vector methods, that Я 
(i Sin (A — B) = sin А cos B — cos А sin B; (it) cos (A — В) = сов А cos B Жаш А sin B. | (Cochin, 1999) 
12. In any triangle ABC, prove by vector methods, that 
(i) b=c cos A + a cos С; Gi) c? =u + b? — 2ab cos C. 





PHYSICAL APPLICATIONS 





(1) Work done as a scalar product. If constant force F acting on a particle dis- 
places it from the position A to position B, then 
Work done = (resolved part of F in the direction of AB). AB 
+ 
= F cos 0. АВ = Е. АВ 


Thus, the work done Бу a constant force ts the scalar (or dot) product of the vectors Fig. 3.24 
representing the force and the displacement. 





Example 3.17. Constant forces P = 21 -5J + 6K and Q = — 1-24-К асі опа particle, Determine 773 | 
work done when the particle ts displaced from A to B the position vectors. of A and B. being 41 — 3J- 2K and 61 


+ J — ЗК respectively. нд 
Solution. Resultant force F=P+Q=I-3J+5K | 
and AB = OB — OA = (61 + J — 3K) – (41-39 — 2K) = 214+ 4J К 
Work done = F. AB -(I-3J + 5K). (21 + 4J — К) 





=1.2-8.4+5.(-1) = ~ 15 units. 
(2) Normal flux. Consider the flow of a liquid through an element of area 6s with a velocity 
V inclined at an angle Ө to the out ward unit normal М to the surface ds (Fig. 3.26). 
Normal flux of the liquid through 6s in unit time 
V cos Ө. ôs = V . Nos. 
Thus, the rate of normal flux per unit area = V . N 


Obs. We cari also apply this result to the case of electric or magnetic flux. 


(3) Moment of a force about a point. Suppose the moment of the force F acting 
at the point P about the point A is required. 


— 
Draw AM 1 the line of action of F (Fig. 3.27). If 8 be the angle between AP and Е 
9 = ‚ 
апа N be a unit vector L to their plane, then AP х Е = (АР. F sin 0) М = ЖАР sin Ө) МАР хЕ F 
М-(Е.АМ)М ! 
Бас 

Clearly, (i) the magnitude of AP хЕ-Р.АМ which isthe numerical measure 

of the moment of F about A. 
— 

and (11) the direction of AP x F is the direction of the moment of F about A. 





Fig. 3.26 





Fig. 3.27 


SE a 
Hence the moment (or torque) of F about Ais AP x F. 


Example 3.18. Find the tore! about the poini 2] + J- K ofa Тогбо represented бу 4I + K acting through" 
the point I- J + 2K. 


ру. . 
Solution. Let O be the origin and Р be the point, moment about which of the force АВ through A, is 
required (Fig. 3.28). 





OP -91-4-К, 
OA =1I-—d + 2K, and AB = 41 + К. 
Then, РА = ОА — ОР = 1-27 + ЗК 
Moment of the force AB about P 





PA x AB = (-I— 2J + 3K) x (41 + К) 






I JK 
-|-i -2 8|--214184-8К 
4 01 


! 


(4 + 169 + 64) = 15.4 
(4) Moment of a force about a line. 
Def. The moment of a force Е about a line D is the resolved part along D of the moment of F about any point 


Magnitude of the moment 


ample 8.19. Find the moment about a line through the origin havi 
acting at a point (4, 2, 5) in the direction of 121- 44 —, 


булийн. Let D be the given line through the origin о алд F the n роц AC: 4, .2, 5). 





Clearly, OA = — AY +24 + 5K 
and the force Е = 30 aa 


=} 
Moment of F about O = OA x F 








Ї J K| | 
-|-4 о -5|-99(т14944-4К) 
360 -120 -90| ` 
13 13 13 


Thus the moment of F about the line D 
= resolved part of the moment of F about O along D, 


60 4 
L.e., 13 (71-244-4К). D 


"eU 4K). eA ee 20 o ы баё. 4 х 1) = 89.23. 
13 (444-41) 18 
(5) Angular velocity of a rigid body 


Let a rigid body be rotating about the axis OM with angular velocity œ radians per 


second (Fig. 3.30). Let P be a point of the body such that OP = В and “МОР = Ө. Draw 
PM 1 OM. 


ЕЕ: 
Now ИМ be a unit vector L © В then 
0 xR=orsin8.N=aMP.N 


= (speed of P) N | 
= velocity V of P in a direction 1 to the plane MOP. Fig. 3.30 





— Ё 
Непсе V=o x. 


Example 3.20. A rigid body is spinning with angular velocity 27 radians per second: about ип axis FH 
parallel to 21+ J - 2K passing through he point 1-34-К. Fins ne velocity of the point of the body whose 
position vector is 41 + 8J  K. 








ME | 


| ^ 21-4-2К 
Solution. Unit vector along the direction of 09 maw ME (21-4-2К) 
(4-1-4) 3 





Angular velocity o = x (21+ J — 2K) = 9(21 + J — 2K) 
Let А be the point I + 3.J — К and the point P of the body be (41 + 8J — К) so that 
= (41+ 8J + К) —(1+ 33 - К) = 31+ 5J + 2K 


+ + 
Velocity vector of P- V- wx AP = 9(21 + J — 2K) x (3I + 5J + 2K) 


I J K 
=9|2 1 -4|-9(121-104-7К) 
3 5 2 


and its magnitude 9 (144 +100 + 49) = 94293. 





PROBLEMS 3.4 





1. A particle acted on by constant forces 41 + J — ЗК and 31 + Jo Kis борса АЖ the pained 2J зк the point 
Bl + 44 + К. Find the total work done by the forces. 

2. Forces 21—5J + 6K,-1+ 2d -K and 21+ 7J асі опа particle P whose position vector is. 41-34-2К. Detaruine the 
work done Бу the forces їп a displacement of the particle to the point @ (6, 1, -8).: 
Also find the vector moment of the resultant of three forces acting at P about the point Q. 

3. Forces of magnitudes 5,3 1 units act in the Hractions БЕ 433 е ЗК, 31-24 6K, 21-33 = “ОК respectively опа 
particle which is displaced from the point (2, 1, —3) to (Б, —1, 1). Find the work done by the forcës: — — 

4. The point of application of the force (-2, 4, Т) is displaced from the point (3, —5, 1) to the point (5,9, 7): But the force 
is suddenly halved when the point of application moves half the distance. Find the work done. 

5. A force F = 31+ 24 -4K is applied at the point (1, — 1, 2). Find the moment of the force about the punt ө, 1,3), 

b ‚ 1999) | 

6. A force with components (5, — 4,2) acts ара point Р which is at a distance 3 units from the origin. If ther moment of 
the force about origin has components (12, 8, — 14), find the co-ordinates of P, 

4. Find the moment of the force Е = 21 + 23—K acting at the point (1, — 2, 1). about Z-AXIS: 

B. A force of 10 kg acts in a direction equally inclined to the co-ordinate axes through: the point (3, — 2, 5), Find the 
magnitude of the moment of the force about a line through the origin and whose direction ratios are (2; —3, 6): 

9, A rigid body is rotating at 2.5 radians per second about an axis OR, where Ais the point ZI — 2J-- К relative to O. 
Find the velocity of the particle of the body at the point 4I + J + К. (АП lengths are in em). 








Е: PRODUCTS OF THREE OR MORE VECTORS 


With any three vectors A, B, C, we can form the products (А. B) C, (А x В). Сапа (А х B) х С. The first 
being the product of a scalar A. B and a vector C, represents a vector іп the direction of C. The second being the 
scalar product of vectors A x B and С, represents a scalar and is usually called the scalar product of three 
vectors. The third being the vector product of the vectors А x B and C, represents a vector and 18 usually known 
as the vector product of three vectors. 

The reader must, however, note that the products of the form A . (В. C), A х (В. С) and АВ x C) are 
meaningless. 

In practical applications, we seldom come across products of more than three vectors. Such products if 
they occur can, in general, be reduced by using successively the expansion formula for vector triple products. As 
an illustration, we shall consider two products (A х B). (C x D) and (A x B) x (C x D) of any four vectors, the 
former being a scalar and a latter a vector. 





ЫН SCALAR PRODUCT OF THREE VECTORS 


(1) Definition. МА, B, C be any three vectors then the scalar or dot product of A x B with € is called the 
scalar product of the three vectors A, B, C and is written as (A x В}. C or [ABC]. 

No ambiguity can arise by omitting the brackets in (A x B). C as A x (B . C) would be meaningless , 

(2) Geometrical interpretation. The Product A x В. С represents 
numerically the volume of a parallelopiped having A, B, С as coterminous 
edges. 


Ах В 





Consider а parallelopiped with OA = A, OB = B, OC = С as cotermi- 
nous edges (Fig. 3.31). 
Let V be its volume, a the area of each of the two faces parallel to the 
vectors A and B and p the perpendicular distance between these faces. 
Then |А x В| 2 and |C| cos ф =p or — p according as A, B, C form Fig. 3.31 
а кш наны or left-handed triad. 
AxB.C=|AxB|.|C | coso=+ap=+V. 
Thus [ABC] = V or - V according as A, B, C form a right-handed or left-handed triad. 
(Kerala, 1990; JJ. N. T. U., 1988) 
In particular, for ап orthonormal right-handed vector triad 1, 4, K, 
(IJK) -Ix J. K- K. K- I. 
(3) Properties and other results. 
I. The condition for three vectors to be coplanar is that their scalar triple product should vanish. 
If three vectors A, B, С anticoplanar, then the volume of the parallelopiped so formed is zero, ie., 
[АВС] = 0. 
Il. If any two vectors of a scalar triple product are equal, the product vanishes, Le., [ABC] = 0 when either 
А = B or B = C, or С =A, for in this case the parallelopiped has zero volume. 
III. Two important rules (for evaluating a scalar triple product). Every scalar triple product 
(1) ts independent of the position of the dot or cross. 
and (ii) depends upon the cyclic order of the vectors. 
It is easy to note that if A, B, C is a right-handed triad so are B, C, A and C, A, B. 
Moreover a parallelopiped having A, B, C as coterminous edges is the same as that having B, C, A or C, 
A, B as coterminous edges. 
Thus, if V be the volume of this parallelopiped, 
AxB.C-V,BxC.A-V,Cx A.B-V 
Also, since A. В = B. A, we have 
C.AxB=AxB.C=V 
A.BxC=BxC.A=V 
B.CxA-CxA.B-V 
Thus АА х B.C-A.BxC 
ВхС.А = В.СхА = У Let) 
CxA.B-C.AxHB. 
Further a right-handed triad becomes left-handed when the cyclic order of the vectors is changed. There- 
fore A, C, В; В, A, C; C, B, A being left-handed triads, it follows that 
AxC.B--V,BxA.C--V,CxB.A--V. 


Thus АА хС.В=-А.Сх В 
ВхА.С-В.АхС ; --V KJ 
CxB.A-C.BxA | 
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then 














IV. Scalar triple product is distributive 





ГА, B + C, D — E] = [ABD] — [ABE] + [ACD] - [ACE] 
V. IA =al +a + a,K, B= 6,1 + b,J + b,.K, С=с cJ +с.К 
| а "m б 
[ABC] =|, b; b, 
| €; е б 
As A x B = (a,b, — a4b,) 1 + (ab, —a,b4) J + (a,b, —a,b,)K 


[АВС] = [a,b, — a4b,) I + (a,b, — a;b) J + (a,b, — a4b,) К]. (сї  c,J + с.) 
= ¢,(agb, —a,6,) + саб, — a,b.) + са, — a,b) which is the required result. 





and 


—+ 
Solution. Let OA = -61+ 35 + 2K, ОВ = 31 - 23 + 4K, OC = 51 + 73 + 3K 
=: 


OD =- 131+ 174 — K. Then AB - ОВ - OA = 91 54+ 2K 
Similarly, AC =111 +43 +K, and Ар= 71+ 143 — 


> > —+ 
The given points will be coplanar if AB, AC, AD are coplanar, i.e., if their scalar triple product is zero. 
Now 


9 -5 2 
> + + 
ГАВ, AC, ADJ=| 11 4 1|-29(-12- 14) + 5(- 33 + 7) + 2(154 + 28)=0 
-1 14 -3 


Hence the points A, B, C, D are coplanar. 





Solution. o Чан of the Ес ABCD 


°з 3 агаа of AABC) x (height л of D above the plane ABC) 


- 2 (2 area of AABC)A 


1. | | 
= (volume of the parallelopiped with AB, AC, AD as coterminus edges) 





6 
1 om» — ka 23 ч 
= ЛАВ, AC, ADI. Fig. 3.32 
u =} ==} | | = | По. 
(ii) Let ОА =1+4+К, OB = 21+.) + ЗК, OC = 3 + 24+ 2K апа OD = 31+ 3J + 4K. 
Then AB - OB -ОА =1+ 2K 
Similarly, АС Капі AD= 31423 « SK 


10 2 
Е. +. 1 |. 5 
^. Volume of the tetrahedron ABCD = = ГАВ, AC, AD] = 4 2 1 1 =, 
228] —_ 





(1) Definition. af А, B, С be any three vectors, then the vector or cross product of A x B with С is called the 
vector product of three vectors A, B, C and is written as (A x B) x С. 

Here the brackets are essential as A x (B x C) * (А x В) x C, expressing the fact that vector triple product is not 
associative. 

(2) Expansion formula. If A, B, C be any three vectors, (Ах B) x C (C. A)JBB- (C. B) A 

In words (extreme x adjacent) x outer = (outer . extreme) adjacent — (outer . adjacent) extreme. 

The vector (A x B) x € is perpendicular to the vector A x B and the latter is perpendicular to the plane containing A 
and B. Hence (А x B) x С lies in the plane of A and B. As such we can write 

(AxB)x С = ГА + mB 311) 

where / and m are some scalars. 

Multiply both sides scalarly Бу C, then C. (A х B» х C=/(C.A+mC.B 

The scalar triple product on the left-hand side is zero, since two of its vectors are equal. 

KC .A)-m(C.B)-0 


- "-—— — 
| C.B -CA 77770 
Substituting the values of / and m in (1), we get 
(Ax B) x C=n(C. В)А – n(C . АВ ...(2) 
Evidently n is some numerical constant. To find it, take the special case А = I, B = С = J. Then (2) gives 
(Ix J)xJ-nGJ 40-10 ,1н 

Le, KxJ-nlor-I- nl. 
This gives n — — 1. Hence (2) reduces to the required result. 
Similarly, it can be shown that Ах (B x C) = (A. C)B- (A. ВС 
Cor. Ax («Bx С) + Вх (Cx AJ + C x (Ax B) = 0. 
For L.H.8. - (А . CIB-(A. B)C + (B. AC - (B. С)А + (C. ВА - (С. АВ which vanishes identically. 
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Solution. (i) (A x B). (Cx D)= [A x B) х С] „ДЭ (interchanging the dot and cross) 
= A. С)В -(B.C)A| . D 
-(A.CXYB.D)-(A.DYXB. С) whence follows the result. 
In particular, we have (A x В)? = А?В? — (А . В)? which has already been proved in 8 3.6 (3) - IV. 
(ii) (A x В) x (C x D)=(A x В) x P, where P =C x D 
-(A.P)B-(B.P)JA- (A. Cx DB - (B. C x D)JA 
= [ACD|B – [BCDIA. 


= Lm È " Ч x " 
Chan mmm: nei 


я 4 E: Ш Fa ' j 1 1 
a т е: : T А. су РП. 13 af da Т 1н $T; ! 4 РГА 
DE. bra iw o 5 (jr: Y cn Ж "on "Y a НЫЕ. qtu : E i à Ў : o4" r я 
Ч: het! wo 


3 x 35 cle 





Solution. Let OA =A, OB = B and OM be the projection of B on A (Fig. 3.33) 
2. Component of B along А = OM (unit vector along A) 


-(B. дА - [2:4] [: A=a А] 
а uu 
= 2-84 [j a? = АЦ 





Ад? 





HIGHER ENGINEERING MATHEMATICS — 


Also component of B | A= MB 
+ В.А, (А.А)В-(А.В)А (AxB)xA 
LEE 7 у 


Example 3.25. Prove the formula 
(В х С). (А x D) + (C xA). (В х 0) + (Ах В). (Cx D)=0. 
and hence show that sin (8 + ф) sin (0 — ф) = sin? 0 — sin? 0, 


Solution. We know that 
(BxC).(A xD) = В.АХС.О)-(В.ОХС.А) 
(Cx A).(Bx D)-(C.BXA.D)-(C.DXA.B) 
(А х B).(Cx D)-(A.CYXB.D)-(A.DXB.C) 
Adding, we get 
(BxC).(Ax D) + iC A).(Bx D)+(Ax B).(C x D=0 veel) 
Let the vectors A, B, C, D be acting along coplanar lines OA, OB, OC, OD respec- 
tively (Fig. 3.34). 
Take “AOC = Ө апа £AOB= zCOD = 6, 
so that ZAOD = Ө+ф and zBOC-8-6 
If N be a unit vector normal to the plane of these lines, then 
(B x €). (A x D) = [bc sin (Ө — HNI. (аа sin (8 + ФМ] 





= abed sin (Ө + >) sin (8 — ф) Ut) 
(C x A).(B x D) = [са sin (— 8)INI. [bd аш ӨМ] 
ee се? Йй эт 
| Ес abed sin? Ө eo tid) Fig. 3.34 
and (A x B). (C x О) = lab sin oN]. [ed sin ФМ] 
= абса sin? ф v) 


Substituting the values from (11), (iii), (iv) in (1), we get 
abed sin (0 + ф) sin (8 — $) — abed sin? Ө + арса sin? ф = 0 whence follows the required result. 


Example 3.26. Prove that 


(D[BxC, C x A, A x BI = [АВО]. (Nagpur, 2009) 
ША х (В х(Сх 01 = В. ОА х С) - В. С(А х D). 


Solution. (D [B x С, Cx A, Ax В| = (В x С). (Cx A) x (А х B) 
=(Вх С) Сх A). BIA- (Сх A). AJB! 


= (B x €). ПВ. (C x АЛА) [; KCxA).A]-0 
= [B x CO). AI [(B x C). A] = [BCA]? = [ABC]? [. [BCA] = [ABC] 
(11) AÀxIBxiCxD)-AxI(B.D)C- (B. CID] 


= (Ах CKB . D)- (A x DXB . С) = (В.Ю) (A x C) - В. C(A x D). 





PROBLEMS 3.5 


1. Find the volume of the parallelopied whose edges are represented by the vectors A = 21-33 + 4K, B =1+ 24 К, 

C-31-J + 2K. 

2. Find a such that the vectors 21 — J + K, Т+ 24 - 3K and ЗТ + eJ + SK are coplanar. 
3. (1) Prove that the vectors I- 2J + ЗБ, - 21 + 3J —4K and IT- 3d + 5K are coplanar. 

(гї) Do the points (4, — 2, 1), (5, 1, 6),(2, 2 — 5) and (3, 5, 0) lie in à plane. 

4. (a) Test the linear dependency of the vectors (1, 2, 1), (2, 1, 4), (4, 5, 6) and (1, 8, = 5). 

(b) Verify whether the following set of vectors are linearly independent (4, 2, 9), (3, 2, 1), — 4, 6, 9). | 
СВ.Р.ТЯЈ. 2005). 
5. Find the volume of the tetrahedron, three of whose coterminus edges are 31 - +. 2K, 21+ J— К and I — 2J + 2K. 

| 





6. Find the volume of the tetrahedron formed by the points 
@.(1, 3, 6), (3, 7, 12), (8, 8, 9) and (2, 2, 8), (B.P.T.U., 2005) 
(ii) (2, 1,1), (1, — 1,2), (0, 1, - рапа (1, - 2, 1). | 

7. ITA. N20, B. N20, C. N = 0, prove that [ABC] = 0. Interpret this result geometrically. 

8. (a) Prove that [A+ B, В+ С, C + A] = 2IABC]. 

(b) Show that volume of the tetrahedron having A+ B, В + C and C + A as concurrent edges is twice the volume of ` 
the tetrahedron having A, B, C as concurrent edges. 

9, ПА х (В х С) = (А х В) x C, show that (A x C) x B= 0. | | 
10. Show that I x (R x D - J x (KR x J) « K x (R x К) = 2R. | (Assam, 1999) 
11. НА-1-24-3К,8-21-4-К,С-1-34-К,їїла 

(D Ax (B x C) (1) (Ах B) x (B x €). 
12. (а) Given А = 21 — wn o Pn Pee fa [+ J — 2K, find the reciprocal triad (A', В’, C^) and verify that 
[ABC] [A'B'C"| = 1. 
(b) Prove that A x A’ + Вх B'«CxC'-0 
13. Prove that (i) [A x B, C x D, > x F] = [ABD]ICEF] — [ABCIIDEF| 
(ti (A+B + C) x (В + С). € - IABCI. 
14, Show that | 
(i) (8 х C) x (A x D)-(C x А) х (Bx D) + (Ax В) х (C x D) =- 2[ABCID. (Mumbai, 2007) 
(и) Ах [E x B) x (G < C)| + Bx IF x C) x (G x A) + C x (Fx A) x (G x В) = 0, 
С.А L.B L.C 
M.A M.B M.C 
N.A М.В N.C 
(5) The length of the edges OA, OB, ОС of the tetrahedron OABC are a, b,c and the angles BOC, COA, АОВ are 8, 
0, у, find its volume. 


15. (a) Prove that ILMN]IABC] = 











“SOLID GEOMETRY 


(1) EQUATION OF A PLANE 





Let P(x, у, 2) be any point on the plane through A(x,, y, 2,) which is normal 
to the vector М = al + bg + cK. 
— — 
Then OP z x1 + yJ * zK and ОА - x,l + y,J * z,K 


Clearly the vectors АР- (x—x,)1+(y—y,) J +(z—z,) Капа М are perpen- 
dicular to each other. 





AP .N=0 Ai) 3 
or [x —x,) 1+ (у-у) + (z—z,) Е. (al + bJ + cK) = 0 Fig. 3.35 
or a(x —x,)+ bly-—y,)+e(z-—z,)=0 UE) 
which is the equation of any plane through the point (хү, уу, 24). 


Obs. Equation (i) written as ax + by + cz + d = 0 is the general equation of a plane. 

Conversely, every linear equation in x, y, г represents a plane and the coefficients of x,y,z are the direction ratios of 
the normal to the plane. 

Cor. IF /, m, n be the direction cosines of the normal to the plane, then 

lx + my + пх = p Iu) 

which is called the normal form of the equatton of the plane where p is the perpendicular distance from the origin. 

(2) Angle between two planes. Def. The angle between two planes is equal to the angle between their 

normals. 
Let the two planes be 
ax+by+ez+d=0 and a’x+b'y+c’z+d' = 0. 
Now the direction ratio of their normals are a, b, c and a’, Б, c 





. AEN 


Hence the angle 8 between the planes is given by cos 8 = 





The plunes will be perpendicular (if their normal are parallel), i.e., е aa’ + bb’ + ec" = 0 
The planes will be parallel (if their normals are parallel), i.e., и“ oi, 


Cor. Any plane parallel to the plane ax + by + cz +d=0 
is ах + by +ez+k=0 (k being any constant) 
for the direction-ratios of their normals are the same. 

(3) Perpendicular distance of the point (x,, y,, z,) from the plane | 
ax+by+ez+d=0 (i) 
ax, + Бу, +cz, +d 
la? +b? +c”) 
Let PL be the perpendicular distance of P(x,, уу, 2,) from the plane (i) so 
that the direction cosines of LP are 
a b с 
Уха?) (Ха?) Ха?) 
НО (f, g, A) be a point оп (i) then 
af+bg+ch+d=0 LL) 


p Pix Уу, zy 








8 PL = projection of ОР оп ГР = QP : LP 


= 6 +0 8 806 [Ву ІХ р. 82] 
(a^ +b" + c?) 





_ аху + by, + cz, +d 


i Ка? +b? + с?) 


The sign of the radical in (11) is taken to be positive or negative according as d is positive or negative. 


by virtue of (Zi) iu) 





Cor. Planes bisecting the angles between two planes. 


Let ax+by+cz+d=0 A) 
and ах + Бу + с'2 + а" = 0 tt) 
be the given planes. 


Let Р(х, у, z) be any point on either of the planes bisecting the angles between the planes (i) and (it). 
Then L distance of P from (i) = 1 distance of P from (11), 
ax+bytez+d _,ax+byt+cz+d' 


а b ec) la? +6? eet) 


which are the required equations of the bisecting planes. 








Solution. (i) Intercept form of the equation of the plane. Let the required equation of the plane be 
ax + By yz + б = 0 | xf) 
The plane cuts the axes at A, B, C such that OA =a, OB = b, OC = c, 
ie., it passes through the points Ala, 0, 0), B(0, b, 0), C(O, 0, c). 





ё oa +6=0,8b + 6=0,7+6=0 
whence © = — б/а, В =—Wb, y 2 — We 


Substituting these values of a, В, y in (1), — 2.-2; 28 z+6=0or ud a =1. 
а с а | 


с 
(ii) Three points form of the equation of the plane. 


Any plane through (0, 1, 1) is a(x — 0) + b(y — 1) + cíz—1)- 0 ..{2) 
It will pass through (1, 1, 2) and (-1, 2, – 2), ifa +c = 0 and -a + b – 3c = 0. 
By cross-multiplication, <= = Ч 
Substituting these values in (2), we get — 1 . x + 2(y – 1) + 1(2— 1) = 0 
or х- ЭР” 2+3 = 0, which is the ia mis spen of the pies 
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айай. (1) Апу plane райна to the given plane is 
2х + Зу + 52 + k = 0 which goes through (3, —3, 1), ifk =- 2 

Thus the required plane is 2x + Зу + 5z – 2 = (0 
(ii) Any plane through (3, — 3, 1) 1за(х — 3) + biy + 3) +e(z—1)=0 
The direction cosines of the line joining the points (3, 2, — 1) and (2, — 1, 5) are proportional to 1, 3, — 6. 
This line is normal to the plane (1). .. а, b, c are proportional to 1, 3, — 6. 
Substituting these values in (1), the required equation is 

1x-3)-3(y-3)—6(2—1)-0 or х+3у- 62 + 12 = 0). 
(iii) Any plane through (3, - 3, 1) is 

a(x — 3) + bly + 3) + elz — 1) = 0 which will be 1 to the planes 

Tx + у + 22 = 6 and Зх + бу — 62 = 8 
if Ta +b + 2c = 0 and За + 5b — 6c = 0. 

Solving these by cross-multiplication, we get — шин: 
Hence the required equation is 1(x — 3) — Xy + 3) — 2(2- 1) = 0 or x – Зу — 22 — 10 = 0. 


= 2 ee mi r "n а: 
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Solution; ау plane TRE the line of TD" of 


4х + бу -z = 7 wilt) 
and 2x + Зу – 82 = 5 i) 
is 4x + 5y—2—7 + Ё (2х + Зу – 32 — 5) 20 
Le., (4+ 2А) х + (5 + ЗА) y – (1 + ЗА) 2 - (7 + 5А) = 0 ii) 


_ Then new position of (1) when rotated through a right angle, is such that (1) and (iii) are perpendicular. 
4(4 + 2k) + 56 + ЗА) + (1 + ЗА) = 0 
Le., 26k +42=0 ог k=-21/13 
Substituting k = — 21/13 in (iii), we get 10x + 2y + 502 + 14 = 0. 
ог Bx + y + 25x + 7 = 0, which is the required plane. 









Solution. The distance between the given planes is the perpendicular distance of any point on one of the 
planes from the other. 
A point on the first plane is (0, 0, — 3). 
Required distance = 1 distance of (0, 0, — 3) from 4x — 4у + 22 + 9 = 0 


(16-164). 6 2 
Let the equation of the parallel plane that lies mid-way between the given planes be 


2x -2y «&z c = 0 TL) 
Now distance of any point (0, 0, — 3) on the first plane from (1) should be 1/4. 
Etui Les Вазон. 
(4-4-1) 


Thus the required plane is 2x — 2y +2 + 15/4 = 0. 
Assume that Ё = 15/4 and verify that the distance of a point on this plane 4x — 4y + 22 + 9 = 0 is also 1/4. 


—9/2+15/4 1 


А point on this plane is (0, 0, — 9/4). Its distance from the plane (i) = 3 4 (in magnitude) 


Thus & = 9/4 is not admissible. 
л The мн р-н is 2x — 2y +2 + 15/4 = 0. 


an al ista nce 





Solution. Ав thes given "m is ata ET distance p from the origin, therefore its — is of the bird 
ix + my + п= = р ..(i) where l, m,n аге the d.c's of the L from the origin. 


y 2 








(i) may be rewritten as ——— 


iii tm (pin) > 
so that OA = p/l, OB = p/m, OC = p/n. 
A = (pil, 0, 0), В = (0, p/m, 0), C = (0, 0, p/n). 
Thus the coordinates of the centroid G of the tetrahedron OASC are 
(ху, Уу› 24) = (p/Al, p/4m, p/An) [See p. 81] 
1 1 1 l6, 


Xi м å P 





Solution. Let the variable plane be РИ ы Zu. 
a с 


1 


Its distance from origin = = р (given) 





i.e., а? +672 +7? = рг? E) 
Since OA =a, OB = b and OC = c, therefore equations of the planes through A, B, C parallel to yz, zx and 
xy-planes arex=a,y=b,z=c 
Let the point of intersection of these three planes be (хү, уу, 2). 
Then x,-a,y,—5,2,-c E) 


Substituting (її) in (1), we get хг? + у + A эрт? 
Thus the locus of (Хү, yp zp) is x^? y +27 = р, 
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Solution. Let t ABC - any "—— through the fixed point Ha, b,c) эт that OA =x,, OB =y,, OC =z.. 
Then its equation is 












Since Я lies on it. 
^ m + EM E. = 1. Ll) 
V ий з 
The planes through A, B, C parallel to the coordinate planes are x = ху, 
y2yp222, which meet in Р(х,у, 21). 
Thus changing x, to x, уу, to у and z, to z in the locus of the P is 


Ah ЖИ РЕ W^ МАШ СТӨ ХЭЛ РР UTE Эрт 87 yen 7 
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I MATE | Tet bisects the acute angle, жуу а б. b 

Solution. The edusttons of the мини bisecting the angles between the given 
8х-4у452-3 (| 5x+3y-4z-9 

32 + (4)? + 52] 


АРЕ | 


EL 








15? + 3? + (- 4*1 
ог 2х + Ty -92 -6 0 wD) 
and Ях -у+2- 12 = 0 (EE) 
which are the required planes. 
Let 0 be the angle between (1) and either of the given planes, say: 
5х + Зу – 42 = 9. 


2х5 +7 x3 ats 





_67 
75 (268) 


[.е., 9 < 45°. 

Now Ө is half the angle between the given planes, so that (1) bisects that angle between the planes which 
is 20 < 90°. 

Hence the plane 2x + 7y — 92 = 6, bisects the acute angle. 
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E pees ee the point (- 1/2, 2, 0) is the circumcentre of the triangle formed by the points: а, 1, 0), (129, 1. 
| dcm 
(Hint. Show that the point (— 1/2, 2, 0) lies in the plane of the triangle and is equidistant from its vertices.) 
. 4, Find the equation of the plane through the point (2, 1, 0) and perpendicular to the planes 2x — y —z= 5 and x + 2y 
— dz = 6, 
B. Find the equations of the plane through (0, 0, 0) parallel to the plane x + 2y = З= + 4. (Madras, 2006) 
9. Find the equation of the plane which bisects the join of the points (ху, y, гү) and (xy, Yo. 29) at right angles. 
10. Find the equation of the plane through the points (— 1, 2; 1), (- 3, 2, — 3) and parallel to y-axis (V.T.U., 2010) 
11. Hind the equation of the plane through the points (2, 2, 1) and (9, 3, 6) and perpendicular to the plane 2х + Gy + Gz 
= 9. (УГО, 2004 : Osmania, 1999) 
12. А plane contains the points A(— 4, 9, —9) and B(5,— 5, 6) and is perpendicular to the line which joins B and C(4, — 6, д). 
Evaluate & and find the equation of the plane. 
13. Find the distance between the parallel planes 
2х —By + 62 + 12 = 0 and бх —9y + 182-6=0, 
Also find the equation of the parallel plane that lies mid-way between the given planes. 
14. Find the angle between the plane x + y +2 = 5 and 2x +) -—2=3. (B.P.TU., 2006) 
15. Two planes are given by x 2у —32— 2 = 0 and 2x +y+2+3 = 0, find 
(1) direction cosines of their line of intersection, 
(ti) acute angle between the planes, and 
(iti) equation of the plane perpendicular to both of them through the point (2, 2, 1). 
16. The plane ly + ту = 0 is rotated about its line of intersection with the plane = = 0, гош: an angle a. 


Prove that the equation of the plane is x + my +2 ДР +m”) tana =0. (Anna, 20058). 


17. Find the equations of the two planes through the points (0, 4, — 3), (6, —4, 3) other than the plane through the origin 
which cut off from the axes intercepts whose sum is zero. 


18. A plane meets the coordinates axes АГА, B, C, such that the centroid of the triangle ABC is the point (a, b, c), show. 





that the equation of the plane 1s + 5 + =a, (Assam, 1999) 
19, A plane passes through a fixed point (a, b, c), show that the locus of the foot of the perpendicular from the origin on 
the plane is a sphere. XP. T, U., 2005) 
20. A variable plane is at a. constant distance p from the origin and meets the axes at А. В, C. Find the locus of the 
centroid of the triangle ABC. (Rajasthan, 2005) 
21. A variable plane makes with the coordinate axes a tetrahedron of constant volume 64 85, Find the locus of the 
centroid of the tetrahedron. (Rajasthan, 2006 ; Osmania, 2003) 


22. Find equations of the planes bisecting the angle between the planes 
х +2у'+ 22 =9, 4х – Ву + 122 + 12-0 
-and specify the one which bisects the acute angle. 





ERE EQUATIONS OF A STRAIGHT LINE 


(1) General form. Two linear equations in x, у, 2 
i.e., ax+by+cz+d=0 44) 
and ах + бу cz + @ = 0 (UL) 
taken together represent a straight line which is the line of intersection of the planes (1) 
and (11), (Fig. 3.38). 

(2) Symmetrical form. Equations of the line through the point A(x,, уу, 2,) and 
having direction cosines l, m, n are 


х-х у-ур 2-21 








1 т - n 
Let P(x, y, z) be any point on the given line through А(х,, y,, 2,) and parallel to the unit vector U = П + mJ 


-nk. 
Er. > 
since AP is parallel to О, we can write АР = tU, where? is a parameter. w(t) 


or (x—x,) 1+ (у-у) J +(e -2,) K=t (1+ mJ + nk) " AGpyyzy Ру, =) 





x—x,-tly—y,-tm,z—2,-tn . iD) 
— point P on the line is given by (ii) for some value of t. Thus these are the 
parametric equations of the given line. Eliminating ?, we get 


т-а. 45h £—^ „їй 
! т п 





which are the symmetrical form of the equations of the line. 





Cor. The equations of the line joining the points (хү, Yp Zp and (x4, Ya 22) are 
ЛЭН... ЖА. бана... Ч 
Х,-Х, У-у 25-21 

for the direction-ratios of the line joining the given points are 

х, — Xp Ya -Ур 25—21. 

[To reduce the general equation of a line of the symmetrical form: 

(i) find а point on the line, by putting z = 0 in the the given equations and solving the resulting equations for x 
and y. 
(it) find the direction cosines of the line, from the fact that it is perpendicular to the normals to the given planes. 
(iii) write the equations of the line in the symmetrical form.] 





Solution. (2) To find a point on the line, 
Putting z = 0 in the given equations, we have 
х+у+1= 0; 4х +у+2 = 0 
Solving, <%= — A point on the line is (~ 1/3, - 2/3, 0) 
(11) To find the direction cosines l, т, n of the line. 
Since the line lies on both the given planes. 
-— [tis perpendicular to their normals whose direction cosines are proportional to 1, 1, 1 and 4, 1, — 2. 
Lê., l+m+n=0;41+m-—2n = 0. 
| l m n 

Solving, — = — = — 

-1 2 -1 
г. The direction cosines of the given line are proportional to — 1, 2, — 1. 
(iii) Thus the equations of the line in the symmetrical form are 

х+1/3 y+2/3 = 


=—_—___ — 
= = ГЭ 





Solution. The line through P(1, — 2, 3) having direction ratios (2, 3, — 6) is 
x-i PES oS 








2 3 — 6 
Any point on this line is (2r + 1, 3r — 2, 3 — Gr). 
This point will lie on the plane x – у 42-25 
if 2:-1-1(3/-2)-3-6г-5 or r= 177. 
^ The point of intersection is Q(9/7, — 11/7, 15/7) 









Thus the required distance = PQ = зө? 29 +в) = =] 





Solution. (а) Let Р” (p’, d'. r')bethe image of P(p, 9, г). Then the mid-point of 
PP’ must lie on the given plane. 
р+р 484 гаг : 
“+ =т= = эр ито: |: PUE 
2 2 g cm Bis 
. Also the line PP' must be perpendicular to the plane. The direction ratios of 
PP’ being p - p', gq – 9, r—r’, we therefore, have 





Р-Р 4-4Ч r-r eee x 
9 = 1 1 ! (say) Fig. 3.40(a] 


whence p' = p - 2k, q’ = q- Ё," = г №. 
Substituting these in (1) and solving, we get 


k= = (2р +q+r-—6). 
Hence P" is 


[342-р- 3g — 2r), 36-2р+ 24-7, 56 -2p-q + 2r) 





t) 
(b) Any two points on the given line are evidently P(1, 2, 3) and (on 
putting z = 7) Q(3, 3, 7). Their images are [by using (ii) Р” (2.2.2) and 
| Fig. 3.40(b) 
_1_11 
& |- 3° gy 3. . The line joining Р” and О’ is, therefore 
. 1 5 8 
а ёч 58 ;, 3х-1 Зу-5 32-8 
“11 15 H 8" ¢ 3 -1 


3 3 3 3 3 3 
which is the required image of the given line PQ [Fig. 3.40(5)]. 
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Solution. If ө @ be the angle between the line and v plane, then 90° — 0 is 
the angle between the line and the normal to the plane (Fig. 3.41). 

Now the direction ratios of the line are /, m, n and the direction ratios of 
the normal to the plane are a, Б, c. 





а cos (90° — Ө) = Hac ANG 





(2 +m? лд) (ад + Ь? + c?) 





Vector ALGEBRA & Soup GEOMETRY ED 
la + mb nc 


or sin 8 2 — 
WE) (Ха?) 


al + bm + сп | 


Hence the required angle Ө = sin-! | === 
Ёс Ма?) J 


Cor. If the line ts parallel to the plane, sin 0 =0 

d al +bm+cn=0 

ү the line is perpendicular to the plane, it will be parallel to its normal. 
ffa=m/b=nife. 


Example 3.39. Find the equations of the two straight lines through the origin, each of which intersects 


the straight line 5 (х-3)= y-3=2 and ts inclined at an angle of 60° to it. 
Solution. Let АВ be the given line so that any point A on it is (2r + 3, r+ 3, г). 
(Fig. 3.42) 
Direction ratios of OA are 2r 3—0,r 43—0,r— 0. 
Angle between AO and AB has to be 60*, 
A(2r +3) + Mr + 3) + 1. (r) 





совбО°=-_ —————— 
(22 +1? +12) (27437 + (r +3)? + r?] 
1 6r+9 | 
or 5 = or? + 3+2=0 е, r=—1,-2 Fig. 3.42 
2 [6(6r? + 18r +18) 


Coordinates of A and В are (1, 2, — 1) and (— 1, 1, — 2). 


Hence the equations of the required lines OA and OB are — = 


y x y г 
т 2 


1 

REL 

| 

= | 
| 
„| 
h3 


PROBLEMS 3.7 





1, Prove that the points (3, 2, 4), (4, 5, 2) and (5, 8, 0) are.collinear. Find the equations of the line through them. 
2. Find the angle between the line of intersection of the planes | 
2x + 2y—z+ 15 = 0, 4y + z + 29 = О and the line E US eee. (V.T.U., 2003 S) 


3. Tina ue ари between the line of intersection of the planes Ях + 2y «2 = 5 and x + y — 22 = 3 and the line of 
interse jon ef the plane 2x = y + z and 7x + 10у = 82. 
4. Find the equation of the line through the point (~ 2, 3, 4) and parallel to the planes 2x + Зу + dz = 5 and 4x + 3y + 
Se = 6. | 
5. Show that the line “Сон iti. 1 is parallel to the plane 2x + 2y -z = 6, and find the distance Бесинов them 
6. Find thé equation of the line through (1, 2, — 1) perpendicular to each of the lines | 
“лел ы ы апач У. 2, 
L0; —1 3 wd b: 
7. Find the equation of the lines bisecting the angle between the lines. 
x-1 y*2. 2-3. ЕТ 1. yt2 2-3 





B. Find the foot of the perpendicular from (1, 1, 1) to the line j joining: the points (1, 4, 6) and (5, 4, 4), (V.T.L., 2010) 

9. Find the perpendicular distance of the point (1, 1, 1) from the line 
х-2 ytd 8: 72 
Ee 





10. Find the distance of the point (3, — 4, 5) from the plane 2x + 5y — 6z 16, measured parallel to the line x/2 = 4/1 — 
zi- 2. (V.T-U., 2002) 


11. Find the reflection (image) of the point 








(i) (1, 2, 8) in the plane x + y +2=9. (у. ТО, 3010) 
(4) (2, — 1, 3) in the plane 3x – 2y -z — 9 = 0. | n^ 
12, Find the angle between the line lr. E and the plane 3x + y 4 2 — 7. | 
13. Find the equation of the plane through the points (1, 0, — 1), (3,2, 2) and Baran? to гэр line B n» 
x-1- lanye 36-3. (V.T:U., 2000) 


14. Find the AG НЫ of the S». line which passes through the point (2, — 1, — 1), is parallel to the plane | 
dy 4+ y +z + 2=0 and is perpendicular to the line 2x + y - 0-2 x —z +5. | 





CONDITIONS FOR A LINE TO LIE IN A PLANE 


To find the conditions that the line S5 У 2) 291 О 
rm п 


may lie in the plane ax + by + cz+d=0 I) 


Any point on the line (1) is (/r 4 xj, mr + y,, nr + z,) which will lie on the plane (2), if 
allr + ху) + b(mr & y) + с(пг + ту) + @ = 0. 
or if (al + от + en) г + (ax, + by, * cz, € d) = 0 ...(8) 
The line (1) will lie in the plane (2), if every point of the line lies in the plane so that (3) is satisfied by all 
values of r. 
The coefficient of r = 0 and the constant term = 0. 


Le., al + bm + cn = 0 (4) 
and ах, + by, + CZ, + 4-0 248) 
These are the required conditions which state that 
(1) the line should be parallel to the plane, (H) a point of line should lie in the plane. 
Thus the equation of any plane through the line TD JA. — 
ru i 
is a(x —x,) + bly -y,) + c(z-2z,) = 0 where al + bm + en = 0. 
Obs, The equation of any plane through the line of intersection of the planes 
ах + бу +cz+d=0 tt) 
and ах в Уу + се + а = 0. UH) 
is ах + уота уно у=. . 





For (i) is an equation of the first degree in x, у, 2 repr ting a plane and (ii) it is satisfied by the 
points which satisfy both the given planes, Le., И contains all the points common to these planes. 





Example 3.40. Obtain the equation of a plane passing through the line of intersection of thep lanes 
dy + 72+ 16 = 0 and 4x + Зу – 22 + 13 = 0 апа perpendicular to the plane x-y- 22 +5 =0. (V. TU, 2009) 


Solution. The equation of any plane through the line of intersection of the two given planes is 
Tx — Чу + 72 + 16 +Ё(4х + Зу — 22 + 13) = 0 

or (7 + 4А) + (-4 + ЗА)у + (7 — 2А)2 + (16 + 13А) = 0 wt) 

The plane (1) will be perpendicular to the plane 

x —y—22+45=O0if their normals are perpendicular, 

Lë., if (7 + 4k). 14+(—4+ 3А). (—1) + (7 – 28). (– 2) = 0 or 16, А = 3/5. 

Substituting this value of k in (i), we get 

(7 + 12/5)х + (-4 + 9/5)у + (7 — 6/5)х + (16 + 39/5) = 

or 47x — 11у + 292 + 119 = 0 which is the required equation. 
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Example 3.41. Find the equation in the symmetrical form of the projection of the line 





= --6+ = = on the plane x + 2y + г = 12. 
Solution. Any plane through the given line 1s 
A(x — 1) + Bly + D + C(z—-3)- 1 ‚..(ї) 
where 2А-В+4С=0 S) 
The plane (1) will be perpendicular to the given plane, if 
А-28-0-0 KL) 
й n A B C 
Solving (ii) and (iii), we get ———-—,. 
— -9 2 5 
Substituting these values in (1), we get Өх — 2y — 52 +4 = 0 (13) 
which cuts the given plane x+2y+2=12 . (0) 


along the required line of projection. 

One point on this line is got by putting = = 0 in (iv) and (v) and solving, 
it is (4/5, 28/5, 0). 

The direction ratios of the line are found, by solving 

[+2m+n=0 and 9/– 2т – 5л = 0 

to Бе 4, — 7, 10. 

Hence the required equations of the line of projection are 

х-4/5 y-28/5 z 


4 -T 10 
(The line of greatest slope in a plane 15 a line which lies in the plane 
and is perpendicular to the line of intersection of the plane with the horizontal plane. 
In Fig. 3.43, AB is the line of intersection of the given plane & with the horizontal plane л. Then PM drawn 
perpendicular to AB, is the line of greatest slope on the plane сс through the point P.] 











Fig. 3.43 


Example 3.42. Assuming the line xid 2y/- 3 = =/7 ав vertical, find the equations of the line of greatest 
slope in the plane 2x + у — 52 = 12 and passing through the point (2, 3, — 1). 


Solution. The equation of the horizontal plane through the origin is 4x — Зу + 72 = 0 (©) 
[The direction ratios of the normal are those of the given vertical line.] 
If /, m, n be the direction ratios of the line of intersection of the plane (7) and 





2x + y — 52 = 12 it) 
then solving, 4/ — Зт + 7п = 0 and 2/ + m —5n = 0, we have [/4 = m/17 = п/5 UL) 
Let Г’, т’, п’ be the direction ratios of the line of greatest slope which lies in the plane (ii). 
Әг +m’ – бп" = 0 ALU) 
Або the line of greatest slope is perpendicular to the line of intersection of the planes (1) and (11). 
AU + 17т + бп’ = 0 wv) 
TES "т n 
Solving (iv) and (v), au ar 


Hence the equations of the line of greatest slope through (2, 3, — 1) and having direction ratios 3, — 1, 1 are 
x-2 2 _у—8 3. _ 2+ 1 


PROBLEMS 3.8 





: 3 and is perpendicular to the plane x + 2y 
+2= 12. (V.T.U., 2006) 








1, Find the equation of the plane which contains the line = E 2i- улс 







у 223 
ГЭВ? ЭХ 4 


багасын анон арка у 3e- 4. | 
4. Find the equation of the plane which contains the line of intersecti 
and is parallel to the line joining the points (2, 1, 1) and (3, 2, 4). adra 6 
5. Find i in symmetric form the equations of the line which lies in dinde 2r- -у ~3¢ 4 and disper г ex | ch | ld doi ; 





i 








at the point where the line pierces the plane. 
_A plane is drawn through the line x + y = 1, z =0 to make an angle 1/3, (Вет an } 
two such planes can be drawn and find their equations. Prove also that the angle Берсен б fie, М s is com 1 К) 
7. Find the equations of the projection of the line Ax ~ у + 327- 1 = х 40у 2 – 2 = (оп the plane de + аа 
symmetrical form. 
8. Assuming the plane 4x — Зу + 72 = 0 to be horizontal, find the equations of the line of greatest: slope through the: 
point (2, 1, Din the piers er qy- fe = 0. (Roorkee, 2000) 








CONDITION FOR THE TWO LINES TO INTERSECT (OR TO BE COPLANAR) 








Let the equations of the lines be ~ 51.24 31.7 1j 
1, ту ni 
A453 3292. Ж o (2) 
lo ig Ne 
The equation of any plane through the line (1) is a(x —x,) + bly —y,) + c(z -—z,) = 0 ...(3) 
where al, +bm,+en,=0 idi) 
The line (2) will lie in the i REA (3), if it is parallel to the plane and its point (x,, Ус, 2,) lies on this plane. 
D al, + bm, сп, = 0 in) 
and in, —X,) *b(y,— y) + clz, 2,) = 0 (6) 


Eliminating a, b, с from (6), (4) and (5), we get 


Хо X1 Уо Ур Za- 4] | 


1, шү n, | =Owhich ts the required condition. 
1, т. ns 
|x-x, у-уу 2-23 | 
Also eliminating a, 6, с from (3), (4) and (5), we get 1, шү п, -0 
15 т. Ny 











Example 3.43. Show that the Gace = 








common. point and the equation of the ний in JA. ЖЕ: T j (Madurai, 2002) 
Solution. Any point on the first line is (5 + 4r, 7 4r, — 3 а эг) | (i) 
which lies on the second line if LT X. ы шэг 2 ог i) 
From UT =3+4r, we haver = - 1. 


+4r -8-5r 
7 8 
Hence the lines intersect, (2.е., are coplanar) and from (Г) their point of intersection is (1, 3, 2). 





This value clearly satisfies the equation Э 





The equation of the plane in which they Пе, is | 4 4 -8 | =0 


Le, 17x — a 242 + 172 = 0. 


à 1 ч” = № 
| Д 4 : 
1 Г |. Im N a a АЯ 4 Л he 1 LE] o - 
j | fa Й Л "n BEER ! 
oF E b. чвий 





Solution. АВ art on the first lina is Pr 4, 5r — 6, „Еф 1), hh lie in the аас 
Зх – 2у +2 +5 = 0 


if 3(3r — 4) —2(5r —6)+(-—2r+1)+5=0 or r=2, 
The point Р will also lie in the plane 2x + Зу + 42 —4 = 0 
if 2(3г — 4) + 3(5r —6) + 4(—2r+1)—-4=0 or r=2. 


Since the two values ofr are equal, the given lines intersect, i.e., are coplanar. 
Putting г = 2 in the coordinates of P, we get (2, 4, — 3) as their point of intersection. 
The equation of a plane containing the second line is 
Зх – 2у +z + 5 + А(2х + Зу+42-4)=0 
which in contain the first line if its point (— 4, — 6, 1) lies on it. 
x -131-12-1-45-44(-8-18-4-4)-0 
Le, k = 3/13 
substituting this value of k, (1) becomes 45x — 17у + 252 + 53 = 0, which is the required plane. 





Solution. The — line will comprise of 

(a) the plane containing the first line and the point (1, 0, — 1). 
(b) the plane containing the second line and the point (1, 0, — 1). 
The equation of any plane containing the first line 


Lë., 5.32 
z 1 1 
is —0) + b(y — 0) + c(z—0)-0 (i) 
where 2a+b+e=0 ШАН) 
Also (1, 0, —1) Нез on (i) ~. а-с-0 ШИ) 
Solving (ii) and (iii), we have 7 = 2 =". 
Substituting these values in (1), we get x —3y +2 = 0 (iv) 
Again, the equation of any plane containing the second line is 
dx + 4y — 1 + А(4х + 5z — 2) = 0. Also (1, 0, — 1) lies on it. Au) 
34-0—14k(4-5-2)-0, Le, к= 2. 
Substituting $ = 2/3 in (v), we get 17x + 12у + 102-7=0 Uu) 


Hence (iv) and (vi) constitute the required line. 
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PROBLEMS 3.9 





























1. Prove that the lines 
x-1 25 2-9. &-й y-B. 2—4 
QU SIT а е УНТ: 
are coplanar and find the equation of the plane containing them. 
2. Prove that the lines * e ill <= and ixi Er "m intersect and find the coordinates of their oint 
of intersection. (V.T.U., 2000 S ; г Andhra, 1999) 
3. Find the condition Ме, lines pa = Ув M E and ax + by & cz +d =0 = ах +b'y + се +d’ are coplanar. 
| х +1 уз 241 eiae E = усе 
4. Show t - 5 E anda + 2y-3z2—8-0-92x-3y + 4z — 11 intersect, Find their point of 
intersection sadi the Золоо of the plane containing them. (VT U., 2009) 
6. Show that the lines x— Зу + 22 -4- 0 = 2x +y + 42 + Тапа | О 
ax + Зу +52 — 1 = 0 = 2y - z, are coplanar. (Andhra, 2000) 
6. Prove that the lines x = ау + b = сг + d and x =ay + В = 72 + G are coplanar if 
(у) taB ро) - а-а) (c8 — dy) e 0 (Rajasthan, 2006) 


7. Obtain the equations of the straight line lying in the plane. 
x—2y + 42 – 51 = 0 
х-2 Уч +1 сав 6 

















and interesecting the line ^ 4 " at right angles. 
8. Find the equation of the straight line perpendicular to both the lines 
x-1. ysl 242 х+2 у-5 2+3 
po = = ! nd —_ = 2—— = - 
t3 192.41 89-9 2 1 5E 


and passing through their point of intersection. 
9. A line with direction cosines proportional to 2, 7, — 5 is drawn to intersect the lines 
x-—H E у-6 2+1 а х+3 733 22263, 
d -1 1 = 2 4 
Find the coordinates of the point of iutersection and the length intercepted. 




















SHORTEST DISTANCE BETWEEN TWO LINES 





[Two straight lines which do not lie in one plane are called skew lines. Such lines possess a common perpendicular 
which is the shortest distance between them. 
Let the given skew lines AB and CD be 


А "a ri Ї, nts По 
so that A= (=, Ур zi) and C= (Xo, У» 25). 


Let I, m, n be the direction cosines of the shortest distance EF. 
Since EF 1 to both AB and CD. 
ll, * mm, nn,-0 and И, + тт, + пп, = 0. 





Solving И 
| , Ming- Man Milana hma -lhm 





веке 41) 
where 0 is the angle between the lines АВ and CD. 
Length of S.D. (EF) = projection of AC on EF 
= (хх) + Ma — y1) + nZo -2,) where 1, т, п have the values as given by (1). 








Kii 





To find the equations of the line of shortest distance, we observe that it is coplanar with both AB and CD. 
x-x, у-у 2-23 | 
Plane containing the lines AB and EF is, | 1, тц м |= 0 ...(2) 


Plane containing the lines CD and EF is | 5 тэ n; |=0 ...(8) 
Hence (2) and (3) аге the equations of the line of shortest distance. 
Obs. The condition for the given lines to be coplanar is also obtained by equating the shortest distance (EF) to zero. 


Example 3.46. Find the magnitude and the equations of the shortest distance between the lines 
т-а з Аша Од, (V.T.U., 2009 ; Cochin, 2005) 





ХЭ SIT. asd 


| 2 —43 1 | 3 =H ТД. 
Solution. Let /, т, n be the direction cosines of the shortest distance EF. 
EF L to both AB and CD, Е А(0, 0,0) p 





2] - 3m -n 20,31 — 5m + 2n = 0. 














Solving 1 m n үГчтэл) 1 
Lor i (14141 43 LUISA 
Length of S.D. (EF) = projection 3 AC on EF | m хус 
-(2—0) gr- 0) «C 2-0) a= 
The equations of the line of shortest distance (EF) are 
X y = х-2 у-1 2+2 
2 -3 1|=Oand| 3 -5 2 1-0 
1 11 1 1 1 
һе, 4х + y — 52 = О апа 7х + y — 82 = 31. 
Example 3.47. Find the points on the lines 
х-6 y-7 2-4 
GE AU en elt) 
qe улЗ 2-2 
2724/9. 4 и) 


which are nearest to each other. Hence find the shortest distance between the lines and its equations. 
(V.T.U., 2004 ; Burdwan, 2003 ; Osmania, 2003) 


Solution. Any point on the line (1) is E(6 + 3r, 7 —r, 4 4r) Ui) 
and any point on the line (и) is F(— 3r', — 9 + 2r', 2 + 4r° ) (iu) 
Then the direction cosines of EF are proportional to 6 + 3r + 3r', 16 —r—2r’,2+r—4r’ 
Since EF L both the lines (2) and (п), г. 36 + 3r-3r)-(16-r- 2r) + (2 +г-4г)=0 
and — 3(6 + 3r + 3r') + 2(16—r —2r) + 424 r—4r) 0 
Or lir + 7r’ - 42 0, 7r + 29r’ — 22 = 0, whence r=- 1,r’ = 1. 
Substituting r=—1in (ii) and r' = 1 in (iv), we get E = (3, 8, 3) and F = (- 3, — 7, 6) which are the points 


on (1) and (її) nearest to each other. 
Length of the shortest distance (EF) = ,/[(3 +3) + (8 + 7)? + (3 – 6)2] = 3/80 
х-8 у-З z—4 


The equations of the shortest distance (EF) 15 2 = UC - 1 








; Obes. This method is sometimes very convenient and is especially useful when the points of intersection of the line 
anc with the given lines are requi 











Example 3.48. Two control cables in the form of straight lines AB and CD are laid such that the арга 
nates of A, B, C and D are respectively (1, 2, 3), (2, 1, 1), C 1, 1, 2) and (2, – І, -3). Determine the amount of 
clearance between the cables. 

Solution. The direction ratios of AB are 1, — 1, — 2 and those of CD are 3, — 2, — 5. 


The amount of clearance between AB and CD is nothing but the shortest distance PQ between the cables. 
If the direction cosines of РО be L, т, n then 


i—-m-—2n-20 and 3/ —2m —5n = 0 


1 m n | | 
х: зэ аас) [ PQ 1 to both AB + CD], 


Thus the clearance between the cables 
= shortest distance between AB and CD 
= projection of AC (or BD) on PQ 
_ 1(-1-0-1а-2)+1(2-3) 2 


Ja £141) 43 


Example 3.49. Find the equation of the plane through the line 
х-1 y-d 2-4 

3 2 Jg Gi) 

x*l у-1 2+2 


(in magnitude) 











and parallel to the line ОЕ | _ 
Hence find the shortest distance between them (Hazaribagh, 2009) 
Solution. The equation of the plane containing the line (i) and parallel to (ii) is 
х-1 y-4 z-4 
3 2 -2 |-0 
| 2 -4 1 
or 6x + Ту + 162 = 98 li) 


Now the shortest distance between the lines (1) and (it) 
= Length of the perpendicular drawn from the point (- 1, 1, — 2) of (ii) on the plane (її) 
-6+7 – 32 – 98 120 p: 
= —= — —— _, numerically. 
6? +72 +162) (341) 


Example 3.50. Show that the shortest distance between z-axis and the line ах + by + ez +d =0 =a'x+ Бу. 
dc’ — d'c 


БОЛ +d is -——=——— =——- 
Jac —a'cY* + (be! 





-perl 


Solution. The plane containing the given line is 


(ax + бу + cz + d) + k(a'x - b'y -c'z e d')z0 wal) 
or (а + Ра’) x + (b + ҺЬ”)у + (ce + Ас) z + (а + kd") = 0 
This plane is parallel to the z-axis (d. c's, 0, 0, 1) ife + ke’ = 0 or k = — c/c'. Then (i) becomes 
(ac' — a'ch + (Бе’ — b'cy + (de – ас) = 0 (tt) 


A point on the z-axis 13 the origin. 
1 distance of the origin from the plane (ii) 
(ас”-ас) + (be – b’e)*| 





Example 3.51. A square ABCD of diagonal 2a is folded along the diagonal AC, so that the planes DAC 
and BAC are at right angles. Find the shortest distance between DC апа AB. 


Vector AtaEBRA 8 Soup Geometry 113| 


Solution. Let the diagonals АС and BD intersect at O the folded position of the square. Let OB, OC and 
OD be the axes. Then equations of DC are 














х—0 : _у—@_ 72-0 РЕЯ + o S54 2 FA 
0-0 a-0 0-a 0 а -а РКО, 0, a) 
and those of AB are eae == 
а 


The equation of the plane through DC and parallel to АВ is 





x у-а = 
0 а -a| =0 or x-y-z+a=0 w(t) / Bla, 0, 0) 
а а 0 | 

A point on the line АВ 15 (a, 0, 0). 

Hence required 5.0. = 1 distance of (a, 0, 0) from the plane (1) 


Fig. 3.46 


> а+а _ 2а 
Jl+1+1 43. 





_ PROBLEMS 3.10 


1. Find the magnitude and the equations of the shortest distance between the lines. 











ео Ш И а. е аі) 
TOS e PO T АТ у Дев 


(ИТИ, 2008 ; Rajasthan, 2005 ; Madras, 2003) 
2. Find the magnitude and equations of the shortest distance between the lines 
x-3 у-б 2-7 ^. x41 y*1 241 
=== and === 
1 – 2 1 7 -6 1 
Find also the points where it intersects the lines. 














(Алла, 2005 8: Osmania, 2000 $ Ч 





3. Find the shortest distance and the equation of the line of shertest distance between the line === 
and the y-axis. (V.T.U., 2010) 
4. Show that the shortest distance between the lines y - mx = 0 =z =c and y + mi =0=2z +c isc units. 
5. Ifthe shortest distance between the lires 2E = =1,x=0and 2-2 =1, у =0 be 2d, then show that d-? — a7? + 
| T а c 
briye? 
6. Show iint the shortest distance between x-axis and the line ax + by + ez +d = 0 — a'x  b'y cz + d'is 
| da’ а 
Иа’ — Ља) + (саса. 
7. Show that the shortest distance between a diagonal of a rectangular parallelopiped whose edges area, bic and the 
edges not meeting iL, are | 
belb? + c3912. calle? + а?) abla? + БЭР, | 
8, Show that the shortest distance between two opposite edges of the tetrahedron formed by the planes x + y = 0, 
y+z=0,2 +х = Оапёх +у +2 =п 15 2а/ /5 1 





INTERSECTION OF THREE PLANES 


Any three planes (no two of which are parallel) intersect in one of the following ways : 

(1) The planes may meet in a point, if the line of section of two of them is not parallel to the third. 

(2) The planes may have a common line of section, if the line of section of two of them lies on the third (Fig. 
3.47). 

(3) The planes may form a triangular prism, if the line of section of two of them is parallel to the third but 
does not lie on it. (See Fig. 3.48) 





Беране, Апу gem through the Hine of intersection of the тту m ава (ii) i is 
— 15у + 162 — 28 + A(6x + бу — 72 - 8) =0 
or (12 + Bos + (— 15 + GA)y + (16 — 7A)z – (28 + 81) = 0 iv) 
Three planes will intersect in a common line if the planes (iii) and (iv) represent the 
same plane. 





12464 -15461 16-74 _ -28-81 (v) 
2 35 - 89 12 B 


12-6.) -15+6A | о. ЖЕЛШ, 4 
From 9 35 We have А = 5 RR satisfies all the equations (р). 








Hence the given planes intersect in a line. 





Any point on the line LR - m -2- 1 2 = г (вау) ...(UL) 
is (3r + 1, —2r, г +3) which lies in the plane (iii) 
if 2(3r + 1) + 35(- 2r) - 39(r + 3) + 12-0, Le. ifr = — 


^ The coordinates of the point P in which (vi) meets (iii) are (— 2, 2, 2). 
12(- 2) - 15(2) + 16(2)-28  -50 : 

== = 2 (in magnitude) 
144 + 225 + 256 (625) 5 
Distance of P from plane (it) = ASTU = 2 (in magnitude) 


Hence the point P is — from the planes (i) and (ii). 


Distance of P from plane (i) = 








бенен. Let 1, m,n be the directione cosines of ilie tae of; itérgeetion of the 
planes (ii) and (iii) so that / - m + 2n = 0,1 + n = 0, 


| 1 -1 -1 


To find a point P on this line, put x = 0 in (її) and (iii), — y + 22 = 4 and г = 2. Thus 
the point P is (0, 0, 2). 
Now the line of intersection of (ii) and (iii) is parallel to the plane (0. 
[7 2х1-1х(-1)-1х(-1)-0)| 





Also the point P does not lie on the plane (i). 
Hence the given planes form a triangular prism. 
Let APQR be its normal section through P. 
The equation of the plane through P perpendicular to the line of intersection of the planes (i) and (iii) is, 
I(x — 0) — Цу — 0) – 12-2) = 0 
or х-у-2 +2 = 0 KU) 
Solving the equations (г), (11) and (iv), we get 


e= (Lia) 





Solving the equation (i), (iii) and (iv), we get 


R= (5,2,3). 
333 


Also PL 1 from P on the plane (i) = : 





Hence the area of APQR = 5 
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SPHERE шиш ош E | 

(1) Def. А sphere is the locus of a point which remains at a constant distance from a fixed point. 

The fixed point is called the centre and the constant distance the radius of the sphere 

(2) The equation of the sphere whose centre is (a, b, c) and radius r, is 

(x-a)? + (y - b? + (®- с)? = г?. 
For the distance of any point P(x, y, z) on the sphere from the centre C(a, b, c) = the radius r. 
In particular the equation of the sphere whose centre is the origin and radius a, is 
x? + y? + z? = а? 

(3) The equation х? + y? + z? + 2ux + 2vy + 2wz + d = 0 represents a sphere whose centre is (- и, 

= v, = w) and radius 











= Ju? +v" +w" -d. 
For on writing it as (x? + 2ux) + (y? + Quy) + (22 + 2wz)= -d 
or as (x + uf + (учи)? + (2 + ш)? = ии фа 
and comparing with (ха)? + (у —b)? + (2 —c)? = г?, 


it clearly represents a sphere whose centre is 


(a, b, c) =(—u, — v, — ш) and radius г = „(i 

Thus the general equation of a sphere is such that 

(i) it is the second degree in x, y, 2, 

(ii) the coefficient of х?, у?, 2? are equal, 
and (ii) there are no terms containing yz, zx or xy 

(4) Section of a sphere by a plane is a circle and the section of a sphere by a 
plane through its centre is called a great circle. 

Thus the equations x? ку? +2? + 2ux 2vy + 202-4-0 [Sphere] 
and Ax+By+Cz+D=0 [Plane] 


taken together represent a circle (Fig. 3.49) having centre L and radius LA = , \(т? - р?) А 








(5) The equation of any sphere through the circle of intersection of 


the sphere s=0 
and the plane (7-0 
Is S+kU=0 

For the equation S+kU=0 





represents a — and the эвийн of и of the iil 8-0 and the рше! 7-0 ey it. 
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Solution. Let the required equation of the sphere be 


БЕ i 


x? +y?  z?  2ux + 2vy + 2uz + d - 0 840) 
It passes through (0, 0, 0), (0, 1, — 1), (- 1, 2, 0) and (1, 2, 3). 
a 4-0, 
1-1-20-20-4-0 ог 0-12-1:0 X) 
1+4-2u+4v+d=0 or —2u44v 45-20 i) 
1+44+94+2u+4v+6w+d=0 or ut+2v+3w+7=0 (iv) 
Multiplying (ii) by (iii) and adding to (iv), we get 
и + 50 + 10=0 w(t) 
: | 15 20 
Solving (iii) and (v), t {=-—-—,v=-—- — 
olving (iii) and (v), we ge u 14'° 14 
From (ii), РЕ Ра НЕ Ра. 
| 14 14 
Substituting these values of u, v, w, d in (1), we get 
3 11 
x*  y*4-2* — Tx - Ay == == 0 Kui) 


which is the required equaton of the sphere. 
Its centre is (15/14, 25/14, 11/14) [C- u, — v, — w) 
and the radius - La БУЕ + e 25/14)* + (— 1287 =9 = ты А 
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Solution. (a) Let Р(х, y, z) be any point on the — perm Аб, 33524) 
and В(х,, Yo 2.) as ends of diameter (Fig. 3.50. (а)). Then AP and BP are at right 
angles. 

Now direction ratio of AP are x – х,у - Y, Z – 2, and those of BP are x — x,, 
У- У, =—=.. 

Непсе 





(x —x,) (х-х.) + (у-у) (y—y,) + (2-21) (2-2,) = | 

which is the required equation. Fig. 3.50 (a) 

(b) The equation of the required sphere is 

(x — 2) (x + 2) + (у + 1) (у – 2) + (2-4) (2 + 2)=0 

or x?43?427— y —927—14-0 a(t) 

Its centre is C(O, 1/2, 1) 
and radius (г) = 4(0,1/4 - 1-414) = 4(61/4). 

Let the given plane 2х + y-—z—3=0 AU) 
cut the sphere (1) in the circle PP’ having centre L. 





р = perpendicular CL from C on the сэ (2) 
1/2-1-3 





= = in itud 
111 gjg (in magnitude) 
Ifa be the radius of the circle PP’, then 
61 49_ 817 
Pose es Be Fe 
: Ps a Бал 
Hence the area of circle PP’ = ла? = ee Fig. 3.50 (b) 
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Solution. Let the centre of the sphere OABC be P(f, g, h) so that its radius OP = (f? + g? + А2). 
^ The equation of the sphere is 
(x – Р2 + (y —g)? + (2 – А) = Peg? e А? 
ог x? + y? + 2? — 9fx — дру — 2hz = 0 welt) 
To find OA, putting y = 0, = = 0 in (2), we have 
x? - 2/x 20, i.e, OA =x = 2f. Similarly, OB = 2g, ОС = 2h. 


Thus the equation of the plane ABC is аў 


2f - 2h 
“ЫГ "WT . yO Q6 _ 
Since the plane passes through (а, Б, с) ~. = + 2g + on = Ї: 
Hence the locus of the centre (f, g, A) of the sphere is, 





Solution. The equation of any sphere through the given circle is 
x? y? 22 + 10у – 42 - 8 + k(x - y +2 – 3) = 0 





i.e., x? y? z? + ke + (10 + А)у – (4 – А)г - (8 + ЗА) = 0 Ki) 
In order that (i) may have the given circle as its great circle, its centre [— k/2, — (10 + &)/2, (4 — &)/2] must 
lie on the planex+y+z=3 
k 1045 4-k | 
? - = = + — =J ie., k= 
^ 2 2 2 3, Le., k 4 


whence (i) becomes, x? + y? + 2? — 4x + Gy — 82 + 4 = 0 which is the required equation. 





Solution. Equation of any sphere containing the given circle is 
x2 + y2 +22 + 2х + Gy + 4z—114+A (2x 2y ez 1) = 
or x? + yy? +22 + (2 + 2А) x + (6 + 2А) y4+(44+A)2z-11+ A=0 .40) 
Its radius r is given by 


2 = (1+ s +++ > AP-(A-11)= "i хө лын T] 


118 





Now r? has the least value when A = — 2. 
Substituting A = — 2 in (7), we get 
х? + y* +2? — 2х + By + 22 – 18 = 0 


which is the required smallest sphere. 


Example 5.09, Prove thatthe ü/elen де Чу? 7 - 2х + 3y + 42-5 =0, By + 62+ 1 = Oand x? +4? + 2- 3x 


-4y-02—6-720,x + 2y - 72 = 0 lie on the same sphere and. find its equation. 


or 


Solution. Equation of any sphere containing the first circle is 

x? + у? +2? – 2х + Зу + 42-5 + A(5y + 62 + 1) = 0 

x? + y? +22 — 2х + (3 + Бу + (4 + 6А)2 5 + А = 0 ...(ї) 
Similarly equation of any sphere containing the second given circle is 

x? у2 + 22 — Зх — Ay + 52 — 6 + А (x + 2y —72) = 0 


x? жу +27 + (-3+№)х+ (-44 20 ly + (5 – ТА) 2-6 = 0 AIL) 

(1) and (11) will represent the same sphere when 
-2--3-4М UI) ; 3-5),-:-4-2У Iu) 
4 + бА = 5 – ТА A); -Б+А = —– 6 (DE) 


Now (iii) gives À' = 1 апа (vi) gives А = — 1. 
Clearly А. = – 1 and A’ = 1 also satisfy (iv) and (v). This shows that the given circles lie on the same sphere. 
Substituting А = — 1 in (i) or A’ = 1 in (її), we get 

x? у? +2? – 2х -2y - 22 6 = 0 


which is the desired sphere. 


PROBLEMS 3.12 


Find the equation of the sphere through the points (2, 0,1), (1, — 5, — D, (0, —2, 3) and (4, — 1, 2). Also find its centre 
and radius. 








‚ Find the equation of the sphere whose diameter is the line joining the origin to the poldt (2, — 9. 4). Also find its 


centre and radius. 

Obtain the equation of the sphere which passes through the points a 0, 0), (0, 1, 0), (0, 0, 1) and 

(a) has its centre on the plane x 4 y +2 = 6. 

(b) has its radius as small as possible. 

А sphere of constant radius k passes through the origin and meets the axes in À, B,C. Prove that the centroid of the 
(2) triangle ABC lies on the sphere 9(х? + y? + 22) = 4&7. (Assam, 1999) 
(ii) tetrahedron. OABC lies on the sphere x? +y” + z? = АЗ. | | 

A plane passes through а fixed points (a, b, c), show that the locus of the foot of the pe 

the plane is the sphere x? + у? + 22 —ax — by гг = 0. 





| . р DIL li cular from the origin on 





A sphere of constant radius r passes through the origin О and cuts the axes in A, B, C. Prove that the locus of the 


foot of the perpendicular from О on the plane ABC is given by 
(x? + y? +27)? (x 2 у? + 2-2) = АР, 


A plane cuts the coordinate axes at А, B, С. КОА =a, OB = b, OC = с, find the equation of the 


(i) circumsphere of the tetrahedron OABC, (Assam, 1999). 
(ii) circum-circle of the triangle ABC. Also obtain the coordinates of its centre. | 
Find the centre and radius of the circle x^ + y* + 2* = ду - 42 = 11, x + Ду + 22 = 15. | 
(Р.Т. 2009 S ; Burdwan, 2003 ; Cochin, 2001) 


9, Show that the points (2, — 6, 0), (4, — 9, б), (5, 0, 2), (7, - 3, 8) are concyclic. 

10, Find the equation of the sphere for which the circle x*- y? + 2? — 8x +. 4y-22—5-0,8x-2y «42 + 7 = Dis a great 
circle. 

11. Find the equation of the sphere having its centre on the plane 4x — 5y —z = 8 arid passing through the circle x? +y? 
+22 Эк- By + 42 +8 = 0, x Jy 4+ z — B. | (Delhi, 2001) 

12. Prove that the plane x + 2у —z = 4 cuts thesphere x? + y?+22-—x-—z-—2=0inacircle of radia waste Find also the 
equation of the sphere which has this circle as one of its great circles. (Nagpur, 2009) 

13, Find the equation of the sphere passing through the circle x^ + y* + 27 + 2x + 3y +6 =0,x—2y + 42 =9 and the centre 


of the sphere х2 + y? 42? 2x + dy — 62 4 5 = 0. (Anna, 2009) 





EQUATION ОР THE TANGENT PLANE 


The equation of the tangent plane at any point (хү, уу, гү) of the sphere 
x? +y? +2? = а? is XX, + yy, + zz, = а?. 
If Pix, у, 2) be any point on the tangent plane at P(x}, у, z,) to the given sphere, the direction ratios of P,P 
are x —x, y—y, 2 —z,. Also the direction ratios of radius OP, are x, — 0, y, — 0, 2, — 0. 
Since OP, is normal to the tangent plane at P,, OP, 1 P, P. 
xYx — xj) + уу E ) + zile- aja =0 
or XX + МУ, +221 =a ty +гү=@° [p P(x), Yp Z,) lies on the sphere. 
This is the desired equation of the tangent plane. 
Similarly, the tangent plane at (хү, y,, z,) to the sphere 
x? y? +22 + 9ux  2uy + 2wz + d = 0 
is хх, yy, + ZZ, +u(x+x,)+vly+y,)+wiz+z,)+d=0 
Thus to write the equation of the tangent plane at (x,, y,, z,) to a sphere, change x? to хх, y? to уу, 22 to zz,, 
2x to x - x, Зу to y t y,, 22 toz +2). 





ind the equations of the spheres passing th 


) апа touc) “fea pin e oe) +4+55=0 yj d^ 04 К? 





Бонн. The equation of any mm rough the given circle is 
x? y*-z*—6x—22 + 5 + Ау = 0 
ог x? жу + 2° – Вх + ky – 22 + 5-0 AD) 


ло Its centre = (3, — 4/2, 1) and radius = J[9 + (52/4) -1— 5] = Jde + 2/4) 


The sphere (i) will touch the plane Зу + 42 + 5 = 0, if 1 distance of the centre (3, — 2/2, 1) from the plane = 
radius. 








3(- #/2)+4+5 _ 


М 2 
bs, | ui Gs or if. 424 27h 44=0 
(9 + 16) V. 


p 27+ m -1041 — 1 
з = 8 = 4 or 


Substituting the value of k in (1), we get 


х° +у ez -6к- thy + 2: + 5 = 0 апа x? y! ez! 6x Ay -22 +5 =0 


as the two required spheres. 





Solution. ГС 15 ihe centre wot the цавь, ан Chi is ранага ю a given TUR 2у — 22 = 7. 
The direction ratios of CL being 1, – 2, — 2, the equation of CL is 





Any point on CL is (k + 3, 2k — 1, — 2k — 1) which will represent C for some 
value of k. 
Since M lies on the sphere, therefore its radius CL = CM or (CL = (СМ? 


i.e. (k+3—3) + (—-2k —14 1? -(-2k—14 1) 
-(4-3-18-(-22-1-18-1-25-1-3) 
or 4k=-—12 or k=—-3. 





The centre С is (0, 5, 5) and radius CL = „(9 + 36 + 36) = 9. 
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Hence the required equation of the sphere is 
(x – 0)? +(y—5)? + (2 – 5)? = (9)? 
or x? + у? + z^ — 10у – 102 – 31 = 0 
(Orthogonal spheres. Two spheres аге said to cut orthogonally if the tangent planes 
at a point of intersection are at right angles (Fig. 3.52). 
The radii of such spheres through their point of intersection P, being - to the tangent 
planes at P are also at right angles. Thus two spheres cut orthogonally, if the square of the 





Fig. 3.52 
distance hetween their centre z sum of the squares of their radii]. " 
Example 3.62. Show that the condition for spheres | P 2 АРЫ 
x? 4 yy? + 2? + Qux + Quy + шг + а= 0 | i ETIA AAA 
ul x? у +22 + 2u'x + 2v'y + 2u'z +d’ 20 | | PITE ЁЛ 


tb cul orthogonally is 2un' + 2уу + 2ww’=d+d’ 





Solution. The centres of the spheres are 
C(—u, —v, —w), C- и", —v', — u^) and their radii are 


2 2 2 
(u^ +07 ыг —d), 





r= J(u? v^ +w фа). 
Now these spheres will cut orthogonally, if (CC")* = г? + r^? 
LE, (и — u'Y* + (v-v F + (w— w) 
=u? v? twd * u? « v? + w?—d' 
Or 2uu' + 2vv' + 2ww' = d + d' which is the required condition. Fig. 3.53 


Example 3.63. Find the equation of the sphere which touches the plane 3x + 2y- -2 + 33 = hi 28 ілі 


tis - 2, I) and cuts the sphere R^ — 2(2I — 3J). R + 4 = 0 orthogonally, 





Solution. The given plane 3x + 2y —z + 2=0 JE) 
will touch the required sphere at A (1, — 2, 1) if its centre lies on the normal to (1) at A (Fig. 3.53). The equations 


of the normal to (1) at А are ESTA 2-3 
3 2 -1 
Any point on this line is C (3r + 1, Zr — 2, mr + 1) 
Also radius (AC) of the required sphere. 








[(3rY «(2r + (т) = 14. 
Since the required sphere cuts the given sphere 
x? + y*+2*-de+6y+4=0 [Centre = (2, — 3, 0) and + radius = 3 
orthogonally, therefore (distance between their centres) = У, of squares of their radii 


Le., (3r + 1-2) +(2r—2 +43)? +(—r4 1) = 14r* + 9 orr =— 3/2. 
Thus centre C is (— 7/2, — 5, 5/2) and radius = за i 
Hence the required sphere is 
(x + 7/2)? + (y + 5)? + (z — 5/2)" = (34/1472)? 





or x? y? +2? + 7х + 10y — Бг + 12 = 0. 
‘PROBLEMS 3.13 kA pina Y 
1, Find the equations of the tangent planes to the sphere | e , ул 1 
(i) x? + y? + z?— 4х + ду — Ge + 11 = 0 which are parallel to the plane x = 0. _ (nna, 2009) 


_ (ii) x? y? + 2? = 9 which pass through the line x + y 56, x 22 =3. | (Madras, 2006) 


2. 


Зз. 


Find the equations of the spheres which pass through the circle | 
х% 4+ y? 42? = бх + Фу + 3z = 3, and touch the plane 4x + Зу = 15. (Anna, 2009) 

Find the equation of the sphere which is tangential to the plane x — 2y — 2z = 7 at (3, — 1, — 1) and passes through 
(1, 1, 3). 

(1) Prove that the equation of the sphere which lies in the first. octant and touches the сют EAC A plasen is of the 

form (x? +y? + 22) — 9x e y +2) + 23? <0, 

(ii) Find the equation of the sphere passing through (1, 4, 9) and touching the coordinate planes. 
Tangent plane at any point of the sphere x? + у? + 2? = r? meets the coordinatesiaxes at A;B. C. Show that the locus 
of the peint of intersection of the planes drawn parallel to the coordinate planes through A, B, E! 15 the surface хэ” + 
jute рт, ja 
Find the equation of the tangent line to the circle x? +у?+22 = 3, Зи — 2у +42 + З= Оа һе point п, 12 201) 





. Show that the sphere х? юу? + 2" 2x бу + 142 +3 = 0 divides the line joining the points (2, -1,- 4) and (5, 5, 5) 
internally and externally in the ratio 1 : 2. 





B. Find the shortest and the longest distance fróm the point (1, 2, — 1) to the sphere АХ жу аг = 24. 2 

9. Show that the spheres x? + y? 224 Gy + 142+8 =O and x? y? + 27+ Gx + By +42 + 20 = 0, intersect at right angles. 
Find their plane of intersection. | | 

10, Show that the spheres x? +y? 2? = 25 and x? + y? + 2? — 94x — 40y — 182 + 295 = 0 touch externally and find their 





point of contact. 





Def. A cone is a surface generated by a straight line which passes through a fixed point and satisfies one 
more condition e.g., it may intersect a given curve (called the guiding curve). 

The fixed point is called the vertex and the straight line in any position is called a generator. 
The degree of the equation of a cone depends upon the nature of its guiding curve, In case the guiding curve is a conic, 
the equation of the cone shall be of the second degree. Such cones are called Quadric cones. In what follows, we shall be 
conncerned only with quadric cones. 


Example 3.64. Find the equation of the cone whose vertex is (3, 1, 2) and base the circle 

















2x? T Зу? = 1, 2 = 1. 
Solution. Any line through (3, 1, 2) is 
х- 3 _ = E. z-2 _(i) 
P m n 
It meets z = 8 2-3 -4 
т п 


whence x = 3 – [/n, y = 1— min. 


or 


ж, 
4 


Substituting these values of x and y in 2x? + Зу? = 
2(3 — I/n)* + 3(1 — т/п) = 1 Lt) 
Eliminating l, m, n from (i) and (it), the locus of the line (i) is 
9 `2 
=з 1 
2 -—— | .. ыы = | 
! (a 5-4 +3(1-2 =) 1 


2x* + Зу? + 202? — 6yz — 12xz + 12x + бу — 382 + 17 = 0 which is the required equation. 
rr aem 3.65. Find the equation of the cone whose vertex is at the origin and guiding curve is 


+Š- = + 

9 7 =lxty +21. 
Solution. Any line through (0, 0, 0) is x/l = y/m = zin | Ai) 
Any point on it is P(Ir, mr, nr). 

If (1) intersects the given curve, the coordinates of P should satisfy its equations. 





2,2 22 2 2 








2, mr nar -landiremr +пг= 1. 
4 9 1 
T— Г m sw. | 
Eliminating г, T+ +n?) für men? =1 
Simplifying, 27/7 + 32m* + 72(Im + mn +nl)=0 Ki) 


Eliminating [, т, n from (i) and (ii), the locus of the line (7) is 
27x? + 32у? + 72(ху + yz + zx) = 0 which is the required equation. 





Solution. Let the plane х,3у,2-д ..(i) 
Я 


meet the axes at A, B, C, so that A = (ka, 0, 0), В = (0, kb, 0) and C = (0, 0, ke). 
The equation of the sphere through О (0, 0, 0) and A, B, C is 
x? + у? + 22 klax + by + ez) = 0 UE) 
Since the equation ofthe cone with vertex at O is a homogeneous equation of the second degree, therefore, 
it must be satisfied by points lying on the circle ABC, i.e., on (1) and (їг) both. 
Making (ii) homogeneous with the help of (i), we have 


x? + y? + 2? — (ax + by + ez) (zer.2) -0 
а B 


b 
or yz ed + i + 2х x + a) + xy (2+ 5) = 0 which is the required equation. 
c b а c b a 


EE у. CUT wy sre Md E maa | ae VE RUNE MC a ыыы 
"dies EAN жил ОРУУЛЖ ДЭ 
V Үү ad 22 | АУ, | й, 


т Р ч л 1 т ' N ла ПРЕ "y | P А 
! год A Р 26 5 f EF are 7 h 3 ховын р JE 4 Цул" 4 A ол р a et E ч | E "S а. => + Ён ? PR Г 
- ! 
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Solution. Any cone which passes rash the. axes will haeo origin V as its vortex: The wow Wd 

of a cone of the second degree having vertex at the origin is of the form 
ах? + Ьу? + ez? + 2fyz  2gzx + 2hxy = 0 A) 
since it passes through x-axis 

-. The direction cosines of x-axis (/.e., 1, 0, 0) must satisfy (1). This gives а = 0. 

As the cone passes through y-axis, b = 0. 

Similarly, as the cone passes through z-axis, с = 0. 

Hence (i) reduces to fyz + gzx + hxy = 0. 

(2) Right circular cone. Def. A right circular cone is a surface generated by a 
straight line which passes through a fixed point (vertex) and makes a constant angle with a 
fixed line (Fig. 3.54). 

The constant angle (ZAVC) is called its semi-vertical angle and the fixed line (VC) 
is анг the axis. The section of a right circular cone by a plane perpendicular to its axis is 
a circle. 





л ги a Ё r Үле н, 1t А - he P ' н, т x | 4 d m 
jd E 3, J i 1 hil | Ї Y 
Г. APT 
? A i = 1 nh pi 
a иг ГЕ i 


line: OX / | 4 % 
wid ir к" Pa =< р дый 
ш, ТЫР 5313 17118, 


' ae 2g. 





Solution. ‘Let Р(х, У, 2) be any r potat on the cone with vertex О nd axis is (OC) 


т=р=, во that “POC = 30°. (Fig. 3.55) 





Now the direction ratios of OP are x, у, = and those of OC are 1, 2, 3. 
х(1) + y(2) + z(3) 
V(x? + y? +27). @+4+9) 
УЗ 2+2у+32 — 

2 [14 (x? + y* + 22) 
Squaring Зх 14 (x? + y? + 22) =4(х + 2y + 32}? 
ог 19x* + 13у? + 32? — Вху – 24yz – 122x = 0 
which is the required equation of the cone. 


T cos 30° = 


or 
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te 1 "P i 7 f Їл T “с on 1 P ge | [" E n he s Ч a i À йл he | ^ : > 1 E. ү 3 
г. du pe. Ar - ЭРЭГ”! Р л "T E. anm тү? ^ Е 
4) (17 Ў, Ti^ Р" Р A 74 А UN Ao г ШТ, "n i ios ГЪ Т | : n" d ER A 
4 Үү T 1 T: í | [] Li ^" Ч! Р, ^ м 1 y T р Т , 
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‘Solution: The vertex is e alt eis intersection of the line 2y + 32 = 6, x = 0 and the Z-axis, Le., x = 0, 
у = 0 (Fig. 3.56). 
^ Vertex is А(0, 0, 2). A generator of the cone is 





® „у 2—2 
0 3 -2 


мл. Direction ratios of the generator are 0, 3, — 2 and the axis (z-axis) are 0, 0, 1. 
The semi-vertical angle о is, therefore, given by 
unu. 0-058.04(-2).1 —2 
J13 413 
Let P(x, у, 2) be any point on the cone so that the direction ratios of AP are x, у, 
z — 2, Since AP makes an angle & with AZ, we have 
х.0+у.0+(2- 2).1 





cos @ = 
Thus _ № вы 8 
x? + у? + (2 – 9)? 13 
ог dx? + 4y? — 92? + 362 – 36 = 0 


which is 3 the required Eos er the cone. 





Solution. Let x/l = y/m = z/n be one of the two lines in which the given plane 2x + y —z = 0 vei) 

cuts the given cone dx? — у2+ 327 = 0 (EE) 
This line lies оп (D, ~. 2-т-пн-0 Ut) 

and it lies on (11), < AI? т? + Зп? = 0 Kv) 


To eliminate n from (iii) and (iv), put n = 2/ + m in (iv). 
АР т? + З(21 + m = 0 or (Al + т) (21 + m) = 0 


kJ Either 4/ +m = 0 | or 2l -m-0 
From (iii) 2-т-п-: 0 | and -т-плн-0 
. 4 m n 1 m n 
: ета “17270 

















124, Нианев E io MATHEMATICS: 
Solution. The equation of any generator through V (x,, y,, 2,) having direction AV UG, yy гу) 
ratios /, m, n 1s л 
хэм Ут. 52) х, (gay) XE) 
Ї т п 


Any point on (i) is P(x, + Ir, y, + тг, =, + nr). 
It lies on the given sphere if 
(x, + lr)? + (уу + mr + (2, + nr = а? 





or (2 + т? + n?) г? + 2 (ix, +my,+nz,)r+x +y +2,2-a2=0  ..(i) 
The line (i) will touch the given sphere if (ii) has equal roots. 18 
(хүж my, + nz,Y* = (12 + m? л (хү +," +2,7 — a?) iti) Uc 


The locus of all such lines is the enveloping сопе of the given sphere which is obtained by eliminating l, m, 
n from (i) and (iii). 
Thus [(x - x) x, + (y - yy, + (2 21)21 = [x ^x (y — у,” + (z -z,)] G* + y,* +2,? а?) 
which is the equation of the enveloping cone. (Fig. 3.57) 
Obs. It сап be reduced to the form SS, = T" 
T Я +у? 425—095 = х2 кузге тен rime - а”. 
Thus the enveloping cone of the surface S = 0 with vertex (хү, y, 2,) ts SS, =T” 





PROBLEMS 3. 14 





1. Find the equation of the cone with vertex (o, В. y) and base y? — dax = 0, z = 0, 

2. Find the equation of the cone whose vertex is (3, 4, 1 and base is the conie Зу? 4 4z? = 16, + 2х-0. 

3. Find the equation of the cone whose vertex is (1, 2, 3) and whose guiding curve is the circle x? + y? + 2* = 4, 
Х+у+г= 1. (РГО, 2010) 

4. The generators ofa cone pass through the point (1, 1, 1) and their direction cosines /, m, n satisfy the relation (24-15: 
= Зп? Obtain the equation of the cone. 


5, Find the equation of the right circular cone whoge vertex is at the onein and semi-vertical angle is о and M 
axis of 2 as its axis, | (УТЫ, 2006 ; Rajasthan, 2 


6. Find the equation of the cone whose vertical angle is 7/2, which has its vertex at the origin and its axis along. the line 
x =—By =z. (V.T. U., 21 Оо 


Alsa show that the plane z = 0 cuts the сопе in two straight lines inclined at an angle соѕ 4/5. | 
т. Find the equation of the RA cone which passes through the point (1, 1, 2) and has its vertex at the origin and 








axis the line x/2 = = у =z - (Cochin, 2005 ; Rajasihan, 2005 ; VTU, 2004) 
8. Find the equation of the ay circular cone generated by revoling the line x = 0,y —z = 0 about the axis x = 0, x —2. 
(Anna, 2009) 


9. Find the equation of the right circular cone passing through the coordinate axes having vertex at the origin. Obtain 
the semi-vertical angle and the equation of the axis. 


10. Find the semi-vertical angle and the equation of the right circular cone having its vertex at the origin und passing 


through the circle y? 4 z* = 25, x = 4. (Anna, 2009) 
11. Find the equation of the right circular cone which has its vertex at (0, 0, 10) whose intersection with the XY-plane 
is a circle of radius 5. | appui: 2009) 


12. Find:the equations to the lines in which the plane 3x + y + 52 = 0 cuts the cone бух —2zx + fey = 0 
13. Prove that the plane ax + Бу + єт = 0 meets the cone yz + zx + xy = 0 in perpendicular lines if a! + за Rc = 0. 
14. Find the equation of the enveloping cone of the sphere x^ + у” + 27 + 2x — 4y + 22 —1=0 with vertex at (1, 1, 1). 





(1) CYLINDER _ Ш 
Def. A cylinder ts a surface generated Бу а straight line which ts parallel to a fixed line and satisfies one 
more condition e.g., it may intersect a given curve (called the guiding curve). 
The straight line in any position is called the generator and the fixed line the axis of the cylinder. 











Үбэр: т, FT ard es 











eo. a "Li a | й: Y с) "t 
qood, ES Ex ч t angi 23 te eire umf rene re 0 r 4 "Ле бух ium E г * Te РЕ = fri 1552 гн 
Solution. Let Рх, 33521) be any point of the сунадаг 50 mep the equation of "Эн 
generator through Р is 
s oe SA E) 
l m n 
Given guiding circle is x7 + 2? = а?, у = 0 stit) 


The generator (i) cuts the plane y = 0, where 
AM Og Жа 





l m n 
h | 
i.e., where x=X,- Эв and г =z, — x 
т т 
But these values of x and z satisfy x? + 22 = a? 
4 (s m) "V1 m) “© 
Hence the locus of (хү, уу, тү) is 
(mx — Гу)? + (mz — пу)? = a? m?, which is the required equation of the cylinder. 
(2) Right circular cylinder. Def. A right circular cylinder is a surface generated by a straight line which 


is parallel to a fixed line and is at a constant distance from it. 
The constant distance is called the radius of the cylinder. 





Solution. A А point on the axis of the нае: 15 A, — 8, 2) and its direction ratios are 2, — 1, 5. 


2 —1 5 
2, Its actual direction cosines are 
Ja 430 ' /30 


Let Р(х, y, z) be any point on the cylinder. Draw PM L to the axis AM. Then MP = 2. Now AM = Projection 
of AP on АМ (axis) 


ш(Х-1 3 2 

(х БАХЬ уы +@- s 
_ 2х-у+52 – 15 

| 480 





From the rt. Zd A AMP, (АМ)? + (МР)? = (АРУ 





or al ыйыы ар re Fig. 3.59 
ог 26x? + 29у? + 522 + Axy + 10уг — 20гх + 150y + 302 + 75 = 0. 


This is the required equation of the right veni cylinder. (Fig. 3.59) 








Solution. The axis of the cylinder is line the centre Lof the given circle (or through O (0, 0, 0) 
the centre of the sphere) (Fig. 3.60) and perpendicular to the plane of the circle. 
i.e. х-у+2=3 0) 





Axis of the cylinder is a 2. = 
Also OL L from О (0, 0, 0) on (1) 


2 Tim sms 


(ОА? — OL?) = (9 —3) = J6 
Thus radius of the cylinder (= г) = J/g 


If P (x, y, z) be any point on the cylinder, then 
ОР? = OM? + MP? 





„. г, radius of the circle = 





| | 2 
ie., кузна Ee -0- 0-0 -0| +6 
| V3 48" 28 
Èe., х? y? + 27 xy + yz —zx — 9 = 0 which is the required equation. 





Example 8.75, Find the equation of the enveloping cylinder of the sphere x? + у? + =? =9 having generator 
parallel to the linex/3 2 y/2 =2/ 1. 


Solution. If Р(х, y,, z,) be a point on the enveloping cylinder, then the equation of the generator is 








— eie TA. = (вау) i) 
Any point on (i) is (x, + 3r, y, + 2r,z, + г). It lies on the sphere x? + y? + 2? = 9. ii) 
Then (x, + Зл)? + (у, + 27) + ©; + л)? = 9 
ог lár? + 2(3x, + 2у +21) г+х +у2+ 212—9 = 0 (IT) 
In order that (1) touches (i), the equation (тїї) must have equal roots for which 
4(3x, + 2y, +z," = 4 x 14 (х2  y,?  z,? — 9) [^ b? = dae) 
or 5хү, + 10y,” + 132,” + 12х у, + Ay,2, + 62,x, = 126 


The locus of Эмийн z,) 18 
5х2 + 10у? + 132? + 12xy + 4yz + 6zx = 126 
which is the required equation of the enveloping cylinder. 


PROBLEMS 3.15 i 3,4) | Жу 








1. Find the equation of the right circular cylinder whose axis is the line x = 2y Dae 206 а. | 
2, Find the equation of the cylinder whose generators are parallel to the line x = — y/2 = 2/3 and whose ic \ ni curve is 
the ellipse x? + 2y? 2 1,2 = 8. (Rajasthan, 2005 ;. Roorkee, 200 ) 
3. Find the equation of the right circular cylinder of radius 2 whose axis passes yaris 4 2, Запад M directio 
ratios (2, — 3, 6). U., 2006 ; Anna, 2005 8) 
4. Find the equation of the right circular cylinder describe on the circle through the б či + 10, 0), (0,4, 0), (0, 0, а) | 
guiding curve. | wae 
5. Find the equation of the cylinder whose directing curve is x* +2" — 4x — 32. 44- Oya 0 and pies АНЕ co | ains the 
point (0, 3, 0). Find also the area of the section of the cylinder by a plane parallel to xz-plane: / 
6. Find the equation of the enveloping cylinder of the sphere х2 Фу? + 27 — 25 = dy = 6 — 2 =0 whose | generators art 


perpendicular to the lines X =F 8 and ot Л” T 


1. Find the equation to the ее Т ҮЗ intersect the сопіса? + 2hxy + et же + =, гудам 
are parallel to the line x/l = y/m = z/n. | 














| QUADRIC SURFACES 


The surface represented by general equation of the second degree in x, y, z is called a quadric surface or 
a conicoid. 








Thus the general equation of a quadric surface is of the form 
ах? + by? + cz? + 2fyz + Quex + 2Лху  2ux + Qvy + 2wz +d = 0 


which can be reduced to any of the following standard forms so useful in engineering problems. We now, proceed 
to study their shapes. 


and 


x^ 2 2 
(1) Ellipsoid : "+ Ус + i =]. 
a^ b^ c 
(1) It is symmetrical about each of the coordinate planes for only even 
powers of x, y, z occur in its equation. 
(11) It meets the x-axis at A (a, 0, 0), A' (—a, 0, 0) ; 
the y-axis at B (0, b, 0), B' (0, — 5, 0) ; 
the z-axis at C(0, 0, с), C ' (0,0, — c). 
(iit) Its sections by the coordinate planes are ellipses. For the section 
by the yz-plane (x = 0) is the ellipse. 





2 2 | 
y e с ai 
n 4. оын 1, etc. Fig. 3.61 


(iv) The surface is generated by a variable ellipse 





(as № varies from —e to c) and is limited in every direction. 
Hence its shape is as shown in Fig. 3.61 which is like that of an egg. 
А 2 2 2 
(2) Hyperboloid of one sheet: ХУ. „|, 
a Bb с? 
(1) It is symmetrical about each of the coordinate planes for only even powers of x, у, = occur in its 
equation. 
(ii) It meets the x-axis at Ala, 0, 0), А’ (a, 0, 0) ; the y-axis at В (0, 5,0), B' (0, —5,0) ; and the z-axis in 
imaginary points. 


2 2 
(iii) Из section by the yz-plane (x = 0) is the hyperbola 2 Ry = 1, (1.е., DE, П'Е") 
b^ с’ 


2 


E 
Its section by the zx-plane (y = 0) is the hyperbola * tl - СН = 1. (1.е., FG, ЕС”) 
a C 


2 
Its section by the xy-plane (2 = 0) is the ellipse E += = 1. 
а 


(iv) The surface is generated by a variable ellipse 
F] 2 р? | 
xX 2- =1+4 77,2 = k (as А varies from — = to со) and extends to infinity on both sides of the xy-plane. 
C 

Hence its shape is as shown in Fig. 3.62 which is like that of juggler’s dabru. 

x? 2 2 
(3) Hyperboloid of two sheets : *— + ын = z =-1. 
a b^ c 
(1) It is symmetrical about each of the coordinate planes for only even powers of x, y, z occur in its 
equation. 
(iz) It meets the z-axis at C(0, 0, c), C'(0, 0, — c) and the x and y-axes in imaginary points. 





2 2 
(iii) Its section by the yz-plane (x = 0) is the hyperbola = = ын = 1. (1.е., АСВ, А'С'В') 
б 


„2 2 
Its section by the zx-plane (у = 0) is the hyperbola = _*_=1., (г.е., DCE, D'C'E’) 
га 
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„2 2 


Its section by the xy-plane (2 = 0), is the imaginary ellipse L - T =-1. 
a 
2 2 
Its section by the xy-plane (г = 0) is the ellipse >. + r3 =1, 
a* 
2 
(tv) The surface is generated by a variable ellipse x, s) == —-1,2z=k, 


a 2 
b 
(as А varies from — = to — c and c to + со) and extends to infinity on both sides of the xy-plane. 
Hence its shape is as shown in Fig. 3.63. 


2 
(4) Cone: ЖУ. Ж. = 0. 
a^ b* с 


(1) It is symmetrical about each of the coordinate planes. 





Fig. 3.62 Fig. 3.63 


(tt) It meets the axes only at the origin. 
(пт) Its section by the yz-plane (x = 0) is the pair of straight lines 


у=+0 2 (i.e., DOE’ and D'OE). 
c 
Its section by the zx-plane (v = 0) is the pair of straight lines 
х=+ fz (1.е., FOG’ and ОС). 
C 


2 2 
Its section by the zx-plane {2 = 0) is the point ellipse Е: + = = 0. 
b 


(iv) The surface is generated by a variable ellipse ~ =a - 5 = = Ег = k (k varies) 
а? С 


and extends to infinity on both sides of the xy-plane. Hence its shape is as shown in Fig. 3.64. 
2 2 
(5) Elliptic paraboloid : X, У. = 2z 
a? ! 


(1) It is symmetrical about yz- and zx-planes for only even powers of x and y occur in its equation 
(11) It meets the axes at the origin only and touches the xy-plane threat. 


‚2 
(iii) Its section by the yz-plane (x = 0) is the parabola y? = ыг z, (1.е., DOD"). 








2 
Its section by the zx-plane (у = 0) is the parabola x? = юм z (ie, EOE”). 


Its section by the xy-plane (z = 0) is the point ellipse х. + 5 -0 
a^ 
: ! | ИЫ ae 
(10) The surface is generated by a variable ellipse E + = -<*,z=k (as k varies from 0 to ©) and it 
аг b 


extends to infinity above the xy-plane. 
Hence its shape is as shown in Fig. 3.65 and is like that of tabla. 


a : x“ y“ _ 22 
(6) Hyperbolic paraboloid : ХЭ ioe 





(1) It is symmetrical about the yz and zx-planes for only even powers of x and у occur in its equation. 
(ii) It meets the axes only at the origin and touches the xy-plane threat. 
2 
(111) Its section by the yz-plane (x = 0) is the parabola у? = — мян (i.e., DOD’) 


Its section by the zx-plane (у = 0) is the parabola х? = 7“ z (i.e., HOE’). 
ES 
Its section by the xy-plane (2 = 0) is the part of lines y = + ЫГ х (not shown in Fig. 3.66.) 


Ü 3 p 
(tv) The surface is generated by a variable hyperbola К = Ёо _ 2h ee 
п b C 


and it extends to infinity on both sides of xy-plane. Hence its shape is as shown in Fig. 3.66. 
(7). Cylinder. An equation of the form f (x, y) = 0 represents a cylinder generated by a straight line which 
is parallel to the z-axis and its section by the xy-plane is the curve fix, y) = 0 (Fig. 3.67). 
In particular (i) у? = 4ах represents a parabolic cylinder, 
12 Ёл E $ 
(ti) 75 13 TY = 1 represents an elliptic cylinder, Gi) = - pP = 1 represents a hyperbolic cylinder. 





Fig. 3.65 


SURFACES OF REVOLUTION 


Let P(x, y) Бе any point on the curve y = fix) in the xy-plane. Draw PM 1 to 
x-axis so that OM =x and MP = y. Thus the equation of this curve can be written 
as 

MP = fi OM) TEES 

As this curve revolves about the x-axis, the point P describe a circle with 
centre M and radius MP. Let Q(x, y, z) be any other position of P. Draw QN 1 to 
zx-plane and join MN so that OM = х, ММ = 2, NQ = у 
and ZMNQ = 90°. .. MP? = MQ? = MN? + М? = г? + у?, 








Now substituting the values of MP and МО in (1), we have 


JG? +22) = Ах) ог у? + 2? = ОР 


which is the equation of the surface generated by the revolution of the curve y = fix) about the x-axis (Fig. 3.68) 
Similarly, the surface generated by the revolution of the curve 
(i) x = (y) about y-axis is z? + x? = |у), (ii) x = fz) about z-axis is x* + у? = [f(z)]* 
The given revolving curve is called the generating curve. 
Some standard surfaces of revolution : 
Let the generating curve be у = fix) in the xy-plane and the axis of rotation be the x-axis ; then the surface 
generated is y? + z? = [f (x)]*. 
(1) Right-circular cylinder. When f(x) = a, the generating curve is a straight line (y = a) parallel to the 
X-OxL5. 
The surface generated is y* + z* = a* 
which represents a right-circular cylinder of radius a and axis as x-axis (Fig. 3.69). 
(2) Right-circular cone. When (х) = mx, the generating curve is a straight line (y = mx) passing through 
the origin. 
The surface generated is у? + 2? = m?x^ or у? + 22 = х? tan’ o 
which represents a right-circular cone of semi-vertical angle a and axis as the x-axis (Fig. 3.70). 


(3) Sphere. When f (x) = J(a^ — x^) , the generating curve is a circle (x? + y? = a°). 


The surface generated is 
у 27 = 22-х Le, у а, 
which is а sphere of radius a and centre (0, 0, 0). 


(4) Ellipsoid of revolution. When f (x) = ьа — х?Ја?) , the generating curve is an ellipse 


( y? y? \ 
т] * b 1 1 8 ^ The surface generated is y* 4+ 2° = b*( d us x^/a?) 
к? у“ z | | | | | 

E | Xd b? + p? =1, which is called an ellipsoid of revolution. 
a 


If a? > 55, the major axis of the generating ellipse is along the x-axis—the axis of revolution and the 
surface generated, in this case, is called a prolate spheroid (Fig. 3.71). 

If a^ < b?, the minor axis of the ellipse lies along the x-axis—the axis of revolution and the surface thus 
generated is called an oblate spheroid (Fig. 3.72). 





Prolate spheroid Oblate spheroid 
Fig. 3.71 Fig. 3.72 





Fig. 3.69 


(5) Hyperboloids of revolution 


2 2 
(i) When f (x) = b (l + x?/a*) , the generating curve is na - = = 1 which represents a hyperbola having 
a 


conjugate axis along the x-axis. 
The surface generated is у? + 2° = b?(1 + x?/a*) 
з 2 2 | 
or >. + zi => x. =] which is called a Ayperboloid of revolution of one sheet (Fig. 3.73). 
b b a’ 
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2 
(ii) When fix) = В, Ka” la? — 1) „ће generating curve is E - ae = 1 which represents a hyperbola having 
transverse axis along the x-axis. нэ 
The surface generated is у? + 22 = b*(x7/a* — 1) 


2 2 2 
or х. - ЧЭ - 1° = 1, which is called a Ayperbolotd of revolution of two sheets (Fig. 3.74). 
à | 


(6) Paraboloid of revolution. When fix) = J(ax) , the generating curve is a parabola (у? = ax). The 
surface generated is y? + 22 = ax. which is called a paraboloid of revolution (Fig. 3.75). 
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| PROBLEMS 3.16 | 
1. What surface is represented Бу 4x? + Oy? + 162? = 144 ? Trace it roughly. Find the area of the plane curve in which: 
у= 2 cuts it. | 
2. Sketch (roughly) the surface 502 + 22) 2 =6 


In what curve does the planez = 2 шиг it ? Find the area of the curve of intersection ? What йб! ane 
represented by the following equations 7 ? Draw diagrams to show their shapes. 





S.. x+y? = 16. | 4. 12/2 — 923 = 2. 

Б. 21 = = A(1 +x? + у). 6. у? = 42 — 8 (Andhra, 2000) 
T ai ety = 23; В. х2 Бу? = 92". 

9. a Pom. (P. T. U., 2009) 10. 4x? —y* – 162? = 36. 


Note. m the equations of the tangent plane and the normal line to a surface refer to $ 5.8 (2). 


EWEN OBJECTIVE TYPE OF QUESTIONS 





PROBLEMS 3.17 
Select the correct answer or fill up the blanks in each of the folloui ng Дог ions : 
1. The line x =ay + 5,2 —cy +d and x = ау +b, =c" y +d’ are perpendicula: 
(a) аа” +¢e"=1 (В) aa’ + ec’ =—1 (c) bb’ 40 = 1 (d) bb’ + dd’ = — 1, 





2 The coordinates of the point of intersection of the line = = з ITI with the plane 3x + 4у + 5z = 5 is 





(a) (5, 15, — 14) ih) (3, 4,5) (c) (1, 3, —2) (d) (3, 12, – 10). 
4. The equation of a right circular cylinder, whose axis is the z-axis and radius а is 
(п) +y? +2 =а — (b) у =a? (e) х? + y? =a? (d) 22 + x* = а?. 


Viz + Jay + У =0 represent a 
(b) cylinder (c) cone _ (d) pair of planes. 





| 


.9. The angle between the planes x — £22 :9:0 and 2x 93 Жэ Tis 


He EB 
# 21-18 


| 132 | 


5. The plahelak «Бу! +02 0 cuts the cone xy eye +22 = йін perpendicular lines 187 
(0)а454с-0 AS "T | (6) a + 0-0. 
()02455402-0 |. | г M. аа 0.. ? 4 
в The equation of the eylinder which intersects the curve x* + y! 28 =d, tay #25 = ала whose generators are 
уе а 52157318 | 
(aya? + у? + ху-х—у=0 pS, Үү! Туул Ай ad CEA 0 


22282 say ey нор и Md +2 aytaty=0. | 
The equation x* а y^ 2? 4 xy tjr- -zx = represents | и ч LX 

(a) a sphere with х2 +52 +122 = 9, a у +2 = ана great circle ' 

(b) а cone with x* + y? + 22 9,x—y +2 = З as а guiding circle 

(еза cylinder with x? юу? #2 = 9, xc, + z= = 3 ав as guiding arcle 

(4) none of the above. (гүй 1! 
The sum of the direction bobines o6 a ant bas ГЭВ: | | 
(а) ег — . . . fb) one. оўсойкбавё © (d) n one of theabove. уг 


= 


tes Py s ИЖ Б) 90° “А”. ДИ (6o ^ Oe Uv yet | л, 2010 8)! 


| 4 | . The equation i of | the rij PU rd у axis isx =у= vertex is the origin and ey Tw angle is 45° 


is са ЭР, и. 4% T ‘tA ie "o TN i 

Ха) 8 «y! 42720, | XM wh eae «yt doe LR OPEM 
се) SG +2?) = бузул ot dat ty? ez? ay yo 2-0. 
The equation ofa straight line parallel tthe x xine given by 


EM r id yo] IY | р, 
| | ее у 
. The equation ofthe plane lacing Hiob a ‚—2,1) FAT perpendicular. id he ligo with direction oration 7, 7, à dee 


(a)x + By — 427-8 =0 “ (by 2x4 Ty — 3:- 24-0. WA: y | 
(e) 7x + 2y—32 —21 50. | | к l^ (d) Ix + By —2z + 21 = 0, 4 NA ли, 3009 8). 
. The equation to the axis of the right ге ir cylinder whose guiding circle аа +y ус 29, kay +2 БҮЛЭН 
x= == 23 Ort yes! ey) Фухеу4-2. Fp (х= =у=-= 1044! 
dime xx Ge by ich m Piura c. | | yet 


872 а Mises: 


15, Section of a sphere by a plane is. 


Ха) parabola 5  (bYellipse CAU LT | wee, м 
A line makes’ ingles 0, D, y wi 1 the coordinate г xes, t hen cos 2@'+ co 2l у. у & 2yis equal to 44! — n 
ay ОЕ Wo РЕ Wd | 1 У.Т, 20105 


an denm lines are, cople 


(а) they are co е rri 


c5 (6) a line VINA TENG of them 


(с) they are ‘concurrent, anda line is pe гр ndicular to each of them. ; | 
18, The distance between the planes 2x + 2y 2- -6 = 0 and 4x +4y +22 — -1-0is 
кима, д (8)58 а 10188. 


39. The line x-14y-2 dus and the plano + Уг багс 


it 1472 
_ (8) parallel J (6) perpendicular | E that the line lies in the plane: 
. The ge in of a great circle of a Da is | 
e radius of the AE nU di | 
‚21. Which vf the following lines are = e ui p ofthe cone уг + dax + 3xy = 02... 
(9х "ERE ЫГ “ух т UES NG kay = ee | 


гч 
$ 





| м. The semi-vertical angle of the cone gene erated by revolving the line.x +y =0,2 20 about the x- axis is” 
(a) 90° META А у, к а” | 
$8. All cones passing through the coordinate axes are given by ihn eoa MOM. 
(а) 8 + 9? 422 yz Duy ху= 0. В 
ааа + ду m0. 0 M rn | р | n) | 
| м. T he lihe I шан iu is Apos Шат to the pla ne ах + by + e de 0, ЇГ, 
A (da = 2b, b = ac (b) 2a « b, b = Зс W) 2a = b, 3b = 2c ' БЭ зь, 2 =e. 
_ 88. The equation ХУМ. ху + dye + 22x = За? represents а T e 
(fa)eone = у F5 | (5) rghtreular cylinder 
"oc Wesphere. ed pair of planes. - 
36, The equation of the plane 2 through the point. (2, 3, Fide т: m 
^a) Bx 33+ 22 = 20=0 ^ | 
(c) Sx —4y—22 + 20 = 0 Т АГУ 
T. The direction cosines of a line which is equa Kil i 
28. The direction: cosines of the line x = 0.— y аге. : 
080. ‘The equation фено of the cylinder 47 „уб 25 15 
(80. The image of the point (3, 2 2) 1) in the YOZ plane js... T FO 
- 8i. The plane x – 2у — 22 = А touches the sphere x? ERN Bk iy he 0 fork = is. 31 17277, ето 0.800) 
мм The condition for the three concurrent lines to be coplanar is Ec. Ч n | | 
за. The equation of the cone whose vertex is at the origin And basi die circle x =a, НА ау. Жан, 
| M. The plane through points (2, 2, 1), 19,8, chánstberbehdicilas to орао йе ә бууд: a dis $ 
| 88. Volume of the sphere 2? + y? +z? 42x Ay 4 Bz— 2-018..2 D 
а, Т? the plaries s. —y+2= Land 2r- = ty = Ts | 


Y 
ID 


a 
а. The équation of the cone whose vertex ig the grigio) P singing curve is Ee + y + 
| k фай 


Ти: 19:45:53 a. "UL Od ^ 2200 | (Anna, 2009) 


| TA | gr o. i. | 
л Any two points оп the line da a = =3 other tha 1, 2y Spare. 


T. =Letyte= 1, 18 LO 


38. The equation of the line j joining, the points fy 2:3) and (2, fr. - -a)i is. е 
э. The equation of the sphere.on the line joining (1, 6,6) and E 2, 1, a) as $ diaiméteri 185. 


4 то n 
4. будан ы да the ашла DARYA - 0 and Be бу «22 + 12 Diss, 
| 48, The centre and radius of the sphere 2x? + 2y* + 222 ~6x Sy 8:-1-0г6: 
| 44. The radius of the circle «? +y? +2? 2x -4у-11- Ох ж2ул 22 2 Mis... 
. 4b. The symmetric form VI HN + EMG e TO 326248. | 
| 4 The equation у? = 4z — B repres : | 


| 


Ом ‘The conditions for the line cama P Ears Р #— arai ойе on the plane ax Уруу d «d 0 are .. 


41. The equation ый * yrs de l rep ) 


48. Angle between: А АШ e n агай, 2, 3and- i 1, 23. | 
м. The intercepts-of the plane 2x — Зу z= 12 ой the coordinate: axes Are a.u 

| 50. The radius. of the sphere whose centre is (4, 4, —2) and which passes nour {ва origi 

т. The points (0,4, 1), (2,3, 1), (4, 5, 0) and (2, 6, 2) ake the vertices Ее 0 (True ог Рве)! | 
[t The points (3, — 1, 1), (5, 4, 2) and (11, — 13,5) re collinear, — | ҮЛҮЛ pend of False) ' 

| | The plane fix бу + 72 = : 110, 2x By = dz = 2D grp игрица be ерк орав ЭРЕ рое) 
кч An three dimensional space, 9x? + 16y* = 144 represents <: | | 
ILE uM AM of the. right. circular cone with vertex nt ИИ pasing trough the cure x? A eR - 9, xy Wa 1 


= 


м. Хав vettor ү: хронбашаг t to the vectors - эт. зан + к айа 41 + c» i ino 








The reader is already familiar with the process of differentiating a function у = f(x). For ready reference, 
a list of derivatives of some standard functions is given in the beginning. 

The derivative dy/dx is, in general, another function of x which can be differentiated. The derivative of 
dy/dx is called the second derivative of y and is denoted by d?y/dx?. Similarly, the derivative of d?y/dx? is called 
the third derivative of y and is denoted by d*y/dx?. In general, the nth derivative of y is denoted by d"y/dx". 


Alternative notations for the successive derivatives of y = fix) are 


Dy, D*y, D*y, .... D^: 
or У Ус» Уз» aye 
or F(x), f "(x), Fx) „Ех. 


The nth derivative of y = а зе at x = а is denoted к m On) ): аі Лам 





Soluti on. We ios у =e" gin чиш 
& y, =e™ (cos bx . b) + sin bx (е, a) = be™ cos bx + ay [By (1) 
or y,- ау = be™ cos bx ҳи) 
Again differentiating both sides, 
Yo = ay, = be^* (— sin bx . b) + Б cos bx (e . a) = — Б?у + aly, — ay) 
or — 2ay, + (a? + b?y = 0. 
— 





Solution. We have 4 = а (— sin t + сов + sin t} = at cos t 


and ЧУ =a (cost +! sin — сов) = at sin t 
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or 





dy dy [ах _atsint _ 





dx" dt/ dt atcost он 
d'y d, dt _ 2 1___, 3 
=. = =. (tan Р). ас sec*t. EST llat cos” t. 


Example 4.3. Given у? = fix), a polynomial of third degree, then evaluate 2. 252 =) | 


Solution. Differentiating y* = w.r.t. x, we get 





Зу су - = fix) 240) 
Differentiating (1) w.r.t. x again, we obtain 
(dy dy, d?y) dy s 
= М Г. | ay d'y EI 
Я бх dx Y a) =" (х) or (5 + 25у d =f" (x) 
Again differentiating, we get 
dy Чу | „ду d^y ds _ pw 
4. — y— = 
dx qui ur» 12 23 f (x) 
J dy а?у 3 d” m. i у? T: M UTER NE | 
Зу dud Ty а Г (x) [Multiplying by y?] 
м a 
Непсе 4|,з3Фу! 1 ror” (х). ч y?-flx) 
а. СУ) - 1 fof [2 92 = fu 
Example 4.4. If ах? + 2hxy + by? = I, prove that d^ ын ан 26 п. дА ШЫ 
ах“ -3 + by) 
Solution. Differentiating the given equation w.r.t. x, 
| dy = dy _ | dy ax+hy . 
2ax + 2h{ х У у) + 2by 2 -0 or de OES AE) 


Differentiating both sides of (i) w.r.t. x, 
а?у bec (Ах + by) (а + Ady/dx) – (ах + hy) (л + bdy/dx) 
ах? (hx + Буу 
[Substituting the value of dy/dx from (2)] 


(hx + by) (а- h. artho) — (axe nyh- b. artia) 





"E hx + by йх + by 
| (Лх + Буу 
_ (А? — ab) (ах?  2hxy + Бу?) 
1 (hx + by 
= (А? —abWhx + by) [- ах? + 2hxv + by? = 1] 


PROBLEMS 4.1 





1. Ну = tax НЫХ +d), show that 2y,y; = Зу, 


5 
2. Пу- sin (sin х), prove that 557 + tan x o жу cos* x= 0, 


ах? 


3. Шу= e* eos (it + c), show that MAN + п = 0, where n? = hk? 4 07. 


dx? 


| HIGHER ENGINEERING MATHEMATICS 


4. 


5. 


юз p 


10, 


2, | 
If y = sinh [m log {x + JG? +1) И, show that (x^ + 1) 23 4x E = ту. 
Xa і 
If y = sin! x, show that (1 х?) y, — 7xy, — By, = 0. | (Madras, 2000:5) 
1 1 1 1 а?у m | 
Р) е x. LE). | Jachin, 2005 
ix Al expers fe Э find 23 | (Cochin, 2005) 


If x = 2 cast — cos 2t, y= 2 sin t — sin 2f, find the value of d?y/dx* when t 1/2. 
If x =a (cos t + log tan t/2), y =a sin f, find d?y/dx?. 


: 2 15у dy | | 
lf x = еіп, y =sim pt, prove that (1 — x?) 2-3 —X- Т + py = 0. 
dx dx 


2 23 
If x? + y? = 3axy, prove that e. ыг = d | 
dx? (y* —axY 


(2) Standard Results 


We have (1) D" (ax + b)" = m(m - D (m - 2)... (m - n + 1) a" (ax + b)"-" 
(-19"7 (п – 1) 1а" 





($$ па (1 | 017 (а 0а" —— 
(4) D" (a™) = m" (log а)". a™ (5) D" (e™) = m" emx 
(6) D" sin (ax + b) = a" sin (ax + b + nz/2) (7) D" cos (ax + b) = a" cos (ax + b + nz/2) 


(8) D" [ех sin (bx + c)] = (а? + 2)" e** sin (bx + c + n tan"! b/a) 
(9) D" [e** cos (bx + c)] = (a? + b?)"” езх cos (bx + c + n tan"! b/a) 
To prove (1), let y = (ах + by" 
¥,=m.alax+b)"-! 
y, = mim — Па? (ax + by"? 
Уз = mim — 1) (m — 2) a? (ax + by" - 3 


ааа кра ия ааа расовая орви ьш шш 


Непсе y, = mim — 1) (т — 2)... (m-n + Па" (ах + b)" 

In particular, D" (x") = nl. 
(2) follows from (1) by taking т = — 1. The proof of (3) is left as an exercise for the student. 
To prove (4), let y mnm 

y,-mloga.a"", y, = (т log a)? a™, etc. 

In general y, = un log а)" а", 

(5) follows from (4) by taking a =e. 

To prove (6), let y =sin (ax b) 

У, =a cos (ax +6) =a sin (ax + б 1/2) 


у. = a? cos (ax + b + 1/2) = a? sin (ax + b + 21/2) 
Уз = a? cos (ax + b + 21/2) = a? sin (ax + b + 31/2) 
In general, у, =a" sin (ax +6 + 2). 
The proof of (7), is left as an exercise Гог the reader. 
To prove (8), let у = е sin (bx + с) 
f у, = 2" cos (bx + с). bcne dini ee ce) 
=e la sin (bx + с} + b cos (bx + c)] 


Puta = г cos а, b-rs&nusothatr = a” +b), @ = tan"! b/a 


y, =re™ [sin (bx + c) cos с + cos (bx + с) sin a] 
= рой" sin (bx +c + o) 
Similarly, y, = г? е gin (bx + c 20) 


Уз = г? е sin (bx + c + За) 








In general, y, = r" e™ sin (bx 4 c + na) (V.T.U., 2000) 
where r= NITE + р?) and с = tan“! b/a. 


Proceeding as in (8), the student should prove (9) himself. 

(3) Preliminary transformations. Quite often preliminary simplification reduces the given function to 
one of the above standard forms and then the nth derivative can be written easily. 

To find the nth derivative of the powers of sines or cosines or their products, we first express each of these as 
a series of sines or cosines of multiple angles and then use the above formulae (6) and (7). 


IBI VM A а 
FM iE SE EIAS, 


х= Д 


Uh 








= log (x — 1) - log (x + 1) + -L -—— (i) 


Now differentiating (i) (п — 1) times w.r.t. х, 
C0'*(-2! Cn? @-2! (- 1)" 1 (п)! Cp (8-1) 
(x-1 (1 (x – 1)" (x + 1)" 
х=] xl E -an-D0, Pd 


| 


У, = 














= ( 1)" -2 (п – ыЖ Se РИ | 


(х—1)" ge 





Solution. ( у = cos x cos 2x cos Зх = 1 cos x (cos bx + cos x) 


= L(2cosx cos bx + 2 cos? х) = 1 [(cos Gx + cos 4x) + (1 + cos 2x)] 
= 1(1+ cos 2x + cos 4x + cos 6x) 
y, = + 12" cos (2х + пл/2) + 4" cos (4х + пл/2 + 6" cos (6x + n1/2)] 
(ii) сов? х sin x = cos x (sin x cos x) = cos x . 1 sin 2x 
= 1(2 sin 2x cos x) - 1 (sin 3x + sin x) 


D"(e* cos? x sin x) = 1 [D" (e* sin Зх) + D" (e* sin x)] 


1 0022 + 32)? sin (Зх + n tan™ 3/2) + (22 + 12? sin (x + n tan"! 57 


+ 113955 sin (3x + n tan"! 3/2) + (bY'? sin (x + n tan! 10. 

(4) Use of partial fractions. To find the nth derivative of any rational algebraic fraction, we first split 
it up into partial fractions. Even when the denominator cannot be resolved into real factors, the method of 
partial fractions can still be used after breaking the denominator into complex linear factors. Then to put the 
result back in a real form, we apply De Moivre’s theorem (p. 647). 


ebuzzpro. mgrum com 








Solution. М es ч... 1 — 3/2 
(x-1)(2x+3) (х-1)(2.143) (-3/2-1)(2х-3) 

1 3 1 

х-1 5:2х-3 





=1. 
B^ 


езара Сен 


Henc а |e тые: 
ши. (x-1) (2x+3)| 5 (х-1/"! 5 (ax 4ay"*! 


eMe 1 3.2" | 
л НТ зү у С 
(х-1) (2x + 3) 











Example 4.8, Find the nth derivative of Т 1_ T 
Xx LR 
Solution. We have y= zu 1. = 13 | 
х2 каг? (х+ш)(х—-їа) Qia\x-ia xia) 


1 рам "Саул! | 


2ia|(x-iaY*! (xia *! 


a Эта 
[Put x = г cos Ө, а = r sin Ө во һаг = , la? 4a*),0 = tan (a/x)] 


= 1 D 
2а tee ae esl 


—1Y n! | 
а CH п! [(сов 8 — z sin Ө) '"^ * U — (cos Ө + i sin 0)" +1} 

















ағ"! 
(Int. л obec — | 
= ——— |eos (rn + 1) 8 +! sin (л + 1) 8 — [cos (п + 1)8— £ sin (ri + 1) Ө] 
даг") 
[By De Moivre's theorem] 
... n 1 | sin Е 
= СЫ n! disin(n+1)6 [Put - | 
Ојаг" *! Т s 
b i ! 
- Cw gt sin (n + 1) Ө sin^ * ! Ө. 
Ga 
PROBLEMS 4.2 
Find the nth derivative of (1 to 11) : 
1. log (4x? = 1) (VTU. 2010) g CT Eus А 
3. 5Ш x cos?x (УТ, 2006) 4. cos? х (Mumbai, 2008) 
B. sinh 2x sin 4x (V. U., 2010 S) 8. 25% cos x cos 3t (Mumbai, 2007) 
xd M ore | х2. | 
H4. ——————— (V.T.U., 2009) — m V.T.U., 2005) 
1 Е: | | 17 
DTS ie ere (Mumbai, 2009) а (Mumbai, 2007) 
DEDE wee. (Жилри 10. тусу fumba 2007 
11. Find the nth derivative of tan” 1.22 in terms of r and 9. (UFTU. 2002) 
> Xz 


LEIBNITZ'S THEOREM for the nth Derivative of the product of two functions* 





If u, v be two function of x possessing derivatives of the nth order, then 
(uv), = ч, үл ^C, Us-1 Vi * "C, u, -2 Vo + ect "Си - M^ +... + "C. uv, 
We shall prove this theorem by вена nandon.. 
Step 1. By actual differentiation, 
(ир), = uU + uv, 
(uv), = шо + 4 04) + (uU, + uta) 
= usu + *C, ши, + С» uv, |: 2=С,,1=С„ 
Thus we see that the theorem is true for л = 1, 2. 
Step П. Assume the theorem to be true for n = m (say) so that 
ОЕ, О QU, TUO, Bat FTO S үй. сс бус 
UC tv. + a $C, HU, 
Differentiating both sides, 
(ми) gy = (1, ,4.U FM, Uy) + MC, (ио, + Uy Ugh + "Cou, рои S Ug) +... 
* "Ca Иго, -1 + uu -rel v.) * "C, i NM 1, + ЕО 1) +... 
EMC (u,v, 0,1) 
=u,,,,u+(1+"C)) н v, *("C, + "Cu, Ust .. 
ЯС, (IG DIE i4 Ute TC. Im. ia 


But ] £C, 2 "C, c PC, =" С, CO, +76, 2 m*16,... 
"C +тС, = =", . and "C, ELEn OL: 
. т +1 т +1 т +1 
5 (uu), саа oig Cü p 2T tQ и, QU Ru EP TTC woo. Lue C ua 100, е1 


which is of exactly the same form as the given formula with n replaced by zi + 1. Hence if the theorem is true for n = m, it is 
also true for n 2 m + 1. 

Step Ш. In step I, the theorem has been seen to be true for n = 2, and by step II, it must be true for n = 2 1 ie., 3 and 
so forn =3 + 1 Le., 4 and so on. 

Hence the theorem is true for all positive integral values of n. 





Solution. Take | и = -e ind v= = (2x + 3», 80 » that и, = е for all ттен values of n, ава и, = 6 (25. + р, 
Ua = 24(2x + 3), оз = 48, v,, v, elc. аге all zero. 
г. By Leibnitz's theorem, 
(uv) = и v +"C и ,U,*"C,u, оо + "Cy, аба 


Le, [e* (2x + 3)3], = e* (2x + 3)? + ne*[6 (2x + ЗУ) 
p= n(n —1)(n — 2) 
oS ын [24(2х + 3) + 1.9 3 ех [48] 


=e" [(2x + 3) + 6n(2x + 3)? + 12n (n — 1) (2x + 3) + 8n(n — 1) (n — 2)]. 





3 tm | Fase К КОЗА 
Solution. We яа y = (віп! х)“ 
a —]i | 
Differentiating, ў, = сыйды. ог (1—х?)у,® = 4 (sin! x)? = 4y 40) 
^ Уа-х) | 
Again differentiating, (1 —x*) 2y yo + (— 2x) y,* = 4y, (EE) 


Dividing by 2y,, (1 – х?) y, —5xy, -2=0 
Differentiating it n times by Leibnitz's theorem, 


*Named after the German mathematician and philosopher Gottfried Wilhelm Leibnitz (1646-1716) who invented the differ- 
ential and integral calculus independent of Sir Issac Newton. 





f 
1 7 s р 


(1—x?)y, „+ n(- 2x) y, у + "ар (— 2)y,, – (ху, , 4, n(Dy,])20 
or (1—x?)y, ,,—(2n + 1) xy, ,,-—n* y, = 0 
which is the required result. 
Putting x = 0, (Уо = n", (шї) 
Егош (1), (уу = 0. From (ii), (ул), = 2. 
Putting = 1,3,5,7,...in (2), О=у = уз =¥5 = Уу =... 
i.e., if n is odd, (у„ = 0 
Again putting n = 2, 4, 6, ... in (iii) 
(У4% = 9? (Vado 22.27 


(yg), = 4? (yg, = 2. 22 42 
(ув) = 62 (y), = 2. 22 . 42. 6? 
In general, if 18 even, (у =2. 22.42, 62... (n — 2)", (n # 2). 













TO у 
| А d A is A i 1 4 3. й $ 1 Ч | AP = =" 2 | А. j | 
A. ы т = Н... аи EE e Балк = ! 4 сын E 471211 тт 
Pe ‚А - 4 | ЕРАК m “2 3. au ? d Кш | 
“Р 1] Fa p^ 18. Ч FEF Fr | Ж” e f Г КУ. | i e П i 
innin a ! ай." 4.» "n lisi i d ылы 4 "2 Rd P і 4 Г г 
| ГИ ТРАУТ, AE ТТИ 


Solution. We have y= eas E) 
TS yap _ аш x а = Gy У 
ханилж. á m 41-х’) 40-12) - 
or (1—x*) y =a? уг. 
Again differentiating, (1 — x?) 2y Vo + (- 2x)y,? = 2а? УУ}: 
Dividing by 2y,, (1 —x?)y, — ху, - a?y = 0 (ёй) 
Differentiating it n times by Leibnitz’s theorem, 
(1-2) 9,49 +n. (- 20) Уу = мал : (- 2)y, Е [xy, 1 *n.l Уу! ay, -0 
or (1-хЭу, ,, - (2n + 1) xy, ,,— (л? +а?) y, =0 
which is the required result. 
Putting x = 0, (y, 4 2p = (п + а?) (у) iu) 
From (i), (ii), (iii) : (у) = 1, Wy =а, 05), = 0? 


Putting п = 1, 2, 3,4... in (iv), 
(ул = (12 + a?) (y), = aQ? + а?) 
(уу), = (2° + а?) (у) = a2? a?) — — 
(уз, = (3? + a?) (у) = a(1? + a?) (3? + a?) 


Hence in general, (y, )y = a(1? + а?) (3? + a?) ... [(n — 2)?  a?], when n is odd. 





or (9 my — 2x) + 1-0 
ctp 
| RETIA (3-0 
Непсе y= үа? - nq 


Taking logarithm, log y = т log [x + (x* —1)] 
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OF 


1, 
2. 


3. 
4. 
5. 
6. 
1. 


13. 


э 


14. 


15. 


16. 


Differentiating both sides w.r.t. x, 


1 1 х | | т 
туүет.---үш---.-(1Ж--2---Ж--Т-- 
z ztje- | 42-0] 2-2 

Squaring, y, (02-1) = т? у? 

Again differentiating, (х? – 1) 2у y; +y, (2x) 2 т?. 2y . y, 

Dividing by 2y,, (x? — 1) у, + xy, — m?y = 0 


Differentiating it n times by Leibnitz's theorem, 


nin — 
2 
(х2 – 1) у, pa + (2n + 1) xy, р + (п? – т?) у, = 





(х2 1) у, ,o + ny, у (2х) + nae y, (1) - m*y, = 0 





| EERE 
Find the nth derivative of (i) x? log 3х. | (at) 95 cos? x. h (Mumbai 2009) 


“Уур Чи Алан show ва +4 += Ü.and x*y, 4+ (2n + 1) zy, , + (nt + Dy, =0. 
(U.P.T.U., 2004 : Madras, 2000) 


ify = віш x, prove that (1— ги. ВиО, т? y, = 0. 3E S (у). Tiere MS. VT.U., :2009) 
If cos! (wb) = log (x/n)", prove that х? 3, +9 tan + ху, үүл 2n?y = (U.P.T. U., 2006) 
Ну= tan"! x, prove that (L+ 23) y, , ү 4 2nay,, nin 1) y,. 4-0. HOURS "e уу 
If y = cos (mt sin" x), prove that (1— ==, ,»— (2n + T) xy, о Оп? n*yy, = 0, | (Mumbai, 2008 8) 
If y = sin (m вів ! x), prove that (1 =x} y, – xy, & m? у = 0 ‘ale x5. 

эи б, -2n + 24 y, (т2--л2уу!-0. (V.7* 2009 ; Cochin, 2005) 
“Аво find G y 100 Vr | | «o РЖ, 2005) 


Цус dno 5, prove that 01235, - xy, e ту 
(1) (1 — 33 ух. (2n + Y) xy, V т, = 0. Also find (5, )0. 








Му = (x? — 1, prove that (х#— 1 y, at 29у, , = тт + Пу, = 0. | (U.T.U., 2010) 
If sin! y = 2 log (x + 1), prove that (x + D^ yy + Gn Déc D», ren en, 20. d (V.T-U., 2003) 
ir y =x" Іова, prove that y, , 4 нх, s UH (Mumbai, 2008) 
КИ = T (x^ log 2), show that V, = nV. 4 oe DI 
Hence, show that Үүл {tog x + Ls “ЫГ Tuo =) | к (УТ. 0, 2001) 
n 1 T " 1 - -— 
Show that CE bil. E Ч (V.T.U., 2006) 
a s n. 
ify = how that y, (2 1952 (п ду И. | (U.P2T.U., 2003) 
ce вок nj БИЕН ЛЭН, ЕЭ (x41 ЖУ | 
If x = віп f, y = cos pt, show that — TX ул xy, + p*y = 0. Hence prove that 
(1725) y, 97 n. Day, os =(n? — р?) уу = 0, (Raipur, 2005 ; V.T.U., 2005) 
“Тус log № + N +x") |2 prove that (I. MEM - + (2n + Door, 1% ny, =0. (УТИ, 2007 ; Bhillai, 2008) 


11. 


18. 


Hence show that Yong = (- a Ма, 19 DIP, where & is positive integer: 


Ify = |x + х +1) р’, prove that (i) «луы вау, = ту = 0, Gl) у, ‚+ жуг =O atx - 0. ли „2009 5). 
Hence find у, (0). ^ органы, 2000) 
If y = еіп log (r? + 2x # 1), prove that (i) (р + Wy, + + 1) уул: 4у =0 у | 
оч Dry, La E 50: 134 . 12:21:2 









ае a 


om. лар im tage + d TE ont that 23 ЮУ „з t(2n+ Day, + (n*- n ) 


FUNDAMENTAL THEOREMS 


(1) Rolle’s Theorem vi 
If (i) fix) ts continuous in the closed interval Га, b], (ii) f (x) exists for 
every value of x in the open interval (a, b) and (tit) f (a) = f (b), then there is at 
least one value c of x in (a, b) such that f '(c) = 0. 
Consider the portion AB of the curve y = f(x), lying between x = a and 
x = b, such that 
(i) it goes continuously from A to B, 
(it) it has a tangent at every point between A and B, and Fig. 4.1 
(111) ordinate of A = ordinate of B. 
From the Fig. 4.1, it is self-evident that there is at least one point C (may be more) of the curve at which 
the tangent 15 parallel, to the x-axis. 
Le., slope of the tangent at C (x =c)=0 
But the slope of the tangent at C is the value of the differential coefficient of Ax) w.r.t. x thereat, therefore 
f'(c) = 0. 


Hence the theorem is proved. 














нш: шш: mm mem шш шш шш шш тш ey 





сг antca" ДЕ 
Solution, (i) Let Ax) = sin dE. 
fix) 18 derivable in (0, п). 
Also КО) = fin) = 0. 


Hence the conditions of Rolle’s theorem are satisfied. 
| ех cos x — e” sin x | 
fuz о vanishes where e* (cos x — sin x) = 0 

or tanx=1 ie, x= må. 

The value x = 1/4 lies in (0, л), so that Rolle's theorem is verified. 

(ii) Let Дх) = (x – а)" (x — b". 

Since every polynomial is continuous for all values, fix) is also continuous in [a, Б]. 

f'x)2 m(x ау" (x —by' + (x —a)^ . n(x - by -! 
-(x—a)"-!(x—by-! [On +n) x -(mb + nall 

which exists, i.e., f(x) is derivable in (a, Б). 

Also Ка) = 0 = Ab}. 

Thus all the conditions of Rolle's theorem аге satisfied and there exists с in (a, b) such that f(c) = 0. 

(c—ay*-l(e—by-!|(m +п) с (mb + па] =0 or с= (тр + пат + п). 

Erates Rolle's theorem is verified. 

(2) Lagrange's Mean-Value Theorem* 

First form. If (i) fíx) is continuous in the closed interval [a, b], and 

(ii) Г (х) exists in the open interval (a, b), then there is at least one value c of x in (a, b), such that 

EM TU ade). 
b-a 

*Named after the great French mathematician Joseph Louis Lagrange (1736—1813) who became professor at Military 
Academy, Turin when he was just 19 and director of Berlin Academy in 1766. His important contribution are to algebra, 
number theory, differential equations, mechanics, approximation theory and calculus of variations. 





Consider the function ф(х) = fix) – Ао el x 
Since fix) is continuous in [a,b]; ~- (x) is also continuous in [a, b]. 
Since f” (x) exists in (a, b) ; 
f(b) — fla) 
b-a 
b fla)—a f(b) | 
Б-а 


ф (x) also exists in (a, b) and =f" (x) — UJ 


Clearly, ф (а) = = ф (b). 


Thus ф(х) satisfies all the conditions of Rolle's theorem. 
There is at least one value с of x between а and b such that ф (c) = 0. Substituting x = c in (1), we get 


Рс) = К) РӘ) 2) 
b—a 


which proves the theorem. 

Second form. If we write b =a + А, then since a < c < b, 

с=а + 0h where 0 < Ө < 1. 

Thus the mean value theorem may be stated as follows : 

If (i) fix) is continuous in the closed interval [a, a + h] and (п) f” (x) exists in the open interval (a, a + h), then 
there is at least one number 0(0 « 0 « 1) such that 

fia + h) = f(a) + hf'(a + ӨВ) 

Geometrical Interpretation. Let A, В be the points on the 
curve y = fix) corresponding to x =a and x = b so that A = [a, Да)] and B= 
Ib, F (b)]. (Fig. 4.2) 

b-a 

By (2), the slope of the chord AB = (с), the slope of the tangent of 
the curve at C(x = с). 

Hence the Lagrange's mean value theorem asserts that if a curve | 
АВ has a tangent at each of its points, then there exists at least one point Fig. 4.2 
C on this curve, the tangent at which is parallel to the chord AB. 

Cor, Iff (x) = 0 inthe interval (a, b) then f (x) is constant in Га, b]. For, if x,, хо be any two values of x in (a, b), then by (2), 

fix) – Ах) = (4 — xi) f (c) = 0 (x, « c < x4) 
Thus, Дх) = fix.) ie., Ах) has the same value for every value of x in (a, б). 


. Example 4.14. In the Mean 7 lue theorem fib) — fla) = (b (=a) fic), ` үзэ ини 


ermine c lying between а and b, if f (x). Saís- D - 2), = Ound b= 22. Lu (Gorakhpur, 19 


Slope of chord AB - 













Solution. Да) = 0, ДЬ) = 1- i [= 3) = 
Г (х) = Зх? — Gx + 2, f'(c) = 3c? — 6c + 2 
Substituting in (1), 5 -0- e - 0) (3c* — 6c + 2) 
or 12c? - 24c + 5 = 0 
| золгож 
аш ЛЭЭ РВК “завийг санах ла 


24 
c = 0.236, since it only lies between 0 and 1/2. 


444 | 








Solution. Let fix) = tan"! x, so that f’ (x) = - | 
+ 











xt 
1 1 
By Mean value theorem, tan b-tan a epee ,a<c<b x) 
b-a 1-6" 
Now a<c<b, 1402" «1«с «1-5 
| : 1 1 ue! 
_1 : > — Ж ; DAN 5 he, 5 <—— < 2 
1+а 1+сС7 1+6 1+5" Lee Та’ 





























i.e., [By (1)] 
1+6 b-a 1+а 2 
Непсе b-a «tan! b —tan! a < ЭЭН 
1+6 1+а 
Now let a = 1,6 = 4/3. 
Then _ M3 газан" 4 nro NI 
1+16/9 8 4 141 
3 tan"! 4 m 1 
Le., ^ 4223 2E « tan 3 < 1 + 6 
"m Vc VR VOR JURE DIN Br ал oe өт лж omes 
Pind (X Ta $ | T ah Tut: И.У Я E. 
um < log ( x)«x x>a ОЯ 
Solution. Let Дх) = log (1 + x), then by second form of Lagrange’s mean value theorem 
fla +h) = Да) + h f(a + BA), (0<6< 1) 
we have fix) = ДО) + x f(x) [Taking a = 0, k = x] 
ог log (1 + x) = log (1) + х. 1/1 + Өх) [- Р(х) = М1 +х) 
Непсе log (1+х) 2 x/(1 + 0х) Db: log (1) = 0 
Since 0«0-«1, ~ O< 8 <x forx > 0. 
| 1 1 
1<1+0х<1 fo; 
ОГ < + < +x ОГ л ът ТР 
| XE _ X 
= á 1 + Өх 1 1+х 
ог LII < log (1 -- x) « x, x > 0. [By (2) 


(3) Cauchy's Mean-value Theorem* 
Іра) f(x) and glx) be continuous in [a, b] 
(i) Г (х) and g '(x) exist in (a, b) 

and — (üi)g'(x) #0 for any value of x in (a, b), 

then there is at least one value c of x in (a, b), such that прш S 
f(b) - Ка) (b) — fla) 
gib) — gla) 800) 
Since fix) and g(x) are continuous in [а, b] 

0 (x) is also continuous in [а, 6]. 

Again since f'(x) and g'(x) exist in (a, b). 


Consider the function ф(х) = Дх) — 


"Named after the great French mathematician Augustin-Louis Cauchy (1789-1857) who is considered as the father of 
modern analysis and creator of complex analysis. He published nearly 800 research papers of basic importance. Cauchy is 
also well known for his contributions to differential equations, infinite series, optics and elasticity. 





EEE Ace ETT 


fib) - Ка) 


ф (x) also exists in (a, b) and = f" (х) – ab) (a) 


gx) 


Clearly, фа) = ФБ). 
Thus, ф(х) satisfies all the conditions of Rolle's theorem. There is therefore, at least one value c of x 
between a and b, such that ó'(c) = 0 
Ё) – Ка) (b) – fla) 


i.e., 0 = ре) – a(b) — ga) 


2’(c) whence follows the result. 
(P.T.U., 2007 8 ; V. T.U., 2006) 


Obs. Cauchy's mean value theorem is a generalisation of Lagrange's mean value theorem, where g(x) = Ж, 


| Ехатріе 4.17 А Verify Cauchy's Mean-value theorem for the functions e* and. * in the in ert а l (a, b) - 
Solution. Дх) = е and g(x) = e™ are both continuous in la, b] and both functions are differentiable in (a, b). 
i'w) =e, р" (х) = е" 
=й Cauchy's mean value theorem. 
Г) — fla) (10) 
g(b)— gla) gc) 








b üt E 
e —e Y ; 1, 
Е =E — E 


Thus c lies in (a, b) which verifies the Cauchy's Mean value theorem. 

(4) Taylor's Theorem* (Generalised mean value theorem) 

If (i) f(x) and its first (n — 1) derivatives be continuous in la, a + h), and (ii) f" (x) exists for every value of x 
in (à, а + А), then there ts at least one number Ө (0 = Ө = 1), such that 


f(a + h) = fla) + hf'(a) + — ; (a) + ve + 5 f" (a + 6h) UL) 


which is called Taylor's theorem with Lagrange's form remainder, the remainder R, being a f" (a + ӨЛ). 
n: 


Proof. Consider the function 


| ( | (a+ А – ж)" 
ф(х) = fix) + (а + h x) f' (x) + = Р(х) +... + ЕЕ 
where К is defined by 


л" 


2 
fla +В) = fla) + hf' (a) + Ын Г" (а) +... + at ...(2) 


(i) Since Их), f ' (x), ..., f"~ + (x) are continuous in la, а + А], therefore ó(x) is also continuous in [a, a + A], 


(a*h-xyY * „„, 
(n —1)! (50) - 
(iii) Also да) = фа + A). [By (2) 

Hence фіх) satisfies all the conditions of Rolle's theorem, and therefore, there exists at least one number 
&(0 = 0 < 1), such that ó' (а + Өл) ZO Le, K=f" (a+ Өл) (0 « Ө < 1) 

Substituting this value of K in (2), we get (1). 

Cor. 1. Taking n = 1 in (1), Taylor's theorem reduces to Lagrange's Mean-value theorem. 

Cor. 2. Putting a = 0 and А = x in (1), we get 


(i1) Ф(х) exists and = 


2 n 
Их) = КО) + x f^ (0) + Fg f" (0) +... + <> f^ (Өк). AB) 


which is known as Maclaurin's theorem with Lagrange's form of remainder. 


"Named after an English mathematician, Brooke Taylor (1685—1731). 
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Example 4.18. Find the Maclaurin's theorem with Lagrange's form of remainder for fix) = eos x. 


(J.N.T.U., 2003) 
© SE. rf ." | | nm " nt ph Lo i 
Solution. f" (x)= PE (cos x) = cos a tt so that До, = cos (пл/2) 
x 


Thus ДО) = 1, 
f 2" (0) = cos (2nn/2) = (- 1)" 
f?^*! (0) = cos [(2n + 1) 1/2] = 0 
Substituting these values in the Maclaurin's theorem with Lagrange's form of remainder i.e., 








— x* AA х?" 2n хэн 20-41 
К = fi (0 — ҒО) +... hui... n+l (9, 
f(x) = f(0)  xf'(0) + 3 f"(0) + ТД ( Hon Di f (8x) 
| х? х2" | " х2" +1 T" Ее 
We get Gd xe EU DO T tip (— 1) cos (8x) 
2 4 ан qyn¢+l 2н-1 
=] —-— + — +....+(-1l Е Өх 
ышы ТЫ es eol с 599 


Example 4.19. If f(x) = log (1 + x), x > 0, using Maclaurin's theorem, show that for 0 « 9 х I, 
2 3 


X A 
lo (I4 x)2xXx———4-——————. 
5 2 3(2+ ery" 


tà 


3 


Deduce that log (1 + x) € x - m * E for x » 0. - (EN.T.U., 2005) 


Solution. By Maclaurin's theorem with remainder А, we have 








gt Y^ 
f (x) = f() +x f() + 2 pO) + By f(x) i) 
Here fix) = log (1 + x), f(0)20 
f'(x) = мэ ['(0) = 1 
fx) = ЭРЭЭ 0) 2-1 
1+х) 
ew 2 — 2 
"(x)= , ty) = ———— 
j (04x г (1 + Өх)” 
| es LL. d | -— x^ x? АР 
Substituting in (1), we get log (1 + x) = x — wg 31 Gr EL) 
Since x > 0 and Ө > 0, Өх > 0 
(1 + 6х3 >1 ie, — li <1 
(1 + Өх) 
2 3 2 3 
Жо 5 хо 
Х- 2 “31-048 25 5+5 
Hence log(1+x)<x- SoS [Ву (11) 





PROBLEMS 4.4 - 


. Verify Rolle's theorem for (i) Ax) = (x + 2)? (x —3)* in (- 2, 3). 


(a) y =e (sin x — cos x) in (174, 5704). (ren) Дх) = x(x +3) ет in (— 3, 0). 


| х +ab|_ АЖ 
(10) fx) = log «(a +b) 1n (а, b). (V. ТЕЛ, 2005) 
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10. 


11. 


12, 
13. 


. Prove that шэн 


Using Rolle’s theorem for fix) = x?" - 1 (а – ху", find the value of x between-o and a where / (x) = 





Verify Lagrange’s Mean уаше theorem for the following functions and find the appropriate value iad in each case : 

tà) fx) = iż- 1) бух — 2) (x — 3) in (0, 4) (V.T.U., 2009) 
(it) f (x) = sin x in 10, д] ; (Nagpur, 2008) 
(йт) fix) = log, x in [1, e]. (Burdivan, 2003) 
(iw) fix) == in 10, 11. (V. T:U., 2007) 
By applying Mean value theorem to 


=0 for some x between Тапа 2. 


die 


| C Л 
fx -log 2.5 = + log x, prove that 2 log 2. cos ino 


In the Mean value theorem : fix +A) = Ах) +h f (x + Өй), 


show that Ө = 1/2 for Ax) =ax* + bx ет (0, 1). 
< 


НАЛ) s fi + Af’ (0) + — ^ 


ET F^(8h), 0 < 8 < 1, find Ө when Л = 1 and fix) = (1 — х)", 


| 1 | LAT. 
If x is positive, show that x > log (1 + x) > x— gx. (V. T.U., 2000) 


Iff(x) »sin!x,0«a «b « 1, use Mean value theorem to prove that 








Hence show that — = <log = 5 -< 3 ’ (Mumbai, 2008) 
Verify the result is Cauchy's mean value theorem for the functions 

(i) sin x and соз x in the interval fa, b]. — МТО, 2006 5) 
(ii) log, x and Т/х in the interval [1,2]. 
If fix) and elx) are respectively e* and e=, prove that ‘с’ of Cauchy's mean value theorem is the arithmetic mean 
between п and b. (Mumbai, 2008) 
Verify Maclaurin's theorem Дх) = (1 — x)? with Lagrange's form of remainder upto 3 terms where x = 1. 
Using Taylor's theorem, prove that 


x UTC xx for x > 0 


EXPANSIONS OF FUNCTIONS 





(1) Maclaurin's series. If Дх) can be expanded as an infinite series, then 


x? x? 
f(x) = 0) + x f'(0) + 21 f"(0) + 31 f£"(0) +... = ..-(1) 


If f(x) possess derivatives of all orders and the remainder №, in (3) on page 145 tends to zero as n — сс, then 


the Maclaurin's theorem becomes the Maclaurin's series (1). 


Example 4.20. Using Maclaurin’s series, expand tan x upto the term containing х. (V.T.U., 2006) 
Solution. Let f(x) 2 tan x 1(0)-0 
; f'(x) = sec? x = 1 + tan” x f 021 
f" (x) = 2 tan x sec? x = 2 tan x (1 + tan? x) 
-2tanx-21an? x Г"(0) = 0 


Ѓ'(00) = 2 sec? x + 6 tan? x вес? x 

= 2(1 + tan” x) + 6 tan” x (1 + tan? x) 

= 2 + 8 tan? x +6 tantx Г” (0) = 2 
Р (0) = 16 tan x sec? x + 24 tan? x вес? x 


148 Ненея Enc 





= 16 tan x (1 + tan? x) + 24 tan? x (1 + tan? x) 
= 16 tan x + 40 tan? x + 24 tan? x Р (0)-0 
Г (0) = 16 sec? x + 120 tan’ x ѕес?х + 120 tan*x sec^x. Г (0) = 16 


and so on. 
Substituting the values of f (0), f£ '(0), etc. in the Maclaurin's series, we get 
2 3 4 5 3 
к. ae Oe oe — ae 
ќапх= 0 +х.1+ Т Sl" г T . 16+..=х+ тЫ 


(2) Expansion by use of known series. When the expansion of a function is required only upto first few 
terms, it is often convenient to employ the following well-known series : 


ыйы 76: ба e e e 
. sin60-8- 3! B5! 7! ad 2. sinh8-2 04 tei xb 7 
өг в‘ e 9° øf e 
d. cos Ө = AP ae £d 4. сов 8 ltt] at Bi ^ 
3 3 5 
5. tan Ө = 849 4:9. "+... 6. ian tame p 
3 15 5 
2 3 4 2 3 4 
x^ x х | x x X 
T e@ = 14+ 5:4 — + — 4 8. log (1 +2) = x- — 4 —— — 4... 
j| 3! 4! og (1v x) 2 8 4 


2 m. | 
9. log (1-х) = — ger а ЧИН 
алаг | 553 4 


n(n—1) 2 Г п(п-1)(п -2)3, 
2! 3! 


10. (1+х)”= l+nx+ 


Example 4.21. Expand e*^* by Maclaurin's series or otherwise upto the term containing x*. 
pat , 2009; улг U., 2011 ) 





(sin x)? (віп х)? (sin х)“ 


P ^um ave plint =] : | 
Solution. We have e l4 sin x + 21 + "T "T 











=1+х+ —- E * 
Otherwise, let fx) = esin х Ко) = 1 
| f' (х) = e" cos x = fix) . cos x f'(0)21 
f" (x) = f" (x) cos x — f(x) sin x, FP" 01:21 
f" (x) = f"(x) cos x — 2f'(x) sin x — f (x) cos x, f^(00)20 
f" (x) = f"(x) cos x — 3f"(x) sin x — 3f' (x) cos x + f(x) sin x, f"(0)=-3 


and so on. 
Substituting the values of f(0), £'(0) etc., in the Maclaurin's series, we obtain 


r* 28 x! 
emt = 14%, +: т: 0-24-0 4) +. 
x^ х“ 
= 1+х + "3 @ tv 
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Example 4.22. Expand log (1 + sin? x) in powers of x as far as the term in x®. (Hissar, 2005 S) 
| з 5 \2 | 3 5 2 
А | : да | zl. _ 
solution. We have вїп^х = Ё a T ii 51 -| = | | G 120 + =] 


3 5 ( 3 A _ 
кайый | А ee UN 
я > [5 120 -)+ 6 st 


4 6 6 4 6 
2 x 22 X 2X 24 
Sam haat 4 x? "MEE T t, say 
P Ë ОР 
Now log (1 + sin” x)= log (1+ 0) =t- 7+7- T +... 


Substituting the value of !, we get 


4 6 | 4 2 
log (1 + sin? x) = х? — pda] -д08-28- io: 


3 ' 45 2 
4 & 6 

L3, X ,2x 0 1 4 2x НЕ =" 

шинийн ТИГ | Pes jedete e 
5 4.32 6 

=u Sy 7 a" 
B 45. 


Obs, As it is very cumbersome to find the successive derivatives of log(1 + sin? x), therefore the above method is 
preferable to Maclaurin's series method. 


| дуут | 
Example 4.23. Expand е?" * in ascending powers of x. 
Solution. Let у- ет" In Ех. 4.9, we have shown that 


(Wo = 1, Wp = а, (y), = a?, (уз) = a(1 + a9), (y), = a* (2? + a?) 


and 50 on. 
Substituting these values in the Maclaurin’s series 
(y1) — (Yo )o ‘Yao „2 „Өз o x3 „740 (Ya ) х 





yz 1! 21 3! ЩЕ 
FF: 2 
we get qu v 1 22777 Thal a= } 3 ,U ra, =. ЦЕ + 


(3) Taylor's series. If f (x + А) can be expanded as an infinite series, then 
‚2 3 
flx + h) = fix) + h f'(x) + 5 (х) + € f" x) + өө (1) 


If fix) possesses derivatives of all orders and the remainder R, in (1) on page 147, tends to zero as n — ес, 
then the Taylor's theorem becomes the Taylor's series (1). 
Cor. Replacing x by a and h by (x — a) in (1), we get 





fix) = Да) + (x — a) f'(a) + =- am oY f(a) E аў Ра) +... = 





Taking a = 0, we get Maclaurin's series. 





Example 4.24. Expand log, x in powers of (x – 1) and hence evaluate log, 1-1 correct to 4 decir 
(Bhopal, 2007 ; Kurukshetra 2006) 


Solution. Let fix) = log, х /1)-0 
(ж) = 1 (1) = 
о) = =, Г(1)-1 


f (x m ГЭ) -41 
X 
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X 
fire S. f'"(0-—6 
х 
etc. etc. 


Substituting these values in the Taylor’s series 


fix) = =f) +e- pray. 8-1 ғ) + = J P^ 4s 

















G-D' Gx-D 1-1 
2 3 4 
Now putting x = 1.1, so that x — 1 = 0.1, we have 
log (1.1) = 1.1— $(0.1)? + 3(0.13- 1 (0.1)! +... 
= 0.1 — 0,005 + 0.0003 — 0.00002 + ... = 0.0953. 


we get log x = (x - 1)- 


Example 4.25. Use Taylor's series, to prove that 








lan Ti+ h) tan! x + th sin z). =. —(h sin z)*. mae + th sin 2). m 
where z =c0 х. (Bhillai, 2005) 
solution. We have cotz=x Eu 
^n — созес? z. dz/dx = 1 or dz/dx = – эт? 2 ti) 
Now let fix + А) = ап! (х + А), so that fix) = tan! x 
"TES 1 1 ЯВ” | ; 
ee Lap n цас 
f" (x) = 2 sinz cosz a = sin 22. (— sin? z) [By (#)] 
f" (x) = – [2 cos 2z - віп? 2 + sin 2 - 2 sin z cos 2] йн 


=— 2 sin z [sinz cos 22 + sin 2z cos z] (— sin? z) = 2 sin? z sin 3z 
and so on. 
Substituting these values in the Taylor's series 


fix +h) = Дл) + hfe) + 5 Ef сон, E (x) + 


we get the required result. 





PROBLEMS 4.5 





Using Maclaurin's series, expand the following functions: 








5 735 
1. log(1 + х). Hence deduce that log Au =X + Е 47, 
2. sinx (P.T-U., 2005) 3. (УТ, 2010) 
4. sin!x (Mumbai, 2007) 5. tan x 
6. log sec x (Mumbai, 2009 S ; V.T.U., 2009) 
Prove that: 
5х 7x* zu - 

sec x= 1+ 57 + —— "T l.. B. х cosec x 144 6 MIN T. (Mumbai, 2007) 

9. sin”! 2х =. DE shite, se ША Dp Jr ra x 
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| аи Fe ял... X. 3x" e ,; лж 1 Эх” о? А 1 5 чү ' 
11. sin (Зх - 4x?) = 3 3 += у +... 12.2" cos x = 1+х зр (Raipur, 2005) 
13, єсч gara 
eee ee — e Фуу, T ЖОН! 1 
| Dax? + ust (Kurukshetra, 2008) 
-i | ИЕ. ae aN- 4 ü 
14, &* == jyt +... | (Mumbai, dog 5 БЕ у Е 
e е | Lt -| umbai, 2008) бк —— ^c "180 2838 ^| 
| 221 x* ox <4 
16. log (1 + sin x) =x— SOWAS Р 5 +... (S.V. T.U. 2009 ; J. N.T.U., 2006 S) 
17. ЈП +sin x) -14 x xr a x t (V.T.U., 2006) 
УЗ Ф 9 48:84 у" V tm i 
18. log (1 + е) = log 2 + хүлж, (Bhopal, 2008) 
"s Ut 64% 0776 Ig ' gd ue 
| Р 1: zx x? ар m x 841! 1 x? 1 = Ху: 
19, dus — c —— РА Л в == i 20. EMT ] TE 25-02 T ER, г " аве | Ei : F. 21 
mpm, 247487 (Bhopal, 2008 5) 2-3 156 91730417 (Mumbai, 2007) 
1 
x x" 
21. Саа А ані 
sin х cosh x =x + 3 e. * 
Hy forming a diflerential equation, show that 
29. (sin! x} = TA + 2009 = 2:02. 42. ор PT 
| 2! 4! П, 
| Ї Na К, 15 . 1.33 1-3.5 x! 
24. If y = sin (m віп! x), show that (1 —x?) y; — xy, emi? y 2 0 
Hence expand sin m6 in powers of sin Ө. (5.V. T. U., 2008) 
25. Using Taylor's theorem, express the polynomial 2х3 + їх? + x — біп powers of (x = 1) (Burdwan, 2003) 


26. Expand (1) e* (Cochin. 2005) (ti) tan"! x, in powers of (x — 1) upto four terms. 

27. Expand sin x in powers of (x — 1/2), Hence find the value of sin 91? correct to 4 decimal places, (Rohtak, 2003) 
2B. Prove that log sin x = log sina + (x — a) cot a — i (x-a)? cosec?a +. 

29. Find the Taylor's series expansion for log cos х крй the point 7/3. 


30. Compute to four decimal places, the value of cos 327, by the use of Taylor's series. (Kurukshetra, 2006) 
31. Calculate approximately (i) log,, 404, given log 4 = 0.6021. (Rohtak, 2005 8) 
(i) (1.04801 (Mumbai, 2007) 





INDETERMINATE FORMS 


In general Lt [/(х)/ф(х)] = Lt /(х)/ Lt ф(х). But when Lt f(x) апа Lt (x) are both zero, then the 
я = п X —# П X FT Е ob if ха 


quotient reduces to the indeterminate form 0/0. This does not imply that Lt [f(x)/d4(x)| is meaningless or it 
does not exist. In fact, in many cases, it has a finite value. We shall now, study the methods of evaluating the 
limits in such and similar other cases : 

(1) Form 0/0. If f (a) = 6 (a) = 0, then 


14 Г) uu È (x) 
X + dt METE ES ф (х) 
By Taylor's series, 


j ғ 1 үл | 
fla) + (x — a)f (а) + = (x a)” f"(a)+... 


Jt Оо ха ф(а) + (х = а)(а) + д, (х = аў ф (а) +... 











_ ть [093 - a) Та)... 
^ уа а ф(а) + 1 (x — a) (a) +... 
fu FR | 
= dia) "x a dO (1) 
This is known as L'Hospitals rule. 
In general, if 
fla) = f'(a) = Ра) =...  f^- (a) = 0, but f^ (a) 40, 
and Фа) = ф(а) = фа) =... = 4" 7! (a) = 0, but ф" (a) + 0, 
then from (1), 


тд {00 fw. Lt f^G) 
Eom (x) _ pa) | rua ф" (х) 
[Rule to evaluate Lt [fix/6(x)] in 0/0 form : 
Differentiating the numerator and denominator separately as many times as would be necessary to arrive a 
determinate form]. 





Solution. (9 ра pem (form 8) 


н , се +е*.1)— 1/1 + x) (form 2) 
ae 2x | 


Lt хех +e" +e” ФШ)? _ 0+1+1+1 
х0 2 2 Е 


(ii) H C - (form 0) 
xo1x-1-logx \ | 


1 
12. 


, dix^)/dx -1 
Se opcie | теш 


_ х*(1 + log x) - 1 — 
Lt Au log y =x log x 


= x—1 


ll 


засан 1 
[form 0 | 3 T E +1.logx 


or £ (x*) = х" (1 + log x) 40) 
d(x*)/ ах. ibe dies ais 0 


= B 1/x* 


= 14 x* (1+ log xY +.x*(1/x) 
x1 х2 


_ 10407 41-1 _ у 


[Ву 0 








Solution. 


Lt x(a + b cos x)—e sin x (form о) 
х 0 x X 
а + b cos х — bx sin ¥ — c cos x (i) 
x40 5x4 гэ 
Ав the denominator is 0 for x = 0, (1) will tend to a finite limit if and only if the numerator also becomes 0 
for x = 0. This requires a +b —c =0 (б) 
With this condition, (i) assumes the form 0/0. 
Р (= Lt = bsinx—b (sin x TE cos x) + c sin x 
x0 20x 
= lk (c — 2b) sin x — bx cos x (form 0.) 
x0 20x? 
L (c — 2b) cos x — b(cos x — x sin x) 
е су c 
х-20 60x 
_c-2b-b_c—3b 
0 |. 0 
3, с-85-0 Le, с= ЗЬ. 
" bcos x — b cos x + bx sin x 
pt w——————— eee 
ї-э0 60x" 


-1 (Given) 





li 


Now (iii) 








ie, 6=60,and .. c= 180. 
Form (t), а = 120. 

(2) Form «c. It can be shown that L'Hospital's rule can also be applied to this case by differentiating the 
numerator and denominator separately as many times as would be necessary. 











Solution. Lt log x = Lt EC =. pe МЕ (form 8 | 
x30 cot x x-0  cosec^ x r0 Xx 














| oe "т i c m шиг 
1 Lj 





Solution. Using the expansions of e*, sin x and log (1 — x), we get 
е sinx-x-x* 
x20 x? + x log (1— x) 





[xe + 52° 20st ха” 153 0.454 — 
3 3 : 477 
= utu 2 [2.1 x.1 "5e LS la < ал 
x- 495 [424,143 1.4 x0 1,5 +, х= 5 _ И 
х (x 525 tax + | 55-47 scs 
| | ET EE. 
Example 4.30. Evaluate Li (+x) -e 
x0 x 
Solution. Let у= (1 + х)1^ 
2 3 | 2 
X X x x 
logy = 1 юе +®= Цх-295--|3-185- 
laly E FE. 
or ye 9 9 "ele vr 
| 2 
1 1 1 {1 2 
се] Hrs.) 
Р 11 2 
| 17х _ 41- м +..)-е 
Lt eee E Lt о 94 im 
x — 0 x х-20 x 
1 11.2 | 
e|- ХХ" + 
| 2° 24 2: (28,111 е 
= [Д4 — + ех +... /=-=. 
х-0 X A5 4: ad | 2 





PROBLEMS 4.6 


Evaluate the following limits : 











227: | — pir 
B BE (УТ, 2008) 2. 14 £8083 — віп х 
х 0 X rl x^ sin x 
^ n 6 —sin а 4 ga "n. s 
90 sin 0 (1 — cos 8) ^ x5 nia log, sin x 
6. Lt sin x віп 1 x —x? T Lt x сов х — log (1+ x) 
x 0 x? x40 x 
ая 10. pe “0-ю 1+. 
х-40 cosh х — cos x r0 sin? x 
12, ig ee Ei 13. Lt <a 
x0 log (e* — e") x-30 E y 
1501: 502522 16. үд Si (log (1-5 
х=й х= ЕШ x30 log (1 + sin x) 
18: Lt — dict 
rU x* 
19. If p, Sine езш + is finite, find the value of a and the limit. 
x +. x 
20. Finda,bif Lt 280 7 bsima .8 
х-г0 x 3 
A ae” =- b cos w се“ 
21 -Finda,P,csothat Lt 22-22 58526“. 
x-O0 хеп a 


(NTU, 2006 8) 


5. Lt 2 зїп x —sin 2x 
xo x 
28 
B Lt кее й 
х — 0) x 
Ш (utl. РА “иь mA 
11. Lt E парыз е —#х 
FI л 
x70 Х-ых 
1T- ae 
х +0 log (1 + x) 
(Nagpur, 2009) 
(Mumbai, 2009) 
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_ (3) Forms reducible to 0/0 form. Each of the following indeterminate forms сап be easily reduced to the 
form 0/0 (or с/с) by suitable transformation and then the limits can be found as usual. 
І. Form 0 х с. If Lt. f(x) 20and Lt ф(х) = =, then 
r= r= 


J, (f(x). ф(х) assumes the form 0 х =. 


‘To evaluate this limit, we write 
f(x) - ф(х) = f(xV [1/6 (x)] to take the form 0/0. 
= ф (xV[1/f(x)] to take the form ees. 






a s 3 M 4 i | 

Ra. | y" f ! Л 

el | ш ^ 11: ' Г ї к ! 
LN А. її Y Ld 









Solution. Lt (tan x log x)= Lt E: 4 (form =) 
x- Er ; ; 


cot x / 





II. Form = —~, If „М, f(x) 2e = Lt ф(х), then Lt [/(х) — ф(х] assumes the form e — ve, 
1 ха х +0 
It сап be reduced to the from 0/0 by writing 


y (. j= i | = — 
Ах) = ф(х) | $G) zal aia 






.x-—sinx | 1— сов x (form 0) 


Solution, Lt (4-1 К ——— L : 
| x30 ХЕП х xr-0 x COS X + SIN X 


- it sin x _ 0 -0 
“© х-+0 Х(— вт х) + cos х+с05х 04141 


III. Forms 0°, 17, 0, If y = КЕЯ О) assumes one of these forms, then log у = Lt ф(х) logf (x) takes 
the form 0 х =, which can be evaluated by the method given in I above. If log y = l, then y =e’. 






Solution. (i) Let y= Lt (віп х)". 
| reni? | 


SHA А | log sin x | 2) 
5 logy= L x le x= e | form -- 
PB 0 Е Өнө Е и со х 0 
ü/sinx)csx | у, 
x—-n/2  .— psec" x хм! 

Непсе yee = 1. 





» (Sin x cos x) =0 
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х b“ + х тийн 
2 a +0 б 
(ii) Let y= ДА, шан 
i x K ге’) оь З E 
x -*0 x D / 
а" +b" + су) (aë log a + b* log b c log c) 
= Lt - — 2 ишини 


=(1+1+1)'(loga + logd + loge) = 3 log (abc) = log labe)“. 
y= (аре)! 





7 tan х цай 
(ELL) Lt. | — = 

















х-э0 8 15 
= Lt (14tx* y where f = 3 „©? +... 
x =>} 3 15 
К л 
= Lt (022) ^* f = Lt e =e. Ё Lt (1+2) = е 
х-20 х-20 2-0 А 
PROBLEMS 4.7 
Evaluate the following limits : 
1. (14:1-3--2-5 ep. 3 (Burdwan, 2003) 
х +0 x” sin” x хэй Хх pF] 
3. Lt (2x tan x — rsec x) (V.T.U., 2008) 4. Lt (sect 
x1 х=й х 
5. Ш |-и? J 6. Lt (gm 
хх X= 
7. Lt (ах) (V.T.U., 2007) 8 Lt (вее х) 
х 0 х-эт/2 
{ 
9. Lt (l-sinx)"** 10. Lt (cosx) * 
x-0 x0 
11. Lt (кап хуа"? (V.T. U., 2004) 12. Lt (coti) "85 
х-эл/2 х-20 
Sx sin x J^ * 
13. Lt (cos x)? 14. Lt ( | 
x п/я х-э0 x 
(sin x ҮҮ? ид 2.1/log (1— x) 
15. Lt | | (УТ, 2001) 16. Lt (1—52), г 
Х-20 - IS тыь 
ytan (лх / 20) | | A 
17. Lt : -=) (V.T.U., 2010 ; Nagpur, 2009) 
ха х а. 
| x c Gault | | 
18. Lt хогоо) 19. 14 ВЭ эн (Osmania, 2000 8) 
х -+0 x x2 x-2 log(zx—1) 
| Liz 
X ay 
20. “|! sd Bu | (V.T-U., 2008) 
т —+ Б 
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TANGENTS AND NORMALS — CARTESIAN CURVES 





(1) Equation of the tangent at the point (x, у) of the curve у = fix) is Y T 
4 
_ dy x do, 
The equation of any line through Р(х, у) is Ур 
Ү- у= т(Х – х) | 


where X, Ү are the current coordinates of any point on the line (Fig. 4.3). 
If this line is the tangent РТ, then 
m = tan y= dy/dx 
Hence the equation of the tangent at (x, y) is 





Fig. 4.3 


Y-y- ZX-a) (2) 
Cor, Intercepts. Putting Y = 0 in d 
сар € Ver y 
y dx ^ х) or X=x ys 
Intercept which the tangent cuts off from x-axis (= OT) =x - y dx/dy 
Similarly putting X = 0 in (2), we see that 
the intercept which the tangent cuts off from the y-axis 


(-ОТ)-у-х Чу 
(2) Equation of the normal at the йн (х, у) of the curve у = f(x) is 
У-у=- ac de x - x) 


A normal fo the curve y = f (x) at P (x, ii is a line through P perpendicular to the tangent there at. 
Its equation is Y — y =m’ (X — x) 


where m'.dyldx--1 or m'-— VŽ = -ах/ду 


Hence the equation of the normal at (x, y) is Y -y =— с (X — x). 


Example 4.34. Find the equation of the tangent at any point (x, y) to the curve 2219, + FiA шад, Show 





that the portion of the tangent intercepted between the д8 07 constant length. = 2020 bus d 
Solution. Equation of the curve is x74 + y 7/3 = (2/3. sti) 
Differentiating (1) w.r.t. x, 

2 аз, 2,135 ЧУ _ 
3 x ‘+ у di 0 
dy _ QV 
5 f [x 
lope of the tangent at (x, y) = = -(2] 
Equation of the tangent at (x, у) 18 
Y-y-2-—(yxy^* (X — x) AED) 
Put Y = 0 in (i). Then Х=х+хЧ „ух 
i.e., Intercept on x-axis = (023 +у®З = gt x3 [By (0) 
Put X = 0 in (iz). Then Y=y +4, x?3 
i.e., Intercept on y-axis = (х23 + 2/5) 4,18 = 42/3. 4,18 [By (0) 


Thus the portion of the tangent intercepted between the axes 





= „(Intercept on x-axis)” + (Intercept on y-axis)" | 














2/3. 





(a xl?y t (G7 9 . 1/832] 





E 


Solution. Equation of the curve is =“, +7 =j wld) 
a b" 
| —— mx"! my”! dy 
Differentiating (1) w.r.t. x, ——— + ———— — =0 
g (i) Tm b" de 


gi | | dy bY (х po^ 
- Slope of the tangent at (x, y) = X. 9r] ol 


л Equation of the tangent at (x, y) is 


m-—1 > -1 т 
or CoL —— m 1 (it) [By (1) 
If the given line touches (1) at (x, y) then (iz) must be same as X cos о + Y sina = p idi) 


Comparing coefficients in (ii) and (iii), 








ВЕ асова Gy _ Ьвіп о 


” a] р "b, p 
| МЕ 7 ee : 
or [esse н 3 “4 due Ена Г “ы (=) + (2) =1 [By (1) 
| р p a b 





Solution. We have а. = a(— sin B + sin Ө + Ө cos Ө) = að cos Ө 


ау = а(соѕ 8 — cos Ө + 9 sin 8) = að sin Ө 


ау _ ay dx віп Ө 
dx 40/40 соѕӨ 











л Slope of the normal at 0 = — = 
sin 6 
Hence the equation of the normal at 6 
y —a(sin Ө — Ө cos Ө) = LEES. a(cos Ө + Ө sin 0)| 
Le., y sin 0 — a sin? Ө +a Ө sin Ө cos Ө = — x cos Ө + a cos? Ө + a Ө sin Ө cos Ө 
i.e., x cos Ө + y sin Ө = a(cos? Ө + sin? 6) =a. 


Now the perpendicular distance of this normal from (0, 0) -а, which is a constant. Hence it touches a 
circle of radius a having its centre at (0, 0). 





(3) Angle of intersection of two curves is the angle between the tangents to the curves at their point of 
intersection. 
To find this angle 8, proceed as follows : 
(i) Find Р, the point of intersection of the curves by solving their equations simultaneously. 
(и) Find the values of dy/dx at P for the two curves (say : m,, т). 





— Hi, 


(ui) Find “0, using the tan Ө = —L——- 
г. + My My 


When m, m, =— 1, 8 = 90° ie., the curves cut orthogonally. 





ы; жак sce аа pp ee £urf С. ғ IOS РЛ Д.У Cuv Tux 
e M Find the angle of i terse tion of the curves x? = 4у _ АА Ж: coy 
е ] | y= 447 $ | bes | | А Р | HURC | ) EN ‘ar 3i 
Solution. We have x? = 16y? = 16.4 x = 64x 
Or a(x? — 64) = 0 whence x = 0 and 4. 


Substituting these values in (i), y = 0 and 4. 
The curves intersect at (0, 0) and (4, 4). 
For the curve (i), dy/dx = х/2. For the curve (ii), dy/dx = 2/y 
At (0, 0), slope of tangent to (1) (= m,) = 0/2 = 0 and slope of tangent to (11) (= m,) = 2/0 = е, 
Evidently the curves intersect at right angles. 


At (4, 4), slope of tangent to (1) (= ma) = 4/2 = 2 and slope of tangent to (ii) (= то) = 9/4 = 5 


Angle of intersection of the curves 








1 
tenn? И causer 573 ami 
1+ тут, |» 188: 4 





«ample 4.38. Show that the condition that the curves ax? + Ьу? 1 and аз? + 2 у, = aa о! ' c 1 intersec 
ort hogonally i is that if 





+ Ї ф 
WE rug, KS, у TIC Me 
a b a b | Г 
Solution. Given curves аге ах? + Бу? = 1 (i) and а'х?+Ь'у? = 1 


Let P(h, k) be a point of intersection of (Г) and (zi) so that 
ай? + bk? 21 and ал? + БА? = 1 


h? Е р? Е 1 
—b-b -a +a ab-ab 
or д2 = (b' — bY(ab' — a'b), Е? = (a —a'Wab’ —a’b) (їшї) 


Differentiating (i) w.r.t. х, 
Zax + 2by dy/dx 20 or dy/dx =—ax/by. 
Similarly for (11), dyldx = — a'xib^y 
r m = slope of tangent to (1) at P = — ah/bk ; m, = slope of tangent to (ii) at P = — a'A/b'k 
For orthogonal intersection, we should have mm, = — 1. 
L.e., ай „ал = 1 ie., аа'ћ? 4555 = 0 
Substituting the values of А? апа А? from (iii), 
aa(b’—6b) bb(a—a’) _ b-b а-а 


cie MES inr -0 or + 
ab’ — a'b ab' — a'b a bb' aa 


1 1 


L.e., 5 -—=—- E which leads to the required condition. 
а а 
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(4) Lengths of tangent, normal, subtangent and subnormal. 
Let the tangent and the normal at any point Р(х, y) of the curve meet the 
x-axis at T and М respectively. (Fig. 4.4). Draw the ordinate PM. Then PT 
and PN are called the lengths of the tangent and the normal respectively. 
Also TM and MN are called the subtangent and subnormal respectively. 

Let ZMTP = y so that tan y = dy/dx. 

Clearly, ZMPN = y. 


(1) Tangent = ТР = MP cosec y = y Ja + cot? y) = y JI + (dx/dy)"] Fig. 4.4 
(2) Normal = NP = MP sec y = y (1 + tan? y) = y J[1 + (dy/dx)?] 


(3) Subtangent = TM = y cot y = y dx/dy 
(4) Subnormal = MN = y tan y = y dy/dx. 








Example 4.39. For the curve x = a(cos t + log tari 1/2), y =a sin t prove that the portion of t the tangent: 
between the curve and x-axis is constant. 
Also find its subtangent. 


Solution. Differentiating with respect to f, 


d —a{—sints - КЕЕ ЁС бшен 1 





dt tan t/2 2 2 2sint/2 cos*t/2 
| | ane у | 
=a NW t „ОО-О 0 vostüsin£: dy =a cost | 
sin £ sin / at 
ду. dx _ sin t 
(san. 
dx -4 js = 


Thus length of the tangent between the curve and x-axis 


= y Jl + (dx/dy)*] = а sint- (1 + cot? t) =a sin. cosec ё = a which is a constant. 


Also subtangent = ус =asint-cotf=acosf. 
у 





| PROBLEMS 4.8 | 
Find the equation of the tangent and the normal to the curve у(х — 2) к З)—х+7=0 at the point where it cuts the 
x-axis. 

2. The straight line x/u + у = 2 touches the curve{x/a)' + (y /b = 2 for all values of n. Find the point. of contact. 


1 





= 1 touches the curve у = be ай the point where нь curve crosses the axis of y. 


ee ras 


3. Prove that st 





4, Ifp=x cos & Хо sin AN touches the curve (x/g ^ - P + (y/by^- = 1, prove that 
= (а сов a) + (b sin a). 
5. Prove that the T den for the line x cos. + y sin o= p to touch the curve x” y" =a" *" 18 
p" *^-m"-n'-í(m +n)" al *" cos" & sin" a, 
6. Show that the sum of the intercepts on the axes of any tangent to the curve «x + (y= ois a constant, 
7. If x, у be the parts of the axes of x and y intercepted by the tangent at any point (x, y) on the curve (х/а)2% 
+ (x/b)*" = 1, then show that (x,/a)* + X =k (Bhopal, 2008) 


B, If the tangent at (x,, y,) to the curve x? + y? = а? meets the curve again in (xp у), show that 


= 


Z2 4:92 50 ү 
м | 


DirreneNTiAL CarcutLus & Irs APPLICATIONS ЕТ] 
9. If the normal to the curve x+ 4?9 = 29 makes an angle ф with the axis of x, show that its equation is y cos 6—x sin 
b= a cos 2$. 


10. Find the angle of intersection of the curves x?— y? = а? are x? +y? = a? V2. 
1L Show that the parabolas у? = Зах and 2х? = ay intersect at an angle tan-* (3/5). 








Q8 Vy? x ye Р; | 
12. Prove that the curves — + ты =] and — + p 1 will cut orthogonally if a — b — a' — b". 
а a 
13. Show that in the exponential curve y = Бет! the subtangent is of constant length and that the subnormal varies as 
the square of the ordinate. (Madras, 2000 5) 


14. Find the lengths of the tangent, normal, subtangent and subnormal for the cycloid: 
x = att sin 0), y = a(1 — cos t), | 
15. For the curve x = а cos" B, у = a sin? Ө, show that the portion of the tangent intercepted between the point of contact 
and the x-axis is y совес Ө. Also find the length of the subnormal. 





POLAR CURVES 


(1) Angle between radius vector and tangent. If ọ be the angle between 





AQ 
A 
the radius vector and the tangent at any point of the curve г = f (6), tan Ө = Жэ M d 
r ! 
Let Pir, 0) and Qír + ór, 0 + 60) be two neighbouring points on the curve ® > ғ 
(Fig. 4.5). Join PQ and draw PM L OQ. Then from the rt. angled AQMP, MP =r sin 80, | я 
ОМ = г cos 60. Taai 
zs MQ = OQ -OM =r + ér — г cos 60 
= бг + r(1— cos 60) = r + 2r sin? 66/2. l | 
МР rsin 50 IT 
Р = à, then tan a = —— = — "aper 
If АМОР = x, then an @ МО dr4 2rsin® 89/2 Fig. 4.5 
In the limit as © — P (1.е., 66 — 0), the chord PQ turns about P and becomes the tangent at P and a — 9. 
tanġ= Lt (tano)= Lt _ в 
0-Р 88-20 8r + 2rsin^ 66/2 
a te risin 60/90) 
“88-30 (бг /80) + rsin 66/2- (sin 60/2 + 60/2) 
r-l de 


"(dride)*r.0.l dr 
Cor. Angle of intersection of two curves. If ф,, 0, be the angles between the common radius vector and 
the tangents to the two curves at their point of intersection, then the angle of intersection of these curves ts ф, ~ Qz 
(2) Length of the perpendicular from pole on the tangent. /f p be the perpendicular from the pole on 
the tangent, then 


| - 21 1 1(4гү 
(0 psrsino (11) аа) 
From the rt. Zed AOTP, р = г sin} 
a 4-14 cul 
— = — cosec* 6 = —(1- cot" $) 
сер cases? ф= 5 + ent” 6 
1 ifd P| 1 1/fary 
m—1414—1]-. Dre. des d 52, By (1 
>l K el r^r! (26) (Бу (Л 


(3) Polar subtangent and subnormal. Let the tangent and the normal at any point P(r, 6) of a curve 
meet the line through the pole perpendicular to the radius vector OP in T and N respectively (Fig. 4.6). Then OT 
is called the polar subtangent and ON the polar subnormal. 


162. 


and 


5, 


Let ОТР = ф sothat tan ф = rd6/dr 
Clearly, “РМО = 6. 
. (D Polar subtangent 
dé 
= ОТ =r tan ф = г · габ/аг = яс 
(п) Polar subnormal 
ldr dr 
=ОМ = уф- 
ОХ-гсоф-г. "ав 





Example 4.40. For the cardiotd r = а(1-сов Ө), prove that 





(1) ф = 9/2 (ii) р = 2a sin? 9/2 
(iit) polar subtangent = 2a sin* 2 tan T 
Ё e : dr р 
Solution. We have — = а sin Ө 
49 
РТТ EN = @(1 — cos 9). Хо 
dr asin 9 
= 2 віп? 6/2 + 2 sin 0/2 cos 6/2 = tan 6/2. Thus 6 = 8/2 UJ 
Also р = г віп ф = а(1 — cos 0) - sin 0/2 =a - 2 віп? 6/2 - sin 6/2 
= 2a sin? 6/2 Ui) 
Polar subtangent = г? dü/dr = [а(1 — cos 6)]^ + a sin Ө 
= 4а sin* 0/2 + 2 sin 0/2 cos 6/2 = 2a sin? 0/2 tan 8/2, Uti) 


Example 4.41. Find the angle of intersection of the curves г = sin 8+ cos 0, r= 2 sin Ө. 


Solution. To find the point of intersection of the curves г = sin 0 + cos 8 
г = 2 віп Ө, UD, we eliminate г. 
Then 2 sin Ө = sin Ө + cos Ө or tan Ө = 1 ie., Ө = må. 





For (1), = = cos Ө — sin Ө 
tan ф = 69 = pe eS which — с at Ө = 1/4. Thus 6 = 7/2. 
йг со0-8100 
For (ii), dr/idó = 2cos 0. - {апф = "99 ain =] at 0 = л/4. Thus ф' = л/4 


dr  2cos0 
Hence the angle of intersection of (i) аач4(1)-0-9 -1/4. 


PROBLEMS 4.9 . 





xy-y 


‚ Fora curve in Cartesian form, show that tan 6= eer 
x 


Уу 


. Show that in the equiangular spiral г = аг 66, the tangent is inclined at a constant angle to the radius vector, 
. Bhow that the tangent to the cardioid = a (1 + cos 0) at the points 8 = 7/3 and 9 = 21/3 are respectively parallel and 


perpendicular to the initial line. (V. T, U., 2006) 


. Prove that, in the parabola 2a/r = 1 — cos Ө, 


(1) x — 0/2 (i) X =a cosec 0/2, and (iit) polar subtangent = 2 a cosec Ө. 
Show that the angle between the tangent at any point P and the line joining P to the origin is the same at all points 
of the curve 
log(x? + у?) = k tan" (y/x). 


DirreRENTIAL Cat.cuLus & Irs APPLICATIONS 


6. Show that in the curve r = a8, the polar subnormal is constant and in the curve г Ө = а the polar subtangent is 


constant. 
7. Find the angle of intersection of the curves 
(Drz-2sin 8,andr=2 cos 8 (Bhopal, 1991) 
(1) г = оЛТ + cos 8) and r = b/(1— cos 8). (V.T.U., 2008 8) 
B. Prove that the curves г = a(1 + cos 8) and r = b(1 — cos 0) intersect at right angles. (V.T.U., 2011 S) 


9. Show that the curves г” = a^ сов nO and r^ = b^ sin n8 cut each other orthogonally, 
10. Show that the angle of intersection of the curves г = а log 8 and г = a/log 0 is tan” [2e/(1 — e?)]. (V.T.U., 2005) 





CM PEDAL EQUATION 


If r be the radius vector of any point on the curve and p, the length of the perpendicular from the pole on 
the tangent at that point, them the relation between p and г is called pedal equation of the curve. 
Given the cartesian or polar equation of a curve, we can derive its pedal equation. The method is 
explained through the following examples. 





| CUN 
Example 4.42. Find the pedal equation of the ellipse : zc 28 = 1. i 
GU | 
Solution. Equation of the tangent at (x, y) 15 er H n =} i) 
a | 


-1 
ха?) + Gy 19] 





р, length of L from (0, 0) on (#) = 


1 x 3 is 
or cy mc 2. Ei) 
p a b 
Also гё = х? + у? Iu) 


Substituting the value of y? from (iv) in (i), 








2 2 2 
. y a -r 
Then from (1), b abl» 


Now substituting these values of x?/a? and y*/b? in (iii), 


1 i[(r-b)| i1[oc-r* 
poa aW) 5(4-6 








219 Bi 34. 4 2,2 sg 
or Е ат iig pi 
n а —b 
Нет ‘е required pedal equation. 
Example 4.43. of fhe curves 
(02а/г- ! г" = а* сов п 0 (V.T.U., 2010) 
Solution. 
Takin; 


log 2a — в. 





Differentiating both sides with respect to Ө, we get 
1dr 1 H 
— — — =. щи Ө = cot — 
r dð 1—cos0 ' 2 
d - | | . - 
(ап ф= г = — tan 6/2 = tan (л — 0/2) i.e., 6 = л — 0/2 
Also p=r sin ġ =r sin (л – 0/2) Le, р = г sin 6/2 
or p? =r? sin? ө/з = p ( 1—86 


| = r?. alr 
2 | 
Hence p* = ar, which is the required pedal equation. 


a4 a LÍ d E 
(ii) From the given equation, пг"! — na” sin n6 
nr" 
so that tano = г 20/@ғ = ғ = 


соё пд = tan (5 ene] 
— па" sin пб 22 
i.e., ф = п/2 + пд 


p=rsind=r sin E + no | = г cos пе = г. (r°/a") =r"*Ya". 
Hence p a" = r^*!, which is the required pedal equation. 


"EN DERIVATIVE ОР ARC 





(1) For the curve y = f (x), we have 


Let Р(х, y), Q(x + бх, y + бу) be two neighbouring points on the curve АВ 
(Fig. 4.7). Let arc АР = s, arc PQ = 6s and chord PQ = ӧс. 


Draw PL, QM 1s on the x-axis and PN 1 QM. 
From the rt. “ed APNQ, 


PQ? = PN* + NQ* 
1.6. 


- 27-60 


2 sx 
1222: 

ӧс “бх 
Taking limits as Q — P (i.e., 6c — 0), 


ef «t 


If s increases with x as in Fig. 4.7, dy/dx is positive. 
Thus 





o 1] 








[By (1)] 





A) 








id) 
| (18 
Cor. 3. We have — = 
г е have dx 
dx 
: —, (4) 
созу ds 
dy dx 
Also sin y = tan y cos y= AS рх 
М ду 
sin y = —— D) 
yeu ( 


ds 
(2) For the curve r = Кө), we have 26 zm 


Let Pir, Ө), Qir + 6r, Ө + 80) be two neighbouring points on the curve AB (Fig. 4.8). Let arc AP = s, arc PQ 
- 6s and chord РӨ - &. 





Draw PM L OQ, then 
PM =r sin 80 and МО = OQ — OM = ғ 6r — г cos 60 = бг + 2r sin? 60/2 
From the rt. Zed APMQ, 
PQ? = PM? + MQ? 
or ӧс? = (г sin 60)? + (6r + 2r sin? 60/2)? 





ВВС -E (oe) ян 
60 ӧс 50 ӧс 60 / 15 50 | 
-(&) r2(sin 80) (5 rsin m sam) | 
8) | 60 — 50 2 80/2 
Taking limits as Q — P 


г.б a 2 
EJ =1°?. P (mero) j=? «(£] 
de dà | 49 


Аз s increases with the increase of Ө, ds/d@ is positive. Thus 


E) 














НизнЕн ENGINEERING MarHEMATICS 


. (9) 
- 
Cor. 2. We have zs | - |1 * tan* $] = весф 
Ld) 
: аө dr 
AI | — ta i = F — : —— 
50 sin à пф. cos ф i Ts 
А 49 
= pee AA) 
sin ф= г i ( 
PROBLEMS 4.10 
Prove that the pedal equation of : 
1. the parabola у? = 4a(x + a) is р? = ar. 
Soy | 
2. the hyperbola =; — mI = 118 2267/52 = т-а? + b? 
а 
4. the astroid x =a cos" у=а sin? t is г? = a* — 3p*. 
Find the pedal equations of the following curves : 
4. r=a(1+cos 8) (УГО, 2009) 5. r*—a*gin*6 
6. r" cos m6 =a". (V.T.U., 2004) 7. r" 2a" (cos m8 + sin m8) (V.T.U., 2010) 
8, г = пе", (V.T.U., 2007) 
9. Calculate d's/dx for the following curves : 
(0 ay* =x. (ii) y =t tosh xie. | 
10. Find ds/d0 for the curve x = a(cos Ө + Ө sin Ө), y =a (sin Ө — Ө cos Ө) (VT UL; 2007) 
Ll. Find 48/40 for the following curves : 
Gr=a сов Ө СУТЬ, 2004) (ii) г? = a? cos? 26 
(ит) r= 3 sec? 0 (V. T.U., 2007) 
12. For the curves Ө = cos" tr/&) — k? — г2)/7, prove thatr SÈ = constant. (V.T.U., 2005) 
do dir f. 
13. With the usual meanings for м, s, 8 and ф for the polar curve г =f (8), show that М cosec? 9 met 0. 
 4V.T-U., 2000) 





КЁ CURVATURE 


Let P be any point on a given curve and @ a neighbouring point. Let arc 
АР = s and arc PQ = és. Let the tangents at Р and О make angle y and у + бу 
with the x-axis, so that the angle between the tangents at P and Q = dy (Fig. 4.9). 
In moving from P to Q through a distance és, the tangent has turned 
through the angle dw. This is called the total bending or total curvature ofthe arc 
PQ. 
| | | бу 
The average curvature of arc PQ = 4s 


The limiting value of average curvature when Q approaches P (1.e., 6s — 0) 
is defined as the curvature of the curve at P. 


Thus curvature К (at P) = dy 











We know that tan y=dy/dx=y, or у=фап (y) 
Differentiating both sides w.r.t. x, 





ga ga Ly 23/2 
” pz 28.48 dx. Gey?) 1+ dt» 1) 
ар dx ам Yo Уо 


(2) Radius of curvature for parametric equations 
x = fit), у = olf). 
Denoting differentiations with respect to t by dashes, 


Уз = L у= a(z) : Hs в» _ н x 
Substituting the values of y, and у, in (1) 
242 
э zT JE abi PES (Rajasthan, 2005) 


(3) Radius of curvature at Ж origin. Newton's EX 
(1) If x-axis is tangent to a curve at the origin, then 


£(0,0- Lt [X 
даа z— 0 Зу 
Since x-axis is a tangent at (0, 0), (dy/dx) ог (y,), = 0 








y | : 
| 1 zi (9 form | 
мн Л, | 25 saz wa) eh dividi а? у Гах? EC № 0 
аа 15020210 1 , x Я 
p at (0, 0) = ИШЕ CUL. Lt, 2y [From (1)] 


(11) Similarly, if y-axis is tangent to a curve at the origin, then 


| О 
хани 220 (3 


+ Named after the great English mathematician and physicist Sir Issac Newton (1642-1727) whose contributions are of 
utmost importance. He discovered many physical laws, invented Calculus alongwith Leibnitz (see footnote р. 139) and 
created analytical methods of investigating physical problems. He became professor at Cambridge in 1699, but his 
'Mathematical Principles of Natural Philosophy' containing development of classical mechanics had been completed in 1687. 





(iii) In case the curve passes through the origin but neither x-axis nor y-axis is tangent at the origin, we 
write the equation of the curve as 


2 
y = Дх) = ДО) + xf (0) + эт 700) +... [By Maclaurin’s series] 


| = px + 9х7/2 +... |: Д0) = 0] 
where р = (0) and д =f"(0) 
Substituting this in the equation у = fix), we find the values of p and д by equating coefficients of like 
powers of x. Then p (0, 0) = (1 + p?)?2/g. 





Solution. di Differentiating with — to x, we oi 
, | | "Hs 
2,82 9 | y+ 2 
Зх y* — За | у+х 


ог Gi-ax) 9" say-x? ul). Š at(3a/2, 3a/2)=—1 
dx dx —— 
Differentiating (1), 
(adv. dy tary уду 4. FY уде ау 88 
(2% 2 + (у cud == —2х .. 5 Pe 28) +s 
p | [4(y/dxyP ПС” 38 2 зал 
Hence p at (3a/2, 3a/2) us | -== ТҮ: = 73а 872 (in magnitude). 
(11) We have у? = ахі -– х? 
3 2у dyldx = —a?x *— 2x or dyldx = — a?/(2x?y) — му 
At (a, 0), dy/dx — со, so we find dx/dy from xy? = a? — x? 
^ x= By +p =~ 302 
dx - dx ” 
or — —————. or — at(e,0)=0. 
ee oF oy [m RE 
dy* ENT: 
2 „о, (б _ - 
ог £2 at; ya os = ER 
ау? (Заг + 0) За 
^ fae i2 
= 
Непсе аі (a, 0) = | d А (1+0)? __ За 
| PURUS NM | 2 ““(-8/За) 2` 
ау? La, 0) 


an 


ғ. 


а mi = o 
en. дут s 





Fi ч П " di d bu 45 y ww Y p Ar f iré а y; 

k- | 4 i iT т 4: ! "m КМ А 1 dn Е ipi 2 | 1 fe Fs T И 
{ | ы i а 1 Jj йн, r | | | ^ | 
400 ЧААР Ghoti ЫРКЫ 
= д Ё | | | 1 | 


dy _ 


a (1 + cos 6), 76 =a sin Ө. 


ub 
D, 
E 
3 
P 
: 
] 
"m 
818 
! 





4у 4у ах asin 0 2sin 0/2 cos 0/2 | 
dx аө 90 all + cos Ө) 9 cos” 0/2 
22-4 [S dO 1.20 1 
22 dO\dx) dx 2 2° all + cos Ө) 
1 nt 8 1 1 49 


= — ——— "wx 
? 2° 9a сов? 0/2 да 9 
T a Кы 6/2 





Solution. The ека éiscátion uf die curve is 
х = а cos? t, у = а sin? t. 
Ж x’ (= dx/dt) = — За cos? t sin t, у’ = За sin? t cos t. 
x" = — За (cos? t — 2 cost sin? t) = За cost (2 віп? t — cos? t) 
y" = За (2 sin t cos? t — sin? t) = За sint (2 cos? t — sin? t) 
х + y? = 9a? (сов? t sin?t + sin‘ t cos? t) = Эа? вт? cos? t 
x’ y" — y' x" = — 9a? cos? t sin? t (2 cos? t — sin? t) 
— 9a? cos? t sin? t (2 sin? t — cos? t) = — а? sin? t cos? t 


(хожуу! ота? sin? t cos? t Án 
zx Хр = За sint cos t. 
ху —yx — Эа“ sin” t cos” t 
Since dyldx = y'lx' = — tan t, | 
г Equation of the tangent at (a cos? t, a sin? t) is y — a sin? t = — tan t (x — a cos? t) 
i.e., xtant+y—asint=0 Sb) 


p, length of L from (0, 0) on (i) = C* 9e 518 L a sin t cos t. Thus p = 3p. 
Jitan” t +1) 





Solution. Given parabola 15 y? = or x = at?, y = 2at. If dashes denote differentiation wrt. t, then | 
x' = 211, y' = ?а ; х" = 2а, y" = 0. 


2 43/2 2.3/2 
p at (аё, 2at) = he re efter. = 2a(1 + ёр? (Numerically) 
If P(t,) and Q(t,) be the extremities of the focal chord of the parabola, then 
ti,=-1 ie, t=- 1, (i) 
2, р, at Ріг, у= 2a (1 + iy; Pp at QU) = = 2a (1+ t2)? 
Thus 173 + p; 213 — = (2а)-23 = [(1 +22)1+ (1+1 








= биз | Е | [By (0) 


"T "14 
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Solution. Two diameters of an ellipse are said to be conjugate if each bisects chords parallel to the other. 
If CP and CD are two semi-conjugate diameters and Р is (a cos 0, b sin 0) then D is a cos [9+ Б, b sin [9+ z) 


i.e., (—a sin Ө, b cos Ө). 
Also C(0, 0) is the centre of the ellipse. 





: CD = Jla” sin? @+ b? cos? Ө) 
At P, we have x = a cos Ө, y = b sin Ө. 











dy  dy/d8 beos@ -b Фу _ © овес? ө: 49 — -b 
dx dxidð -asinü аад? “ie fee 
p? 3/2 
14 2. cot^ 6 
2 Патау? _ | а? n 
d^y/ dx” - © cosec? 6 
С 
2 2 3/2 
a (a^ sin? Ө + b? cos? Ө) — | 
E = ag сш ш. (Numerically) 
= (а? sin” Ө + Б cos“ Ө)°'^ Ё CD? 
ab | ab 
Example 4.49 - Find р at the origin for the curves | | Ч they SE үз 18" 
(уг + ха (х2 +52) -a? y «0 С) у-х = 3? + 2ху +у? Pale ht fe, 17 


Solution. (i) Equating to zero the lowest degree terms, we get y = 0. 
x-axis is the tangent at the origin. Dividing throughout by у, we have 


3 x x? 2 
y +2. — +а| —+у| -a*=0 
y 5 | 


Let x > 0, so that Lt (x^/2y) = 


nM: inito or p-a/2. 


(ii) Equating to zero the lowest degree terms, we get y = x, as the tangent at the origin, which is neither of 
the coordinates axes. 


Putting y = px + qx*/2 +... in the given equation, we get 
px + qx?/2 +... —x =x? + Эх (px + qx?/2 +...) + (px + qx?/2 +...) 
Equating coefficients of x and x*, 
р-1-0,4/2-1-2р-р" ie, p-landq-244.142-1?- 8. 
р (0, 0) = (1 + p292/5 = (1 + 17/8 = 1/242. 
(4) Radius of curvature for polar curve г = Дб) is given by 
(r? + n" y? 
ian a uu 
r 2r, — rr, 
With the usual notations, we have from Fig. 4.10. 
у=9+ф 
Differentiating w.r.t. $, 





49 40 409 аф de 


s ds ds 48 ds Fig. 4.10 


dy 
ds 





Also we know that 
айл Ө „ш Л) Кайра ЭЛ 
ќапф= г dry or ф = їап [=] where гү = 776 
Differentiating w.r.t. 0, 
аф _ 1 Es “Л, ae (2) 
49 1+ (r/ny n rn | 
| ds _ | 
А150, те > (r* tn) ...(3) 
Substituting the value from (2) and (3) in (1), 
„о, 23/2 
Hanon = К. лш шш 
r +27 —гт, 
(5) Radius of curvature for pedal curve р = f(r) is given бу 
dr 
г —— 
р= ар 
With the usual notation (Fig. 4.10), we have y = 8 + $ 
Differentiating w.r.t. s, 
1 dw de,dé 
p ds ds Р 8 "Н 
Also we know that p =r sin ф 
п 2. | аф 
FS = sin ф + г cos ф ds 
,,40 „йг do | Pere а гө 
== quam [By (3) and (4) of § 4.9 (2)] 
de T r = 
= F| — 4 = | = =- [B (1) 
С ds} р ын 





Solution. Differentiating w.r.t. Ө, we get 


that 


r,=a sin Ө, г. = а cos Ө 
(г? + г. 2) = [a?(1— cos 6)? + a? sin? Ө]? = а3[2 (1 — cos 00972 
г? — rr, + 2r,? = a?(1— cos Ө)? — a? (1 — cos Ө) cos Ө + 2a? sin? Ө = За? (1 - cos Ө) 
(^ +)” _ a? 242(1 — cos Ө)?'? 
r? — rr, + 2r? 3a” (1 — cos 0) 


1/2 
8 cos 0)!2 = ыг. «АЙ. 


Otherwise. The pedal equation of this cardioid is 2ap? = r? | At) 
Differentiating w.r.t. p, we get 


dr 4ap Даг?! 
= 3r? Я" whence Qr Эй CELL TUNES, dus Jr. 
dp Гар 3r gr. v(2a) 


[> p=r3?/J@a) from (0) 


di Find the radius of оба at the origin for 
(i) + уЗ 9х2 6 6у=0 00) 
(i) 2х4 + By! + 4225 + xy — у? + 2х- o | 
| (iii) у? = x* (a +х)/(а — 2 P 
12. Find the radius of на curvat are at 
42 | шг = а (1—совё)_ Ё | i 
ETE cos n ac d Дот My 7 UEM 


| Й 18. ! For the са dioid r=all + соз ө), show € phi is (ч о е : 
14. Find the radius of curvature | for the parabola 2а/" = = 
015, и "ad р» be the radii of curvature at the extren ities o 


hte ^ ed show that "n + рг 4.89 


WTU., 2010) 
(УГО, 2000 S) | 
У.М.ТАГ, 2006 S) | 
(У.Т.1/, 2009 S) | 


ИТЦ, 2008) 


WTU., 2003) 


(Anna, 2009): 
Va d 2006) 


165 (VTU. 2010.8). 
Pla? + уБ? = bie her мы ишы! 


1 e curve x =a (cos f + log! tah 1/2), y. a: pan is inversely 
‘between the s point on the eurve and the x-axis 


CEN. T.U. 2003) 


(Kurukshetra, 2005) | 
(РГ, 2010; J.N.T-U., 2006) 
(P.T.U., 2005) 
(Kurukshetra, 2006) 
of the сандо = g (14 cos 0) which passes 





- | 173. 


Let C (х, y) be the centre of curvature and р the radius of curvature of the curve at P(x, y) (Fig. 4.11). Draw 

PL and CM Ls to OX and PN L CM. Let the tangent at P make an Zw with the x-axis. Then ZNCP = 90° — МРС 
= “МРТ = W4 | дэн. 

x OM - OL ~ ML = OL — NP | Е. 





2 
Ty 








-x-psin үэх- й+у" oe 
Уг (1+ yp) 
[o malus A. deed 
Ja у?) 
2x0»? 
is ын xm 
and y =МС = ММ + NC = LP + p cos y 
[^ secy- J(14-tan* y) = +92) 
18,273 2 | 
И: э МИР LO. Fig. 4.12 
Уг 0 yp Уз 


Cor. Equation of the circle of curvature at Р is (x — x ^«(y— y ?- p?. 


(2) Evolute. The locus of the centre of curvature for a curve is called its evolute and the curve ts called an 
involute of its evolute. (Fig. 4.1 a 





If (x, ¥) be the centre of curvature, then 


Уз — 4a [y? 


UM Mc ra fe ЛЭН"... E T [> y?- 4ах] Ai) 





| 
! 

ма 

+ 


апа 


i) 








To find the evolute, we have to eliminate x from (1) and (ii) 





3 д’ Mw 
Gy. 8Е-44(5-28| or 27a(¥)*=4(X — 2a)". 


Thus the locus of (x, y) ie., evolute, is 27 ау? = 4(x — 2а)?. 





LES РТ. AUC 
-sin Ө hys i 
dx a sin 8 
Solution. We have y, = СУ аа е нс =й. 
0| do 
y= 40) = dne) dx 


l 1 1 


= — совес? 5 2`2` 41-со80) дин 6/2 


If (x, у) be the centre of curvature, then 


и 2 
LA-0*») = a(0 — sin 0) + cot e(- 4a sin" 3L + cot” 4 
Уг - 2 
3  €080/2 , „в |» 280 
= a (ð — sin 8) + ain gya 49 80 о: Созес 5 


= aq(8 — sin Ө) + 4a sin 6/2 cos 6/2 = а(0 — sin Ө) + 2a sin Ө -0(0-5ш Ө) 


i) 
ossi ЗЕ = a(1-— cos 9) + [1+ cot 5 )(- 4a sin" 4 
Уг 2 
= a(1—cos Ө) — 4a sint 6/2 . cosec* 0/2 
= a(1—cos 0) — 4a sin* 6/2 
= a(1— cos 8) - 2a(1—cos 8) = — a (1 — cos Ө) 
Hence the locus of (x, y) Łe., the evolute, is given by 
x = a(8 + sin Ө), у= — а (1— cos Ө) which is another equal cycloid. 
(3) Chord or curvature af a given point of a curve 
(1) parallel to x-axis = 2p sin y 
(и) parallel to y-axis = 2p cos y 
Consider the circle of curvature at a given point P on a curve. Let C be the 
centre and p the radius of curvature at P so that PQ = 2p. (Fig. 4.13) 
Let PL, PM be the chords of curvature parallel to the axes of x and y respec- 
tively. Let the tangent PT make an гар with the x-axis so that ZLQP = ХОРМ = у. 
Then from the rt. “ed АРГО), 3| 
PL = 2p sin yo Fig. 4.13 











and PM z 2p cos y. 
| (1) ENVELOPE 
The equation x cos & + y sin & = 1 Huy 


represents a straight line for a given value of a. If different values are given to с, 
we get different straight lines. All these straight lines thus obtained are said to 
constitute a family of straight lines. 

In general, the curves corresponding to the equation fix, y, a) = 0 for 
different values of о, constitute a family of curves and а is called the 
parameter of the family. 

The envelope of a family of curves is the curve which touches each member 
of the family. For example, we know that all the straight lines of the family (1) 
touch the circle 

х? 4 у? = 1 ...(2) 
i-e., the envelope of the family of lines (1) 15 the circle (2)—Fig. 4.14, which may 
also be seen as the locus of the ultimate points of intersection of the consecutive 
members of the family of lines (1). This leads to the following : 





Fig. 4.14 





Def. If fix, y, ©) = 0 and fix, y, а + бо) = 0 be two consecutive members of a family of curves, then the locus 
of their ultimate points of intersection is called the envelope of that family. 
(2) Rule to find the envelope of the family of curves f(x, y, 0) = 0: 


Eliminate a from f (x, y, a) = 0 and Ad = 0, 





EXE Pie аан РЕ 2 ihe P 9] ипе у= п х +; NM Fn 
Attis ай: = | Li 4 m TAi 1 “| | 3 
Solution. We have (y= ти = 1. + т? ‚..(ї) 
Differentiating (i) partially with respect to т, 
2y—mx)(—x)=2m or m = ху/(х? – 1) GL) 


Now eliminating m from (1) and (11) 
Substituting the value of m in (i), we get 


| diy Y 2 


or x? +у?= 1 which is the shee цэгэн of the тээ 














“ацан. Taking the common axes of the shan of Кано ав the eR axes, , the өйө to ап 


ellipse of the family is 
мэ +55 - = 1 where а and b are the parameters. (т) 
The area of thé ellipse = nab which is given to be constant, say = nc*. 
5 ab-c* ог b=c*a., KE) 
2 2 
Substituting in i), + -1 or x?a-?4(y3c*)a?- 0 (йй) 
а ем) 


which is the given family of ellipses with a as the only parameter. 
Differentiating partially (7771) with respect to a, 
— 2x2 a3 + 2 (у а= 0 or a?zc?xly Kv) 
Eliminate а from (iit) and (iv). 
Substituting the value of a? in (iii), we get 
x?(y/c?x) + (у?/с%)(е2х/у) = 1 ог 2xy = c? 
which is the required equation of the envelope. P 
ын Evolute of а curve is the ий id the normals to that curve Fig. 4. 18) 





Solution: PUR normal to the шинэ is y = mx - 2 ат —am? E) 
Differentiating it with respect to m partially, 

0 = х — 2a — Зат? or m = [(x — 2aY3a]'? 
Substituting this value of m in (i), 


1/2 : 
(By ea 





Squaring both sides, we have 
27ay? = 4(x — Ха)? 
which is the evolute of the parabola. (cf. Example 4.51). 
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PROBLEMS 4.12 





1, Find the coordinates of the centre of curvature at (015, 201) on the parabola y? = 4ах. | 22 (V. T:U., 2000 8) 
2. If the centre of curvature of the ellipse x*/a? + y?/b? = 1 at one end of the minor axis lies at the other end, then show 


that the eccentricity of the ellipse is 1//2. (Annu, 2005 S ; Madras, 2003) 
3. Show that the equation of the evolute of the | 
(i) parabola x? = 4ay is 4(y — 2а} = 27ах?. | (Anna, 2009) 


(ii) ellipse x =a cos Ө, y = b sin 0 (.e., x"/a? + У = 1) is 
(ax + (Буу 9 = (a* — BP. 
(iii) rectangular hyperbola xy = c*, (i.e,,x = et, y = e/t) is 


(x + y) 3— (а у) = (4c)? (Anna, 2003) 
4. Find the evolute of (7) cycloid x = alt + sin t£, y= a(1 — cos Р) | | 
(ii) the curve x = a(cos 0 + Ө sin 0), y = a(sin 0 — Ө cos Ө). | (Anna, 2009 8) 
5, Find the evolute of the curve x = а cos’ 8, y =a sin* Oie, x*9 + y9 = 09, (Овтата, 2002) 
6. Show that the evolute of the curve x = a(cos #+ log tan /2), y = asintisy =a cosh 2/0. (Anna, 2005 5) 
7. Find the circle of curvature at the point (1) (n/4, 0/4) of the curve yx + Ју = Ja , 
(ig) (3/2, 3/2) of the curve x? + y? = 3x (Anna, 2009 ; Madras, 2006 ; Calicut, 2005) 
8, Show that the circle of curvature at the origin for the curve x + y = ох? + Бу? + extis | 
(а +b) (х2 + у= 20 + y). (Nagpur, 2008) 
э. HC. C, be the chords of curvature parallel to the axes at any point on the curve y = aea, prove that | 
Е ME 
DE oL 2462 


10. In the curve y = а cosh x/a, prove that the chord of curvature parallel to y-axis is the double the ordinate. 
Find the envelope of the following family of lines : 
11; y 2 mx aim, m being the parameter. (Madras, 2006) 


12; 2 ања+ ; sin а — 1, а being the parameter. 
а 
13. y = mx —2am —- am”. 


(a^m* 4 bi), m being the parameter. (Anna, 2009) 





14. y= mx + 


9 дал 
15. Find the envelope of the family of parabolas y =x tan t- ae it being the parameter. 


16. Find the envelope of the straight line xa + yib = 1, where the parameters à and b are connected by the relation : 


(i) a 4b =. (it) ab = с? 
(її) a* + b? = сї, 
17. Find the envelope of the family of ellipses x?/a? + уЗ? = 1 for which a + b — c. (Madras, 2006) 
Prove that the evolute of the 
18. ellipse x + 23 1 is (ax) + (by) = (а2 — Б2)23, GI.N.T.U., 2006: Anna, 2005) 
а 
4E Му 4, | NES MC ce 
19. hyperbola —; — ГЭ. 1 is (ax)? (Бу) = (a? + 6°)". (Anna, 2009) 


20. parabola х = Ау is 27bx* = 4(y — 2b). 





| (1) INCREASING AND DECREASING FUNCTIONS 


In the function у = Дх), if y increases as x increases (as at А), it is called an increasing function of x. 
On the contrary, ify decreases as x increases (as at C), if is called a decreasing function of х. 





with the x-axis (Fig. 4.15) so that 
dy/dx = tan V 
At any point such as A, where the function is increasing Zw is acute i.e., 
dy/dx is positive, At a point such as C, where the function is decreasing <y is 
obtuse i.e., dy/dx is negative. 
Hence the derivative of an increasing function is * ve, and the derivative 
of a decreasing function is — ve. 












(2) Concavity, Convexity and Point of Inflexion 
(1) If a portion of the curve on both sides of a point, however small it may be, lies above the tangent (as 
at D), then the curve is said to be concave upwards at D where d?y/dx? is positive. 
(11) If a portion of the curve on both sides of a point lies below the tangent (as at B), then the curve is said to 
be Convex upwards at B where d*y/dx* is negative. 
(iii) If the two portions of the curve lie on different sides of the tangent thereat (i.e., the curve crosses the 
tangent (as at C), then the point C 18 said to be a point of inflexion of the curve. 





d? | d? | 
At a point of inflexion a =0 and - i #0. 





(1) MAXIMA AND MINIMA 


Consider the graph of the continuous function y = Ах) in the interval (хү, y 






х,) (Fig. 4.16). Clearly the point Р, is the highest in its own immediate 
neighbourhood. So also is P,. At each of these points F}, P, the function is said 
to have a maximum value. 

On the other hand, the point Р, is the lowest in its own immediate 
neighbourhood. So also is P,. At each of these points PP, the function is said 
to have a minimum value. 

Thus, we have 

Def. A function f(x) is said to have a maximum value at x = a, if there 
exists a small number h, however small, such that Ка) > both fla — В) and На + В). 

A function f(x) is said to have a minimum value at x = a, if there exists a small number h, however small, 
fia + А). 


m = 

и eo pit 

FREENET E Hi 1 511111: Fr Freer, JF. 
deg Ге! 











LU NI. 84, ui lah р на рж у : | [ 

"ан - г гі га № г | "Мы : [ | 1 afa Га pm 
ABE Y IM 48... ah FILLE 284441. 4114. i T i 1114 ЧД “oe es ЛЕЙ Ч 
eS РРР Е mr ad СРР а B 4 1 Ph E 


(2) Conditions for maxima and minima. At each point of extreme value, it is seen from Fig. 4.16 that 
the tangent to the curve is parallel to the x-axis, i.e., its slope (= dy/dx) is zero. Thus if the function is maximum 
or minimum at x = a, then (dy dx), = 0. 

Around a maximum point say, P, (x = a), the curve is increasing in a small interval (a — й, a) before L} and 
decreasing in (a, a + л) after L, where A is positive and small. 

Lë., in (a — h, a), dy/dx 2 0 ; at x = a, dy/dx = 0 and in (a, a + A), dy/dx < 0. 

Thus dy/dx (which is a function of x) changes sign from positive to negative in passing through Р,, i.e., it 
is a decreasing function in the interval (a — A, a + h) and therefore, its derivative d*y/dx* is negative at Р(х = а). 

Similarly, around a minimum point say P,, dy/dx changes sign from negative to positive in passing 
through P,, i.e., it is an increasing function in the small interval around L, and therefore its derivative d*y/dx? is 
positive at P,. 
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Hence (i) f(x) is maximum at x =a if f'(a) = 0 and f"(a) is — ve [i.e., Г(а/ changes sign from + ve to — ve] 
(it) f(x) is minimum at x =a, if f'a) = 0 and f"(a) is + ve [ie үи changes sign prore ve to + bel 






(3) Procedure for finding maxima and minima 
(1) Put the given function = f(x) 
(ii) Find f'(x) and equate it to zero. Solve this equation and let its roots be a, b, c, ... 
(iit) Find f"(x) and substitute in it by turns x =a, b, c, ... 
If f" (a) is — ve, f(x) is maximum at x = a. 
If f"(a) is + ve, f"(x) ts minima at x = a. 
(го) Sometimes f"(x) may be difficult to find out or f^"(x) may be zero at x = a. In such cases, see if f (х) 
changes sign from + ve to — ve as x passes through a, then f(x) is maximum at x = а. 
If f'(x) changes sign from — ve to + ve as x passes through a, f(x) is minimum at x = a. 
If f '(x) does not change sign while passing through x = a, f(x) is neither maximum nor minimum at x = а. 


ample 4.56. Find the maximum and minimum values of 3x? = 9x* — 6x? + - 6x Lin: the’ ў 


Solution. Let f (х) = 3x4 — 2x3 — бх + 6x +1 
Then Рх) = 12x* – Gx* — 12x + 6 = 6(x^ — 1) (2x — 1) 
: Р(х) = 0 when x - +1, 3. 


= 


rval (0, 2). 





5o in the interval (0, 2) f(x) can have maximum or minimum at х = 1 ог 1. 


Now f"(x) = 36x? — 12x — 12 = 12 (3x* — x — 1) во а" |5.) = — 9 and f/"(1) = 12. 


f(x) has a maximum at x = 2 and a minimum at x = 1. 


ЭРЧ 8 2 
Thus the maximum value =/[5|=3[5) -41| -6(3) +6{5)+ 1- gt. 
2 2 2 2, 2 16 
and the minimum value = f(1) = 3(1)4 - 2(1? — 6(1)* + 6(1) +1 = 2. 
Example 4.57. Show that sin x (1 + бур х) 18 а БЛ ig ар iongn x -x/3 1! Я 440 ҮҮ? 73 4 Ч T. 2 


a = "| 
I 






Solution. Let fix) = sin x (1 + cos x) 
Then f'(x) = cos x (1 + cos x) + sin x (— sin x) 
= cos x (1 + cos x) — (1 — cos? x) = (1 + cos x) (2 cos x — 1) 
f'(x) = 0 when cos x = 4 ог – 1 ie., when х = 1/3 or n. 
Now Рх) = —sinx(2cos x — 1) + (1 + cos x)(- 2 sin x) =— sin x(4 cos x + 1) 
so that f"(1/3) = — 342/2 and f"(x) = 0 
Thus f(x) has a maximum at x = 7/3. 
Since f"(x) is 0, let us see whether f’(x) changes sign or not. 


When х is slightly < л, f'(x) is — ve, then when x is slightly > л, f(x) is again — ve ie., / (х) does not change 
sign as x passes through л. So f(x) is neither maximum пог minimum at x = л. 


(4) Practical Problems 

In many problems, the function (whose maximum or minimum value is required) is not directly given. It 
has to be formed from the given data. If the function contains two variables, one of them has to be eliminated 
with the help of the other conditions of the problem. A number of problems deal with triangles, rectangles, 
circles, spheres, cones, cylinders etc. The student is therefore, advised to remember the formulae for areas, 
volumes, surfaces etc. of such figures. 





unple 4.58. А window: has the form of a rectángle surmounted: by. а semi circle. 
40 fl. find its dimensions 40 that the greatest amount of light may be admit | 








Solution, The greatest amount of light may be admitted means that the area of 
the window may be maximum. 

Let x ft. be the radius of the semi-circle so that one side of the rectangle is 2r ft. 
(Fig. 4.17). Let the other side of the rectangle y ft. Then the perimeter of the whole figure 


= пх + 2х + 2y = 40 (given) and the area А = з nx? + 2ху, silt) 





Here A is a function of two variables x and y. To express A in terms of one variable — 
х (say), we substitute the value of y from (1) in it. Fig. 4.17 


A= snr? + x[40 — (x + 2)x] = 40 x — (+2) 


dA 

The — = 40 — (л + AX 

en i ( x 
For A to be maximum or minimum, we must have dA/dx = 0 i.e., 40— (т + 4)x = 0 
Or x = 40/(n +4) 
From (i), y= 5140 —(x+2)x] = i [40 —(n + 2) 40/(x + 4)| = 4O0/(x + 4) Le., x = y 

a, 

Also > = — (л +4), which is negative. 


Thus the area of the window is maximum when the radius of the semi-circle is equal to the height of the 
— 





Solution. Let the side of each of the squares cut off be x m sothat the height of the box is x m and the sides 
of the base are 6 — 2x, 2 — 2x m (Fig. 4.18). 





Volume V of the box 
zx(6—2x)(2— 2x) = 4(x? — Ax* + Зх) 
Then ev = 4(3x* — Bx + 3) 
For V to be maximum or minimum, we must have Fig. 4.18 


dV/dx = 0 ie., Зх? —8x +3 = 0 
8tJ[64—4x3x3 | 
„жуш алани = 2.9 ог 0.45 ш. 
The value x = 2.2 m is inadmissible, as no box is possible for this value. 


d^V 
Also d = 4(6x — 8), which is — ve for x = 0.45 m. 


Hence the volume of the box is maximum when its height 18 45 ст. 


Example 4.60. Show that the right circular cylinder of given surface фаи єр. "m Р ОРГ 

: ü such that its height 18 equal to the diameter of the pope" " Dile | 

Solution. Let r be the radius of the base and л, the height of the ree 

Then given surface S = 2nrh + 2nr? (i) and the volume V = nr? D 

Hence V is a function of two variables г and Л. To express V in terms of one variable only (say г), we 
substitute the value of Л from (1) in (11). 


ї 
ЕТ 








d Е? ' Ve 


| S—2nr?) 1 dV 1 
Then = ДГ? = wrt [EZ cerae .. 55—380, 








For V to be maximum or minimum, we must have dV/dr = 0 
15-3л/ 2-0 or r= J(S/6m). 


1.6, | 
| d?V | ss -" : 
Also = — блг, which is negative for r= 4/(8/6л). 


dr? 
Hence V is maximum for r= (8/6). 
Le., for Grr? = 8 = 2nrh + 2nr? ie., for = 2r, which proves the required result 


De ap ult fe bd. a frd um eae 
cone is equal to the radius ofthe cone. Ya 


Jalin. ‘Let г be the radius OA of the base and o the ———! TET of the given cone (Fig 4.19). 


[By (0) 





Inscribe a cylinder in it with base-radius OL = x. 
Then the height of the cylinder LP 
= LA cot с = 
The curved surface S of the cylinder 
=2nx. LP = 2nxír — x? cot à 
= 2r cot a (rx — x*) 


95 = 2л cot a (r — 2x) = 0 for x = r/2. 


(т — x) cot a 












xample b Find the altitude and the se semi- ide tical ang 


eirca mscribed to a sphere of "radius a. 
solution. Let A be the height and о the semi-vertical aniio of TES cone 80 that its um BD - h Фан (t 





(Fig. 4.20). 
The volume V of - cone is given by 
1 
V= = nh tan a) ћ = = TA? бап? с. 
Now we must express ыы & in terms оЁЛ 
In the rt. <d AAEO, 





EA 
tan o | ч 
Fig. 4.20 
Thus V= 
dV 1 2 (h-2a)2h-h*-1 1 5 h(h- 4а) 
—=—л@’.- eet zop o= 
dh 3 (h — 2a) 3 (h — За) 


Thus 3L = 0 for A = 4a, the other value (А = 0) being not possible 
ал 
Also dV/dh is — ve when А is slightly < 4а, and it is + ve when P is slightly > 4a 
Hence V is minimum (i.e. least) when A = 4a 
— | а ST | | 
С = БІП — | = 51 | 
Lax) | (3s 


and 
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Example 4.63. Find the volume of the largest possible right-circular cylinder that can be inscribed in a 
sphere of radius a. 


Solution. Let O be the centre of the sphere of radius a. Construct a cylinder as shown in Fig. 4.21. Let 


ОА =r. 
Then AB = (ОВ? — ОА?) = а? — г?) 
Height h of the cylinder = 2-AB = 24(a? — r°). 
Thus volume V of the cylinder 


= nr2h = 2nr? (а? — г?) 


яа = 2n (2r J(a* — r^) +". 5 (а — 12) (— 2r)) 


_ 2nr(2a* — 3r*) Fig. 4.21 
(a? — r?) 
The dV/dr = 0 when г? = 2a7/3, the other value (r = 0) being not admissible. 
а? — r*)(2a? — 9r?) — r(2a* — 8r?) x Aa? — г?у!'®.(—2г) 
(a* — г?) 
(a? — r*)(2a? — Әг?) + r° (За? — 3r?) 
х (62 py? 
Hence V is maximum for г? = 202/3 and maximum volume 


= 9772 (а? — r?) = 4na?A 43. 








Now 


which is — ve for r^ = 2a?/3. 


=2 


Example 4.64. Assuming that the petrol burnt (per hour) in driving a motor beat vartes as the cube of tts 
‘velocity, show that the most economical speed when going against a current of e miles per hour ів $ с miles per 
hour. | 

Solution. Let v m.p.h. be the velocity of the boat so that its velocity relative to water (when going against 


the current) is (v — c) m.p.h. 


Time required to cover a distance of s miles = — hours. 


Since the petrol burnt per hour = kv", k being a constant. 
The total petrol burnt, y, is given by 








d 3 uw. 3 
08 U dy , (v-c83wv-v'.l1l 
= р = Ps са = рв. 
2 U-—c v-e du (и — с)” 


ор? (2v – 3c) 
(v — с)? 
Thus dy/dv = 0 for v = 3c/2, the other value (v = 0) is inadmissible. 
Also dy/dv is — ve, when v is slightly « 3c/2 and it is + ve, when v is slightly > 3c/2. 
Hence y is minimum for v = 3c/2. 


- ks 





" PROBLEMS 4.13 


1. (0 Test the curve y =x" for points of inflexion ? (Burdwan, 2003) 
(ii) Show that the points of inflexion of the curve y? = (x —a@)* (x — Ё) lie on the straight line 
3x + a= 4b. (Rajasthan, 2005) 





. Ina submarine telegraph cable, the speed of signalling varies ав х" T4 (1/х), where x is the SAN af the rad 








пебов (x) defined by f(x) = a/x + bx, (2) = 1, has an extremum atx =2, Determine a and b. Ts this point (2, Юу 


ааа фе tinier од the kph of fix)? | 127 io" ( ГА нэ WT 





Show that 51070 соз? attains a maximum when Ө = tan“! (p/q).- 1 han, 206 
На beam of weight w per unit length 1 is built-in horizontally at one endA and rests ona support О at t the other end. 
the deflection y at a distance x from 0 is given by | 


Ely = rated — Bis? + 182), 


where / is the distance between the ends. Find x for y to be maximum. х 
The УЕ developed by an aircraft travelling horizontally. with velocity v feet | per second i is 222 4*4 


4 17 Jj 
y m j 4 ' А 


4 


Н- аш” be, 
ù 


where a, b and w are constants. Find for what value of v the horse-power i 18 maximum. Р 





prove that the velocity i is minimum when А = а. 





core to that of the covering. Show that the greatest speed is attained when this ratio is 14e. 


The efficiency e of a screw-jack is given by e = tan 6/tan (Ө + œ), where a is a constant. Find 8 if this efficiency is to 
be maximum. Also find the maximum efficiency. | 


‚ Show that of all rectangles of given area, the square has the least Агада 
. Find the rectangle of greatest perimeter that can be inscribed in a circle of radius a. 
. A gutter of rectangular section (open at the top) is to be made by bending into shape оГа rectangular Е of Рату 


Show that the capacity of the gutter will be greatest if its width is twice its depth. 


. Show that the triangle of maximum area that.can be inscribed in a given circle is ап equilateral triangle. 


An open box is to be made from a rectangular piece of sheet metal 12 cms x 18. ems, by cutting. out equal squares 

from each corner and folding up the sides. Find the dimensions of the box of largest ek ie Cares РЕ made in this 

manner. 

An open tank is to be constructed with a square base and vertical sides to hold a given МЕЧИ of wi We Finde 
ratio of its depth to the width so that the cost of lining the tank with lead is least, | | 








. Å corridor of width b runs perpendicular to a passageway of width a. Find the longest beam wbich can bee in 


a horizontal plane along the passageway inte the corridor $ ? 


One corner of a rectangular sheet of paper of width a is folded 80 as to reach the opposite edge of the sheet, Find the 
minimum length of the crease. 


. Show that the height of closed cylinder of given volume and least surface is equal to its diameter. | 


Prove that a conical vessel of a given storage capacity requires the least material when its height is; 42 2 times iis 
radius of the base. | : (Warangal, 1996) 


- Show that the semi-vertical angle of a cone of maximum volume ям given аыл! height j is tan“! V2. 
. The shape ofa hole bored Буа drill is cone surmountinga cylinder. If the cylinder be of height A. and radius rand the 


semi-vertical angle of the cone be о where tan a = Wr, show that for a total fixed depth H of the hole, Гараг = 
| 





removed is maximum ИА = =a 3 471) 


A cylinder is inscribed in a cone of height h. If the volume of the eylinder is maximum, ATUM that. its height is ЫЗ. 


Show that the volume of the biggest right circular cone that can be inscribedin a sphere of given radius is 8/27 times 
that of the sphere. | 





. A given quantity of metal is to be cast intoa half-cylinder with а кл; Na and semi-circular ends. " LOW 







that in order that the total surface arca tay Бо рт Хо deat she а diameter 
of its semi-circular ends is mm + 2). AIE 5 ДЕЙ МА Un S 
A person being in а boat a miles from the nearest point of the beach, : wishes to. 
b miles from that point along the shore. The ratio of his rate of walking to his г 
should land at a distance b — a cot сс from the place to be reached. | \ 

The cost per hour of propelling a steamer is proportional to thé cube theresa tirbrigh wate? Find the relativé 
speed at which the steamer should be run against a current of 5 km per hour to make a given trip at the least cost. 








СЕ ASYMPTOTES 


(1) Def. An asymptote of a curve ts a straight line at a finite distance from the origin, to which a tangent to 
the curve tends as the point of contact recedes to infinity. 

In other words, an asymptote is a straight line which cuts a curve on two points, at an infinite distance 
from the origin and yet is not itself wholly at infinity. 

(2) Asymptotes parallel to axes. Let the equation of the curve arranged according to powers of x be 

ax" + (ауу + b,)x"- 1+ (agy* + bay + с,)х 2+... 0 413 

If a, = 0 and y be so chosen that a,y + b, = 0, then the d m —— of two highest powers of x in (1) vanish 
and therefore, two of its roots are infinite. Hence ау + b, = 0 is an asymptote of (1) which is parallel to x-axis. 

Again if a,, a,, b, are all zero and if y be so chosen that ау? + ba + С. = 0, then three roots of (1) become 
infinite. Therefore, the two lines represented by аду? + буу + с, = 0 are the asymptotes of (1) which are parallel to 
x-axis, and so on. 

Similarly, for asymptotes parallel to y-axis. 

Thus we have the following rules : 

I. To find the asymptotes parallel to x-axis, equate to zero the coefficient of the highest power of x in the 
equation, provided this is not merely a constant. 

II. To find the asymptotes parallel to y-axis, equate to zero the coefficient of the highest power of y in the 
equation, provided this is not merely a constant. 





p! арїе 4.65. Find the asymptotes Ne cete | | 1 22:52:18 ity У, г 
BO лг уара Ан А, 


Solution. The highest power of x is x* and its ‘coefficient is y* —y. 
The asymptotes parallel to the x-axis are given by 
у(у = 1) = 0 ie., Буу = О апа у = I. 
The highest power of у is у? and its coefficient is x^ — x. 
The asymptotes parallel to the y-axis are given by 
x(x—1)20iLe,byx-0andx- 1. 
Hence the asymptotes are x = 0, х = 1, у 20 and y = 1. 
(3) Inclined asymptotes. Let the equation of the curve be of the form 


x" (y/x) + x"71 ф, ,(y/x) -x^7*$, _„(у/х) +... = 0 „(№ 
where ф (у/х) is an expression of degree г is y/x. 
To find where this curve is cut by the line y = mx - c, (2) 


put y/x = m + с/х in (1). The resulting equation is 
х'ч (m + efx) + x7! ф , m + с/к) + x^7*6, Vm + с/х) +... 
which gives the abscissae of the points of intersection. 

Expanding each of the ó-functions by Taylor's series, 


c? 


! 
> 


ЯС б (742 о 0+. fest [eim et, ат +. 


жал-21ф, „(т) +...) =0 
or х"ф (m) + x^! feo’ (т) +, _ ,(m)) 


2 
+ х1 B 4 (mm) + ci 10m) +o, о m} +- zl d) 


If the line (2) is an asymptote to the curve, it cuts the curve in two points at infinity i.e., the equation (3) 
has two infinite roots for which the coefficients of two highest terms should be zero. 
i.e., ф, (n) = 0 244) and сф,(т)-40, ү(т7)-0 .445) 
If the roots of (4) Бе ту, my, ... M then the corresponding values of c (i.e. сү, Cos ....... с„) are given by (5). 
Hence the asymptotes are 
yzm,xtc,yem;XcC,.2-y-—m,X-€, 
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Obs. ТЕ (4) gives two equal values of m, then the corresponding values of c cannot be found from (5). Then ¢ is 
determined by equating to zero the coefficient of x" - ? де. , from 


" | -— 

= Ф",()-4сФ, (07740, 5(0)7-0 AU). 
In this case, there will be two parallel asymptotes. 
Working rule : 
1. Putx= 1, y = тіп the highest degree terms, thus getting ¢ (m). Equate it to zero and solve for m. Let its roots 

be m4, Pia, «ue 
2. Form 6, _ (т) by putting x = land у =m in the (n — Dth degree terms. 
3. Find the values of c (1.6. сү, Cp .......) by substituting m = My, (s, ...... in turn in the formula 
cem—6, (т УФ’, (m) 


[Sometimes it take (0/0) form, then find e from (6).] 
4. Substitute the values of m and c in y = mx +c in turn. 


Example 4.66. Find the asymptotes of the curve 
(1) y? — 2xy* =х?у + 2x? + By" — 7xy + 23? + 2y € 2x + 1-0, 
(7 х + Злу Фу ж + у +3 = 0. 
(iti) у (ety) = x + 9y— 2. (Rohtak, 2005) 


Solution. (i) Putting x = 1 and y = т in the third degree terms, 
Qm) = т? – 2m*^- m 2, г. $m) = 0 gives m? - 2m^-m + 2-0 
or (m?— 1) (т – 2) = 0 whence m = 1,- 1, 2. 
Also putting x = 1 and y = m in the 2nd degree terms, ф,(т) = 3m? ~ 7m + 2 
22 wim) _ 3m” -Tm +2 
7 ejm) am* —4m - 1 
=— ] when m = 1,= -2 when m =- 1, = 0 when m = 2. 
Hence the asymptotes are y = x — 1, y = х ~ 2 and y = 2x. 
(11) Putting x = 1 and y = m in the third degree terms, 
ġ Un) = = 1+ З – 4т" 
5 $401) = 0 gives 4m? - 3m - 12 0, ог (m— 1) (2m + 1* = 0 
whence m = 1, - 1/2, - Ш. 
Similarly, ф(т) = 0 
_ Wm) 0 
Qs) 3—12т? 


bho | 


0 
= О when т = 1, = y form when m =- 


Thus (when т=- 1) с is to be obtained from 


2 
a ф” (m) + c d, (т) + 6, (m) = 0 


or C. (24m) +е.0+ C 16 m) «0 
Putting т = — 1/2, 6c? — 3/2 = 0 whence c = + 1/2. 
Hence the asymptotes are y = х,у = – ix },y =- ix- +. 
um Putting x = 1 and y = т in the third degree terms, 6, (m) = (1 + m)*. 
04 (m) = 0 gives (m + 1)? = 0 whence m = — 1, – 1, — 1. 


Similarly, фт) = 2 (1+ m)*, ф (т) = —1— 9m, ф (m) = 2. 
For these three equal values of m = — 1, values of c are obtained from 
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с дай с? "I P - 
3193 (т) + F 65" (m) +o," (т) + ф (т) = 0 


3 2 
or T (6+ 7 (4)+е(-9)+2=0 or с3+ 9202 9с+2=0. 


Solving for с, we have c = 2, – 2 + 45. 
Hence the three asymptotes are 


--хж2, утз-х-2- 45,у--х-2- 45. 
4. Asymptotes of polar curves. It can be shown that an asymptote of the curve 1/r = f (8) is 
rsin (8 а) = Lif’ (0), 
where ais a root of the equation f (8) = 0 
and Г (œ) is the derivative of f (0) w.r.t. Ө at Ө = о. 


Example 4.67. Find the asymptote of the spiral r=a/9. 
Equation of the curve can be written as Ur = Ө/а = ДО), say. 

КӨ) = 0,1Ё80 = 0 (=). Alsof'(0) = Ша  f'(Q)-l/a. 
4 The asymptote isr sin (6 — 0) = 1/f'(0) or rsin8-a. 


PROBLEMS 4.14 





Find the asymptotes of | 
1, х 4 y? = Beery (Аяга, 2002) 2. (x*— a7) (y* - b*) = а? Б? (Osmania, 2002) 
3. (a/x +b Fe = 1 (Burdwan, 2003). 4. x*y + ху" + xy Roy? + Ax = 0. 
5. fot + x? — 3xy2— 3 1 xy =y2 2 0. (U.P.T. U., 2001) 


В. x?(x y? а? (x? + y?) = 0 (Kurukshetra, 2006) 
7. (x+y)? ix 4 2y + 2) = x + Dy — 2) (Rajasthan, 2006) 
8, Show that the asymptotes of the curve x^ y? = a? (x? + y?) form a square of side да, 


9. Find the asymptates of the curve x5y —xy" + xy y* «x фу = папа show that they cut the curve again in three points 
which lie an the line x у= 0. (Kurukshetra, 2006) 
Find the asymptotes of the following curves : 
10. r=atan®@. ` (Rohtok, 2006 S) I1. r = (вес Ө + tan 9) 
12, r sin Ө = 200526. (Kurukshetra, 2009 8) O MS. rsinn @ =a. 


ESTA (1) CURVE TRACING 











In many practical applications, a knowledge about the shapes of given equations is desirable. On drawing 
a sketch of the given equation, we can easily study the behaviour of the curve as regards its symmetry asymp- 
totes, the number of branches passing through a point etc. 

A point through which two branches of a curve pass is called a double point. At such a point P, the curve 
has two tangents, one for each branch. 

If the tangents are real and distinct, the double point ts called a node 
[Fig. 4.22 (a)l. 

If the tangents are real and cotncident, the double point is called a 
cusp [Fig. 4.22 (b)]. 

If the tangents are imaginary, the double point is called a conjugate 
point (or an isolated point). Such a point cannot be shown in the figure. Fig. 4.22 (0) 
(2) Procedure for tracing cartesian curves. 
1. Symmetry. See if the curve 18 symmetrical about any line. 
(1) А сигое ts symmetrical about the x-axis, if only even powers of y occur tn its equation. 

(e.g., у? = 4ах is symmetrical about x-axis). 





P 
Fig. 4.22 (b) 





(it) A curve is symmetrical about the y-axis, if only even powers of x occur in its equation. 
(e.g., х? 4ау is symmetrical about y-axis). 
(111) A curve is symmetrical about the line y = х, if on interchanging x and y tts equation remains unchanged, 
(e.g., x? + y? = Заху is symmetrical about the line у = x). 
2. Origin. (i) See if the curve passes through the origin. 
(A curve passes through the origin if there is no constant term in its equation). 
(11) If it does, find the equation of the tangents thereat, by equating to zero the lowest degree terms. 
(i11) If the origin is a double point, find whether the origin ts a node, cusp or conjugate point. 
3. Asymptotes. (1) See if the curve has any asymptote parallel to the axes (р. 183). 
(11) Then find the inclined asymptotes, if need be. (р. 183). 
4. Points. (1) Find the points where the curve crosses the axes and the asymptotes. 
(ti) Find the points where the tangent ts parallel or perpendicular to the x-axis, 
(i.e. the points where dy/dx = 0 or ео). 
(11) Find the region (or regions) in which no portion of the curve exists. 


Зэн АХ ЭЭ eser" ж) =. C Р, 71:99"! $5 rv 
(РТИ, 2010, V.T.U., 2008 Rajasthan: 2006 ; UP T.U, 2005 





Solution. (1) Symmetry: The curve is сажиг: about the x-axis. 
[^ only even powers of y occur in the equation. 
(ii) Origin : The curve passes through the origin 
[ there is no constant term in its equation. 
The tangents at the origin are y = 0, y = O[Equating to zero the lowest degree terms.] 
Origin is a cusp 
(111) Asymptotes : The curve has an asymptote х = 2a. 





[^  co-eff. of y? is absent, co-eff. of y? is an asymptote. 
(iv) Points : (a) curve meets the axes at (0, 0) only. (b) y? = x?/(2a — x) 
When x is —ve, y? is —ve (i.e. y is imaginary) so that no portion of the cuve lies to the left of the y-axis. Also 
when x > 2a, y* is again —ve, so that no portion of the curve lies to the right of the line 3x = 2a. 
Hence, the shape of the curve is as shown in Fig. 4.23. This curve is known as Cissoid. 


. Example 4.69. Trace the curve у? (a — x) = ха +x). Ж. —— «VU, 201 


Solution. (1) Symmetry : The curve is symmetrical Bout the x-axis. 
(11) Origin : The curve passes through the origin and the tangents at the 
origin are у? =x’, 
1.6. у= хапа у =-х. 2 Origin is a node. 
(iii) Asymptotes : The curve has an asymptote x = a 
(iv) Points : (a) When x 20, y 20; when у = 0,x =0or—a 
The curve crosses the axes at (0, 0) and ( — a, 0). 


Fig. 4.23 








We have у= + х Е ki =) Fig. 4.24 
I-——-x 
When x > a or < —a, у is imaginary. 
No portion of the curve lies to the right of the line x = a or to the left of the line x = — a. 

Hence the shape of the curve is as shown in Fig. 4.24. This curve is known as Strophoid. 
Р МИ м | JA AME "m ГР P Ne ЭМ ДЕ], i г Ч " ) A ^Y d Уг „тут ane’ раи 
Example 4.10. Туасе the curve y х21(1-2)) {ый а р o uo e 

Solution. (1) Symmetry : The curve is symmetrical about y-axis. 

(11) Origin : It passes through the origin and the tangent at the origin is y = 0 (i.e., x-axis). 





(iii) Asymptotes : The asymptotes are given by 1 —x* = 0 or = + 1 and 
у=ж—1. 
(10) Points : (a) The curve crosses the axes at the origin only. (6) When 
x — 1 from left, y — о 
When x — 1 from right y — — = 
When x > 1, y is – уе 
Hence the curve 15 as shown tn Fig. 4.25. 





e the curved? ==). | | | ТИ, 


Solution. (1) Symmetry. The curve is symmetrical about x-axis, y-axis 
and origin. 
(u)Origin. The curve passes through the origin and the tangents at 
the origin are a*y* = a?x? Le., y = + х. 
(iit) Asymptotes. The curve has no asymptote. 
(iv) Points. (a) The curve cuts x-axis (у = 0) atx = 0, +а. and cuts y-axis 
(x = 0) at y = D i.e., (0, 0) only. 
| 2 2 | 
(5) dy - Au — œ at (a, 0) Fig. 4.26 
i.e., tangent to the curve at (а, 0) is parallel to y-axis. Similarly the tangent at (— a, 0) is parallel to y-axis. 





(c) We have y = х а? — x" which is real for x? < a^ ѓе, -a <x <a. 


The curve lies between x = а and x =—a 
Hence the shape of the curve is as shown is Fig. 4.26. 





Solution. (1) Symmetry. The curve has no symmetry. 
(11) Origin. It doesn’t pass through the origin. 
(itt) Asymptotes : The curve has no asymptote. 




















(1v) Points. (a) The curve cuts x-axis (у = 0) at (— 2, 0), (4, 0) and 1 
cuts y-axis (x = 0) at (0, — 16). 1 

| 

(b) x dy - Зх? = 12 i 
! 

i 

At (- 2, 0), 7— =0 ie., tangent is parallel to x-axis at (— 2, 0). х ын 

d ^ (2, -32) | 
At (4, о), 2 — =36 Le.,tan Ө = 36 i.e., tangent makes an acute Fig. 4.27 


angle tan! 36 with x-axis at (4, 0). 
Also су = 0 аё 3х2 — 12-0 ог х= + 21 .е., tangent is also parallel to x-axis at (2, — 32). 


(с) у — œ as x —^ œ and y 2 — е as х ә — о; у is + ve for x > 4 and y is – ve for x «4. 
Hence the shape of the curve is as shown in Fig. 4.27. 


Example 4.73. Trace the curve 9ау2 = б 2а) (к 5a? T Л 


Solution. (1) Symmetry, The curve is symmetrical about the x-axis. 
(ii) Origin. The curve does'nt pass through the origin. 





ebuzzpro.blogspot.com 





(111) Asymptotes. It has no asymptotes. 

(iv) Points. (a) The curve cuts the x-axis (y = 0) at x = 2a, and x = 5a. i.e., at A (2a, 0) and B(5a, 0). 
It cuts the y-axis (x = 0) at y? = — 50 a?/9, i.e., у is imaginary. 
So the curve doesn't cut the y-axis. 


(b)y= = “= ул НӘ I Le., y is imaginary for x < 2a. So the curve exists only for x > 2a. 
a 
fei: y- х — За 


taa a= 2 (x = За 


At A (2a, 0), су — «e ie., tangent is parallel to y-axis. 





At B (ба, 0), 2% ~+_1 ie there are two distinct tangents. 
ёо 


So there is a node at В (5a, 0). 
Hence the shape of the curve is as shown in Fig. 4.28. 
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Solution. (1) Symmetry : The curve is roni Pm the line y = x. 
(ii) Origin : It passes through the origin and tangents at the origin are 
ху-0,ї6ё.,Х:0,у-0. 
Origin is a node. 
(111) Asymptotes : (a) It has no asymptote parallel to the axes. 
(b) Putting y = т and x = 1 in the third degree terms, 
$4 Gn) = 1 + m?, >, (m) = 0 gives m =- 1. 
pi o а (Зот, a 
Q3 Gn) ám" m 
=-а, when m =— 1. 














Hence уз-х-а 2 ts == -1] is an asymoptote 


(iv) Points : (a) Ц meets the axes at the origin only. 
(b) When y =x, 2x? = 3ax*, Le. x = 0 or 3a/2. Le., the curve crosses the line y = x at (3a/2, 3a/2). 
Hence the «паре of the curve is as shown in Fu 4.29. This curve is known as Folium of Descartes. 





Solution. d) Es. The c curve Бай: по куШ. 
(ti) Origin : The curve passes through the origin and the tangents at the 
origin are x = 0 and x = 0. 
The origin is a cusp. 
(iit) Asymptotes : (a) The curve has no asymptote parallel to the axes. 
(b) Putting x = 1, y = m in the third degree terms, we get 
фт) m* +1; . ф.(т) = 0, gives m = – 1. 





с=— T qug =a form = 1 
„(т 


Thus x + у = а is the only asymptote. 
The curve lies above the asymptote when x is positive and large and it lies below the asymptote when x is 
negative. 


189, 
(iv) Points. (a) The curve crosses the axes at О (0, 0) and С(За, 0). It crosses the asymptote at A(a/3, 20/3). 
(b) Since y? dy/dx 2x(2a —x). 2. dy/dx = 0 for x = 2a. 
(c) Now y = [x? (За — x)]!*. 
When 0 « x < За, y is positive. As x increases from 0, y also increases till x = За where the tangent is 
parallel to the x-axis. As x increases from 2a to 3a, y constantly decreases to zero. 
When x > 3a, y is negative. 
When x < 0, y is positive and constantly increases as x varies from 0 to — «e. 
Combining all these facts we see that the shape of the curve is as shown in Fig. 4.30. 
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nple 4.76. Trace the curve уг (x-a) = хіх жа 00 ГАЛ РТУ ST 


алы чы 
га = == 4 | | 
ч | ; zt Р 2 . il 





Банн. (1) Symmetry : The curve is symmetrical about the x-axis. 
(it) Origin : The curve passes through the origin and the tangents at the origin аге у? = – х? ie., у =+ ix, 
which are imaginary lines. .. The origin is an isolated pm 
(tii) Asymptotes : (a) x = a is the only asymptote parallel to the y-axis 











(b) Putting x = 1 and y = m in the third degree terms, we get FH 
| Ж i Z^ © 
фа (m) = m? – 1. “у | 2 
фа (m) = 0 gives т = + 1 72 
є = $200) 
$m) Е 
| mme 
. ram +1) Ч 
Е 2m en 
= а form = + 1. : ! SES 
Thus the other two asymptotes are y = х *a;y--—x-a. i | v9 
(iv) Points : (a) The curve crosses the axes at (— a, 0) and (0, 0). 
It crosses the asymptotes y = x + a and y = —x—a at (—a, 0). Fig. 4.31 
(0) у= + х ' en 


When x < а and x > — a, y is imaginary. 
г. no portion of the curve lies between the lines x = a and x = — a. Thus the vertical asymptote must be 
approached from the right. 


(с) Sa x" фах +а" | 
dx ^ (Lay (e+ ay” 
dyldx = 0, when x = + (1+ ‚/5 )а = 1.6a approx. 
[rejecting the value 101 — /5)a which lies between — a and a] 
and dyldx — со, when x = +а. 


Thus the tangent is parallel to the x-axis at x = 1.ба and perpendicular to the x-axis at x = + a. 
Hence the shape of the curve is as shown in Fig. 4.31. 





(3) PROCEDURE FOR TRACING CURVES IN PARAMETRIC FORM : x = f(t) а 


1. Symmetry. See if the curve has any symmetry. 
(i) A curve is symmetrical about the x-axis, if on replacing t by — t, КО remains unchanged and t) changes 
to — o(t). 
(11 A curve is symmetrical about the y-axis Гоп replacing t by — t, ДО changes to — КО and Ф) remains 
unchanged. 
(ИР) A curve is symmetrical in the opposite quadrants, if on replacing t by — t, both f(t) and ф() remains 
unchanged. 


HIGHER ENGINEERING MATHEMATICS 





2. Limits. Find the greatest and least values of x and y so as to determine the strips, parallel to the axes, 
within or outside which the curve lies. 

3. Points. (а) Determine the points where the curve crosses the axes. 

The points of intersection of the curve with the x-axis given by the roots of òH) = 0, while those with the 

y-axis are given by the roots of f(t) = 0. 

(b) Giving t a series of value, plot the corresponding values of x and y, noting whether x and y increase or 
decrease for the intermediates values of t. For this purpose, we consider the sign of dx/dt and dy/dt for 
the different values of t. 

(c) Determine the points where the tangent ts parallel or perpendicular to the x-axis, (t.e., where dy/dx = 0 
or — со), 

(d) When x and y are periodic functions of t with a common period, we need to study the curve only for one 
period, because the other values of t will repeat the same curve over and over again. 


Obs. Sometimes it is convenient to eliminate ! between the given equations and use the resulting cartesian equa- 
tion to trace the curve. 


Example 4.77. Trace the curve x = a cos? t, y = a sin? t or x7!" +213 =a?” 
| (РТИ, 2009 S ; УРТ, 2005 ; УТ, 2003) 


Solution. (1) Symmetry. The curve is symmetrical about the x-axis. 
[- On changing t to — t, x remains unchanged but y changed to — y] 
(ü)Limits. ч |x |saand]|vy | <a. 
The curve lies entirely within the square bounded by the lines x = + a, 


у=+а. 
(пт) Points : We have ix = — За cos“ t sin t, 





dy “28, Чу | 
ЗУ = За sin? t cos t, © = — tant. 
di a SIT О Ae п 


A dyldx = 0 when t = 0 or x Fig. 4.32 
and dy/dx — со, when Ё = 1/2. 
The following table gives the corresponding values of t, x, y and dy/dx. 


As t increases x y dy/dx varies Portion traced 
from 0 to n/2 +ve and decreases +уе and increases from 0 to «s A to B 
from a to 0 from 0 to a 
from 7/2 to n + уе ап increases +уе and decreases from со to 0 Btoc 
numerically from from a to 0 
Ü0to-a 


As t increases from л to 2r, we get the reflection of the curve ABC in the x-axis, The values of t > 2л give 
no new points. 
Hence the shape of the curve is as shown in Fig. 4.32 and is known as Astroid. 


Example 4.78. Trace the curve x =a (0 + sin Ө), y= a (1.4 сов Ө). (J.N.T.U., 2009 S) 


Solution. (1) Symmetry. The curve is symmetrical about the y-axis. 
[- On changing 6 to — Ө, x changes to — x and y remains unchanged] 
Thus we may consider the curve only for positive value of x, i.e., for Ө > 0. 
(ii) Limits. The greatest value of y is 2a and the least value is zero. 
Hence the curve lies entirely between the lines y = 2a and y = 0. 
(111) Points. We have 
dx 


46 = @(1 + cos Ө), a =a sin 6 and су = — tan 6/2. X Bi@=-x) 0!  Bl(0-m) Х 
9 Ө х Fig. 4.33 
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AL CALCULUS & Its APPLICATIONS 





dyldx = 0 when Ө =0 ог 2n and dy/dx — со when Ө = m. 


| | d 
The following table gives the corresponding values of 9, x, y and = i 





Ав D increases | 3 y dy dx varies Portion traced 
from 0 to x decreases from from 0 to ос: A to B 
2a io 0 
from л to 2л increases from from se to 0 BtoC 
0 to 20 








As 8 decreases from 0 to — 2л, we get the reflection of the curve ABC in the y-axis. 

The curve consists of congruent arches extending to infinity in both the directions of the x-axis in the 
intervals ... (— Зп, — л) (— n, п) (л, Зл), ... 

Hence the shape of the curve is as shown in Fig. 4.33 and is known as Cycloid. 


Obs. 1. Cycloid is the curve described by a point on the circumference of a circle 
which rolls without sliding on a fixed straight line. This fixed line (x-axis) is called the base 
and the farthest point (A) from it the vertex of the cycloid. 

The complete cycloid consists of the arch B'AB and its endless repetitione on both 
aides. 

2. Inverted cycloid: x =a (0 + sin Ө), у = a(1 — cos 0). 

The complete inverted cycloid consists of the arch BOA and an endless repetitions of 
the same on both sides. Неге AB is the base and О the vertex of this cycloid. (Fig. 4.34). 








(4) PROCEDURE FOR TRACING POLAR CURVES 


1. Symmetry. See if the curve is symmetrical about any line. 
(i) A curve is symmetrical about the initial line OX, if only cos Ө (or sec Ө) occur in its equation. (Le., it 
remains unchanged when Ө is changed to — 0) e.g., r = а (1 + cos Ө) is symmetrical about the initial line. 
(11) A curve is symmetrical about the line through the pole L to the initial line (Le., OY), if only sin Ө 
(ar cosec Ө) occur in its equation. (t.e., it remains unchanged when Ө is changed to n- 8) e.g., r = a sin ЗӨ 
is symmetrical about OY. 
(111) A curve is symmetrical about the pole, if only even powers орг occur in the equation (i.e., it remains 
unchanged when г is changed to — r) e.g., г? = а? cos 20 is symmetrical about the pole. 
2. Limits. See if r and 8 are confined between certain limits. 
(i) Determine the numerically greatest value of r, so as to notice whether the curve lies within a circle or not 
e.g., r= Q sin ЗӨ lies wholly within the circle r = а. 
(ii) Determine the region in which no portion of the curve lies by finding those values of Ө for which r is 
imaginary e.g., г? = а? cos 20 does not lie between the lines Ө = 7/4 and Ө = 31/4. 
3. Asymptotes. If the curve possesses an infinite branch, find the asymptotes (р. 183). 
4. Points. (1) Giving successive values to 0, find the corresponding values of r. 
(ii) Determine the points where the tangent coincides with the radius vector or is perpendicular to tt (Le., 
the points where tan ф = г d6/dr = 0 or со). 


Example 4.79. Trace the curve г = a sin 38, (U.P.T.U., 2002) 


Solution. (1) Symmetry. The curve is symmetrical about the line through the 
pole L to the initial line. 
(11) Limits. The curve wholly lies within the curver = а. (* ris never > а) 
(iii) Asymptotes. It has no asymptotes. 
40 | asin30 1 


(tv) Points. (a) tan og =r а. tan ЗӨ 








zs ф= 0, when Ө = 0, 7/3, ...... й | a үлээсэн 
b= ck When ела. Hence the curve of the curve 
(b) The following table gives the variations of r, 0 and 6: 





As Ө increases from 1/2 to л, portions of the curve from В to O, О to C and С to О are traced by symmetry 


about the line Ө = 1/2. 
Hence the curve consists of three loops as shown in Fig. 4.35 and is known as three-leaved rose. 


ur Lean wed h FS 


Solution. (1) БУН. The curve 15 m——— about the line носин the а П to the initial line. 
(11) Limits : The curve lies wholly within the circle r=a (2 г is never >a) 








(111) Points : (a) As 6 increases from r varies from Loop 
БИ | 
0to 7 | Оша 
no : 1, 
2 Lo 5 a to | 
5 to TT Üto—a 
no: 2, 
3n 
а t7 -аїю0 etc. etc. 
oe XU 
(b) tan фе поа о tan 20; 
А ф = 0, when 0 = 0, ©, л, 822... 
9 2 
ф = о, when 0 = ХЭЛ Эх ir 


47147474 
— the — of the curve is as shown in Fig. 4.36. 


Cy Fx "m 2 4 T "rx яр E ч 11 
Ч үг? 1, го J и = 7.) г т КҮ. MEE ЭЭЖ ' - 
| Ж. zx 4 > 4 F гр WM - 


vA ae MIN T ж БАР 





Бойхйол. (i) бита The curve is анаан шин: the рае. 
(it) Limits : (а) The curve lies wholly within the circle r = a. 
(b) No portion of the curve lies between the lines Ө = 7/4 and Ө = 3n/4. 





(111) Points : (a) tan 6 =r —— 29 P =- cot 20 = tan (Z +26) 


Fig. 4.37 


е, b= 5 +2@ = =0,when 9 =—w/4 ; ф = 1/2 when Ө = 0. 
Thus, the tangent at О is Ө = — 1/4 and the tangent at А is L to the intial line. 











As Ө increase from л to 2л, we get the reflection of the are ABOCD in the initial line. Hence the shape of 
the curve is as shown in Fig. 4.37. This curve is known as Lemniscate of Bernoulli. 





Solution. (i) — ti is — about the initial line. 
(її) Limits : The curve wholly lies within the circle г = a + b 
(— ris never >а + Б) 

(иг) Points : (a) when a > b. 

As Ө increases from 0 to 7/2 ; г decreases from a + b to a 

As Ө increases from 7/2 to л, г decreases from a toa — b 

The shape of the curve is as shown in Fig. 4.38 (1). 

(B) when a « b. 

As 0 increases from 0 to 7/2 ; r decreases from a + b toa 

As Ө increases from л/2 to o ; г decreases from a to 0 

As Ө increases from a to n ; r decreases from О toa — b 





when a = cos"! (- а, 
In this case, the curve consists of two parts, one of which forms а loop within the other and the shape is as 
shown in Fig. 4.38 (iz). 





Solution. (i) телет There і 18 по ттнен 

(it) Limits : There are no limits to the values of r. 

The curve does not pass through the pole for r does not become zero for any real 
value of 6. 


(iii) Asymptotes : + = 3 = fle) 





Кө) = 0 for 6 = 0; f’ (0) = lla, f (0) = Na. 
г Asymptote is г sin (6 — 0) -1/ 0) 
L.e., У = г віп Ө = а із ап asymptote. 


(iv) Points : As Ө increases from 0 to о, г to positive and decreases from œ to 0. 
Hence the indt of the curve is as shown in "e 4.39. 





Solution. (1) унийн? The curve is —! about the line y =x. 
On interchanging x and y, it remains unchanged.] 
(ii) Origin : It passes through the origin and the tangents at the origin are 
given by 
х®у* =O0,ie.,x%=0,2=0;y=0,y =0. 
Hence the curve has both node and the cusp at the origin. 
(iii) Asymptotes : (a) It has no asymptotes parallel to the axes. 
(b) Putting x = 1, у= m in the fifth degree terms, we get 
ф; (т) =1+15. 2 ф„(т)=0 руевт = – 1. 





— 5am? 
Бт* 
Непсеу--хжа or x+¥y¥=a is an asymptote. 
(10) Points : Since it is not convenient to express у аз a function of x or vice versa, hence we change the 
equation into polar coordinates by putting, x = г cos Ө and y = г sin Ө. The equation of the curve 
becomes : 


=a for m=-— 1. 


5a sin” Өсов 0 ба sin^20 - 
cos? §+sin°@ 4 cos’ Ө+ sin? Ө 


r= 





As Ө increases from л to 2n, the curve will retraced. 
Hence the shape of the curve is as shown in Fig. 4.40. 








(a) у (= 1 + for—l<x< 1 fo) у x^ for-1 «хє i^ 


n2. 


(с) УС" for any real x (d) $, Dx" for- Tex «1, 
н =й | Lxx | 
8. A triangle of maximum area inscribed in a circle of radius г 
(а) is a right angled triangle with hypotenuse measuring 2r - 
(b) is an equilateral triangle Wi 
(c) is ап isosceles triangle of height r 
(d) does not exist. 
7. The extreme value of (x)"* is | um 
(a) e (b) (eye m^ wr e AND ATE UNE 


8. The percentage error in computing the area of an ellipse when an error of 1 p. cent is made in measuri ngthe major 
and minor axes is 


(a) 0.2% (05 b) 29 1j (e) 0.02%. ў 


9. The length of subtangent of the rectang ч lar hyperbola z^ - y= at at the point (а, 2a ) is 
| | | ТУ Marg 
(a) Уга (6) 2a 1 © эн К, а 6; 
10, РОТА Ва ФЕИ at (2, du yd А ГЕ. ч АР, 
(а) 2/3 —— (5) 32 (096. AE NUITS VIGOR 
Е тае crie d 
(a) 4, 14 (5) 4, — ME) ALIAS 10. p dy-45-14. 
12. The radius of curvature of the curve у = at the pose where it СЕР: Ше y-axis: is 


i92. 7. 2 


13. "Thé equation of the adymiptités. ote K = за аху, ів | Уй 2 | 
| (a)x-y-a-0 Ф)х-ужа=0 ЭГЭЭ DEN Ӯ; | ^ se а= 0). 
34. 100 be the angle between the tangent and гас ius vector а s curve = 119), then kin equali to 
| (a) 22 (474 Wre ds RM 
b. 15. Sie » of the family of lines x = my + Mmi ів 2.1 

16. The chord of curvature parallel еен for M pini 

11. sinh x =.. "noeh я. АЛ “yt 
48, пре us derivative oce cos 2x бов. 3s UE V ү 

= Заху = 0, then d?y/dx? at (34 "o 2) = ie | 

. When the tangent ata point on a curve is par: її Ч to x-axis, then the curvature at ЕМЕ same as the second 
| darivative at that point. | НОО га ry (Tri or False) 

21. Wx = at", y =2at, ! being the parameter, then ху dy/dx? = ........ | | 1 
22. The radius of curvature for the parabola x =a, y = dosis d ЖАЛУ. у | | 
.. 23. Ш (a, b) are the coordinates of the centre of curvature whose curvature is №, then the equati 

curvature i5 ......... | | Le oa ‹ АЛ 

24. Evolute is defined as the ......... of the normals for a given curve. 


25. Envelope of the family of lines a + yt: = 9c (where t is the p Tr melee 


26. The angle between the radius vector. nd tangent for the curve r= аеб с6а i; 
27. The subnormal of the parabola у? = Зах is ......... | | 
28, The fourth derivative of (e x?! ig ......... 
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1 1. Functions of two ог more variables. 2. Partial derivatives. 3. Which variable is to be treated as constant. | 
4. Homogeneous functions—Euler's theorem. 5. Total derivative—Diff. of implicit functions. 6. Change of 

| variables, 7. Jacobians. 8. Geometrical interpretation—Tangent plane and normal to a surface. 9. Taylor's | 
theorem for functions of two variables. 10, Errors and approximations; Total differential. 11. Maxima and minima 

| of functions of two variables. 12. Lagrange's method of undetermined multipliers. 13. Differentiation under the | 
| integral sign—Leibnitz Rule. 14, Objective Type of Questions. | 


1) FUNCTIONS OF TWO OR MORE VARIABLES 





We often come across quantities which depend on two or more variables. For example, the area of a 
rectangle of length x and breadth y is given by A = xy. For a given pair of values of x and y, А has a definite value. 
Similarly, the volume of a parallelopiped (= хул) depends on the three variables x(= length), y(= breadth) and 
hi -height). 

Def. A symbol z which has a definite value for every pair of values of x and y is called a function of two 
independent variables x and y and we write z = f (x, y) or fx, y). 

We may interpret (x, y) as the coordinates of a point in the XY-plane and z as the height of the surface 

= f (x, y). We have come across several examples of such surfaces in Chapter 4. 

The set R of points (x, y) such that any two points P, and P, of R can he so joined that any are P,P, wholly 
lies in R, is called as region in the XY-plane. A region is said to be a closed region if it includes all the points of its 
boundary, otherwise it is called an open regton. 

A set of points lying within a circle having centre at (a, b) and radius 6 > 0, is said to be neighbourhood of 
(a, b) in the circular region R : (x — a + (y — b < 62, 

When 2 is a function of three or more variables x, y, |, .., we represent the relation by writing z = 
Ах, y, t, ...). For such functions, no geometrical representation is possible. However, the concepts of a region and 
neighbourhood can easily be extended to functions of three or more variables. 

(2) Limits. The function ffx, y) is said to tend to the limit las x > a and y — b if and only if the limit l is 
independent of the path followed by the point (x, y) as х + a and у — b and we write 

Lt fix j=! 
з 

In terms of a circular neighbourhood, we have the following definition of the limit : 

The function f (x, y) defined in a region В, is said to tend to the limit las x а and y — b if and only if 
corresponding to a positive number е, there exists another positive number 6 such that | f (x, y) - 1 | <e for 
0 < (x — a)? + (y - b)? < & for every point (x, y) in В. 

(3) Continuity. A function fix, y) is said to be continuous at the point (a, b) if 

Lt f(x, y) exists and = f (a, b) 
Xx 
yh 
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If a function is continuous at all points of a region, then it is said to be continuous in that region. 
A function which is not continuous at a point is said to be discontinuous at that point. 
Obs. Usually, the limit is the same irrespective of the path along which the point (x, y) approaches (a, b) and 
Lt КЕЯ Lt f(x, y= иш, 14 fix, »| 
ru yb 


But it is not always so, as the AUC adea эж Ч 





T Eed | | ашгүй ae Е | 
xa y) 88 (x, y) — (0, 0) along the line y = mux: 


= = Тог 5 228 TIL т IIT which is different for lines with different slopes. 
х 


Also It | Lt (= = Lt =] = whereas (2-3 E [24] 24. 
EA ту EXE 58: Яаг 238 x + "ES y 
As (x, y) is made to approach (0, 0) along different paths, f (x, y) approaches different limits. Hines the two 
repeated limits are not equal and f (x, y) is discontinuous at the origin. l 


Also the function is not defined at (0, 0) since f(x, y) = 0/0 for x = 0, y = 0. 
(4) As in the case of functions of one variable, the following results hold : 
I. If а f(x,y) =Г апа Lt р(х, у) = т, 


ras re 
then (0) if LH (f(x, y) E g(x, у] 24! т (ii) Lt (f(x,y). р(х, У ^! . m 
yh Jb 
(it) Lt [f(x,y)/ glx, y)] = Шт (m #0) 
yb 


П. If f (x, y), g (x, y) are continuous at (a, b) then so also are the functions 
Fix) + д (х, у), f(x, vy). ж (х, У) and f (x, yVgí(x, y) 
provided g (x, y) # 0 in the last case. 





| PROBLEMS 5.1 


Evaluate the following limits : 











is : 47 
1. ИЗ op 3) 14-51, 82 М 22224 id а n Бы 5 
-11 + — La -— 2”) 
5137 +y* +1 Pot + y ae + Зу? "Эм 
CAEN »| LARES 


Also show that the function is discountinuous at the origin. | 
6. Show that the function (x, y) 232 + 2y,— (x, y) (1, 2) 


a(x, y) = (1, 2) 20 
is discontinuous at (1, 2). 
7. Investigate the continuity of the function 
Г х, у) = хуй? + у?), (x, y) = (0, 0) 
20 (х,у) =(0, 0) 


а! Ше огїрїп. 
Note. In whatever follows, all the functions considered are continuous and their partial derivatives (ав defined 


below) exist. 





PARTIAL DERIVATIVES 


Let 2 = f (x, y) be a function of two variables x and y. 
If we keep y as constant and vary x alone, then z is a function of x only. The derivative of z with respect to 
x, treating y as constant, is called the partial derivative of z with respect to x and is denoted by one of the symbols 





ge Sf . 8 Fering- Fic 3) 
dx’ dx" fio, У), D,f. Thus i Lt a 


ür— Ü 
Similarly, the derivative of z with respect to y, keeping x as snes is called the partial derivative of z 
with respect to y and is denoted by one of the symbols. 





dy — 0 
Similarly, if z is a function of three or more variables x,, Хи. Хүү. the partial derivative of z with respect to хү, is 
obtained by differentiating z with respect to хү, keeping all other variables constant and is written as дг/дх\. 


In general f. and f, are also functions of x and y and so these can be differentiated further partially with 


2z. ar | де f(x, у + by) - fix y) 
ду? ду? f ix y) Df. Thus a Lt шин шаа 


respect to x and y. 

à д (= 2: с. 22 д [4=\ д л 

me 40-08 иен FE oh 
2(%)- D or af or f. and 2 (2) -2z m а 
dylox) дудх дудх frye and 107 à" o 7 

It can easily be verified that, in all ordinary cases, 
dz 0 
дхду дуд 


Sometimes we use the following notation 





Solution; Wo bave m alu = pass 
Е = Зх? + 0 — 3ay(1) = 3x? — Зау, and & = = 0 + 3y“ — 3ax(1) = Зу? — 


ja Э mi sca 829 ms TEAM 
Also cow ee Jay) = бх, huy - day) 

20. 

er дам) обу, and 2£- 9 (ay? — Зах) = — 3a. 





Solution. We have ди. =. 1 е Ра ay tan ! £4 y*. 1 Ч [= £j 
dy 1-(у/ху х y 1+ (x/yY. y) 








d 2 
= x — 2y tan`! Жа Xy =х— 2 tan” x 
x^. У 


х? + у? y 21 





*It is important to note that in the subscript notation the subscripts are written in the same order in which we 
differentiate whereas in the 9 notation the order is opposite. 








т 77 өр 
4 


| Ju _ 9 2l ү z) = 3.3. = 18 "a zs 
.. — = x —Zy tan 1- 2у. ——~ .==1- 
dx и y 1+(x/y)? У ey ху 


Similarly, би = 2x tan"! y/x — y 





зүй, Yl | 
Зи = 2.12, tan! 2 – »| Ut . Hence the result. 
Д | эр” +y 


| 1 Pa - p 
* | + EJ 
24 у» frs 
à 3 7 47 T | y 
ү e 





3. 5415) rh, ү. LA rA 17 ATE urs m Га b A | ig mr ч m bh i mu L7 KO) AY »u 


hie acl cok. E cree (x — et) == a (x — ct) =f" (x + ct) + ф/' (x — ct) 
92 =f” (x + ct) e 9" (x — et) xd) 
Е 
Again E zf'(x-ct) 3 (x + et) 4 (x-et) а (x — ct) = ef’ (x — ct) — co’ (x — ct) 
az 
m 


=c? f" (x + ct) + c? $" (x — ct) = c? If” (x + ct) + ф” (x — ct) D 


| 2 
From (i) and Gi), it follows that 22 — ¿2 2 а 
| | at ax 


ЇЄЙ m тт alis of T Т: 0 (2.96) 98, — 





U or 2 
1 ort (- > 
ы 42) 


re 


% 
+ 
тэ 
= 
& 
| 


m-1 Ри , n. ar it qm. [nr + 1 2 н), и 


7 5 2" чый y^" = (n? zu aps) е" or (n + 3) ла un Ag. 








and 





Solution. We have Зе” -3 (x? + y? +: 2292 | 2х = — x(x? + у? + 22)-32 
E = ЦІ. (x? + y? + 22) 32 + х(— 3/2) (x? + у? + 22) , 2x] 
ee 4 у? + 22)-5/2 [x? + y? + =? — 3x2] = (x2 + y? + 22)-52 (2x2 — у? 0) 


Similarly, =. = (x? + y? + 22-52 (L.X? + у? — 27) and E = (x? + y? + 22) 52 (=x? — y? + 227) 
—2 
Hence dH E = (x2 + y2 + 22-52 (0) = 




















32? — 3xy 


3х2 -3 ды _ Зу? - Зах | 92 -oy 
х y? +23 – Зхуг 


Solution. We have ME Nos „ —— R———— a, 
дх g? юу +2° — 8хуг ду x? + y? +23 — Зхуг 


ди _ 
dz 
du | ди, ди. UA +2? Ro yz — zx) 

ax” ду dz х? ку? + 2° – 8xye 

3G у? +27 — me ees (V.T.U., 2009) 





(24342 TW 525) 2) (a, cR 
d 
ox 


8 3 9 
(хуна? (хужа? (хужа? @+y+z 





or 


or 


Sakitin. Wea A GLA en =e ын i eter |. © «ati 
Differentiating (i) partially w.r.t. Ю we get 


2x(a? + и) — x? (а? + цуг 9% Эс (b? +цу? 9% ES Ч _22 (62 + цу? Sa =0 





2х | xr — 0 Y у (ан 
a^ +u (ажи! (b uy (c +и)? | 9х 


Bü. O BE уа. Ё У у? 


Э2Х where = a ee a a эн 
Ox (a? +иђо (а -uY (2 +и) (сир 
Similarly differentiating (i) partially w.r.t. у, we get 


2y Че х У 2 ын 2y 


(а? ay (Quy (ий 





Similarly, differentiating (i) partially w.r.t. z, we get 

| 28 ox o y 2? : 

(5? EN Те? cux m3 “ай хий "ий 

4 у? y |4 ti) 
(а? “ир ШТ чи} “ба +u)?| V 


Ju „ Y 18 2 
Also a(x% MJ =2. - 2x” 2y 


ди „ди _ 
de Фф 


(c? +u)v 











22" 
hri —— 


a? +uw (b +uw (cuv 


9 2 2 А 
х y oe ш [Ву ()] ... (880) 





21: 


e^ Е Д7" 
LI ыы 4 "e TEIG 





Solution. We have $c log, x and Pu = yx’-!,logx +x’. І 09 йа) 





гъ шээг -2 - W- ! (y log + 1)] AE) 


i РИТ INT ТТЕ, ATTE 
n БЖ = yx'-! and yx l.x +y (Lv log x) x¥-* (1 + у log x) 
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_ аы сс _ 
A. p^ E rire ds i 
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Гә " 


8 =| ! 
4 - ü 
е 
g^ Р 
Е | 
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Р ч LI 
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Е 
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B^ a 
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4o Fia 
4; Gi 
F бай. i 
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? ч 
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“Рита: DIFFER 
10. The equation аи = Но refers te the conduction of heat along a bar without radiation, show that if = Ae** віп) 
(nt — gx), where A, g, n are positive constants then g = Jin 2р) : 
И. Find the value of n so that the equation V = r^ (3 cos? 0-1) satisfies the relation 


ыг, ЭУ | + ЦАГ Pu (sin 8 бүл, =0. 





д  or/ gin 908 an | 
12. Ifz = log (e* + &), show that rt — 8? = 0 where г = 222/92, s = 922/059; = Pey? 
| = x Жо ди ди 0. 
13. Ми ae 2 show that x 94 32708217 
14. Тег = e yu + 2? and V = г", prove that V... Vi, + V, = mim + Dr? *. (Raipur, 2008) 
15. ЇГ = log (х? + y? 22), prove that (x? + у? (јади, | 
ду”? dz 
16. [fv =x” уг, prove that x — д AUR = (x +y + log v). (Anna, 2005) 
18. Фи = е, find the value of kai v (Rajasthan, 2005 ; Osmania, 2003 S) 





ГЕЙ WHICH VARIABLE 15 TO BE TREATED AS CONSTANT 


(1) Consider the equation x = г cos Ө, y =r sin Ө 1) 

To find dr/óx, we need a relation between г and x. Such a relation will contain one more variable Ө or y, for 
we can eliminate only one variable out of four from the relations (1). Thus the two possible relations are 

r-xsecO 2) and r^ — x* Уу” 3) 

Now we can find дг/дх either from (2) by treating Ө as constant or from (3) by regarding y as constant. And 
there is no reason to suppose that the two values of dr/dx so found, are equal. To avoid confusion as to which 
variable is regarded constant, we introduce the following : 

Notation : (dr/dx), means the partial derivative орг with respect to x keeping Ө constant in a relation 
expressing r as a function of x and 8. 

Thus from (2), (dr/dx), = sec Ө. 

When no indication is given regarding the variable to be kept constant, then according to convention (9/dx) 
always means (д/дх), and d/dy means (d/dy),. Similarly, д/дг means (d/dr), and 0/90 means (9/90) . 

(2) In thermodynamics, we come across ten variables such as p (pressure), v (volume), 7 (temperature), W 
(work), ф (entropy) etc. Any one of these can be expressed as a function of other two variables e.g., T = f (p, v), 
T=glp, ф) 

As we shall see, these respectively give rise to the following results : 


dT = E dp + = du Би) 
:_ ӘТ ЭТ "m 

dT = d d = 
ap p+ 36 ф (11) 


Now, oT/dp appearing in (i), has been obtained from T as function of p and v, treating v as constant, we 
write it as (0T/gp),. 
Similarly, dT/dp occurring in (ii), is written as (dT; /dp),. 


Example 5.9. If u = fir) and x =r cos 8, y =f sin 6, prove that 


2н. z; =f" r+ =, (е0) - (S.V.T.U., 2008 ; Rajasthan, 2006 ; U.P.T.U., 2005) 





апа 


and 


pos ЩЩ _ р, dr DU. = pees гү. + д?г 
Solution. We һауе 28 = /7 (7). 97 and as uf б). (2) «f a. © 


2 
ee au " | dr я 7 д?г 
Similarly, ди =F" (г). (2) «f. 2T 
ду” ду ду 
Vu. у=” га (ET (xy roy | Or. ofr 
a ae f 9-8 + ду +f" (г) ad Әу? 
Now to find 97 LA etc. we write r = (x? + уг) 


ox 2" r dx? г? 
2. 2 
Similarly, = => and > 3 


Substituting the values of dr/dx etc. in (1), we get 


2 2 2 
eu, йн „ө; 23 +f" PE a ar" 0) =F. 





асаб. We тара er сон Ө cos (r sin ө) 
дх 


38 = ©" 9858 (_r sin Ө). cos (г sin Ө) + e" *® [— sin (r sin 0)] . r cos Ө 


= — re^ 58 [sin Ө cos (г sin Ө) + cos Ө sin (r sin Ө)] 
= — re^ *58 sin (8 +r sin Ө) 
ск =e" cos 6 . cos (r sin B) — е” ©°®® sin Ө (r sin Ө) sin Ө 
r 
_ во’ 0988 соб (0 +r sin Ө) 
Similarly, y = е” 0 9 sin (r sin Ө) gives 


9, = re” < Ë cos (Ө + ғ sin Ө) 





00 
ду = er cs sin (0 +r sin Ө) 
or 
$ 9х aap 9% 
08 or 
F ) and ду _ „9х 
rom (11) and (ii), 0753 
| 9^x d*y dy 
From (v), ee ee ДЬ. ЛГ" ЛА 
ош; 2^ "399r - " rgo 
Е dx _ 1 ду : 2°. 1 ду 19Ф4» 
From (vi), a a which gives 9"*. 1 Оу Оу 
ór r 00 ENS i 2 r rd 





дг Lary, Y ana Or r.l-x.or/óx r-x*lr y 


Se a —— oe № 





m 


. (iL) 


ii) 


Au) 


At) 


Ut) 





| | TIA i= | ПЕР ЖУ. | 
1. Их =r cos в, = r sin 6, show that 0 as Gi) E r S үр (2) 48: =1. | 4 | (Burdwan, 2003) 








dr г 90 dx” дх ду: 
2. 10:2 аш» bu, у. =ац — л prove that | 2% x) 158) ве EJ (2. 
i | ё ду х OU | 
8. 1(и-Їх + my, o = mx — ly, show that 63 18)» Ü 99, (3: 2 +m? : 
' ) дх диг P up \ди/ Ady. " 512 SS томе, (а 
4. If х = cos 0, y— r sin 8, prove that | | 
Ө 9 ка (=) + (=) | p. : NB -0 ка О убу dM Ad у. 
det tay? Pre OxJ Я ‚ду T . | РА" 
5, Ia Èx log (x r) or where. 18 ед уй prove that ae v 2 Ei ye M ae (Mumbai, 2008) ' 
ду? ay ХР у ‘x op 4 
6. Ни =) жВеге г. 2 show MUERE du + du + du =f" tr) + 5 fr itr) 
T (lx? ву? +2 bs | "a 5.5 F iris edt 


1) HOMOGENEOUS FUNCTIONS 





An expression of the form ax" + ах" ^ ly taa" tyt a, ," in which every term is of the nth "— 
is called a homogeneous function of deereo n. This can be rewritten as 
x" la, + а (ух) + а (у/х)? +... жа, уху]. 
Thus any function f(x, y) which can be expressed in the form x" iy / x), is called a homogeneous function 
of degree л in x and y. 
For instance, x? cos (y/x) is a homogeneous function of degree 3, in x and y. 
In general, a function f (x, y, 2, Ё, ...) is said to be a homogeneous function of degree n in x, y, 2, £, ..., if it can 
be expressed in the form x"$ (y/x, z/x, t/x, ...). 
(2) Euler's theorem on homogeneous functions*. Ги be a homogeneous function of degree n in x and y, 
then 
= са ey ou — 


ду 


Since wis a шинжин function of degree n in x and y, therefore, 





и = х" (ух) 
Ju = п-Ту У Lyn Р” y _ i = 1-1 2 | apt? y 
oe (2) цай! (2) »| x? | ын 18 j x f a 
and ди =x" f° 2) R r(2). Hence x e eg ди «аа |2) = nu 
| ду (x) хо x ax “Фу х) “ 


In general, if ы be a homogeneous function of degree n in x, y, z, t., then, 


du du ди ди 


--1ТУт-Ү2тїэ--ЧЇт--т- s = ЗЫ. 


dx ду a а 
Example 5.11. Show that «54 + я = 2и log и where log и = (x? + у’) / (8x + By). 


З a yd 1+ (y/ x? 
| x+y у 

H ч 5, и“ — le == = = 2 s EE 120028 В 
Solution. Since z=logu 3x4 4y X 3-- 4C v/ x) 





+ After an enormously creative Swiss mathematician Leonhard Euler (1707—1753). He studied under John Bernoulli and 
became a professor of mathematics in St. Petersburg, Russia. Even after becoming totally blind in 1771, he contributed to 
almost all branches of mathematics. 











| Ё 
Р, T 


.. zis a homogeneous function of degree 2 in x and y. 


By Euler's theorem, we get 
5-2 zi - 
| | at dz 1 du 
ы RAE CIT 
Hence (i) becomes 
х: Ye =2logu or tr = 2u log u. 





| хачин эр ен эр mt a imc боонор. We бака write 
— — х+2у +32 _ it’s 1+2(у/х) + 3(2/х) 
то УЕ. qp ee C L+y/x)® (2/ x 


Thus @ is a homogeneous function of degree — 7 in x, y, z. Hence by Euler's theorem 


20у ос бую (i) 
dx “oy d "^ шы. 
Ви БЭЭ" m OU. u 2 I a 
dx dx dy dy' o dz 
д „9ч | 





3 3,3 1 
| ху -— Xy + yz + 2х : 
Solution. Let v= ——————— апа w = Іор | ———————- wilt) 
x+y? +23 Е) 
so that и=р+щ 
Since v = x? Жэ ‚ therefore v is a homogeneous function of degree 6 in x, у, 2. 
Hence by Euler’s theorem х2 е = 6v di) 
à "x 
7.27.2... 2 

Since ш = log 1 —— 3 Х = тү therefore w is a homogeneous function of degree zero in х, у, z. 

«UG 

x, x 

Hence by Euler’s theorem x% + у S +z 2 -0 D 


Addint (ii) and (iii), we obtain 
(2,92). (2. а), tad 
ax dx) `\ду ду dz ийн 


| 84-9 | 
ог ge a y OE a.a ШЕ T [By (0) 





Solution. By Euler’s theorem, ее +y = =nz weil) 


ox “ду 
92 do Әг д 
Differentiating (i) partially w.r.t. x, we get t + x Yay = "> 
“> 
Ёс. e + "AE (+= DŽ Gi) 


92: дг Fz д 


Again differentiating (1) partially w.r.t. y, we get дуд + ay + Y - 7l 
: д?г д?г dz ЭР 
Le., xr y—;-(n-1— KL) 
0хду ^ ду? ду 
Multiplying (ii) by x and (iii) ny y and adding, we get 
2 Hay, : pa "зайн сэг? = п(п – 1)2. [By (2)] 


andy ду? 





x+y 


Solution. Here u is not a homogeneous function but 2 = sin u = is a homogeneous function of 


degree 1/2 in x and у. 
- By Euler's theorem, Ix» 5: 
du 
or x СОБ и d. OH. = — sinu 
Thus "xU. = Idam (1) 
Differentiating (1) w.r.t, x partially, we get 
pot уди SA Re ай ыг „ a кы. (Z see u 1) (ii) 
ae? ах аду 2 ax Әх? “ду (2 dx 
Again differentiating (i) w.r.t. y partially, we get. 
ди ди ди 1  $ ды S. S. flo. UN 
X—— + ус +— =—sec* u— UM ago В 80 РР. ОРЕ СЕ ОҮБ: 
дЕ ae Oy 2 ду ог to, а? БЭ и ЭР (иг) 
Multiplying (iz) by x and - by y and adding, we obtain 
2 2 | Ws 
22+ == кеи = (J secu 1] xt + x 
n ay! 2 ду, 
2 2 | | 
or | "PS Ps -(5 sec’ и — -1| tan w) [By (0) 
_ l sinu lsinu _ _ sin и (2 соз? и – 1) 
4 сов ц 2со8ц _ 4 cos? u 


Ё» «хөв 
маг iuge віп u соз 20и 


Непсе z 
4 cos” и 








PROBLEMS 54 № 1,011 О рК 10 


























| | Л: « 
X. Verify Euler's theorem, when (i) f (x, y) = ax" + 2hxy + by? | | 42 11! ГА К 
(йй) х, y) = xd o Ух? + у? | (To) 
(ite) f Gc, y) = 3x* ye + бхуѓг + 423 | | | UNIT. U., US 
8. fu -sin'*, tan = X ‚ prove that aa EET 20. (Hazaribagh, 2009: Онон, 2003 5) 
У D 
uw. ete ү" £ ju. ды | | 
8. If u- sin 5 ‚ prove that ТН i (Bhopal, 2009: Ут Ц, 2003) 
Lu de айм Qu диц | 
4, Ifsin u = ‚ show that x— + y— =З tan u. (Kottayam, 2005 ; ETU. 2003 8) 
FH xy dx ` ду 
+ a | | 1 
Б. [Ги = совт! LE rove that A 2004.1 2 212 сори. | | | WTU, 2004) 
Erp. kv» 3 AY" 
6. Show that хо dm =2u log м, where u = e" CP | (TIU 2010) 
7. Hz sf Ql Vac +у*) ‚ Show that ха + Ч = dx y* : (Mumbai, 2008) 
HIIS ACTOR. ларе 30 би Oe ди, | | 
8. е атра | | iit fy 2000.5), 
9. If sinu = DII , Show that хи, + yu, + ли, + 3 tanu =0. | (S.V. T.U., дов 0, 200 
гү + ye a) 

EA f 3: y) 1 4072 Oz 4 du | 
:10, Ifz= 203 prove that x*——. + 2xy vay 55 фы | © ул. 2000 vipat 200) 
| і xj Ж. дх dxdy ду? . 

11, Itu = tan! Ё У iron tha 154 ЧИ ao Г (Т.О, 2009 8) 
Xy dx ду | | 
2 d^u oui аи А: 83, Watts lye Mr NS IM ee ee 
and x'— ok AXyl]— + = 2 cos Su sin’ и, (Mumbai, 2009 > Bhopal, 2008 ; S.V. T. LI, 2007) 
дх сдхду ду t "Ч 
2. 
12, Given 2 =x" foes yo" flay), prove that х? 1 Day с. + у = + wS ши 


(Kurukshetra, 2009 5 ; Rohtak, 2008) 








d 1 | 
13. ЇГиг-х tan! (y/x) —y* tantie), evaluate х? —7 + хи | Por | (U. Т.Ш, 2009 ; Hissar, 5005 5) 
| -] D. ын ц NT 2 d^u i TE 2.2 Jim d a - ic 
14. Ши = tant (7/3), prove that x° — + Zxy "E P ay —g =— sin*L.sin2u. (Bhillat, 2005 ; P.'T.U., 2005). 

wwe мам! g 25, 
21015: УМ) s d^h ou A futs tan 4| 13 tan 
15. If = созес i а ‚ prove that x* ax * ON oy T^ os qa + 19 


(Mumbai, 2008 ; Rohtak, 2006 5) 





(1) TOTAL DERIVATIVE 


Ши =f (x,y), where x = $(t) and y = w(t), then we can express u as a function oft alone by substituting the 
values of x and y in f (x, y). Thus we can find the ordinary derivative du/dt which is called the total derivative of 
и to distinguish it from the partial derivatives du/dx and диду. 

Now to find du/dt without actually substituting the values of x and y in f (x, y), we establish the following 
Chain rule : 

du ди dx ou dy с 
dt əx dt oy dt 440) 


Proof. We have и = f (x, y) 





Giving increment ё? to t, let the corresponding increments of x, y and u be бх, бу and би respectively. 
Then и + би =f (x + dx, у + ду) 
Subtracting, би = f(x + dx, у + dy) —f (x, y) 
= И (x + dx, y + бу) —f (x, vy + бу!) + If x, у+ бу) - f (х,у)! 
би _ f(x + ёх, яасын + бу) бх, f(x, y + dy) - fix, y). B 
ôt E бу 
Taking limits as 6t — 0, бх Бал, dio c, we have 


Чи _ p [em y+ By)— E NS f(x. нь dy 
dt — %—0| a0 dt  &0 бу dt 
” u аам = dx | "Mis у) dy 
7 0 бу dt ð а 


[Supposing df (x, y)/dx to be a continuous function of y] 


- dur y) = + хан У) Pi which 15 the desired formula. 
du ди ди ау 


Cor. Taking t = x, (i) beca Mie Ha i) 
ngi = х, lt кава; 3E ду "d 





(2) Differentiation of implicit functions. If (x, y) = c be an implicit relation between x and y which 
defines as a differentiable function of x, then (11) becomes 


О = df of of dy 


dx ax Фу dx 
This gives the important formula ^ =- =Z ay E T o| 


feri the fret — Sm cient of an — Benton 


н =: - i j 
ud Үнэ rx. rM RE. "T 455... P y d MESE 
a и. r= i 4 | y 2 "4 3 i PE. LM pP FE LG eJ бул 02 fined 
j 


Jd f " 183 Pa идти 1 j ñ 
5 ora un Ё “J [A =j i 4 Ё XM. Y ТАА d i 7 у 
"І ^ "Y. F р Л, 
lali - го 1 ВЭ " 
4 4 b ү a i " 
| E 





n fs 
- "E 2 M ч 1 Lu TU 
All eee, à. hi 4 4 * . 
vi do NI е: Я ay) 3 Py 15, UE й, ч. 


йн | du uod ue. € cx X. 
Solution. We have de" ж diac e 2) e + feos | zj 
= cos (e'/I?) - e'/t? — 2 cos (е?) - е? = ((t — 2)/ le! cos (e'/t*) 

Also и = sin (x/y) = sin (619) 


| Га а. zd C 
du _ Л а 3, cos | as before. 











Solution. Let um Dy Sify, ao that | 
du ди dx | | ды dy 0 

x e TY =, 2х —dx 
ui Е ЭГ О а ағ 


when x = 3 and у = 1, dx/dt = 2, and и is neither increasing пог Яр ie., duldt = 0. 


су AG) 





<. (1) becomes 0-(2-6x3)2«(2x3-3x9) Z 
| dy 32 
or — = cm/sec. Thus y is decreasing at the rate of 32/21 cm/sec. 


а 21 





Solution. From f (x, y) = х + у? + 3xy – 1, we have 
dy _ y dí Зх? 43y x +y d) 
dx Г dy "зу? +3х yo tx 

Also с. 4 а + м. . © ü- lgay x - Ux) + у): дух. 

Непсе Сиба 1 + зу — xx" + «aber + rx) [By (1) 











Solution. Let p= шэн 2-х : : Ai) 


so that u = ulu, w) 


SEM а М Ising (i) 
Qv dr aw’ Әх sl 215 =| an 


or t) 


Цэн 
е el} gig 
e 


i _ ди du du до ди[1\ ди ing (i 
Also "A » tL E" Al 31 F (0) [Using (0 
ди 


ы 


== ii) 


8 
ха 


y *- a (0) + | | [Using 


№ 


or (iv) 


ду 
ди 
ày 
ди 
dz 
ди 
oz 


Adding (ii), (ИР) and (iv), we have 





а?у -4(2)-202)| _ q(dpídx) – pidqídx) D 
(dr ae ve 


Using the notations: r= ыал = 
we have 





Partial. DIFFERENTIATION AND ITs APPLICATIONS 
Substituting the values of dp/dx and dg/dx in (it), we get 
Фу 1 | [= ps J- |“ —pi | "I qr-92pgs* рї 


ах? 4 Ч Ч q” 





PROBLEMS 5.5 
1. Ifz-u?* +o? and u = at?, v = Bat, find аг. (РТИ, 2005) 
2. If u = tan (vir) where x = e' е"! and y =e tet find dict. УТ. UL, 2003) 
3. Find the value of ЕЯ given и = y*—4ax,x = at?, v = 2at. (Алла, 2009) 
at | 


4. Ata given instant the sides of a rectangle are 4 ft. and 3 ft. respectively and they are increasing atthe rate of L5 1 
sec. and 0.5 fi./sec, respectively, find the rate at which the area is increasing at thai instant. 


Б. [Гг = 2xy? — 3x*y and if x increases at the rate of 2 em. per second and it passes through the value x = 3 ст. show that 
if yis passing through the value у = 1 ст., y must be decreasing at the rate of 25 cm. per second, in order that 2 
| a 
shall remain constant. 


6. ЇГи-х e y?-2* and x =e", y = е2 cos M, z =e" sin St. Find = as а total derivative and verify the result by direct 


substitution. 
7. Ifo (ex — az, cy = bz) = 0, show that carm =f. 
of op de. of % 
8. If fix, y) = 0, Q (y, 2) = 0, show that Eas Weide а 
9. If the curves f(x, y) 50 and ó(y, 2) = 0 touch, show that at the point of contact, - 52929. 90: 
dx dy dy ay 


MT af af (or atr) (әл ar Ae) pes 
comm oe О] 


CHANGE OF VARIABLES 





If и = fix, у) АТ) 
where x = ols, t) and у = Ч(5, £) da) 
it is often necessary to change expressions involving t, X, y, du/Ox, ди/ду etc. lo expressions involving u, s, f, du/ds, 
duldt ete. 

The necessary formulae for the change of variables are easily obtained. If 15 regarded as a constant, 
then x, y, и will be functions of s alone. Therefore, by (i) of page 208, we have 

du _ ди Ox о, du ‚ду _ (3) 
ds ox. ав. dy ds 
where the ordinary derivatives have been replaced by the partial derivatives because x, y are functions of two 
variables s and f. 
.. Similarly, regarding s as constant, we obtain m ou BE i ди oY ..44) 
i dt ox ot “ду? dt 

On solving (3) and (4) as simultaneous equations in du/dx and ди/ду, we get their values in terms of du/ds, 
duldt, и, s, t. 

If instead of the equations (2), s and t are given in terms of x and y, say: s = E(x, y) and t = n(x, у}, 

...(5) 
du du 08 , ди at 46) 


then it is easier to use the formulae — =— = + =, 
ax ox к" ot ax 





du ди ds ди at (7) 
= cR Үт ... 
dy ds dy dt ду 

The higher derivatives of u can be found by repeated application of formulae (3) and (4) or of (6) and (7). 





Solution. Put LIE -x= bs tatus Ay, 6, ©, 
ди Ou or ди as ди at 
dx or dx as Өх м“ ax 
= ди (j+ Әх (9j, 94 (1) = ди ди i) 
dr ðs dt ar ðt 
Similarly, Ou _ ды д^ ди de ди 0. ди ди wii) 
ду dr dy os dy at ду дг дв 
du du dr ды ðs du at du du ХУ 
4 с. „еш a БЕ Бш. EL E „(ii 
Эр = ЖЭК: = X hk d = ши 
Adding (1), uns and шини e get the required result. 





- (e cos v) += (e" sinv) ai) 


І ay 
a = E + — = 9 
= — (-e" sinv)+ = (є“ cos v) (it) 


gw 


dx dy ox ду 


х уй cos v) - e* sino и cos E +(e" sin) | COS U Set sino 


| = (e?" cos? v + e?" sin? i d ab 
Now squaring (1) and (ii) and adding, we get 
22 (ое Y »f ё. æy 
(=) «(S -08 cos 0 sino £) +ë [во Z + cos E] 
PLNS А 42 Y “> TP 
e (eet зө өөө 


ч. NS fa ү? 
+ sin? v (=) + cos? р 9 — Э sin v cos v Se de 


dx ду 
2 AX M 
= (cos? v + sin? v) (= + E 
dx dy 








and 


i az) ЭРЭН! (ёү 
шин ee) [Б 18) 


Solution: We javë x =e" (cos ф +i sin 6) =e". e° 
y =е9 (cos ф — i sin 6) = е. e- i 
Here u is a composite function of 8 and ф. 


Е 267 x cam x 5 
2 ди p: ед ди = ди ди 
“чийн оне et) = ex s 
à әд 
990 ди ` ду 
| ди ди дх ди dy _ ди , e 8 ib ди 
Also FE МЕ, СӨ МУ-н LL qu ee - eh i o 
дф ox dh ду аф 9x ду 
9 Ф ` ду 


=x 2 («20.2 СЭ уаш, 1023 

ae ax) | Ox V ду дуу Өх} "ду ду 

_ (| ðu ди gu Ju du ди 

pie COE SEs ук TT 
2 2 

= 20U о ди им, ди 





9. ЗА f а Я х | 
Similarly using (ii), dre - 3 (21) = ix 2 — iy 2j (к D iy =) 


O9 99196) V Ox ay) ey 
шү Фи Фи уди ди ди 
а ? ay! "әк ду 





[See p. 205] 


At} 


4411) 


SA) 


(U) 





Solution. We have x = г cos Ө, y = r sin 0 and r = de? + y"),0 = tan! (y/x) 
y sin 6 


ar x 








>=- = 0030 ап 9 а =- 
Je w x4y r 


дх 
du ди дг ди 900 _ du sin Ө du 
de = cos) 





Thus, —+—. 
or ax 00 dx ð r дө 





Lë. $ 


and 


1. 


AT. 


12. 


HicHER ENGINEERING MATHEMATICS 



































D dug m. REM S Similarly, 9,4, 6 2. 4 2089 9 
Әх ar г 00 ду дг r 900 
ou - [5] = [cose 2. 9100 3. „еди _ sine аш 
дх? © ах ‘ах |. àr г 00. дг r 56) 
2 д? и 2sin@cos® ди віп? 0 ди віп? Ө ди 25іпӨ cos 0 ди А 
= cont ди _ 25000050 Фи віп 09Фи віп?Ө ди, 28ш0с8694 — (р 
or r 9г99 r^ Qo ror r* ae 
au -2 (25. (s oh ee 2\(sine o ди наг 
ду? _ ду 99 / dr г 00, 
Р? ди 25іп Ө соѕӨ Ju | cos? Ө ди ^0 ди віп Ө cos 0 ди - 
= 8 pe —— JM ти a 
is ШЕЛ r дгдӨ re oo г or r* dr 4 
9 2 | 
Adding (i) and (11), we get. —— a” H 28-88 + — 1 ди pee. 
ox^ ду? а № 902 ror 
2 | 2 
Hence the transformed equation is ди + 1 ди - Es es E 
дг^ гад г ae 
_ PROBLEMS 5.6 
dz dz dt ; AT 
Ifz= (xy) and х =e" 4e°, у =e" – that — on . YT. U, 2006) 
=f ty е", у е". prove tha 3v. ri =x m y Зу (VTP. 16] 
Ни =Ё(г, 5), гах, з=у+ bt and x, у, t are independent variables, show that Nipa = Ws roe 4 
га i 
d a ‘PEM 
“Та, үх! = 0, prove that x Эс +y 3» = 82. | (Mumbai, 2007) 


Ser 


(VEU, 2010 ; Madras 2006 ; Rohtak, 2005) 


Ч. 
If u — fix; y) and x = r cos 8, у= r sin Ө, prove that (24) 38) PEE ф 
dx \ ОР 


| | Л 10и 1ди 1 би | eu id IN | Li 
If 4 — f (2x - Зу, Зу = 42, 42 — 2x), prove that ЕН cb = 0. U.P.T.U., 2006: Raipur, 2005) 


Iu = fe’ 74, 27> *, 2”), prove that ди E Ж -0 (Mumbai, 2008 5) 
dx ap 92 | | 
И. № ЧИ | 
Ги =/(r, s, t) and r = x/y, =, t = z/x, prove that x m +y » д =. 0. (Anna, 2009: Kurukshetra, 2006) 


Их = ањо +w, у sow + ши + ир, = = ции and Fis a function of х,у, г, show that 


ӨР, ӨР, OF OF, ЭР ак 


‘aire a de oq = M IIl "— m 
Mon ub E dere РТ D» y Mar 
Given that w(x, y, 2) = (х + у* + 27) where x = reos B cos 6, y = r cos € sind and z = r sin 0, find. Ru кой $E. 
i “. 


If the three thermodynamic variables Р, V, T are connected Буа relation Г(Р,У,ТҮ-0, show that 


ВИЕ 
aT. ү ду ET Р 


If by the substitution u = x* —y*, v = 2xy, f(x, y) = 8 (u, v), show that 


Р i | ' ' "ru 
Xf o? Pà 95) Je 29| (Anna, 2003) 
m ду? ди? "dpt 





Transform 2-2 24 25у? = Зиг 9(у-у) x kx*y?z = 0 by the substitution x = iv, y = Ми, Hence show that = is the same 


function of н wy и as гж and v. 





If u and v are functions of two independent variables х and y, then the determinant 


| du/dx | du/dy 
| du/dx дуду 
| TS. 
and is written as 90) or J [шо 
oix, y) X, y, 
Similarly the Jacobian of u, v, w with respect to x, y, z is 
du/dx  du/dv дид 
ди, v, ш) eon pr ? 
а v. =| dufdx  du/dy duae 
SPORTS oujax ou/dy dwz 
Likewise, we can define Jacobians of four or more variables. An important application of Jacobians 18 in connection 
with the change of variables in multiple integrals ($ 7.7). 
(2) Properties of Jacobians. We give below two of the important properties of Jacobians. For simplicity, 
the properties are stated in terms of two variables only, but these are evidently true in general. 
I. IEJ = du, ОМ, y) and J’ = d(x, yVo(u, v) then JJ" = 1. 
Let и = f (x, y) and v = Ех, y). 
Suppose, on solving for x and y, we get x = фи, v) and y = wu, v). 
ди - du ax ди ay | 





is called the Jacobian* of u, v with respect to x, y 





























Then =1 +. |. 
du dx ди ду ди 
Weds ko oy ccm .4(0) 
D uec PEL E 
du dx ди ду du | 
до =: = dv дх + 90 ду | 
and д д ду де’ 
— du/dx ди/ду : дх/ди дх/до| |ди/дх диду | J ox/du Фу/ди 
“| Quid диду| | душ ду/дь | | dy/dx Ou/dy| | Әх/до Әу/до 
(Interchanging rows and columns of the 2nd determinant). 
|1 0 ME. Е T 
= ü 3 | = 1. [By virtue of (7)] 


П. Chain rule for Jacobians. Ки, v are functions of r, s and г, s ure functions of x, y, then 
(и, и) Фи,о) Otr,s) 
9(х, у) Ar, s)’ dlx, y) 
duldr ди/дѕ 
duldr ди/дЕ 











| dr/óx — os/óx 
X 

| dridy д8/ду 

[Interchanging rows and columns of the 2nd det.] 


ди, и) 9,8) _ 
Ar,s) Ax, y) 














dr ox os dx or ду ds ду ^ aui ды/ду | Alu, v) 


| до дг до ds до or дь ds ~ | диїдх ди/ду =. у)` 
ar Ox д ax дг ду © ду 


+ Called after the German mathematician Carl Gustav Jacob Jacobi (1804-1851), who made significant contributions to 
mechanics, partial differential equations, astronomy, elliptic functions and the calculus of variations. 





















Example 5.25. (1) In. polar coordinates, x= r cos 0, E г sin Ө, show that y Д 27115597, 
9%, y). jx" (Р.т J006: 2004 Arial 
366) =f | Us 
(ti) In cylindrical coordinates (Fig. 8.28), x= p cos 0, y-p sin 0,2 ==, show that 
MEAD 
dpo 
i In ‘spherical polar coordidnates (Fig. 8.29), x = r sin | O cos ф, у- T. sin. Ө sin h 2 = г cos 0, show ET 
A ET = sin'@. | (Алла, 2009: Hazaribagh, 2009 ; Rohtak, 2003) | 
Solution. (1) We have = = cos Ө, л ——rsin8O and z = sin 6, E = —г сов Ө 
Ax, у) _|cos@ -rsin8 
9(г. 6) |500  rcosO 
" ом 
(11) We have Эр = соз Q, 55 = - р ѕіп ф, = =0, 
G wee — Se dro ® „у ® _ 
Эр = gin 6, 30 = р cos >, m = О and j = 0, ET = D, a 
Ax, уул) _ эн с | - 
3.62 aa sin 0 050 QO} =f. 
nw Ü Ü 1 
уд à о дх _ БИ: ЖИГИТ 
(111) We have Эр = sin Ө cos Ө, 38 = r cos B cos d, T = —r sin Ө sin 4, 
г аад ae ду. 
3r = sin 6 sin ó, 38 = r cos Ө sin o, 26 = r sin Ө cos 6, 
and Е eg, Z вине, © o. 
dr an | 


sin Ө с05ф r cos 0 с05ф -rsin Өғіп ф 


AX, 5,2) _ | идэш ф гсовӨвшф геіп Өсоѕф | = sing. 





dlr, Ө, 9) cos 8 -r sin Ө | 0 | 
Example 5.26. If y, = ——, у, = - Л уулс л show that the Jacobian of y Уљ Уз with respect to x, 
Хэ, X418 4. | УРЛАГ, 2006) 


дуу. Хаха dy X; dy E 


== E£ NU x 
eu, да Xem àv, EE 


dx, дк, ' dx Хо 


| дуз Хо дуз х г Хүхэ 
and LS Sea, “Эш Ge 
dx; *3 дхд Ха 


1 54 
дур ду dy, 
буу буй 


Solution. We have 








= ХаХа Ха Хэ 








Ta м 9% | „у 

= — $5 3| Хиїр —% Ххх) | — ——3 
ха | “з Чай MAR 
--1(10-1)-1-1-1)- 1141) 20424 









Р Pd 
| i 


1 бу -32 
= | 8ху2 4x72 Ax^y 
-у -х 4 


Solution. Au, о, ш) _ 
A(x, у, 2) 


ди 
oz 
du 
дш 


-6 о 
0 -4|-4(-146)- 20. 
= 9 


y 
dy 
ди 
ду 


FIF FL yip 


д(и, v, w) _ 


х Atthepont(1,- 1,0 э = 


ы с ы 8 









dlu, v) ди, v) х 905 у) 








д(г,8) Ox, y) 4(,9) 
Since u = х? — y”, и = 2ху 
ш ги 
| Ә(и, о) _| 9х ду| |2x 
^ alx, y) |до 19 





-9: | 
x -4G* + у?) (ii) 


Since x = г cos Ө, y =r sin Ө, 


a(x, y) |ar 
dr 


= 4 (x? + y?) r= 4 (r? cos? Ө + r? sin? Ө). г = 4r? [Using (ii) & (1) 


с050 —rsin®@ 
sin  rcos& 


| Em 
| лж 





-r ii) 


дь 
ду 
99 
dy 








$ 


Фи, v) 
dlr, Ө) 
(3) Jacobian of Implicit functions. If üp Uy, и, Instead of being given explicitly in terms ху, Xa х be 
connected with them equations such as | — 
Каи» иу. s Loy Xa) = Dif. (йу, ш» йл, Kin Ха 23) = 0, fo (Us, ss thy, ху, Tj, үг 0, then 
O(t , Ug, из) =(— 1 fi, fos В) + Of: fos fa) 
Әбу, Xo, Ха) Об Хэг Хз) Atty, o, Ug) 


Hence, 












" = Ж -J E - 
— -y п 3 | == 
Em “үа . J Mao! 1% P 
л Е! z= 4! ” ра pa A L Ж- иг 7| 2 | Г, b, Ї in Г АЕ F 1 j г I" T, 
T r ЭГ! ХЭ ч ит У | к - ын 
a 7 dest 2 1 " : s- " в: 


Solution. Let fi"-u-xyzf,-v-x*-y*-z*f -w-x-y-z. 





We have 96S 3,2) _ ўз) 0—1)? Hf» fa» А) „л. fe» В) fs» fs) 40) 
ди, v, w) Фи, и, ш) Ax, у, 2) 
ХЕ. j df,/dx орду df, loz —yz -ї: -xy 
Now, feo -|af&/ax д/у 9р/0:|-|-2х -2y -22 
ts Ofaldx арду fazl |-1 -1 -1 
= — 2x — уху – 20 —x) .. Kit) 
ЭГ 100 
and Ah forts) 10 4 0|-1 (iii) 
diu, 0, ш) 
0 0 1 
Substituting values from (i) and (ii) in (1), we get 
Эх, y, 2) = (1) x 11-20 — yXy — zXz -x)| = V2(x — yXy — 202 — x). 
diu, v, ш) 


(4) Functional relationship. If и, ис, и. be functions of xy хь, x, then the necessary and sufficient 
condition for the existence of a functional relationship of the form fu ,, Us, и.) = 0, is 


те zii 
X315 №, Ха 






and Яна the Pelotibnelip - > 
г! , 
Solution. Wehave “= 1-5) - ——À—— I ПЕ. ese |, t] 
дх I =x?) 2911 у?) 
др 1 де _ 


and JBk Таа iat) oy = y* 


du ди a- ү. Т ШИШИ... ЖШ „Ja БИЕ. AN 
дш,о) | dx ду | jü- y J- -а2) yl- y”) 





Axy) w ди a. 
dx dy ЖЭЭГ (1-3) 
ә " —— | ee: — 
Да — x?» — y?)] Ла — x7) – у?) 
Hence и and v are functionally related i.e., they are not independent. 
We have v = віп х + sin! y = sin! [xJ(1 — y*) + y (1 — x*)] 
Le., u-sinv 


which 15 the required relationship between и and v. 





| | PROBLEMS 9.7 . | ^ 
1, Ifx=r cos 0, y =r sin 6, evaluate à (r, WB Ex, y d 20 уд tr, 9) id pulv that po, 926 Ци Буу гэн 51 





(W.T.U., 2010) 
2, Ifx= Y) y ии» prove that Af’ =. anat. БАР ( | VTU, 20005) 
3. ха CORTE c9 3], y =a sinh Е sin 1, show that ET =. ЕЕ | 3 Livi 2007) 
4. Ifx =¢ sec їй, у= р” tan t, find J = dtu Vey), «Л = dx, X2 u, wv). Héncokhow ЕЗ. | "v. r.t, 2007 $) 
5. ЇГи- = xt ACE 22 — -y! where y = cos 9, y - sin в, show that Mt = 6 $28 (1705 43 fk . 





6. Itu =x + у? + 22, и = ду + ve + 2x, =x + y +2, find сЕ 5. er: | , 1 (tU T.U, 2009 : "Т.И: 2008) 
х, у | | Г" 47 ву | | 


Parmar DIFFERENTIATION AND ITs APPLICATIONS 1 


T. WF =x +0—),G=u* + oy +m, бъги Zu ow: compute ОР, G, Ну, ^, tis). 


8 Ifu=x4+y 42,00 =v +2, vow ==, show that d(x, v, zVo(u, D, 10). = ш, 
(Kurukshetra, 2009) P. T.U., 2009 $; ИР. 2003) 


i 

a trae | I 209 | 

‚изя pS = xv y and и? и? = x? нуз, show that BOSE АЛУЫ: VA. ЕЛ, eee 
Ax, у) 2 ши —v) | | | 


ч 





ХОТ | 
10, Ми= = A and v= tan! «+ tan! y, find n T Are mando functionally related. If so, Bind. this relationship. | 
x x, y) 
(Nagpur, 2008) 
11, [fu 23x + 2y 2,02 x 2y c z and uw = xix + 2y — 2), show that they are functionally related, and find the relation. - 
(Nagpur, 2009) 


| (1) GEOMETRICAL INTERPRETATION —- 


If P(x, v, 2) be the coordinates of a point referred to axes OX, OY, 7 
OZ then the equation z = f (x, v) represents a surface. (Fig. 5.1) 

Let a plane y = © parallel to the XZ-plane pass through Р 
cutting the surface along the curve APB given by 

2 = f(x, b). 

As y remains equal to b and x varies then P moves along the 
curve APB and dz/óx is the ordinary derivative of f (x, b) w.r.t. x. 

Hence dz/óx at P is the tangent of the angle which the tangent at 
P to the section of the surface z 2 fix, y) hy a plane through P parallel to 
the plane XOZ, makes with a line parallel to the x-axis. 

Similarly, dz/dy at P ts the tangent of the angle which the tan- 
gent at P lo the curve of intersection of the surface г = f (x, y) and the 
plane x =a, makes with a line parallel to the y-axts. 

(2) Tangent plane and Normal to a surface. Let Р(х, y, 2) 
and Q(x + dx, y + ду, = + бг) be two neighbouring points on the surface F(x, y, 2) = 0. (Fig. 5.2) A) 

Let the arc PQ be às and the chord РО be ёс, so that (as for plane curves) 


Lt (68/6с) = 1. 
QP 












m a 


[Ш> ашан 









"T 





Fig. 5.1 


бу бу de i dx ds бу ds öz üs 
The direction cosines of PQ are — нан аас ee ee Шеш 
bc" 8c' 8c és óc 8s Oc Os ёс 
When бв > 0, Q — P and PQ tends to tangent line РТ. Then noting that the coordinates of any point on arc 


PQ are functions of s only, the direction cosines of PT are 


dx dy dz 7 
ds’ ds’ ds veel ld) 
oF ах ‚ OF dy , ӘР dz _ 
Differentiating (1) with respect to s, we obtain — .— 
gt е dc dr Op ds d ds 
This shows that the tangent line whose direction cosines are given A 
by (11), is perpendicular to the line having direction ratios a | 
| - 3 | Fx, y, 2) = 0 
ОР” ОР” ОР” TS 
ac ay ae ELE) 


Since we can take different curves joining Q to P, we get a number of 
tangent lines at P and the line having direction ratios (тїї) will be perpen- 
dicular to ей these tangent lines at P. Thus all the tangent lines at P lie in 
a plane through P perpendicular to line (iii). 

Hence the equation of the tangent plane to (1) at the point P is 


ar JF oF 


— (Х-х) + — (Y-y) + — (2 – 2) = 0 
dy 





ax dz 
where (X, Y, Z) are the current coordinates of any point on this tangent plane. 


Fig. 5.2 





Also the equation of the normal to the surface at P (г.е., the line through P, perpendicular to the tangent. 
plane at P) is 


A-—x _ У. Z-z 
JF/ox 0Е/ду. дЕЮх’ 





Solution. We have Ех, y, 2) = Ax? + Ay? — z? + 4. 
x dF idx = 8x, ЭЕ/ду = 8y, dF/dz = — 22, and at the point (2, 2, 6) 
OF /dx = 16, дЕ/ду = 16, OF /dz = — 12 
Hence the equation of the tangent plane at (2, 2, 6) is 16(X — 2) + 16(Y — 2) -12(Z — 6) = 0 
Le., 4Х-4Ү-32-2-0 m 
Also the equation of the normal at (2, 2, 6) [being perpendicular to (i)] is 
E-2 y-2 2-6 
4 4 -8 ` 








| TAYLOR'S T THEOREM FOR FUNCTIONS OF TWO VARIABLES 


Considering f (x + А, v + А) as a function of a single variable x, we have by Taylor's theorem* 
of (x, y* № h* 0° f(x, y + h) 


хр, у+ А) = (х,у +) +h m 5 FE Эн w(t) 
Now expanding f (x, у + А) as a function of y only, 
ofi, y) k^ O^ fG y) | 
Fs + B= fos yh ek я 


of(x, y) А2 a7 f(x, y) 
» 97 jr te 





(1) takes the form f (x +h, y +h) = Р(х, v) +k 





‚|, Of (x, y) | k* д? fix, у) д? а? Ax, у) 
+ А zira y) + k ———— у +> a a Зн H = = e y)+ k oy +} 
y VO ХАР" Pf pot 
Hence, fx Л, ytk)z foy) + h-- Lola lg + 2ВЁ-—- 9, +k vi) ...(Т) 


In symbols we write it as f(x + h, y А) = f(x, y) + (5252) f+ 1 (2.639) [Ж 


Taking x = a and y = b, (1) becomes 
f(a * h, b + k = f a, b) + (hf, (a, b) + Б (a, b)] + 5 ГА? (a, b) + 2hkf o, (a, b) + и? f, (a, 5) + 


*See footnote on page 145. 


— -— 
: | Е 


Puttinga +h = хапа b + k = y so that A 2x—a, k = y — b, we get 
f(x, y) = fla, a oa an b) + (y - b) f, (a, b)] 


*31 Е к- а)? f... (a, b) + 2(x - a)(y — b) б, (a, b) + (y - b)? Е, (a, b)] +... (2) 





This is Taylor's expansion of fix, y) in powers of (x - a) and (y — b). It is used to expand fix, y) in the 


neighbourhood of (a, b). 
Cor. Putting a = 0, Б = 0, in (2), we get 
fix, y) -10, 0) + [xf_(0, 0) + yf, (0, 0)] + z [x* f_ (0, 0) + 2xy fey (0, 0) + yf. (0, 0)] +... d) 


This is Maclaurin's expansion of Ц (х, M 


E = "am. e 
li ^. та». 
- F 
I 


4» m t Э .аАХ, -— a% P [3 te ы- К... | T 
d M Ё ШЕ, 5 | й "n Ч dH. ГИ F E ї of 
A. XY бн fn x^ л ин. ‘em m P "ы Ja АЕ "n т 


0! 


г hw we 
i X wE 


8 | ^ iT 
1 № в Ч Ч 8. РА - ү 





Solution. Here: f m" int +у) р f(0,0)=0 
f, x, y) = e* log (1 + y) f.(0,0)=0 
fy aee үгэн f,(0,0) = 1 
f, U, y) = e* log (1+ y) f, (0,0) 2 0 

1 ! NES 
fy (хуу) = et l+y "Ж (0, 0) = 1 
5, (хуу) =-е (1+ уу? [,,00,0) = – 1 
Р (х, y) = e log (1 + y) [. (0, 0) =0 

1 
ху (0, У) = Bun Fwy (0,0) = 1 
gy 9) =-е 1 + yy? fy (0,0) =-1 
t (x, y) = 2e* (1 + yy? f... (0, 0)-2 


Now Maclaurin’s expansion of f (х, y) gives 


f (x, y) = f (0, 0) + xf. (0, 0) + yf, (0, 0+ 3; р f (0, 0) + 2xy ў, (0, 0) + у? 1,0, 0)! 
+ 3 (x? f... (0, 0) 3x? yf... (0, 0)  3xy? f... (0, 0) + у? f... (0, 0)] +... 
| | 1 | | 
SA & log (1 +y)=0 + х(0) + у(1) + 57 (x? (0) + 2xy(1) + у? (-1)] 
1 
+ ai [x*(0) + 3x^y(1) + 3xy*(-1)  y?(2)] +... 


1 1 1 
=y +y = 33 + 3 (ау ху?) + yy +s 





Solution. Taylor's expansion of f Oy) in powers of = а) end (х E is given by 


Fix, y) 2f(a, b) + [(x —a) f, (a, b) + (y — b) f (a, b)] + цам (a, b) 


+ 2(x — aXy – b) f, (a, b) + (у — by f, (a, В) + ai [x — a? f(a, b) 

+ 3(x-—a)}? (у - b) fa, b) + 3 (x - a)(y — b? f... (a, b) 

+ (у – b Тэн (a, b)] +... SU) 
Hence a = 1, b =- 2 and f (x, y) = x?y + Зу — 2 








f(1,—2)=—10, f, -2ху,/,(,-2)--4,/, = x? + З, СЭМ лыг = 2y; 
fal- 2) =—4; fy = 2x, fy 2 = 2 fy = 0, f, (1, -2)20;f... 0, fx = (1, – 2) = 0; 
fag 0-3) 2, f. ds -9)-0.1,,1,-2)- 20 
All partial deriativés of higher order vanish. 


Substituting these in (i), we get 
| | 1 
x?y +Зу—2=— 10 + [(x — 1) (—4) + (у + 2) 4] + 2 [x —1) (— 4) + 2(х — 1) (у + 2) (2) 


1 
+ (у + 2) (0)] + g x — DP (0) + 3х — 1) (у + 2)(2) + 3 (x — D (у + 2) (0) + (y + 270) 
--10- “өв i сэ хад te ait 2)4(х- "- 








-У | 1 | х .Q 4 
a” тт h, 172-5; тэ» fa, 7 5 
Ё = зр ГО, 1) = >; by = E f, (1,1) 20 
lo eee MaDe- 
Tre = a Гоа, D--3; ау” а fad. 1) 5-2 
fev = SR 1, 1) = 5; P5 E fy, 1) = : 


Taylor's expansion of f (x, y) in powers of (x — 1) and (v — 1) is given by 


1 | 1 
f, y) - fa, D X lx ОДО, 0 + (- Df, 01+ 5; (к= D? f, , 1) + 2x — Dir - D) 


1 
fal, D+ - 1f, De sr lx - IP fO, 1) + 8-1? 0-1, (1,1) 
+ 302 Dy — 1P f. „(1. 1) (y - 19 f... (1, 1} +... 


4 > LO | (-3) 1| 3 | E 21 ~1Ky -ihi -181-1| 
tan |2) - 1 (x — 1) *(y- MS) +5 (x 1) 5+2 IXy 100) + (у ~ 1) 5)! 


-4) PEN 1-2 E 811, 
+ ae D ( 5 + 3(x -—1)"(y—-1) 2 +N- 1) (у —1) z tO- 1) 2| * 


-1- ((х—1)—(у— D+ 2 lox - 1) -—(y-1¥}- — Mix D^ Bx — 17-1) 


= Fx - 1Xy - 1)? — (у - Ш +... 
Putting x = 1.1 and y = 0.9, we get 
F(1.1,0.9) - 5 — > (0.2) + 1 (0) шэг ((0.1)* — 3(0.1)* — 3(0.1?* — (— 0.1791 
"ow M 4 12 | 
= 0.7854 - 0.1000 + 0.0003 = 0.6857. 





1) ERRORS AND APPROXIMATIONS 


Let f (x, y) be a continuous function of x and y. Н бх and бу be the increments of x and у. then the new value 


of fix, y) will be f (x бх, у + бу). Hence 








6|/- f ix + бх, у + oy) — Р(х, у). 
Expanding f (x + éx, y + бу) by Taylor's theorem and supposing бх, бу to be so small that their products, 
squares and higher powers can be neglected, we get 


i Me ai 
of = Эх бх + os óy, approximately. 


Similarly if f be a function of several variables x, y, z, t, ..., then 


ME AES SPD UP мэ 
= —& +— бу + —& + — & +... ГОХ ly. 
y= ay wt 3; Of + ... approximately 
These formulae are very useful in correcting the effect of small errors in measured quantities. 
(2) Total Differential 
If u is a function of two variables x and y, the total differential of u is defined as 
du, du | 
du = Эхэ wD) 


The differentials dx and dy are respectively the increments бх and бу in x and y. If x and y are not independent 


variables but functions of another variable t even then the formula (1) holds and we write dx = = dt and dy = dt Similar 


definition can be given for a function of three or more variables. 





: | | n 
Solution. Let x be the diameter and y the height of the can. Then its volume V = А х?у 


6V = -— “у == (2хубх + х? бу) 
When x = 4 cm., y = 6 cm. and ёх = бу = м 
^ бү = A x4x6x0.1 42x 0.1) = 1.61 cm? 
Also its lateral uas пху 
55 = л(у dx + x ду) 


When x = 4cm., y = 6 em. and ёх = бу = 0.1 cm., we have 5S = ni6 x 0.1 +4 x 0.1) = пет“. 





Solution. We have T = 2л ДИр) 


1 1 
ог log T = log 2л + 21051 — 5 loge 














Solution. Let the volume of the balloon (Fig. 5.3) be V, so that 
2 2 4 
У = лг?ћ + 37 дг = лг + 377 


3 4 
^s ôV = 2nrórh  nr*óh + z ЛЗ бг 


SV | ml2hér + róh + 4rér] 


or | 
4 nr^h + Е nr? 


_ 9h2r)ür e rbh _ 24 + 3) C01) + 1.5(.05) 


4 „2 | 4 ” 
at 15х4- 3 (1.5)? 


_ 0.14 + 0.075 0.215 


 —— = 


6+3 9 


rh+— 








FR ho E id eorr tandan ' т, rhe 222 4 i" фт TAPLI 
LG ial me TE or in ti “Джи, НИ ДМ: f (14 fh n JR Many 
Solution. T X, y ший. zm be the length, breadth е5 height of the pile. 50 ‘that its volume V= хуг 
ог log У = log x + log y + logz ~. 2828.28.49... 
У х »у 2 
Since У=2х 15x 1.2 = 36 m?, and SEE LT 
x у = 100 


g 
= 3 
oV = 36 (т) = 1.08 m*. 
Number of bricks in 6V = 1.08 х 450 = 486 


530 | | 
Thus error in the cost = 486 х 1000 = + 257.58 which is a loss to the brick seller. 





‘Solution. If. r ba the base radius and l the alani height of the c cone, (Fig. 5. 4), then total area 
A = area of base + area of curved surface 

= пг“ + пл] = nrír +1) 

= дА tan à (Л tan о + л sec à) 

= ni? (tan? о + tan à sec a) 
& 6A = ын ӧл + = Sot 

= 2nh(tan? & + tan о. sec о)бл 

+ пл? (2 tan о вес? о + sec? о, + tan o sec a tan о)бо 
which gives the error in the area A. 


Putting ой = 4/100 and а = 1/6, we get 


m [a] nnne td 











9 
= TS + 243nh* ба 
The error in А will be compensated by the error in œ, when 
6A = оге, BA + 2,/3nh" бо. = 0 


1 | .01 
or Билэг radians s 57.3* = — 0.33°. 
10048 4 4257-1332 " ' 











Solution. We know that a? = b? + c? — 2Ьс cos А 
so that 2аба = 2666 + 2сӧс — 2(c6b cos A — Ьбє cos A + bc sin A SA) 
2 bc sin A 8A = аба — (b — c cos А) 66 — (c — b cos А) ёс 
or 2 АДА = ada — (c cos A + a cos C — c cos А) 66 — (a cos В + b cos A — b cos A) ёс 
[^ 6 =с cos А ча cos С etc. ...(1)] 


= ada — a cos С 6b —a cos B ёс 

or 5A = эл (ба – Bb cos C — бс cos B) 
By symmetry, we have 

8B = .D. (85 — ёс cos А — ба cos C) 

8C = ЭХ (6c — ба cos B — 56 cos A) 


БА + 8B + 8C = ga (а — b cos С — c cos B) ба + (b — c cos A — a cos C) b 
+ (с — a cos B — b cos А)] 
[Ка — a) ба (b — b) 6b + (c c) ӧс] = 0 [By (0) 


== 
— 


4. 
2A 


Ж. ы * ALT Жа ado 
- Y- , | 4 | 4 F Р 
111. _ ЗҮҮД W ^ СИ ЇГ 4 
| . Эр, PEE а= molis р 
Г г - -— CE s --- 2 
a LJ = | A |2 - ЧЕН Л 
з (1 ; TE ана е 1 J ro a 
- adr 
Е : D ras id 


Att.) — 
8 ui [| 


E БЕТ ч 
"Чин! =, F 
1 А. кыл" ый, 





Solution. The circumradius R of AABC is given by 
Ё = t ы бы с 
| 2sinA 2808 2sinC 
a=2RsinA [ R is constant 


Taking differentials, da=2RcosAdA ог 288. = 2RdA 


МЕЕ ИБ cmm. E хао 


: da db = 

5 oo gt сан таб = 2R (dA + ав + dC) 

Now жок голи занын aE) 
Е. „_ db „_de _ ЭГ” 
cos А * сов В wsC =. [Ву (0) 
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PROBLEMS 5.9 | | oF / 
1, Expand the following functions as far as terms of third degree : | 














(i) sin x cos y (V. T. U., 2009) (ii) e* sin y at ( 1, 144) nna, 

(ii) xy? + cos xy about (1, 1/2). | (Hissar ‚2005 S ; Y T.U, 2003) 
2. Expand / (x, ma in powers of (x — 1) and (у = 1). ті, а 2009 
3. If f(x, у) = tan xy, compute f (0.9, — 1.2) approximately. 
4. if the kinetic energy А = wu*/2g, find approximately the change 1 in the kinetic energy as ш changes. from 49 to 495 

and v changes from 1600 to 1590. и СА, 2006) | 
5. Find the possible percentage error in computing the resistance r from the formula Vr = Vr, + + Lr, ifr, гу ате both. 

in error by 2%. 1 
6. The voltage V across a resistor is measured with an error А, and the resistance F is measured with an error k Show 

Lhat the error in eri ik the power W(V, А) = VIR generated i in the Sap be К is VR* (2Rh. = Vk). W ET | 
7. Find the percentage error in the area of an ellipse if one per cent error is made in measuring the major ард 


ахев. WTU, 2011) 


B. The time of oscillation of a simple pendulum is given by the equation T = 2л.) . In an experiment carried out to 
find the value of g, errors of 1.5% and 0.5% are possible in the values of | and T respectively. Show that the error in 
the calculated value of g is 0.5%. : | (Cookin, 2005) 

9, If pu? =k and the relative errors in p and v are а, 0.085. а 0.025, show that the error in hi is 1095) 








10. Ifthe H.P. required to propel a steamer varies as the cube of the velocity and square ofthe length. Prove that: а 3% 
increase in velocity and 4% increase in length will require an increase of about 17% т Н.Р. by 


11. The range А ofa projectile which starts with a velocity v at an elevation a is given Буй = = (v* sin очур: F Find the 





percentage error in В due te an error of 1% in v and an error of 59, їп ©. (Kurukshetra, 3 0 


12. In estimating the cost of a pile of bricks measured ав б m x 50 m х 4 та, the tape is stretched 1% beyond the standard 
length. If the count is 12 bricks in 1 m? and bricks cost 100 per 1000, find the approximate error in the cost. — — 
(U. T. U., 2010; U.P. ТАЛ, 2008) 


13. The deflection at the centre of a rod of length | and diameter d supported at its ends, loaded at the centre with в 
. weight w varies at wi?d-*. What is the increase in the deflection corresponding to p% increase in эсгеа | 
Гапат increase in d ? | 
14. The work that must be done to propel а ship of displacement D for a distance s in time t is proportional to (4208 113), 
Find approximately the increase of work necessary when the displacement is increased by 1%, the шин is 
diminished by 1% and the distance diminished by 2%. 
15, The indicated horse power / of an engine is calculated from the formula Е = PLAN / 33,000, where А = mA. | 
Assuming that error of r per cent may have been made in measuring P, L, N and d, find the. greatest possible error 
in 4. 
16. The torsional rigidity of a length of wire is obtamed from the ойша М = 8 722 T lis decreased by 2%, r is 
increased by 2%, t is increased by 1.5%, show that the value of N is diminished by 13% approximately. | 
(V. T. U., 2003) 





17. 1Ёх? +" + 2*— 2ryz = 1, show that 





[Hint. 2(x — yz) dx 4 (у —zx) dy + 2(z — xy) dz = 0. Also (x —yz)* =(1—у?) (1 — 2%), ...] 





(1) MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES 


Def. A function f (x, y) is said to have a maximum or minimum at x = a, y = b, according as 
fia *h,b- k)«or»f(a,b), 
for all posttive or negative small values of h and К. 
In other words, if A2 f(a +h, b - kh) -f (a, b), is of the same sign for all small values of h, k, and if this sign 
is negative, then f (a, b) is a maximum. If this sign ts positive, f (a, b) is a minimum. 





Considering 2 = Ѓ(х, y) as a surface, maximum value of z occurs at the top of an elevation (e.g., a dome) from which the 
surface descends in every direction and a minimum value occurs at the bottom of a depression (e.g., а bowl) from which the 
surface ascends in every direction. Sometimes the maximum or minimum value may form a ridge such that the surface 
descends or ascends in all directions except that of the ridge. Besides these, we have such a point of the surface, where the 
tangent plane is horizontal and the surface looks like leather seat on the horse's back [Fig. 5.5 (c)| which falls for 
displacement in certain directions and rises for displacements in other directions. Such a point is called a saddle point. 





(b) (c) 
Fig. 5.5 


Note. A maximum or minimum value of a function is called its extreme value. 
(2) Conditions for f(x, y) to be maximum or minimum 
Using Taylor's theorem page 235, we have А = f (a + л, b + А) - f (a, b) 








-(һ9 +ь | +1] А97 ора of | +... „00 
For small values of A amd £, the second and higher order terms are still smaller and hence may be 


neglected. Thus 
sign of A = sign of [Af (a, b) + kf. (a, b). 
Taking А = 0 we see that the right hand side changes sign when А changes sign. Hence f (x, y) cannot have 
a maximum or a minimum at (a, b) unless f (a, b) = 0. 
Similarly taking Ё = 0, we find that f(x, y) cannot have a maximum or minimum at (a, b) unless f (а, b) = 0. 
Hence the necessary conditions for f (x, y) to have a maximum or minimum at (a, b) are that 
f. (a, b) = 0, f (a, b) = 0. 
If these conditions are satisfied, then for small value of h and А, (1) gives 


sign of A = sign of E + 2hks + 32 where r = f (а, b), 5 = f(a, Б) and ғ = f, (a, b). 
Now  h2r+2hks + АР = Har + 2hkrs + кр | = 5 2 + Ев)? +k (11-82 ] 


Thus sign of A = sign of {ғ + ks)” +h’ (rt — 8° | Ui) 

In (ii), (hr + Рв)? is always positive and k*(rt — =?) will be positive if rt — s* > 0. In this case, A will have the 
same sign as that of r for all values of h and Р. 

Hence if rt — s? > 0, then f (x, y) has a maximum or a minimum at (a, b) according as г < or > 0. 

If rt — 5° < 0, then A will change with А and k and hence there is no maximum or minimum at (a, b) i.e., it 
is a saddle point. 

If rt — s? = 0, further investigation is required to find whether there is a maximum or minimum at (a, b) ог 
not. 


Note. Stationary value. f (a, b) is said to be a stationary value of f (x, y), if f (a, b) = О and f(a, b) = 0 i.e. the function 
is stationary at (a, 5). | 


Thus every extreme value is а stationary value but the converse may not be true. 
(3) Working rule to find the maximum and minimum values of f(x, y) 
1. Find dffdx and 4/7ду and equate each to zero. Solve these as simultaneous equations in x and y. Let (a, b), 
(c, d), ... be the pairs of values. 
2. Calculate the value of r = 0°f/ дх?, s = Әр дхду, t = дү ду? for each pair of values. 





3. (1) ifrt—s*>Oand r «O at (a, b), f (a, b) is a max. value. 
(ii) If rt —s* > 0 and г > 0 at (a, b), f (a, b) is a min. value. 
(iii) If rt — s? < 0 at (a, b), f (a, b) is not an extreme value, ie., (a, b) is a saddle point. 
(tv) If rt —s* 2 0 at (a, b), the case is doubtful and needs further investigation. 
Similarly examine the other pairs of values one by one. 





ЧИГ i ixan Ле 5.42. Examine the following function for extreme ден L ^o ) ; AJ y Ty Ti "7 

“ { 220122 ff y) m xf e yf 2 edxy = By? 222 TONTU., 2008) 
Solution. We have f, = 4x? – 4x + 4y ; f, = dy? + 4х — 4у 

and г =] „= 1252 – 4,s=f,,=4,t=f, = 12у? – 4 .420) 
Now f,=0,f, = 0 givex*—x +y=0, pm y-x-y-0 (il) 


Adding these, we get A(x? y?) = 0 or у= –х. 
Putting y = — x in (i), we obtain x? - 2x = 0, Le. x = 49 8,0, 
Corresponding values of y are — 4/2 , 48.6. 
At (42, 4/2), rt —s? = 20 x 20 4? = + ve and г is also + ve. Hence f(4/2, — 4/2) is a minimum value. 
At ( 42, 42) also both rt — s? and r are + ve. 
Hence f (~ V2, 2), is also a minimum value. 
At (0, 0), rt —s* = 0 and, therefore, further investigation is needed. 
Now f' (0, 0) = 0 and for points along the x-axis, where y = 0, f(x, y) = x* — 2x? = x"^(x? — 2), which is negative for points 
in the neighbourhood of the origin. 
Again for points along the line y = x, f (x, y) = 2x4 which is positive. 
Thus in the neighbourhood of (0, 0) there are points where f (x, у) < f (0, 0) and there are points where f (x, y) > f(0, 0). 
Hence f (0, 0) is not an extreme value Le., it is a saddle point. 


л TS Ч y (21 zry л м ү, 
(Anne 009: INT, 





Solution, We have f. = 3x*y* – 4х3) ? errr = ВА, 2x*y — 3x3y? 
and г = [= бху? – 12x?y? — бху" ; 8-1, = 6x?y — 8х3) ii Sn a = 2x? — 2x1 — 6x*y. 

When f, = 0. f, = 0, we have x2y*(3 — 4x — Зу) = 0, х3у(2 – 2x – Зу) = 

Solving these, the stationary points are (1/2, 1/3), (0, 0). 

Now rt — 8? = ху? [12(1 — 2x — y) (1 — x – Зу) – (6 — 8х — Эу) 


At (1/2, 1/3 pas o d -3| ша. |-6-4- Eu. 
А!(1/2,1/3), п -5? = = 1121- 1-2|1-2-1|-0-4-3/ |=; >0 


Also r*S[1-$-4 8-3 35]-- 8 <9 


| | | Dif. i i 1 
Hence f (x, y) has a maximum at (1/2, 1/3) and maximum value = $$ 1 -5- 1) = 138 
At (0, 0), rt — s? = 0 and therefore further investigation is needed. 
For points along the line y = x, f (x, y) = x*(1— 2x) which is positive for = 0.1 and negative for x =—0.1i.e., 
in the neighbourhood of (0, 0) there are points where f (x, у) > f (0, 0) and there are points where f (x, y) < f (0, 0). 
Hence f (0, 0) is not an extreme value. 


n pi e 5.44. In a T r ng Rd Pen nasum. value of cos A cos В cos. € вэ fy à АР; 
| уд ! | | Lg + s $ j VE U., 2010 ; } е. ve T > ur 09 Я D i Lh. 8) 
Solution. We have A+B+ C= = п so that C= n—(A + B). 


cos A cos В cos C = cos A cos B cos [л — (A + B)] 
= — cos A cos B cos (А + B) = f (A, B), say. 














We get сл = cos B [sin A cos (A + В) + cos A sin (A + B)] 
| = cos B sin (2A + В) 
and T = cos A sin (A + 2B) 
9f о 9f 
ЭД = 0, 3B = 0 only when A = B = л/3. 
2 2 
Also r= T: = 2cos B cos (2A + B), 1 = зар 2 cos А cos (A + 2B) 
в = of = — sin В sin (2A + В) + cos B cos (2A + B) = cos (ZA + 2B) 
аАдВ | | | 


When A = В = W3, г= – 1, s = – 1/2, Е=-1в0 that rt —s* = 3/4. 

These show that f (A, B) is maximum for A = В = n/3. 

Then C =п- (A +В) = 7/3. 

Hence cos A cos B cos C is maximum when each of the angles is 1/3 i.e., triangle is equilateral and its 
maximum value = 1/8. 


LAGRANGE'S METHOD OF UNDERTERMINED MULTIPLIERS 





Sometimes it is required to find the stationary values of a function of several variables which are not all 
independent but are connected by some given relations. Ordinarily, we try to convert the given function to the 
one, having least number of independent variables with the help of given relations. Then solve it by the above 
method. When such a procedure becomes impracticable, Lagrange's method* proves very convenient. Now we 
explain this method. 

Let = f (x, у, =) KL) 
be a function of three шинэ x, у, = which are connected by the relation. 

x, у, 2) = 0 
For u to have cano values, it is necessary that 
du/àx = 0, du/dy = 0, du/dz = 0. 


9и эу 4.95 dy + dz Lau 0 448) 
дф 


oe 2+ 39у 2+5, 
Also differentiating (2), we get 5 dx + 50 dy + 90 dz = de =0 


..4(2) 


A) 


Multiply (4) by a parameter À and add to (3). ед 
СЕЗЕ Е Кас Zr =0 


dy ay dz 
"m ди 490 оди, , 90 a 
This equation will be satisfied if $4 +25? =0, + э; =0, 5; Sha = = 0. 


These three equations together with (2) will determine the values ОЁх, y, = and A for which u is stationary. 
Working rule: 1. Write F =f (x,y,z) + Alx, y, 2) 


2. Obtain the equations w Os CM Ux = 0. 


3. Solve the above equations together with ф (x, y, z) = 0. 
The values of x, y, z so obtained will give the oy value of f (x, у, =). 





*See footnote page 142. 
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Solution. 1 Lets: y indi: 2 ft. bá the édges of the box and 5 bé its pue 
Then 5 = ху + 2уг + 22x m 
and xyz = 32 it) 


Eliminating = from (1) with the help of (it), we get S = xy + 2(у s =xy + FE i 


95/9х = y – 64/х2 = 0 and dS/dy =x – 64/5? = Ч 

— мэл we get x = y = 4. 

Now = 925/дх? = 128/53, s = д25/дхду = 1, = д°5/ду? = 128/y*. 

At жылкы шилийн 

Hence 5 is minimum for x = y = 4. Then from (ii), z = 2. 

Otherwise (by Lagrange’s method) : 

Write Е = xy + 2yz + 22x + Мхуз — 32) 

Then a =y+2z+Ayz= EE) 
oF 
ду 


£ = 2y + 2x + ху = 0 wilt) 


=х + 22 + 2х = 0 (тр) 





Multiplying (iii) by x and (iv) by y and subtracting, we get 22x — 22у = 0 ог х = у. 

[The value z = 0 is neglected, as it will not satisfy (й)] 

Again multiplying (iv) by y and (v) Буг and subtracting, we get y = 22. 

Hence the dimensions of the box are x = у = 22 = 4 Kui) 

Now let us see what happens as z increases from a small value to a large one. When z is small, the box is 
flat with a large base showing that S is large. As z increases, the base of the box decreases rapidly and S also 
decreases. After a certain stage, S again starts increasing as z increases. Thus S must be a minimum at some 
intermediate или which is 5 given by (vi). Henee 5 is minimum when x=y=4 ft andz = 2 ft. 





, Ё у fin. ih po Үү ба? Ж ЭРЧ, ilve of хуар 1 ¥ ) 2! Үү, ГА 
| Ба : 1 Did serui. 3 pia find ч, >} PU Jen 224 то TOP A ТН i “4 ^ ў 1 
Solution. Let f m У, == хтулгр and ф(х,у,2)=х+у+2>-а. 
Then F(x, y,z) = f(x, y, 22 + A ф(х, y, 2) 


=х"у”Р + x + y +2 а). 


OF in ОР. OF _, 
For stationary values of F, бу oS =0, — > =0 


mx"-ly^zP + ), = 0, nx" уі 2P + А = 0, pry P I + А = 0 


ог 8 mx^-!y^aP = пх" ул”! 2P = pyx"nzp-l 

: т n т+п + т+п + 

i.e. mon.p.———- p. P [г х+у+2=а 
X y = X-y-z ü 


-. The maximum value of f occurs when 
х =атАт +n + p), y = an/í(m n * pz = арт * n + p) 
men*p. m n. p 
Hence the maximum value of fix, y, 2) = = Р 


(т + п + we 


c«m = 


J M le i J 37 7.1 27 d t A^ 7 na xir шт Jah Э7 ps / ч. dio : хил N^ М 3 
[US eg tS | 4 Li d "RIP 
«АТ. Am di AU | 
Solution. Eet Р(х, у, 5 bé: any point on the hii and A(3, 4, 12) the given Solini 50 that 
AP? = (x – 8)? + (y — 4)? + (z – 12? = f (x, у, 2), say (i) 





i : - | а CA И; 2 А: УХ 





We have to find the maximum and minimum values of f (x, у, =) subject to the condition 
ф(х, у, 2) = х2 + y* +224 = 0 St) 
Let Fix, У, z= р(х, у, 2) + Арх, У, 2) 
= (х – 3) + (у – 4) + (2 – 12? + A? ен 
е oF 1 дЕ _ 
Then zm = 2x — 3) + 22x, ay 
дЕ _ o oF ar _ 
Эс =), ay = О and X 0 give 
х-34Ас-0,у-4-47у-0,г-1247:2-0 Ait) 
x-3 — у-4 == г – 12 


2(y — 4) + 2Ау, —— = 2(2 — 12) + 2: 


= 


which give 1-- 











9+16+144 169 
123477 UAY 


Using (ii), 12109 р үш ff-2183,/f —12,1. 


ax / 
[We have left out the negative values of /f , because УГ =AP is + ve by (i) 
Hence maximum АР = E and fH HR BAL = = = 
yen Е, T „жЕ T "i A : She шэн M E. PP ta Ч ү} 
| lak ХАД) tx of mas 


х? +y +2? = 


Ми ҮСЭГ 





ЭБҮ наа Лийр 2 pon T he Ve i 


Solution; Let Эх, By, 22 be the — шилж and height of the raptim solid so that its vulume 
У = Bxyz | | E) 
Let В be the radius of the sphere so that x? + y? +2? = R? Ki) 
Then Fix, y, 2) = 8хуг + Aix? + y? + 2? — К?) 
and ЭЕ/дх = 0, dF/dy = 0 and 2/02 = 0 give 
Byz + 2хА = 0, Вах + 2yA = 0, 8ху + 22А = 0 
or 2х2), = — Вхуг = 2y?À = 227A 
Thus for a maximum volume x = y = Z. 
Le., the — л solid is a cube. 


| DES a - . T. " T 
Р | — Ч f J FE. кы. р л | 
Re i sedi ad ee | ae Р у Г 2 3 
Ї uri TIL Pe ee ЛЕ. Ae ги паг ра PB Ч M i ta a ane HET TET 
йл | Mer E! r E. "TN № Ён | DN" i 1 ч 1 d А | 
‘a A 
s " wW- E ®. i ЕР 1 » 
еы” Зүй! Е =| гт + ms І "dum ex > 





П р 3 
Е i zm Е. n" 
i ri (21 44111 ГІ ГЫ ИД и dj | Ft 
) Ї | 7 га Ch: ir E A. d. oot Fan Ын Л LI СР ww, UGLY А ху 17 i J 
ан 2 Р i] LJ 
Кыза т, i ш зан лнэ! заан ИЙН Lr АШЫШ Ыб р ied "- р т а. x1 2 Ш M: hn 

“| і РЁ? Ё Ё | nr cr 715 г ) A і AT р "Tre I a 8 л ai it ig ГҮ, T. FT T ї dH Л M. iP 13 у j 1 

" H it p Air e cae EM a 4 i À I F ry - кн ДЫ 

g с. vi E | Е [т ts ! t 
T * M T Ч | L^ 2 i i 
Р TEM гр" LI 4 у 84 ! 
7 1 Ty "127 т- f 1 1 А 1 Ф | 
Г Гай | a D i b 


Solution. Let V be the volume enclosed by the tent Ет 5 be its deoa area (Fig. 5 "m 
Then V= cuboid (ABCD, A'B'C'D') + pyramid (К, A'B'C'D') 


=ху+ 3 "h = xy + МЗ) 


$ = 4(ABGF) + 44 КОН = 4xy + 45 (x - KM) 


= Axy + х q(x? + 4h?) I: KM = (KL? + LM?) = JI? +(х/2Ў | 


EZ 


For constant V, we have 


2 
SV = 2x(y + АЗ) бх + х2(5у) + =z oh =0 


For minimum 5, we have 


= [4y + Ja? +4h*)+x- a(x" +417) !? . 2x] бх 


+ 4xdy  x- zo + 4h2y 1? . 88h =0 





By Lagrange's method, 
ay 2147. 2х(у+ АЗ) = 0 240) 


[4y + Jo + ART) єх“(х + AR? y 
Ax кА х2 = 0 (1) 


Ahx(x? + 4А2)-12 + X - x?/3 2 0 Ui) 
(it) gives А = — 4/x. Then (iii) becomes 
Ahx(x? + 412) — Ay/3 20 or х= 45h 
Now putting x = 45 A, А = — 4/x in (i), we get 
Sh 20, їг, у= А. 


Ay € Sh 2h - 5 2x(y M3) =0 or ду" - 8-5 





Example 5.50. If u =a%x? + by? + cz? where x^! зу! а 1, show that the stationary value "u 
Бу х = Ха/а, y = Eal b, = = Xa/c. (Kerala, 8( 
и =f (x,y, 2) = аЗх? + b*y? + c32? 


Solution. Let 
d(x, y,2) =х1+у1+271-1 


and 
Let Fix, y,z) =f (x,y, 2) + Аф(х, y, z) 
= ax? + b3y? + сЗ? + Ax 1 ys 1 271— 1) 
Then коо =0 and o = 0 give 
2a*x? – Мх? 20, 2b3y – Ау? = 0, 2632 – №? = 
ог 20313 = А, 23у? =), 26323 = А 


which give ax = by = cz =k (say) ie., x = kla, y = kib, z = kle 
Substituting these in x! + у) +271 = 1, уе реА = а + Б + с 


Hence the stationary value of и is given by 
x= Eaa, у= ЎаЬ and z= a/c. 





Example 5.51. Find the volume of the greatest rectangular par 17 


ellipsoid | 
x? 
A | Г hig oe =. 
Бай Б? с? * 
Solution. Let the edges of the parallelopiped be 2x, 2y and 2z which are шин to the axes. Then its 
volume У = Вхуг. 
Now we have to find the maximum value of V subject to the condition that 
2 2 2 
X M x Ш ; 
epe eim adi) 


Write Е = 8хуг + А 
(ш) 
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$ =Bex+A (2) = 0 D) Ни = 8ху + a{ 22 -0 Uu) 


Equating the values of À from (ii) and (vii), we get x?/a? = y?/b? 
Similarly from (iii) and (iv), we obtain y?/b? = z?/c? 2, ха? = y?/b? = 22/с? 


2 
ae : ~ ел | oa l; x^ y 2 _ 3 
Substituting these in (i), we get х?/а? = “Энийг Эв “27273 
These give x = a//3,y = b/V3.z= o3 . (0) 


When х = 0, the parallelopiped is just a rectangular sheet and as such its volume V = 0. 
As x increases, V also increases continuously. 

Thus V must be greatest at the stage given by (v). 

Babc 

3/3 _ 





Hence the greatest volume = 





PROBLEMS 5.10 . 


1. Find the maximum and minimum values of 
(i) x* + у? — Зах (U.P.T.U., 2005) (и) xy + аЗ + ay. 
С) x3 + Sey? — 15x? — 15у? + 72x o (Mumbai, 2007) (iv) 2(3? — у?) —x* + уќ (Osmania, 2003) 
(v) sin x sin y sin (x + y). 
2. Ifxyz = 8, find the values of x, y for which u = bxyz/(x + 2у + 42) is а maximum. 
(S.V. T.U., 2007 ; Kurukshetra, 2005) 
3. Find the minimum value of x? + y? + 22, given that | 
(1) хуга! (P.T.U., 2009 ; Osmania, 2003) (р) ах by + cz =p. (V.T,U., 2010 ; U.P.T.U., 2006) . 
(iii) xy + yz + 2x = За? (Anna; 2009) 
4, Find the dimensions of the rectangular box, open at the top, of maximum capacity whose surface is 432 sq. cm. 
(Madras, 2000 8) 
5. The sum of three numbers is constant. Prove that their product is maximum when they are equal. 
8. Find the points on the surface 2? = ху + 1 nearest to the origin. (Вигашап, 2003 ; Andhra, 2000) 
7. Show that, if the perimeter of a triangle is constant, the triangle has maximum area when it is equilateral. 
8, Find the maximum and minimum distances from the origin to the curve 5x? + бху + 5у2 8 = 0. | 
9. The temperature T at any point (x, y, z) in space is T — 400 xyz?. Find the highest temperature on the surface of the 


unit sphere x? + y? 4 2? = 1. (УТИ, 2009 ; Hissar, 2005 S) 
10, Divide 24 into three parts such that the continued product of the first, square of the second and the cube of the third 
may be maximum. (Bhillai, 2005) 





1. Find the stationary values of u =x” +5? + 2* subject to ux? + Бу? 4cz*— Тапа Ix + my 4 nz = 0. (S.V.T.U., 2008). 


DIFFERENTIATION UNDER THE INTEGRAL SIGN 





If a function / (x, œ) of two variables x and « (called a parameter), be integrated with respect to x between 
the limits a and b, then | f(x, a) dx is a function of a : F(a), say. To find the derivative of F(a), when it exists, 
a 


it is not always possible to first evaluate this integral and then to find the derivative. Such problems are solved 
by the following rules : 
(1) Leibnitz's rule* 


— = ct) 


If f (x, œ) and be continuous functions of x and a, then 





a f(x, с) ах - || ЁС в) dx where, a, b are constants independent of a. 


*Bee footnote on p. 189. 





Let — [f(x дах = Fla, 
a 





b b b 

then Flo. + бо) – Ко) = | f, о + бодах - | fæ, одах = | х, a бо) — lx, ах 
ü ui: ийг! 

„b "n «+ Өбо) у. [5 f(x, a h) - fix, o) = hf х, а + ӨЛ) 
= 60 | да dx, (0-0-1) ee Ө < 1, by Mean Value Theorem 
mW" ЧЕ NN M F(a + ба) — Flo) [^ 9х, e - 9:0). 
g to limits as 5a — 0, ша, ЕЭ [ 36 dx 
| dF р? of(x, о) 
or da | да dx which is the desired result. 

















Solution. Let F(a) = pne s AB 
Jo log x | 
then F(a) = (2 9 PE = | x lex 
ын он o до log x j} “1 log x | 
y! 1 i | 

РА 1 MEE ФУ ЕРА 

x: Р oe аз | 1+4 |- “ae i tog | 

Now integrating both sides w.r.t. a, F(a) = Jiu (1-0) +с Ki) 


From (1), when a = 0, Е{0) = | | 
From (ii), F(0) = log (1) + с, Le., с = 0. Hence (ii) gives, F(a) = log (1 + о). 





Solution. We have Г dx A) 


о a+bcosx | 


Differentiating both sides of (i) w.r.t. a, 
(^ 3 | i Y 
| да zs b cos i^ x: 


i.e. m 8. (- 3| (a? — b?)-3? . 2a 


0 (а + Б cos х)? 








м = и 
0 (а+ Б сов х)2 (а? - 52)** 
Now differentiating both sides of (i) w.r.t. b, 


ЇГ -ta +b cos x? cos x dx = r|- 5) (a? — 52-м (-2) 





[ cos х il nb 
lo (a+beosx) (a? -b° 
(2) Leibnitz’s rule for variable limits of integration 
; , of(x, a) 
If fix, о), ын 
d (| гу) 
da | eta) 


be continuous functions of x and a, then 





Г (о) ОЁ(х, о) 


oy d). 
иь die “Оны, GN IT ~ fiy al- чу 11900) од 


fix, adx} = 


provided фо) and w(a) possesses continuous first order decia Ш.Ғ.Ё. a. 
Its proof is beyond the scope of this book. 














а log (1+ ох) 
Solution. Let Ко) = | Beet o dr 00) 
1+ х 
Then by the above rule, F (a) = Е 2 [netten ах+ 20) Metroa. 
Эа 14x? ) do 14 o* 
й [ x . log (14 0) (4) 
Jo (14+ ox\(14 x?) 14-02 | 
Breaking the integrand into partial fractions, 
a x dx с а dx 1 [= 2x ск a dx 
—————— =- — | ——4——— їх+-— | —— 
k (1+ оху + x?) ўро р 1+ох 21-02) |. 1+ x" 1-4 a |. 14 x* 
1 | Л. 1 | ga |E С ооо го us 
=-- log (1 + ax) |, + ————-x| log(1- x^)| + tan x 
"A E b 2(1--00) | T b TU i 
log +a”) 1оЕ(1-402) авиша 
ee GI a a 
140 21-00) 1+0 


мейн log + о?) , atan” a 


Substituting this value in (ii), Ё (©) = 
s : 2(1+ о?) 1402 


Now integrating both sides w.r.t. a, 








-1 
F(a) = — 5 [toga + dim T сан (Integrating by parts] 
186 = a tan! а 
бе |: | aa do c 
= 5 log 402): ал! a «c tit) 


But from (i), when a = 0, F(0) = 0. 
From (iii), F(0) = 0 + c, ie., c = 0. Hence (iii) gives, F(a) = 5 log (1 + o?) tan! 


Si + ын 


Putting a = 1, we get 15 dx = F(1)= = log, 2 








PROBLEMS 5.11 








7а ра i - ge | х ax 1 і" X x j ш ы; | de ы сіх > 
1. Differentiating = —tan ! = under the integral sign, find the value of [ 
FS dou 4a RTT im s Jo (x? кадр 


1 2 E 
2. By successive differentiation of [ x" dx c wrt. m, evaluate | x" (log x)" dx. 
j p 70) 


qt | 5. 
3, Evaluate | log(1 +a cos x) dx, using the method of differentiation under the sign of integration. 
0 





4. Given that Г up 72 = 2 , evaluate : TLLA ME : (VT. U., 2009) 
а — cos x т) 0 (а – cos x) 
5. |. ге”. Баала s = tan” a. Hint | e" cos bx dao 5 гоо 
в. | «сс 0 dy = tan t=, vd (Rohtak, 2003) 
ü X a 2 
=i. Pi C {/, Hi KNA 
7. sas log(I +a) where a 20, (УТ, 2010 ; S;V.T.U., 2009 ; Rohtak, 2006 S ; Anna; 2005 S) 
0 хі +) 
гж go 
B. | —— (1 —e#™) dx = log (1 +a), (a >— 1). 
D. x 
9. | log(o? cos? Ө + f? sin? 0) 40 = x log 227 (S.V.7.U., 2008) 
О 
10. 1 Беса. = ИУ — 1 | (5.М.ТАЛ, 2008) 
sin” x 
117 
11. | pe MEL EEE a ee (V.T.U., 2007) 
#0 COS X 
12. j 6757 cos dx dx = SEA (Mumbai, 2009 8) 


4 
13. А | | tan”! = da = За tan! a- Teg (а® + 1). Verify your result by direct integration. 


14. | 550 са“ V (bas особ - = 11:5 с08:0) | (Burdwan, 2003) 


15, 1ғу = | КИ эт — Oldt, prove that y satisfies the differential equation + + Ry = Ё fix). 


ЕЕ OBJECTIVE TYPE OF QUESTIONS 





PROBLEMS 5,12 


Select the correct answer or fill up the blanks tn each of the following: problems : 


"AR M du su _ 
1. [fu =e*(z cos y —y віп y), then ad * 52 EE uu 
2. fx = мо, y 2 ulu, then 9 у), 


ar, v) 
(a) -2ий (b) -20/и (с) 0 (d) 1. (V.T.U., 2010) 


РАА DirreRENTIATION AND ITs APPLICATIONS E, 


ди, и) а _ 9íx, y) 











3. IfJ,— | ‚ then JJ, = 
о 
4. Ми = Ро), then 
(a) TUA -0 (5) ыы =0 (с) хэв S - 24 (d) х2. a =1. 
5. Ши = x^, then дих is 
(a) 0 (b) ух" (c) » log x. 
6. lf x = гсоѕ 8, у= ғ sin Ө, then 
2a OX ЦОГ de дг dr * 
(a) = И e. x (с 3r 
7. Ни=х», then ди/ду is 
(а) ух”! (5) 0 (с) =’ log x. 
B. If u = х3 + уЗ, then аш. is equal to 
(a) -3 (0) 3 (e) 0 (d) Зх + Зу (V.T.U., 20105) 
9, 1и = 22 + 2xy + y? «х y, then oe + 2d is equal to 
dx "dy 
(a) 2и (b) u (c) 0 (d) none of these. 
10. If u = log 28 then zov * da is equal to 
(a) 2u (b) Зи (c) u (d) 1. (VTU, 2010 8) 
11, Ifx=rcos Ө, y = sin Ө, thén oe T is equal to 
(a) 1 (b)r (c) Ur (d) 0. (V.T.U., 2010 5) 
12, КА 2 f. (a, 6), B = fiy (8,0), С = Г, (a, b), then fix, y) will have а maximum at (a, b) if 
(a) f. = 0, f, =9, AC < Band A <0 (b) f, = 0, f, = 0, AC = H*and A >0 
te) f, = 0, f, = = 0, AC > В? and А > 0 (d) f, = 0,f, 20, АС > B*andA «0. 
| 2 А 
| - —1 x + y* ER oz de а 
13. Ifz=sin Srey ‚ then rx ty 18 
(a) 0 (5) 1/2 (c) 1 (d) 2. (Bhopal, 2008) 
14. Ни = sin (x/y) + tan (y/x), then x ди/дх + y du/dy equals 
(a) sin^! Guy) + Тал! (y/x) (b) 2181071 (х/у) + tan (y/x)] 
(c) 3[sin-! (x/y) + tan (y/x)] (d) zero. 
15. If an error of 1% is made in measuring its length and breadth, the percentage error in the area of a rectangle is 
(a) 0.2% (b) 0.025€ (c) 2% (d) 1%, (V.T.U., 2010) 
д 9, v) х 96, a(x, y) 
i als 
Ай йбх, у) уу? (u,v) о) Td 
(a)—1 (b) 1 (c) zero (d) none of these. 
4-7, 
17. х рев is a homogeneous function of degree ...... 
18, Ifz=log (3? +y" — x*y — xy?), then à» is equal to ...... 
19, Ifr = аи. s 0) дхду and t = array? then the condition for the saddle point is ...... 
| 1.73 3| Of. . 
20, Iff (x, y) = — + — z » then x> + y is 
Зы | 
(a) 0 (b) 3f (c) 9 (d) —3f. (V.T-U., 2009 8) 
| du ди | 
Bi, lucc qoe doy hen ee oe yz ee ebuzzpro.blogspot.com 











REDUCTION FORMULAE 
The reader is already familiar with some standard methods of integrating functions of a single variable. 
However, there are some integrals which cannot be evaluated by the afore-said methods. In such cases, the 
method of reduction formulae proves useful. A reduction formula connects an integral with another of the same 
type but of lower order. The successive application of the reduction formula enables us to evaluate the given 
integral. Now we shall derive some standard reduction formulae. 





1) REDUCTION FORMULAE for 


(a) | sin" x dx (5) | cos" x dx. 
(a) | sin” x dx = | віп"! x sin x dx [Integrated by parts] 


= sin^-!x.(-cosx)- [ (п – 1) sin" -? x cos x (- cos x) dx 


=—sin"-l xcosx + (п – 1) | sin"~* x(1—sin?x) dx 

= – sin"! xcosx + (п – 1) | sin"~? x dx — (n — 1) | вш" х ах 
Transposing 

n | sin" x ах =—sin"-!% cos x 4 (n — 1) | sin" ^? x dx 


sin"^! x cos x 


or | sin" x dx=- = 


+ SS 1 | вш”? x dx wD) 
FE 


239 





n-1 
(b) Similarly, | cos” fd, тхо к, Bz -3 | cos"? x dx 


Thus we have the required reduction formulae. 








Г. e. 


ет Ыш Шш. 


(2) То show that [= sin” + dx = f cos" x dx 


_ ба – 0 (а – 3) (а – 5)... 
n(n —2)(n—4)... 


х E only if nis even 
From (i), we have 


(9 
n/2 . sin" ^! x cos x n=l pri? 121: 
„= [A sin" x dx =— | +—— | sin"? x dx 








п п 0 
n-1, 
І = n Ї 
n п п-2 
Case 1. When n is odd 
WO n—3 | п-5 
Similarly І 45 n-3l- 16-45 a lae 
4 2 рпі? | jo 2 
16-51) 13-41 bo шилэн == 
(л —1)(n – 3) (п — 5)... 
Ес 16 th t In es черер нччар а 
orm these, we ge Ж. Do TELE 
Case II. When n is even 
ee а n-3 | n-5, 
We have 1.47 a9 In- 1-4 4-6 
d 1 riz. 0 1 pri2 1 л 
L=, I ==} = ‘dx = — йх---- 
а= 412. 12= 510 и 0 2 2 
_(n— 1) (л – ES cR 


Form these, we obtain 1, = ——— — —— ———— —— —— - - 
nín — 2) (n — 4)... 2 


Combining (iz) and (iii), we get the required result for L sin" x dx. 


MS саа 


Proceeding exactly as above, we get the result for Г " x dx. 


22115520: Wa UNE CLER i EE н ЛЭ! “211 


т HL 
1 | РА ш iy f ч wn” ъ 
| ^ "s 7. бас T ЙГ, Тай ИК | * ve Ё С 


31. QCPES в DE 


1 = B a un k 27 * 
ie ГЕТЕ Т te 


к ох; Гал nple ¢ 1. Integra j 5 4 2 = - | к, 3 ; | | E ! | i 
| * \ " 4- Y "AX, Int Л Kays cs Jc 2378 Qi Жил ТОГ УР У Yr A T | 1 | 


‘a um ' л. i 


Solution. (i) We "NM the кейп formula 





=] = : 
: sin xcosx n-ilp . | 
[ sin" xuüx-u———-———É— 4 — | sin^7? x dx 


Putting n — 4, 2 successively, 


[sin* x dx =- +2 | sin? x dx 


4 


Ai) 


Uii) 





AU) 





| sin? хйх-- Sn x 0831 (е х)? dx 


But (віп x! dx=[de=x. д [sin?xde=— 21020055, х 
[« m x [ х | sin х 2 2 
Substituting this in (0), we get 


sin? x cos x 2(- sin x cos x z) 
4 4 2 2 


| sin“ xdx-— 


Putti ing n= 6, we get 
Г" cos? rdr-5317_ эх 
и 6.4.22 1 





Put x =a sin Ө, so that dx = a cos 040 
Also when x = 0, Ө = 0, when x = а, Ө = л/2 





п2 a! sin’ Ө ае a" [257 өдө-а! -0:3-2 18, 
= =. 05 0 d8 = | 1 dð = тит AE TET T 
|, Toon 4905040 =07 Ь sin’ 000 =а'. === 35" 
(ii) Putting x = 26, we get 
Г У 7 cos x) г ыа Е хах = ий m ул 008 28) аш. 240 
SESS E 


aes. (2 віп Ө cos 0)? 20 = 442 ["' 2 аш өдө = 4/2.2- 9/2. 


(iii) dx Put x =a tan Ө, so that dx =a sec? 040 
" ux 24,7)"  |Also when x = 0,8 = 0, when х = =, Ө = л/2 


" Жүз а вес“ 9 29 _ 1 л/2 


a -H cos?" * ede = - A cA E - 5). .3. 1 n 
a sec e a 0 








Solution. Ре а sin Ө, we get 











a п 

fo ae = r^ 8097 (a cos өрө =a" [^ sin” 040 

0 Na? — 2 #0 а cos 8 

(a^ —x^) 
„сша: щн, if n is odd 
nin- 2)... ” 
2 (п -1) (п — 3)...1 n n at > ЯЛЖ i) 
В = g% » ifniseven 
Now integrating by parts, we have 
1 no. 3 | А авс үг “1 yt 1 7 
J, n+l " | п+1 la х2) 








= d. De g | 

© (n +1) E 1 е [Using (1) p. 241] 
- Е ]E п 201(—4)..1 х CENTRES 
Hd (n +1) (п – 1) (п –3).. 3i] when n is odd 
is nin 2 when п is even 


“хэл GDM D -3). 3s] 





Solution. Pugh a sin 6, вея 
(2 С a 
= | (а - х)" dx= [ (a? — a? sin? Ө" a cos 6 40 = а?" +1 | cos*"** Ө 40 
зайл». (2n) (2n — 2) (2n —4)...4.2 
Е (2n + 1) (2n – 1) (2n – 3)... 5.3 
Now replacing л by n — 1, we get 
_ on -1 n - 2)(2n — 4)... I, 2 _2n y. 2n 


[- (27 + 1)1в always odd] 








| (2n —2) (9n —1)..4.2 | | or: Ж EF x 
1-17 — (Q2n-1(n- “экс 3 Lo Wal 5 o [" ^ 


which is the second desired result. 


(1) REDUCTION FORMULAE for J sin" x cos” x dx 





| sin” x cos" x dx = | sin"? x . cos" x sin x dx [Integrate by parts] 


о ИИ ЕО! 
РРА И ра 7x - [оп - Dsin^-? x cos x - ER E | gi 
| n+l j | n+l |, 


sin"^!xcos"*! x т-1 





Qr neam ees LI Tania НЕШ | яалт ? x(1—- sin? x) cos" x dx 
n+1 m+1 
„m-i а = | 
. Sin" хоо"" x m 1 [sin"- * хсов"х dx — 7— f sin™ x cos" x dx 
n+l n+l + 


Transposing the last term to the left and dividing by 1 + (т — 1)/(n +1), i.e., (m + n)/(n + 1), we obtain the 
reduction formula 





a ЖШ sin" x cos"*! x | 
| sin” х сов" ры 8" “аа iu RN — sinn? x cos" x dx (1) 
| тъп m+n 











(2) To show that 


М sin" хара” x dx , S8 Оа 9) xi - Din 9s. (=. only if both т and n are even] 
0 (m+ n)(m+n-— 2)(m+n-— 4)... 2 

















From (1), we have 
юу” т-1 п+1 [Г = /2 
I. „= | sin" x cos" x dx = QU 008 2 = 1 Г -2 x cos" x dx 
r 0 mn lo m + rm +0 
| -1 
.е., | „== : 
Le m,n m+n m-2,n 
Case I. When m is odd 
Similarly, Г, аа gpn a mtn m-en па "-6 
4 
5,n nas 3,n 
— 2 | 2 pria 
Finally Na” Fa LTT] sin x cos" x dx 
2 cos" *! x ад 2 
EN adl Em i KL) 
From these, we obtain 
um (m - D (m - 3) (m – 5) ... 4.2 
"^ (m+n)(m+n—2)(m+n—4)...(n +3) (п +1) 
Case П. When m is even 
m-3 т-5 , 
Weave, — loa. дым ща. Lco 
a _ | 1. - 1 pni? Е : 
las" yg к ҮЭ ЭГЭЭ wd 
| /2 | 
From these, we have Ї, „ oe MNN Иона ^ cos" x dx 
(т + п)(т + п – 2)(т+п—4)...(п +2) Jo 
(m-Dm-9.1  ,m-D(nn-3)- „мы only н ie even) (iii) 


= (m+n)(m+n—2)..(n+2)  nín—2).. 
шашины ш) and (iii), we get the desired result. 


d 41. 19-7 e^ 
TUM ч? I 





Solution. à) Taking n = 2, in (i) of page 241, we have the reduction — 





| camel а, E К 
| sin" x сов? x dx === * СЕ, i sin" 2 x cos? x dx 
m - 2 т+2 
Putting т = 4, 2 successively, 
3 3 
| sin‘ x cos? x dx = – E += [аша х cos* х dx zT) 
| sin? х cos? x dx = — — 2 2 [ cos” х 4х 


But ди fas aigue E 


244 


à 
sin x cos" x 
| sin? х сов? x dx = — ——————— 


Мээ-- 11 
1 16 (2x + sin 2x) 
Substituting this in (1), we get 


р a a + З 
: E sin x cos Xx 1 ах COS X 
| sin’ x cos” хах-- т Ч халж mem + rome dieti у 











16 
(п) Putting ¢ = tan Ө, so that 
e d л/2 tan? 0 — > ЇР = 4 5.3.1х5.3.1 m On 
— ын | = | ; d = —— Aa = 
|, (1+°)! a J. sec Mg des b c d corem 12-10-8-6-4-2 2 2048 
(iii) Putting x = tan Ө, so — 
- л/2 tan* Ө 1.2 2 
- 6:040-------, 
| “үрж и =f sec! 8 wc 0.48 Г. sin" Өсо 53. 1 15 
| 2/6 a ERTA A 
Example 6.6. Evaluate : (1) | cos” 30 sin? 60 dà (V.T:U., 2003.8) 
1, 2353/8 Ит Gilet ay on 2 | 
Gi) |а ах (iii) | <? (дах x*) ах. (V.T.U., 2010) 
: NE 4 : З ER) а 
Solution. (1) | cos’ ЗӨ sin" 60480 = | cos’ 30 (2 sin 30 cos 30)? 49 
0 
= : d 
5 | sin” 30 cos' 30 dÀ uc that н s de 
mie, Also when Ө = 0, х = 0; 
2205 З 7 , , 
"$1 Rui HUN зох | when Ө = 7/6, х = 17/2. 
8 32x6.4.2 1 


“3 10.8.6.4.2 15 
uxo ох 2943/2 Put x = sin £ so that dx = cos t dt 
ш) | 40-22) га When x = 0, = 0; when x = 1, t = 1/2 

Ї2 | > rg | 
-1 sin’ t (cos? t? cost dt = | sin* t cos? t dt 
Jo 
| d: 1x8- 3. п _ an 
- B46-4.2 9 956. 





(гй Г x? [ах — x?) dx 


n/2 | Put x = 2a sin* Ө 
p? 
«| х Vla — х) dx |z dx = 4a sin Ө cos Ө dé 


n/2 | Р 
= [ (2a sin? 09772 J(2a) cos 0- 4a sin Ө cos Ө dé 





n2 o. 
= 25а* | sin* Өсөв 6 40 = 3201 5:8-151 x Ore 


-———— ne M——áÁ—— — 
- " == 


8-6-4-2 2 8 








PROBLEMS 6.1 


| 
Evaluate : 


AX: А mae 622) 
1. i.f eos" x dx (ii) | sin” 30 дө 2. 


| LE 4. 
(и) f, 55807“ nde 





8.0) Геи (V.T.U., 2008 S) (J.N.T.U., 2003) 








INTEGRAL CALCULUS AND ITS APPLICATIONS 


m-1l 


ОЮАЛ 
mm 9" 


mie | | ' 
4. ff, = | sin" x cos" x dx (m > 0, n > 0), show that AS = 


bud Y .. rie 4 mE 
Hence evaluate | sinf cos x dx 


Evaluate : 


i x/2 4 | | | | пі? Г 
5. (i) [| sin’ хөвбйх | (Соён 2005) (ii) [sin сов x йу 





18 ' n/2 
6, (i) [ х5.) (11) | cos* 30 sin" 66 d 





0 
T. (1) | х! (2a — xy "ах (ii) | x ах 








8. (0) Ї x9? вю dx | (ii) | xax - x2) dx | VTU., 2004), 
9. HI = E Ка — x) dx, prove that (2n 4-8) I, = дап 1, 47-92" (a x)? | (Marathwada, 2008) | 

| | 2a | * ит sats? | | ГҮ! Ст 
10, If n is a positive integer, show that [ y fax - х?) ds = УЕ. X n (VTU. 2007) { 





КЕИ REDUCTION FORMULAE for (a) | tan” x dx (ЫЬ) J cot” x dx 





(a) Let r= | tan" хах = [tan^-? x- tan” x de = | зал"? х. (sec? х — 1) dx 


|| 


| кап"? x sec? x dx — f tan"~? х dx 


| tan"! x 
Thus, | = E EE I, ,which is the required reduction formula. 
" = aims 


(5) Let Е = | cot” х ах = | cot"? x cot” x dx = | cot”? х (cosec* x — 1) dx 


[ cot”? x cosec” x dx — | «t^^ x dx 


Thus pz-———-—dh3 
which is the required reduction formula. 


Example 6.7. Evaluate (i) ал” х dx (ii) | cot? х dx. 


Solution. (i) Putting n = 5, 3 successively in the reduction formula for | tan" x dx, we get 


1 


1 
I д tant x- 1; l= = бап" -1, 


5 


Thus I= Ltantx - l tan? x +I, 
4 2 


al 


1 
4 
(ii) Putting n = 6, 4, 2 successively in the reduction formula for | cot" х dx, we get. 


ie., [ tan x dx = tan* х2 tan? x + | tan x de == tan’ x — = tan? х — log cos х. 


1 1 | 
Е == Е 60 x- I; L=- 3 etx —L;l,-2-—cotx-I, 


Thus Ig = = cox = cot? x — cot x — fax 





D A ава “иж A EK 1f 
= 4 M Р. : мы Р. E L^ К." 
| ‘a a = mar пас 
d " ! кк А x) we 


Solution. The reduction formula for p tan" 6 d6 is 











1 n [71 1 1 
I, = | бап x[ ы = Fy Iw 9 or 1,541, -8" ү 
Changing n to n + 1, we obtain 
" 1 | x | 
+= (n+1) or (n + 1) ,.; +J,_,=1. 


REDUCTION FORMULAE for (a) J sec” x dx (b) J cosec” x dx 





(a) Let Г. = | sec” х ах = [5ec^ ~? x. вес? x dx 
Integrating by parts, we have 


I, = ѕвес"-?х. tan x — fin — 2) sec" -* x - sec x tan x] tan x dx 
= вес" ^? x tan x – (n – 2) | sect“? x. tan? x dx 


= вес" x tan x — (n — 2) | вес"? х. (sec? x — 1) dx 


-sec-?xtanx—(n-2)I, *(n-2)I, , 
Transposing, we have 
(n — 101, = вес®-?х {ап x + (n-2)], , 
sec"? xtanx n-2 


Thus I= I 8-0) ==] I.» which is the desired reduction formula. 
(b) Let I= үнэнд ийн» [ume ной sik 
Integrating by parts, we have 


I, = cosec" ~? x. (— cot x) — fin — 2) cosec" - ? x - (— cosec x cot x) - (— cot x) dx 


= — cot x cosec" ~? x — (n — 2) | совес"-? x (cosec? x — 1) dx 
= — cot x cosec" -2 x -(n — 2], + (n — 24, , 





pi [1+ (n - 2), = — cot x cosec -? x + (п — 2), , 
cot х совес" “х п-2 
Thr I =- — + 


vehi is the T novem — 


4 nw 1l € (i) f AM gx ur) гч 
b` 17 > UM Р 4 Uns oe | 1 A. we: Mii die. Т 


82 we 
ry L4 3 o ЗЫ 





Solution. (i) Putting n = 4 in the reduction formula for for [sec х dx, we get I, = | 


le, 


=(1+1)= 4/3. 


sec” x tan x 
[eem] 








п/4 _ 
0 
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(ii) Putting n = 3 in the reduction formula for | cosec" x dx, we get 
1 1 

I, =— — cot x совесх + —I 

3 9 9 l 

x/2 1, о 1 pri 
3 M | r/2 | 
|. cosec х ах=- | со х соѕес х [in ЫГ | созес х ах 


r/2 


1 2 1 
--5(0-2} +5 log (cosec x — cot x ) | уа 


= ee ee ig usa 
“з | lye В] з 47 


PROBLEMS 6.2- 


. Evaluate (i) | tan® x dx (V.T.U., 2007) (її) | cot? x dx. 


= 


pi А 1 
9, Show that Í tan’ 475. (878963 





| mid | 
3. МІ = i, tan" x dx, prove that (n — 1) (I, +I, j)- 1. (V.T:U., 2009) 

Hence evaluate I. (Madras, 2000). 

п/2 
4. НГ = firs cot” 0 dO (n > 2), prove that I, = A -I ,. Hence evaluate 1, (Marathwada, 2008) 
nid 
5. Obtain the reduction formula for {; sec” 9 d6. (V.T.U., 2010 8) 
га 
6. Evaluate (i) | вес Ө de (ii) ї `совес” dB. 7. Evaluate р (а? + х?)5/* ах. 
oni © 
ем en +1 | 

8, II = [5 dt, show that J,,,.= =y -1, Hence evaluate 1. 


REDUCTION FORMULAE for 




















(a) | =" e™ dx (b) tz (log x)" dx. 
(a) Let Ls [xP еа 
Integrating by parts, we have 
I, =x" 5--| n-i E +: 
a a 
or 1-2 _ 2 у Which is the required reduction formula. (Madras, 2006) 
(b) Let Inn = [x^ йор x)" dx = | (log x)" . х" ах 
Integrating by parts, we have 
гт + 1 т + 1 
“Оосхи.35. I ntoe xy 71.1. X __. 
Ln, n = Чор Хх)" теь | ndog x) == 
хт! | n “ЭГ” х"+1 n 
ёс d Е МВ тү ET, - I > pit m. 
7, (og х)" LU [ Поё х) dx ог Lan —— (06 х) majmn-i 


which is the desired reduction formula. 





(а) Ja sin mx dx (b) | х" cos mx dx (с) | сов” х sin nx dx 


я 


Integrating by parts, we get 


Ian ЕЗ9 - | пай! (CR г-ын dx 
\ om | m 


(a) Let Т = | х" sin mx ах 





x" cos mx Эн | 
m 47 [= " cos тх dx [Again integrate by parts] 


шоо x" emm ay ) sin mx -[fe- ba^? | sin mx «|| 





т т 
- RI Qe mx oci ipae. SU Dp 
| m m 
which is the desired reduction formula. (Madras, 2003) 
(b) Let rs [2 cos mx dx 
Integrating twice by parts as above, we get 
|. x'sinmx mg _ о — ní(n-1) 
I= ENS END EJ ! cos mx — m* La 
(c)Let „= | сов" x sin nx dx 
Integrating by parts, 
AE PEL n x C sin à) [755 Jus 
è n | п i 
-1 


= – ^ cos" x cos nx — ™ | cos" x.cosnx sin x dx 


^^. sinín—l)x-sin nx cos x — cos nx sin x 
or cos пх sin x = sin пх cos х — sin (n — 1) х 


1 а | 
=. =. COS" х cos na — = | cos” ! x (sin nx cos x — sin (n — Dx] dx 


Je m 
шин ин х cos nx — (1, „1,1, sa) 





Transposing, we get 
m _ l m тү 
E 23 ; p =- 005 X cos nx 1 г ОИЕ ШИ 
т " 
| COS x COS nx т 
or = 1 1 
1, m+n men "-ha-i 


which is the desired reduction formula. 











| x/2 i | 
Solution. Let 1, „= |, сов" x cos nx dx 
Integrating by parts 
А 1/2 | . 
sin nx mia g х gin nx 
C» cos" х. Е | -| m cos" ! x (—sin x) x ^ dx 

















от f™2 т-1 г MN со ©08 (п – 1) х = cos nx cos x + sin nx sin x 
ол Í, ын Аса or sin "ix sin x = cos (n — 1) x — cos nx cos x 
eni? 7 
=” 1 cos" 7! x [cos (n – 1) х — cos nx cos x] dx = (Un na Im, n) 
Transposing and dividing by (1 + m/n), we get 
бара m+n acus 
which is the required result. 
| /2 | 
Putting mz-n,l, [= : cos" x cos nx dx |=} 1,3 
Changing n to n — 1, 
23 
Г,-15 5-2 
111 1 1 1 _ 1 (95, о. 
: L7 ($4n-2)= 9 LE 53 In-a 9 9^ 1,7 9" | (cos x) dx 
s _ 1 к_ т 
Непсе h^772 gael 
m. £u, 
ima ax 
Solution. Let I, - fe” Siri! хо =". x Er% 


Integrating by parts, 


' el = — ЯГ.” 
I, = sin х. 5— — | (nsin х cos x). —— dx 
| a 





e sin" x m =: | x а 
солиж E TE | (sin x cos х). е dx [Again integrating by parts] 
ax s fü ах | 
=f 2 -8| шил x cos x. — — | i(n —1)sin"~? x 
а a a ! 
oU 
х cos x . cos x + sin" - ! x (— sin x)] 2 
25587718... п ас — | 
= ———— (а sinx —n cosx) + — | (л -Dsin "x x(1-—sin? х) – sin" x] е dx 
a a 
е sin"! x | n(n — 1) п? 
лы (a sin x — n cos x) + E Ї-»- = I, 
Transposing and dividing by (1 + n*/a*), we get 
е sin"! x(asinx—ncosx) nín-1) 
ыз у Е “ээ 
а +n a +n 
which is the required reduction formula. 
Putting а = 1 and n = 3, we get 
е віп? x(sinx-3cosx) 3.2 
з= а teg a4 
1 49 1-9 
But I,= | Є sin x dx = — sin (x — tan"! 1). 
49, 
CX 


M gia in rx- З со 
St даос аў, 


B 








PROBLEMS 6.3 
1. ИТ = | x" е? dx, show that I «n I, ,2 x" е^. Hence find I; (Madras, 2000) 
2. Ши, = [ x" @ * dx, prove that ui -(n+a)u,_,+a(n—1)u,_ 4-0. (Medras, 2003) 
Е | 


11. 


12. 


1 
‚ Ил is a positive integer, show that [| x^ (log x)" dx = 


кү? а мы 
. ИТ „= | cos" x cos nx dx, prove that I, „= Бе eed, I 


. Obtain a reduction formula for | х" (log x)" dx. Hence evaluate ! x? (log x) dx. (S.V.T.U., 2008 ; Bhillai, 2005) 


em "n. 
(-1) n! D 


(maiy** 


гл/2 
ШІ = [ xsin" x dx (п> 1), prove that n*I, = л (п= 11 


al =a 


+ 1. Hence evaluate /.. 
ate n—1 1 £ 

ИТ = | x cos" x dx (n > 1), prove that Г. = УКИ | a~ ud Hence evaluate I,. 

0 | n oan i 


14. x | 
На, = [ x" sin x dx, (n > 1), prove that u, + л (n — 1) u, = n (n/2))-". Hence evaluate u, (Madras, 2000 S) 


, ИГ = | x" sin ах dx, show that a?I, = — ах” cos ax + пах" 1 sinax - nin = DT, y (Marathwada, 2008) 


nie Н-2 ii 1 
Prove that | X sin nx dx = IT n 1. 


күй Г. 
Find a reduction formula for | 29 cos" x dx. Hence evaluate | e vos" x ах. 
0 


Obtain a reduction formula for /, = Г ет gin" х dx where m > 2 in the form 
10 | 


(14-21, =т(т- ПТ, 5. Hence evaluate Гү. (Gorakhpur, 1999) 





DEFINITE INTEGRALS 


b b - 
Property I. Ї f(x) dx = [. f(t) dt 


(Le., the value of a definite integral depends on the limits and not on the variable of integration). 


b 
Let | год ах za; E | f(x) dx = Ф) – фа). 


b 
Then | fit) dt -Ф0: E Ї f (t) dt = (b) - Фа). 
Hence the result. 


b a 
Property II. Ї f(x) dx =- f. f(x) dx 


(i.e., the interchange of limits changes the sign of the integral). 


and 


| of 
Let | fide «Ма 5 | rad = 605) – 0) 


р f. fi) dx -— | (x) |Ë = – 16а) – 66) = &(5) — фа). 


Hence the result. 





| ь | с | b 
Property Ш. | fo)dx- [^ бхудх» | x) dx 


2 b Z | 
Let [годах = дад, so that [ f(x) dx = t) - e) NE 
Ав ("redes Ц од eco; «| eot 
= [ф(с) — ф(а)] + [6(6) — ф(с)] = $(5) — фа) (2) 


Hence the result follows from (1) and (2). 
Property IV. |’ бо dx = f f(a — x) dx 
Put x = а – t, so that dx = — dt. Also when x = 0, t =a ; when x = о, t = 0. 
[ fix) dx = - f fla-t)dt= й fia-t)dt= [ fia- х) ах [Ргор. Ш 





— иь гл/2 (sin x) | 
Solution. Let = | Е 
| | sin (4m – х 
nee ft Дей C. - 





- ий | (сов х) 


Adding 
Hence I = n/4. 








ES ae I cuin p ipt чна. эн 


Solution. Let I- | 1443 When x = 0, 0 = 0 ; when x = 1, 0 = 7/4 


/ 
" ren sec? 040= |" log (1 + tan Ө) de 
1 + tan’ Ө 
-| log [1 + tan (2 — 6) | a0 = [ ' 1g (1+ 1S) ав [Prop. IV] 


n/4 9 NC NP 
= [ (тана) nei de —1 


Transposing, 21 = log 2. ! 0 Пан 4 log 2. Hence I = 5 8 log 2. 





Solution. Let i= [ 








mL. л 
Sen ta [i £98 0-2 4, ron iN 
0 1-cos* (r— x) 
xL : 8 : T A 
- [ (л ши * dx - x | sin - dx —1 
0 1-со5 x 0 1+cos x 


| «d 
Transposing,  2/- 5| 2. de 
+cos x 
Put cosx = t so that — sin x dx = dt 
Whenx-0,:£-21;Whenx-27,t--1; 





1 2, dt 
=— 1 # = 
|, ( oy 





Р -2+(1+2) 
= п ——————— 


-1 
T dt =~ 2n | dt 
1 +?" 


E 
ztn] dt 
11-14 1 


2—9x | tan ! ¢ Г + x | Ї нь = – 2л -1-1 - 2n. Hence, I = 17/2 — п, 


Property V. | f(x)dx=2 Г f(x) dx , if f(x) is an even function, 
5 | 
-0 if f(x) is an odd function. (Bhopal, 2008) 


a | Ü п à; 
[ Fod] года [ ronds (1) IProp. I] 
-ü 8-0 0 
In Г Е (x) dx, put x = — t, so that dx = — dt 
= fll 


A 0 "i ü 
Fx) dx s — | ГС-04:- | f(—t)dt= | f (=x) dx [Prop. Ш 
=й та 0 0 
substituting in (1), we get 
it m" ft 
| f(x) dx = | fi- х) ах + | f(x) ах ...(2) 
us Jo 0 
(1) If f(x) is an even function, f (- x) = f (x). 
ü ü а pa 
from (2), | f(x) dx | а + | f(x) dx =2[ f (x) ах 
-ü Ü 0 0 
(it) If f(x) is an odd function, f (- x)  - f (x). 


П я if 
from (2), | куйе Ї f (x) dx + [ Р(х) ах = 0. 
=] LO ai 


2a A 
Property VI. | f(x) dx = 2 | f(x) dx, if f (2a – x) = f(x) 
= 0, if f(Za — x) = - f(x) 


2d ü 2d 
[ гоа | fede | Года» (1) Prop. III] 
ü ü a 


р. 
In | i f(x) ах. put x = 2a — Ё, зо that dx = — dt 
0 
Also when x =a, t =a; when х = ža, t = 0. 
zü ü п ü 
| f(x) ах =- | f (2a —t)dt= | f (2a — t) dt = | f (2a — x) dx [Prop. ПІ 
a ü 0 0 
Subsituting in (1), we get 
"2 fi ü 
| f (x) х= | f(x) dx + | f (2a — x) dx (2) 
0 ü 0 | 
(i) If f (2a — x) = f (x), then from (2) 


[ f (x) dx = [ f à) dx + [ f(x) dx =2 Ї f (x) dx 





(it) Iff (2a —x) = – f (x), then from (2) 
Г Gd [ f(x) dx - f Fixidk =0. 
1 à | 


"n 1/2 | | Ж oou 

Cor. 1. If nis even, | sin” x cos" xdx=2 | sin" x cos" x dx and if n is odd, | sin" x cos" x dx =0. 
Jo 0 
2m ` 

Cor. 2. If m is odd, | sin" x cos" x dx =0 


a^ А an a PF Hn n . "m її 
and if m is even, 1 sin x cos" xdx=2 | sin xcos x dx 


ni2 i л | 
-4[ sin” x cos" x dx, if n is even = 0, if n is odd. 





Solution. Let [= Г 0 sin? Ө cos* 0 20 
Then Ї- [ (x — 6) sin? (x — Ө) cos* (x 0) de = nf’ sin 2 8 cos 0 dO —1 [Ргор. IV] 


ог 2] 2n [| sin? Ө cos* Ө 20 = 2л Ий sin? Ө сов“ Ө dé [Ргор. VI Сог. 2] 





= шат 4ш 2 = EE 4 j vem LE E ШЕ а a 13 В - - F 4 roux m i а. Е = 2 
Solution. Let I= t log sin x dx Ki) 


„к/о u m/z | 
then T= i log sin (x/2 — x) dx = | log cos x dx Gi) 
Adding (i) and (її) 
ni? 
21= [ (log sin x + log cos x) dx 





| / 
- Г. log (sin х + cos х) dx = ^ log Cr) 


pri2 | ni2 ви! 
|| log sin 2x dx | log 2 dx = Г. log sin 2x dx — log]. dx 


|| 


i? | 
= | logsin 2x dx – log 216/2 =Г- 5 log 2 (iii) 
| WB РР Put, 2x = t, so that 2dx = dt 
woe pe 0 Токаш de vit dei 
— 41-31 TE ны .. Поет Ши Па хон | 
= 5 | log sin t dt = f. log sin x dx [- log sin (т— x) = log sin x, Prop. IV] 


23 riz a —— 
= 5-2], log sin x dx =I. 
Thus from (iii), 21 = I — (1/2) log 2, i.e., I = — (n/2) log 2. 


Obs. The following are its immediate deductions : 


n log sin x dx = Lt "log cos x dx = — 7 log 2 





and Г log sinx dx -—-zlog2. 


lied 
Example 6.17. Evaluate | Io dx. 
јо . X 
Solution. Put sin! x = Ө or x = sin Ө so that dx = cos 040 
Also when x = 0, 8 = 0 ; when x = 1,8 = 772. 
=} 














f. sin x dx = p o = 8 de [Integrate by parts] 
0 x 0 sin 9 
ria niz | 
= [0.106 sin Ө], -f 1. log sin Ө 49 
/2 | | | 
== [ log sin 6 d= - (- 162) = 7 log 2 | Lt (x log x)= 0 
10 2 2 | x-Ü 
” PROBLEMS 6.4 | 
Prove that : 
Ре би ліё. \ | 
1. (i) Ї log tan x dx = 0 (i) [| sin 2x log tan x dx = 0 
а НЭГ | 3 | 
2. (i) | zz] dx «0 (i) [^ tog (1 + tan 0) de = $ log, 2 (Madras, 2000) 
5408 dex? 0 8 
ai? sin x m 
T 1 nace ees 34 
4. G) п/2 х x 
І 23 => 
О. [eot х 4 
| 2 | 
b. (1) aM nt dx (Anna, 2002 8) 
Jo весх+ сон х 4 
- xtanx 1 AAE. x dx 5 
ава, Gy |) tire тэд ВМА. 
Evaluate: 
А 2А | хаг 
7. (i) | sin* x dx (ii) Ї cos? x dx 
й д 
Gi) |, sin® х сов x ах (У.Т, 2001) Go) [ sint x cos" хак 
в. (i) | хөш? хак (ут, 2009) (i) (ховд x sint x ds (Marathwada, 2008) 
Prove that : 
: Lt (ii) Б т Жыры 
E f 3 a^ соб" V» sin' 2 2аһ I. PENNE 249 


x ах 2 д? 


ш 5 
— — MÀ = ‚ (a1) (н г) | 
0 a^ — cos” x Qala 21) р AA XA 242 


10. (т) 





1) INTEGRAL AS THE LIMIT OF ASUM 


We have so far considered integration as inverse of differentiation. We shall now define the definite 
integral as the limit of a sum : 

Def. If f(x) is continuous and single valued in the interval (а, b], then the definite integral of f (x) between 
the limits a and b is defined by the equation 


Г f (x)dx= Lt В Ща) + fla +h) + fla + 2h) +... + f(a+n-1h)], 


where nh = b — a. ...(1) 
(2) Evaluation of limits of series 
The summation definition of a definite integral enables us to express the limits of sums of certain types of 
series as definite integrals which can be eer evaluated. We rewrite (1) as follows : 


Г f(x)dx= Lt LEE. f (a + rh), where nh = b — a. 
r=0 


Putting a = 0 and b = 1, so — l/n, we get 


3. Y 45) [, f(x) dx 


Thus to express a given series as definite integral: 
(i) Write the general term (T, or T, , , whichever involves г) 
ie; firin). Un 
(ii) Replace r/n Бу х and 1/п Бу dx, 
(iii) Integrate the resulting expression, taking 
the lower limit = Lt (r/n) where r is as in the first term, 


28. n 


and the upper limit= Lt (r/n) where г is as in the last term. 





n 1 





Solution. Here the general term (= Т.) = E NEN NEMO. 
g tV a+r? 14 (г/п) n 
МОЛЕР Ы [Putting ех and Un = dx] 
1+х° | 
Now for the first term г = 0 and for the last term r = л — 1 
г the lower limit of integration = Lt (2) -0 
пе Л. 
| 22 2 | (n—1 1 
and the upper limit of integration = | = )- ELS 2-2) = 1. 
Hence, the required limit . p. 25 = | tan? х |, = ќап-1(1) - tan“ 1 (0) = 7/4. 
35 





223 
[To find limit of a product by integration : 
Let P= Lt (given product) 


Take logs of both sides, so that 
log P= Lt (a series) = А (say). Then P= e*.| 





| М ry 1 Р ia 
Example 6.19. Evaluate Lit (2 2) 1 + EE. (а + 2 
: Tt 


ho = n: 


п = "n 


1 lin 
Solution. Let P= 14 (1+2 (2+ + =. {1+ ze. 
n 
Taking logs of both sides, 


log P= Lt P og [1+ i + log (1+2) ++ log (1671) 
n- pn п: | п " 


Its general term = log 1 + z) : is log (1 4 x) . dx [Putting r/n = х and Vn = dx] 
n; n 


Also for first term г = 1 апа for the last term r = n. 
The lower limit of integration = Lt (1/n) = 0 and the upper limit= Lt (n/n) = 1 
П o— ce П--8 = 





Непсе log P = fih log (1 + x) dx = | log (1 +x) . 1 dx [Integrate by parts] 
1 
= | log (1 + x). x – f. TU 





| 114Хх-1 
2- — — —— dx -log2—]| ах 
| х ыы f vL т 
= log 2-| х |. +| log (1+x)|, =log 2—1+ log 2 


= log 2° — log, e = log (4/e). Hence, P = 4/e. 


_ PROBLEMS 6.5. 





Find the limit, as n. -+ =, of the series : 











| 1 1 1 1 ҮС їл 41574 9 ee vida 
1. ——+ ^4 ——B..4--——. (Bhopal, 2009) 2. POPE PS TC + Aata 

E-l пе л-8. Zn "e 5-1 n8 wm "zo inte zn 
3. Et Үл +5 V. СДР + ул Е Vn . 

nage Jo? jin +3 fin +6)" JIn + 3in — DP? 

Evaluate : | 
xL M eG lin 
5. Lt [t * Din 2). +пу 
ro — 9а Н 
(Bhopal, 2008) 





ӨВ AREAS OF CARTESIAN CURVES 





(1) Area bounded by the curve у = f (x), the x-axis and the ordinates x = a, x = b is Г у dx. 
a 


Let AB be the curve у = f (x) between the ordinates LA (x = a) and MB (x = b). (Fig. 6.1) 
Let P (x, y), P' (x + бх, y + бу) be two neighbouring points on the curve and NP, АР” be their respective 
ordinates. 





Let the area ALNP be A, which depends on the position of Р whose 
abscissa is x. Then the area PNN'"P' = бА. 
Complete the rectangles PN’ and P'N*. 
Then the area РММР” lies between the areas of the rectangles PN’ 
and P'N. 
Le., ЗА lies between убх and (у + бу) бх 


“A lies between у and у + бу. 


Now taking limits as Р’ — P i.e., &x — 0 (and :. бу-э0), 
dAldx = y 
Integrating both sides between the limits x = a and x = b, we have 


Ар = f’ ydy 


or (value of A for x = b) – (value of A for x = a) = p y dx 





Thus area ALMB = |? ydx. 
(2) Interchanging x and y in the above formula, we see that the area bounded 


Fig. 6.2 


by the curve x 2 f (y), the y-axis and the abscissae y = a, y = b is Г х dy. (Fig. 6.2) 





In Fig. 6.3, the area ALMB (= Ѓ y dx) which is described in the anti-clockwise direction and lies above the x-axis, 
will give a positive result. | 

In Fig. 6.4, the area ALMB [= f y ах) which is described in the clockwise direction and lies below the x-axis, will 
give a negative result. 





Fig. 6.3 Fig. 6.4 


b | | 
In Fig. 6.5, the area ALMB |- | у ax) will not consist of the sum of the area ALN [- Г y д) and the area NMB 
. a ҹа 


rh 
- | у de) but their difference. 
Ё 


Thus to find the total area in such cases the numerical value of the area of each portion must be evaluated separately 
and their results added afterwards. 





















= - шин 4 Em" RN = жет i ian i n" F | [s 2 ER | i 1 эт = i | À E EL | pu n р ke Ти = 
т | таре 6.20. . d the area of the Loop of tfi i ay я а = х), X г. 
DUE. 4. | T : дый а гээс nur. > er ер ui ты 87- ЯС “=. - Г + ! LIN РТ anas t = 
| ae o i u \ ya ї : Sp y. =, р г Th Г ёс 





Solution. Let us trace the curve roughly to get the limits of integration. 
(1) The curve is symmetrical about x-axis. 





(ii) It passes through the origin. The tangents at the origin are ау? = ax? огу = + x. 
(iii) The curve has no asymptotes, 
(10) The curve meets the x-axis at (0, 0) and (a, 0). It meets the y-axis at (0, 0) only. 


From the equation of the curve, we have y = = (a — x) 
a 


For x > a, у is imaginary. Thus no portion of the curve lies to the right of the line 
х= а. Alsox 4 — =, у w, 
Thus the curve is as shown in Fig. 6.6. 
Area of the loop = 2 (area of upper half of the loop) 


-а уйс-э fes (55) ae = "3 (a — x] Jax) dx 


LN xY/?] dx =a 
a 











(а – х)? |" 
— 372 


= 











4 —5/2 
4 a 5/2,, 4 65/9 424,2 8 2 
- — 4 fa(0 — a3/2) 4 5 (9 a!) = 8 
3 Na j^ Б“ 715. 
" № "M hy pk " I, 1; E | "Hu b N 


: "ү М ў 





Origin is а node. 





(a — х)°'* | 


n by . Ta "ur ar ry 327 ў D = "ni гүйн ( ij 
Ма ж / he aj ty m ong яс? as нө n thé c I и. ney KE а—х 2 М "ий тэм n2 у (1! $ \ ы 1 





Solution. The « curve is as shown in Fig. 4. 23. 
Area between the curve and the asymptote 





-2[" ydx- 2[". х” Jes Put x = За віп? Ө 


20 —– х 


| . 0 n9] 
(2а віп” 8) а ‚аа sin Ө cos 0:40 
2a cos” Ө | 





| so that dx = 4a sin 6 cos 8 d6 


гъ т/2 4 9:1 п 
= 16а? |  sin'ede- 16a?. ~~.” = Зла? 
40 “4-3 2 
MOT p E д, Е пр Ti «E LN m CMM =F "di | i by , d h aU у "ANT Л NU | 
# "EX EM Р РА ie ae Ei 227 UN Сан" T: md гу aba? = du ut TM j Si d 4 ё | 1 | 15 2 


бано, ттт us first find the limits of ee 
(1) The curve is symmetrical about y-axis. 


(11) It passes through the origin and the tangents at the origin are x* = 0 or x = 0, x = 0. 


_ There is а cusp at the origin. 
(ttt) The curve has no asymptote. 


(10) The curve meets the x-axis at the origin only and meets the y-axis at (0, 2a). From 


the equation of the curve, we have 








Fig. 6.7 


For y < 0 or y > 2a, xis imaginary. Thus the curve entirely lies between у = 0 (x-axis) and 


y = 2a, which is shown in Fig. 6.7. 


i | 2а За TAY 
Area of the curve = 2 Ї х dy => [ уу (2a — y) dy 





Put y = 2a sin? 6 
^ dy = 4a sin Ө cos Ө dO 


2 л/2 = 9 «og F 2 = ! 
S Ї 2a sin“ 6,/[2a sin" Ө (2a — 2a sin” 0) x 4a sin Ө cos Ө d8 


/2 TH 
= 32a” [ dat Ө сов? 6 40 = 3202 9 1*1 N. 
Jo 6.4.2 2 





dss un a ЖҮЛ “з ЭЛС БОГ АЖ ЛЭХ 
em To describe its first arch, 0 varies тач 0 to 2ni Le.,x varies 5 from 0 to n (Fig. 6. 8). 
Required area - | уа 
where y = a(1 — cos Ө), dx = a(1 — cos Ө) d8. 
= t a(l — cos Ө) · a(1 — cos Ө) d8 








- В X 

= 2а? L (1— cos Ө)? d@ = 8a* Л 9 qe (Ө = 27) 
= " 2 2 Fig. 6.8 

- 16a? [ “sinf ф d$, putting 0/2 = ф so that dO = 220. 


3 л 

ш п шшш: 
4-2 2 
ig wr ey «үг 


FEE 
y n ЕЛ dg "114. ые 
2 - n" 


т at Y L] "T. d rE a: 42 vi Е 
T 3 E ў 


Ж 





"Ww i М ай л жин 
"TUE Wa я a | i LI | Ы 
QUE „л. = р гг Ї Е Nr. p j Д а ы f 
Ч" vA d 7, 1X ЫГ | ж б “il a Ц „а, ГЫ 7 





eee ГД АШЫЙ d the area ‹ | wa 
— Given — € is "m Ki) 
and the straight line is x - 2y + 8 = 0 i) 
Substituting the value of y from (ii) in (i), we get 
x? = 4(х + 8) огх? —4х—-32=0 
or (x-8)(x+4)=0 « х= 8, ~ 4. 
Thus (i) and (i) intersect at P апа Q where x = 8 and x = - 4. (Fig. 6.9) Fig. 6.9 
л Required area POQ (i.e., dotted area) = area bounded by straight line (i1) and x-axis from x = – 4 to 
x = 8— area bounded by parabola (i) and x-axis from x = – 4 tox = B. 


= f. y dx, from (ii) — { y dx, from (i) 








8 x48 8 x? 1| x? 1| x? 
„ НЕ аА arre =. 
1: 5 > ыы | js]. 
- Зааны 24)} - gem 





V i 277 F цэв 6, 1 ‚от! поп | it ñ foe RS Pj == SE a y 2. TERE E i 
n Е КЕЕ A Кепей x 4 i, PEL. [os ЕГ gere 28 uice: x A = а к її. been 1 ij у 1 j rf 
RETIR "Given parsbola i is у?=ах ai) 
and the circle is x? + y? = dax. (Ut) 


Both these curves are symmetrical about x-axis. Solving (Г) and (ii) 
for x, we have 


х? + ax = Аах or x(x - За) = 0 
or x = 0, За. 
Thus the two curves intersect at the points where x = 0 and x = 3a. 


(Fig. 6.10). 
Also (її) meets the x-axis at А(4а, 0). 
Area common to (Г) and (п) i.e., the shaded area 
= 2|Агеа ORP + Area PRA] (By symmetry) 


zn y dx, from (1) + Г у dx, from (ii) 


С ax x a 








ET 





esl TINE lita? — (x — 2а)? | dx 


Ux 2 PH 30 
ES FNG (ay? + 2 = (x ГЕИ гт —(x = doy] №. sin x— 2a 
2 20 i 


4./За24210- 1, Ва] + 2a? {л/2 — л/6\| 


= 44/3 а2— 3a? + = na = 8,8 + zl а”. 





PROBLEMS 6.6 
«^ 2 2 g'al ь.. 
1, (0) Find the area of the ellipse ur * 53 21, (Kerala, 2005 ; V. T.U., 2003 S) 
а 


(ii) Find the area bounded by the parabola у? = 4ax and its latus-rectum. 
2. Find the area bounded by the curve y = х(х = 3) (x — 5) and the x-axis. 
3. Find the area included between the curve ay? = х3, the x-axis and the ordinates x = a. 
4. Find the area of the loop of the curve : | 


(D3ay*-2 х(х а)? (Rajasthan, 2005) (i) x(x? + y*) = a(x? — y?) (ETU. 2010) 
5. Find the-whole area of the curve : | | 

(i) ах? = y3(2a—y) (Nagpur, 2009) (4) 8а2у2 = ха? — x?) (V.T.UL, 2006) 
6. Find the area included between the curve and its asymptotes in each case : | 

(i) xy? = a*(a = x). (VTU, 2003) ()x*y = а). ^ - ‚ o ТЦ, 2007) 
7. Show that the area of the loop of the curve y*(a. + x) = x?(3a — x) is equal to the area between the curve and its 

asymptote. 
B. Find the whole area of the astroid x?? 4.73 = a?" orx = a cos? 0, y = а sin? Ө. | (УТ, 2005) 


9. Find the area bounded by the curve 4х +y = а and the coordinate axes; 
10. Find the area included between the cycloid x а(0 sin Ө), у= a (1 — cos Ө) and its base. Also find the area between 
the curve and the x-axis. (Gorakhpur, 1999) 
11. Find the area common to the circles x? + y? = 4 and x? + y? = 4x. 
12. Prove that the area common to the parabolas x* = 4ау and у” = 4ax is 1607/3. (S. V.T.U., 2008 ; Kurukshetra, 2008) 
13. Find the area included between the circle x! + у? = ax and the parabola у? = ах. 
14. Find the area bounded Бу the parabola у? = 4ах and the line x + y = За. 
15. Find the.area of the segment cut off from the parabola у = 4x = x? by the straight line y =x. 
(УГО, 2010 ; S.V.T.U., 2008). 


(2) Areas of polar curves. Area bounded by the curve г = f(8) and the radii vectors 
| . 1 (Р | 
0-o,0-DB:is — | гав, 
р 2 [, 


Let AB be the curve г = /(0) between the radii vectors ОА (0 = о) апа ОВ (Ө = В). 
Let P(r, Ө), P'(r + ôr, Ө + 99) be any two neighbouring points on the curve. (Fig. 6.11) 

Let the area ОАР = A which is a function of 6. Then the area OPP’ = бА. Mark 
circular arcs P@ and P'Q' with centre О and radii OP and ОР”, 

Evidently area OPP’ lies between the sectors OPQ and OP'Q' ie., ЗА lies 


between a 50 and 5 (г + ӧл)? 60. 





м lies between ir? andi (г + ör)”. 


Fig. 6.11 





Now taking limits as 80 —0(.. 8r — 0), oir 


Integrating both sides from Ө = с to 0 = В, we get | A |? - [iP 40 
м. 


or (value of A for 6 = p- (value of A for 8 = о) = > à г? аө 


a 


[rd 


г? de. 


66:55 Find the area of the cardhoid r dit Sane КИЧЕ 28 ШД 
Я4 і ? „= : “ 41 5 4 A. | s | 


UN 13 
E i ir es =f a, "15 ;. T б ‘i iy fi p 
{е "T Ё` vx 1 ios u Fm Е: У саг? үл | ог. ' 14 


i i 
LM 
1 n Lr талт” aiy E 7, : X Т NE. 





Solution. The цул MOON OC 6.12. fis peer Хий им Анн б йн n. 
^ Area ofthe curve =2. JN г? 40 = а? Г (1 — cos Ө) dé 
2 40 0 
m i 
= а? | (2sin 2 9/2)? дө = 4а? [ sin^ 0/2- 20 
a TE LL. " | =: mas 
=8а? | sin‘ ọdọ, putting 6/2 = ф and de = 200. 


3.1 п Зла? 
Gat: LL 
95 1.38 © 








Ww p 


L + | 1 3 | Ч н [ a È 6 7. | "ine г] ] Fhe Е iF ; 116 pi " $7 n 980 4187 
Бэ үд Exi. Д.00 ipi. фа ja + bd curvi л te ee (39. ^ M. 


Solution: The curve is own in Fig. 4.35. It consists of three еа 
Putting г = 0, sin 30 = 0 г. 30 =Оогцее., Ө = 0 ог 7/3 which are the limits for the first loop. 


АР. _ 1 ын r* zt 9 nid gin? а? "s | 

Area of a loop = 3 [Lr de = 24 | 8 in 3ede- ^ |. (1— cos 60) 40 
2 o. sin 6e |" (ко) на? 
4 6 |; 4\3 J 12° 














За sin Ө cos Ө 
cos? 0 4- sin? 0 


Solution. Changing to polar form (by putting x = r cos Ө, y = r sin Ө), r= 


Putting г = 0, sin Ө cos Ө = 0. 
г. 020,2, which are the limits of integration for its loop. 
-. Area ofthe loop 


23 (7 2g 1 үүл 9a sin? ocos? 0, 
2 Jo (cos? Ө+віп? 0) 


„2 19 2 RT | 
Es Г aoe dé [Dividing num. and denom. by cos? 6] 
p putting 1 + tan? Ө = t and 3 tan? Ө sec? Ө 20 = dt. 

Sar |i" | За... 3a 
= oes = —— (~ 0 + 1) = —— 

я |=, 2 | ) 











ET 


circle symmetrical about OX, with centre at (a, 0) and radius a. 
The circles are shown in Fig. 6.13. At their point of intersection P, eliminat- 
ing г from (i) and (ii), 


or 


mm» P» 





Solution. The equations of the circles are г = a 4/2 (i) and r=2acos6 UE) 


(1) represents a circle with centre at (0, 0) and radius a 49 . (ii) represents а 


а49 = 2a cos 0 ie., сов 0 =1\/2 
Ө = 7/4 
Required area = 2 x area OAPQ (By symmetry) Fig. 6.13 
= 2(area ОАР + area OPQ) 


fa піс | 
-2[} fL de for +2 (77 r? ав, for 2 
9 Jo т/4 





к/2 1 + cos 20 





n/4 | л/ 
= | (a/2)° 40+ L. (2a cos Ө)? 40 = 2а? | Ө IE + 4a* | dü 
0 (4 rid 2 
од |72 442 | | 
8 031802 1.841829] „ал (5-2-5) 7 -». 








Example 6.30. Find the area common to the cardioids г = a(1 + соз 8) and т = a(1 — соз Ө).. 
(Kurukshetra, 2006 ; VR U., 2006) 


Solution. The cardioid г = a(1 + cos 8) is ABCOB'"A and the cardioid r = all — cos Ө) is OC'BA'B'O. 
Both the cardioids are symmetrical about the initial line OX and intersect at В апа В’ (Fig. 6.14) 
Required area (shaded) = 2 area OC'BCO 
= 2 [area OC'BO + area OBCO] 


-9 if, 1,2 do} Ч 1,2 ao} 
0 2 Ir zatl- cos 8) (25/2 2 r=a(l+ cos 8) 


ni? en 
а? | (1 — cos 6) 40-02 | (1+ cos Ө)? d8 
0 mi? 


! 





x | 
"(1—2 cos Ө + cos? Odo + [7 „1+ 2c08 6 + сов? olde} Fig. 6.14 
2 


a [ а+ cos? Ө) dë — 2 |" “cos do «2 [^ ‚ oso a} 


! 
В. 


10 – 2 | sin 6 |^" *2|sine[7,,| 


a sin 01 





— 0+ 


"E 
1 
a} E(t (1, 1539) 
“Їй 


— 2(1 — 0) + 2(0 — v|- t - 4 Ja*. 
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PROBLEMS 6.7 | 


Ета the whole area of 


(i) the cardioid r =a (1 + cos Ө) (УТА, 2008) (it) the lemniscate p =a" gos 20; (МТ, 2006) 
Find the area of orie loop of the curve 
(i) r = asin 28. (ti) r =a eos 38. 


Show that the area included between the folium 27 + у? = Заху and its asymptote is equal to the area of loop. 
Prove that the area of the loop of the curve x? + y? = 3axy is three times the area of the loop of the curvér* = a? 60829. 
Find the area inside the circle г = а sin 8 and lying outside the cardioid ме a(1— cos 0). 2 | (Anna; 2009) 
Find the area outside the circle г = 2a cos 8 and inside the cardioid г = a(1 + cos 8). (Kurukshetra, 2006) 





(1) The length of the arc of the curve y = f(x) between the points where 
x-aandx-bis 





Let АВ be the curve у = f(x) between the points A and B where x = a and 
x = b (Fig. 6.15) 

Let Р(х, у) be any point on the curve and arc АР = x so that it is a function 
of x. 








Then 1(1) of р. 164] 


(2) The length of the arc of the curve x = Ку) between the points where y = a and y = b, is 
b 2 
| 1+ =) | dy [Use (2) of p. 165] 
Ja dy 
(3) The length of the arc of the curve x = fit), y = o(t) between the points where t = a and t = b, is 


[Use (3) p. 165] 


| 2 i. и yi ! Wik | Жи 
Wh HE ) E udi | AU Ч. P.I | р ! 
Ваке, Let A be the vertex and L an extremity of the эн сан 50 oiid at A,x =0 Ed at L, x = 2a. 
(Fig. 6.16). 
Now y = x*/4a so that dy 1 ох 
ах 4а 20 
dy 5 
arc AL = 1-1-- ax 
«| 





ре jen Dira 





~ Qa 2 a Фа] ш 2 





= а[ 4/2 + sinh-! 1] = rade pas /2 }] fs 


с Е ДА Ээ. л m. ut ra - mu. T : „Ян 7 FI > B i. E h x | m 4 i ! ЁС £ 
{ = Ч Ч 4 TI 3 Ї = [ 3199 1 12 ir 14 Te 1 er F 111 ы " | 7” h E le Г. D 2] F the С бил 2a (л жах I и "i р 
"m Ж EXIT аре“ 524 iv = үг) ү TN" Л | y Ч ў Л j Үү: 5 Ч | 1 » | үү 87 мон Г ^ Piss Их -a 9". кй ЕР ЕР 
ек Тһе. curve is symmetrical about the x-axis and the loop lies 
between the limits x = 0 and x = a. (Fig. 6.17). 


Wa haves „_ N(x — a) 
(За) 
dy 1 3 аки _ 1 383х-а 


dx .Л/За)|2 















л Perimeter of the loop = 2 IN 





(12ax) 
а Зх * @ 





ash (3x? 4 ах И?) dx 


"Js | че: Jas 


1_ ыз ын | 
(За)| 3/2 1/2 |, 








= (4а3'2) = = 


Ei 














u(t К, 1h; T U., 201 
n» K | 4# ss Р 241 | i hau ШҮ, pest 4 / | T эку н Ч 
Solution. "e a — moves hol one end O to the other end of its first dich: the pareistar t ИИ 
from 0 to 2л. [see Fig. 6.8] 
Also бХ = a(1—cost), © =авіпі 





2 Lengthofanarch = |” 2). (3) | 






dt 





Also ЫН m —a sin Ө. 








13, 
14. 


. Find the length of the loop of the curve x = 15, y = ( — (9/8. 





m 


-4a [' cos 8/2 40 = 4a 


La (1 + cos Ө) +(— a sin 0)*] 40 = 2a [ 412 (1 + cos 8)] «Ө 


sin 9 |" = Ва (sin 1/2 — sin 0) = Sa 











0 
Length of upper half of the curve is 4a. Also length of the arc AP from 0 to 7/3. 


nid =. mia 
=a | М2 1 + cos Ө] de = 2a | cos 6/2. dà 
ü ü 


= 4a | sin 0/2 |^ = 2a = half the length of upper half of the cardioid. 








PROBLEMS 6.8 





. Find the length of the arc of the semi-cubical para bola ay? = 27 from the vertex to the ordinate x = 5a, ; j 
Find the length of the curve (i) y = log sec x from x = to x = 1/3. WTU, 20108 ; PTU, зол 
(уу = log [беч – Ie 41) from x = 1 to x = 2. | | | 
Find the length of the arc of the parabola y= “ах (1) from the vertex to one end of the litis ro did 
(ii) cut off by the line Зу = 8x. | (ИТО, 2008 8: Mumbai, 2000 
‘Find the perimeter of the loop of the following curves : | 
(i) ay* = x*(a x) (i) Oy? = (x — 2) — 5*. | 
Find the length of the curve y? = (2x — 1)? cut off by the line x = 4. (V.T Us, 2000 8), 


Show that the whole length of the curve x?(a?— х?) = Bay? is ла V2. | 19) 
_ (a) Find the length of an arch of the cycloid х -0(0 + sin Ө), y = a(1 - cos Ө). | 
(5) Ву finding the length of thé farva show tha} Uie curves = (Ө- айп), y > а(1- cos в); divided ia the тац. 9 
at 0 = 27/3. ! DV US 2009) 


Find the whole length of the curve x =a гийг у=а sin? f ie, x23 + 23 =a? 27.29 
CURR 2010, i METAPEDIA SE ajasthan, 200 





For the curve г = ae? cot о, prove that s/r = constant, s being measured from the origin. с uar 
Find the length of the curve Ө = Ur +: 1) from г = 1 tar = 3. (Marathwada, 2008) 
Find the perimeter of the cardioid r = а (1 — сов 0). Also show that the upper half of the curve is bisected by the line 
Wine whole length of the lemniscate г? = a? cos 28. | r 
Find the length of the parabola r(i-+ cos 8) = 2а as cut off by the latus-rectum. (JN. T. U., 2003) 





ЭРЁ (1) VOLUMES OF REVOLUTION 


the revolution about the x-axis, of the area bounded by the curve y = f(x), the 
x-axis and the ordinates x = a, x = b is 


MB(x = b). 


and NP, N'P' be their respective ordinates (Fig. 6.19). 


(a) Revolution about x-axis. The volume of the solid generated by 


b 
| ry? dx. 
Let AB be the curve y = f(x) between the ordinates LA(x = a) and 





Let P(x, y), P'(x + бх, у + ду) be two neighbouring points on the curve 


Fig. 6.19 


Let the volume of the solid generated by the revolution about x-axis 


of the area ALNP be V, which is clearly a function of x. Then the volume of the solid generated by the revolution 
of the area PNN'P' is ôV. Complete the rectangles PN’ and P'N. 





The 6У lies between the volumes of the right circular cylinders generated by the revolution of rectangles 
PN’ and РМ, 
Le., бУ lies between лу? бх and л(у + бу)? бх, 


i lies between пу? and л(у + бу)". 
Now taking limits as Р’ 2 P,i.e.,jóx —DO(and ~. бу ә 9). =. —— = ду? 


des “лах or | Ур. = te 
а 


rs "m 


Or (value of V for x = 5)— энх, of V for x = a) 


i€., volume of the solid obtained by the revolution of the area ALMB = | ny? dx. 





Solution. Let the EG k ec E the revolution of the semi-circle 
ABC, of radius а about its diameter СА (Fig. 6.20) 

Taking CA as the x-axis and its mid-point O as the origin, the equation of 
the circle ABC is x? + y? = a”, 

г. Volume of the sphere = 2 (volume of the solid generated by the 
revolution about x-axis of the quadrant OAB) 


-2 | пу? dx = 2n |? (а? — x*) dx 


i 












= 2n 





| 3 
Шэн ахлан! 





ata = 
10 


‘Ger ied b a T. D VR А. ДА! of ‘(пор of thé.c Ни 
sri e “А, e reu plisti № Ty И, 


n tuer * 15 Ax i \ | 
Уу me TA 







Ч Jd 


Bolütlon. The curve is зүвцаанчан about the x-axis, and for the upper half 
of its loop x varies from 0 to 3a (Fig. 6.21) 


За х (За — х (8a — х) р 
а+ х | 


Volume of the loop = M ду? dx = п |, 


34 Y" РО РО . 
=n |“ х +Зах 3. 


9 xta / 
[Divide the numerator by the denominator] Fig. 6.21 
За 
3 | da’ a 
=i i - х? + 4ах — 4а? а ах=п|_ 2 +44. да?х + 4а? log (x + а) 
xta 3 2 А 








-x|= хэ. + За - 9a? — 4a? - За + 4a? log 4a — (4a? 22 


лд tee па? (8 log 2 — 3). 


ah. а р = n т " 1 йн i Л е a= ОТ E et he re 22 uir M b : of t] Dem . Te is! 3 Ч | x 4 
ТЕ F 5 E гр : [ ы! Far 


4, jen P ЭН uu ү үнэ, Ти 1 sp ү TFC QA 
Эр oe ee eee of one ae be? са EMEN | 
:felution. The 2 AOB of the cycloid is wanna Nm ice the y-axis and the tangent at the vertex is the 


x-axis. For half the cycloid OA, 0 varies from 0 to л. (Fig. 4.31). 
Hence the required volume 





=2 " лу? dx = 2n |" а?(1 — cos 0)? . a (1 + cos Ө) 40 





= 2na3 Г (2 sin? 6/2)" . (2 cos? 8/2) 40 


= 16za? E sin’ @/2- cos? 8/2 . d6 [Put 6/2 = , 20 = 200] 


WS 4 | | 
= 32na? "s sin’ ф cos? ф dg = 32na3. 2-1 *1 






















Байцаа The curve 27ау? = 4(x — 2a) 
is symmetrical about x-axis and is a semi-cubical parabola with vertex at A (2a, 
0). The parabola y? = 4ах and (i) intersect at B and C where 27a (dax) = 4(x — 2а)? 
or x? — бах? — 15a*x — 8a? = 0 which gives x = — a, — a, Ba. Since x is not negative, 
therefore we have x 2 8a (Fig. 6.22). 

- Required volume = Volume obtained by revolving the shaded area 
OAB about x-axis = Vol. obtained by revolving area OMBO — Vol. obtained by 
revolving area ADBA 


= | my? (= 4ax) dx - f». my? Гог (0 dx 





| а ва 
— 2| - =". N (x — 2a) dx 
8 
тов 245 | (к а) |" 


4 








27a 54 


= 128a? — 57: (ба? = 80ла3. 


(5) Revolution about the y-axis. Interchanging x and y in the above 
formula, we see that the volume of the solid generated by the revolution about 
y-axis, of the area, bounded by the curve x = f (y), the y-axis and the abscissae 
уз, S68 


Solution. Given parabola is x = yita. 

Let A be the vertex and L one extremity of the latus-rectum. For the arc AL, y varies from 0 to 2a 
(Fig. 6.23). 

г. required volume = 2 (volume generated by the revolution about the y-axis of the area ALC) 


ЕР ИШ. 2 
FE] ` Ва” 





-2[" пх? йу = an [^ 





е Ва 
и. 
5 


(с) Revolution about any axis. The volume of the solid generated by 
the revolution about any axis LM of the area bounded бу the curve AB, the axis 
Г.М and the perpendiculars AL, BM on the ахїв, is 


[oM een 
fo, TPN)? асом) 


where O is a fixed point in LM and PN is perpendicular from any point P of the 
curve АВ on LM. | 

With O as origin, take OLM яв the x-axis and OY, perpendicular to it ав 
the y-axis (Fig. 6.24). Fig. 6.24 











Let the coordinates of P be (x, у) so that x = ON, y = NP 
If OL =a, OM = b, then required volume = Г пу? dx = (2? лРМ) d(ON). 








| Ж, магт 6.40. Find the volume of the solid obtained бу peered cissoid dy Qa = Pat “эр ^ 
3 


Solution. Given curve is y = = 41) 
2a -—x 
| It is symmetrical about x-axis and the asymptote is x = 2a. (See Fig. 4.23). If P (x, y) be any point on it and 
PN is perpendicular on the asymptote AN then PN - 2a — x and 


хз! 





А№ = у = К СУС [From (1)] 
KAN) = dy _ Ха х) (3/2) vx — x*'* . 1 (2a – ху\' у. 
2а – х 
.9/x(04—3)4 x)  ,— Ваз?" — 55/8 


— 


Зак ~~ ба ™ 
i= 1/2 Ш 
Required volume =? us 5 m(PN)* d( AN) = эт Г (2а — х}?. Зах Х 


zr | | 
=2л |, Ka- x) (8а – х) Vx ах then dx = 4a sin Ө cos Ө 40 


1 192 - 
= 2л Г (да) cos Ө (За — 2a sin? Ө) x J(2a) sin Ө. 4a sin Ө cos Ө «Ө 


E" x — 2a sin? Ө 


= 16na 3 Г віп? Ө cos? 0 dð — Тиш sin’ Ө cos” Ө do | 


= 16ra? 3, 2% E 9 8-1х1 JE 











4.22 6-4-2 2 
(2) Volumes of revolution (polar curves). The volume of the solid gener- 
ated by the revolution of the area bounded by the curve г = f (0) and the radii vectors 
06-0,8-2 þ (Fig. 6.25) 
(a) about the initial line OX (Ө = 0) = f: = г? sin 6 dé 


(b) about the line OY (0 = 1/2) = |! n E r? cos 0 dé. 





mple 6.41. Find the volume of the solid generated by 
about the initial line. | ra, 
Solution. The cardioid 18 symmetrical about the initial line and for its upper half 0 varies from 0 to л. 
[Fig. 6.18]. 


required volume = k a rr? sin 0 40 = 25 s le a^ (14 cos Ө)? sin Ө ДӨ 


na o 8 
== — [0 -16]-2 — ла? 
6 | | d 





: маш бий ЇГ 
sind _ 2ла” d 


3 4 





g 





. Example 6.42. Find the volume of the solid generated by resolving TES г = а? cos 20 about the: 
line @=n/ 2. | 2) “WE. U., 2006) 


Solution. The curve is symmetrical about the pole. For the upper half of the R.H.S. loop, 6 varies from 
О to л/4. (Fig. 4.34). 


INTEGRAL CALCULUS AND ITs APPLICATIONS „259 


required volume = 2(volume generated by the half loop іп the first quadrant) 


VET É s 2 xr! ous dos = p a? (cos 908/2 cos Ө 20 |» rzaicós 20)/2] 
Га en/4 | i Put 42 sin 0 = sin 0 

- 1н (1 — 2sin* Ө)“ cos Ө dë ? 
3 40 49 cos Ө d6 = cos ф dO 

в 1— sin? уг te бз іф = dé = П — РА 
3 ? “49 =“ oh ша, Јо 4.22 4,/9 





‘PROBLEMS 6.9 

1. Find the volume generated hy the revolution of the area bounded by x-axis, the catenary у = c cosh x/c and the 
ordinates x = + c, about the axis of x. 

2. Find the volume of a spherical segment of height A cut off from a sphere of radius a. 

3. Find the volume generated by revolving the portion of the parabola y* = 4ax cut off by its latus-rectum about the 
axis of the parabola. (V-T. U., 2009) 

d. Find the volume generated by revolving the arca bourided by the curve Jr Jy =Va а= у= 0 about the x-axis. 

5. Find the volume of the solid generated by revolving the ellipse 22/0? + у? = Ж, 


(i) about the major axis. (Bhopal, 2002 S) (it) about the minor axis. (Bhillai, 2005) 
6. Obtain the volume of the frustrum of a right circular cone whose lower base has radius R, upper base is of radius г 
‘апа altitude is Л: 


7. Find the volume generated by the revolution of the curve 27ay* = 4(x — 2a)° about the x-axis. 
8. Find the volume of the solid formed by the revolution, about the x-axis, of the loop of the curve : 


(i) ya — x) =x? (a +x) (ii) 2ay* = x (х ~ а) (iti) y? = x (2x — 1), 
g. Find the volume obtained by revolving one arch of the cycloid | | 
(i) x =a(t—sin t), y =a (1 - cos t), about Из base. (Kurukshetra, 2006 ; V.T.U., 2005) 


(i) x 2aí(8--sin6),y =a (1+ cos 0), about the x-axis. 
10. Find the volume of the spindle-shaped solid generated by the revolution of the astroid «29 + у23 = а23 about the 


x-axis. (Р.ТЛ/,, 2010 ; 8.У.ТА7, 2008) 
11. Find the vülume of the solid formed by the revolution, about the y-axis, of the area enclosed by the curve ху? = da? 
(2a — x) and its asymptote. (УТ... 2006) 


12. Prove that the volume of the solid formed by the revolution of the curve (a? 1?) = а?, about its asymiptote i 15 2 5 a’. 


13. Find the volume generated by the revolution about the initial line of 
(D.r = 2a cos Ө (u)r-a(1-— сов Ө), (РТО, 2006) 
14. Determine the volume of the solid obtained by revolving the lemtcon r = a +b cos Ө (a > b) about the initial line. 
(Gorakhpur, 1999) 
15. Find the volume of the solid formed by revolving a loop of the lemniscate r^ = а? cos 20 about the initial line. 
W.N TU, 2003 ; Delhi; 2002) 


[XEM SURFACE AREAS OF REVOLUTION 





(a) Revolution about x-axis. The surface area of the solid generated by the revolution about x-axis, of the 
arc of the curve y = f (x) from x =a to x = b, is 


Г” 2пу ds. 


r-u 
Let AB be the curve y = f (x) between the ordinates LA (x = a) and MB (x = b). Let P(x, y), P' (x + ӧху + бу) 
be two neighbouring points on the curve and NP, N'P' be their respective ordinates (Fig. 6.19). 
Let the arc AP = s so that arc PP’ = 6$. Let the surface-area generated by the revolution about x-axis of the 
arc АР be S and that generated by the revolution of the arc PP" be 6S. 
Since és is small, the surface area 6S may be regarded as lying between the curved surfaces of the right 
cylinders of radii PN and P'N' and of same thickness 65. 





Thus 6S lies between 2лу 6s and 2л (y + бу) ds 

is, 35 lies between 2ny and 2л (y + у) 

Taking limits as Р’ > Р, i.e., 65 — 0 and ду — 0, dS/dx = 2лу 

х=5 as fF s хаф d P . 
^ Г. as 47 | 2mds or |S[-,- |  2луав 


х= п 


ог (value of S for x = b) - (value of S for x = а) = ? 2ny dx 


ates hg | җа i A. UR 2 ЭРА ya P zu eru Даса, 
ваа. The s careant is —— about the initial line aid for its upper r half, ө үс varies — 0 to n 
(Fig. 6.18). 





Also 





г. required surface = [ 2v бе a= an | rsin e. 2a cos 0/2 49 


= ала [ ati: in 6+ cog 6 аб -= лай ("ou 0 44:98:48 өв S di 
= 4na |" a(1 + cos Ө) sin 6 cos 6/2 40 = 4ra Ao g 2вїп у cos о. cos 5 dO 


= 16na? |" COS. * S sinSqe- ida. s (- sin в.) ao 








2 
“ву padam. 


5 5 5 


_ (b) Revolution about y-axis. Interchanging x and y in the above formula, we see that the surface of the 
solid generated by the revolution about y-axis, of the arc of the curve x = f (y) from y = a to y = b is 


niai by the revolution of ‘the astr т ДУ 
чаи T EU dum qr 

M a і ХҮЧ " i " 8! 

| Iv) A Түүх | CDI Г 





FL gw 
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Solution. The astroid is symmetrical about the x-axis, and for its portion in the first quadrant ѓ varies 
from 0 to 1/2. (Fig. 4.29). 






Also dx = — За cos* t sin t, dy У = За sin? t cos t. 
dt dt 
p = = J[8a? cos* t sin? t + 9a? sin* t cos" £] 





= За sin f cos? (сов? t + sin? (|) = За sin £ cost 


pri ds т/2 4 
required surface = 2 [ 2лх c d! = Ап E а cos t - За sint cos t dt 


3.1 _ 12m" 
5.3.1 5 





n/2 
= 12да? | sin t cos* t #=19ла” 


PROBLEMS 6.10. 





1. Find the area of the surface generated by revolving the arc of the catenary y = c cosh x/e from x x-Ütox-cabout the 
x-axis. 
ә, тыйер of the surfa 
3. Find the Surface ofthe solid generated by the revolution of the ellipse x?/a? + уЗ? = 1 about the x-axis. 
(Ratpur, 2005: Bhopal, 2002 S) 
4. Find the volume and surface of the right circular cone formed by the revolution of a Pighitcongleo. triangle about a 
side which contains the right angle. 
5. Obtain the surface area of a sphere of radius а. 
6. Show that the surface area of the solid. generated by the revolution of the curve x =a cos* у=а sin t about the 
“x-axis, 1 is 1212/5, 
7. The are of the curve x?3 + y23 = a” in the first quadrant revolves about x-axis. Show that the! area of the surface 
generated is бла2/5. 
`В. Find the surface area of the solid generated by revolving the cycloid x=a (t — sin t), y = й (1 — cos t) about the base. 
(Marathwada, 2008 ; Cochin, 2005: Kurukshetra, 2005). 
9. Find the surface area of the solid got by revolving the arch of the cycloid | 
x = alB + sin 0), y = a(1 + cos 0) about the base. (VT. U., 2010 S) 
10. Prove that the surface and volume of the solid generated by the revolution about the x-axis, of the loop of the curve 
=t} y =t- 1/3, lor 9y2 =x (x — 37], 





‘formed by the revolution of y* = 4ex about its axis, by the arc from the vertex to one end 


are respectively Sn and 37/4. 

11. Prove that the surface of the solid generated Бу the revolution of the traetrix x = a cos t+. a 1 logian* 1, у=а sin f, Ч 
about x-axis is 4ла?. 7 

12. Find the surface area of the solid of revolution of the curve r= 2a cos 6 about the initial line. (У.ТАЛ, 2009) 


13, Find the surface of the solid generated by the revolution of the ¢ardivid r = a (1 — cos Ө ) about the initial line, 
14. Find the surface of the solid generated by the revolution of the /emniscate r* = а? cos 20 about the initial line. 
(УТЫ, 2005) 
15. The part of parabola у? = dax cut off by the Jaluk тоски revolves about the tangent at the vertex. Find the curved 
surface of the reel thus formed. 


OBJECTIVE TYPE OF QUESTIONS 





| | PROBLEMS 6.11 
Choose the correct answer or fill up the blanks in the following problems : 
1. If/G) = 2a — x), then y f(x) dx is equal to 


== = 


3 E t -31: — т 


өг өө "p Ce Геза 


совх+вшх 00 


(4) 2 log, 3. 


(d) 16” 


 (d)Noneofthese, — (V.T.U, 20 


poirits for which the radii vectors are г; and 


| | й Р ЮУ 1 - | А ё 
(r ^ Aon ҮГ1! 2 aja « Ха! (ra — n sec б. 
first quadrant bounded by mat КЕТДИ оа сигуев/у = sin x and y = cos xis 
(4) 24/2 —1. 


12. meee Us x? x Зав, ied i I | | 
| (b)-132  . ^ €)32128 70 (d) - 31/128. ИТ, 2010) 
length of the cardioid = 5 0 1: m ae | | | 
бю! ^ | 27). (45: (ИГО. 2009) 
м. ‘The area гине i aay AG gine Ий l Curs | 


m 


reas of the solids generated by su = l'about. 
+ УЧИ! mw" 4 r 


3 


the y-axis, then. 
(a) 8,2 S, 


16. The area of the loop of the curve r Lon sin 38 ТЕ Е 


17. 11, = [^ qr PRENNE 


і 
r D 
Ш 
И 
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DOUBLE INTEGRALS 


The definite integral [ f(x) dx is defined as the limit of the sum 
Яа 


FG) bx, + flx,) бх, +... + fx, ) ёх, 
where n — = and each of the lengths &x,, &x,, ... tends to zero. A double integral is its counterpart in two 
dimensions. 
Consider a function f (x, y) of the independent variables x, y defined at each point in the finite region А of 
the xy-plane. Divide F into n elementary areas бА, 6А,, ..., бА. Let (x,, у,) be any point within the rth elemen- 
tary area дА. Consider the sum 


f o, y) BAY + f (х,у) 8A, +... + fi, y, ) 8A, Le, У, f(x, у,) ВА, 


Г-1 
The limit of this sum, if it exists, as the number of sub-divisions increases indefinitely and area of each 
sub-division decreases to zero, is defined as the double integral of f(x, у) over the region В and is written as 


|, ие, naa. 


Fi 
Thus JJ, fa зал = Lt У Ка, у) ёа, 0) 
| ВА 0"=1 
The utility of double integrals would be limited if it were required to take limit of sums to evaluate them. 
However, there is ancther method of evaluating double integrals by successive single integrations. 


For purpose of evaluation, (1) is expressed as the repeated integral Г |? Fix, y) ахау. 
AX eyi 
Its value is found as follows : 


(1) When уу, y, are functions of x and x, x, are constants, f (x, у) is first integrated w.r.t. y keeping x fixed 
between limits y,, у, and then resulting expression is integrated w.r.t. x within the limits x}, x, Le., 
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Figure 7.1 illustrates this process. Here AB and CD are the two curves whose equations are y, = Д(х) and 
Yo= fy (x). PQ is a vertical strip of width dx. 

Then the inner rectangle integral means that the integration is along one edge of the strip PQ from P to Q 
(x remaining constant), while the outer rectangle integral corresponds to the sliding of the edge from AC to BD. 

Thus the whole region of integration is the area ABDC. | 


| Q | уз = falx) 





Fig. 7.1 Fig. 7.2 


(ii) When x,, x, are functions of y and y,, y, are constants, f(x, y) is first integrated w.r.t. x keeping y fixed, 
within the limits x,, x, and the resulting expression is integrated w.r.t. y between the limits y}, у», i€., 





Here AB and CD are the curves x, =/,(y) and x, = f. (y). PQ is a horizontal strip of width dy. 

Then inner rectangle indicates that the integration is along one 
edge of this strip from P to Q while the outer rectangle corresponds to the 
sliding of this edge from AC to BD. 

Thus the whole region of integration is the area ABDC. 

(iii) When both pairs of limits are constants, the region of integra- 
tion is the rectangle ABDC (Fig. 7.3). 

In Т,, we integrate along the vertical strip PQ and then slide it from 
AC to BD. 

In J,, we integrate along the horizontal strip P 'Q ' and then slide it | 
from AB to CD. Fig. 7.3 

Here obviously I, = J5. 

Thus for constant limits, it T" matters whether we first — w.r.t. x and then w.r.t. y or vice versa. 


h n " ж 1 241 (5 гё алг A ҮЛ | 
. +") n 17 TN а; 4 
. 77 р r i л 
уе 4.1. 1 " 
ss 





Ў "2 T. udi 


180 р Үл Ч” Pya Dady 


luti = Í [ à dy |8. Ж | ос Пао 
Solution. T= "- (x + ay") ау = | , у+х. nt = [ a Хо AXL 32 








"Лав! " B n 1 ЫГ: : | | | жүл ы тар 2 m | 4 Г ы 1 
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тим. x" 5 ^. | : 
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Solution. The line x= 2a ind the агч Gu = day intersect at L(2a, a). Figure 7.4 shows the дата 
which is the area OML. 

Integrating first over a vertical strip PQ, i.e., w.r.t. y from P(y = 0) to QG = = x?/4a) on the parabola and then 
w.r.t. x from x = 0 to x = 2a, we have 


Поа а ww | 8 





Fig. 7.4 





2d 
Aq ERIS [E uu 
- 32a? 32a" | 6 3 


Otherwise integrating first over a horizontal strip RS, i.e., w.r.t. x from, R (x = 2 Jay )on the parabola to 
S(x = 2a) and then w.r.t. y from y = О to y =a, we get 





| ü Za а ay 
П оа ра рове у 9 
= 2а | (ау – у?) dy = zl ын а =£, 


. Example 73. Evaluate ff = х" dx dy LEE. R is the region an in the first q etre t boun 
x my, y =0, x =8 and the curve xy = 16. 





Solution. The line AL (x = 8) intersects the ради ку 16 at. A (8, 2) 
while the line y = x intersects this hyperbola at B (4, 4). Figure 7.5 shows the 
region А of integration which is the area OLAB. To evaluate the given integral, 
we divide this area into two parts OMB and MLAB. 


ff. " din ratM p 4 ахау + pn р s" day 








ix at 0 yat P JratM Jyat р" 
Р 4 (х 9 | 8 (19/х 4 — 
- [ | х ахау + | 1 х? ахау 
(х 8 б/х | | —» 
= [аа + | а || ОР M PL у= 0х 
ГЭМ. Fig. 7.5 
8 
4 B 4 2 
4 | х des | 16x dx =| ®-| +16] ®-} = 448 
0 м 














CHANGE OF ORDER OF INTEGRATION 





In a double integral with variable limits, the change of order of integration changes the limit of integra- 
tion. While doing so, sometimes it is required to split up the region of integration and the given integral is 
expressed as the sum of a number of double integrals with changed limits. To fix up the new limits, it is always 
advisable to draw a rough sketch of the region of integration. 

The change of order of integration quite often facilitates the evaluation of a double integral. The following 
examples will make these ideas clear. 


Example 7.4. By changing the order of integration, of [, [ e 7 sin px ахау, show that. — 


| PE ae = 5. 
| х 9 


_(U.P.T.U., 8004) 


Solution. № [ e sin рх ахау = [ | [ e sin рх dx dy 
































= | E > z (pcos рх + у sin px)| dy 
р р +y 0 
- | = = tant (2) -T Ai) 
“0 p ia В? |, 2 
Оп changing the order of integration, we have 
22: “= -Xy : | "n fed : ээ -ху 
[| (9 е“ sin px ахау | sin px If e dy | dx 
: е = sin px * 
= | sin px| — | х = | ----4х KE) 
0 | -xX Jo x 
| ЭГ” sin px | к 
Thus from (i) and (11), we have [ x ах = 3° 
Example 7.5. Change the order jd integration in the integral 4 det Vl vr ЭГ, 
111: JL E 
-i a ei > | alee: 
Solution. Here the elementary strip is parallel to x-axis (such as PQ) Ү 


and extends from x = 0 tox = Ка” — у? ) (L.e., to the circle x? + y? = a?) and this 
strip slides from y = — a to y = a. This shaded semi-circular area is, therefore, 
the region of integration (Fig. 7.6). 

On changing the order of integration, we first integrate w.r.t. y along a 
vertical strip RS which extends from R [y =— \/(а* - у2)] toS [у = J(a* — у2)1. А j 
To cover the given region, we then integrate w.r.t. x from x = 0 tox =a. x : — (x =a) 


Thus na [ ах Ги f(x,y) dy 
or -| | а f(x,y) dydx . wm 


Example 7.6. Evaluate Ї Г dydx/log y by changing the order of integ 









Solution. Here the integration is first w.r.t. у from P on y = ех to Q on 
the line y = e. Then the integration is w.r.t. x from x = 0 to x = 1, giving the 
shaded region ABC (Fig. 7.7). 

On changing the order of integration, we first integrate w.r.t. x from R 
on x = 0 to 5 on x = log y and then w.r.t. y from y = 1 toy =e. 

Thus f Г дуйх = i” ахау 

& logy log y 


ë dy Ё ogy ё гэнэ 
1 log у Jl -| dy =| y 





Ё 





=е—1. 





1 





^ 


iple 7.7. Change the order of integrati 
J d t. Р | 





Solution. Here integration is first w.r.t. y and Р on the parabola 
x* = 4ay to Q on the parabola у? = 4ax and then w.r.t. x from x = 0 to x = 4a 
giving the shaded region of integration (Fig. 7.8). 

On changing the order of integration, we first integrate w.r.t. x from А to 
S, then w.r.t. y from y = 0 to y = 4a 


da 2 Jay 4а I 4a › Л | 
I= | = чт 0 im (2 ay – y 14а) dy 
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Stadion. Here integration 15 first w.r.t. y from P on the жыйна у? 
to Ө on the line y = a, then w.r.t. x from x = 0 to x = а, giving the shaded Sitio 
ОАВ of integration (Fig. 7.9). 

On changing the order of integration, we first integrate w.r.t. x from R to 
S, then w.r.t. rr wenn 

T -i[ р”, га 


“17-25 





















(КЕРУ -а х 
yla ipa 
= | jas [i M = — | уау [sin 0) – sin (0) мэр 
1 | Fig. 7.9 
3 |“ 2 
_ [39-5] | 220 
= 2a Í, y у= 9| 3 6 
NA: m = а 34. Change JACI of integration ті= |. ДЫ, ` xy didy and hence eu | Е 2 ? : ‘ame 





` (Bhopal, 2008 ; V.T.U., ‚2008; ВАТА, 3007 ; Т.И, 2005; U.P.1 


берен, Неге the: integration is first w.r.t. у along a vertical 
strip PQ which extends from P on the parabola у = x? to О on the line y 
= 2 — х. Such a strip slides from x = 0 to x = 1, giving the region of 
integration as the curvilinear triangle OAB (shaded) in Fig. 7.10. 

On changing the order of integration, we first integrate w.r.t. x 
along a horizontal strip P'Q' and that requires the splitting up of the 
region ОАВ into two parts by the line AC (у = 1), i.e., the curvilinear 
triangle OAC and the triangle ABC. 

For the region OAC, the limits of integration for х are from x = 0 





tox= Jy and those for y are from у = 0 to = 1. So the contribution to Fig. 7.10 
1 from the region OAC is 


“(41 we 


For the region ABC, the limits of integration for x are from x = 0 to x = 2— у and those for y are from y = 1 
to y = 2. So the contribution to J from the region ABC is 


ne of ma 





I= [ dy Г xy dx + [ dy E" xy dx 





Solution. Here the integration is first w.r.t. y along PQ which 


extends from P on the line y = х to Q on the circle = ,/(2. x”). Then 
PQ slides from y = 0 to y = 1, giving the region of integration OAB as 
in Fig. 7.11. 

On changing the order of integration, we first integrate w.r.t. x 
from Р” to ©” and that requires splitting the region ОАВ into two 
parts OAC and ABC. 

For the region OAC, the limits of integration for x are from 
x = 01ох = 1 and those for y are from y = 0 to y = 1. So the contribution 
to 1 from the region OAC is Fig. 7.11 


1 -у Y 
I = dy шил ах 
19) I 
For the region ABC, the limits of integration for x are 0 to 4(2 — у’) and these for y are from 1 to 42 . So 
the contribution to Г from the region ABC is 


leg ux 









Миг Л 





„= | ау | б илиш ti 
TS ты [ | (x? + у®)!? [ау+ г |o? +y? pe РЯ 


= | (/2 руду + |” 2 У) dy = 2(/2-1)-42,(2-1)-д-1 1/ v2. 





DOUBLE INTEGRALS IN POLAR COORDINATES 


в. 
To evaluate | É fir, Ө) dr дё , we first integrate w.r.t. r between limits 
: 75 


r=r,andr=r, keeping 0 fixed and the resulting expression is integrated w.r.t. 0 
from Ө, to 0,. In this integral, r}, г, are functions of 0 and Ө,, 6, are constants. 
Figure 7.12 illustrates the process geometrically. 
Here АВ and CD are the curves г, =/,(6) and r, = f,(8) bounded by the lines 
0-0, and Ө = 8,. PQ is a wedge of angular thickness 60. 


Then [ f(r, 0) dr indicates that the integration is along PQ from P to Q 
"n 





while the integration w.r.t. 0 corresponds to the turning of PQ from AC to BD. | 
Thus the whole region of integration is the area ACDB. The order of Fig. 7.12 
integration may be changed with appropriate changes in the limits. 





Higher ENGINEERING MATHEMATICS 





Example 7.11. Evaluate | г sin Ө dr 40 over the cardioid г = а (1— cos 0) above the initial line. 
(Kerala, 2005) 


Solution. To integrate first w.r.t. г, the limits are from 0 (r = 0) to P 
[г = a (1— cos 8)] and to cover the region of integration R, Ө varies from 0 to 
л (Fig. 7.13). 


[f. r sin Ө ліе = Г sin p rar | dO 


all —ens 6) 9 











т p^ л 
-| sin 049 = =| (1— cos Ө)? . sin Ө dO 
_ a? | а-0080)° | а? 8 4а? Fig. 7.13 
2 8 La 273 Б 








Example 7.12. Calculate | | r^ dr 40 over the area included between the circles г = 2 sin Oandr-4sin& 


Solution. Given circles r = 2 sin 6 449) 
and г = 4 вїп Ө t) 
are shown in Fig. 7.14. The shaded area between these circles is the region of 
integration. 

If we integrate first w.r.t. г, then its limits are from P(r = 2 sin Ө) to Q(r = 
4 sin 0) and to cover the whole region 0 varies from 0 to r. Thus the required 
integral is 


r= [а рена ро" 

















_ t + = | п/о 2x 8.4 "8.1 х, 3 
= 60 | 81 040 = 60 x? | sin 6d8 = 120 x 4 3:9 = 22.5 m. Fig. 7.14 
” PROBLEMS | 
Evaluate the following integrals (1-7): 
2 3 
a d mn (71. 
1. [| | ху? ахду. 2. [А [^ (x? + у?) d ау. (V.T.U., 2000) 
1 pr pa Ja 2) 
| | е ау. (ти, 2005) «f [ А а (Rajasthan, 2005) 
“0 40 lix ху 
5. ЇЕ ахау over the positive quadrant of the circle x? + y? = а2. ‘Rajasthan, 2006) 
в. || (x + У) dxdly over the area bounded by the ellipse х2/а? + У = 1. (Kurukshetra, 2009 5, U.P.T.U.. tem 
7. И ху(х + y)dxdy over the area between y = x? and y = x. А (V. U., 2010) 
Evaluate the OS integrals by changing the order of integration (8-15): 
X ty" 





Нл [^ i (x + у) dxdy. (V.T. U., 2005 ; Anna, 2003 S ; Delhi, 2002) 


Mu.riPLE INTEGRALS AND ВЕТА, Gamma Functions 281 


(P.T.U., 2010 ; Marathwada, 2008 ; U.P.T.U., 2006) 





IE edat — 979 | 
п. f Г 2и log (2+ 52) dxdy (a > 0). 


l1 pax tX Каў) 

| dydx. (V.T.U., 2010 dxd inna, 2009 
12. Í | ху Фуйх. (V.T.U., 2010) 13. [ [== xy атау. (Аппа, 2009) 
14. [: Г C dyds. (Bhopal, 2009 ; S. V. T. U., 2009 ; V.T.U., 2007) 
15. [ f xe * 'У dydx. (S, V.T:U., 2006 ; U.P.T.U., 2005 ; V.T.U., 2004) 

0 D 


16. Sketch the region of integration of the following integrals and c e the order of integrations, 


>, ав"! 
fix) ахду (Rajasthan, 2006) (ii) [ flr, 8). гад, 


T Za руат) ' | 
г |, === 42 Jog (ria) 


17. Show that ff. г? sin 04:40 = 2a?/3, where R is the semi-circle r = 2a cos Ө above the initial line. 


18. 


Evaluate | rade over one loop of the lemniscate г? = a? cos 20. (Rohtak, 2006 S ; P.T.U., 2005) 
Ja? +r 

19, Evaluate | r? drao over the area bounded between the circles r —2 cos 0 and r = 4 cos d. 

| (Anna, 2009 ; Madras, 2006) 


ЕС AREA ENCLOSED BY PLANE CURVES 





(1) Cartesian coordinates. 
Consider the area enclosed by the curves у = f (x) and y = f,(x) and the 
ordinates x = ху, x = x, [Fig. 7.15 (a)]. 
Divide this area into vertical strips of width бх. If P(x, у), (х + бх, y + dy) 
be two neighbouring points, then the area of the small rectangle PQ = бхбу. 
area of strip KL - QE PUO. 





Since for all rectangles in this strip бх is the same and y varies from y = 


fix) toy = f(x). T" Fig. 7.15(a) 
uu f, lx) 
area of the strip KL = ӧх Lt У dy=te |^ dy. 
бу +0 fl) 154) 


Now adding up ай such strips from x = x, to x = x,, we get the area ABCD 
Ра цаа” falx) 
& | 
sr ^ и, = е dy = |" fix) 4 -Ї Vic, 44 
Similarly, dividing the area A'B'C'D [Fig. 7.15(b)] into horizontal 
strips of width бу, we get the area A'B'C'D'. 


Уз fly) 
Е Г, | 44 
(2) Polar coordinates. 
Consider ап area.A enclosed by a curve whose equation 18 ш polar 
coordinates. 
Let P(r, Ө), Q(r + бг, Ө + 88) be two neighbouring points. Mark 


circular areas of radii г and г + ôr meeting OQ in R and OP (produced) in 
S (Fig. 7.16). 





Fig. 7.15 (Б) 





Since arc PR = r80 and PS = ёг. 

г. area of the curvilinear rectangle PRQS is approximately 
=PR.PS =r. ёг. 

If the whole area is divided into such curvilinear rectangles, 
the sum УУлбӨбг taken for all these rectangles, gives in the limit the 
area A. 


Hence An Lt 557505 = || „ават 
6r +0 
88-20 
where the limits are to be so chosen as to cover the entire area. 









varies from 0 to a (Fig. 7.17). 
-. required area 


= [а dx |" Ха-а а?) Э dc [ dx [yf к" 


- 2 [ ба? - x*) dx = mab/A. Fig. Энн 


Otherwise, dividing this area into horizontal strips of width бу, х varies from M(x = 0) to 
Nix =a Ja — y? [5?) | and then y varies from 0 to b. 
b (1-9) 
р » ice рыр 


0 


EN " 2) dy = mab/4. 


required area = 





i | | { AC EAS viii Ta * AL 4 
Solution. Solving the equations y? = "m and x? = 4ay, it is seen 
that the parabolas intersect at O (0, 0) and A (4a, 4a). Ав such for the 
shaded area between these parabolas (Fig. 7.18) x varies from 0 to 4a 
and y varies from P to Q ie., from y = х2/4а to y = 2 (ax). Hence the 
required area 





1 





фэн | jm 59 ийж к Г (2 (ах) – х2/4а) dx 


elo 2,8 1 х _ 32 » 16 5 16 5 | X 
аф 2273 5. g¢ 739. Fig. 7.18 








_ Example 7.15. Calculate the area included between the curve г = a (sec Ө + cos 6 and its asymptote. | 


Solution. The curve is symmetrical about the initial line and has ап 
asymptote r =a sec 6 (Fig. 7.19). 

Draw any line OP cutting the curve at P and its asymptote at Р’. Along 
this line, 8 is constant and r varies from a sec Ө at P ' to a (sec Ө + cos Ө) at P. 
Then to get the upper half of the area, Ө varies from О to 1/2. 


RENE SÉ -9 Г — » drdà 


nie „2 п (кес 8 + cos B) 
z2!| = 
Í, B de 


ic sec 8 





SI. 2.5 | 
=й | (2 + сов? 0) 40 = 5na?/4. | 
Jo Fig. 7.19 


Example 7.16. Find the area lying inside the cardioid г = a(t + cos 6) and outside the circle r =a, 


Solution. In Fig. 7.20, ABODA represents the cardioid r = a(1 + cos 8) 
and CBA’ DC is the circle г =a. 
Required area (shaded) - 2 (area ABCA) 


ar үс” r dé dr - 2 D p (rdr) de 


a" 


n/2 2 
=a? [ (сов? 9+2 0050) 40 =a? (1. +2] = а (п + 8) 
о 2'2 4 


ә (1 + cos 8) .н/2 | 
Бо | Ой = а? | [(1 + cos)” — 1] d8 
2 0 












ў ТСИ F5 | 
a. 5 ind, by dduble integration; the area lying between the (айбы у = 4x Уза aioe es. 1 д HEU 
-8, Find the area lying between the рг abolay =x? and the line x +y -z = 0. ' 510 (йл 2009) 
3. By double integration, find the whole area of the curve a?x? = = уа у). | УРТА, 2001) 







4. Find, by double integration, the area enclosed by the curves у = 3x/(x* + 2) and 22 zx “ММ. Т, Эй 2005) 
5. Find, by double integration, the area of the lemniscate г? = a? cos 20. (Me 008 
8. Find, by double integration, the чан lying inside the circle r = а sin 8 and outside the Nis oli qe up 23 PE 
л. Find the area lying inside the албад r= 1 + cos € and outside the раны ДА + ШЗ! Ч Д , 

8. Find the area common. to the circles r =a cos 9, г=а asin e Бу! double integration. Ad. am! яваг, 2007) 











TRIPLE INTEGRALS 





Consider a function f (x, y, z) defined at every point of the 3-dimensional finite region V. Divide V into n 
elementary volumes ôV}, бУ,, ..., ÖV Let (х, y,,2z,) be any point within the rth sub-division 6V,. Consider the sum 


У, Fx, у, ,2,)8У,. 
r=) 
The limit of this sum, if it exists, as п — ёс and 6V_— 0 is called the triple integral of fix, у, z) over the 
region V and is denoted by 
fff и, у, г) ау. 
For purposes of evaluation, it can also be expressed as the repeated integral 


L IN Г f(x, у, z)dxdydz. 


“| 





If x,, x, are constants ; уу, у, are either constants or functions of x and z,, z, are either constants or 
functions of x and y, then this integral is evaluated as follows : 
First f (x, у, =) is integrated w.r.t. z between the limits z, and =, keeping x and y fixed. The resulting 
expression is integrated w.r.t. y between the limits y, and y, keeping x constant. The result just obtained is 
finally integrated w.r.t. x from x, to s 


Thus 





where the integration is carried out from the innermost rectangle to the outermost rectangle. 
The order of integration may be different for different types of limits. 


Жы ч 


Example 7.17. Evaluate f$ [ I (x + y г) dxdydz. (J.N. T.U., 2006 ; Cochin, 2005) 


Solution. станк first w.r.t. у keeping x and 2 constant, we have 




















"3 t e| y 5 _ 1 z | ow үр m. | | 
= Г. Г хээг dedz = ГГ [к +) (22) + 2452 | dx de 
МИ 
o» [1 [xz = g^ | _ 
= 27 B 152“ С dz =2 | [+ + Jae 4 1 ee 
Y 4*7 | | TERN Jr га wd 4M | 
Example 7.18. Evaluate | Г Г (ИГЫ, 2003 >) 





Solution. We have 


yü- х? -у! 




















gl 1 М) 22 | 
La х я! 181 d i 
5 4 ax 
af = ан = dx 
= | > х1(1-х 9 4 
-1[ [a х2). 2x - (1 - x?) дах | (x — 2x? + х5) dx 
| 6 р 
= iia" № x^ .1(1-1,1). A 
8| 2 4 6 82 2 6 48 
PROBLEMS 7: 
Evaluate the following integrals : ё i $ 
Buh уус эл 5 M" n. CE рга a Л 
1. | | | (х + у + 2°) бх dy аг. (Аппа, 2009) .. 48. р | Г (x^ y 2^) dx dy dz 
Jo Jo Jo ' c 4-5 La 7 


4S: V.T.U., 2009; ил, 2000) 





3. [ р [52а 4, Fi [ f^ e! *9** dz dy dx, 
] (Nagpur, 2009) (V.T.U., 2010 ; Kurukshetra, 2009 S ; J.N.T.U., 2005) 
5. Г”. Г pr^ c**?** dy dy daz. 6. fi p [5 log z dzdx dy. | 
(Bhopal, 2008) (S.V.T-U., 2008 ; хорт aiti 
| ual desino С | | № 
1. [| Ї 1 а кф» йб аб. д ити, 2009) 


VOLUMES OF SOLIDS 


(1) Volumes as double integrals. Consider a surface 
z =f (x,y). Let the orthogonal projection on XY-plane of its 
portion S’ be the area S (Fig. 7.21). 

Divide S into elementary rectangles of area бх бу by 
drawing lines parallel to X and Y-axes. With each of these rect- 
angles as base, erect a prism having its length parallel to OZ. 

2. volume of this prism between S and the given sur- 
face z = f (x, y) is 20хбу. 

Hence the volume of the solid cylinder on 5 as base, 
bounded by the given surface with generators parallel to 
the Z-axis. 











= Lt УУ zóxóy 
5 i0 Fig. 7.21 


| zdxdy ог [| f(x, у) dx dy 

where the integration is carried over the area S. 
Obs. While using polar coordinates, divide S into elements of area г80 ёг. 
- replacing dxdy by r668r, we get the required volume = | | zr dà dr. 


Example 7.19. Find the volume bounded by the cylinder х? + у? =4 and the planes у +z = 4 and z = 0.. 





Solution. From Fig. 7.22, it is self-evident that z = 4 — y is to 
be integrated over the circle x? + у? = 4 in the XY-plane. To cover the 
shaded half of this circle, x varies from 0 to (4 — y") and y varies 
from — 2 to 2. 

. Required volume 
sa Г Г Г 
m: Г 2 | | 


(4-4) 2 (4-4) 
^ zdxdy =2 |, (4 — у) dxdy 


0 0 


= 2 |Р (4 — y) [x] 4-5) dy =2 f. (4 — y) Ju — у?) dy 7 
= 2 Г 4,(4- y?) dy — si. y (4 — у?) dy | Fig. 7.22 


2] 
-8 | : Ja - y^) ау [The second term vanishes as the integrand is an odd function.] 


| 2 
14-уу хулсан 
-8 — ain ЕЕ = 167, 





-9 
(2) Volume as triple integral 
Divide the given solid by planes parallel to the coordinate planes into 
rectangular parallelopipeds of volume бх бу бг (Fig. 7.23). 
the total volume = ша, УУУ бх dy бг 





with appropriate limits of integration. Fig. 7.23 








ых ш д — у 
Solution. Volume required = [ [ [ dz dy dx 














ж у? i = £ 
-Ї [ (a — х – у) ау ах = [ (а — x)y "Uu. dx 
2 (à (a – ху => [| (a- 3f dees  (a- xy а? 
~ do 5 2 2 Jo |. 82 3 6 ` 











Sxample 7.21. Find the volume of the ellipsoid 5, ¥- +Z 





Solution. Let OABC be the positive octant of the given ellipsoid 
which is bounded by the planes ОАВ (z = 0), OBC (x = 0), OCA (у = 0) and 
the surface ABC, i.e., 


2 2 2 


x | 2 
а b? 


Divide this region А into ананы» parallellopipeds of volume 
бхбубг. Consider such an element at Р(х, у, z). (Fig. 7.24) 
the required volume = 8 | ||, dx dy dz, 
In this region А, 
(1) z varies from 0 to MN where | 
МК-с.(1-х /а - у? /b*). perm 


(11) у varies from 0 to EF, where EF = b (1 — x” /а ) from the equation of the ellipse ОАВ, i.e., 
xa? + уль? = 1. 
(iii) x varies from 0 to ОА = а. 
Hence the volume of the whole ellipsoid 


a 5841-1148) реја -y uh bil- x га?) iic 
11 нэн 


| 1 b (1-2x*/a^) 
fal 


S [^ ds RT Jip? – у?) ду whenp=6 J1- x?/a?). 


“ба? - у В") 





(1 х2/а? — y? IB?) dy 








= Se |" dx xe -») a) | "ёс ДЭГ ты 
9 9 | bhb 2| а]? 
a x* | | x? Arabe 
= On be | 1- E |dx =2nbe | x - #7 
0 Ё: За“ |, З 








Otherwise. See Problem 27 page 292. 
(3) Volumes of solids of revolution 
Consider an elementary area бхбу at the point Р(х, y) of a plane area A. (Fig. 7.25) 
As this elementary area revolves about x-axis, we get a ring of volume 
= n[(y + dy)? — y?] dx = 2ny бх бу, 
nearly to the first powers of бу. 


ETT, 





Hence the total volume of the solid formed by the revolution of the area А 
about x-axis. 


= ЇЇ 2ny dxdy. 
In polar coordinates, the above formula for the volume becomes 


ЇГ, 277 sin ө. пава», i.e [ [ "тине 





Similarly, the volume of the solid formed by the revolution of the area А 


| Fig. 7.25 
about y-axis = | 2nx dx dy. а 
А 


Example 7.22. Calculate by double integration, the nd generated by the revolution of the ipd 
r=a(l-cos Ө) about ifs axis. 


Solution. Required volume 


п Ра с0= 0) ч . 
= | | 2nr' sin Ө dr d 
4) 0 

















" Ч all — cos Ө! 
=2n | D sin Ө 2 

0 | d i 
ар (1 — cos 0? авара SES (1-cos8)' | _ 8ra? Fig. 7.26 
--8 Jo 3 4 la 3 ` 


CHANGE OF VARIABLES 





An appropriate choice of co-ordinates quite often facilitates the evaluation of a double or a triple integral. 
By changing the variables, a given integral can be transformed into a simpler integral involving the new 
variables. 


(1) In a double integral, let the variables x, у be changed to the new variables u,v by the transformation. 
x= (и, 0), у= (и, и) 
where ф(м, v) and yiu, v) are continuous and have continuous first order derivatives in some region А’, in the 
uv-plane which corresponds to the region А, in the xy-plane. Then 


||, fix, y) dxdy = IL. . Ги, v), Си, р) | J | dudv T) 
_ Ax, y) 
= di Фи, v) SED 


is the Jacobian of trunsformation* from (x, y) to (u, v) coordinates. 
(2) For triple integrals, the formula corresponding to (1) 15 
[| E f(x, y, =) dxdydz = ae Рои, о, ш), уби, v, ш), z(u, v, ш) | J | dududw 


where = 9%, 5,2) (49) 
— eu, v, ш) U, LU) 
is the Jacobian of transformation from (x, y, z) to (u, v, w) coordinates. 
Particular cases : 
(i) To change cartesian coordinates (x, y) to polar coordinates (г, Ө), we have x = ғ cos Ө, y = г sin Ө ала 


Ј= ME) =, [Ex. 5.25, p. 216] 





jf. f(x, y) dx dy = ЇЇ, fir cos Ө, г sin Ө). r dr 46. 


* See footnote page 215. ebuzzpro.blogspot.com 
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(i) To change rectangular coordinates (x, y, z) to cylindrical coordinates (p, 6, 2) — Fig. 8.27, we 
have 


x=pcos¢,y=psin ф, 2 = 
T m Ax, у, 2) _ 
др, 6, =) 
Then ЇЇ. f(x, y, =) dxdydz = fll. fip cos $, p sin 6, 2). ра ра фаг. 


(111) То change rectangular coordinates (x, y, z) to spherical polar coordinates (г, Ө, $)—F'ig. 8.28, 
we have 


and [Ex. 5.25] 


х= r sin 6 cos ф, y = г sin Ө sin ф, = = r cos Ө 


| a(x, у, 2) Ё їр Е 5.25 
апа J= 30.6.9) - r? sin 6 [Ex. 5.25] 


Then Hh. f(x,y, г) dxdydz = ЇЇ. f(r sin Ө cos ф, r sin Ө, sin 6, г cos Ө). r^ sin Ө 4лаваф 





Example 7.23. Evaluate lf. (x + у)“ ахау, where R is the го оог in the xy-plane with vertices 
(1, 0), (3, 1), (2, 2), (D, 1) using the transformation и = х + y and v =x —9y. | {i LET. U., 5004) 





Solution. The region R, i.e. parallelogram ABCD in the xy-plane becomes the region E", i.e., rectangle A’ 
В'С'ТУ in the uv-plane as shown in Fig. 7.27, by taking 
и=х+у and v=x-2y 41) 


A'(1, 1) ü= l 





0(1,-2) v=-2 (4-2) 





Fig. 7.27 
From (1), we have x= = Qu +v),y= = gu — v) 
дх ду 
Ax,¥)_|du ди|. 1 
u,v) | dx ду 3 
до дь 
Hence, the given integral 
| 9 8 | ры 
= [f u^ | J |Чи4ь = [ NE а. dudo = 5 3 аг ын 











ixam ple 7.24. Evaluate ЇЇ, ху /( y) dx dy where D is the region bounded by x = 0, y = Ü and 
x+y = 1 using the transformation x + y = и, y = uv. (Marathwada, 2008) 





Solution. We have x = и — uv, y = uv 


_ Ax, у) | дх/ди ду/ди | _ 

Әби, o) | Әх/до ду/дь |” 

Also when x = 0, и = 0,0 = 1; wheny = 0,u = 0,0 = 0апімћепх+у=1,и=1 
the limits of u are from 0 to 1 and limits of v are from 0 to 1. 


1-0 v 
— H 


=u. 

















| Log | 
Thus ff, xy (1 - x — y) ахау = [| | u(1— v)uv (1 — u)'* |J | dudu 
ЭГ where и = sin” Ө 
= | | из (1-и)? v(1 — v) du dv du = 2 sin Ө cos Ө dO 
0 4 и-0,0-0 
и-1,0-17/2 


1: 4 1 
- | ü (l-u)? dux | v1 — v) du 
10 0 
n/2 
zi [, sin? 0 cos Ө. 2 sin Ө cos d0 x | 2 


n/2 1 1 1 — @ 
=2 [| sin! 0 cos? 64 ($ -3-6:1:5:57 345 





NI euhr 2 A 
Л. Aa 3 “ЁО ИЖ " bo MEAT LL е 
ag 


Е З en Үй : redu E ан!" „© + 5| " 
^ г. РИ р. | CUL Ына Е. 
if Эг Я xL. ah ^ b d ж piy ET sai ы m a y "t 5 Log йети. ири 
| à 


o igo eei К ^P. T.U. 2 003 ; J Lay 2000) 
! ' | = Түм ‘Lit SOL TAE: Vt | dos aN ^os 1.2 
Solution. The region of integration being the first quadrant of the xy-plane, r varies from 0 to eo and 0 
varies from 0 to 1/2. Hence, 


Ғе Г; [e 7^ аау = «Dr. Ге e^ ана 


Дал Л Nad pa la 
3 











_ 1 eni РР. dX n/2 = | най 1 n/2 E: РТ 
бн" uy NE = 2r) dr} de- - zl ‚ 48 = ы [| йө= +. a(i) 

2 
| 5. (828 e "C эн 
Also f- " dex [^ e dy = ih e ds} Ki) 
Thus, from (i) and (ii), we have in е = 72. ii) 


Ji Bond OUS 


Гү | 


тила Бо н apis 
РИКИ 





23 : | Р (46. 4 
Solution. The — — is found ” — 2 = (х? + y2Va 
over the circle x? + у? = 2ay. 
Changing to polar coordinates in the xy-plane, we have x = r cos 0, 
у = г sin Ө so that z = r^/a and the polar equation of the circle is г = 2a sin Ө. 
To cover this circle, г varies from 0 to 2a sin 0 and 8 varies from 0 to m. 


1: «і 





(Fig. 7.28) 
Hence the required volume 
к p2asin® 2a sin Ө 3 
= | [ z. г ава" =~ |" ав е | аг 
I г xs Зла“ 
-—— jM I 3 4 EL. 
TORN = 4а? | sin өаө-22- 





Fig. 7.28 





Solution. ен t "ulis spherical comidscintes by attin 
x =r sin Ө cos ġ, у = г sin Ө sin ф, 2 = r cos Ө 
we have dx dy dz = г? sin Ө dr d6 do. 
Also the volume of the sphere is 8 times the volume of its portion in the positive octant for which r varies 
from 0 to a, Ө varies from 0 to 1/2 and ф varies from 0 to 7/2. 
volume of the sphere 


-8 [ рз Г. r? sin @dr dodo =8 | r* ar. Г. aO d. Эр de 


a n | 3 











Solution. The reamed унаа is em — ш Наз: ю | 
cylindrical coordinates (р, $, 2). We therefore, have 
х= pcos ф, у= рз ф,2 = г 


апа ^ AX, у, 2) - p. 

Then the equation of the sphere becomes р? + z* = а? and that of 
cylinder becomes р = a sin ф. 

The volume inside the cylinder bounded by the sphere is twice the 
volume shown shaded in the Fig. 7.29 for which z varies from 0 to 
(а? — р“), p varies from 0 to a sin ф and ф varies from 0 to m. 

Ча? - ph | 
Hence the required volume = 2 L [, ны Г шин рагараф 
мий” а? — р?) sin ф 
-2[ f а? - р?) dodo = 2| |l-i«*- хиа! do 


. 2a ү" 2 
== | (1— cos? ф) do Sie = 4). 








Solution. We — to — oli ordinatos = 0, 0), 80 o that 
x =r sin Ө cos ф, у = r sin Ө sin ф,2 = r cos Ө 
and J = r° sin Ө, x? + y? + 2? = r?, 
| The region of integration is common to the cone 2? = x? + у? and the cylinder 
x* + y? = 1 bounded by the plane z = 1 in the positive octant (Fig. 7.30). Hence Ө 
varies from 0 to 7/4, г varies from 0 to sec Ө and ó varies from 0 to 1/2. 


л given integral becomes 
m/9 enid обот | / T | er 
[LE [ 1  sinedrdedy = [^ ay aT sin Ө 40 
о 40 | r 0 о | 2 5 
шэг 2-0” 











i-o 


т nia 
; sin 0 dð = = 110 sec Ө tan 040 = | вес Ө [| = 








Mucriexe INTEGRALS AND Вета, GaMMA FUNCTIONS Е 


Example 7.30. Find the volume of the solid surrounded by the surface 


(ха)! + (y/BP + (2/0)?! = 1. (Hissar, 2005 S) 
Solution. Changing the variables, x, у, z to X, У, Z where, (x/a)!? = X, (y/b)? = Y, (zic) = Z 
Le. x = aX, y = БҮЗ, z = cZ? so that = д (x, y, 2/0 (X, У, Z) = 27 abe Х?Ү?2?. 
required volume = | dx dy dz = 27 abc | | X*Y*Z* ах dYdZ 
taken throughout the sphere X* + Y? + 22 = 1. 400) 


Now change X, У, Z to spherical polar coordinates г, Ө, ф so that X = г sin Ө cos $, Y = г sin Ө sin ф, 
Z =r cos Ө, and д (X, Y, ZVO (г, 8, 6) = r* sin Ө. To describe the positive octant of the sphere (i), г varies from 0 to 
1,0 from 0 to 7/2 and ф from 0 to 772. 


m/2 pri? 
[, r? sin? Ө cos? à x r? sin? 0 sin? à . г? cos? Ө. r? sin Ө агаваф 


required volume - 27abc x 8 [ | 


n/2 n/2 
= 216 abc [ғ „8 dr [ sin’ Ө cos? 6 d [ sin? ф cos? $ dé = 4л abc/35. 





PROBLEMS 7.4 
| 
Evaluate the am integrals by changing to polar co-ordinates : 








Ja- y [ех - x") LT 
в | f OY hay!) dy de. (РТИ, 2010) 2, [ [ T EER (Anna, 2009) 
* 4 у^ 
Г [155 =) ава (Mumbai, 2006) 
ida x^ + y? 
4. If xylx* + y ayia ахду over the positive quadrant of x* + у? = 4, supposing n + 3 > 0. (S.V. ТАЛ, 2007) 
| | ея over one loop of the lemniscate (x? + y?) = х? у“. (Mumbai, 2007) 
та y^) 
| 4 ar. 14) 
_ В. Transform the following to cartesian form and hence evaluate ! Í, г? sin Ө cos Ө ага8. (P T.U., 2005) 
WT || y dx dy over the area outside x? + y^ — ax = ( and inside х? + у? — Вах = 0. (Mumbai, 2006) 
Te | à 1 (01-58 dx yl a LAT. Baud ы 
8 Gy using the transformation x + у = u, у = uv, show that | | e dydx- 5 (e — 1). (РТО. 2003) 


= 


> ю/2 [С 
‚ Transform [ [ EE d$ d8 by the substitution x = sin $ cos Ө, y = віп ф sin Ө and show that its value is m. 
| Vsin 


| (U.P.T. U., 2001) 
| Evaluate the following integrals by changing to spherical coordinates : : 





1 
| 10. (V.T.U., 2006 ; Kottayam, 2005) 
\ ! 
bui S4. = м z where V is the volume of the sphere x? 424 ж = п, (Anna, 2009) 
х^+ y* +2" 


и. 
р 
| 


12. Evaluate ЇЇ <= dedy de over the volume of the tetrahedron x = 0,у=0,==0,х+у+2=1. (Mumbai, 2007) 
аха. +х+у+ 2) 





| 
| 13. Show that Ji ТЭЭ шуш... Maa ‚ the integral being extended for all the values of the variables for which 
lie la“ -= x" = у" == ТА 

the expression is real. (17.1.1/,, 2010) 


| 14. | 2 ах4уаг,аКеп over the volume bounded by the surfaces x? + у= a?, x* + y? =z and z -0, 








15, Find the volume bounded by the xy-plane, the cylinderx? +y? = Тав the planex £y «23;  (LS,M., 2001) 
16. Find the volume bounded by the xy-plane, the paraboloid 2z =x +y? and. вы t 0), "t aipur, 200. (3 





17. Find the volume cut from the sphere x? & y? + 2? = а? by the cone x* + у? —2*,. АЙ, | 
18. Find the volume common to the cylinders x? + у= а? and x* +27-= а?. ; (s.v. ТАЛ, 2006) 
19. Find the volume cut off from the cylinder x? ee = ax by the planes z 208422: о 0 ‚ (UPT. U, 2006) 


20. Find the volume enclosed by the cylinders х? + у? = 20x and z? = Зах (Marathicado, 2008) 

21. Find the volume of the cylinder x? + У? дах = 0, intercepted Arn the байоо 45? = даг a the А лу А 

22. Find the volume bounded Бу the cylinder x? + y? = 4 and the hyperboloid x? + y? —2? = 1, 

23. Find the volume of the region bounded Буг = х? + y*,2 = 0,x =—@,x= qa and ys- a, y= a. | | 

24. Prove, by using a-double integral that the volume generated by the revolution of the cardioid rs ай. + m 8) about / 
its axis is. Sma*/4. LN го ДТ 2000) 

25. Evaluate Tf: (x + y z)drdydz over the tetrahedron bounded by the planes x = ©, >= „0,2 = p and х +у+г= 1. 
[See Fig. 7.34] 

26. Find the volume of the tetrahedron bounded by the coordinate planes and the plane s rd ЕЕ 2127 


b 
(Burdiban, 2003) 








27. Work out example 7.21 by changing the variables. 


AREA OF A CURVED SURFACE 





Consider a point P of the surface 5 : z = f (x, y). Let its projection on 
the xy-plane be the region A. Divide it into area elements by drawing lines 
parallel to the axes of X and Y. (Fig. 7.31). 

On the element àxóy as base, erect a cylinder having generators par- 
allel to OZ and meeting the surface 5 in an element of area dS. 

Ав бхбу is the projection of 8S on the xy-plane, 

óxóy = 6S . cos y, where y is the angle between the xy-plane and 
the tangent plane to S at P, ie., it is the angle between the Z-axis and the 
normal to S at P(- ZZ'BN). 

Now since the direction cosines of the normal to the surface Fix, y, z) 
= 0 proportional to 





















ав ар ав. 
ax” ду’ oz - 
the direction cosines of the normal to 8Ё-/(х,у)-2| are pro- 
portional to — бе, - >, 1 and those of the z-axis are 0, 0, 1. 


Hence 


and 
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Example 7.31. Find the area of the portion of the cylinder x2 + г? = 4 lying inside the cylinder xd + y? = 4, 


Solution, Figure 7.32 shows one-eighth of the required 
area. Its projection on the xy-plane is a quadrant circle х? + y? = 4. 








For the cylinder x? 4 z* = 4, (È) 
we have 92. х 92 =0 
дх 20) 
| 49 2 2 2 
so that (2) + (=) r = = ит 
x ‚ду 2 4-х 


Hence the required surface area = 8 (surface area of the 
upper portion of (i) lying within the cylinder x? + y? = 4 in the 
positive octant) 


-8| p 
X- х?) 


Example 1.32. Find the area of the portion of the sphere x^ + у + 2* = 9 lying Ay ai the cylinder 
x+y = Зу. 
Solution. Figure 7.33 shows one-fourth of the required area. Its 
projection on the xy-plane is the semi-circle x? + y? = Зу bounded by the Y-axis. 
For the sphere 





ахау =16 [| dx = 32 sq. units. 


Fig. 7.32 








2 2 - жыз — — ee ML 
x* +у* +2? = 9, a na d ду 2 ( 1 
2 2 АЖ | == ~) 
(22) +() + 1 = (х? + у? + 22)/2° оа 
to ий =з when х= гсоѕ Ө, у = ғ ѕіп Ө. X 
-X y Ф Д Fig. 7.33 


Using polar coordinates, the required area is found by integrating 


3/ Ч (9 — r^) over the semi-circle г = 3 sin Ө, for which г varies from 0 to 3 sin Ө 
and Ө varies from 0 to 1/2. 
Hence the required surface area 


( 3 gn ü 
24 Г. Lb тя l rde dr = Ji у9-г) а 


19:52) 1/2 


-36 [^ /(1— cos 0) 40 =36 | 8 — sin Ө |" = 18 (x — 2) sq. units. 


_PROBLEMS 7.5 


L Show that the кайа area of the sphere x? ғу? + 22 =а? is ur. 

2, Find the area of the portion of the cylinder x? + у? = 4y lying inside the sphere x? + y* + 2? = 16. 

3. Find the area of the portion of the sphere iia у? + 2? = a* lying inside the cylinder x? + у? 2 = ах. 

4. d the area of the surface of the cone х2 + y? = 2? cut off by the surface of the cylinder > +y” = a? above the 
ane. 


5. Compute the area of that part of the plane x +42 = 2a which lies in the first oetant and 18 шардаг by the oylinder 
x* 4 y^. (Burdwan, 2003) 





CALCULATION OF MASS 2 - 


(a) For a plane lamina, if the surface density at the point P(x, y) be p = f (x, y) then the elementary mass 
at P = póxóy. 


total mass of the lamina - f| p dx dy u(t) 





with integrals embracing the whole area of the lamina. 
In polar coordinates, taking р = $(r, 8) at the point P(r, Ө), 


total mass of the lamina = || pr ад dr (ii) 
(b) For a solid, if the density at the point P(x, y, z) bep = f (x, y, z), then 
total mass of the solid — HI p ах dy dz with appropriate limits of integration. 





iple 7.33. Find the mass of the tetra 


+ += = 1, Ме variable density р = pays: 





Solution. Elementary mass at P = цхуг . бх бу üz. 
the whole mass = | цхуг dx dy dz, 


the integrals embracing the whole volume ОАВС (Fig. 7.34). The limits for z 
are from 0 to z = c(1 — х/а — yib). 

The limits for y are from 0 to y = 6(1 – х/а) and limits for x are from 
0 to a. 


Hence the required mass 
а үйн1-х/а) gecil—-x/a- yib) 
B | | | ихуг dz dy dx 
0 Jo 


J 
eil- xia- yh) 


- «| p xy | „29 | 


_ Ti - Ue ».S(1-£-2) dyas 


| 2 Yo? afl 
E [ S | -£| - 2 -=) " 

2 № л и 4 a)? d а b y смех 
| | | М1-хїа! 
(1-2) 3-411- 2 del 
[к e 2 3b 4b? | 


d oan 2, EX. 2 NT 2 4 2 2 ar. —— M 2,2 
= ЁС | x (1-2) -241-5| Bz) dia ERE | x (1— х/а ах-Ё P € 
о | a . а 4 a} | Јо 








Iydz Fig. 7.34 

















with integrals embracing the whole lamina. 


While using polar coordinates, take the elementary mass as ргбӨбг at the point P(r, Ө) so that x = г cos Ө, 
у = г sin Ө. 


Е [| сов ө pr ава» E 


a = "Ii 


[| p raear 


т 
ЁС. Ёл 


(b) To find the С.С. (x, у, =) of a solid, take an element of mass póxóyóz enclosing the point P(x, у, 2). 
Then 
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Á— Й нава 770 Цөөхөн 





вооа. The сагаа vom повинен about the initial Hn its 
С.С. lies оп OX, Le., y = 0 (Fig. 7.35). 


[for cose. ёа» Г. [. 7" ese. гаг .d6 











аныш Нива — анан 
| р rd@dr Г [ rdr . d6 
-" 
E (1+ cos 8) 
г 
E" cos 8| — Гүн | a dé al cos Ө (1 + cos Ө)” dé 
= ft | 
Г pier “3 [ (1 + cos Ө)“ 40 
Г J -X 
2 (3 cos” 0 + сох Ө) 40 - 
p i e eo P ss Г cos" ode-2[ cos" 8d8 or 0 
ш 2. [ (1 + cos” Ө) de | according аз л іп even ог odd. 
те. 8:1 т 
_ За 2, LL (3 cos" Ө + cos” 968 the аня _ За "mtd. 2 Ba 
= сау: E _ соз @ аге еуеп) ~ 3^ тїт 6 
Tig (1 + cos” 0) 40 э +оо 





Hence the С.С. of the cardioid is at G(5a/6, 0). 





Solution. Let С (x, y) be the С.С. of the lamina ОАВ 
(Fig. 7.36), so that 
| Ёху . xdxdy B y dxdy 


| ху . dxdy [f xy dxdy 
where the integrals are taken over the area OAB so that y 
varies from 0 to y (to be found from the equation of the curve in 
terms of i and then x varies from 0 to a. 


QA bores 154 Ул ё оаа _ [ry dx 


“| (хөв [see (хул: fue 
For any point on the curve, we have 
x =a cos" Ө, y = b sin? Ө so that 
dx = — За cos? Ө sin Ө «Ө. 
Also when х= 0, Ө = 7/2 ; мһепх= о, Ө = 0. 


x= 





Fig. 7.36 





0 | 
L. a? cos? Ө. b? sin? Ө. (— За cos? 9 sin Ө) 40 
E 


Hence ONE. с сш шынын 
| jà а cos? 0.5 sin? Ө. (-За cos? бал 0) 40 
lays 
к/2 1 
| sin Өсов 040 22 
nia 
| sin’ Ө соз5 o go “29 
| м kxy . у ахау _ 128 
Similarly, y= pa „= = 429 —— b. Hence the required С.С. is С (228, o9 b). 
[ [ kxy . аха 


EEY CENTRE OF PRESSURE | 


Consider plane area A immersed vertically in a homogeneous 
liquid. Take the line of intersection of the given plane with the free 
surface of the liquid as the x-axis and any line lying in this plane and 
perpendicular to it downwards as the y-axis (Fig. 7.37). 

If p be the pressure at the point P(x, y) of the area A, then the 
pressure on an elementary area бхбу at Р 15 рбхбу which is normal to 
the plane. 





bom m n Imm. шш шш GER. GER. ыш шыл ee GLO ONES пыш шп ОНЫ CURED ОНЫ ONES CES CUNEO Ж 


== — € .— ы шы шш шы шш шш шы шы шы шш шы шш шш шш пк пк ш: пш пш пш тш шш ти шш шт 


the resultant pressure оп А = | pdxdy. 0 77 а eiat aca 


If this resultant pressure acting at C (A, А) is equivalent to pres- 
sure at various points such as рбхбу distributed over the whole area A, 
then C is called the centre of pressure. 
^ taking the moment of the resultant pressure at C and the sum of the moments of the individual 
pressures such as póxóy at P(x, y) about the y-axis, we get 
h | р ахау = {| x.pdxdy, ie, h= | Х а | || рахау 


Similarly, taking moments about x-axis, we have 
k= | у. pdxdy / | | pdxdy with integrals embracing the whole of the area A. 
While балаг шин coordinates, ii x 544 г cos B, y by r sin Ө and ыыы by г аваг in the above formulae. 


fult х water, Phe that the depth orth the centre халдаг df either end i is: 0. 7 х pee) ки 


Fig. 7.37 








Solution. Let the semi-circle x? + y? = a? represent an end of the given 
boiler (Fig. 7.38). By symmetry, its centre of pressure lies on OY. 
If w be the weight of water per unit volume, then the pressure p at the 
point P(x, y) = w(a — y). 
the height k of the C.P. above OX, is oa by 


Л: рахау y: paray E NN "ша- — 
“| ракау | Г. pem “© ua - y) дух 
4, у2/2- St" йл ie (а? — х2) (а? ~ 28/8 | ds 
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Now put x = a sin 9, so that dx = a cos 048. 
Also when x = — a, 0 =— w2, and when x = a, 6 = m2. 


ria [48 | 3 
| Sos! ө- он? o| a coso do 


-2/2]| 9 

E Ї ээ. Ме nn 
| a^ cos 0 — — cos^ Ө | a cos Ө dO 
—-m/z 2 


16 - Зл 
Зп — 4 


к а мр 
2| (3 сов 6—2cos* Ө) dO _. 
К. =» Pu" 
2 [ (2 cos“ Ө — cos" Ө) dO 


Hence, the depth of the C.P. = a — k = 0.7a approximately. 


PROBLEMS 7.6 _ 





1. Alamina is bounded by the curves y = x^ —3x and y = 2х. If the density at any point is given by Axy, find by double 
integration, the mass of the lamina. 


2. Find the mass of a lamina in the form of cardioid r = a(1 + cos 8) whose density at any point varies as the square of 
its distance from the initial line, 

3. Find the mass of a solid in the form of the positive octant- of the ка x* y*a- 2*5 9. if the density at any poia is 
2xyz. | | 

4. Find the centroid of the area enclosed by the parabola y* =4ax, the axis of x and its latus-rectum,, 

Б. The density at any point (x, y) of a lamina is о(х + yVa where с and a are constants, The lamina i is bounded Ч ihe | 
lines x= 0, y = 0, х = a, y = b. Find the position of its centre of gravity. 

6. Find the centroid of a loop of the lemniseate r? = a? cos 20. | | 

7. А plane in the form of а quadrant of the ellipse (x/a)* + (y/b)* = 1 is of small but. varying thickness, И ЖИ at 
any point being proportional to the product of the distances of that point from the axes ; show’ that the coordinates 





of the eb are (8а/15, 86/15). = - ^. (Nagpur, 2009) 
8. In a semi-cireular disc bounded by à Жил ОА, the density at any point varies as the distance from 0; find the 
position of the centre of gravity. 


9. Find the centroid of the tetrahedron bounded ч the coordinate planes and the айй х+у+2=1, the гараас atany 
. point varying as its distance from the face 2 = 
10. Find x where (x, y, =) is the centroid of the хүл bounded by the parabolic cylinder z= 4 —x* and the planes 
x= 0,7 =0,¥ = 6,2 = 0. (Assume that the density is constant). 
11. If the density at any point of the solid octant of the ellipsoid (x/d)? + (y/b)? + (2/0) = 1 varies ав хуг, find the 
— eoordinates of the С.С. of the solid. (Р.Т. 2005) 
12. A horizontal boiler has a flat bottom and its ends consist, of a square 1 metre wide surmounted by an isosceles 
triangle of height 0.5 metre. Determine the depth of the centre of pressure of either end when the boiler is just full, 
13. A quadrant of a circle is just, immersed vertically in а heavy homogeneous liquid with one edge in the surface. Find 
the centre of pressure. | 
14. Find the depth of the centre of pressure of a square lamina immersed in the liquid, with one vertex in the surface 
and the diagonal vertical. 
15. Find the centre of pressure of a triangular lamina immersed in à homogeneous ише with one side in tha free 
surface. ’ METU. 2003) 


16. А uniform semi-circular is lamina immersed in a fluid with its plane vertical and its boundary diameter on the free 
surface. If the density at any point of the fluid varies as the depth of the point below the free surface, find ho 
position of the centre of pressure of the lamina. 





(1) MOMENT OF INERTIA 


If a particle of mass m of a body be at a distance г from a given line, then rir? is called the moment of 
inertia of the particle about the given line and the sum of similar expressions taken for all the particles of the 
body, i.e., Emr? is called the moment of inertia of the body about the given line (Fig. 7.39). 





If M be the total mass of the body and we write its moment of inertia 
= Mk*, then № is called the radius of gyration of the body about the axis. 

(2) M.I. of plane lamina. Consider the elementary mass рбхбу at the 
point P(x, y) of a plane area А so that its M.I. about x-axis = póxóy у”. 


M.I. of the lamina about x-axis, ie. 1, = [[ ру’ ахау. 
А 


Similarly, М.І. of the lamina about y-axis’ i.e., I, = I p x? ахау. 





Also M.I. of the lamina about an axis perpendicular to the xy-plane, i.e., 


= ||, p(x? + y?) ахау. 
(3) М.І. of a solid. Consider an elementary mass рбхбубг enclosing a point Р(х, у, 2) of a solid of volume V. 


Distance of P from the x-axis = J(y? + 27). 
М.І. of this element about the x-axis = р àxóy&z (y? + 2°). 


Thus M.I. of this solid about x-axis, ie, І, = ЇЇ p(y? + г?) dxdydz. 
Similarly, its M.I. about y-axis, і.е, I, = |||, p(z^ + x^) dxdydz 


and МІ. about z-axis, i.e, 1, = ||, p(x? + Y^) dxdyde. 


(4) Sometimes we require the moment of inertia of a body about axes other than the principal axes. The 
following theorems prove useful for this purpose : 

I. Theorem of perpendicular axis. /f the moment of inertia of a lamina about two perpendicular axes 
OX, OY in its plane are I, and І, then the moment of tnertia of the lamina about an axis OZ, perpendicular to it 
ts given by I, = LM, 

Its proof follows from the relations giving J,, I, and I. for a plane lamina [{2) above]. 

II. Steiner's theorem*. Jf the moment of inertia of a body of mass M about an axis through its centre of 
gravity is I, then I’, moment of inertia about a parallel axis at a distance d from the first axis, is given by I’ =I + Md". 

Its Bireolw will be зе found in any text book on mma Sf а Rigid Body. 





Solution. Given curve is symmetrical about the pole and for half 
of the loop in the first quadrant 6 varies from 0 to л/4 (Fig. 7.40). 


Elementary area at P(r, Ө) = r ddr. 
If p be the surface density, then elementary mass 





= prd@dr wld) 
iA ра Лесов 20) 
its total mass М = 4 | r [ “ЭТТ рнагаб 
Jo № 
T 
= Эра" [ cos 20 40 = ра? D Fig. 7.40 


Now М.І. of the elementary mass (i) about the x-axis, 
= pr адаг - y? = рга dr (ғ sin Ө)? = pr? sin? Ө drd8 
Hence the M.I. of the whole area 








/ a liens 28) | a cos 20 
zd Г : 1 ша pr^ sin* Ө drd = 4р [ sin” 9. In " 14, i | d 
о pred T TE !2 | | 
= ра? || cos? 20. іп? Ө dO - pa* [ cos? g-sin? 2. 2 [Put 20 = 0, 40 = 46/2] 
| ü 2 2 
a’ xi? , 
ра pr 34 ра Ма” - 
ЭР — (cos - e |É2——-(3r-B)- d 5 | 
лд! (сов ф — cos" à) db = (3n—8)= 48 (Зл — 8). [By (11) 


“Named after a Swiss geometrer Jacob Steiner (1796—1863) who was a professor at Berlin University. 





| Sahition. Let p be bé RR далу of — given hálow ца: Then the M. L abs the diameter, i.e., x-axis is 
= [|| ро? + 22) dxdyde 
Changing to polar spherical coordinates, we get 
I. И К pl(r sin Ө sin $)" + (r cos Ө) ] r? sin © dr 40 do 


БАЙ 


йн do |, cos? Өвш Ө 09. 











4 





- "e — 45) - 1120.5 m. 


"n dá 
тъ _ B. = T! 2 ! 15.45 Fe Н 






circular ring of ВНЕ LP -rsin Ө (Fig. 741). 
M.I. of this ring about a diameter parallel to OY 
arene gary. CEO 
[ M.I. of a ring about a diameter = Ma*/2.| 
Now using Steiner’s theorem, we have M.I. of the ring about OY = M.I. of the 
ring about a diameter LP parallel to OY + Mass of the ring (OL)? (г cos Ө)? | 
= 2npr* sin? Ө 404г + 2nr sin Ө (rd6dr) (г cos Ө)? Fig. 7.41 
Hence M.I. of the solid generated by revolution about OY 


ло орлаа(1 cos 8) | | 
= пр "(C ее sin’ Ө + 2r4 аш Ө cos? 6) dedr 
о № | 


cell + com В} 





= тр |" (віп? Ө + 2sin Ө cos? Ө) dà || r* dr 
E [, sin Ө(1 + cos” 8) (1 + cos 0? 48 [Put 0 = 201 
= — 1X7) (2 cos? ф)° 246 








T r/2 | 
tae 19 (cos?! ф — 2 сов! ф + 2 сов! ф) sin ф do 











сө ‚2« 14 $ 200516 ф "2 352 npa? 


192 14 16 |... 105 











Solution. M.I. of the given solid about x-axis 
= || po? + 22) dxdy de 





The limits of integration for z are from 0 toz =, 
found from the equation of the sphere x^ + y? + 22 = R*. The limits for x 
and y are to be such as to cover the shaded area A in the xy-plane between 
the concentric circles of radii a and R (Fig, 7.42). 

Thus the required M.I. about x-axis 


ae (ae 
=e ||, Г Е 





(y* + 2°) dzdxdy 


= р Ї, | y'z42?/3 perm dxdy =p ЇЇ, уур Я (А? — x" T dx dy. 


Now changing to polar coordinates, we have x = г cos Ө, y = г sin Ө and хау = аваг. 
Also to cover the area A, г varies from а to Ё and 6 varies from 0 to 2m. 
Hence the required M.I. about x-axis 


Е р? | m 
-p| |. | анд өг - rt «ze - r^^ пава 
e р | 


р "Il do. | lp 2 D АШ? 4, 
=p [ |j" (1 — cos 20) + = (А? -r | de r(R2 — j2)2 gy 


р рл 


-р 


п 


2 2. 
З(9-22- r(R2 — r2)¥? dr 


2 2 





НЫ — r*)8 





О 


р 2.2 
оа J nre- tyr ar 





2 
| „д : : нэ | 
` T | (2R* + r?*) (R? г?) . rdr [Put г? = t and rdr = dt/2] 
i üt 
np (Е 2 sip? Фү? ыч 
1 | ‚ (QR? + D? — t9? dt [Integrate by parts] 
й 
= ав +а?)(В? — a? 8 ER arpe | 270 (R? «ад! х7. (ав аз) 


On RR pR -r) Y ust 
Ё Mass=p [ | | | dz -rdr 40 = 79 (R? — g^ 


О 


Hence, the radius of gyration = [(4R? + а2)/10] 1, 


1) PRODUCT OF INERTIA 





If a particle of mass m of a body be at distances x and y from two given perpendicular lines, then Улху is 
called the product of inertia of the body about the given lines. 

Consider an elementary mass бхбубг enclosing the point Р(х, у, 2) of solid of volume V. Then the product of 
inertia (P.I.) of this element about the axes of x and y = рбхбубг ху. 


P.I. of the solid about x and y-axes, Łe., Р, = ЇЇ, рхуахауаг 
Similarly, Р, - |||, р yedxdydz and P., = ЇЇ, р zx dxdydz. 
In particular, for a plane lamina of surface density p and covering a region A in the xy-plane, 


РЬ = ЇЇ, pxydxdy whereas P= P_, = 0. [^ == 0] 





(2) Principal axes. The principal axes of a lamina at a given point 
are that pair of axes in its plane through the given point, about which the 
product of inertia of the lamina vanishes. 

Let P(x, y) be a point of the plane area A referred to rectangular axes 
OX, OY. Let (x', у”) be the coordinates of P referred to another pair of rect- 
angular axes OX', OY' in the same plane and inclined at an angle 0 to the 
first pair (Fig. 7.43). 

Then x'z2xcos8-ysin B 

y'= y cos 0- x sin 8 

ИТ, І, be the moments of inetria of the area А about ОХ and OY and 

P .be its oduct of inertia about these axes, then 


= |, e fed y= jf, рх” ky = | pay aA. 
^ Ще product of inertia Р’, about OX’ and OY’ is given by 
Р, = 1 px'y' ЧА = Г. p(x сов 0 + y sin Ө)(у cos Ө — x sin Ө) dA 





= gin Ө cos Ө ЇЇ, pt y? — x") dA + (cos? Ө — sin? Ө) Ї, pxy dA 


= 1/2 sin 20 - (I, — I) + cos 28 P, 
Now OX’, OY’ will be the principal axes of the area A if P}, vanishes. 
ie., If 12 sin 20 (1, — I) + cos 20 P,, = 0 
i.e., № tan 20 = 2P_/(I, — I). 
Tis gives two values of Ө ашан бу m2. 





Solution. Let the element of mass at P(r, Ө) Бе prdüdr. 
Then 1, - p 5 77 P? в - һава» [See Fig. 7.40] 


„А aia 
= РЕ | 2 2 = л 2 
4 1 sin” Ө cos^ 28 d0 =—— ыы М 


1, = f aJíen20) , 


Е _ ped paylcor 28) , | | _ = 
Hence the required direction of the principal axes at O are given by 
2Р,, pa* / 24 1 


| _ ху mee Ae 
tan 20 = 1,-1, (ра /16)х(4/3) 2 


ог Бу 0 =— tan”! — and —+— tan =. 
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4. Find the moment of inertia ofa quadrant of the ellipse (xia)* + (y/b = 1 of mass M about the x-axis, if the » density ар 
а point i is proportional to xy. 


5. Find the moment of inertia about the initial line of the cardioid r = а(1 + cos 8). 
6. Find the moment of inertia of a uniform spherical ball of mass M and radius R about n diameter.. 244 
7. Find the moment of inertia of a solid right circular cylinder about (i) its axis (NU. 2006) 


(ii) а diameter of the base, 


B. Find the МІ. of a solid right circular cone having base-radius r and height A, about (i) its axis, tia) an хавх thr 
the vertex and perpendicular to its axis, (iii) a diameter of its base. 


9. Find the moment of inertia of a hollow sphere about a diameter, its йагы] and internal radii Wet 51 metres and 
49 metres. | 


10. Find the moment of inertia about z-axis of a homogeneous tetrahedron bounded by the planesx 20, y=. 0, rex 
andz = 1. 

11. Find the moment of inertia of an octant of the ellipsoid (х/а)5 + (у) + (2/0) = 1, about the x-axis. 

12. Find the product of inertia of a quadrant of the ellipse (x/a)* + (у) = 1, about the coordinate axes, | 

13. Show that the principal axes at the origin of the triangle enclosed by x -0,y50,(x/a) + (y/b) = 1 are inclined to the 
x-axis at angles a and о + 7/2, where a= } tan! [ab/ta? — b?) (РТ, 2002) 

14. The lengths AB and AD of the sides of a rectangle ABCD are 20 and 2b. Show that the inclination to AB of one of the 





1 zab "| 
rincipal axes at Ais — п. 
PW: 2 d x 





ЖЕЙ BETA FUNCTION. 





The beta function is defined as 


| | тэй 
Bim, п) = | x"—*(1-— x) dx | ax 2441) 


Putting x = 1 —y in (1), we get ВОт, n) = — Га = у)" ye -14у 


1 : 
9 1 yi- y" dy = Bln, m) 


Thus Вот, n) = Bin, m) A) 
Putting x = віп? Ө so that dx = 2 sin Ө cos Ө (Ө, (1) becomes 


2 | | | 
Bim, n) = Г (sin? 0)" -! (cos? Ө)" –1 2 sin Ө cos 8 40 


к/а 
22 [ sin?" -! Ө cog?" -1 8 dg 448) 


which is another form of Вт, n). 
This function is also Euler's integral of the first hind". 





"EUH (1) GAMMA FUNCTION 


The gamma function is defined as 
Tn) = E e * x^ dx (n > 0) 440) 
0 


This integral is also known as Euler's integral of the second kinds. It defines a function of n for positive values of n. 





*After an n enormously creative Swiss mathematician Leonhard Euler (1707-1783). He studied under John Bernoulli and 
became a professor of mathematics in St. Petersburg, Russia. Even after becoming totally blind in 1771, he contributed to 
almost all branches of mathematics. 





"af ii) 


О 


In particular, Г(1) = Г FEES | Lgs 





(2) Reduction formula for I (n). 


Since Г(п + 1) = | e * x" dx [Integrating by parts] = | -x"g* I. +n Ї ёл ani 
0 


ж Pin + 1) 2 Гіл) E) 
which is the reduction formula for Tin). From this formula, it is clear that if T(n) is known throughout a unit 
interval say: 1 < n < 2, then the values of Tín) throughout the next unit interval 2 < п € 3 are found, from which 
the values of Tin) for 3 < n € 4 are determined and so on. In this way, the 
values of V(n) for all positive values of n > 1 may be found by successive 





application. of (iii). 4 
Also using (itt) in the form | 
ярь сон v) T 











We can define lin) for values of n for which the definition (1) fails. 
It gives the value of Tin) for 0 < n € 1 in terms of the values of Tin) for = 
1<п < 2. Thus we can define Гл) for айл < 0 provided its value for 1 < 
n<2is known. Also if — 1 < n < 0, (4) gives Tin) in terms of its values for 
О <n < 1. Then we may find, in) for - 2 < n « — 1 and so on. 


М 
| 


------2----------4d.&i-------zz2zzz----- 


эш ы шы Ыы SIL шш шыш Loz LS SAL VI = 
юш сты эк cm шш т шт о шт пыш шы] шш шы шы шш шш шш Ш 


Thus (i) and (iv) together give a complete definition of Tin) for all -3 
values of n except when n is zero or a negative integer and its graph 18 as 4 
shown in Fig.7.44. The values of T(n) for 1 < n € 2 are given in (Table I- E 


Appendix 2) from which the values of T(n) for values of n outside the 
interval 1 < л €$2(n20,—1,—2,— 3 .....) may be found. Fig. 7.44 
(3) Value of l'(n) in terms of factorial. 
Using Tin + 1) = nrin) successively, we get 
Г(2)-1х Г(1)-1! 
Г(3)-2х1(2)-2х 1-2! 
Г(4)-3х1(3)-3х21-3! 


In general Гл + 1) = n ! provided л is a positive integer ‚..(ф) 
Taking п = 0, it defines 0 ! = T(1) = 1. 
(4) Value of (4). We have 


r(i) = [ e 7 x2 dy [Put x = у? so that dx = 2y dy] 
- „е Ка gy [уы 
m [ e ^ dy which is also = 2 [| eg dy 


[rH] ыг, 1 |, e +) фдуду-4 Г. Г c" rdrde 


-4-5 [ e rdr 2 2n [-5)e^ = 
2 -0 2 5 
whence Г(2) = vn = 1.775 (vi)  (У.ТА/, 2006) 





АТ RELATION BETWEEN BETA AND GAMMA FUNCTIONS 


Vim) Pin) 


бїлгийн 
Bim, n) lim. n) 


We have rim) = | ЄР [Put ¢ = x? so that dt = 2x dx 














-2[ e aT 71d (2) 
Similarly, Год-2|, e y- dy 
б T(m)r(n) 2 4 f e" x?n-! ах [7 еэ? улл-Тау 
=4 | [т ет *э%) ү2т-1 үу2а-1 gy gy 448) [-: the limits of integration are constant.] 
Now change to polar coordinates by writing x = г cos Ө, y = г sin Ө and dx dy = rd@dr. To cover the region 





in (3) which is the e entire first quadrant, г varies from 0 to = and Ө from 0 to 1/2. Thus (3) becomes 
г(т)Г\л) = 4 |, fo? err үйтаэд-Хсодёт-1 ө sin?! ө dédr 


9 2 [" сов?" -1 0 sint” =] Ө de | х 2 f Pu p? n п) 1 dr | .444) 
0 10) 
But by (2), 2 Ї, gr ram *0-71 dr =T(m +n) 


and by (3) of § 7.14, 2 сов?" - ! 8 sin?^-! ө 40 = В(т, n). 


Thus (4) gives Г(т)Г(п) = Bim, n) Г(т + п) (U.T.U., 2010; Bhopal, 2009 ; V.T.U., 2008 S) 
whence follows (1) which is extremely useful for evaluating definite integrals in terms of gamma functions. 


Cor. Rule to evaluate cr sin^ x cos" x dx. 


[i sin? x cos? x dx = 10251 -— ман [By (3) of § 7.14] 


...(5) 








Solution. (a) Га) = f: x^ 71 et dx (n > 0) 


ЕЯ 











= | n-1 Puty-e" 
Ё og H y|- 3 = f (log 1) ау ie., x = log (17у) 
У д У so that dx = – (1/у) dy 
(b) В, g)= fo xP- x7? ах 
=Í. (+y)! fer (1+ yy P so that dx = " dy 
(1+ у) 


poo yt- -1 | r1 3,47! 57 = ye} | 
=Í (1+ у)Р*© dy= | (1+ у)”"4 dy + | (1+ у)? + ду 
Now eee р а = 1/2 in the second “= we get 
1 1 эн 
a Пета amari 2) Daran ds 
de = [а 


Hence, рр, 9) = № (1+ х)? *% 


3 ode 
te Tw » ду 


0 m t 





Put х? = sin Ө, Le., x = віп!'? Ө 











Solution. (a) Ї 1 ERA so that dx — 1/2 sin"? Ө cos 0 dO 
аа 
E 2 | Г 1 
к/2 1 sin"? 0.со8040 152. үу 1 ут ) мл A4 
рее | 9099 952^ [ 1..Y 4 ate) 
0 1-8ш20) 2% -148| “т ] 
г 2 4) 


(b) || yitan ) de = T" sin" 2 Ө cos-1? Ө ДӨ 


BS сс" = ех log c] 


[Put x log c = t so that dx = dt/log c] 











"a = E" Е ЕЕ, зон! 2 ", T , 
Lift EIS , " 1 | | 
3 мн E Cw т 18 Dia = Зон E 


= [7 “с [ее =r (e+ ов се"! 


loge} loge (log с)“ *' 
4 = | | ) х2 = 
(d) Га ах- [те or dx eer a 
| во that dx = dt/2,/(b log a) 

1 

Г — 
^£ 2 Kb log a) = E! 2. fb log a) log "i 2 fb log a) log a) 
Put x = e^? зо that log (1/ x) = "S 


(e) In х! [log (1/ x)P "v fie" ‚аша 





| 1 445 
фх---е 4 
5 


34 1 | 
TA. 
sf Gamma Jh fui neti T. 
T, p" т p 





| Ё: 5 7 > г E { Р. 1 18 f d | 9 1 e» 4 тї, | : 1 ^ T $ | j Yos T: iil a Vi t 
Solut : Qe [ет | | 
ution, We have T(m) = 1, e dx [Put x = ay, dx = ady] 
= [7 е9 а" y"-idy ог || ey" dy=Pum)/a" . i) 
Then 1- [^ e х"-1 sin bx dx = [Ге “ x"^! (Imaginary part ое?) dx 


-1Р of ЇГ е-\а-бх „т-1 де 








= LP. of (T(mY(a — iby" [By (:)] 
= LP. of (Г(т)г" (cos 8 — i sin 8)"] where а = г cos Ө, b = г віп Ө 
= LP. of I(mY(r' (cos m8 — i sin m6)] (Using Demoivere's theorem $19.5) 
Г(т).(со8 mÀ + i sin 710) 
- LP. of г" (cos m0 + i sin m8) (cos m0 — i sin m8) 
Tim). — | Fo 2 
=. E sin m6 where r Ja? + b?),0 = tan"! bia. 
| 21:13 TO m cos Ө de 
Ө Putting x^ = віп 6, dx = ———— 
5/2 г a d "13 1Г(3/4)Г(1/2) r(3/4rü/2) 
ар Ст эй РВ уни 


вес? Ө «Ө 


НТ вес“ Ө dð Р Жаш 
2 (tan Ө) 





(Putting = = tan Ө, dx = 


a= 
о +) 7 2 — 


n/4 к/о 


| x sin !/? | | abut = РЕ! 
Janis =- h sim ф do | Putting 20 - $ 4ө= 04 
s (i 11-25 1 Г(1/4)7Г(1/2) 
"Ёё ү?) б TO 


EL 
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Г «| dx 1 kE} m 
Res Pues "an (a) n 
Example 7.46. Prove that (i) B(m, 1/2) = 2?"-! B (m, m) (V.T. U., 2004) 
GO T (т) T Ё + 2 xx. гт F Gm) (Duplication Formula) 
(V.T.U., 2010 ; Kerala, M.E., 2005 ; Madras, 2003 S) 
Solution. (1) We know that B (m, n) 2 2 f. si n*"-! g cos?1 - 1 Ө 40 13 
, | 1 mia sin 2m -1. 
Putting n = 5 ‚ we have В| / = =2 |, Ə dð A) 
Again putting n = m in (i), we get Вт, m) = 2 L "(sin Ө cos 8)?" 7! (10 
n/2 цн E 
= = z |, sin’”~' 20 de 
= A fi віп2"-! 0 do, putting 20 = ф 
1 к/2 . эт- 
7 ger |, sin" “040 
or 22" -1 (т, т) =2 ("^s іп2" 1 g dg = Вт [by (2) 
(ii) Rewriting the above result in terms of Г functions, we get 
| "i-a 
=. rwores Tri | ПЕ 
em “энэний ТЭРЭЭ a ly zd T. ш. = Jn | 
Г (m +m) 1 | МЕ / | 
I| m+— 
2. 
or гг! m -X ONU 
| о о2т-1 
Example 7.47. Prove that 
(a) If х! ул! dx dy = S ТОГОО: цэн, where D is the domain x > 0, y 20 апі х + ус h. 
MD i D G- m+ I) 
(U.P. T. U., 2003) 


Г Т-1 .n-l.n—l 4124 |. FMP Gm) Г (n) 
e if, s d р АЛГ Бал аа) 


where V is the region x 20, y 20, z 20and x e y +2 <= I. This important result is known as Dirichlets 
integral*. 
Solution. (a) Putting x/h 2 X and y/h = Y, we see that the given integral 
= || (hXY ^! ВУ" h? ахаү where D' is the domain X 2 0, Y 20 and X Y « 1. 


1-Х 
y" 
г dX 
т 

О 


jm | h'*" pr(Dr(im-^ 1) 
Pme De Lco EL ea 


= р! +т Г ie y7-! dY dX =" [ae 











[+m 


*Named after a German mathematician Peter Gustav Lejeune Dirichlet (1805-1859) who studied under Cauchy and 
succeeded Gauss at Gottingen. He is known for his contributions to Fourier series and number theory. 





a TOn) мн | 
=М+т — SABE E Мт = | 
Л ГЇ+т+ї) (2) ( P Gn + Пт = Г (m)] 
(b) Taking y + < 1 – х(= h: say), the triple integral 
- e fr tent yn 2 dedyds 


1 х!- 1 y™- -1 | E A T (m) Г(п) m+n T 
PEE 1 2" деду ах = pe < Tene" dx T [By (i)] 
Г(т)Г(п) p 1-1: men Г (m) Г(п) | 
~ Г(т+п+1) Ба-а Ar ТЕЛЕЕ: mine D 


_ Г(т)Г(п) r(ür(men-e1 Г(@Г(т)Г(п) 
~ Timtn4+1)' Pd+men4+l1) Г(Ї+т+п+1)` 





a 
b 
(ylby =v, ie, у = bv? so that dy = oo du 
and (z/cY = w, Le., z = cw" so that dz = = wer dw 


Then — [[[x/7! y"! z"^' dxdydz 


[ff аш! РУ- 1 (56179утл- -1 (cwl/" y1- : (2 A Je -1 5 jore LE Jur? dudvdw 


И 


а' b" с" 1/р-1 „ті 7 
—— [|| и р-1үт/4:-1 yl du dv dw where u +о+ <1, 


= x 
1 gm on | | к : 
ab c Г (1/ p) lim / а) Finir) Е КА 
рг Vl/p+m/q+tn/r+)) [Ву Dirichlet’s integral] 





Solution. Раа = и, "—m zu than the tetrahedron OABC has ü 50, v 20, ш> Оапац+о+ш<1. 
^ volume of this tetrahedron = ff а dy dz 


= fff abc du dv dw 


a dx = adu, ау = Бао, dz = cdw 
for D’=u>0,v2>0,w2>0&u+v+w<1. 


= abe [ff^ v! w^! du dv dw 


SQ FO TOF _ abe шоо шал доо 
Е 06 [By Dirichlet's integral] 


Mass = ||| kxyzdx dy dz = ||| k (ам) (bv) (cw)abe du dv dw 
= ka*b*c* ffe v^! w* du dv dw 


Г(2)Г(2)Г (2) 


z- № й v2 
= habi Гозо 241) "bet. ст тор "9€. 


720 


i) ies (Assam, 1998) (ii) T(4.5) 


aor(i)r(3) (ути, 209 вдов, 15) 
2. Express the following integrals in terms of gamma functions : 


(9) af T$ ): (Andhra, 2000) 


@ [еа в [2^ e амь») 


ай) Г е ЁТ (I.N.TU., 2003) (iv) Lar P TAE TA A +1) 


3. Show that : 


mim 4 
nif E: gut r(5) 
7 [ cu Uoga 


(tit) Г" | (Gan 6) + [вес 40-13 г B. 
Ч m»? T 
Qu) | 


i н ft 
| 4. pa n 145 


-1 | | 
dx = sin nx" show that Pm) T(1 ut ixi, 


(ш) | ха -vz dx = 26 (8, 6). 


| ; b , "фе 18.8. _ 2-2 E i 
6. Show that (i) [, (x—ay" | (b— x)" dy e (b —aY"*"^* (m, n) 


kc Qn-1 


Ae ee а 
0 (a+ bx)" ^^" а" 


(iy) Ї ох саг s в(1. 4) 


7. Prove that [ х” dog x)" d «СЇ. 


(и) 


8. Show Час |7 уе (о) dy = 1&2), wherep >0,9>0. 
ü | er Ч | 


9. Express Í x^" (1 —х* Р dx in terms of gamma functions 


Hence evaluate :(i) | xü—3*»^ ds, | (Bhopal, 2008) 


= us (т;п) (Nagpur, 2009) (iii) 


(Delhi, 2002 ; V.T.U., 2000) 


(Marathwada, 2008) 


(Osmania, 2003.8 ; V. T:U,, 2001) 


(V.T-U., 2007) 


(S. V. T.U., 2008) 


(V. T.U., 2006 ; J.N. T. U., 2005) 


(Marathwada, 2008 ; J.N.T.U., 2006 


10 18 
Eu rd 
Jo (14x)? 


(Mumbai, 2007) 


| =i’ where nis a positive integer and m > — 1. EVT U., 2006 0 ) 
(Nagpur, 2009). 


| ПЕЧ 
Май, 2006 8) 


(Marathwada, 2008) 


| 
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| N 7 ax  laí(n n T MA OM МЕ S ENSE 
10. Prove that 0 =H P| g ) and hence evaluate | seth” x dx. 


11. Prove thatf (n3, n «2 ]- E(n*1/2WT Hence show that 2^ Tin + 1/9). = 1.3.6... (291i— Vue 
2 2) 9 rin 1) 
(Mumbai, 2007) 
12. Prove that : 


( Bons Lnd 


SS (i) B(n, n) = — 





38, 1ү Гї2л--1) ул P И x 
(т11) rí i+ 9 )- 2" Tin +1) (fer) Вт + 1) + Вт, m + 1) = (тї. n) 





(Bhopal, 2008 ; J.N.T.U., 2006 ; Mad 
13. Show that ff? у? dx dy over the positive quadrant of the ellipse 


2 2 mn i 
5-3 Утас Бот п 
[© (2) METZ 82-21) 


14. Show that the area in the first quadrant enclosed by the curve (x/a)? + (у/БУ -1,» 0, B > 0) is given by 
ab T/a rA 
«+ rü/a+i/ M 
15. Find the mass of an octant of the ellipsoid (x/a)? + (y/b + С} = 1, the density at any point being p = kryz. 
(ULP. T.U., 2002) 








(1) ELLIPTIC INTEGRALS 


1 
. 1 : | 
In Applied Mathematics, we often come across integrals of the form | ё ах or |, sin x^ dy which 


cannot be evaluated by any of the standard methods of integration. In such cases, we may find the value to any 
desired degree of accuracy by expanding their integrands as power series. An important class of such integrals 
is the elliptic integrals. 


Def. The integral F(R, 6) = | Г 
00-54 sin“ x 


which is a function of the two variables ё and ф, is called the elliptic integral of the first kind with modulus k and 
amplitude ф. 


The integral E(k, $) = [ ЛА? sin? x) dx (k? < 1) (ii) 


is called the elliptic integral of the second kind with modulus Е and amplitude 6. 
The name elliptic integral arose from its original application in finding the length of an elliptic arc (Fig.7.45), For 
instance, consider the ellipse 
x =a cas ф, у = Б sin 6, (а <b) 
Then length of its are 


(А? 21) au) 








= bE(G, 6) for k? = 1 — a*/b? «1. 


Fig. 7.45 





Also the perimeter of the ellipse 





пі? F 
=4b [| | — k? sin? 0) аф = 4bE(k, л/2). 


This particular integral with upper limit ф = л/2 15 called the complete elliptic integral of the second kind 
and is denoted by E(k), 


(772 9 9 | 
Thus Elk) = 1 (1— k^ sin” ф) d$ (А2 < 1) E) 
Similarly, the complete elliptic integral of first kind is 
| n/27 аф T. 
K(k) = | -e (ЁС « 1) Iu) 
0 1-5 sin? 6) 


To evaluate tt, we expand the integral in the form 
ROG x zi Ёз ыц. ЭЁ А 
(1—Ё°вїп^ o)- 1+ sin er sin* ф + .. 


This series can be shown to be uniformly convergent for all k, and may, therefore, be integrated term by term |See 
5 9.19-II]. Then we have 





z M: 
4 (4) 12 + ЧЕ и EN | z5 ЯЛ 
2| “(2 2.4 2.4.6. | 


This series may be used to compute А for various values of k. In particular, if А = sin 10°; we have 
а 20 + 0.00754 + 0.00012 + ...) = 1.5828 ti) 


In this way tables of the elliptic integrals are constructed. Values of Fik, 6) and E(k, ф) are readily available for 0 € $ 
€ 1/2, 0 « k < 1. (See Peirce's short шалны 





2 cos” __ 20s" > — dea [Онай 9-1 То -1, 


x/2 
= |, не ° A cos? $ 
n/2 | p? Г Ч ХЭРЭ i | 
-9 P * [a+ cos 2 $) do - Ї mE AC ME. (2 — sin? 9) 
л/2 (16 o,f 1 | — 1. 
| eM е )- 8*3 


(2) Elliptic functions. By putting sin x = t and sin ф = 2, (1) becomes 
u- а 241) (VEL) 
о а – 221 – k E” 
This is known as Jacobi's form of the elliptic integral of first kind* whereas (i) is the Legendre’s formt. 
If k = 0, (vii) gives u = вїп-Ї z. By analogy, we denote (vii) sn^! z for a fixed non-zero value of А. This leads 
to the functions sn и = 2 = sin $ and cn и = cos ф 
which are called the Jacobi s elliptic functions. 








* See footnote p. 215. 
t A French mathematician Adrien Marie Legendre (1752—1833) who made important contributions to number theory, 
special functions, calculus of variations and elliptic integrals. 
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The elliptic functions sn u and сл u are periodic with a period depending on А and an amplitude equal to unity. These 
behave somewhat like sin u and cos u. dap instance 


sn(0) = 0, en(1) = апа sni- и) 2 — sn(u), cn(- и) = сл(и). 


| | | avg 
Example 7.51. Show that Г 





E * „ = a 
Solution. Putting x= 20 — sin Ө), dx =— о C08 0 dé, 


2 2 
Зах —х° = = (1— sin 0X3 + sin Ө) and а? — x? = A (1 + sin 0X3 — sin Ө) 





Also when х= 0,0 = 1/2; when x = 2/2, Ө = 0. 
Thus the given integral 
_ 4 р — (a/2) cos Ө dé _ 2 m? dé -z ki) 
a^ 2/2 (1 віп? ӨХ2 – віп? Ө] 8499 \|(1-(1/3) ѕіп? ө] За 3 





Е (1) ERROR FUNCTION OR PROBABILITY INTEGRAL 








The error function or the probability integral is defined as 


2 гхи 
ев) = 7- | е 


This integral arises in the solution of certain partial differential equations of applied mathematics and occupies ап 
important position in the probability theory. 
The complementary error function erfc (x) is defined as erfc(x) = 1 —erf(x). 
(2) Properties : (1) erf(— x) = — erf(x); (ii) erf(0) = 0 
2 Ул - 
а= У 1 [Ву (iii), p. 289] 
de г [e ix 3 y р 


This proves that the total area under the Normal or Gaussian error function curve is unity — $ 26.16. 


(tit) ег{ (ее) = 





_ PROBLEMS 7.9 © 


1. By means of the substitution & sin x = sin z, show that 


" | ddy TL LA 
(1) : —— = rant 
d» йн PV 





TAA -landé$'-sin! a sin 4). 
Express the following integrals in terms of elliptic integrals: Ј 
п/о n/2 | n/2 
2. | бхр. (Kerala, ME. 2005) 3. | dr л 4. | 
70 За) ise Е о J2-cosx) 0 


Э. Expand erf(x) in ascending powers of x. Hence evaluate erf(0). (РТИ, 2009 8) 
6. Compute (i) erft0.3), (и) его. y correct to three decimal places. 
1 
В 





1. Show that (i) erflx)4erfi—x)=0 (її) erfe(x) + erfe(—x) = 2 
: Pur 


O Llef- (Osmania, 2003) бй Flera- her? 


9. Prove that [ i as dy a NE go? [1 —erf(0)] 


Mutripte ЇнтЕВВА ano Вета, Gann Ens 


EET 5 | =, : а | g— £F LT Fi = = = [| =. .. ЯЛ = = © g gem umm “Р” T" lad 
7.19 | OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 7.10 


ЕШ up the blanks or choose the correct. answer from есш problems : 


A. LG (+ y) dx dy = ..... 2. р р 44... 


(УТУ, 2010) 5. (8.5) =... 


B. Ifu =% +y and v=x- ay, then the area-element dxdy i is „л by .. 521. dudt. 
. In terms of Beta function r sin’ @ [cos 8.d8 =... 


The value of B (2, 1) + (X1, 2) is .... Ser 1 fs dn de EL 
Volume bounded by x 20,y2 0,2z0andx* ty #27 = - ^ as a triple integral i integral. 


3. Value of |, Г хе’ dy dx is equal to 
(а) e/2 Фуе-1 
114. | xy" dedy over the rectangle 0 <x<1and0<y<3is..... 
15. "JE 27 redr dè =... 3 Си | 


D" р rdr ад 
(г жа). | 
® То change cartesian coordinates (х,у, 2) to spherical cant coordinate (r, 6, oi o) de dy dz is replaced by .. 


CE eo dvds =... | 
ey 


і а а Re Ес И 
ff (x + + ахду over the area bounded by the ellipse ~y +a sihist 


1 Л ai 4 


(б Ү-6 ^ Фены (Bhopal, 2008) 


[ук +y) dx dy c over the area between y+ and y Sk ish 


34. Value of | ("худе = | A | АР 
(а) жето ^ (b) – 1/24 ) (5. fe) vea FN ) (d) 24. (УТ. 2010) 
[ах dy over the area bounded by x = 0,y = 0, ауар зі eee, | 
Ї 


[ иҗ where R is the сер 'unded by the parabolas y^ = 4х rat? - 45.15 


On changing to polar coordinate 











salar point functio radient. зрана vector iii unctions—Divergence 
interpretati tions of ch div F and сий Г. 8. Del applied twice а Gashi n ons. 9. 1 e plie 
ета 14. Stoke's theorem. 15. Volume inte | 
| 48. (rotational and Solenoidal fields. 19. Orthogonal 
Р thogor ас ‘curvilinear с coordinates. 20. Cylindric. 















(1) DIFFERENTIATION OF VECTORS 


Ifa vector R varies continuously as a scalar variable / changes, then R is said to be a function of ¢ and is 
written as В = Е(?). 
Just as in scalar calculus, we define derivative of a vector function В = F(t) as 


Lt FW 80 ЕЧ) and write it as dR or dF or F'(?). 
8-0 of dt dt 
(2) General rules of differentiation are similar to those of ordinary calculus provided the order of 
factors in vector products is maintained. Thus, if $, Е, С, H are scalar and vector functions of a scalar variable f, 
we have 


0 = = Е dG dH ш) 0. dọ аЕ 
(F +G- Н) do - (Еф) = и = ф 
and G)= "ЭРЭГ "il px 96 dE og 
i di (Е.С) = Е. di + di LU q (Е G)-F E 4 i x G 
| ‚ас. ан 
(o) [ЕСН] = E сн |+ Е 22n], Ес M 


(vi) SF ~ С)-Н|1- (S. «a хн+ (вх 48) «H+ (Fx G) x M 


As an illustration, let us prove (iv), while the others can be proved similarly : 
(Е +F) х (G+ 8G)-FxG_ Lt F 6G + 6F »« G+ БЕ х 6G 


d | 
dt (х G= Ln af 





25 xG [; 8G > 0 as dt > 0] 









яа HiGHER ENGINEERING MATHEMATICS 


For Fit). F(t) = ЕЕ = constant 


p. ЧЕ -0 ic, GF Е. 
dt di 


Obs. 3. ИЕ) has constant (fixed) direction, then Fx a -0 


Let G(r) be a unit vector in the direction of F(t) so that 
F(t) =/(t) Gt) where РФ = = F (2) |. 


dF ё.. dG df 
ef SG and Fx & ү = fGx| r, «e 


-fGx = =. since G is constant, ЧО = 01 


Example 8.1. КА = 5t?I + tJ — РК, B = sin tl- cos td, find 0) 5. ; А. В); qi) =. ;(A x B). 


Solution. (i) S (A.B)-A. ав, -^ | 


= (5f71 + tJ — t? K). [cos tI ( — sin t) J) + (10¢1 + J — ЗРК). (sin tI — cos tJ) 
= (bt? cos t + ¢ sin £) + (10Ё sin t — cos t) = 5f? cos t + 117 sin f — cos f. 
(Ах В) = А х а + E хВ 
= (БЕТ + tJ — t?K) x (cos tI + sin АЈ) + (10 tI +J -3З2К) x (sin tl — cos tJ) 
= [512 sin tK + г cos t (- K) —# cos tJ — t? sin t (- D] 
+ [— 10 cos К + sin t(— К) — ЗЕ sin tJ + ЗР cos t (— E] 
= (t? sin t — 3t? cos t) I — t (t cos t + 3 sin Р) J + [52 — 1) sin ¢ — 117 cos t] К. 


(iz) E 





EX CURVES IN SPACE 


(1) Tangent. Let R(/) = x()0I + y(t)J + z(t)K be the position vector of a 
point P. Then as the scalar parameter ¢ takes different values, the point P 
traces out a curve in space (Fig. 8.1). If the neighbouring point Q corresponds to 
t+ 6t, then 6R = Rit + 60 — R(t) or 8R/6t is directed along the chord PQ. Ав 8t 3 
0, Lt 56/57 becomes the tangent (vector) to the curve at P whenever it exists and 
13 not zero. 

Thus the vector К’ = dR/d! is a tangent to the space curve В = F(t). 

Let P, be a fixed point of this curve corresponding to t = tẹ If s be the 
length of the arc P,P, then 


és__ds |óR| arc PQ | dR 
ô | 55 | ` 6t — chord sal 

As Q — P along the curve QR i.e., 6t — 0, then arc - A PQ — 1 and 
d dR 
zx = | er | Re) |. 


If R'(t) is continuous, then are P,P is given by 


s= | |R’|ae=[ 


If we take s the parameter in place of ! then the magnitude of the tangent vector, i.e., 
denoting the unit tangent vector by T, we have 
T- dR (1) 
(15 
(2) Principal normal. Since T is a unit vector, we have 
dT/ds. T=0 
i.e., d'T/ds is perpendicular to T. Or else dT/ds = 0, in which case T is a constant vector w.r.t. the arc length s and 
so has a fixed direction, i.e., the curve is a straight line. 





Fig. 8.1 











JY tP EF di 








If we denote a unit normal vector to the curve at Р by N then 
dT/ds is in the direction of N which is known as the principal 
normal to the space curve at P. The plane of T and N is called the 
osculating plane of the curve at P (Fig. 8.2). 

(3) Binormal. A third unit vector B defined by B = T x N, is 
called the binormal at P. Since T and М are unit vectors, B is also a 
unit vector perpendicular to both T and N and hence normal to the 
osculating plane at P. 

Thus at each point P of a space curve there are three mutually 
perpendicular unit vectors, T, N, B which form a moving trihedral 
such that 

T-NxB,NzBxT,B-TxN a) 

This moving trihedral determines the following three 
fundamental planes at each point of the curve : 

(1) The osculating plane containing T and N 

(ii) The normal plane containing N and B 

(iii) The rectifying plane containing B and T. 

(4) Curvature. The arc rate of turning of the tangent (i.e., the magnitude of d T/ds) is called the curvature 
of the curve and is denoted by &. 

Since dT/ds is in the direction of the principal normal М, therefore, 

a = kN A) 

(5) Torsion. Since B is a unit vector, we have a“ .В=0 





Also В. T = 0, therefore T«B.2T =o. 
ds ds 


Or dB ts B.(KN)=0, ie JB то |. В.М=0] 
ds ds 


Hence dB/ds is perpendicular to both B and T and is, therefore, parallel to N. 
The arc rate of turning of the binormal (i.e., the magnitude of dB/ds) is called torsion of the curve and is 
denoted by t. We may, therefore, write 


(The negative sign indicates that for t > 0, dB/ds has direction of — N). 
Finally to find dN/ds, we differentiate N = B x T. 
dN dB +B x SE =-1NxT+Bx kN 
Using the relation (2), it reduces to aN = TB —kT ...(5) 
5 


The equations (3), (4) and (5) constitute the well-known Frenet formulae* for space curves. 





"Ven 


:radudu or curvature апп тог он. — 















1 Р 41 | 
ЭГ? Р" гэр Р.а: OE E m air ЫГ Е ЭТТ, 
| A | : к ! s р 
у DUE Lu Y Ver A tn 
i : | Га і ЕТГІ 4 ' LE KE ГЭ ч сн. d " 
21153. UP: e "iv Ad... 





nt at any point Р ів given by | 

SE = 91 + 2J — 32K 
the tangents T,, T, at ¢= 1 and ¢ =— 1 are respectively given by 
T, = 21+ 2J -3K; T, =- 21 + 2J — ЗК, 


_ Solution. The tange 


* Named after a French mathematician Jean-Frederic Frenet (1816—1900). 
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Then the required 20 is given Бу ТТ, cos Ө = Т. T, = 2 (— 2) + 2.2 +(- 3X- 3) 
417 /17 сов0-9 .. Ө = cos! (9/17). 


Example 8,3. Find the curvature and torsion of the curve x = a cos t, y =a sin t, z = bt. 
(This curve is drawn on a circular cylinder cutting its generators at a constant angle and i is known as a 


circle helix). 


and 


5. 


Solution. The vector equation of the curve is В =a cos tI + a sin Ы + БК 
е dR/dt = — a sin tl + à cos tJ + БК 
Its arc length from Р, (t = 0) to any point P(t) (Fig. 8.3) is given by 


8-1 | dR/dt | dt = (a? + 5? 


ds 
dt 





(a^ +b") 





dR _ dR /ds _ -asin tI + au cos tJ + БК 


The T= 
ni "we dba la? a By 


ат. /ds | —a(cos tI + sin tJ) 


ds > zd dt^ EET 


dT 
ds 





Thus k= =“, .4i) and N= —(cos Й + sin tJ) 








Хо B=T x N= (b sin fl Б cos tJ + aKy via? + b^) 


dB dB /ds _ bicos tI + sin tJia? + b?) = — tN = ticos Й + sin tJ) 
ds dti dt 
A. di) 


Hence t= — 
а? + Б? 


PROBLEMS 8.1 | 





2p 
. Show that, ИВ =A sin of + B cos ot, where A, B, ш are constants, then (1) s =- К (Bhopal, 2007 5) 
2 


Given В =" A + (^B, where А, B are constant vectors, show that, if В and d Ridi” ure parallel vectors, then 
+ п= Г unless im =. 


, WP = 51+ £03 - Карпа © = 21 sin t – cos t + ME find (1) =. 00, ©): til) 7g 5 ; Рх Ө). 


“С Wand P =W x V, prove that © (Ux V) -- x (U x V). (Mumbai, 2009) 


dt dt 


КА =x*y2] - 2x2?J + x:*K and В = 22] + yJ х2К, find E. (A x B) at (1, 0, — 2). 
ИН = (a cos Ёё) I + fa sin t) J + (at tan а) К, find фы value of 


dR d*R ТЕ 
dt" а’ а 
Also find the unit tangent vector at any point ¢ of the curve. 


(i) (Rohtak, 2005) 














, Find the unit tangent vector at any point on the curve x = (+ 2, y =4¢ — 5, = 2¢*— 6t, where t is any variable. Also 


determine the unit tangent vector at the point # = 2. 


. Find the equation of the tangent line to the curve x = а cos Ө, y = a sin Ө, 2 = a0 tan a at = x/4. 
. Find the curvature of the (/) ellipse Rit) =a cos И + b sin td (її) parabola R(t) = 2014 1*J at the point ¢ = 1. 





Let the position of a particle Р at time ¢ on a path (curve) C be R (t). At time 4 6t, let the particle be at Q 
(Fig. 8.1), then 6R = R(¢ + 60 — R(t) or 6R/St is directed along PQ. As Q — P along C, the line PQ becomes the 
tangent at P to C. 


is the tangent vector of C at P which is the velocity (vector) V of the motion and its magnitude is the speed 
v = ds/dt, where s is the arc length of P from a fixed point P, (s = 0) on C. 
The derivative of the velocity vector Vit) is called the acceleration (vector) A(t), which is given by 


As 27.28. 


(2) Tangential and normal accelerations. It is important to note that the magnitude of acceleration is 
not always the rate of change of | V | because Alt) is not always tangential to the path C. Infact 


МН = dR 4К ds where dR/ds is a unit tangent vector of C. 
dt ds dt 
4 Ag) = dV _ 4 ajg, 4н]. ав dR {e dR 
dt аа ds | а? ‘ds а dii 
Now since dR/dt . d*R/dt* = 0, d?R/dt? is perpendicular to dR/dt. Hence the acceleration A(t) is comprised 


of (1) the tangential component d?s/dt? . dR/ds, called the tangential acceleration, and 
(11) the normal component (ds/dt)* . d?R/ds?, called the normal acceleration. 





(3) Relative. vlooi and EE ERTA Let two кысты Р, and Р, moving 
along the curves C, and C, have position vectors R, and R, at time f, (Fig. 8. 4), so that. 


К- pi 1% = В, – К, 
Differentiating w.r.t. t, we get an 4 dR, dR, GU) 


а dt 
This defines the relative т. ЖЬ. of P., w.r.t. P, and states that the veloc- 


ity (vector) of P, relative to Р, = velocity (vector) of P., — velocity (vector) of P,. 








2 2 
Again differentiating (iii), we have © ** а? В _ d ав, _ ак; 44449) 
d? а а Fig. 8.4 
iê., ПЕРНО n (песо of P, төрийн to P, = acceleration шалан of P, — acceleration (vector) of Р. 
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1- OSs Wn disi 


3t 
and acceleration Tem 61+ 2.3 аіг= 1 





I+J+3K 

(1 °F sr 

component of velocity at t = 1 in the direction I + J + ЗК 
_ (SI * 2J + 2K). (I +J +3K) _ 3+2+6 _ 


(11) Jan 
and component of acceleration at £ = 1 in the direction 


Now unit vector in the direction of I + J + ЗК is 


--1.(-4-8К) 
er K) 





(11) 


1+J+3K = (61 + 23). (I + +3Ky (11) - 55 “ИГ 


aR а, s EN CT | 
Abs Le и’ a. E" i - га ал. | "Xa." d Fr. Im ritis. Ди иг s tai. nad 
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, E Е Ж. 4 T г 
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TM у, ТҮР Ser iy des 


Solution. Velocity = (3t? — 4)1 + (2t + 4)J + (167 — 927)K 
and acceleration "3 = 61 + 24 + (16 — 182)K 
t 
^ att = 2, velocity V = BI + 8J — 4K and acceleration A = 121 + 24 — 20K. 
Since the velocity is along the tangent to the curve, therefore, the component of A along the tangent 
=A. V =(121 + 23~20K). 1+ 83-48. 
Iv] 
_ 12x8+2x8+(—20)x(—4) 
р 12 
Now the component of A along the normal 
= | A — Resolved part of A along the tangent | 
8I -- 8J —AK .- 
12 





z 16. 


_— 20K – 16 Linn md 


odd 





ee ondition imp ROPE on à by 


Solution. Velocity : Та = — віп (t — 1) I + cosh (t — 1) J + Зо РК 


? 
Acceleration = GR . cog (¢~1) 1 + sinh (#- 1) 9+ GotK = - E + 60K att = 1. 
AlsoR=I1+ aK atf=1. 
If R and acceleration at ¢ = 1 are normal, then their scalar product is zero. 
8, (-I + 60К). (1+ 0К) = 0 or -1-4607-0 
ог а? = 16 ог «= 1/ 4/6. 


ET E 
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ue А. TUR land i e "= s e 
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Solution. Ate any em t, let the position vector of the moving particle P(r, 6) be R (Fig 8. 5) 80 that 
R-rR =r(cos ӨТ + sin Ө.) 





its velocity и = Dt UR. гЁ габ) 


As В = cos 61 + sin ӨЈ 


©. 


dR се | p 20 
and а sin 0I + cos 04) di 








ECTOR CALCULUS AND ITs APPLICATIONS 








dR LR and. dR | _ 49 ‚ Le., if U is a unit vector L R, then 
dt dt | dt 
48 dy 
dt а 
! ! _dr аө m 
(1) becomes, V= i ГЁ + d" 0 (и) 
Thus the radial and transverse components of the velocity аге dr/dt апа r d6/dt. 
| ^ ! 9 | 
Also А = dV Фгд,4 dR +140, а ту, 08 dU 
‘Ge ok ше ae to арш 
а? (29) | dr de , 49 29| E | dU_ ав, 
- |5 r di Js 2-3 dr r U л U=- sin I + cos 6J gives —— ae | 


Thus the radial and transverse components of the acceleration are 


d?r d dr аа | d^6 
ат _ |09) and 22" ev 
dr =f ) авс аа” ай 


dt 
Example 8.8. А person going eastwards with a velocity of 4 km per hour, finds that the wind appears to 
blow directly from the horth. He doubles his speed and the wind seems to come from north-east. Find the actual 
velocity of the wind. 


Solution. Let the actual velocity of the wind be xI + yJ, where I, J represent velocities of 1 km per hour 
towards the east and north respectively. As the person is going eastwards with a velocity of 4 km per hour, his 
actual velocity is 41. 

Then the velocity of the wind relative to the man is (xI + у.) — 41, which is parallel to — J, as it appears to 
blow from the north. Hence x - 4. AL) 

When the velocity of the person becomes 8I, the velocity of the wind relative to man is (xI + уй) — 8I. But 
this 18 pee to — (I + J). 

(x — 8)/y = 1, which by (1) gives y = — 4. 
— the actual velocity of the wind is 4(I — J), i.e., 4/2 km. per hour towards the south-east. 


PROBLEMS 8.2 





1. A particle moves along a curve x =e", y =2-cos 3t,2 = 2 sin 34, where t is the time variable. Determine its velocity 

and acceleration vectors and also the magnitudes of velocity and acceleration at t = 0. 
(P. T-.U., 2003 ; V.T.U., 2003 8) 

2. The position vector of a particle at time is В = cos (t — 1) + sinh (t – 1) J + at?K. Find the condition imposed on a 
by requiring that at time ¢ = 1, the acceleration is normal to the position vector. 

3. A particle moves on the curve x = 2t?, y 2 1? — 4t, г = 3t 5, wheret is the time. Find the components of velocity and 
acceleration at time t = 1 in the direction 1 — 34 42K. (V.T.U., 2008) 

4. A particle moves so that its position vector is given by R = I cos ox + „У sin ox. Show that the velocity V of the particle 
is perpendicular to R and Н x V is a constant vector, 

Б. A particle (position vector В) is moving in a circle with constant angular velocity о, Show by vector methods, that 
the acceleration is equal to — wR. 





|6.. (a) Find the tangential and normal accelerations of a point moving in a plane curve, (Rajasthan, 2005) 
| 48) The position vector of a moving Jui at a time is В = З cos (T4 3 sin tJ + ШК. Find the tangent and normal 
components of its acceleration at f — (Marathwada, 2008) 


Ч. The velocity of a boat relative to water Ў, represented by 31+ 4J and that of wate relative to earth is I- 3J. What 
is the velocity of the boat relative to the earth if land J represent one km £n hour east and north respectively. 

8, А vessel A is sailing with a velocity of 11 knots per hour in the direction S.E. and a second vessel B is sailing with 
a velocity of 13 knots per hour in a direction 30°E of N. Find the velocity of A relative to B. 

9. A person travelling towards the north-east with a velocity of 6 km per hour finds that the wind appears ta blow 
from the north, but when he doubles his speed it seems to.come from a direction inclined at an angle: tan"! 2 to the 
north of east. Show that the actual velocity: of the wind is 3/2 km per hour towards the enst. | 





ГЕ SCALAR AND VECTOR POINT FUNCTIONS _ 


(1) Jf to each point РОВ) ofa region Е in space there corresponds a definite scalar denoted by f (В), then f (НВ) 
is called a scalar point function in E. The region E so defined ts called a sealar field. 

The temperature at any instant, density of a body and potential due to gravitational matter are all 
examples of scalar point functions. 

(2) If to each point P(R) of a region Е in space there corresponds a definite vector denoted by F(R), then it 
is called the vector point function in E. The region E so defined is called a vector field. 

The velocity of a moving fluid at any instant, the gravitational intensity of force are examples of vector 
point functions. 

Differentiation of vector point functions follows the same rules as those of ordinary calculus. Thus if 
Fix, y, 2) be a vector point function, then 


dF _ дЕ dx qm oF су До» JF dz (See (iii) р. 203] 
dt д dt дуа oz dt 
d dF = OF 4, , Е ду , OF [3. D aio. JF i) 
an 5, 4 + 3, 94. = n4 e Mv 
(3) Vector operator del. The operator on the right side of the equation (i) is in the form of a scalar 
product of 12 +J +К 2 and Idx + Jdy + Kdz. 
If V (read as del) be defined by the equation V = I a + 3 + К 2 (11) 
| ни | е | Әх ду dz = 


then (i) may be written as dF = (У . dR) Е for when R = xI + yJ + zK, dR = Idx + Jdy + Kdz. 





№ DEL APPLIED TO SCALAR POINT FUNCTIONS—GRADIENT _ 


























(1) Def. The vector function Vf is defined as the gradient of the scalar point 
function f and is written as grad f. 

Thus grad f= Vf = les of ox 9f of 

dx dy dz 

(2)Geometrical interpretation. Consider the scalar point function f(R), 
where В = xI + yJ + zK. 

If a surface f (x, y, 2) = c be drawn through any point P(R) such that at each point 
on it, the function has the same value аз at P, then such a surface is called a level 
surface of the function f through P, e.g., equipotential or isothermal surface (Fig. 8.6). 

Let P ' (R + ôR) be a point on a neighbouring level surface f + ôf. Then 





of | , of of | KS 
Vf. ôR = 1 эж» KT | dör + зу + Kio) 


- а + Ly + 9 ie = öf. 
Now if Р” lies on the same level surface as P, then f = 0, i.e., УГ. OR = 0. This means that Vf is 
эхэн to every ÔR lying on this surface. Thus Vf is normal to the surface f (x, y, z) = с. 
vf-| УМ 
where Ni is a unit vector normal to this surface. If the perpendicular distance PM between the surfaces through 
P and P ' be én, then the rate of change of f normal to the surface through P 





-t of _ , 58 
zn ab dA ы, he 
= рур ад “= =| vf. [> N.8R= | 58 | cos = ӧл] 


Hence the magnitude of Vf = dffdn. 
Thus grad f is a vector normal to the surface f= constant and has a magnitude equal to the rate of change 
of f along this normal. 





(3) Directional derivative. If ór denotes the length PP ' and М is a unit vector in the direction РР”, then 
the limiting value of 6f/ór as ôr — 0 (i.e., ЭЙдг) is known as the directional derivative of f at P along the direction 


РР". 
Since бг = бп/сов a = 6n/N . № 
2. Ч | г | =n of N=N’.V 
гм ММ бт | ал M 
Thus the directional derivation of f in the direction of № is the resolved part of Vf in the direction М". 
Since УГ. №’ = | Vf| cosas | Vf | 


н follows that Mi gives the maximum rate ui шид 9 f. 





Solution. We have Rx. у, 2) =r" = (x? + у? + Eee 


^ y. = tet ety, 2x = nxr" -°, Similarly, £ = nyr" -? and H = пег? 
Thus Үүлээ ERTER Ci = nr" -? (x1 + yd +2K)=nr"-?R,. 


dx ду 
_ Otherwise : The level surfaces for f = constant, i.e., r” = constant are concentric spheres with centre О and 
hence unit normal N to the level surface through P is along the radius R 


Le., N=R. 
vf- F N= ЧЛ à =пт-1 Ê [г fer’) 
дп. аг 
= nr^-  (R/r) = nr" -?R. 


m A ^ 
Tew... 


Fa ъз К {т 17 

" 1 "An i] EE = c 7 rg Е 7 i! | р Li My ib. E T 

ie da! : xr ^r, = P ї zn ( № кү: «icr exo la Fi 
1 1 x d à 1 W 1 [. 2 Ы ы E 


LEA. 





Solution. We have Vu = 2(x? + y? + 22)? В [r= (Ху +27)) 
= 2x? + у? + 2°)? (x1 + yJ + zK) adi) 
But Vu = 901+ = J+2K i) 


Comparing (i) and (ii), we get 


аи = 2x(x? + y? + F, = = 2y(x* + y? + 22)? ; ч = 2г(х? + у? + 2?) 


Also du(x, y,2) = — ae dx + S dy + аг = 2(x? + у? + 27)? (хах + ydy + гаг) 


= 20, ©. takingx? +y?+2?=¢ and 2(хах + уду + zdz) = dt 
Integrating both sides, u — fe dt +c= 2 +е= iG уча +e 


Непсе cire 


m гг ке Жу GUTER E = ў Ч ESSE 
РЭГ Js = Gee 1! Pee re иж =. pour ч 
i = | | oA 24. р 


E E 4 = 


F EN. T. 
Ai ГЕ, «А = A Hi 5, Ж na »" 
ж’ - Е) Г’ - 3 114. A |. oF Ж 1 
Je CNN Е oe = =т= a dre LAL E | Bil = 
и ойл EE a a m Ч „Ж ыу аг Debt kl errem hoe ol ГЭР Г 
d ч Fu P Р 
ag Ї 





i Р 4 
| 4 | 
i 3 Ч TE Л. Л »' pi 
[4 1 = Y "Дб (1 7 " 


Solution. gradu=(12+524K 5 2| ххула)-1646К 
grad v = 2х1 + 2yJ + 2zK, grad ш = (y +z) I + (z +х) J + (z - x) К 
We know that three vectors are coplanar if their scalar triple product is zero. 





Here [grad u, grad v, grad w] 
| 1 1 1 

















|ytz 2+х x+y 
1 1 1 1 1 1 
=2| x y = |-2|x*ytz y+z+x 2+х+у [Operate R, + R,] 
у+2 2X Xy у+2 2+х x+y 
1 1 1 
= (х+у +2) 1 1 1 = 0. 
ytz 2+х xy 








Hence grad u, grad v and grad w are coplanar. 
PAN 7 NA NX. sj 2 4.3 й Ё 4 m. chew or o Р. F. үс my LEM EIS) 
п x dr qj Find a unit vector normal to the surface xy 


Solution. A vector normal to the given surface is y (хуЗг?) 





= 1-9- (xy?) + = ауз) + Ke (хуЗг2) = I(y? 22) + J(3xy?z?) + K(2xy?z) 
--41-124-4К at the point (— 1, — 1, 2). 
Hence the desired unit normal to the surface 
=. =. -l ЧЕ 
[-494(-129?44?] УИ 








Solution. Here yf- 365 + J(2xy + 23) + KAE I - 3J — ЗК at the point (2.. - 1, у). 
directional derivative of f in the direction I + 2J + 2K 


1-24-2К | 
Ja? +2" + 2?) 


| . Example 8.14. Find the directional sr aed MALA eed зон P (1, 2, 8) 
the line PQ u here Q is the point (5, 0, 4). Also са cul тарт [ the maximum с 


-(1-34-3К). -(1.1-3.2-3.2)8--32. 








olution. Wehave vf=(12+52+K2) і 
Solution. We have vr- (1 TERES (x? — y? + 22?) = 2xI — 2yJ + 42K 
= 21 — 4J + 12K at P(1, 2, 3) 
Also PQ = OQ -OP = (51+ 0J + 4K) - (1+ 23 + ЗК) = 41- 2J + К =A (say) 


^ 41-24 _ 4 24 + К 
unit vector of A= А = 2 = 33:48 AUR. wat a 
{16 +4 +1) м21 


Thus the directional derivative of f in the direction of PQ 
Vf. А = (21 — 4J + 12K) . (d1- 2J + КУ J21 


=(8+ 8+ 12y 4/21 = 28/4/21 
The directional derivative of its maximum in the direction of the normal to the surface ie., in the direction 
of Vf. 
Hence maximum value of this directional derivative 


= |Vf| = | 21-44 + 12K | = (4+ 16 + 144) = //164. 





VECTOR CALCULUS AND Irs APPLICATIONS 


Example 8.15. Find the directional derivative of $ = 5x*y — 5y*z + 2.52x at the point P(1, 1, 1) in the 








direction of the line 5 — 57 in) 2 = 2. (Bhopal, 2008 ; U.P.T.U., 2004) 
90 i j 99 дф 
Solution. We have Vo= I3. у 4К-- > 


= ай» + 2.527) I + (5x* — 10yz) J + (- 5y* + Sex) К 
= 12.51 — 54 at P(1, 1, 1) 
| > 21-24-К 
Also direction of the given line is А = TOMUS 
Hence the required directional derivative 


= V6. A = (12.81 — 5J) . (21 — 2J + КУ = (25 + 10)/3 = uz l 


Example 8.16. Find the angle between the surfaces 22 4 y? + 2° =9 and z 5 x? + 57-3 at the point (2, = 1, 8) 
(V.T.U., 2010 ; Kottayam, 2005 ; U.P.T.U., 2003) 


Solution. Let fj2x*4y*4z2*-920andf,2x*4y*—-2-3-20 
Then N, =V f, at (2, — 1, 2) = (2xI + 2у + 2zK) at (2, — 1, 2) = 4L— 2J + 4K 
and N, = Vf, at (2, — 1, 2) = (2xI + 2yJ -K) at (2, 1, 2 = 41-27 - К 


Since the angle 0 between the two surfaces at a point is the angle between their normals at that point and 
N, М. аге the normals at (2, — 1, 2) to the given surfaces, therefore 


cos = T3773 “М, _ (41 - 2J +4К).(41-2/-К) 
Jūs +4 416) 6 +4+0 

ть 2)(—2)*4(-1 16_ 

р 6/21 | 6V21 


Hence the required angle Ө = сон”! Ea , 
Ч E 8-/21) 
Example 8.17. Find the values of a and b such that the surface ах? -Буг-(а +2) x and 4a*y + 23 =4 cut 
orthogonally at (1,— i, 2). à m (Madras, 2004) 
Solution. Let f, = ax* — Буг – (а + 2) х = 0 weld) 
and fy = 4x*y +27-4=0 (ii) 
Then Vf, = (2ax - a — 2)I - 424 — byK = (a — 2) I 25) + bK at (1, — 1, 2). 


Vf, = 8хуї + 4x*J + 327K = – 81 + 44 + 12К at (1, — 1, 2). 
The surfaces (i) and (ii) will cut orthogonally if Vf, . Vf, = 0, ie., — 8 (a — 2) – 8b + 12b = 0 
or —2а+65+4=0 iii) 
Also since the point (1, — 1, 2) lies on (i) and (п), 
а-25-1(-2)-0 or b=1 
From (iii), -2а+5=0 or  a-252. 
Hence а= 5/2 апі 8-1. 





_ PROBLEMS 8.3 


1. (a) Find Уф, if 6 2log(x* + y* +2"). (b) Show that grad (18) =- Ri, 
2, Find a unit vector normal to the surface x? + у? + 3xyz = 3 at the point (1, 2,— 1). (Р.Т.А7, 1999) 
3. Find the directional derivative of à = x*yz + 4x2? at the point (1, — 2, 1) in the direction of the vector 21 — J — 2K. 

| VTU, 2007 ; Rohtak 2006 S ; J.N.T.U., 2006: U.P.T.U., 8006) 


4. What is the directional derivative of 6 = = ху? + yz? at the point (2, — 1, 1) in the direction of the normal to the surface 
xlog.z—y? =—4 at (— 1, 2,1)? (S.V.T.U., 2009) 











| 326 

5. Find the values of constants a, b, c so that the directional derivative of p = аху? 
maximum magnitude 64 in the direction parallel to the z-axis.. 

6. Find the directional derivative of 6 = x* + y* + А at the point A (1, — 2, 1) in the. 
Also find the maximum directional derivative of 0 at (1, — 2, 1). (Mum 

Үс the directional derivativeof = arly + Буе vlez'ratithe point (1,1,1) bas maximum ipagnitude | 15іп the direction. 


parallel to the line ~—* = 1 Ez find the values оо Б Едо) | (U.P.T: U., 2002) 


B. In what direction from (3, 1, — 2) is the directional derivative: оф = хуй maximum ? Find also the: eee Ж | 
this maximum, (Rok htak, : 
9. What is the greatest rate of increase of u = хуг? at the point (1, 0, 3) ? 


10. The temperature of points in space is given by T (x, y, 2) =х + y*—2z. A mosquito located at. g 1, ‚2 desires to fi 
such a direction that it will get warm as soon as possible, In what direction. shoulditmove? = = 
11. Calculate the angle between the normals to the surface xy = 22 at the anii 1, 2) and (3, s чу 
12. Find the angle between the tangent planes to the surfaces x log 2 = ET xd ys $e at the poit | 
(Hissa 48005 8: UN. rura 


18. Find the values of and) so that the surface Sx? 2yz = 9s = Oey 44 аа АИ аё. 
G= 079) (Nagpur, 2009) 


14. Iffand С аге point functions, prove that the кед of the єг пер and tangential to the surface 7 Oare 


(G.V Vf... Vf x (G х Vf) j) | (Cf. Ex. 3:94]. 
(VfY сту)? 























| 8.6. DEL APPLIED TO VECTOR POINT FUNCTIONS 


(1) Divergence, The divergence of a continuously differentiable vector point function Е is denoted by div Е 
and is defined by the equation 
„ЗЕ, дЕ LK. oF 


If "e 
| д à 21. of 9$ ow 
he -У.Е-115 E. = —^ 
then divF=V.F V (FI + OJ + К) 2229 46 
(2) Curl. The curl of a continuously differentiable vector point function Е 18 defined by the equation 
dF oF dF 
curl F = Еа саг ЕК “Би Кх 
If F = f1 + oJ + YE then curl F = V x Е = 12452 +к 2) хитно + v) 
|I J К 
-|9 9 9 (29 EJ EN LA X4 
Эк у MI o у ie a) ae ОУ) 
fF Фф y 
Example 8.18. If R = xI- yJ + zK, show that 77 | d | 
@V.R=3 | Gi) V хЕ-0. (V. T.U. 2008 ; РТО, 2006 ; U.P.T.U., 2006) 
Solution: Ü V. R= G j+ 2G) + = 3. 
| E tS 
1 4 K 
T cup |а 3 ə de oy (2 a) ду x 
$ V «| m Supp M90]. | Se ME CI 
ш) xcd E yo E S 79 2 (2 ду 
r y ол 


= I(0 0) - J(0— 0) + K(0— 0) = 0. 
[Remember : div В = 3; curi В = 0] 





Solution. ЇГ и- иг. + уЗ +25 — diem; беп 


Е = Ум = 1 + ZI +K 55 = КЗ? - Зуг) + J(3y? — 3zx) + K(3z? — 3xy) 


div F = 2 (3x? — Зуг) + 5, Y - dex) 2. (32? — Злу) = бк + y + 2) 
I J K 
д a 9 


3(х? — уг) (у —2x) 3(22 — xy) 
= I(— 3x + Зх) - J(- Зу + 3y) + КС 32 + 32) = 0. 





(1) PHYSICAL INTERPRETATION OF DIVERGENCE 


Consider the motion of the fluid having velocity V = I +v J +v Kata 
point P(x, y, 2). Consider a small parallelopiped with edges бх, бу, àz parallel 
to the axes in the mass of fluid, with one of its corners at P (Fig. 8.7). 

the amount of fluid entering the face PA" in unit time = о, ézéx and 


the amount of fluid leaving the face РВ in unit time 
бх 90, 3 бебх | 
m: = | v, ———óy|ózüx near 
y + бу у ду У 


the net decrease of the amount of fluid due to flow across these two 





ди P d 
faces — 3» бхбуёг. Fig. 8.7 
Finding similarly the contributions of other two pairs of faces, we have the total decrease of amount of 


до, деу, до, 
Әх oy 











fluid inside the parallelopiped per unit time = | 3 бхбуйг. 


Thus the rate of loss of fluid рег unit volume 


= 2 . 90, . 90. 
= div У, 
t» ur 

Hence div V gives the rate at Жб: fluid ts originating at a point per unit volume. 

Similarly, if V represents an electric flux, div V is the amount of flux which diverges per unit volume in 
unit time. If V represents heat flux, div V is the rate at which heat is issuing from a point per unit volume. In 
general, the divergence of a vector point function representing any physical quantity gives at each point, the rate 
per unit volume at which the physical quantity is issuing from that point. This explains the justification for the 
name divergence of a vector point function. 

If the fluid is incompressible, there can be no gain or loss in the volume element. Hence div У- 0, which 
is known in Hydrodynamics as the equation of continuity for incompressible fluids. 

Def. If the flux entering any element of space is the same as that leaving її, i.e., div V = 0 everywhere then 
such a point function is called a solenoidal vector function. 

(2) Physical interpretation of curl. Consider the motion of a rigid body rotating about a fixed axis 
through О. ШО be its angular velocity, then the velocity V of any particle P(R) ofthe body is given by V = О x R. 








[See p. 91] 
If 00140041 + К and К= х1 +уј +2К 
I J K 
then V=a=Qx R= (0, 0$, Фал) = Iw 2 — my) + (ох — 02) + Clay — 0x) 


ху E 





I J K 

ava] 2 9 ak 

curl V = 3r ду as 
= Ко, + @,) + J(@, + о) + K(m, + 0) [^ ©, 05, 04 are constants. | 


= 20,1 + oS + 60) = 20. Hence 0-1 curl V 


Thus the angular velocity of rotation at any point is equal to half the curl of the velocity vector which 
justifies the name rotation used for curl. 

In general, the curl of any vector point function gives the measure of the angular velocity at any point of the vector 
field. 


Def. Any motion in which the curl of the velocity vector ts zero ts said to be irrotational, otherwise rotational. 
е "m ХЭЭР Hence sho Tim 13 is solenoidal 
" ru )6n6-IIPTI 2006 
| Py i A “i "d Wr 2787 La (4) у à | 
Solution. We have В = х1 + у +2К and r= jx? + у? 2427) 
div (r"R) = V . (x? + y? + 22)" (xI + yJ + 2K) 
= £ (x(x? + y? + 222] + " [v(x? + y? + 22] + 2 [a(x? + y* + z*y"*] 





ла. z m S 
i) 1 К 








HB o4 | 
zn. (x? + y? + 22)" + ae Фу 25)? ae 


| nod | 
= Уг" +n Ух (х? жу +27)? =З + пг? r? 
Thus div (r"^R) = (n + 3) г" 
When n=—3,div (R/r*)=0 ie., R/r? is solenoidal. 





“айл Ийн апу 
pam ыле таин 
анаа. Let А = = rR = = (x + у? + гун, (х] КУК +2K)= Ex (x* iy yerr 2 
I В | К 
| | 9 a 9 
1А= = 22. дол 
m ву? + 22)2 у(х? т. нд +7 дун? 


- са ог ау) үх” py eye. и = 0 


Hence А is irrotational for any value of a. 
But divA=V. (r™ R) = (о + 3) г" 
which is zero for œ + 3 = 0, i.e., Ais solenoidal if & + 3 = 0. 


DEL APPLIED TWICE TO POINT FUNCTIONS 





Vf and V х F being vector point functions, we can form their divergence and curl whereas V. F being a 
scalar point function, we can have its gradients only. Thus we have the following five formulae : 


„ууш Ff f oF 
(1) div grad f = V? 42-51. 
нычы Ыы". 


(2) curl grad f =V х Vf=0 
(3) divcurl F=V.VxF=0 





(4) curl curl Е = grad div F - VF, ie, Ух (Ух Е) = V(V.F)- УЕ 
(5) grad div F = curl curl F + VF, Le, (У.Е) = V x (V x Е) + V?F. 


Proofs. (1) Vf - V . Vf» V. [т Y +97 + к?) 














ду 
40-40-40-0-2-2-12-2-27 
ax \ax/ ду\ду/ дг\дг/ ax? PSU "эд Vae “эй 2 
2 2 
ү? = 23 + 2 22 is called the Laplacian operator and V?f = 0 is called the Laplace's equation. 
Fd 
I J K - , 
y verte Ир Сурук 3 21-2. за Е ST. | 
(2) Ухү(-Үх(13:-43 2 "las 5 2 |- [Zt 323 -0 (V.T.U., 2007) 
of of of 
dx dy de 
| = = JF дЕ oF 
8) V-V F = ( 314 дЕ , yy OF xÆ) 
(3) x У = Px3 9 ЕХ m 
_ oF 9“Е за 
1x уу Pm 
FF S SP Е oF T). 
- oF ГЕ 0. 
{1x1 z t+Ixd 55 +IxK- сар ік. т - 9: roe 
Е) = (372 oF oF oF 
(4) Vx(VxF)= (zi 2) x «(Ix 3E «ax 3E ак х 2Е) 
NT дЕ дЕ oF 
ихт Ve it И а 


08 OF), дох ЭЕ oF an OF | 
310 ат) - (1: рёв, «i P |a 1 oor “| Ек а XE 


„ФЕ |, дЕ 9^F 9“Е 
3 A) ЧЕ = K|- а? 





= а ( _ дЕ Oe. OF) 228 „үу. Б) УЕ . о, 
Но, I a +9 EU 3 E (У.Е) . (Madras, 2006) 


(5) is just another way of writing (4) above. 
erpn i "cording to rules of vector products leads to correct results so far so the repeated 


(г V.VzV*) 
x Vf- | | C УхУ=0) 
a v. VxF-0 An (C^ [VVF] =0) 
| expa nding it as a vector triple product. | 








a DEL APPLIED TO PRODUCTS OF POINT FUNCTIONS 





To prove that 
(1) grad (/g) = f (grad g) + g(grad£) te У) = Уа + рҮ. 
(2) div fG) = (grad. С + (іу С) ie УИА) -Vf.G«fV.G 
(3) curl (f G) = (grad D x Ge f(ícurl б) їе. У х (Ра) = V/xG«f/VxG 
(4) grad (Е. а) -(F. V) G-- (G. V) F + Е x curl G+ G x curl Е 

be., V(F.G)=(F .V)G+(G.V)F+Fx«(VxG)+Gx(V x Е) 








(5) div (F x G) = G.(curl F) -F . (curi С) te, V.(FxG)-G.(VxF)-F.(Vx С) 
(6) curl (F x G) = F (div G) - G (div F)+(G.V)F-(F.V)G 
Le. 


Vx(FxG)- F(V.G)-G(V.F)- (G.V)F-(F.V) С 
| 1) УЕ È = gt 
Proofs (1) У(Е)-11. x (fg) = | E» += Y 


aee OE C рд 
= РУ x *g El Эх -fVg-gVf 


(2 V.(FG)- xu. 9 (у «sr. (2 88 
(2) (f G) EM eH XI x tiu 
- (zr 27| Gf. 28, =Vf.G+fV.G (V.T.U., 2011) 
дх ! дх 
| G)-zix 24 = zi (726. а) 
(3) V x (fG) = XE x 5 (С) = XE x [3:9 
-ГҮ» (99 + 1% хє =fVxG+vVfxG (V.T.U. 2008) 
тугч Sae mon [Е сүр 20) дЕ cnp? | 
4) ув. б-а. 9-х (S .G«r.28) = 97 с̧.у. 28) Ai) 
cap fice Га \ lu. 9E). ЭЕ 
Now G х (1x 2) (а. 9E) I- Ө.) == 
ог (с. 2) I-Gx (1х SE) + (С.П Зу 
х(в.2Ё| 1 ax xix Æ ухсс.лу Æ =ах(ухю + (G. VF EU 
Ох. ox | 
Interchanging Е апа С, х (ғ. 26) = Ех (ух Сб) + (Е.Ү) С шин) 
Substituting in (1) from (iz) and (iri), we get 
МЕ. С) = (Е. УС + (G. VF + Ех (Уух С) + бх (V x Е) 
а е Өй. _ 5 {oF JESUM аг UN V. m. ӘС | 
(5) у.х 6) =. (Ех б)= эй (5Е хб + Ех 26) - м. Exe x1 (38 хк) 
_ oF 25 дс п = NCC 
-x(1x 3E). х(1х99| к [e A.(BxC)-(Ax B).C] 
=G.(VxF)-F.(V x С) 
(6) Vx (Fx ©) = 1х 2 (Ех б) = хх (Е 
m 


: дс 
Ту, tF 


z|a.e T - (1.2) с += (1.38 


x 
| ge 
28) r-a. 28. 


I 


i p qu Журн E ug p AO 
zG. Da СУ. g + Fu. XF.D-- 

Ш x 0G dF r 

=F (1.98) - az (v. Е), хв. 


ar | dG 
m У(Е.1) pus 
=F(V.G)-GV.F)+(G.V)F-(F.V)G 

Rule to reproduce the above formulae easily : 

two terms. 


(1) Treating each of the factors as constants separately, expresss the results of V-operation as a sum of the 
(i) Transform each of the two terms, noting that V always appears before a function and keeping in mind whether the 
products. 


result of operation is a scalar or a vector. To carry out the simplification, we may sometimes, employ the properties of triple 
(iii) Restore the change of treating the functions as constants. 





Let us illustrate the application of this rule to (2), (4) and (6) above - 
(2) У.С) = V.(,G«/G) = V.G« G,. V/s/ V. G4 G. Vf 
(4! VF.G)- V(F, . G) + УЕ. С.) 
= [Е x (Ух б) + (F. . УС + [G, х (V x F) + (G, . УЕ] 
= Ех (Ух) + (Е. У) С +С х (Ух Е) + (С. VF 
(6) Vx(FxG)=Vx(F, х С) + V x (F x G) = [V . СЕ -(F,. 0G] + (С. )F-V.FG| 
-F(V.G)-(F.V)G«(G.V)F—G(V . Е). 






Solution. V?r^ = V . (ұр) 
-У. (ялт! к) -nV.(r"-?R)-2n[(Vr^-?), R  r^-*(V . R)] [By 5 8.9 (2)] 
=n Ç =g н R+r"* | [Using Ex. 8.18 (i)] 
= пп — 2)" -* (r?) + 8r^-?] = n(n + 1) r^-? [: R.R=r?] 

29 7 A 42, 42 , п 
Otherwise : V(r") = >» + Tip + € [Ву $ 8.8 (1.01 
ТИ! л 
Now MEY e nr^-1 97 e nh-1 = enr 1! гё=х®+у^ + 22] 


FEJ. [a-a y -3 ar |__| _n-2 n-3X 
"ad - n|r + (п —2)r" Tal = 20 T(n-2r = «| 


=n ба + (п 9)" 2? | 841) 

Similarly, mo = п [r"> 4(п- дуг“ y | wa (EEE) 
фу-л 

“> 1-4 баа + (п – 2)" z’ | UU) 


Adding (ii), (iii) and (iv), (i) gives | 
V2(r") = п [3r" -? + (п – 2)" - * (x? + у?  z?)] 
= п [321-2 + (n — 2)r"-4 r] = nin + 1)r^ - 2. 
In particular V*(1/r) = 0. (U.P.T.U., 2003 ; P.T.U., 2003) 






Solution. Since Е- Ч Үр 2 ош1Ё-Ух (1%) 
ог curl F = vi x Vu + iv x (Vv) [By $ 8.9 (3)] 
=v x Vv le Ухи-0 


Hence F . curl F = 1 ур. (vi x ve) = 0, for it is a scalar triple product in which two factors are equal. 
и 









"Y | ng ^ i 177 gH AT aid 
B (8 7 b 
14 ^ 421! 





=r "KV. R)A- (A. V)RI] + (- nr ^ * P R/r) x (А x R) 


[By § 8.9 (3) 





Hi ENGINEERING MATHEMATICS | 
= г" (ЗА – А) -пг- "+? R x (A x R) p7 
АР" — нора ано ВЕ 
= 2А. % тад юн 228 д. BAR) 

r 


+s 
r Зу г" +2 


V.R-3,(A. V) R- AJ 


R. 


H CLE SC Р F i. ша? z № 7 ЕА. / „А. p^ Г z 
4 Цэр А МГ ¢-% | QE т H ” Е X 4 fe 4 fy = 
д Р Эн = ig n J е en А Me Д ui ДЭ TE =. ё _ гараа З 1 
ШҮ. AN PP 





curl (к -— = V x [- (x? + y? + 22)? (x — УТ] 


J K 
E a 
yl? te a-ut) T = + y! = 0 


шэг А а y +2? га, 


олан лан 
9x [e egt e] Slee ym 


(х? + y? + 27/2 


| ANNE. .o(xI-yJ + 2K) 
grad (K. grad 1] -v4- Kk. 528 955. 
Bra | gra 1) | (х2 + y? LS 


2 E 
Пак = --- 
"bri Me Med B жу” wm 


. wI  ,  —SxJ  —.G/-£-y-Z2XK 
(x? ку? e zt (xP ey? utm (x? ну? Zo? 
_ Зх21 + 324 — (x^ +y ? - 22*)K NT 
(х° + y eg s 
Adding (i) and (ii), we get 

















TB a) 


Put. Ч. d A 
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Solution. (1) We have — LED 2-1 o 2. 9 [3D +рУ) 


c c? ot \ at 
219 p-lgy,9H й i +20) 
= M Ух = сулла È ҮхН- pV + 3t | 
=—Vx(V х D) Ї VxD-- іса 
= – [У(У. 0) V? D] [Using $ 8.8 (4)| 
= – Ур + V*D 
| 1920. 14 
Hence V*D d = Vp + 2 ot (pV) 
- _ 19H .g,12( 13H 
(11) L.H.S. = VH "a =VH+ 12 ( Е н) 
= 2 19 : Е . 19H 
= УН+ = =. (Ух) Ё VxD- ~ OF 
= ор c cma др 
= VPH + (ух әр) i VxH Hpv + D) 
-VH+Vx (ухн-2р v) = VH + V x (V x Н) – 1v x (pV) 
= V°H + V(V.H)- V*H – iy х (pV), [Using 5 8.9 (4)| 
= V(V.H)- 27 x (ру) [2 V.H-0| 
--iVxpV-RHS. 
Evaluate div Е and curl Е at the point (1, 2, 3) given (i) Е = х®уг1  xy*2J + xyz*K. (B.P.T.U., 2005) 
(ii) Е = Зх + Gxy^J + бхуғ К. (ЗУТО. 2009) 
ОР «grs гу lt a У _ TÙ., 2007) 
ШУ = (xl + yd + 2K)/ (х + y* +27), show that V.V = 2/ a" +y +2”) andVxV=0. _ (Osmania, 2002) 
ИЕ =(x £y +1) 14d (х + y)K, show that Е. curl Е = 0. WTU., 2000'S) 


_ Find the value ofa if the vector (ax*y + yz) 1 + (xy* —xz®) J + (2xyz — 2x7y?) К has zero divergence. Find the curl of the 


above vector which has zero divergence. 
Show that each of following vectors are solenoidal : 


(0(-32 + ye) + (dy 22) J + (2xz = Az) K Фе, 2002) 
(ii) Зу?г I + 458224 + 3x?y?K (ii) Уб х Vy. | 
if Aand В are irrotational, prove that A x B is solenoidal. (Madras, 2003 ; V.T.U., 2001). 


Кие? +у? +z" and V =хї  yJ + zK, show that div (uV) = 5u. 


ИН = xE + yJ + 2К and r + 0, show that (2) VALF?) = — 2R/r* ; У. (Rur?) = Vr? 


(11) div (87 В) = (x 3)r^ ; curl (7^ R) 2 0 | (P.T.U., 2006 ; Kottayam, 2005) 
(ii) grad (aiv È) = E (УТ, 2010:8) 
НУ, and V; be the vectors joining the fixed points (хү, Yp 2,) and (2x, Yp z,) respectively to a variable point (x, у, =), 

(1) div (V, x Va) = 0, (ii) grad (V, V) - V, + V5, 


(ez) саг! (V, х V4) = 2(V, — V4) 


334 





10. Show that (i) V . С Кез! br? f GJ] | | Ж, (Mumbai, 2008) 
(18) VF (г) =f" @) Ee (r) (U.T.U., 2010 ; Bhopal, 2008 ; S. V.T.U., 2008 ) VTU, 2006 





(2) V.(0Vy—wVe) = 6V^y — У 20, 
11, IfA іза constant vector and В = xI + yd + zK, prove that 
(Ügrad(A.R)-A (Delhi, 2002) (ii) div (A x Ву= 0 (Burdwan, 2005 
22 (üi)curl(AxR)-2A  (V.T.U., 2010 5) (0) curl (А. RÜR] = А х R. (Kurukshetra, 2009 8) 
12. Prove that (г) VA? = 2(A . V) A + 2A x (V x A), where А is a constant vector. | | | 
(ii) Vx (R x = -R(V.U)-2U - (К: V)U. 








13. Calculate (1) curl (grad f), given f (x, y, z) = x* + y* —z. | | 006) 
(ii) curl (curl A) given A =x°yI + у?гд + 2*yK | (V.T.U., 2003) 

14. (a) If f= (x? +y? + 27)-^, find div grad f and determine nif div grad /=0. — (S V.T.U., 2009; J.N.T.U, 2003) 
(5) Show that div (grad г") = n(n +. 1)" - 2 wherer? = х? + y? жа _ |. (Bhopal, 2008: U.P.T.U., 2003) 


| 15. Fora solenoidal vector F, show that curl curl curl curl F = V*F. 
718. Ҥи=х?уг, и = xy 322. find (1) V(Vu . Vu); ай V (Vu х Vv). 
17. Find the directional rane of V .(V$) at the point (1, — 2, 1) in the direction of the normal to the surface ху? = = 
ax +27, where ф = 2x*y21 (Raipur, 2005) 
XA.R)B.R) A.B ‚В 


Е where A and B are constant vectors. 
p 


18. Prove that A- V (в. V у s 





INTEGRATION OF VECTORS 


If two vector functions F(!) and С!) be such that 
eot 





= Fit), 
then G(t) is called an € of F(t) with respect to the scalar variable t and we write 
| коа = ao. 
If € be an arbitrary constant vector, we have 


_ dG() d , : re = .c 
F(t) = 7-5 0 + С] then | ко dt = б@) +С 


This is called the indefinite integral of F(t) and its definite integral ts 
[ Ft) dt = [G() + CË = Gb) – Са). 





Example 8.27. Given В (t) = 3? E 4 tJ — PK, evaluate Ї (Rx d*R/d( ) dt. 








Solution. < (В х ZR .dR x dR L Rx ав R x ak 
dt dt dt dt dt? dt? 
| [n в dt -Rx 
= (BEI + tJ — ËE) x (61 + J — ЗК) 
I J K 
=|3 t -t |--2581-384-32К 
60 1 -3 


2 | si 

Thus | Rx ak dt =| — 9P T 4 31*J - 3K 

| ар. ü 
--21-34-3К 

















PROBLEMS 8.5 
1 1 y 1 -4 2 
1, Given F(t) = (5t* — EN + 653 — 7t К, evaluate iu | на аг. 


Р =6f1- 12443 алов IK, find P, Given that ЧР --1- ЗК and P = 2L 3 hend e 0. 
хи 


8. Тһе пано of a particle at any time ¢ > 0 is given by 12 cos 24 — 8 sin 27J +1605, the velocity and acceleration. 
‘are initially zero. Find the velocity and displacement at any time. 


21-3 +2K when /=1 nx: | 
ыы io - [1 Jog 44K. whént-3, | | 


BR) ai = 10. [{ \ { 


show that [^ (в "dt 








(1) LINE INTEGRAL 


Consider a continuous vector function F(R) which is defined at each point of curve C in 
space. Divide C into n parts at the pomi A = Poy Pires Р.Р... Р, = В (Fig. 8.8). Let their 
position vectors be R,, R,, ..., R,_,, R,, ..., R, Let U,, be the ‘position Боо of any point on the arc 
Fg Fe 

n 

Now consider the sum 8 - 5 F(U,).6R,, where dR, = R, — R, ,. 

i=0 

The limit of this sum as п > œ in such a way that | oR, | — 0, provided it exists, is called the 
tangential line integral of F(R) along C and is =e written as 

[,Fao.dR or | Е. TR qr. 





When the path of integration is a closed curve, this fact is denoted by using $ in place of | А 


if F(R) = If (x, y, 2) + Эх, у, =) + Kylix, y, 2) 
and dR = Idx + Jdy + Kdz 
then | F(R). dR = | (f dx + ody + wdz). 
C C 


Two other types of line integrals are Ї FxdR and | АВ. which are both vectors. 


(2) Circulation. /f F represents the velocity of a fluid particle then the line integral [. F.dR is called the 


circulation of F around the curve. When the circulation of F around every closed curve in a region E vanishes, F is said to 
be irrotational in А. 

(3) Work. If F represents the force acting on a particle moving along an arc AB then the work done during the small 
displacement ôR = Е . ôR. 


the total work done by F during the displacement from A to B ts given by the line integral [ Е. dR. 


Example 9-38. If F = 3xy1- yd, evaluate f F .dR , where € is thecurve in thexy:plane y = 2x* from 
(0.0) ку(1,2), ..— 19 | (V.T. U., 2010) 


Solution. Since the particle moves in the xy-plane (2 = 0), we take В = xI + yJ. Then Ї F.dK, where 
C is the parabola у = 2x" 
- | (ЗхУТ — у). (dxI + dyJ) = f. (3xydx — у dy) v(t) 





Substituting у = 2x*, where x goes from 0 to 1, (i) becomes 
= f : [3x(2x?) dx — (2х2)? d(2x?)] = | (6х? — 16x5) dx = — 7/6. 


Otherwise, let x = t in y = 2x". Then the parametric equation of C are x = t, у = 2¢*. The points (0, 0) and 
(1, 2) correspond to t = 0 and ¢ = 1 respectively. Then (i) becomes 


= [ tage ar -2P Paar? - (^ (6P - 166) at = 76. 





| Solution: Ав ранен i ау (2 -0), let R= end 50 that dR =dxl + dyd. Also the circular 
path isx-acost,y-asint,z- 0 biete ¢ varia from 0 to 2x. 


| Е.ав-1 (8541-4541 % сов УЙ]. (ixl: did) 
- f [sin y dx + x(1 + cos y) dy] = 1 [(sin y dx + x cos y dy) + хау] 
-1 [а(х ѕіп у) + X dyl = Г [dla cos Ё sin (a sin 0) a? cos? t dt] 


s 2t | =й 





{+ 





= | а cos t sin (a sin t) |" + —— € Е 


1, турж "tis le. int 





Solution. [в F.dR- $i wa + (2х2 — y)J + 2K). («х1 + dy + dzK) 
= | їЗх°ах + (2x2 – y)dy + zdz) (i) 


(a) The equations of the straight line from (0, 0, 0) to (2, 1, 3) are x/2 = y/1 = 2/3 = t (say) 
n х= З, у= 1,2 = ЗЇ are its parametric equations. The points (0, 0, 0) and (2, 1, 3) correspond to t = 0 and 
t= 1, respectively 


5 work done= | F.dR- [ I3202dt + (4030 – tdt + (80 зан 
" (зв? + 8t) dt = 16. 


(b) Let x = t in x? = 4y, 3x? = 8z. Then the parametric equations of С are x = t, y = 2/4, z = 38/8 and t varies 
from 0 to 2. 
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Vecron CALCULUS AND Its APPLICATIONS 


2. НЕ -(5xy — бу?) + (2y — Ах, evaluate 1 Е. (В along the curve C in the xy-plane, y = x* from the point (1, 1) to 
(2:9), (J.N.T-U., 2006) 


3. Compute the line integral Ї (y dx —x^dy) about the triangle whose vertices are (1, 0), (0, 1) and (- 1, 0). 


4. НА = (3x? + буЛ — 14уг + 20x2?K, evaluate [^ „ФВ. from (0, 0, 0) to (1, 1, 1) along the path x = f, y 212, 2 — (*. 


5. Evaluate J. (ху + z^)ds where С is the arc of the helix x = cos f, y = sin Ё, z —t which joins the points (1, 0, 0) and 
(—1, 0, л). 
6. Find the total work done by the force Е = 3xyI — yJ + 2zxK in moving a particle around the circle хељ уќ = 4. 
(VILUS, 2010) 
7. Find the total work done in moving a particle in a force field given by Е = Sxyl — бај + 10xK along the curve 
к= se 1, y= 22, 2 =P from f= 1 tot = 2. (Bhopal, 2008) 
8. Using the line integral, compute the work done by the force F = (2y + 3)1+ xaJ + (yz —x)K when it moves a particle 
from the point (0, 0, 0) to the point (2, 1, 1) along the curve x = 2, y — f, z = (9, (Madras, 2000) 


9. Evaluate |. F.dR, where Е = (22, x, —у| and C is R = [cos f, sint, 2t] from (1, 0, 0) to (1, 0, dm). (B, P. T.U, 2006) 


10. НЕ = 21 - zJ + xK, evaluate }, Ех dR along the curve x = cos Уул sint, z = 2 cost fram t = 0 to f = А. 


ЕКЕ (1) SURFACES 





As seen in $ 5.8, a surface 5 may be represented by F(x, y, =) = 

The parametric representation of S is of the form В (u, v) Ех as о) I + y(u, v) J + z(u, v)K and the 
continuous functions и = 010) and v = w(t) of a real parameter t represent a curve C on this surface S. 

For example, the parametric representation of the circular cylinder x? + y? = a?, — 1 <> € 1, (radius a and height 2), is 

Ríu,v)-a cos ul + a in ци + v 
where the parameters и and v vary in the rectangle 0 <u < 2лапа- 1505 1. Also u =t,v = bt represent a circular helix (Fig. 
8.3) on this circular cylinder. The equation of the circular helix is В =a cos fI + a sin В] + bt K. 
dR _ 98 du . Е oR du 
dt ou’ dt ow dt 

The vectors ӘҢ/дн and dR/dv are tangential to S at P and determine the tangent plane of S at 
P. М = 9R/2u х dR/ov (+ 0) gives a normal vector М of S at P. 

Def. If S has a unique normal at each of its points whose direction depends continuously on the points of S, 
then the surface S is called a smooth surface. If 5 is not smooth but can be divided into finitely many smooth 
portions, then it is called a piecewise smooth surface. 

For instance, the surface of a sphere is smooth while the surface of a cube is piecewise smooth. 

Def. A surface S is said to be orientable or two sided if the positive normal direction at any point P of S 
can be continued in a unique and continuous шау to the entire surface. If the positive direction of the normal is 
reversed as we move around a curve on S passing through P, then the surface is non-orientable (i.c., one- 
sided). А, 


An example of a non-orientable surface is the Mobius strip*. If we take a long 
rectangular strip of paper and giving a half-twist join the shorter sides so that the two л 


points A and the two points B in Fig. 8.9 coincide, then the surface generated is поп- 
orientable. Such a surface is a model of a Mobius strip. Fig. 8.9 

(2) Surface integral. Consider a continuous function F(R) and a surface 5, Divide S into a finite number 
of sub-surfaces. Let the surface element surrounding any point P(R) be 6S which can be regarded as a vector ; its 
magnitude being the area and its direction that of the outward normal to the element. 


Differentiating R = R (u, v), w.r.t. t, we get 


*Named after a German mathematician August Ferdinand Móbius (1790-1868) who was a student of Gauss and professor of 
astronomy at Leipzig. His important contributions are in projective geometry, theory of surfaces and mecbanics. 








Consider the sum EF(R) . 68, where the summation extends over all the sub-surfaces. The limit of this sum 
as the number of sub-surfaces tends to infinity and the area of each sub-surface tends to zero, is called the normal 
surface integral of F(R) over S and 15 denoted by 


|. Е. а$ ог f. Е. Ма; where М is a unit outward normal at P to S. 
Other types of surface integrals are [| Ех dS and Í f dS which are both vectors. 


Notation : Only one integrals sign is used when there is one differential (say dR or dS) and two (or three) 
signs when there are two (or three) differentials. 
(3) Flux across a surface. ЇГ Е represent the velocity of a fluid particle then the total outward flux of F 


across а closed surface S is the surface integral | F.dS, 


When the flux of F across every closed surface S in a region E vanishes, F is said to be a solenoidal vector 
point function in E. 

It may be noted that Е could equally well be taken as any other physical quantity e.g., gravitational force, 
electric force and magnetic force. 





Solution. The given closed ттр S ів piecewise smooth and | 18 
comprised of 5, — the rectangular face ОАЕВ in xy-plane ; S,—the rectangular 
face OADC in ЗЕ1808: S,-the circular quadrant ABC in “улина, S,-the 
circular quadrant AED and 5 „the curved surface BCDE of the cylinder in the 
first octant (Fig. 8.10). 


| F.Nds = | F.Nas+ | F.Nds+ | F.Nds 
5 | | 5, 8 
«| F.Nds« | F.N ds i) 


Now |. F.Nds- Ї (2х? — y*J + 4xz?K) . (— K) ds 
1 | 





-| xz” 48-0 [ zz0inthe xy-plane] 
Similarly, 1 F.Nds=0 and [ Е. Маз =0 
S. Sy 
Ї F.Nds= [ (2x? yl — у? J+ 4x2” K). Ids 
_ | -9 n Jo - 2 NX 8 5 EX ^ dx 
ё f. 2х yds= [| [ Ву dydz=4 [ (9- 2?) аг =72 


To find N in S,, we note that У(у? + 2?) = 2yJ + 22K 
2yJ--22K _ уд -zK 


N= = Б [^ 2+2? = 9] 
\/(4у* + 42°) 3 
and | N.K | =2/3 so that ds = dxdy/(z/3) 
| spowon E P cC» +4529) om P n [у 41 
Thus Ї F.Nds- | b Z2 5-5 аудх(а!3)- || [ ean dydx 


Put y=3 sin Ө, = —3 cos Ө 
. dy-3cos Ө d8 


кї? 
-Í | 27 sin" ГЭГЭЭН B (Ax oos o |3 cos o dode = [ - 27 3 «108: 2| dx = 108 
| Scos0 3 3 


Hence (i) gives | F.N ds =0+0+0+ 72 + 108 = 180. 
5 ebuzzpro.blogspot.com 
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PROBLEMS 8.7 





If velocity vector is Е = yI + 2J + xzK m/sec., show that the flux of water through the parabolic cylinder y = x?, 
0О<х<3,0<х=< 2 is 69 m/sec. 


anm 
ü 


2. Evalnate Í Е. dS where Е = x1 + (z? – zx) J — xyK and S is the triangular surface with vertices (2, 0, 0), (0, 2, 0) 
and (0, 0, 4). | 

3. Evaluate L Е. М ds where F = 621 -4J +yK and 5 is the portion of the plane 2x + Зу + Gz = 12 in the first octant, 

4. ПЕ = 2y1—3J + х? К and 5 is the surface of the parabolic cylinder y? = 8x in the first octant bounded by the planes 
y = 4 and z = 6, show that 1 Е.Мав-182. 


NEM GREEN'S THEOREM IN THE PLANE* 





If p(x, y), yix, y), 9, and y, be continuous in a region E of the xy-plane 
bounded by a closed curve C, then 


[ (2x + vay = |, Е: -5| dxdy (1) 


Consider the region £ bounded by a single closed curve С which is cut 
by any line parallel to the axes at the most in two points. 

Let Е be bounded by x = а, y = € (х), x = b and y = n(x), where п > С, so 
that C is divided into curves C, and C, (Fig. 8.11). Fig. 8.11 


ff, акау = | а f ау |= аке р 


= | т), E) de =- fe «®»ах- [ 60) d: 





=- |. Ф, у) ах 2) 

Similarly, it сап be shown that 
ow 21 | 
|. 379-7 Ї wx, y) dy (3) 


On subtracting (2) from (3), we get (1). 

This result can be extended to regions which may be divided into a finite number of sub-regions such that 
the boundary of each is cut at the most in two points by any line parallel to either axis. Applying (1) to each of 
these sub-regions and adding the results, the surface integrals combine into an integral over the whole region ; 
the line integrals over the common boundaries cancel (for each is covered twice but in opposite directions), 
whereas the remaining line integrals combine into the line integral over the external curve C. 


Obs. This theorem converts a line integral around a closed curve into a double integral and is a special case of 
Stoke’s theorem. (See Cor. p. 342) a 
Example 8.32. Verify Green's thearem for |. [(xy + y^) dx + x* dy], where C is bounded by y =x and y = x 
(V.T.U., 2011; S.V. T.U., 2009 ; Rohtak, 2003) 
Solution. Here ф=ху + у? and y =x? 
| ee vai- f, 41, 


*Named after the English mathematician George Green (1798-1841) who taught at Cambridge and is known for his work on 
potential theory in connection with waves, vibrations, elasticity, electricity and magnetism. 





Along Ci, y = x? and x varies from 0 to 1 (Fig. 8.12) 
| 1 ve | =. 
| = | оо? e en as + аас) 


=f (3x? + x ‘\dx= 27 


Along C,, y =x and x varies from 1 to 0. 
[= | tix) + ol dx +x? а | з de =- 





Fig. 8.12 

Thus L (9 dx + wdy- ху -1-- dc zb 
о ff, (25-29) у= [р [oe eve sas 

: Í f (2x — x - 2y) dydx = [ [9-5], dx = [ a" =a) de=- Gi) 


Hence, Green theorem is verified from the equality of (i) and (її). 








us 


y (х1 + dydJ) |: R-xlI-ydJJ 





Solution. Lr. dR = [7 





Mn NE. 
„фах + ydy) where ф = — Е 


| | зе E Ма, [By Green’s theorem] 


(х? +y 2) + x(9x) (x А ege s - y(2y) 
== аха 
мн, (x* ET (х? + уг) | " 


— — — |dxdy = 0). 





Solution. Here ф = y — sin x and y = cos x. 
By Green's theorem [ [(y — sin x) dx + cos х dy] 


- (3-3) в 


-m/Ü py=2e/x | А /2 Onin и 4 NT. 
-[. Г. (sinx-Ddyde-- [^ (sine +1)| y dx ac WS 
Fig. 8.13 





-.2[" xsin x +1) dx | х(-совх +0 -Г 1.C eos x + del 


н/2 
2 Bie 3 х? _ т 2 ЯМ (z 2) 
-41 1 -чах+& | ЕЕЕ 
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Example 8.35. Apply Green's theorem to evaluate | [(2х? - у?)ах + (x? + y*)dyj, where C isthe boundary 
of the area enclosed by the x-axis and the upper-half of the eircle x? + у? = а?. бо КРТ. О, 2005) 
Solution. By Green's theorem 


Ї, х2 – удах + 02 + уау 


11019 Lum Bonet а а 
= ff. E ty Дэ ee - 22 





=й ff. (x + y) ахау, where A is the region of Fig. 8.14 


Fig. 8.14 


= 9 Ї [ г (cos Ө + sin Ө) · гае dr 
Jo 4n 


[Changing to polar coordinates (г, Ө), г varies from 0 to a and Ө varies from 0 to л] 

З An 
= 2 ["r? ar [^ (cos 6+ sin 0) 46 = 2. a« tin, 
0 0 9 3 





PROBLEMS 8.8 


1. Verify Green’s theorem for |. (3х — 8y3) dx + (4y — бху) dy] where C is the boundary of the region boutided by 

x=0,y¥=Oandx+y = 1. | (Nagpur, 2008 ; Kerala, 2005 ; Anna, 2008 8) 

2. Verify Green's theorem for |. l(x* — cosh vide + (у + sin x)dy] where C is the rectangle with vertices (0, 0), (т, 0), 

(т, 1), (0, 1). (Nagpur, 2009 ; P.T.U., 2006) 

3, Verify Green's theorem for j^ (х? усх + x dy) where C is the boundary described counter clockwise of triangle with. 

vertices (D, 0), 11, 0), (1,1), М LET US 2010) 
4. Apply Green's theorem to prove that the area enclosed by a plane curve is — 21, (ху ГЭФ). 


Hence find the area of an eilips будаа semi-major and. semi-minor axes are of вана and b. 
(Kerala, 2005 ; V. T.U. 2000 8) 
5. Find the area of a circle of radius a using Green's theorem. (Madras, 2003) 


& Evaluate n Ax «хуйх + Gc? + у |, where © is the square formed by the lines x =+ 1, уе + 1. 
(S.V.TLUL, 2008: Магаййшайа, 2008) 
7. Evaluate |. [(x? — 2xy)dx + (x?y + 3)dy]l, around the boundary of the region defined Бу у? = 8x and x = 2. 





8. Evaluate by Green's theorem |. F-dR where F=- xy(x1 —yJ) and С is r =at] + 080), | | 





КЕСИ STOKE'S ТНЕОКЕМ* (Relation between line and surface integrals) 


If S be an open surface bounded by a closed curve C and Е = [І + f + Г.К be any continuously 
differentiable vector point function, then 


[| Е-ав = | curl F Nds 
Je 5 
where М = cos ОТ + cos BJ + cos ҮЕ is a unit external normal at any point of S. 


* Named after an Irish mathematician Sir George Gabriel Stokes (1819-1908) who became professor in Cambridge. His 
important contributions are to infinite series, geodesy and theory of viscous fluids. 





Writing dR = dxI + dyJ + dzK, it may be reduced to the form 


f, teet [88% на (G-A) нөр (38-21) аа n 


Let us first prove that 
; 21411 dfi | M df, | | | 
$ fidz = [ ES cos [3 - — cos а (2) 


Let = = р(х, y) be the equation of the surface S whose 
projection on the xy-plane is the region E. Then the projection of 
C on the xy-plane is the curve С” enclosing region E. 


[ filx, y, 2)ах = |. filx, у, g(x, y) dx 
т "> — А (x, у, g)dxdy, by Green's theorem 


9 д 
--| : zt OR = эь ..(3) 
The direction cosines of the normal to the surface z = 
віх, y) are given Бу 
cost — сов} cosy 
-dglàx діду 1 


Moreover 





(See p. 219) UD) 





dxdy = projection of ds on the xy-plane 





= ds cos y, i.e., ds = dxdy/cos ү. Fig. 8.35 
right side of (2) 
- | ofi cos В _ Of; (2 dfi æ) РИТ сов В _ ав | ” 
ү pia cos 7 E 41) ду дг Әу иь | cos Y ay 7 | 
= Left side of (2), by (3). 


Thus we have proved (2). Similarly, we can prove the other corresponding relations for f, and f}. Adding 
these three results, we get (1). 

Cor. Green's theorem in a plane as a special case of Stokes theorem. Let F = ġI + yA be a vector function 
which is continuously differentiable in a region S of the xy-plane bounded by a closed curve C. Then 


[ған - Ї (91 + wJ)-(dxI + dyJ)- I. (фах + ydy) 








I J К | | 
and curlF-N=|afex oy 0|-K T 
Q y 0 | 
Hence Stoke's theorem takes the form Ї (odx+wdy)= Í | 2 dxdy which is Green's theorem in a plane. 





i ne рая ан Е EAT GL 
"y d т. эг Ўт x. "4 h це ba 4 " еа бу F 
E 4 Fi ALIE | E bil Ман й -] | и 14 : LE TE | 
Ё T j 1 fo lj л ; F 
3 1 } -2 ti 1 "а= — И, БГ ka 4. (А 


ти 
(1. 


Solution, Let ABCD be the given rectangle as shown in Fig. 8.16. 
„К: dR = Ї, F-dR+ | F-dR+ |, | F-dR+ | F.dR 
CD 


and F - dR = [(x? + у? - 2xyJ] - Пах + Jdy) = (x^ + удах — 2xydy 
Along AB, x = a (t.e., ах = 0) and y varies from 0 to b. 


| ” ? БУРЭН ММ 
f E dR = —2a | »dv- -2а: == - ab 





a DE 
Similarly, [,F aR = (“сс + dx = - I gab. 


f E = 2a f, ydy=—ab? 





a IP 2a? 
and Е Ч dR = 2 es 4 
b Г, Ex 3 
Thus | F-dR = – 4ab* (t) Fig. 8.16 
Also since curl Е = — 4Ку 


| сай F- Nas = [ Г -4Ky- K dedy - - 4 | |. y dxdy 


2р 
= -4 [ |а| » dy = – 8a | = -4ab* Att) 


Hence Stoke's theorem is verified from the equality of (i) and (тї). 





_ Solution. The projection of the upper half of given sphere on the xy-plane (z = 0) is the circle clx? + y? = 1] 
(Fig. 8.17). 


$ Е. dR = 1 [(2x — y)dx – уг? dy — у? zdz] = $ (2x — y)dx [z 0 in the xy-plane] 
= ЇГ (2 cos 6 — sin 0) (— sin 040) [Putting x = cos Ө, у = sin Ө] 
= fj" (sin 20+ sin?) 29 =х0+ 4 [7 sin®9 do =n. 840 


I J K 
е a а 
дх ду dz 
2x-y – у? -yz 
-(-2yz*2y2)1-0J4K-K 
ахау 
n JeurlF.Nds= [, K.Nds= | к. M EI ин 
where A is the projection of 5 on xy-plane and ds = dxdy/N . K Fig. 8.17 
"d dedii d Ede Comis Gi) 


Hence, the Stokes theorem is verified from the equality of (i) and (ii). 


Now curl F = 








Solution. Here Е = (x+y) 1+ (2х —=) J + (у +2) К 
I J K 
д д д 
м 1Е--| — —- = |S 
curl F ES у az 2] - K 


x+y 2x—-2 yz 





Also equation of the plane through A, В, С (Fig. 8.18) is 


stot; = 1 ог3х + 2у +2= 6 
Vector N normal to this plane is 


У (Зх + 2у +2 6) = ЗІ + 23 + К 
yee 2 ЕЮ 


х yates. =. 
J9+4+1) 4/4 


Hence le [(x + y)dx + (2x — z)dy + (y + z)dz] = Їс F.dR 





= J curl F. Ñ ds where S is the triangle ABC “ Fig 8.18 


= | G1 « К). [UNE as - geha 


Area of AABC) = 
= ао E NS < = 21. 





Solution. By Stokes theorem, J = fl (Vx Е). 08 = Cf. F.dR 
where S is the surface 22 = x? + y? bounded Буг = 2. 
1-4, F.aR - f, (31 -xzJ + уг?К) . (dxl + dyJ + deK) 
|» Sex? +2 =4,2=2 
=> (3ydx — xzdy + уг?аг) г. Putx=2 cos 6, y -2sin Ө 
С-х + y? =4,0=0to 2r. 
= p [6 sin Ө (- 2 cos Ө 40) — 4 cos Ө (2 cos Ө 40) + 8 sin Ө (0)] 


zo ЇГ (12 sin? @ + 8 cos? 0) 40 


| ir. 1 л 
ш-4 (12.55 +8.5.5| = — 20x. 





Solution. The curve С is evidently a circle lying in the plane x + 2 = а, and 
having A(a, 0, 0), B(0, 0, a) as the extremities of the diameter (Fig. 8.19). 
[в (у dx + 2 ду +xdz)= fe (yl +23 + xK). dR 


= | curl (УТ + zJ +хК). Nds 


i 
2 M us 


= k -4-4-К). (pp) 


where 5 is the circle on АВ as diameter and N = 
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Example 8.41. If S be any closed surface, prove that [ curl Е. dS = 0. 


Solution. Cut open the surface S by any plane and let 5,, 5, denote its upper and lower portions. Let С be 
the common curve bounding both these portions. 


| curi F.dS= [ сш1Е.а8+ [ cun r.aS- | F.aR- f, Е.4Е-о, 


on applying Stoke's theorem. The second integral is negative because it is traversed in a direction opposite to 
that of the first. 


ШИ PROBLEMS 8.9 _ 


I, Verify Stoke's theorem for the vector field (i) F = (x*—y2)I + 2xyJ over the box bounded by the planes x = 0, x = о; 
y= Oy =b)2=0,2=¢, if the face z = 0 is cut. (BPTU, 2006; Delhi, 2002) 
КЕ =(", 5x, 0) and S :0 €x € 1, 0syslz-l и, 

2. Verify Stoke's theorem for a vector field defined Бу ЕЁ = — уЗ + x3J, in the region x* + y?<1,2=0. 


3. Evaluate | F.dR where F = (х? жу? 2ху J апас is the rectangle in the xy-plane bounded by y -0,х-0/у-8, 
б 


х= 0. | (Mumboi, 2007) 
4. Verity Stoke's theorem for F = (y —z + 2)E + (yz + 43 — xK where.S is the surface of the cube x = 0, y = (0, 2 =0, 


х=2,у = 2,2 = 2 above the xy-plane. | | (Andhra, 2000) 
5. Evaluate [or dR where F = yl +x — zy?K, C is the circle x? +y* = 4,2= ЫБ. | 
6. Evaluate by Stoke's theorem b. (yz dz + 2х у + 2x dz) where C iè the curves? + y? 2 1,2 9 у GIN, T.U. 2005) 
7, IFS be the surface of the sphere x? + у +2* = 1, prove that [eve F.dS =0. (INTO, 1999) 


B. Prove that | А xR. dR = 2A. fas, A being any constant vector, and deduce that к R x dR is twice the vector 


area of the surface enclosed by C. ° 
9. If $isa scalar point function, use Stoke's theorem to prove that (i) curl (grad 4) = 0; (/2) div curl F = 0. (Kerala, 2006) 


10. Evaluate ¢ (sin z dx — cos x d'y + sin y dz) where C is the boundary of the rectangle 0 €x = hi O= ys 1/2 =. 


(Rohtak, 2005) 
11. Use Stoke's theorem to evaluate (V х Еу. М ds, where Е 2 yL + (x — 2xz) J — xyK and 81 is the surface of the sphere 
x? + y? +2" = а? above the xy-plane. (Kottayam, 2005) 

12. | 


Evaluate fy x V , dS over the surface of the paraboloid z= 1 —x*— y?,z 70 where V — yl +20 + хк. 


, VOLUME INTEGRAL 





Consider a continuous vector function F(R) and surface S enclosing the region E. Divide E into finite 
number of sub-regions E,, Es ..., E „ Let би, be the volume of the sub-region E, enclosing any point whose 
position vector is R;. 


n 
Consider the sum Ү- Ў, F(R;) би, 


i=] 


The limit of this sum as п — œ in such a way that би, — 0, is called the volume integral of F(R) over E and 
is symbolically written ав | Е dv. 
Е 
If Е(К)-/ї(х,у,21-4 ф(х, y, z)J + yix, у, 2)K so that бо = бхбубг, then 
| Fdv -1 Ш fdxdydz + д Ї bdxdydz + К [ff. wdxdydz, 





If F is a continuously differentiable vector function in the region 
E bounded by the closed surface S, then 


LF. Nds = |, div F dv 


where N is the unit external normal vector. 
If F(R) = f (x, y, =Л + ф(х, y, z M + х, y, 2)К 
then it is required to prove that 


jl (fdydz + odzdx + ydxdy) 


=} Е ax ++) dxdydz 0) 


Firstly consider such a surface 5 that a line parallel to z-axis 
cuts Lt in two points; say P (x, у, z,) and Р, (х, у, 25} (z, SZ.) (Fig. 8.20). 
If S projects into the area А, on the xy-plane, then 


ЇЇ © анала: = jf, Фу [^ 9* ш 


= || Iri у, >) — Чих, у, а dxdy = fl. Hx, y, 22) dxdy — ЇЇ, Wx, у, 21 ) ахау ..(2) 





Fig. 8.20 


Let S,, S, be the lower and upper parts of the surface S corresponding to the points P, and Р, respectively 
and М be the unit external normal vector at any point of 5. As the external normal at any point of 5, makes an 
acute angle with the positive direction of z-axis and that at any point of S, an obtuse angle, therefore 


Jl. Ч (х, y, 25) ахау = [. wN. Kas (3) 
ЇЇ, W(x, у, гү) dxdy = 4 wN . Eds (A) 
Using (3) and (4), (2) now becomes 
ii У dxdydz = i yN. Kds + [. УМ. Kds = [ Ум. Каз (Б) 
Similarly, we have 
ff, 5 dxdydz = [ fN . Ids ...(6) 
| > dxdydz = [ ФМ. dds AT) 


Addition of (5), (6) and (7) gives 
ЇЇ Е - Ax * Y | axdyde = роз + oJ + wK). Nds which is same as (1). 


Secondly, consider a general region E. Assume that it can be split up into a finite number of sub-regions 
each of which is met by a line parallel to any axis in only two points. Applying (1) to each of these sub-regions and 
adding the results, the volume integrals will combine to give the volume integral over the whole region Ё. Also 
the surface integrals over the common boundaries of two sub-regions cancel because each occurs twice and 
having corresponding normals in opposite directions whereas the remaining surface integrals combine to give 
the surface integral over the entire surface S. 

Finally consider a region E bounded by two closed surfaces S,, 5, (S, being within S,). Noting that out- 
ward normal at points of 5, is directed inwards (i.e., away from S,) and ое an additional surface cutting 
Sp S, 50 that all parts of E are bounded by a single closed surface; the truth of the theorem follows as before. 
Thus theorem also holds for regions enclosed by several surfaces. 


Hence the theorem is completely established. 


*See footnote p. 37. 





Solution. As УЕ = б «3o — zx) ex - xy) 


= Ax +y +2) 

^ f, div F dv=2 f [ [e+ y 2 dedyde 
=2 [аера нана 
-2| а e + abe) 


агь ab? с? | 





-2| ——є+——е+аБ— 
аа ор. 


= abc (a 4 b + c) wd) 
Also [ ғ. Nds = Lr Nds + | F. Nds +...+ | F. № 


where S, in the face OAC'B, S, the face CB'PA', S. the face OBA'C, S, the face AC'PB', S. the face OCB'A and Se 
the face BAP'C' (Fig. 8.21), — 

















шиш A feo (22 ЕЕ 
Now Г, F- Nas - | Е.-ю--|, | ©- ху) dxdy = 
| тээ 26? 
25 ^ PEE 2$ x: NE 2 _ 
[, F.Nas- |, F. Kas [fe xy) didy = авс 
12 2 ? 2 
Similarly, f, Р.М =, [ F. Nds - abc - ^7—, 
| (9 с?а? ca" 
Е. Маз= 2 : 
Thus |, F -Nas = abc(a +b + с) ii) 


Hence the theorem is verified from the equality of (i) and (i£). 





бана нараа, 
f Е-4з= 1 div Е dv 
2 [, E 4х) + 5 (- 2y*) + eav 
- 111, (4 — 4y + 22) dxdydz 
ых 


жн [ (4 —4y + 22) dzdydx — 


#7 Ж 778 Е: 72772 Уг». 





214 ? 
Г, Ге |42- — А "P Fig. 8.22 


Г. са +, 02- 12у + 9) dydx 





= f. |21y - 6y* asm 
| 2 
-42 Гм (4 — x?) dx = 84 [ Jua – х?) ах = 84 зүсээ + 5 sin? *| -84m. 


2 2 





Solution. The surface of the region у: OABC i 15 piecewise аан. (Fig. 8. 23) 
and is comprised of four surfaces (i) 8, — circular quadrant OBC in the yz-plane, 
(ti) S, — circular quadrant OCA i in the zx-plane, 
(111) s, — circular quadrant OAB in the xy-plane, 
and (iv) S-surface ABC of the sphere in the first octant. 
Also Е = yzI + zxJ + xyK 
By Divergence theorem, 


[, div Fav = L F.dS+[ F.ds+ L F.dS+ | F.dS ..«D 


д д | Fig. 8.23 








Now div Е = Саша nt гтэй -0 
For the surface S}, x = 0 
ЭЭ Маё у) 4 а ela? y) T at 
9 1, Е-48-у | огр. аар f. yedydz ==- © 
4 





Solution. The parametric аа Оно of the аан are x =a + р sin 8 cos 0, y= -ba p sin 0 sin ф,г=с+ 
p cos Ө and to cover the whole sphere, r varies from 0 to p, Ө varies from 0 to л and from 0 to 2m. 


|. (Ix? + my? + nz?) ds = Ї (2E + y2J + 22K) . Nds 
= 1 div (x*I + y*J + 2°K)dv = 2 [, (х + у + z)du 


on рп рр 
-9 Ї [ Г (a +b + c) + p(sin Ө cos ф + sin Ө sin ф + cos ӨД x p? sin Ө 4г4040 


р? 8л 
= 20а +6 +с) E|- cos ef. Inr (a +Ь c) р?. 





Solution. Taking 6 = ax? + by? 4 c2? — 1 0, Vo = дох + 2byJ + ею 
УФ _ ахї + byJ + с=К 
УФ 
Since Е. М = (ax? + b?y? + с222)12, Е. (ахі + byJ + czK) = 1 


г, Unit vector normal to the ellipsoid = A = 








Obviously F = + у +2К [ ax? + by? + cz? = 1 
г, By Divergence theorem, 


|, Е-48= f, div Fav = |, 22+ 20+ 2 = [ dv=av 











ду 
=з. 7 2. St : Vol, of ellipsoid = 25 - | 


3 (abc) 





Solution. (a) When О is outside S. Here Е = R/r? is continuously differentiable 
throughout the volume V enclosed by S. Hence by Divergence theorem, we have 


„7 ER ү... 
Ц -nae fff (чуо |а) о 
(b) When О is inside s. Hence F = R/r? has a point of discontinuity at O and as 
such Divergence theorem cannot be applied to the region V enclosed by S. To remove - 
this point of discontinuity, we enclose О by a small sphere 5” of radius р. Fig. 8.24 
Now F is continuously differentiable throughout the region V' enclosed between 5 and S'. Therefore 
applying Divergence theorem to region V’, we get 


LS Nds || 2 A мав = [f div[ ^ Jav -o Ї ак(8|-0| 
^ 15 = Мав- -Ї 5 .N ds’ 440) 


Now the outward normal N on the sphere 57 is directed towards the centre О. Therefore М = — R/p on S" 





(Fig. 8.24), | 
- Е мм -- ff. rt R) as [т en S^, r=) 
E enn HL nnn fe anm 
Hence from (1), If AN ds = 4m. 





GREEN'S THEOREM* _ 


If 6 and w are scalar point functions possessing continuous derivatives of first and second iiir, then 


| (ФУ? у = vV^ó)dv = [ С- ф oy -y = Jas 3X1) 


where д/дп denotes differentiation in the direction of a external normal to the bounding surface S enclosing the 
region E. 


Applying Divergence theorem : I. Е. Nds = || V. Fdv to the function фУү, we get 
Ї Vy. Маз = 1 V .(6Vw)dv = f. (Vb. Vy + фу?) [By (2) page 329] 
5 1 Vo. Vydv + Ї фу уо 09) 


*See footnote р. 889. 
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Interchanging ф and v, (її) gives 
[ ууф. Nds = 1 Vy . Vodu + 1 уу бар (3) 
Subtracting (3) from (2), we have [ (oVw—wVo). Nds = | (ФУ у — уу" МО 
But Vy. М = dw/dn the directional derivative of y along the external normal at any point of 5. Hence 


[ (02% ха -y æ) ds = L (HV y - ууф) ао which is the required result (1). 





Obs. Harmonic function. A scalar point function ф sati 
region E, is called a harmanic function in E. 
If and $ be both harmonic functions in E, (1) gives 


[+ oY ds = Ї m 9 ds which is known as Green's reciprocal theorem. 


PROBLEMS 8.10 
1. Verify divergence theorem Гог F taken over the cube bounded by x = 0,х=1;у=0,у =1;2= 0,2 = 1 where 
(i) Е = 4x21 -y + yzK (Madras, 2006) (ii) x21 + zd + yzK (Bhopal, 2008) 
2. Verify Gauss divergence theorem for the function Е = yl + xJ  z?K over the cylindrical region bounded by x* +? = 
9 z-—üandz-d2. 
3. Using divergence theorem, prove that 


(i) | В-48=з/ в [ vr*.as- ev (U.P.T.U., 2003) 





where S is any closed surface enclosing a volume V and г? = x? + у? + 2°. 
4. Using divergence theorem, evaluate | В. Маз where Sie the surface of the sphere x? + у? 4.27 = 9. 
5 
5. If Sis any closed surface enclosing a volume V and Е = axl + буд + czK, prove that 
|. Е. Nds = (а + 6+ c)V i (Madras, 2003) 
6. For any closed surface 5, prove that [ео —2)1 + y(z —)d + z(x — y) K]. ds =0. 


7. Use divergence theorem to evaluate J. I .dS, where 


(УЕ =2°1 + УЗЫ + 29K, and S is the surface of the sphere x? + y? + 22 = a* (V.T.U., 2008 ; P.T.U., 2005) 

(iz) F = [e*, e", е^] and 5 is the surface of the cube | x | S1, |y | S [2| $1. (B.P. T.U.,.2005) 

&. Evaluate | (xdydz + ydzdx + zdxdy) over the surface of a sphere of radius а. (Kurukshetra, 2008 S) 

9, Evaluate | Е.48 where F =y] + 2257) +2:2y?K and S is the upper part of the-sphere x* + y* +22 =a? above XOY 
plane. ^ 

10. By transforming to triple. integral, evaluate [[ (х Фуйдг x^ ydzdx + x*zdxdy) where S is the closed surface 

consisting of the cylinder х? + у? = а? and the circular discs = = 0 andz =b. (Burdwan, 2003). 


11, Evaluate |. (VxF).dS, where S is the surface of the paraboloid х? + y? + z = 4 above the xy-plane, and 
B= (x? +у— 4+ Byd + (2х2 +2 К. 


12. ICF = (2x2 32) - 2xyd — 4xK, then evaluate il У.Е dv, where V is bounded by x =у =z = 0 and 2х + 2y +г 4. 
| (Bhopal, 2008) 


13. If F = grad $ and VA = —4npb, prove that ЇЕ ‚ Маз = - 4пр 1 dV where the symbol have their usual meanings. 


8.18 (1) IRROTATIONAL FIELDS 





An irrotational field Е is characterised by any one of the following conditions : 
(i) ^ x F = 0. (it) Circulation [F . dR along every closed surface is zero. 


(ui) Е = Аф, if the domain is simply connected.* 
If V x F = 0, then by Stoke's theorem, 


[в . АВ = ЇУ xF.dS -0,ie, the circulation along every closed surface is zero. 


Again since V x үф = 0 
_ In an irrotational field for which A x F = 0, the vector Е can always be expressed as 
the gradient of a scalar function provided the domain is simply connected. Thus 
Е = Уф. 
Such а scalar function ф is called the potential. In a rotational field, F cannot be 
expressed as the gradient of a scalar potential. 





Fig. 8.25 


Obs. 1. In an irrotational field, the line integral F between two points is independent of the path of integration 
and is equal to the potential difference between these points. 
If aced be any closed contour in an irrotational field Е (Fig. 8.25), then 


| F.dR-[ F.dR. | F.4&-c 
F.dR-[ как 
Е Ї, [1 


i.e, the value of the line integral is independent of the path joining the end points. 
Further, substituting F = Vo, we have 


“Р apt ve-gR= db 19$ x). (тах + дау + Каз) 
| E-an- | voar- СЕЕ: 


= f (3925 2 ay + 28 ae) - | da=- ta- 


Obs, 2. IER is a vector force acting ón a particle, then $. F . dR represents the work done in эдш ше ен 


When wah v. F : © = 0, the field is said to be conservative, Le., no work is done in displacement from a point a to 
another point in the field and back to a and the mechanical energy is conserved. 

Thus every irrotational field is conservative. 

Obs. 3. The well-known equations of the Poisson and Laplace hold good for every irrotational field. 

Suppose V . F = -Г6, y,2). Then V. V6 e fix, y, 2) te, Vb sfx, y, 2) lt) 
which is known ав Poisson's equation. Its solutions for electrostatic fields enable us to determine the potential фав a 
function of the charge distribution f (x, y, 2). 


If Го, y, 2) =ü then (i) reduces to У2ф = 0 which is the Laplace's equation. The solutions of this equation are of great 
tance in modern engineering and physics, some of which we'll study in $ 18.11 and 18.12. 


(2) Solenoidal fields. À solenoidal field F is characterised by any one of the following conditions : 











()V.F-0. (i) flux ЇЕ . М ds across every closed surface is zero. (iii) F = V x V. 
If У.Е = 0 then by the Divergence theorem, 

ЇЕ ‚ Маз = [ғ . Fdv = 0, Le., the flux across every closed surface is zero. 
Again since V. V x =0. 


in a solenoidal field for which V . F = 0, the vector F can always be expressed as the curl of a vector 
function V; thus F - V x V. 


*A domain D is said to be simply connected if every closed curve іп D can be shrunk to any point within D. 








Solution. Since V x F = — = -1-0 


х -у x -(2xy- y) 0| 
22 this field is irrotational and the vector Е can be expressed as the gradient of a scalar potential, 


ie., (x? — y? + x) — (2xy + y)J = Уф = iE. 


whence дф/дх = ый —y?* x 40) 
dé/dy = — (Zxy + y) Aii) 
al nit 
Integrating (i) w.r.t. x, keeping y constant, we get ф = = — ух + = + f(y) wl ELE) 
2 
Similarly integrating (ii) w.r.t. y, keeping x constant, we obtain ф = — xy? — Яс + gx) Iu) 


= . 2 RC 
Equating (iit) and (iv), we get = - ух + > + f(y) = – ху? - гд + g(x) 


2 з 
y x? x 
=. 2 ganas a4 
f ty) g an a(x) a s 
2 z 2 
: ae dim a. 
Hence ф = 8 xy + 2 2 
Since the field is irrotational, 
| Е | 1 1 4 8 _ 17 1 
F.dR from(1,2)t0(2, 1) 24, 3-0 = | —=1x 44 ——— |-| ——52x14——— jg 
[ 02-21 Ё 15445 4 Е 2х1+5 3 7. 





-11-1)-441-1)-К1-1)-0. 


Solution. We have V x V = 


х — dy дг 
у+= zX x+y 
^ this motion is irrotational and if $ is the velocity potential then V = Уф, [$ 20.6] 
Le., (у+=)Т + (2+х + (х+УЖ = эгээ 
9 _ 2 9ф = | db _ 
Эс VENUS mE =x+y 
Integrating these, we get ф = (у + 2)х f 2) w(t) 
) = (2+хуу + faz, x) ti) 
and $= (x + yl + fa, y) A) 


Equality of (i), (ii) and (11), requires that 
fi, 2) = yz, falz, х) = 2х, fx, у) = ху. 
Непсе ф = yz + zx + ху. 
(5) The fiuid motion is possible if V satisfies the equation of continuity which for an incompressible fluid 
isV.V=0. [Зее § 8.7 (1) 





Неге У. У + +++, Gy 0 


Hence, the fluid motion is possible. 
= m р 4 Ж Т. n р rr | 5 [a | лэ yi d | 


LP P > a 

. г ami Z Бла = <j 

1 a л WE" 58, Га 
га 1 


IS i. Жи. Ws 
сор, | 177 - * 
c Pao ge а 
1 Ф ! ' Home. “a 4 
i Pa A A | i be з 






i " Lx Ж T E ке ыша шы В LANE 
1 ОГЧ —' = le i | Г н i = А-7 Suo Е ү 4 
Йй ЖИЕ. 2,- | ALPE (1. Uf. я OF 50. PUL ee Ч 1 
WF au, Бу Че Къ Гои“ АИИ. ner. MEE M Ns tb a i Marais шый iia 
} i j 


riidat i Y i Я à 1 ў у T" e I F ü Л у 5 1 ‹ ый ae 4 ! 7 | | Жу С ў | 
Solution. The line integral of F is independent of path of integration if V x F = 0. 
= J. [2xyz? I + (x?z? + 2 cos yz) + (2x*yz + y cos yz)K] . (Idx + Jdy + Kdz) = f. F. dR 


9х ду dz 

2хуг? x?z? +2 сов ye 2x^yz + у cos yz 

= I [2x?z + cos yz — yz sin yz — (2x?z + cos yz — yz sin yz)] 

— J[Axyz — Axyz] + К[ 2х2? — 2xz?] = 0 


J 
and ҮхЕ- 9 8. 9 


^ the given integral is independent of the path C. 
Now let F = Уф 


Le., (2хуг®)ї + (x2? + z сов уг) + (2х?уг + у cos yz) K = 12+ A 


& 2xyz? ae +2 сов yz Qj eae te лаа = 


Integrating first w.r.t. x partially, we get 
ф = x*y"z? + 4, (у, 2) i) 
Integrating second w.r.t. y partially, we get 
ф = x?yz? + sin yz + Y (г, x) й) 
Integrating third w.r.t. z partially, we get 
ф = x*yz? + sin yz + (х, y) (i) 
Comparing (2), (Z1), (111), we have 
‘Y (у, 2) = terms in $ independent of x = sin yz 
Ф.Х, х) = terms in ф independent of y = 0 
ЧФ. (2, x) = terms in $ independent of z = 0 
Thus ф = x?yz? + sin yz 
Hence the value of the given integral = |o а 
= (0+0) – (0 + sin 1/2) =- 1. 


н " л |n d P 1 [| 1 L! 

= : Ё E lE д Бо. | ; | ОРЧ Ё-: = и. 
Wr E ei 15-72: ToU xh ЕЕ, Bun oe “Ый. E 
“a Ars Rr дашт, = ^ie 

(1 6 : a 







Solution. F is a conservative vector field when curl F = 0. Here 


I J 

Curl =F = 9 9 
дх ду 

у? созх + 2° 2ysinx-4 3х2? +2 


= КО — 0) – J(32? — 322) + К(2у сов x — 2y cos x) = 0 


ЗЕ 





Le, 


10. 





F is a conservative field. 


Now let F = Vo 
(y? cos x + 23) 1+ (2y sin x — 4) J + (3xz? + 9)К-129 +а ®+к 9 
Ох ду dz 
у? cosx +2" = 23 2y sinx—4= Э Sas ede > 
Integrating first w.r.t. х partially, we get 
ф= у? sin x + xz" + y, (y, 2) wild) 
Integrating second w.r.t. y partially, we get 
ф =y" sin x —4y + P,(z, x) UD 
Integrating third w.r.t. z partially, we obtain 
ф = xz? + 22 + V (x, y) и) 


Comparing (1), (її), (111), we get 
Ч (У, =) = terms in > independent of x = — 4у + 22 
V (z, х) = terms in ф independent of y = xz? + 22 
Ч.(2, x) = terms in independent of z = у? sin x — 4y 
Thus ф-х: + y? sin x — 4y + 22 
In a conservative field, the work done = $4 — ф, 


= ф [5:-1,2]- eo. 1,— 1) 
=(4n+1+4+4)—(—4— 2)=4n + 15. 


PROBLEMS 8.11 


If $ is a solution of the Laplace equation, prove that Уф is both solenoidal and irrotational. 
Show that the vector field defined by F = (x? ху + (y? + x3y)J is conservative and find the scalar potential. Hence 


evaluate |r. dR from (0, 1) to (1, 2). 
1 gin to the point 


Find the work done by the variable force F = 21 + ху on a particle when it is displaced from hn ori 
В = 41 + 2J along the parabola y? =z. 





. Show that the vector field given by А = 3x"yI + (x* — уг?) + (32? — 2y2)K i is irrotational but not solenoidal, Also find 
Wx, y, z) such that Уф = A. 


Show that the following vectors are irrotational and find the scalar potential i in each сазе: 
(i) (x? = уг) + (y? —2xM 4 (2? — xy)K 


(ti) 2xyI + (x? + 2y2)J + (у + DK | (У.7.0., 2007) 
(iit) (бху + z*)E + (3x? — 2) + (3x2* - УК (Raipur, 2005 ; V.T.U., 2003 S) 
(iv) (2ху? + уг + (2х2у + ха + Bye" hd + (2*2 + хук. | (V.T.U., 2010) 


Fluid motion is given by V = ахї + ау — ZazK. 
(1) Is. it possible to find out the velocity potential ? If so, find it. 
(ii) Is the motion possible for an incompressible fluid ? | 
Show that the vector field defined by Е = (у sin z — sin x)I + (x sin 2+ уге + (xy cos 2 +))K is irrota 
its velocity potential, (Kottayam, 2005) | 





. Show that F = (2ху + 231+ 3?J 8х:2Кїса ҮРЭЛ ЭСЭН 00) field and finda function such that F= Уф. Also find 
‘the work done in moving an object in this field from (1, — 2, 1) to (3, 1, 4). (Nagpur, 9009) 


НЕ = Gy + aüz)JIE + (bx + 2у —2)J + (x cy + 22)K, find a, 5, e such that curl Е = 0, then find p such that = V. 


(V.T.U., 2000) 
Find the constant a so Eu V is à conservative vector field, where 
= (аху — 2*)I + (a — 2)x?J + (1 — a)xz?K. 
igi won its scalar Vra and work done in moving a particle from (1, 2, -3) to (1, — 4, 31 in the Bon. 
(Mumbai, 2006 ; Raja: 








[im (1) ORTHOGONAL CURVILINEAR COORDINATES 


Let the rectangular coordinates (х, y, 2) of any point be expressed as functions of u, v, w so that 


х= x(u, v, ш), y = у(и, v, ш), = z(u, v, ш) LL) 
Suppose that (1) can be solved for и, v, ш in terms of x, y, 2, so that 
и = u(x, y, z), и = v(x, y, z), w = w(x, y, 2) ...(2) 


We assume that the functions in (1) and (2) are single-valued and have continuous partial derivatives so 
that the correspondence between (х, у, z) and (и, v, w)is unique. Then (и, v, ш) are called curvilinear coordinates 
of (х, у, =). 

Each of u, v, w has a level surface through an arbitrary point. The surfaces и = uy, U = vy, ш = u, are called 
coordinate surfaces through P(u,, Vy ш). Each pair of these coordinate surfaces intersect in curves called the 
coordinate curves. The curve of intersection of u = ц, and v = v, will be called the w-curve, for only w changes 
along this curve. Similarly we define u and v-curves. 

In vector notation, (1) can be written as В = x(u, v, w)I + yiu, v, w)J + z(u, v, WK 

dR = ян du + E du + E dw ..18) 

Then дН/ди is a tangent vector to the u-curve at P. If T, isa 
unit vector at P in this direction, then dR/du = А.Т, where 

= |dR/du |. 

Similarly if T, and T,, be unit tangent vectors to v- and 
w-curves at P, then 
R- -AQT, d SE -h,T, 
where A, = |9В/ди | and л, = | 9R/3w |. [h]; Ay, А, are called scalar 
factors.] 

Then (3) can be written as 

dR = һ и T, + hadu T, + л, dw T, fA) 

Since Vu is normal to the surface и = и, at P, therefore, а 

unit vector in this direction is given by N, = юэ : 





UE А Vou Vw X 
Similarly, the unit vectors N, - ун“ тет ond. №, 7 Wuj аге Fig. 8.26 


system there exist two ея of unit ventorg: T, т, Т, tangents tou, v, w-curves and М,, М, м. neta to the 
co-ordinates surfaces (Fig. 8.26). 

In particular, when the coordinate surfaces intersect a right angles, the three coordinate curves are also 
mutually orthogonal and и, v, w are called the orthogonal curvilinear coordinates. In this case T,, Т, T,, and N,, 
М,» №, are mutually perpendicular unit vector triads and hence become identical. Henceforth, we shall refer to 
evthagenel curvilinear coordinates only. 


Multiplying (3) scalarly by Vu, we get 


Vu .dR = du = (vu. ) du + (vu. 2) dv « ( уи.) аш 
vihésióo Vu. oR 1, Wee: R 9, vu. 9R =0 
Similarly, Vo. он 0, Vv R. 1, Ww. 26 = 0 
and Vw. R - 0, Vw 98 -0, Vw. R 21. 


These relations show that the sets dR/du, dR/dv, ӘҢ/дш and Vu, Vv, Vw constitute reciprocal system of 
vectors. 





oR 





Vu = P5 ^ дш (As T. ) x (А.Т, ) 
| Ж. oR | | ay KaT, ) Gi T, ) x Tl 
ди до дш 
koh, T, x T, T, 
и cz o ТТТ. 21 
ТТЛ] 7, мас эн. 
or T = h; Vu | 
Similarly T,= Vo and T, = A, Vw (5) 
Also =T, x T,, = hgh; Vu x Vw 
Similarly T, = hah, Vw x Vu and Т, = h,h, Vu x vol (6) 


Arc, area and volume elements 
(1) Are element. The element of arc length ds is determined from (4). 


ds? =dR . dR = h!du? + Бао? + паи? AT) 


The arc length ds, along u-curve at P is h,du for v and w are constants. 
Therefore the vector arc element along the u-curve is du = h,duT,. Similarly 
vector arc elements along v and ш curves at P are dv = h,dv T, and dw = 
h,dw Т. The arc element ds therefore corresponds to the length of the diagonal of 
the rectangular parallelopiped of Fig. 8.27. 

(11) Area elements. The area of the parallelogram formed by du and dv is 
called the area element on the uv surface which is perpendicular to w-curve and 
we denote it by dS. Hence, dS, = [аи x dv| = h,h;dudv. Similarly, dS, = h,h, 
dudw, dS, = h,h,dwdu. 

(iii) Volume element is the volume of the parallelopiped formed by du, dv, 
dw. 





dV = [h,duT,) . (h,dvT,) x в.ашт 


Fig. 8.27 
= hgh, dudvdw (8) [7 IT, T, T] =1 
This can also be written as 
Чу = 9R OR, OR , dw = San?) du аваш -49) 


Qu' dv dw d(u, v, ш) 
where dix, у, zVd(u, v, w) is called the Jacobian of the transformation from (x, y, z) to (и, v, ш) coordinates. 


(2) Del applied to Functions in Orthogonal Curvilinear coordinates 
To — that 











LO T, Т, Әу 
(1) Vf= Peet ee 
(2)У.Е- UNS Е hghsf,)+ 2 (igh fy) + 2 Un hf, ] 
E ЭЛ 
ЕЕ Ч ЁС 
(3)УхЕ- 3n J fs where Е = f£, T, + f, T, + f;T,, 
hf, hf hf. 


(1) Let f (u, v, w) be any scalar point function in terms of u, v, w, the orthogonal curvilinear coordinates. 
Taking u, v, w as functions of x, y, z, we have 
T ud 0E. T ЯМ Ar. Oe AL) 
of of ди af dv of ðw 


E бе o age БЕ (ш) 


ду ди ду Әр ду dw ду 
| of _ of ди, of до, of dw - 
and dz ди dz "Эр dz "Эш de ALL) 





Multiplying (i) by I, (її) by J, (iii) E^ K and adding, we have 

4 o к a 

Vfz — i — ty | 
f= uc Jv и+— 3 . 110) 
| ^ Of "Ld Т. af 
m NC уа T gc s By (5) p. 356 
X A M A. Xu [By (5) p. 356] 

which is the required result. 
(2) Let F(u, v, w) be a vector point function such that 


F - fT, + /,T, + ЕТ, = 27, hh, Vu x Vw [By (6) p. 356] 
У.Е= ХУ. (ВЛ. Хо x Уш) 
= E[ Ah.) V. (Vo x Уш) + (Vv x Vw) V hha) 840) 
Now V . (Vu х Vw) = Vw. V x (VU) - Vv. Vx (Vw) = 0 [By (5) p. 330] 
9( ) CUP hah 
and Vif, hh.) = “лсын Vu + — Vu + SC Vw [By (tv) above] 


(v) now becomes 
V.F=) (Vv x Vw). | Жө) vy , Aitola) үү, Aidaho? yy | 
| du du ди! 





d HAR 
= [Vu, Vv, Vw] Y мэн, i ~ 25, 2:3) алі) which is the required result. 


Cor. Laplacian. V?/- V . (Vf 
ТЭГ T, of | T, 3f | 1 ч д La \ 
=V — + — Aul х= 
hy ди ha ae ha ди) hy haha 
(3) Let F(u, v, w) be a vector point function such that 





К -fT,-fT,-*f/.T,-fh,Vu-f,h,Vu-fjh,Vw [By (5) p. 356] 
УхЕ= ХУ x(fih,Vu) [Using (3) р. 329] 


ди 
[9h V oo, fm) 
= » E VOR Vut — — Yao Vu 


«ее 


= УУДА) x Vu + АА, . V x Уи] = У | “251 yu + “ЛА yy , Mh үүр | сүм 


ди/ Аа 
Afi) Ty , 9h) T, 942185) T, 4 Ahaha) T, | Afghs) T, + Малд) 3, 


— Ee ndr 80 че ёс м 
Eo 


du hh, Ow hj OW hh, ди hh Qu hh Әә ҺА, 
T, ES A faha) 


жан ee * two similar terms, whence follows the required result. 
Л) ш 
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TWO SPECIAL CURVILINEAR SYSTEMS 


(1) CYLINDRICAL COORDINATES 





Any point P(x, y, z) whose projection on the xy-plane is Q(x, y) has the cylindrical coordinates (p, 6, z), 
where p = OQ, ф = ZXOQ and z = QP. 

The level surfaces p = ру, ф = $5, 2 = 2, are respectively cylinders about the Z-axis; planes through the 
Z-axis and planes perpendicular to the Z-axis. 

The coordinate curves for p are rays perpendicular to the Z-axis; for 6, horizontal circles with centres on 
the Z-axis; for =, lines parallel to the Z-axis. 

From Fig. 8.28, we have 

х= p cos ф, y = p sin ф, 2 = 























(2) Are element. 
(ds) = (dx)? + (ду)? + (92)? = (ар)? + p? (do)? + (dz)? 
so that the scale factors are Л, = 1, й, =p, Аз = 1. 
(й) Area elements dS, = = Байж. 45, = агар, 45, = рараф where 
dS, is the area element 1 to p-direction, etc. 
(iii) Volume element dV = pdpdodz. 
(2) Cylindrical co-ordinate system is orthogonal 
At any point Р, we have x = р cos 6, у = р sin ф, 2 = 2, 
so that R =p cos QI + p sin $ + zK 
НТ, Tp Т, be the unit vectors at P in the directions of the 
tangents to the р, 6, z-curves respectively, then 


OR/dp _ cos ol + sin J 











ИН = E DC —— = cos фЇ + sin 
Р (9879р| (сов? ф+вт? $) ! т Fig. 8.28 
Li | (в. : | 
Tu RE pM ЭРЭЛЧ. «ний онд 
[ƏR / oe] [(-р sin ф) + (p cos 9)" ] 
ORidz 
and T,= [ЭЕ /&| -К 


Now T,- T,= (cos of + sin oJ). (— sin ФТ + cos 63) = — cos ф sin ф + sin $ cos $ = 0, 
Т.Т, =(—sin фЇ + cos oJ). К = 0, and T, . T, = К. (cos QE + sin oJ) = 0 
Hence the cylindrical coordinate system is orthogonal. 
Also T, x T, = (cos фЇ + sin 09) х (-sin oI + cos oJ) = (сов ф + sin? ф) Ix J- K - T, 
T, x T, = (-sin 01 + cos oJ) x K = sin oJ + cos ol = Т, 
T, x T, = К x (cos ФТ + sin ф 7) = cos oJ — sin 0 = T, | 
These conditions satisfied by T Ty and Т,, show that the cylindrical coordinates system is a right handed 
orthogonal coordinate system. (V. T.U., 2008) 
(3) Del applied to functions in Cylindrical coordinates 
We have u = р, о = ф, w =z апал, = 1, h, = р, А. = 1. 
Let T» T, Т, be the unit vectors in the directions of the tangents to the р, ф, z curves. 
(1) Expression for grad f. 
= T, of T XY Tw of 
аны We о A, dd p 
Vf= T, (Lx T 
(it) Expression for div F where Е = f, T, + fT, + f,T,, 
Since V.E- р XX E isi fo) + y hh) ts 5222 | 


ше ш 2. da 9 
ЕНЕ 121 


(iii) Expression for curl Е where Е-Г,Т, -Г,Т, + ЕТ, 








hh, hgh, hh} |Т,/р T, мн 
Si xF- 9 9 919 9 94 
nh Мике сс X allo ж ы 
hf, heh hafa А P h 

-T 2 (2-55 (22-13 

‚(5 дф dz + т, dz Әр * др р дф 





(iv) Expression for Mm 


Since p UTER | 





ija of 9|14/),9 
“а -: 
р | dp \ Pap) д6 e 
Solution. Wehavess pcos ф, у = пасол: зан Z. 
so that В = xI + yJ + 2K = p cos ol + p sin ¢J + zK 


If T, T, T. be the unit vectors along the tangents to p, ф and z curves respectively, then 
dK / др cos ф + sin 04 

















T,- 8720 БЫК т = cos ol + sin oJ 
‚= ду pe ging cos dd 
(|9В/90| . [(— p sin $)? + (р cos Ф | 
OR / de 
~ 19874 | 
Let the expression for Е = 21 — 2xJ + УК in cylindrical coordinates be 
Е=АТ, + РТ, + f;T, Ki) 
Then f, = F. T, =z cos ф — 2x sin 6 
= Е. Т, = -z sin ф – 2х cos ф 
f4- F. E- agi i 


Substituting the t of A Ї» f in (1), we get 
= (2 сов ф— 2х вш ф) Т, — (г sin ф + 2х cos ф) Т, + УТ, 
“Тєсиө-рмаарл,- -( sin + 2p cos! T, — 


en uM CIS 
ple 8.53. 8 12 solenoidal vectors, 0 i 
бойон, (i) Fm log p is a function of p TER We have to prove that V . (VP. Le, po 0 


2 2 
La m lof ESL oF „2 йор) + 12080, 
др pop. p^ of ә др р dp p р 
Hence V(log p ) is a solenoidal vector. 
(11) f= Vo is a function of ф only. We have to show that У . (Vf), ie., V7fF= 0. 

2 2 
КА ЖҮ. A 9.94 ЛИР 
др” "р др po^ дг р” аф 





Vf = 


Hence the result. 





(1) SPHERICAL POLAR COORDINATES 





Let Р(х, y, 2) be any point whose projection on the XY-plane is Q(x, y). Then the spherical polar co- 
ordinates of P are (г, Ө, 6) such that r = OP, Ө = ZZOP and ф = ZXOQ. 
The level surfaces г = г, 8 = Ө, ф = ф are respectively spheres about О, cones about the Z-axis with vertex 
at О and planes through the Z-axis. 
The co-ordinate curves for г are rays from the origin; for 8, vertical circles with centre at О (called 
meridians); for 6, horizontal circles with centres on the Z-axis 
From Fig. 8.29, we have 
x = OQ cos ф = OP cos (90? — Ө) cos 6 = г sin Ө cos 6, 
y = ОС sin ф = г sin Ө sin ф; 2 = г cos Ө. 


(1) Arc element 
(dsY = (ах)? + (ау? + (dzY = (ағ)? + г? (d0)? + (г sin Ө)? (do)? 
so that the scale factors are 
h,z1l,h,zr,h,-r sin Ө. 
(и) Area elements 
dS, = г? sin Ө dede, dS, = г sin 6dodr, dS, = гагад 
where dS, is the area element perpendicular to the r-direction, etc. 
(iti) Volume element dV = г? sin Ө drdédo. 
(2) Spherical polar coordinate system is orthogonal 
At any point P, we have x =r sin Ө cos 6, y =r sin Ө sin ф, z =r cos Ө, 








so that В = r sin Ө cos ФЕ + r sin Ө sin ф + r cos ӨК 
ET, Ty T, be the unit vectors at P in the directions of the tangents 
to the r, Ө, ġ-curves respectively, then Fig. 8.29 
x 3R/or. и sin Ө cos $l + sin Ө sin $7 + cos@K 
"^ [9R/Or| fisin? 6 cos? ф+ sin? Ө sin? ф + cos? Ө) 





= sin Ө cos oI + sin Ө sin 04 + cos ӨК 
_ 98/90 _ r cos 8 cos ФТ + г cos Ө sin oJ — гэт0 К 
? |9В/90| , (cos? Ө cos? + cos? Ө sin? 6 + sin? 6) 
= cos Ө cos oI + cos Ө sin oJ — sin ӨК 
OR/o>  -rsin8sinQl *rsin6cosQJ | 





and T, = aR 759] = Хана — sin ФТ + cos oJ 
Now T.. T, = sin Ө cos Ө cos? ф + sin Ө cos Ө sin? ф — sin 0 cos Ө = 0 
T. T, =- cos Ө cos ф sin ф + cos 0 sin ф cos ф = 0 
Т,. T = = — SİN Ө cos 6 sin ф + sin B sin $ cos $ = 0 
Also Т, x T, = sin Ө cos ф cos Ө sin ФК + sin? 0 cos $J — sin Ө sin ф cos Ө сов ФК 


— віп? Ө sin oI + cos? Ө cos oJ — cos? Ө sin ol 
= — sin QI + cos oJ = T, 
T, x T, = cos Ө cos? ФК + sin? ф cos ӨК + sin Ө sin $J + sin Ө cos ФТ = Т, 


and T, x T,=—sin Ө sin? фК + sin ф cos ӨЈ — sin Ө cos? фК + cos cos OI = T, 
The above conditions satisfied by T,, T,, and T, show that the spherical polar ин system is a right 
handed orthogonal coordinate system. (V.T.U., 2008) 


(3) Del applied to functions in spherical polar coordinates 
We have u =г, и = 0, ш =фапа Л, = 1,h,-r, h, = г sin Ө. 
Let T., T, T, be the unit vectors in the directions of the tangents to the r, 6, ¢-curves. 
(i) Expression for grad f 
T, of T of Т, of 
Ex: Mie. Hirt un ore Бан ыы ЛР 
h, ди А, ди. hy dw 
£ 1 of 1 of i 
V - T, 4-т-165------1 

ГЕ rae ? rsin@ дф d 

(ii) Expression for div Е where Е = f,T, + sd +AT, 


Since ҰР = 











n | 1 
Since VF = |S лал) +È ањ) за | 
У Е= а sin Ө fi) + — a (sine fy) + 2 of) 
hs Sigg yg) 9 uu 1 — 
tS r ^ nog алаг тү” 





(iii) Expression for curl Е where Е = КТ, + f,T,, + Г.Т, 














T T T, 
high Һа aha | 
Since VxF= 9 89 9 
ди du du | 
hh № tafa 
т T T 
rsin rsin6 r 
g d д 
VxF= ts Eick ae 
5 dr 99 дф 
h rf; г sin 0f, 





ЖЕРЕ. NS LM T Ty гах „|9 of; 
aa gir sin) a 712 |- E (г sin 0f4) — k 14 (rf) — Ed 


E (f sin. 8)- Hl ЕЕ [а EIE r s 2- 
(iv) Expression for V°f. 

















r^s 
«A 3. [35 1 2 (s m of 
= —— —| + — | 5їп Ө но 
2 ar\ ar’ (2 віп Ө 00 90/ г’ sin* Ө дф 


9f 19 Q1, 9f 29 , oto f 
„2 де? "aba rao r 900 











Drac аав We) a 
| рот си роны" соога semi s y : 
J A 5. 21 к | | £-€ | 523 aT 2 27 УО. 
Solution. We have ра Е ee rr RO 


so that R =r sin Ө cos fI + г sin Ө sin &J + г cos ӨК. 
If T,, T4, T, be the unit vectors along the tangents {о г, Ө, ф, curves respectively, then 
T = ОН / dr _ Sin 8cos 01 + sin Ө эт 04) + cos ӨК 
” [96/9] 








[(sin Ө cos ¢)? + (sin Ө sin ф) + cos? Ө] 
= sin Ө cos ФТ + sin Ө sin 06 + cos ӨК 
dR / дө г cos Ө cos ФТ + rcos Ө sin &J — rsin ӨК 
(г cos Ө cos $^ + (r cos Ө sin $)? + (—r sin 6)" | 
= cos B cos ФТ + cos Ө sin &J — sin ӨК 


OR/d> _ -rsin @sin ¢1+rsin Ө cos od 








T. = 
2 198/96] - 


Т,- =—sin ФТ + cos ФУ. 





[ав ә] - [(—r sin Ө sin ф) + (r sin Ө cos 07 | 
Let the expression Юг F = 2yI — 24 + 3xK in spherical polar coordinates be 
F-AT, + F,T, + РТ, 
Then  /,-F.T,-(2rsin Ө sin ol — г cos ӨЈ + 3r sin Ө cos ФК) . (sin Ө cos QI + sin Ө sin oJ + cos ӨК) 
= 2r sin” Ө sin $ cos $ — г sin Ө cos Ө sin ф + 3r sin Ө cos Ө cos ф 


A) 





(,-Ё.Т, =(2r sin Ө sin QI — r cos 0.7 + 3r sin Ө cos фК). (cos Ө cos QI + cos Ө sin $J — sin ӨК) 
= 2r sin Ө cos Ө sin $ cos ф — г cos* Ө sin ф — 3r віп? Ө cos 9. 
and f,=¥F . T, = (Zr sin Ө sin ФК —r cos ӨЈ + 3r sin Ө cos ФК). (-sin oI + cos J) 
= — 2r sin Ө sin? ф— г cos Ө cos 6 
Substituting the values of f,, fọ f, in (1), we get the desired expression. 


Example 8.55. Prove that V(cos Ө) x Vb = V(I/r). r0. 


Solution. In spherical polar coordinates, 


af 1 df 4 4 1 9f т 











ын at 99 Te r sin Ө дф n 
V 212 won «Laine 
(cos Ө) = = 0 = 0 At) 
1 328 
Ұф = = E) 

r sin 6 a; Ф = ani 
| 1-2 9 ү.-зүр 2001 
and V Ё эж, (77:71, = E T. 


Now from (i) and (ii), we get 


2 


У (cos 0) хУф=- 71 xT (2. 
r r 


1 


Ех l й —- 
ample 8.56. If F = г? cos Ө T, dT 


y find the value of F x curl F. 


Solution. In spherical coordinates, 
Т./ғ? ѕіп Ө T,/rsinO  T,/r 


n" 9 9 9 
curl F = 3r 20 20 
| h rf; г sin Of, 


Here f, = r* cos 6, f, = — Vr, „= Vr sin Ө. 
T. rT, rsin T, 





curl F = 1 = im T =r sin ӨТ, 





PROBLEMS 8.12 


1. Express the following vectors in cylindrical coordinates 


(i) 2yE —zJ + ЗК (ii) 2xI — 3y^J + zxK (У.7.07., 2009) 
2. Express the following vectors in spherical polar coordinates 
(Е) cL + 2yd + yzK (ii) ху! + уг + zxK 


3. Evaluate V = xyz in cylindrical coordinates. 
4. Show that Vir/sin Ө) x V8 = Vo. 


5. Prove that V > (T /sin 8-1, /сов Ө + r*T,) is solenoidal. 
6. Show that (i) V* (log г) = МГ? (it) V х [(eos 0) (Уф)] = V/F): 








7. Prove that V = pe sin 2o [n s, + ET ЗЕ 
8. Ши, v, w are orthogonal curvilinear coordinates Зарыг hy as scale factors, prove that 


47, 6! ү 


Б 


| 8.22 


ЕШ ир the blanks or. бдаг the correct answer from the. followin па problem 8 
| | Жы M COGO И mie =8 ает. | 


4. НА- Val pad гай, then V. WE | 
div curl F =.. 
. Area penned by a simple closed curve Cis... 
. If S is a closed surface enclosing a volume V and if R -я» yd +2K, then 


1 К. Маз = ese 


з. давс cita 
9, If Ais such that V x A=0, then A is called ... 


. Y.F 3, Фен | FL Nds where Sis a suri ыыы 


, IfV.F «0, then F is called... с 
12. The i rectional iuda exi of $E У,2) = Ly ye + au? at the point = 2,7 ал in’ the direction PQ where Р.-(1,2,-1) 
and Q = (-1, 2, 3) ів... | | ; 
Ч и = хуг, Е HT thea V. (Vu x Vv) =... 6, 
. curl (xyE уг.)  zxK) = ....... | 
| IFF = = fl +/ + К, then У. Е- aen | ‚> А.) 
6. If F is a conservative force field then curl Fis .- moe pd 
(7, Мф = 3x*y — 727, grad жаб the point (1, -2, — Dis... 
18 curl (xI + yd + zK) = | | 
. Workdone by a particle sing thes сабе formed by the lines y= zi таах + 1 under the force 
Ue +ху) + (x2 453 WT is... 418 
1, IfA is a constant vector, then div (A x К) 2... — 
23. ИВ 2 3T yd + zK, then V эм =й Мил. 
3. A level surface is defined ав. due 
54) ake gin ale = 2xy at the painit (2, 1, 4)is ... | 
25. Ише directional derivative муа ax + Бу + cz at (1, 1, 1) has maximum bna p tude 4 in direction parallel to x-axis, 
then the values ofa, b, c are ....... 
6. ci | сс n EF: derivative of o. зад od 42 at the point (1, l,- 1) TAE 
7. ifr? = a ate: then V. =... х 
к Direetional derivative nile seatt the point ( а, EE - 2) in the direction ofthe vector 21- 24 «Kis. 
. НУ = T ; 
ОНУ is (s) d ња à div equalto — " 
(a) 1 | ‘eo -1- 
1. The value of curl (grad f), where f= 2x* 
(c) 4x — бу +82, | ГА - буй + 82K 








32, 


46. 





The value of [grad (x + у — =) dR from (0, 1, -1) to (1, 2, 0) is 
(a) 0 (b) 3 (c) —1 (d) not obtainable. 








33. НЕ = ахї «Буд + czK, then [= „dS , S being the surface of a unit sphere, is 
(a) (4/3) лба ++ с)? (b)0 (c) 471/3 (a +b +0) (d) попе ofthese. ` 
34. A necessary and sufficient condition that the line integral [= dR for every closed € vanist 
(a) curl F = 0 (b) divF 20 (c) curl F 50 (d) div F «0. т 
35. The value of | угдуйх + exde dx + xy ахау), where S is the surface of unit sphere x? + у + 2? = 1 is 
(a) 0 (b) 4n (c) 40/3 (d) 10m. 
36. Ни-х y? + = and V = М + yd + zE, then V (nV) =........ 
37. For any scalar function y, V x V w= ....... 
38. Ї F.dHR is independent of the path joining any two points if and only if MS a 
С 
39. Тһе value of the line integral | ос + x?dy) where С is the boundary of the square -1 < х 51,-15у51ї8 
(a) 0 O 6) 26 y) (c) 4 (фаз. ^. WTU, 2010) 
40. If V is the instantaneous velocity vector of the moving fluid ata point P, then div V represents ....... 
41. The spherical coordinate system is | f 
(a) Orthogonal (5) Coplanar (c) Моп-сорЇапаг (d) Notorthogonal. ^ (УТ, 2010). 
42. Physical interpretation of V $ is that ........ 
43. The magnitude of the vector drawn perpendicular to the surface x* + 2y* 4 2? = 7 at the point (1, — 1, 2)is 
(a) 2/3 (b) 3/2 (с) 3 (41) 6. 
44, The value of A зо that the vector (х + ЗУМ + (y — 22)J + (x + А2)К is a solenoidal vector, is 
(8)-2 (5) 3 (е) 1 (4) none of these. 
45. The work done by the force Е = yzI + zxJ + xyK, in moving a particle from the point (1, 1, 1) to the point (3, 3, 2) 
along the path c is 
(а) 17 (5) 10 (c) D (d) cannot be found. 


Value af [оа + x*dy) where с is the boundary of the ядпаге-15х51,-15у51,15 


(a) 4 (6) 0 (c). 2x + у) (d) 4/3. 








47. The directional derivative of fix, y) = (x? — y?)/xy-at (1, 1) is zero along a ray making an angle with the posit 
direction of x-axis : 
(a) 46° (b) 60° (c) 185° (d) none of these. 
48. The vector V = sin yl +e" cos yd, is 
(a) solenoidal (b) irrotational (c) rotational. 
49. Ifu = Ик where r* = х? + у’, then V*?u = 0. ; (True or False! 
50. F = (x + 3y) I + (2 — 3y)d + (x + 22)K is a solenoidal vector function. (True or False) 


Е = yzl + 2х4 + xyK is irrotational. | True ог False) 





Infinite Series 





INTRODUCTION. € — BR —— —— _ | 
Infinite series occur so frequently in all types of problems that the necessity of studying their convergence 
or divergence is very important. Unless a series employed in an investigation is convergent, it may lead to 
absurd conclusions. Hence it is essential that the students of engineering begin by acquiring an intelligent grasp 
of this subject. 


EEJ SEQUENCES | 


(1) An ordered set of real numbers, a,, а„, a, ..., a, is called a sequence and is denoted by (а, ). If the 
number of terms is unlimited, then the sequence is said to be an infinite sequence and a, is its general term. 
For instance (i) 1, 3, 5, 7, ..., (2n — 1), ..., (її) 1, 1/2, 1/3, ..., Мп, ..., 
(iii) 1, — 1, 1, - 1, ..., (- 1)", ... are infinite sequences. 
(2) Limit. A sequence is said to tend to a limit /, if for every £ > 0, a value N of n can be found such that 
|a, - 1| <eforn 2 N. 
We then write Lt (aj) = Гог simply (a,) > l as n — о. 














(3) Convergence. If a sequence (a,) has a finite limit, it is called a convergent sequence. If (а, ) is not 
convergent, it is said to be divergent. | 

In the above examples, (11) is convergent, while (1) and (iii) are divergent. 

(4) Bounded sequence. A sequence (a, ) is said to be bounded, if there exists a number А such that a, < А 
for every n. 

(5) Monotonic sequence. The sequence (a, ) is said to increase steadily or to decrease steadily according 
asa, ,1 È a, ora,,, < a,, for all values of n. Both increasing and decreasing sequences are called monotonic 
sequences. 

À monotonic sequence always tends to a limit, finite or infinite. Thus, a sequence which is monotonic and 
bounded is convergent. 


(6) Convergence, Divergence and Oscillation. If Lt (a,) =/ is finite and unique then the sequence 
is said to be convergent. 
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ЇЇ Lt (а,) 18 infinite (+ ea), the sequence is said to be divergent. 
A — oa 


If Lt (a,) is not unique, then (a,) is said to be oscillatory. 
П == 


Example 9.1. Examine the following sequences for convergence : 


ae 
а= 28 (ii) a, = 2" (iti) a, =3 + (C D", 


| n? —2n' 1—2/n | 
Solution. (1) Lt | —— — |= Lt = 1/3 which is finite and unique. Hence the sequence (a, ) is 
nel dn^--n nae d-Fl/n 


convergent. 


(i) Lt (2")= =. Hence the sequence (a, ) is divergent. 


n — os 


(ш) Lt [8 +(- 17] 23 12 4 when n is even 


П =# = 
= 3 1 = 2, when n is odd 
ie., this sequence doesn't have a unique limit. Hence it oscillates. 


PROBLEMS 9.1 





Examine the convergence of the following sequences : 








1. a, = ma 2.2, = 1+ 2/n 3.0, = [n € (— 1y1 4. а, = Sin 
„2 
5. a, = Wan б.а = 1+ (— 1)"/n 7. | 2 | 8.а,-2л, 
ас 


ЕЕ SERIES 1 


(1) Def. If u p Ug Шу ss, М... be an infinite sequence of real numbers, then 
иүжи,ФиүЖ. HR, +... © 
is called an infinite series. An infinite series is denoted by Хи, and the sum of its first n terms is denoted by s,.. 
(2) Convergence, divergence and oscillation of a series. 
Consider the infinite series Xu, =u, + Uy + U, +... +U, +... 
and let the sum of the first n terms be s, =u, + Uy + Ug +... + и, 
Clearly, s, is a function of n and as n increases indefinitely three possibilities arise : 
(1) If s, tends to a finite limit as n — =, the series Уи, is said to be convergent. 
(iz) If 8, tends to + = as n — со, the series Хи, is said to be divergent. 
(iii) If s, does not tend to a unique limit as n — =, then the series Хи, is said to be oscillatory ог non- 
convergent. 


Example 9.2. Examine for convergence the series (Ü 1 - 2 +3 +... +n +... оо, 
(if) 5-4-14+56-4-14+5-4-1+.., © 


Solution. (1) Here 85, =1+2+3+...+п= TU 1) 


1 "m O—— 
Lt 5, == Lt n(n + 1) — =. Hence this series is divergent. 
n = 2 п = 


(ii) Here $,25—4—145—4—145—4-—1-..n terms 
= 0,5 or 1 according as the number of terms is 3m, 3m + 1, 3m + 2. 
Clearly in this case, s, does not tend to a unique limit. Hence the series is oscillatory. 
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Examples 9,3. Geometrie series. Show that the series 1 +r +r? + гї +... œ 
"yeonverges if |r| < 1, (ii) diverges if r 2 1, and (iit) oscillates if r <- 1. 











Solution. Let s, = жн... +) 
Case 1. When |r| «1, Lt r" = 0, 
п == 
Also == M эн? sothat Lt ia 
i-r l-r i-r he l-r 


the series is convergent. 


Case П. (i) Whenr»1, Lt r" ә, 











H— e 
Also gael а: ы EN. sothat Lt 8, = 
F—l г r= ъп>= 
the series is divergent. 
(и) When r = 1, thens,=1+1+1....+l=n 
and Lt $ Э =  .. The series is divergent. 


Ш = п 
Case Ш. (i) When г 2 — 1, then the series becomes 1 — 1 + 1-1 + 1— 1... which is an oscillatory series. 
(iz) When r < — 1, let r = — p so that p > 1. Then г” = (- 1)" р" 
1-15 1-1)"9" 


- ИР Т РРА 
and Sn l-r 1+р шил 





Lt 85, > - = ог + © according as n is even or odd. Hence the series oscillates. 











m — 
PROBLEMS 9.2 VAT WT 
xamine the following series for convergence : bro ant ^ 1 С 
Gp uo ТҮ | iX г Г А 
1. 1-4-4-4-- daa POL 2. +... j 
L ЯА В өө 1 3°32 m 3 7 | 
cara? an NRI, үй 2! 1 E. | 
(8. 6-10«46- 1044 € 6—10 +44... =. ЛЕУ? ЖЕТЕЛ ‚=. (s (tr, 2006) 
Б. A ball is dropped from a height А metres. Each time the ball hits the ground, it ARMAS a distance г times the 
distance fallen where 0 <r < 1. If h = 3 metres and r = 2/3, find the total distance travelled by the ball. — At 


EE GENERAL PROPERTIES OF SERIES 





The truth of the following properties is self-evident and these may be regarded as axioms : 

1. The convergence or divergence of an infinite series remains unaffected by the addition or removal of a 
finite number of its terms ; for the sum of these terms being the finite quantity does not on addition or removal 
alter the nature of its sum. 

2 Ifa series in which all the terms are positive is convergent, the series remains convergent even when some 
or all of its terms are negative ; for the sum is clearly the greatest when all the terms are positive. 

3. The convergence or divergence of an infinite series remains unaffected by multiplying each term by a 
finite number. 





БЕЙ SERIES OF POSITIVE TERMS 


1. An infinite series in which all the terms after some particular terms are positive, is а positive term series. 
eg.,-7—-5-24+2+4+7+ 13 + 20+... is a positive term series as all its terms after the third are positive. 

2. A series of positive terms either converges or diverges to +  ; for the sum of its first n terms, omitting the 
negative terms, tends to either a finite limit or + =. 
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3. Necessary condition for convergence. Га positive term series £u, is convergent, then Lt и, — 0. 


F — = 
(Р,Т./, 2009) 
Let S, =U, * Us * Us * ... + и. Since Xu, is given to be convergent. 
Lt s, =a finite quantity А (say). Also Lt s, = 2 
П =} m п |=} өв 
But u m8,—8. 4. 2. 15 Un - Lt (5, — 84.1) = 0. 


Hence the result. 

Obs. 1. It is important to note that the converse of this result is not true. 
: : : : 1 1 1 

Consider, for instance, the series 1--—— 4 —— +... +#—=+... 9e 

m'a E 


Since the term go on descending, 





Thus the series is divergent even though Lt u,= Lt : =) 


Н == Ho АГ, 
Hence Lt u, 0184 necessary but not sufficient condition for convergence of Ул, 
n- = 
Obs. The above result leads to a simple test for divergence : 
if Lt u, #0, the series Xu, must be divergent. 


МП + е 


COMPARISON TESTS 





I. If two positive term series Xu, and Xv, be such that 
(i) Ev, converges, (ii) и, € v, for all values of n, then Xu, also converges. 
Proof. Since Xv, is convergent, 
Lt (v, v; * Ug +... + р) = а finite quantity А (say) 
i == o 


Also since u, Зи, Uy S Uo, ..., U, SU, 
Adding, UU... +4, SU Ue +0, 


E (и; + ас: Auct и.) 5 oe: (v, * Us х di Rer о) = Б. 


Hence the series Уи also converges. 
. Obs. If, however, the relation и, < v, holds for values of n greater than a fixed number m, then the first m terms of 
both the series can be ignored without affecting their convergence or divergence. 
П. If two positive term series Eu, and Ўр, be such that : 
(i) Xv, diverges, (ti) и, 7 v, for all values of n, then Xu, also diverges. 
Its proof is similar to that of Test /. 
III. Limit form 
If two positive term series Хи, and Ур, be such that 
Lt An = finite quantity (+ 0), then Xu, and Lv, converge or diverge together. 


пе, 


Proof Since Lt —* =[, а finite number (50) 
M=] m 
By definition of a limit, there exists a positive number £, however small, such that 


miy 
ил 


< Е for n zm 











и 
or === [ер forn > т 


or l-e<—<le+e for nm 2m 


Omitting the first т terms of both the series, we have 
1-е< 22 «1-6 for ай n (1) 


Case I. When Xv, is convergent, then 
„Lt (0, + U, +.. +0,) = А, a finite number ...(2) 


Also from (1), a <l+e, Le, и, <( +8), for all n. 

Ё Чи? (и, FU +.. +и,) < C£) ЛА. (uv, +0. +... tU) = (I Ek [By (2)] 
Hence Хи, is also convergent. 

Case II. When Ур, is divergent, then 


Dt (v, v4 +u) өв 448) 


Also from (1) 1-Е« x or u, >(l—e)v, for all n 
n 
Lt (u,+u,+...+u,)>(l—-e) Lt (0, жи, +... +0) ә [By (3)] 
n — = n == | 


Hence Xu, is also divergent. 





INTEGRAL TEST 


A positive term series ((1) + f(2) +... + fm) + ..., where f(n) 
decreases as n increases, converges or diverges according as the integral 


| (as ...(1) is finite or infinite. 

The area under the curve y = f(x), between any two ordinates lies 

between the set of inscribed and escribed rectangles formed by ordinates 
atx = 1, 2, 3, ... as in Fig. 9.1. Then 


FO» f(2) +... + Alm) 2 [ f(x) dx 2/2) + КЗ) +... + fn + 1) 





A*1 .. 
or 8, > Ї f(x) ах 2s, ,,— fü) 


Taking limits as n — =, we find from the second inequality that Lt s, ,, < [^ fG dx + fD. 


Hence if integral (1) is finite, so is Lt s, , ,. Similarly, from the first inequality, we see that if the integral 
(1) is infinite, so is Lt s,. But the given series either converges or diverges to + оо, ie., Lt s, is either finite or 
infinite as n — =. 
Hence the result follows. 


вэ ts > 4 F - 4 ч = г A ; M 
"oux CORE EE. ИЕ ru cue ha 
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MF i Г 


ыо FED n Л Lo 4. "d pa | : eed | Сан -g | н T". ЖУ a ^ ES" , 
4.1 ОТ Г15011, лош liar the p-ser | 
4 4 = “кз 5220 Eil ылы у. "Ер ELE C 184754 Р шэн Со “=. ЕР, р 
"ЁО. "TL у NEC uw 17 PAG i 33 487155 | | я р а 
T . | Ae * | 
- i | № Е: аа an" 








hal UE age 
л ug "3 





cm Г | | | | 
h^ We | i ҮС ws CAS HA AER ML E Eam ou 
1 ка ал ue Tn 1% 41. iE Р 3 | T Nr em ТЕЙ: ру Та! 5 Ig TPF ore T3. б] Oe гэн Тв 
1 | |o m } | 2 Л т d a F rx SEMIS "ir | zi Lg ЗА ри] I" rig ILE. "PIER 
| i ж Ё ЭР m PY Р? T fi x : 1) L Zi Г: олаг.‘ "i т ы 4 * D _- y кА a "ы P ы Е E л. СА 4 сад Шин М | 
zm = и | = 4 т, | 1 - Ж н ї тү Р 27 4 $ ip ( Ж. ET ' ; 
ГАГ Um FO 2 UT u GTI n AC P 1 


| w 2” F | [Lum E в 1. 2 gp 
At) conver ge: ‘for p> іб a И er {. 
"E it E M ut WU illa RE & ну 
741» л ШҮ d У Ү ADU ЖЕ 





Solution. By the above test, this series will converge or diverge according as [ = is finite or infinite. 
Л х 





“ЭР dx _ (7 dx т 2-1 
— T ed oF le в 





— оо for p « 1 












T" 9n —1 1 ed 
Solution. (1) We hav ЗЕ A iine TR HT 
U)Wehave u- Ir LU 87) 
Take v, = Mn”; then 
9-1/п 9-0 


ie vu, л--(141/п)/143/п) (1+0)0 +0) 


= 2, which is finite and non-zero 
both Ум, and Ур, converge or diverge together. 
But Xv, = Xl/n*is known to be convergent. 








Hence Xu, is also convergent. 
Я 1 
(ii) Here t= = AT ML 
(Зп + 0)(3п + 4)(3п +7) „ (a 23 [3+4 (3+7) 
\ n п п, 
Taking v= A. we find that 
n 
| 1 1 
Lb = Dboo——-—— ——nü 
seca ewe (34 =) [3+4 (3+ 4 27 
n, n}/\ п) 
Now since Xv, is divergent, therefore Хи, is also divergent. 
(iii) Here и. = EE l Ё | ignoring the first term 
цаг л“ (04041 n+l (nei)? ors шинж 
Taking v, = l/n, we have 








| и 
Lt [= Lt Ea | " | 
nU, noo t+] neo n+l] 


ж1Е1-2-1 ШЕ et ип 
пә=\1+1/п] ">= (1+1/п)" е 
Now since Xv, is divergent, therefore Уш, is also divergent. 


Li Л E gê px "oa E d "1 =: T "ST а. : 1 
i , LH а лм THÉ 21 А | 4 em "A. d = at P 4 1 mm = | 4 ' T $: 1 
| 1 i Fa ii hi ил za ы ал ылы 2 SS rw aw well FE) TI 
РЕ а = ! ni 1 m LEN 


ut | -] A "a". Е 81, Am „ Ж E к 1 
wa A xL rx wu 2-2 | crt Jt 
z -1 а} = 1 Үл 
ч А | 
ч 
i E a 


К 


fe a Th 
oem - Кыз. |e a ET ы 





- РТ ^» * in - " (Expanding by Binomial Theorem) 


Pii de ТТ 


Taking о, = 1/ /n , we have 
Lt fn Ér = Lt G-t 1-3 which is finite and non-zero. 
oy "aue n 2 
^ both Xu, and Xv, converge or diverge together. 
But Xv, = УИ \п is known to be divergent. Hence Xu, is also divergent. 
(ii) When x < 1, comparing the given series Xu, with Xv, = Ух", 
2 2 ны 3 1 1 | 
we get 14: Ua. е XE -5—= [^ х2 0a: оо 
we get J ш |5 m= +)- DE “Эрт 1 [7 х2 0 as n >] 
But Ўр, is convergent, so Xu, is also convergent. 
When x > 1, comparing Xu, with Уш, = Ух", we get 
її t= Га ЭРЭН “| Lt и: ЖИИ |: 72" y 0 авл e] 
nao Шү, noe x-x" пзе] +a" 
But Ўш, is convergent, во Хи, is also convergent. 
2.2. 4 


When x = 1,2u,= 5+ 2 Ets ‚ее which is divergent. 


Hence, Xu, converges for x « ————— 1. 


(iii) Here 








_ Jn*D-1 ni "Уяа +1/n)-1/VJn] 
(n + (n2 -1 1 oni [(1-- 2/nF* — 1/53] 


Solution. (i) We have и, = 








Taking v, = ==, we find that 
EID 


үз Ue p, Natin- Ма+1/ я) - 17/1, н 


">= „ и: К + 2/nP —1/n?] 
Since Xv, is convergent, therefore Yu, is also convergent. 





” 1... 414. 1 1 t xl. Ч 1 
| Here _ = —85in—2—|—-——-——-—..|2—|1-——4——-... 
шинээ сн ын JE 3!n* 51 | п? à 3!n! Bint | 
Taking v, = —., we have 
Ер Н |.iga 
n= Шр п] 3175 5!n 
Since Xv, is convergent, therefore Хи, is also convergent. 
(iii) We have Lt Оол о, “ыл < lor (log n)? < n4 
п += р | 
; (log п)? _ 1 
" Un 3/2 ear 18/4 
Since У.1/ 5 converges и (>. p-25/4»1) 
Hence by comparison test, Xu. also converges. 
| | | үер 
(iv) Let fin)= — — dob P) ERT 
n (log n)" x 
zx -Pa ua 1 Л 1 1 р 1 
А Ра) = СР dog xy?! +a 99.(-2|-23 -€——— —À 
Е“ > Og © og E 2 (log х)? +! (og x)? 


Le., f(x) is a decreasing function. 








| dx | (log x)? *? |" 
Al PNE MR inc foc —— 
SO Г f(x) ах c= |, x (log xP | —pt 1 i 
Ifp»1,thenp-1- k(say) > 0 
| сүзй |" 
> f; fds 0907 == [0 + (log 2)*] which is finite 
J: | = 5 





Thus Бу integral test, the given series converges for p > 1. 
If p < 1, then 1 — p > 0 and (log x)? — e as x — о. 


Г f(x) dx — =. 
Thus the given series diverges for p « 1. 
Ifp-lthen | Ро) ах - [5 log (log x) |; — = 


Thus the given series diverges for p = 1. 














Ns Bc UN А 2.8 4 58 
5. ‘Tay ep Ж; = “ЗР ӘР ARI АЕ ah 
1 1-2 1-243 BOC AAT sie Үг? sa 7 werd 19.5 
GP Gye his. S198 8.5.7 8 7.9. P P ЭЛ ДЭР! 
844 КЕ” 8 п е: 9m 
4 Ф +... "s Osmania, 2000 8) 
9178 2764 10. Je | 
п. >) MT ta) Se JNT. U., 2006 S) 
£x 4л? +1 aon Jn 
13. > Nor +1)—п] (VTU, 2010; P.T.U., 2009) 14. Y Wn? + 1) - n) (РТИ, 2007 ; Rohtak 2003) 
- | | 
“idat feat iy 29/1 Са. 
15. У o +1)= уп’ — 19] 16. | qe. 
Р 1 E ns-i Tm 
| "АЕ Е (J.N.T.U., 2003) 
и. Ут в mr e | 





EZ COMPARISON OF RATIOS 


If Xu, and Xv, be two positive term series, then Xu, converges if (i) Lu, converges, and (и) on ян afier 
some particular term, 


Une. | Un«41 
ик... uu EM 


"n n 
Let the two series beginning from the particular term be u, + u, + u4 +... and v, + Us + Us, +... 


i Se Po Us c ЭМН 


и Ui Ug U 
| | Но Из 
then U, + Un + ц. +... =u,| 1+-—+— +... 
| 1 1 


| Ug | Ма Uy | 192, № Us ш. 

-и7й,ү|14-54-52-4..|«ШйЙ/(14--4-52-4..|«є«--(0Й,Ж:.Ж0094-4. 
«| ш ир us | «| ош 12 | и vy m 

Hence, if Xv, converges, Xu, also converges. 

Oba, A more convenient form of the above test to apply is as follows : 


om and after a particular term m 
Hal Una 








Yu, converges if (i) Xv, converges and (ii) | 


U, 





Similarly, Yu, diverges, if (i) Xv, diverges and (ii) from and after a particular term —*— < 


Чи? U 


nti 


| D'ALEMBERT'S RATIO TEST* 





In a positive term series 2u,, if 


гэ 
а А, then the series converges for А < 1 and diverges for À > 1. 


A= cos 


Una] 


Case I. When Lt =А< 1. 


n — 20 Ил 


*Called after the French mathematician Jean le-Rond d'Alembert (1717—1783), who also made important contributions to 
mechanics. 
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s in | и, | 
By definition of a limit, we can find a positive number r (< 1) such that -53 erforalln >т 








Un 
Leaving out the first т terms, let the series Бец, + u, + u4 + 
so that "me г, =З. єг г... and so on. Then Uk Us + gt... © 
ui un из | 
БЦГ « u(lrr* ro...) 
а ug и i do цу 
- = , which is finite quantity. Hence Xu ,18 convergent. [ rei] 
-r 
y+] | 
Case П. When М —— = А> 1 
п Шу 
By definition of limit, we can find т, such that ad 21 for all n =m. 
"n 
Leaving out the first m terms, let the series be 
и и, +и +... 80 that U2 51, Из >1, м d and so on. 


iy us Us 


и] + USt Uu. + Uy +. -+ ZI baz AE + 
| М| Uy Ш 


2u,(1+1+1+...ton terms) = nu, 
Lt (uat uat. tu) 


> Lt (nu,), which tends to infinity. Hence Lu, is divergent. 
fi == ' 


Obs. 1. Ratio test fails when ЭУ, = 1. Consider, for instance, the series Xu, = X1/ nf. 





| Ш. p 
Here Az Lt Untl. Lt 1 eat PE T FEL = ың 
nae wu, пе (пе? 1] лэ (14170) 


Then for all values огр, А = 1; whereas X Un? converges for p > 1 and diverges for p < 1. 
Hence À = 1 both for convergence and divergence of Zu, which is absurd. 
Obs. 2. It is important to note that this test makes no reference to the magnitude of u, „уи, but concerns only with 
the limit of this ratio. 
For instance in the series 1+ —+—+—+...+—+..., the ratio — — =——— < 1 for all finite values of n, but tends 
| 2 o 4 п и ТЕ | | | 
to unity as n — <>. Hence the Ratio test fails although this series is divergent. 


Practical form of Ratio test. Taking reciprocals, the ratio test can be stated as follows : 





и | 
In the positive term series Xu,, if Lt "— =k, then the series converges for k > 1 and diverges for k < 1 


neu yy 
but fails for k = 1. 
Example. 9.8. Test for convergence the series 
oL RE dbi doa (РТО, 2005 ; V.T.U., 2003 ; LS.M., 2001) 
аЛ 34? 443 544 Sanz d aea ag Arr D. МОН 
уб Ср US care aei al iym Gh (P.T.U., 2009 : V.T.U., 2004) 


molo e se 
5 9 17 “(gy 


20-12 ya" 


Solution. (i) We have и, = ————— and и, = 
olution. (1) We eu, (n + Dn ana M. us] (n + 2),/(n + 1) 





T ri x^-?  (n-2)J(n 4 1) 











к Lt 
ne Шүүр “хэн Ee шижин 
n+2(n+1V" | o 1+2/п 
р n+1) EE AYE" laa |x? =<. 
Е - | | uu 7 | x 
Hence Xu, converges if x? > 1, i.e., for х? < 1 and diverges for x? > 1. 
: 1 1 1 

Heine "ҮГ Энн Lii 
Taking v, = = — =, we get мын ^ - Lt TET 1, a finite quantity. 


^ Both Уи, and £v, converge or diverge together. But dv, = 3, ын ;; is a convergent series. 
n 
Xu, is also convergent. Hence the given series converges if х? < 1 and diverges if x? > 1. 





nl Е ga. 
(ity Ната u, _ 2" — 2 -2,-1,2 +11 - g^ o 91 
Ши 9+1 antl _о 57 Pxch wee d 

т oc m 


TEN 1-0 2+01 1 
ne Uu, 1 /1«0 2-0x x 


Thus Бу Ratio test, Xu, converges for x^! > 1 ie., for < 1 diverges for > 1. But it fails for = 1. 











When x = 1, Lt u, = n? camo e : 
nh ee nae 9" L1 al. 1 





(nt 1)! 








| шан || gp! 
Solution. (1) We have и, = m" and Urs n+ D Р 
T и, = Üt n! (n 4.1) ^*V 
пэт Цар no g^ (n +1)! 
1320 +1 | 
ee „ш =] (п +1) 
n n mone | 


M = 


„12 
= Lt (1: - | (л 41)-е, Lt (п+1) c 
Ato 


Hence the given series is convergent. 


ee es ач AE и, nl түгшин 1) 
i) Given serit is Zu, = D Эр Неге ай ӨЙ. ao 1+ 





n 
Lt = Lt k + 1) = е, which is > 1. Hence the given series is convergent. 
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‘Test for convergence the following series : 


T. 





Y UAE, 9.10. Examine the convergence of the series : 




















x" х’ 
(1) Le X rias 
HON Ve V. 
di 1,451, @* И @а+ 1) (atD(2a*1)Sa«1) 1 
| b+] (6+1) (8+1) (beD(29beD(3bel1 ^ 
n n+l 
Solution. (i) Here и, = È and и, у= х = 
1+x 1+х 
п | nl?! n+l 
Lt № - и D Les |- Lt Ge | 
naa Uy, тээд "" 1437 п-э=| х-+х"”* 


= = if x < 1. 
X 
n+l) 
Also Ip stew та | ЕЕ | xanga 
new үүр Ээ |14-Х/Х7" 
by Ratio test, Хи, converges for x < 1 and fails for > 1. 


When x = 1, Хи, = 2+ 1 +2 +... + е, which is divergent. 


Hence the given series converges for х < 1 and diverges for x 2 1. 
(ii) Neglecting the first term, we have 








22 Nasi 

+1 
pp 2 yp ЛЫН tt b+1/n b 
n-9 ү п n«,1 neu а+1/п а 


By Ratio test, Lu, converges for Б/а > 1 ога < b, and diverges for a > b. 
When a = b, the series becomes 1 + 1 + 1+... с, which is divergent. 
Hence the given series converges for 0 < a < b and diverges for 0 < b sa. 


PROBLEMS 9.4 


Зр оо 
7 ^Y ial 
2. x? n бал ' 
13-2:52:252: ХОЙ a OEY ҮҮЛ 4. У LM 
2 5 10 n* +1 ёл, nín-Din- 2) 


р ар р 3 1. | 
ВР (Kurukshetra, 2005) 6. 5 29 TJ 








"COP SP А! 757 
- л n? 
xe (Kerala, 2005) 8. x 
зэр, ээ ол ыа 
= 22 











x"+1_40 ал — =] 


- МТО, 2006). 


(Rohtak, 2005). 
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].93? 12 2? g? | 4. 4.12 4.12.20. 


п ox x х"! [A 
— +— LM us Ф. = GIL N.T.U., 2006) 

à p ta te y СМТ, 2006) 
m | n 








b E. 10. "REN Зп +2 


n1 
1+0 , (14501420), (10)(14 2000: 30) | 


тв рак) (1+ 20) +38) 





mew) FURTHER TESTS OF CONVERGENCE 


When the Ratio test fails, we apply the following tests : 





(1) Raabe's test*. In the positive term series Уц,, if ES п | "n _ | = 8, 
Us 4] 
then the series converges for k > 1 and diverges for k « 1, but the test fails for k = 1. 


When А > 1, choose a number p such that k > p > 1, and compare Xu, with the series >. L^ which is 
EE г. 
convergent since p » 1. 
Xu, will converge, if from and after some term, 


p p 
n. VE Or 1 + d or if, "w «41524 PP- 1 o H y 
Un+l ri n Uy 4] n 2n 











or if, | “л -1]> p+ ФВ. orif, Lt | Un ар Lt [+В 
ил 2n ne |HU,, п += 2n 


їе, if k > p, which is true. Hence Xu, is convergent. 
The other case when # < 1 сап be proved similarly. 





(2) Logarithmic test. In the positive term series Xu, if Lt ^ log га й k, 
mere "n1 


then the series converges for Е > 1, and diverges for k < 1, but the test fails for k = 1. 
Its proof 18 similar to that of Raabe's test. 


Ойн. 1. Logarithmic test is a substitute for Raabe's test and should be applied when either n occurs as an exponent 
in и Ги, р orevaluation of Lt becomes easier on taking logarithm of u, Ги 


Hn Ты 


Obs. 2. If u,/a,,,, does not involve n as an exponent or a logarithm, the series Xu, diverges. 


"na 


Example 9.11. Test for convergence the series 


(i) a 2: 5 (нар ———————- x" (V.T.U., 2009 ; P.T.U., 2006 S) Gi) ed] (n 7 4: yan 











— Эн и, —4.7...(3n +1) 4.7...(3п +4) „ар п-1 1 |1+1/п |1 
Solution. (i) He: = Е gel үсэн: = 
— лын Un +1 | ФЕ 1 1.2...(п +1) ü Зп+4 х |3+4/n|x 





*Called after the Swiss mathematician Joseph Ludwig Raabe (1801-1859), 





Thus by Ratio test, the series converges for = -1,Le,forx« = = and diverges for x > 4. But it fails for 


x-i. . Letustrythe Raabe's test. 








Е NP 
Now йл p 1-2) [Expand by Binomial Theorem] 
1 4 16 1 4 
=|1+—|| 1—-—+—=-... |=1-— +—s +o. 
| 3! Зп 9л? ) Зп  9n* 
и нь 1 4 Ил 
Jn n|-——-—1|s-—-t-——*.. 2 ttn —1|=—— = which < 1. 


Thus by Каабе 5 test, the series diverges. 
Hence the given series converges for x < i and diverges for x 21, 





(ii) Here _ |. Ж1_ “ший x” _(2п+1)(21+2) 1 22n«D 1 
шин Up 1. \(n+1)! (an)! хо” (n + 1)? x!  n41 x 
: Us _ 2(2+1/п) 1 4 

Lt ee pg TM et 


ne Нүүр n 1-1/п Xx x 
Thus by Ratio Test, the series converges for x? < 4 and diverges for x? > 4. But fails for x? = 4. 














! : 2n +1 n 
When x? = 4, й| =. = WC. M 
| 1 
E: Lt -1|=--<1 
n 5 < 


noc Наяа 
Thus by Raabe’s test, the series diverges. 
Hence the given'se series "отетин эх p «4 and diverges for х? > 4, 





ddr du ‚2% É дыд 

Dr jak ? 21 1, 71 CTS 2 | J 
| Е | Uy _ ЯГ +1 п" 1 1 
Solution. Here E 
остов. uso, n] (n +1)! (n+1)" х (1l+1/n)" x 
| З.Я 





n Ung м 
Thus by Ratio test, the series converges for x < 1/е and diverges for x > Le. But it fails for x =1/e. Let us try 
the log-test. 
и. _ е 








| 1 Їл! | 1 V T 1 
^ + — 2x] log |1 1-81 == He ae | е. 
ын эт "e 422 Яр G 2n? Зп" )- 2n Зп? 
2 Lt | n log эн ee which < 1. Thus by the log-test, the series diverges. 
ӨТ їл 1 


Hence the given series converges for x < We and m for x 2 l/e. 





INFINITE SERIES 
Solution. Neglecting the first term, we have 


" (a 4- n) (B 4- n) 


n*17 Un (y E 1) (y n) 
t - (n+1)(y+nm) 1. 
паи уу no=(a+n)(P+n) хо 
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г МЭЭНӨЦЭРҮЛЭ. 11 
na=(l+a/n)(1+B/n) x х 


by Вано test, the series converges for 1/x > 1, i.e., for x < 1, and diverges for x > 1. But it fails for = 1. 


let us try the Каабе 8 test. 
(n 1G + ү) 





L -1 Lé сте 
ap n (n Г т 
(1+у- а – В) + 

= Lt 


1+ (o4 pl. 
"n 


n(l-y-a-p-y-op 


—15 = bone 5 | 
nes n^ * n(a + В) + op 
(y-ap 
y pmi+y=a-p 
1 
üp.— 
н 


Thus the series converges for 1 + y- a – В > 1, ie., for y> a + В and diverges for y < a + В. But it fails for 
ү= о + В. Since u,/u, , , does not involve n ав an exponent or a logarithm, the series Yu, diverges for y= a + В. 
Hence the series converges for x < 1 and diverges for x > 1. When x = 1, the series converges for y> a + В 


and diverges for y< a + В. 





PROBLEMS 9.5 


Test the following series for convergence : 

















hix xs X {= (x50) (Mumbai, 2008) 
1.2 *3. 4 FS. B TE, 8 
5 TE Verus NEST ЫГ Plies (УТ, 2008 ; J. N. T.U., 2003) 
"aee as E r i Pu pli ex A 
PE :115/1:8 85 1: 248 х Айн Td ten 
8, 1+ 855745 t3 1 8* » (x > 0) (Raipur, 2005) 
| 2 2.4 9. 2.9.4.3 ra 
4, 1+ gut 3 Бх t3 537" +... ©© (У:1.0/,, 2009.5) 
1.72! Bl И ST ҮЛЕ, IM | 
Б. 1+ n'a PC ТЕ" | on 
(, 9. 8.8 $3 78.6.9 ig 3.6.0.2: 4 
& ltg5t430 ^ $30.18. ‘Тю += 
Ч. x dor 118 х! 1.3.5.97 +... =з, (x > 0) (V. T.U., 2007 ; Ratpur, 2005) 
124 3:4 5 2.4.8 7 LAO, ole 04324 
/ oix 211,8.5./x* - 1:8.51.8. a А | б. < 
8, муат. 8 2:4.6.8.10 12 = (Rohtak, 2006 5 ; Roorkee, 2000) 
(21) E ar (817. | 
Хар. «x eo (ж: 
9, 16 “эрх tp. tere + =(х>0) 
507 Л. "2 945.5 19 3 
1 1".5 1" 87,9". | atx (a+ (a+8x) 
П, == : -Ж- тг КЕ тай үй х а. | 
10: 757 кү 121 48712277 НЯ. Э 81 
12. х2 (log 2)? + x3 (log 3)! + x (log 416... = TU УУЛ egy ge ГҮЙ (V: T.U., 2000) 
1-2 ТГ +3 
14. 1+ Spe et) 2, ala + IXa + 2) 3 sala, b 2 0,x » 0). 
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“ЖЕШ CAUCHY’S ROOT TEST* 





In a positive series Yu, if Lt (и, y/^ 23, 
then the series converges for А < 1, and diverges for X > 1. 
Case І. When Lt (u,)"" =A <1. 
"no өв 

By definition of a limit, we can find a positive number г (А < r < 1) such that 

(и) «rforalln2»m, ог u,«r'foralln » m. 
Since г < 1, the geometric series Уг" is convergent. Hence, by comparison test, Xu, is also convergent. 
Case II. When Lt (и )!" = А > 1. 
By definition of a limit, we can find a number m, such that 

(и Ул >1lforalln>m, ог u,>1foralln>m. 
Omitting the first m terms, let the series be и, + u,+u,+.... во that u, > 1, u, > 1, u4» 1 and во оп. 

U tg t,t... . ил and Lt (и +ш +...+u,) e 

n = 

Hence the series Хи, is divergent. 


Obs, Cauchy's root test fails when А = 1, 


Example 9.14. Test for convergence the series 


3° | i 3/9 { | i 
T0 38 (iz) E Hog т)" (tit) У UIN" Ў (РТА, 2009 ; Kurukshetra, 2005) 
Solution. (i) We have и, = n°/3". 
"ain lin n 
Lt (ш, yin = Lt |=) Lt (n y y" = (< 1) Е Lt n = 1 

П ээр өө fl > 3 n = 8 п += 
Hence the given series converges by Cauchy’s root test. 
(ii) Here и, = (Пов т) *" 

Lt (u) "= Lt (logny* =0 (<1) [: Lt logn - 0] 


Hence, by Cauchy's root test, the given series converges. 


(111) Here и, xs (1 + 1/ RY лээ 


1/n 
(и gn = о = RN 
(14 1/ 4n (14-17 Jn) ^ 


Lt (и, ^ = Lt : 


| — = -7 , which is < 1. Hence the given series is convergent. 
pt ^^ (1 1/ |n)" 


Example 9.15. vog d the nature of the following series : 


Gy l42 ‘BY a арз : ЖУУЛЧНЫ 
i) ates | 1 x + 5 X" 4... (x0) AUN. T.U., 2006) 
eos (041) x" 
i 
aM GE, 42 53 
TW E VET 87 x3 4' м. ПНР | 
(111) 2 ёс A = e rf 3 + & + Э +... OO : (V. T. U., 2006) 


*See footnote p. 144. ebuzzpro.blogspot.com 





п 
Solution. (i) After leaving the first term, we find that u, = E 2 | x", so that 


n+2 





б abies no=(1+2/n 


By Cauchy's root test, the given series converges for x < 1 and diverges for x > 1. 


_(n+1y 1 1 
When x = 1, „= (ER ар) 
| TRE | | 


Lt üu)” = Lt [и | === 





Lt и, = - #0. Since иш, does not tend to zero, Хи, is divergent. 


п = = 


Thus the given series converges for х < 1 and diverges for x 2 1. 











(Gi) Неге  (ul")- Tai 
Lt uy =L To3 5 x= Lt (1+1) i x-x Ё Lt nin=1| 
aes MH n " п — өс n n " H =p өс 
ifie given series converges for x < 1 and diverges for x > 1. 
(n+1)" 1 1' 
" 1 и, | 1Y "2 
Taking u, =>, М | "|= Lt |1+-| =e+0 and finite. 
i | Л n-—-1LU, n n 


By comparison test both Уи, and Хи, behave alike. 


But Xv, = z= isdivergent(^ p=1). .. Хи, also diverges. Hence the given series converges for x < 1 


and diverges for x 2 1. 





5^*1 n 


ome (555 er- «063162 9 


Lt (u;y/" 21-(e- iy! s 1. 9«1 [^ e> 1 
п — ња ё-1 


n+l 4T 
(iii) Here m= [err n 


-1 





Thus the given series converges. 


PROBLEMS 9.6 





Discuss the convergence of the following series : 





EU IE 1 NS d | 
1, > — ' 19: —— 28 (T.U. 2005) 
2. n^ У (log п)" 
з. у | (РТИ, 2010) МЕРЕ xs 
ЕЯ 111) M „СА, ate | | 9 33. 49 |... 
Y n+2 [an + 2) x)" | 
b. B96 6. d EE ЖА 


| M RM 
1 8 «+ (#] E 3) Ж ТЕЙ en (x o 0) (V.T:U., 2007) 





EEEN ALTERNATING SERIES 


(1) Def. A series in which the terms are alternately positive or negative is called an alternating series, 
(2) Leibnitz’s series. An alternating series u,- U, + U,—U,+ ... 


converges if (1) each term is numerically less than its preceding term, and (ti) Lt и, = 0. 


and 


от ав 


П = oa 
If Lt u, #0, the given series is oscillatory. 
Hee 
The given series is и-и Фи +... 
Suppose HU, > Ug > Ug > Uge >И... D 
Lt ц, =0 ...(2) 
п — еа 

Consider the sum of 2л terms. It can be written as 

$5,7 44 — Uy) + (и-и) +... + (Ug, а-и.) (3) 
By virtue of (1), the expressions within the brackets in (3) and (4) are all positive. 

It follows from (3) that з, is positive and increases with n. 

Also from (4), we note that =, always remains less than и. 
Hence s,, must tend to a finite limit. 
Moreover Lt s4.;7 Lt (За, ru;,,,)- Lt a, +0 [by (2) 

n = m П = ос | | П + == 
Thus Lt 5, tends to the same finite limit whether л is even ог odd. 
Hence the given series is convergent. 
When Lt и, #0, Lt Зо, * Lt Son -. Тһе given series is oscillatory. 
Two: 9. Ф ака the convergence of the series ШЕ, а. АА FISH 

SF ГОГ ГЕУ 
()1- -= if) — = + SS Ж Ee fr 
RUE AC quisa qme DES var 
"(Ny 237 RA. Ln | | (P.T.U., 2010) 


без Това bga log 5 


Solution. (1) The terms of the given series are alternately positive and negative ; each term is numerically 





less than its preceding term | ц = и, = = —— 3 эх | 
n п-1 


1.0, К] 


Lë, 


and 


Also Lt u, = Lt (1/Ул) = 0. Hence by Leibnitz’s rule, the given series is convergent. 
П = өө n — == 


(11) The terms of the given series are alternately positive and negative and 
21-3 2n+1 -6 








u,-u, 1.9 ————— -—————— «0forn 1. 
2n 2n —2  4n(n — 1) 
и <и ,forn»]1.Also Lt и = Lt e = 1+ 0 





n n-1 Biz de i-a Zn 
Hence by Leibnitz's rule, the given series is oscillatory. 
(iii) The terms of the given series are alternately positive and negative. 
Also n + 2» n 1, Le., log (п + 2) > log (n + 1) 


| 1 8-4: „з | 
log (n + 2) в log (n + 1)’ 1-е. Цар < Hr 
1 
Lt ЗЕЕ Е 
дан 6 ор (п +1) > 


Hence the given series is convergent. 


Infinite SERIES = 383 


Example 9.17. Examine the character of the series 


(= 1 1 (- лда -1, 
ЭРЭ oe, ш A ‚О<х< Г. 
Solution. (1) The terms of the given series are alternately positive and negative ; each term is numerically 
less than its preceding term. 
йн 2 n п-1 -1 
- Mn —“n-1 = a (0и 15и 3) “0 
‚ n o 3. 

But Lt и = Lt ———- Lt = — which is not zero. 


FH =} ca no 2n — 1 Tie Dash 2 
Hence the given series is oscillatory. 
(ii) The terms of the given series are alternately positive and negative 


+" get х" Kn- 2x – n] " 
ЗИ. iuro a ra für тий, v 0< 
"e Snel” 78-01) (n-00-2 8(0-1)08-2)  — 7 сг Feres 
R 
i.e., u,«u, | for n22. Also lé = М a 50 (8 O<x<1) 


Hence the given series is convergent. 





PROBLEMS 9.7 


Discuss the convergence of the following series : 











1:11 11 | Boe EL | = A 
КАК IQQ y у ТИ. 2009) o 1241,15, x VTU. 
2*8 ait oa (Р ) 5 9 13 (V.T.U., 2010) 
< cei Loo j 3 n-1 Fi 
з. > (ам, 2002) 40 2ДЕ ar 
nt) № =] 
Tones 57. 1 E i 9er Dac 
8. д що + rep 0 0. т FEE, 2003 B. — amo ——r— E es ЭЭ аан M 
1-2 3.4 5-6 TË Салит улан 6 11 16 21 26 
7 =e 5 343 dict Жее, 553) (Cochin, 2005) в. У` $T een. 
| z^ +1 
2 m: 4 
9.4% - -#7 А+ вео (0 <x <1), (V.T.U., 2004 ; Delhi, 2002) 
155 lx" 1+х 14x 


о О E i A ЖИЕ А уе озат a Oe 
5 Gad Ё BE "21 3 as] te 





The series of positive terms and the alternating series are special types of these series with arbitrary 


signs. 


Def. (1) If the series of arbitrary terms иу + Ug + Ua +... +U +... 

be such that the series | цу ша | us | +... * [ш | +... 

is convergent, then the series Xu, is said to be absolutely convergent. 
(2) If | u, | ts divergent but Lu, is convergent, then Xu, is said to be conditionally convergent. 
For instance, the series 1— of “a at + - 2.18 absolutely convergent, since the series 


1+ ——— X * z +... 18 known to be convergent. 





Нивнєн Enainee 





Again, since the alternating series 1 — 83-13 — .. 1s convergent, and the series of absolute values 


1+ : + x n +1 +... 18 divergent, во the original series is conditionally convergent. 


Obs. 1. An absolutely convergent series is necessarily convergent but not conversely. 
Let Ул be an absolutely convergent series. 
Clearly My ty tg +... FU, +. 
S| uy + [us] + | БҮТ tes] u, | +... whieh is known to be convergent. 
Hence the series Lu, is also convergent. 


Obs. 2. As the series У | и, | is of positive terms, the tests already established for positive Lern 
applied to examine Xu, for its absolute convergence. For instance, Ratio test can be restated ав Сов: 


The series У, и, is absolutely convergent if Lt шад! 
"rm \ “п 1 





zi, 


|u = | > 1. This test fails when the limit is unity. 
п! 





and is divergent if Lt 
nyo 


Example 9.18. Examine the following series for convergence : 
(у14- Rosita ego HIS OX 


— чш = шш ч—— 


287354 ou og og (V.7-U., 2006) 


(п) —— — ——( 7 +2) + y + 2+ 3) —-—- (1 4+ 2+ 3 +4) + = 
Е. 48 57 i 


Solution. (i) The series of absolute terms is 1 + ын + I + = + = + = +... which is, evidently 
2 8 6" 6 
convergent. 
the given series is absolutely convergent and hence it is convergent. 
_1 1+2+3+...+п) 
(n +1)° 


( 1)" -1 nin + 1) 


(п) Here ü, = (1) 

















s -(-1y-! ^" 5 Á 2z(.]pm-lg (Say). 
(п 4 1)" 9(n + 1)? i 
2 | 
Then a, -a =} n gn RE > 0 
``  ?|(n-1Y (n +2) 2 (n +1)" (п + 2) 
Le, s .4<G,: Also Lt а, _1 Lt i = 0. 
n — өв 2 пе (л + 1* 
Thus by Leibnitz's rule, - and therefore Ум, i is convergent. 
Also |u, |= 87 . Taking v, = l we note that 
2 n* +1 "n 
7 | 2 


ities Ua 2.5.9.3 877 


Since Хр, is divergent, therefore >. | и, | is also divergent. 
i.e., Xu, is convergent but E | и, | is divergent. 
Thus the given series £u, is conditionally convergent. 


Example 9.19. Test whether the following series are absolutely convergent or not ? 


c0" e Cn 
i) >) — (ti) Wm Yd 
3 2074 2 n(log nY ` 
Solution. (1) Given series is du, =1- i. : - 2 +... ә 





This is an alternating series of which terms go on decreasing and Lt и = Lt —!— =0 


N = n--2n-— 





== 


г. by Leibnitz's rule, Xu, converges. 


The séries of absolute terms is 1 4 4 + i + 4 ЭГ” 


l А _ 1 | 
2 Taking v, = = we have 


Here и, = 





Zn 





п — = U, Н —5 = 2n – 1 


Lt 5^ — Lt " )- 14 |—1_|=2 «6 and finite. 
Ho — = 2 
2 j 
| п 
-. by Comparison test, Xu, diverges [^ Ур, diverges. 
Hence the given series converges and the series of absolute terms diverges, therefore the given series 
converges conditionally. 

(it) The terms of given series are alternately positive and negative. Also each term is numerically less than 


the preceding term and Lt |и, |= Lt [1/n (log n] = 


by Leibnitz's rule, the given series converges. 








Also = — E. | "qug = О and finite 
? x(log x) Іор х |, 1082 


i.e., the series of absolute terms converges. 
Hence, the given series converges absolutely. 


POWER SERIES 





(1) Def. A series of the form a, + a,x +a, x^ +... +а x" +... „(В 
where the ав are independent of x, is called a power series т х. Such a series may converge for some or all 
values of x. 

(2) Interval of convergence 

In the power series (i), и, = a, x^. 


1 А 
Lt Mich. Lt Syst Л. 14 ЕЭ “ж 


If Lt [x : | = l, then by Ratio test, the series (i) converges, when Ix is numerically less than 1, ie., 
n n - 
when | x | < М and diverges for other values. 
Thus the power series (i) has an interval — L/l < x < Ш within which it converges and diverges for values 
of x ИВ this interval. Buchs an шандын 18 шан the Баео of conuersence #7 the pour series. 














п n 
Solution. (D Here и, = (~ 1)" s and u,,,=(-1) 1 
и s: (^ 
Jn № and I£|—-|ja мия | 151513) 
иһ n4l neo! MW, \(пә=1+1/п | 








by Ratio test the given series converges for | х | < 1 and diverges for | x | > 1. 





Let us examine the series for x = + 1. 


a a a CRECEN 
For x = 1, the series reduces to 1 a's ats t= 


which is an alternating series and is convergent. 
€——— т РЕ Ре: 
For x =- 1, the series becomes (1+ ә + 3 + + Е +=) 
which is a divergent series as can be seen by comparison with p-series when р = 1. 
Hence the given series converges for — 1 < x < 1. 


(ii) Here РЕНЕ as 
| nil — х)" 












































Lt Tasi = р if 1 в. 1 
n= Ш, п-=| (п +101 х) —X|n2en-l 11-х 
By Ratio test, Хи, converges for 1 1 «1,16,|1-х |»1 
= | 
Le.,for-1»1-x*»1lorx < О and x > 2. 
Let us examine the series for x = 0 and x = 2. 
For x = 0, the given series becomes 1 + 16141 жәяү which is a divergent harmonic series. 
= р EX 1 1 1 (- 1) 
For x = 2, the given series becomes - 1 + 5-3 +77- + — ф 


It is an alternating series which is convergent Бу Leibnitz's rule 
[^ u,«u, ,foralln and Lt ы, =0.] 
п = 


Hence the imm series converges for x « 0 and x 2 2. 


SL E "X ap "А 12 P um ie Ж ү ery х = 


А j ‘Hee 46 № fi ath d. pee A d E = le Ё, T" 
е 9.21. 7 nA есет 78:78) A Eu 


i DT pus "uh СИ Ч UN TS "d | 

















uti ! a u —-(—1y-l.-———— г. au = 
Solution. We have и, = (— 1) mn and u, , | 
n *1 
б esci ined 

bk ЖЕ pu | TERR. x 
П +0 u П =} өө ( 1)" 1х" 

_ (2+1/п lejal 

^ m-- 2--3/n | E | 








Hence the given series is absolutely convergent for | x | « 1 and is divergent for | x | » 1 and the test fails 
for | x | =1. 





= 
For x = 1, и„= sia . Since 2n + 1 < 2n + З or (2n + 1) > (2n + 3) 
(Qn +1) 
Le., u, > U, үү Also Lt u,= Lt ae 


п = са п => (ЭП + 1) 
the series is convergent Бу Leibnitz's test. 

1 1 1 | 
But мөнх ic— QRo—ÀÁ— ess ТГ c ÁÁ 
43 45 47 " 1+0 т (24+1/n) 





On comparing it with v, = T Уи, is divergent. 


Hence the given series is conditionally convergent for x = 1. 


: А [1.1 1 
For x = - 1, the series becomes — | —+—+—+... 
nm d 5 Ч | 


But we have seen that the series —— +... is divergent. 
Ж 4 я 


Hence, the given series is divergent when x =- 1. 








1) CONVERGENCE OF EXPONENTIAL SERIES 


a 
The series 1+x+ уу + + atte со is convergent for all values of x. 





“АЛ anel 
Heo. ТА 29%. Tt |... |= те 2..0 
n- Ц, nae| n! (n—-1)!| naen 


Hence the series converges, whatever be the value of x. 
(2) Convergence of logarithmic series 


: soe m Ж ах. E 25 
The series x- — += -... +(— 17 ж. со 18 convergent for- 1 « x € I. 


2 З 
и, ЧЭ yee m 1 
Here e» Ed RI ‘tc Da x b ad e 1-1/п 


Hence the series converges for | х | « 1 and diverges for | x | > 1. 
When x = 1, the series being 1— $+ $—41 +..., is convergent. 
When х = – 1, the series being – (1+4+4+44 ..) is divergent. 
Hence the series converges for — 1 < x < 1. 

(3) Convergence of binomial series 


nín — D. n(n —1)...(n—r^4 1) 


The series 1 +nx +. 2] * г! 


xr + "m oo 


converges for | х | « 1. 
_ n(n - 1)...(n — r) р-на си МЕН (n-r+l) ,, 


Here Е " M Mr. 1 r! 
2. Lt wi Lt “адал ee Lt (3- "M 
r—- Ц, r— = r ron r 


Hence, the series converges for | x | < 1. 


(J.N.T.U., 2006) 


| =- 





PROCEDURE FOR TESTING A SERIES FOR CONVERGENCE 


First see whether the given series is 
(1) a series with terms alternately positive and negative ; 


(ii) a series of positive terms excluding power series ; 
or (iii) a power series. 

For alternating series (i), apply the Leibnitz’s rule ($ 9.12). 

For series (ii), first find и, and if possible evaluate Lt и. If Lt и, # 0, the series is divergent. If Lt u, = 0, 
compare Xu, with *1/n" and apply the comparison tests ($ 9.6). 

If the comparison tests are not applicable, apply the Ratio test ($ 9.9). If Lt u,/u, үг 1, Łe., the ratio test 
fails, apply Raabe's teat (§ 9.10). If Raabe's test fails for a similar reason, apply Logarithmic test (§ 9.10). If this 
also fails, apply Cauchy’s root test (§ 9.11). 

For the power series (iii), apply the Ratio test as in $ 9.14. If the Ratio test fails, examine the series as in 
case (ii) above. 

















X (Зх + Б)" лс (ee 2)! 

13. b. (-1" | 14 Y C1 7 sin nx 
ned) logn ` f n | 

15. 32-1 8-1 zh. 43s ХУЛД, 2003) 18. У А, 
аа B дэд t ЮК Сов Tog р) 


ЮВУЙ UNIFORM CONVERGENCE 








Let U(x) их) +... во = » и (x) al) 


be an infinite series of functions each of which is defined in the interval (a, b). Let s, (x) be the sum of its first n 
terms, i.e., 8, (x) = u(x) + их) +... + u (x) 


At some pointx=x,,if Lt s, (x,)=<s(x,), 
n — = 


then the series (1) 18 said to converge to sum s(x,) at that point. This means at x = Xi given a positive number є, 
we can find a number N such that | s(x,)—s,(x,) | <E forn >N a) 

Evidently N will depend on ғ but generally it will also depend on ху. Now if we keep the same ғ but take 
some other value x, of x for which (1) is convergent, then we may have to change N for the inequality (2) to hold. 
If we wish to approximate the sum s(x) of the series by its partial sums s,(x), we shall require different partial 
sums at different points of the interval and the problem will become quite complicated. If, however, we choose ап № 
which is independent of the values of x, the problem becomes simpler. Then the partial sum s (x), (n > №) approxi- 
mates to s(x) for all values of x in the interval (a, b) and ғ is uniform throughout this interval. Thus we have 

Definition. The series Xu, (x) is said to be uniformly convergent in the interval (a, b), tf for a given € > 0, 
a number N can be found independent of x, such that for every x in the interval (a, b), 

| s(x) – 5,(x) | < = for all n > N. 




















| ч Example 9.21. Examine the geometric series 1424024... $x" 714 2 oo for uniform convergence in the 
at Р LAU, 4 2: 
Ю? Б | 1 1 (- $ 4| А Ч 
Solution. We have в (х) = —®= гн 200 
= л 
| Pes" 3 
заа e р ee PEE 
no-s*]1—-x 1-Х 
х" | х” ШИН ночи ; | 
| 6(5)-8,60 | = | — |=—— = —— which will be <e, if | x |^ «£(1—x). 
i- x| 1-х 1-х 
Choose N such that | x |“ 2 £(1— x) 
or N = log le (1 —x)I/ log | x | г 441) 


Evidently № increases with the increase of | x | and in the interval - 1 <x < 1, it assumes a maximum 
value № = log (Е/2)Лор i atx = 3 for a given Е. 

Thus | s(x) – s,(x) | <£ for all > № for every value of x in the interval (— 5,2). 

Hence the geometric series converges uniformly in the interval (-3 1 (3) n 


Obs. The geometric series though convergent in the interval (— 1, 13, is not uniformly convergent in this interval, | 
ince we cannot find a fixed number № for every x in this interval 


ibe N given. by (i) ав | x | — 1). 








_WEIERSTRASS’S M-TEST* 


A series Xu, (x) is uniformly convergent in an interval (a, b), if there exists a convergent series УМ, of 
positive constants such that | u, (x) | £M, for all values of x in (a, b). 

Since 2M, is convergent, "therefore, "fora given es 0, we can find a number №, such that | s-s, | <€ for 
every n > М, 
where s=M,+M,+...+M,+M,,,+..ands,=M,+M,+..+M, 

This implies that | M E LM. um t себат XN 

Since | u,G) | <M, 


T. | иһ 10) | + и, , f%) + ттт | E | Их 100) | * | Uy 4 ox) | +. 
SMit Manent кы TT: 
Le., | s(x) – = (x) | < = for every п > N, where s(x) i is the sum of the series Xu, (x). 
Since N does not depend on x, the series Xu, (x) converges uniformly in (a, b). 





_ [сов ns | 


cos nx 
: n? 


Solution. (1) — (= М „) for all values of x. 








^m o 


Since 3 M, = y — — converges for p > 1, 


n=] п=1 ! 
^ By M-test, the given series converges uniformly for all real values of x and p > 1. 
(ii) For all values of x, n? + n*x? > n? 
"tM 
п + n*x* 








2-5 (= M,). But XM, being p-series with р > 1, is convergent. 
n? 


By M-test, the given series converges uniformly in any interval. 





ин 
Solution, (i) | 95 * x? |. 


1 
< — (= М ) for all real x. 
n(n + 2) n* " | 





Since у М„ = “25 28 is convergent, therefore, by M-test, the given series is uniformly convergent for 


п=1 
all real values of x. 
(ii) For all real values of x, x^ > 0, i.e., п9х* > 0 
i.e., nP4n"x*2nP ог — — <} (= M,,) 


п? +п7х п? 


Since у M, = "l3 —— is convergent for p > 1, 
п-1 | 
Бу M-test, the given series is uniformly convergent for ай real values of x and p > 1. 
* Named after the great German mathematician Karl Weierstrass (1815-1897) who made basic contributions to Calculus, 


Approximation theory, Differential geometry and Calculus of variations. He was also one of the founders of Complex 
analysis. 


PROPERTIES OF UNIFORMLY CONVERGENT SERIES 
I. If the series Уи (x) converges uniformly to sum s(x) т the interval (a, b) and each of the functions и, (x) 
is continuous in this interval, then the sum s(x) is also continuous in (a, b). 
П. If the series Ўш (х) converges uniformly in the interval (а, b) and each of the functions и (х) is 
continuous in this interval, then the series can be integrated term by term 
pb | b | 
ie., | [u, (x) + us(x)  ...] dx = | u(x) dx + Ї talx) dx +... 
“П xit d ид?! 


Ш. If Уи (х) is a convergent series having continuous derivatives of its terms, and the series Уи (х) 
converges uniformly, then the series can be differentiated term by term 


£ [и (x) + Ug x + ʻa] = u(x) + и. (x) + .... 


Solution. | x" | <lforQ<x<1 


У. 44. (= М) for 0 £x < 1. But УМ, is a convergent series. 
n n | 


* 


сл by M-te t, the series X(x"/n?) is uniformly convergent in 0 < x < 1. Also x"/n? is continuous in this 
interval. 
^ the series X(x"/n?) can be integrated term by term in the interval 0 € x < 1. 


(5) 6) (6) 





OBJECTIVE TYPE OF QUESTIONS 


9.20 


Ee 
Sy 


| 


4 | 


RE. t 


7 


= 


ig 
441 


La 
a) 





(b) convergent 
(d) divergent. 


. If Euis a convergent series of positive terms, then Lt t, is 


(a) 1 (b) +1 40 00. | ХУТ, 2010). 
leometric series 1 + хха... фа... = | 9. 
(a) converges in the interval ....... ©) converges uniformly in the interval .. 


verges in the interval .. 


Ш\л. tek, then Eu, converges Tork ia 


naa Ня! 
А sequence (a, J is said to be bounded, if there exists а Eee eens that for every п, а 
8. The series 2-5+342-5+3-5+. deeds. 1345 frena ЛД 


NU HAYA 
The qd ame + к = converges for ...... 
series 1+ ie T m ГМ» conve ate for. ei 


иһ +0 
A sequence which i is monotonic and bounded is. 22 si 


Л 2 3 
: Er ee ФРГ 4 te 
The series —— та. 84 5.8 Жэ Ig, «s (Convergen be.) 


oP ВР. 4? 
The series — + — + — +... 
д1 799 39. 


и Lt Эд Ён. 5 =k; then Zu, diverges E 2) 


< 8t "Үүр oe ТМ 
2218 the series У Тек convergent ? 


p " 


© x^ | MEAE HMM m A LET 
D RU +... eis absolutely convergent. "True/False) | 
n | 


E e E Jy сүл ace — + ZI $e, 1 жазы ' Moe н [ i ату ETI LALN illat | ч 
Е gg 841 ЕТ “24: | КАД УКЛАР АК QN КЕ h 


Is the series En tan l/n convergent ? 


The series s = eonverges for x ...... 


) The series yes Ar converges uniformly when x lies in the ЖЕЛШ Я 


A=] 
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Fourier Series 





INTRODUCTION — — —À— | 
In many engineering problems, especially in the study of periodic phenomenae* in conduction of heat, 
electro-dynamics and acoustics, it is necessary to express a function in a series of sines and cosines. Most of the 
single-valued functions which occur in applied mathematics can be expressed in the form. 

tagt +a, cos x +a, cos 2x + ......1 
+6, sin x + b, sin 2x + ...... | 
within a desired range of values of the variable. Such a series is known as the Fourier series’. 














EULER'S FORMULAE 


The Fourier series for the function f(x) in the interval а < x <a + 2л is given by 


год = 9. y а, COS nx + y b, sin nx 


п= 1 nal 
where a, = 4 ын f(x) ах 
1 € | 
а= — | flx) cos nx dx | (1) 


Ж 
b = 1 н 1 
e Í f(x) sin nx dx 


These values of а, а,, b, are known as Euler's formulae**. 


*Periodic functions. If at equal intervals of abscissa x, the value of each ordinate / (х) repeats itself, Le., f (x) 2 f(x + a), for 
all x, then y = (x) is called a periodic function having period a, e.g., sin x, cos x are periodic functions having a period 27. 
+ To write a,/2 instead of a, 15 a conventional device to be able to get more symmetric formulae for the coefficients. 

$ Named after the French mathematician and physicist Jacques Fourier (1768—1830) who was first to use Fourier series in 
his memorable work “Theorie Analytique de la Chaleur’ in which he developed the theory of heat conduction. These series 
had a deep influence in the further development of mathematics and mathematical physics. 

**See footnote p. 205. 
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To establish these formulae, the following definite integrals will be required : 






























































a+ 2m a+ on 
1. | cos nx dx = ee -0 (n #0) 
ü п a 
a 28 a+2n 
2 | sin nx de - - | SP = 0 (n #0) 
a+ 2m : : 
8. | cos mx cos nx dx (п #0) 
41! 
1 c+ 27 
= il [cos (m + n)x + cos (m — n)x] dx 
Et 
ve T T E a+ 2л 
- 1| sin (т + n)x à sin (m — n)x -0 TW 
2 m+n m-n м 
+ in : 5 (yas (1 Є ZR 
| со Rr dem iiM =x (n #0) 
А L 
а + 2m en J - еї 
f sin mex cos nx dx =~ 1| 281 nx d -0 бар 
= 2 m-n m+n 
| +2n 
ы + ат йе Тэн М 
6. | sin nx cos nx dx = A -0 ín #0) 
4 | п 
“a+ 2л Тутуу ира е нш nie 57 ^^ 
т. |" аатхаалхах-1 finm me _sin mene} lg — 
e 2 m —n ri + FL 4 
„а + 2л : ја 2m 
| sin” nx dx = x. Sn in = Д. (n x 0) 
a | ct 
Proof. Let f (x) be represented in the interval (о, œ + 21) by the Fourier series : 
Год = S... у а сов nz + V Б sin nx 400 
9 | ,*'Z В n | 
mal nml 


To find the coefficients а» a,, b,, we assume that the series (I) can be integrated term by term from x = о 


tox zu + 2m. 


To find ас, integrate both sides of (i) from x = о to x = + 2x. Then 


[оаа |" dee [77 È а, COS “| + [ р b, in d 
n= | n=1 


= 5 © + 2л - 0) +0 + 0 = алт [By integrals (1) and (2) above] 


+ 23 
Непсе а; = 1 [ f(x) ах. 


To find a,, multiply each side of (i) by cos nx and integrate from x = 0 to x = + 2л. Then 


ra * 2n + 25 um 
[ "Од сов nx dx = 5a, [| cos nx dx + || р а, sos ле cos nx de 
| n=] 


+ [ x b, sin 5 cos nx dx 
nzl ( 
= 0-4 na, +0 [By integrals (1), (3), (4), (5) and (6)] 


ап —— 
Hence a, -—| f(x) cos nx dx - 











To find b,, multiply each side of (i) by sin nx and integrate from x = a to x = + 2л, Then 


л и 


a+ 2n : 1 ажёл | Хєл | — il > 
| f(x) вш nx dx = 5% | sin nx dx + > а, cos nx | sin nx dx 


nal 


a+ 2 эу, | | -— 
Ч, (E 6, sin ne sin ned 
=0+0+ nb, [By integrals (2), (5), (6), (7) and (8)] 
LOL 1 m+ 2 РИНЕН 
Hence == Ї f(x) sin nx dx. 


Cor. 1. Making о = 0, the interval becomes 0 < x < 2n, and the formulae (I) reduce to 


1 r?" . : 
== || f(x) dx 
1 r?* 
d, => |, f(x) cos nx dx UID 


1 (55 e us 
b, = > | f(x) sin nx dx 


Cor. 2. Putting а = — п, the interval becomes — п < x < папа the formulae (1) take the form : 


n 
um fix) cos nx dx, 01) 


| 1 (7 
b, = Р(х) ап nx dx 


= 

















Solution. Let e* = Te » a, COS nx + У, 5, sin nx AK) 
nl nal 
ТН 1 4л i dx =r 1 2n =E dx 1 =z 2л 1 эн et 
эн бул п |, Feo 521 a Е =] =e p ouo 
1 р?т 1 тк 
and а= |. fix) cos nx dx = 51 e cos nx dx 
1 5 : ас (ise) 1 
= — | Е (— cos nx + n sin nx) —] $€—Ó | т" z 
min” +1) 0 n n^ +1 
1—87*|43 E6571 
x л E | n | Б е8 
: 1 r?* b ze 1 р?" ки " 
Finally, 6, = = | f(x) sin nx dx = — e * sin nx ах 
n 40 n 40 
1 -X та 2n 1:074 Цэ 
- 5 le (- sin nx — n cos nx) |. = -—5 
ліп“ +1) 0 un n^--1 


_@™ [1=е | 2 
s 1261-1551 # ate 


Substituting the values of a,, а,, b, in (i), we get 


—2n | | : | à 
e*= LE cos Зи +... + | sin x + Ž sin2x + 2 sin ax +... . 
л 2 12 5 10 2 5 10 4! 





2 a-1 














2 3 og? 
4 2 381, 3 
а= | (x х2) cos nx dx* 
ший: 
Г Р “тй 
-ie ута 2x) x(- © 25 «c» (zs 
x| n n* 1-4 
4 a D [^ eosnm- C 1) 
к 4/1", a, = — 4/27, a, = 4/32, a, = — 4/4? etc 
Finally, b, = 29 98 (x — х?) sin nx dx 
| 








b, = 2/1, b, = — 2/2, b, = 2/8, b, = — 2/4 ete. 
Substituting the чана of a's and b's in (i), waget 


5 č д[ 205 х _ cos 2x | cosdx соз 4x 
gages E a (т 877 49 о л 79 
E [sinx віп 2х  sin3x sin4x, | 
* 1 2 3 4 т 





Note. In the above example, we have used the results sinnn=0 and совпл=(—1)" 


Also sin (n +3 z-(-1" and cos (n + 4 л = 0. The reader should remember these results. 





A 

Solution. Let f(x)= - * Y а, COS nx + Y b, sin nx A) 
n=] nal 

Then ау= = L x sin x dx = i| x (— cos x) — 1. (- sin x) pi 2-9, 


* Apply the general rule of integration by parts which states that if u, v be two functions of x and dashes denote differentia- 
tions and suffixes integrations w.r.t. x, then 
| uv dx = uv, = шо + u"u4—u'" Uu, ... 
In other words : Integral of the product of two functions 
= Ist function x integral of 2nd — go on differentiating Ist, integrating 2nd signs alternately «ир and —ие. 





1 27 | - 1 r*?* | 
„=з [, x sin x cos nx dx = эк Ё x (2 cos nx sin x) ах 
1 r?* 2 | -— 
73 [, х [sin (n + 1) х — sin (n —1)x] ах 
sl. 
27 | n+1 п-1 (n +1)" (1-1) 


ЕЕ AA | sin (n +1)х на 
тї ар р р ре 
0 
| n+l .— n-1 


- 21. prf- SERED ‚жер 2 пер 


EI 1 ?т = 
x sin x cos x dx = =~ | x sin 2x dx 
2n 40 


When n =1,a,= EF 


m (52554 Era imm 
Әт 9 = 4 J; F 


2 2m 
Finally, b, = >j p sin x sin nx dx — =|, x [cos (n — 1)x — cos (n + 1)х]ах 


: j до 2n 
1 аа-а. semen). Ч үа! 
0 





7 2n n-1 п+1 (1-1) (n +1)? 
a | 1 сов 2(п – Dr cos2(n+I)n 1 ==: | =0(п #1) 
(п—1) (n+)? (а- тан n+ D? | 


ини нв sinx dx = — № x (1 — cos 2x) dx 


1| (. sin2x x? сов2х1| 
= _ Л 1 та ү 1. ra м: = Ý 
SEC 2 | e ИН” | 


Substituting the values of a's and b's, in (i), we get 











| md l o 8 м 2 
xsinx-—-l-ezsinx—-- cos x + —— —— cos 2x + — 
Е 2? -1 32 -1 





Solution. We have "m (x) = == сов х) = sin x/2 


Let Год = 24a, MES sin nx i) 
п=1 
„9; | 2n | 
Then ifia a зов |" = 452. 
x 40 л 2 |p п 





| (т, | 
т, ик И o f To cram cam d 
^ nÀ 9 




















Li = 2 LA 2 _2 arl, 2n 
42 T 2n +1 2 2n —] 9 | 
- ETT оов (2n + Dr- += Les @n— Dr- 1| 





25 - —— Ч — 42 _ [^ cos (2n + 1)л = cos (2n — 1)л = – 1] 
2п+1 2н-1 r(An* —1) 


17 49 үйл 
b,=—| "JZ sin É sin nx dx - 22 f 9 cin nx sin x/2 dx 
0 2 2m 40 
28 | 
: цан 8-2 (ea) dx 
42x 2 о] 
— —— gin Le 1 да вы 4: 28 
+l 9 | 
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a 
42 к | 2n 
агі. 























ziin (2n — jx - 01 - 








Un — тосыг 0л – o|- 0 


Substituting the values of a’s " b's in (1), we mE 


bis 
Ч i —— 5 
( — eas x) = У а = COS nx 


When x = 0, we have 


9-242 425 1 — me 24 toh wed 
г т 4 (4n*—1) 13 35 57 2 


PROBLEMS 10.1 | 





1. Obtain a Fourier series to represent e from x = x to x = т. Hence derive series for t/einh m 











nel 


2. Prove that x” = = + У (-p^ 9977. ехе (P.T.U., 2009: Bhopal, 2008 ; В.Р:ТЛ/.. 2006) 
nal | | 
Hence show that (i) > = E (Anna, 2009 ; P.T.U., 2009 ; Osm 
a) Y) aet i) eB ee УТ, 2008) 
(iv) Or ор ар (Bhopal, 2008) 
3. If fix) = (s 2 5) in d range 0 to 2x, show that f (x) = d $e T. (Delhi, 2002 ; Modos, 2000) 


| ГАГ В: ү П у ЧО 
4, Prove that in the range- n <x < r, cosh ax = —— sinh am |. + -g g 006 nx |. 


б. fíix) 2x +2" for —-n<x « x and f (x) = х? for x = + п. Expand f(x) in Fourier series. | 
(Kurukshetra, 2005 ; И.Р. T. U., 2008 





Hence show that xx senis cos nix - 2 sin na} 


MUS ERE з l 
and Vif as. ge ot ig (V. T. U., 2008) 





CONDITIONS FOR A FOURIER EXPANSION 


The reader must not be misled by the belief that the Fourier expansion of f (x) in each case shall be valid. 
The above discussion has merely shown that if f (x) has an expansion, then the coefficients are given by Euler's 
formulae. The problems concerning the possibility of expressing a function by Fourier series and convergence 
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of this series are many and cumbersome. Such questions should be left to the curiosity of a pure-mathemati- 


cian. However, almost all engineering applications are covered by the following well-known Dirichlet's 
conditions*: 


' - b * Ga - г. = Р 
Any function f(x) can be developed as a Fourier series = + Ў: а, COS пх + Ў: b, sin пх where ap, a,, b, are 
ЯМ n=] nzl 
constants, provided : 


(i) f (x) is periodic, single-valued and finite; 
(it) f (x) has a finite number of discontinuties in any one period; 
(iii) f (x) has at the most a finite number of maxima and minima. (Anna, 2009 ; P. T.U., 2009) 
In fact the problem of expressing any function / (x) as a Fourier series depends upon the evaluation of the integrals. 


йл 21558 
= | f(x) сов nx к; = | f(x) sin nx de 


within the limits (0, 27), (— л, л) or (a, a + 21) according as f (x) is defined for every value of x in (0, 2л), (— п, л) or (а, ш + 2л). 





_ PROBLEMS 10.2 


State giving reasons whether the following functions can be expanded in Fourier series in the interval ^m € x € m. 
1. cosecx 2. sin l/x | (Р.Т.0., 2002) 
53. f(x) =n + Тут, Ат + 1) « | x | &1/m, m= 1, 2,3, ... =, | 


БТ FUNCTIONS HAVING POINTS OF DISCONTINUITY 





In deriving the Euler's formulae for a,, a,, 6,, it was assumed that f (х) was 
continuous. Instead a function may have a finite number of points of finite discontinu- 
ity Łe., its graph may consist of a finite number of different curves given by different 
equations. Even then such a function is expressible as a Fourier series. 

For instance, if in the interval (a, a + 2л), f (x) is defined by 

fix)26(x),acx«c. 
= y(x), c <x <a + 2n, Le., с is the point of discontinuity, then 


a, = zj Г ф(х) ах + E” w(x) ds 


1 
а, = “| 





Fig. 10.1 


[ ф(х) cos nx dx + Г” w(x) cos nx de 


a 
and b,- ap ф(х) sin nx dx + [ КТБ sin nx d 
Л | ға e 
At a point of finite discontinuity x = c, there is a finite jump in the graph of function (Fig. 10.1). Both the 
limit on the left [i.e., f (c — 0)] and the limit on the right [е., f (с + 0)] exist and are different. At such a point, 
Fourier series gives the value of f (x) as the arithmetic mean of these two limits, 


Le,atx-c, f(x)= 3 [f (c — 0) + fle + 0)]. 


Example 10.5. Find the Fourier series expansion for f (x), if 
Гїх)--7,-ї«х«0 


` х,0=х<1. (Bhopal, 2008 8) 
Deducé that E - 38 ‘ar a 157 (Kottayam, 2005) 


*See footnote p. 307. 








Solution. Let  f(x)- э.у а, cos ns J b, sin nx 40) 
n=1 
Then a -H : (<л)йх+ | x dx = |-л|х[ +|x?/2 4 wt E Ps --5: 
0 T| “-л Ü | of ша | 0 т 2 2 


а he л) cos nx dx [" х cos nx di. 





21 sin nx | xsinnx cos nx |" 
= -r| =] +|———+—, 
n п |. n n 








= [0+ cos nn |=, (cos nn - 1 
n nj qm 











-2 | 2 2 
ü,- ——2,0,20,6,- ———7,ü,-0,ü,2 —-——. etc. 
“ЭГ урд р н аР арт 
iem 11 ro Е "2 
Finally, bm (-л) sin nx dx || x sin nx dx | 
-1 
H т сов nx | cosnx sin nx [ 
= || + -х +—— | 
к n cx n n 











- ка - cos nr) — 5 cos nn | = а — 2 cos nn) 
пн n n 


1 . 1 
6, =3,b2.=— >> b,=1,6,=— т» ete. 








5 1 
Hence substituting the values of a's and b's in (i), we get 
Гїх)- -F- 2 (nos x + = + e +... | + З віп ЕЕЕ +... D 
which is the required result. 
Putting x = 0 in (її), we obtain f (0) = — i- "(1+ +— з? + +... «| Ati) 


Now f (x) is discontinuous at x = 0. As a matter of fact 
f(0-O)=-nandf(0+0)=0 .. /(0)- = (9 — 0) + f(0 + 0) — 


Hence (iii) takes the form — 5 ES 21 3 * a+ | whence follows the result. 





| ^ » Tm = P ar nom Ham. т "d т & S. 1 | | : " J 1 
й кт * Tu LC UR. = - т "as ht. ET. LT =) ж я i 
ү кеў 4 B. 2 P A у Y к Peas fe 
у x ole e | | o & ^ 
” Li. Ў i E 4 г if т | Г] i | y n к 4 | ^ B 


Solution. Let eee ee 


nal п=1 


Then а= |” г ра. чэн 5-8 














_ ©05(1+1)х cos(n-Dn 1 1 (n #1) 
п+1 n-1 n+l п-1 


d 

2n 

| +1 -1 

ее”. (-1 7-1 = 0, when n is odd 
2n n+1 n-i _ 


=~ —+—,, when nis even. 
n(n* —1) 


We WE LN хэсэн i WE CC NE REN 
Finally, 6, = ‘nea | sin xsin nx de 








E - № | 
- 1_ [кеп =—1х- овлас = |nne віпл+1х| _9 (31) 

25| п-1 n*l | 
ИИИ kat ди дах сг ПРА оси. || „Е 
When п = 1, = = | sin x sin x dx = — | ü cos 2x) d= | x - [> 2 
| 1 2|cos2x cos4x , cos 6x | - ” 
Неп (x)= pmp ИрИ Е т ——+ +... + — 811 x (È) 

- 1 л „Еш 42-1 6-1 | 2 


Putting x = 5 in (i), we get 1 = 1-3-28 9285-2175 
T 


1 1 1 г РИ | 
——+———... 09 = — -9). 
Whence 13 3.5 5.7 АС ) 





Solution. Let f(t)= 20 + У a, cosnt+ У b, sin nt wali) 
E nal п=1 





























| ЗГ Lo ҮЙ сагс, P ues d) 
Then a, = HAE (-Ddt + | d (0)4 + и (1) at} 
1| к/2 | m ! = 
-4| 3 s + хи} 2-7 n*n-1/2-0 
1 | г-л/2 ёл | 
a, = ЧГ (Dcos ntdt + ^^ , (0) cos ntdt + | (D cos nt dr 
Л (“-л л/2 
| 3 віп nt |"? |sinnt| - 1 2 (аата ЕЭ 
= Cun а — + ---1 т =O 
т п -g n n/2 nm 2 2 ; 
and b, = HES -D sin ntdt + (^^ , (0) sin ntdt f , sin nt dt) 
it =F 
_ ‚|н а cos nt |" | 2 | пт | 
= — = —— = ——| cos — — cos nt 
п п п 12] ПТ 2 | 
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„b, = 28. etc. 
Зл 


Hence substituting the values of a's and b's in (i), we get f (t) = 2{sin t — sin 2t + sin 3t + ul ; 
Л 








PROBLEMS 10.3 | 
1. Find the Fourier series to represent the function f (x) given by 
Р(х) = х for 0 <x <n, and = 2n—xforn2* 2 (S.V.T.U., 2008 ; B.P.T.U., 2005 S) 
Pubs d n” | JU gua gor 
Deduce that +++: =, (Madras 2000 S ; V.T.U.., 2000 5) 
1*5 1 5 8 | | 
2. An alternating current after passing through a rectifier has the 
form 
= sin x foro хоп 
=0 fornix S27 
where 1, is the maximum current and the period is 2x 
(Fig. 10.2). Express i as a Fourier series and evaluate Fig. 10.2 
1 1 1 | „ын nnm 
157 ZE ET - (V.T.U., 2007: Calicut, 2005) 


3. Draw the graph of the function f (х) = 0, t€ x «0 
237 0 <x <n. 
Iff (Zt +2) = fix), obtain Fourier series of f (x). 
4. Find the Fourier series of the following function : 
fix) =2?, Üsrtm, (Mumbai, 2009) 
=—х?, -REx 0, (Hissar, 2007) 
5. Find a Fourier series for the function defined by 


1 for —ne<x <0 





f@)=4 0,forx=0 
1 forO<x<nr 
Lo: d m : : 
Hence prove that 1- Bi tt A (U.P.T.U., 2005) 


М CHANGE OF INTERVAL 





In many engineering problems, the period ofthe function required to be expanded is not 2r but some other 
interval, say : 2c. In order to apply the foregoing discussion to functions of period 2c, this interval must be 
converted to the length 27. This involves only a proportional change in the scale. 

Consider the periodic function f (x) defined in (с, à + 2c). To change the problem to period 2n 


put 2 = nee ог х = с2іп ША 
so that when x, 2 = amc = В (вау) 
when х= 0+ 2с, г = (Q + 2с)л/с = В+ 27. 


Thus the function f(x) of period 2c in (о, a + 2c) is transformed to the function f (cz/r) [= F(z) say] of period 
2r in (В, В + 2m). Hence f(cz/m) can be expressed as the Fourier series 


(2) 2+ ® cosnz+ V. b, sin nz _ (д) 


n=] 
1-2л 
where a= L | Ї (2) de 
m 1 В+ 2л [= 
вде = |, Ї = cos nzdz AS) 
6, = 1 | : ғ() sin nz dz 





Making the inverse substitutions z = nx/c, dz = (n/c) dx in (2) and (3) the Fourier expansion of f (x) in the 
interval (a, œ + 2c) is given by 


,. NE < пих QN nox 
fix) 7 +». a, COS — Уу 5, sin^— 





n=l n=] 
where = Ё Lp fGodx 
1 а + 2с 
а = = f(x) cos 21 dx D) 
n C Ja 
TN 1 a+2e a) . NRX 
b. 58 f(x) sin 2 dx 


Cor. Putting о = 0 in (4), we get the results for the interval (0, 2c) and putting x = — c in (4), we get results for the 
interval (— c, c). 


Я 


roh i e үч А, 
Saluticn: The required 8 series is of the бага 





Sr КЕ 99; Vi р jore p xs 
M D A ү, (n Tr y 4. 








e*- Te y а, cos 275 + у 5, sin "X atij 
n-l n=l 
_ 1 „уе lil -et РУ. -1 2 sinh l 
Then a=7J e M [,-ie -e pi 
t у dee. em А 
and a, = E |; е“ cos 272 dx | Їе cos bx dx = 3B (a cos bx b sin 2 
і | 
1 e L- ОлЛх пп. nmx 2I(- 1)" sinh? | | 
= = |———__| – сов + — sin || = [ cos лл =(—1)" 
Lo nx D? ! l ! | Р +(пт)° 
ин —2[1вїпһ/ ~ Ы sinh / -8 sinh / ell: 
Do Pag o] бор, Poe’ 12 +3212 
Finally, b, = 1 |. e * sin ТА ах d I е gin bx dx => Fle sin bx — b cos 2 
! 
l| е" [- . AMX пл = _ 2nn(- 1)" sinh l 
L| 1- (пт)? [od Е Ѓ + (nn) 





_ —2nsinh/ dicas 4n sinh] бы —6nsinh! | 
Pan 2 + Pas 
Substituting the values of a's and b's in (i), we get 


х = ginh? l i | — — C € B 
ENP +P 1 ЇГ. лд : | 








Solution. The required series is of the form 
t= Dy 3, а, cos + > b, віп "Ех where l = 3/2. 840 


we acm LE yeu, dy B 
Then а= 7 |, (2x - x dae 3) x! 





























2 9 
==: "c zz- — 6) cos 2nn - 2] = -F 
| 1 p” 2 nux 2nnx 
b= 1 (2x ~ x?) sin™ dx 2 | (2x — x?) sin E 98 — dx 
2 | — cos 2ппх/З -sin 2плх/3 , .. cos 2nnx/3 | 
= S| (2x = x7) MT ~ (2 - 2x) — — À— + (- 2) ——— 
dl 2п 1/3 (2nn/8)* (2nr/3)* 
m NM. ш 81 "— n 
ы 2, 8-р cos Эля - Ss (оов 2an- D} = № 
Substituting the values of a,, a,, b, in (i), we get 
Qx-a)2 0 9 cog A < 3 2 27% 
2, л лг 3 ч пл 3 
Putting x = 3/2, we get 
9 a go m c. cosnt m 3 
3-7 = – у ——cosnxn or — У п. NE 4 
4 -2, п2д2 2, n? 9 4 





Solution. . The —— series is of the form 


fae es a, cos плх + У. b, sin плх 


nal п=1 
Th Г как rad || ав ша ьа 
ен a= | лах» | n2- 20 аре = ()*| -9-( =" 











1 2 | 
а„= | хх cos ллхайх + [| п(2 — x) cos nnxdx 
0 | 
віп ntx | совллх sinnmx , cos nx |l 
did ge -Ч- п?т? | ‚| " иным и | 


cos nt 1 \ feos2nx cosnn х 
- = id --4(-1 1 
eim а) ауа 


























nm n mnm 





= 
= 0 when n is even ; — - рсе when n is odd. 


6, = [ nx sin mix dx + Г n(2 — x) sin nnx dx 
' Р 2 
2 _ СОБ minx | _ | _ sin mx x) , | sin nn 
= 1 т | | xx ik m2 — Е | ( 2 AO | 


5 ЕЕЗ =0 
n Lon 


4fcosm сов Злх | cos 5nx " 
"rg 3 sg 77 























л 4|сов2л , cosÓm , cos 10x 1 
z-4( 12 + 3? t 52 sa) 





n=l 


Solution. Let /(1)- E 5 а, cos ЁЛЕ "Сэ b, gm 5E AE) 


[: 2e = 2 – (– 2) во that c = 2] 











sift, ага айн Wie l ИС: 1-2 
Then a, = HT юу» |" а+да+ | а-да + | Ode} = 32 2 E E | 
-i 1 -Х 1 
31 [+ 2) 2 
=}, @ +) eos Жш, |! (1— 0 cos P ael [Integrate by parts] 
0 
1 nni nnt| 4 
= ae oin tt) ое сов 12) AS | 








e" | 1 
mnt) 2 , .4[ пті) 4 
+a- -t(sin* 2 ant) 2 - »( M ә | 


7(1 — cos nm/2) 





n'n 
1 nnt 
d (1 D sin" T^ qt + [| (1— 0 sin ^ at | 


0 
1 „ПМЕ 2 _ _ mnt) 4 
= | ано} (совм) 2 1 (- sin 2-3 =. 


5, 








408. HIGHER ENGINEERING MATHEMATICS | 


1| 4 .— nm (4 пп 
m шилд - [= 22 sin ын 


Substituting the values of a's and b's in (1), we get 








PROBLEMS 10.4 


1, Obtain the Fourier series for f(x) = rx in 0 € x s 2. 


2. (i) Find the Fourier series to represent x? in the interval (0, a), (Mumbai, 2009) 
(ii) Find a Fourier series for (1) = 1—12 when — 15151. (Mumbai, 2006) 
3. у(х) = 2x - x^ in 0 <x 2, show that f (x) = : - » 2. cos nux. (V.T-U., 2006) 
ney № 


x in 05х53 | 
4. Find the Fourier series for f (x) | Aw qa dose TIT ] 
5. A sinusoidal voltage E sin ox is passed through a half-wave rectifier which clips the negative portion of the wave. 
Develop the resulting periodic function 


Utt) 20 when - T/2«t «0 
= E sin o when 0 < t < 7/2, | | 
апа T = 2n/w, in a Fourier series. | (Сайсш, 1999) 


"x, О< х «1 
0, gg = 1 
[п (х - 2), 1х, «2 


6, Find the Fourier series of the function f (x) = 





Hence show that л =: - 


7 +5 -à А (Mumbai, 2008) 


1 
3 





(1) EVEN AND ODD FUNCTIONS 


A function f (x) is said to be even if f (— x) = f (x), 
eg., сов x, sec x, х? are all even functions. Graphically an even function is symmetrical about the y-axis. 
A function f (x) is said to be odd if f (- x) = – f (x), 





Even function * Odd function 
Fig. 10.3 
e.g. sin x, tan x, x? are odd functions. Graphically, an odd function is symmetrical about the origin. 
We shall be using the following property of definite integrals in the next paragraph : 
[ х) ах = 2| f(x)dx, when f (x) is an even function. 
«р : 


= 0, when f (x) is an odd function. 
(2) Expansions of even or odd periodic functions. We know that a periodic function f (x) defined in 
(—c, c) can be represented by the Fourier series 


год = 2+5 а, cog 275 уь віп =, 


nz] n=] 





dx. 





-lp ET. meg. p 215 ква 
d 7 = [. finds a, == [| f(x) cos 5 dx,b, == | f(x) sin 5 


Case I. When f(x) is ап even function a, = х Г. f(x)dx -i [, f(x)dx. 


Since f (x) cos тсн is also an even function, 


2 [t ene WK, 2 [^ Бүү ARX a 
а„= |. f(x) cos я dx == | f(x) cos Е dx 


А à в | ТСХ а à : а | Е = А 
Again since fix) sin E is an odd function, ... b, - | f(x) sin ds = 0. 
i L- = 
Hence, if a periodic function f (x) is even, its Fourier expansion contains only cosine terms, and 


ü ge. 
а= 21, дах 


(1) 
2 [* _ ПХ , 
а, = = f f(x) cos — dx 
Case II. When f(x) is an odd function, a, = 1 [ (дах = 0, 
Since cos ae is an even function, therefore, f (x) cos яах is ап odd function. 
а, = > Г f(x) cos ЗГ -0 
; т-с 
Again since sin — is an odd function, therefore, f (x) sin " is an even function. 
-4f in 27€ au = 2 (^ fix) sin PE a. 
b. = У | f(x) sin 2 dx = n | f(x) sin 2 dx 
Thus, if a periodic function f (x) is odd, its Fourier expansion contains only sine terms and 
b,= [| ровів "ds (2) 
ел с 








Fig. 10.4 





ple 10.12. Express f(x) = х/2 ав а Fourier series in the interval-m<x<m JNT 





, i 


Solution. Since f (-x) = -x/2 = —f (x). 


410 





f (x) is an odd function and hence f (x) = У b, sin nx 


п=1 


where b = = af f(x) sin nx dx = — JN — sin nx dx 


n 
1 | | cos "< a "= cos n X 
—|x -— |- > = _ 
ца п | n | n 


b, = 1/1, b, =- 1/2, b, = V3, b, = — 1/4, etc. 
Hence the series 15 x/2 = sin x — : sin 2x + 1 sin Зх – j sin áx +... A) 


! 











у= айра Fain d sino are shown in Fig. 10.4, by the 

ruien А And тэй vely. These illustrate the manner in | 

which the successive approximations to the series (i) approach «7 

more and more closely to y = х for all values ofxin- пех « 15, but - 
not for x = «m. 

As the series һа а period 2л, it represents the discontinu- 

| Sau waveform, shown in Fig. 10.5. It 

Ei portant to поќе that the en function y = x is continuous 

and each term of the series (i) is continuous, but the function rep- 

resented by the series (i) has finite discontinuities at x = + п, + Зп, + бл etc. 











Example 10.13. Find a Fourier series to represent x? in the interval (- LD. 


Solution. Since f (x) = x? is an even function in (— I, I), 








ul 20 - AIC " 
Р(х) = 2 и? d, COS —— E) 
285 s. Bix] 9 
m ө-1| 5 т = 
l — 
a,= |, x^ сов "ax [See footnote p. 398] 


-2x|-————|* 2| = —_ ттт ран 
( п2д21? ] | n^ P | | 
= 4/7 (— 1)'/n?r* [^ совлх-1(-1У) 
a, = — Al"/r?, a, = 4 226, a, = — 417/3°n?, а, = 412428 ete. 
Substituting өне values in (i), we get 
1° 41° ( сов пхЛ cos2nx/l сов Злх/ї cos 4лхЛ | 
alias do 6 сац CEE хїнс нан 
Е 2 2 2 92 2 vr 
n 1 2 З 4 
which is the required Fourier series. 


der ( совллай) | all 
І 





Example 10.14. If fx) = | cos х |, expand ffx) as a Fourier series in. the interval (= т, 9). 


Solution. As [ (= х) = | cos (— x) | = | cos x | = f (x), | cos x | is an even function. 
fix) = T + Za, cos nx 
12 
where a= = | | cos x | dx -2 [ cos x dx + Г. (— cos x) dx 
| n 


[ cos x is — ve when m2 < x < nl 





2 л/2 2 -yy=2 
= (| віп х f° -lsin x | -101-0)-(0-11-2 











най a, == |" сов х [сов nx ах 
T «0 
ni? 

- 211, cos x сов nx dx + |" „(С cos x) cos nx di 

п 
П41| nf | |... 1 л m нээ | у | 
„| | [оов (n + 1)x + cos (n — 1x] dx | [eos (n + Dx + eos (n — Dx] dx 
л | +0 "п/а 
_ 1 || (лэх sin (n =x |“ | sin (n+ Dx , sin (n Dx 
X n+1 n-l |, n+l n-1 l| 
«Хантай тома [n ns cmn 
= Sja gf ep к _— 

x | | n+l 1—1 п +1 п-1 

2( 

Х 





Solution. Since fíi-x)21- = in (- n, 0) = f (x) in (0, л) 


2x | 
and f(-x)=1+ — in (0, т) = ГО) іп (- m, 0) 
2. f(x) is an even function in (— л, л). This is also clear from its graph 
A'BA (Fig. 10.6) which is symmetrical about the y-axis. 


f {x)= A У а, cos nx .-.() 


n=} 





where a == |" гадах == |" (1-2 )ас-2(х-2| - 
AA 4 


2 


_2x)\sinnx (_2)(_cosnx\|" 2( 2совпт 2) 4 р 
n |: 3 n | = п? 1-4 пя? «2: -—n-cnn 


А a, = Bir? а® = 8/32 n? а, = 8/52, .. 
and a,=a,=a,=...=0. 
Thus substituting the values of a's in (i), we get 
8 | cosx cos3x cos 5x Ts 
f (x)= 5l + ‚==, | lii) 
x| P 3? 5? 
as the required Fourier expansion 




















Putting x = Ош (п), we get 1 = / (0) = ear ar aad 





whence follows the desired result. 





PROBLEMS 10.5 - 


1. Obtain the Fourier series expansion of f(x) = x* in (0, а). Hence show that 





2 : 
ЖУ See (Mumbai, 2009 ; S.V.T.U., 2008) 





| | 2 si т 2 | 
2. Show that for —n « x < п, sin ax = иг ain ax + — Sengr, 5) 











Л 12-45 95-02 82-25 р а? 5 
3. Expand the function f(x) = x sin x as a Fourier series in the interyal — n <x <n. (V.T.U., 2008 ; Anna, 2003) 
LUISA. м) 1 Td 
Deduce that. —— -—— + —— — —— + |. = — (x - 2). LU.P.T.U., 2005 
Teper Ad ов ах гуа f^ ) j | 
i ayn 
4. Prove that in the interval - T «x « t, x cos x =— ; sin x32 У e sin nx. (S.V. T.U., 2008) 
ng du 
5. For a function f (x) defined by f(x) = | x |, - t «x <1, obtain a Fourier series. (Bhopal, 2007 ; V. T.U., 2004) 
ПЗу. 21 л Үт TAO Е, Y oun 
Deduce that TM Ж + = =) + =s 22 +... Ж - SVR U. 2009 ; Kerala, 2005 ; P.T: U 2005) 
6. Find the Fourier series to represent the function | 
(i) (2) = | sine |,-т «х «л. (Mumba:, 2008) 
(HY f(x) = | cos(nx) | in the interval (—1, 1). (P.T.U., 2009 8) 
"ML -x-*1for-m-£x.50, | 
Je 44: 42-22, x+1lfor0<x Sn. Үү 
Is the function even or odd? Find the Fourier series for | Л | 
f (х) and deduce the value of | 1 | 
dA Meu d T Г = 
8, Find the Fourier series of the periodic function f (x): f (x) | | 


| 


=—k when -n< yx (апа f(x) =k when 0 <x < t, and 
fix + 2n) =f (x). Sketch the graph of f (x) and the two 





partial sums. (See Fig. 10.7) Fig. 10,7 
is iiis n | 
Deduce that =— (Rohtak, 2005) 
YT ah, 


nel 
9. A function is defined as follows : 
Р(х) = х when-tT«xs0-x when 0 <x « m. 


t | "AMET. A. ^ 1 Ў 1 3 | 
Show that (ix) = 2-2 -у сов x + ч cos 3x + dps. 





TES HALF RANGE SERIES 


Many a time 15 is required to obtain a Fourier expansion of a function f (x) for the range (0, с) which is half 
the period of the Fourier series. As it is immaterial whatever the function may be outside the range 0 < x < c, we 
extend the function to cover the range — с < х < с so that the new function may be odd or even. The Fourier 
expansion of such a function of half the period, therefore, consists of sine or cosine terms only. In such cases the 





graphs for the values of x in (0, c) are the same but outside (0, c) are different for odd or even functions. That is 
why we get different forms of series for the same function as 18 clear from the examples 10.16 and 10.17. 

Sine series. If it be required to expand f (x) as a sine series in 0 < x < с; then we extend the function 
reflecting it in the origin, so that f (x) = — f (— x). 

Then the extended function is odd in (— c, c) and the expansion will give the desired Fourier sine series : 


f(x)= У b, sin = 
= ] 
А | NW. 
where b == | f(x) sin 9T dx 
с Jo C 
Cosine series. If it be required to express f (x) as a cosine series in 0 < x < c, we extend the function 


reflecting it in the y-axis, so that f (— x) = (x). 
Then the extended function is even in (— c, c) and its expansion will give the required Fourier cosine series : 


ау <“ nox 
(х)---40) a, cos —— 
f о 2. n C 





=] 
o pc 
“ == : (2) 
where qe D f (x) dx 
and а, = | год cos AI dx 
с 40 
Example 10,16. Express Их) = х as a half-range sine series in 0 « x < 2. 22 (U.P.T.U., 2004) 


Solution. The graph of f(x) =x in 0 < x < 2 is the line OA. Let us 
extend the function f (x) in the interval — 2 « x < 0 (shown by the line BO) 
so that the new function is symmetrical about the origin and, therefore, 
represents an odd function in (— 2, 2) (Fig. 10.8) 

Hence the Fourier series for f (x) over the full period (— 2, 2) will 
contain only sine terms given by 








f(x)= 5 b, sin 7 
п= 1 
where b= | f(x) sin nE dx = | sin —— dx 
2 xn 
2|.2Х сов MM, _ 4 unnm __ AD) 
nn 2 ni 2 р пт 





Thus b, = 4/т, b, = — 4/2n, b, = A/am, b, = — A/4m etc. 
Hence the Fourier sine series for f (x) over the half-range (0, 2) is 
-åja 1... 2лх 1. dm 1.. 4nx 
[(х) = t sin = о sin 5 + віп 2 д Эт 7 +...) 
Example 10.17. Express fix) =x as a half-range cosine series in О<х < 8. 
(S.V.7.U., 2009 ; Bhopal, 2007 ; Mumbai, 2006) 


Solution. The graph of f (x) = x in (0, 2) is the line OA. Let us extend the function f (x) in the interval 
(— 2, 0) shown by the line OB' so that the new function is symmetrical about the y-axis and, therefore, represents 
an even function in (— 2, 2). (Fig. 10.9) 

Hence the Fourier series for f (x) over the full period (— 2, 2) will contain only cosine terms given by 


Ро) = + 2, a, cos = 
п = 4 








where = =| {(x)dx = [ хах = 2 
and а, = | f(x)cos : dx x COS 4 dx 
2x nnx 4 птх 4 4 
== sin 5 + M cos | 12.3 [(— 1)" — 1] 








Thus a, =- 8/n*, a, = 0, a, = — 8/37n", a, = 0, a, = — 8/5?n? etc. 
Hence the desired Fourier series for f (x) over the half-range (0, 2) is 


f(x)=1- | 





cos tr/2 сов Злх/2  cosbnx/2 Fig. 10.9 
E a * — + ка Е +... 
Important Obs. It must be clearly understood that we expand a functic n in О<х er asa series of sines or cosines, 


merely looking upon it as ап odd or even function of period 2c. It hardly matte: rs whether the function is odd or even or 
neither. 








Example 10.18. Obtain the Fourier expansion of x sin x as a cosine séries in (0, п). 


(Ул, 2003 ; U.P.T.U., 2002) 
1 t= і 
Hence show that is - ЭЕ? TAI лари) 


= мн = = 





и 

5.7 

dy 2 

Solution. Let x sin x ийг : +a 


Ii 


Then ay "Hat E 


y т Е т —= 
a, = 2 | x sin x cos nx dx = — [ x(sinn+lx-smn-—-lx)dx 





n n+l n-1l (n +1) (n — 1)? 


| |= cos(n+1)x  cosín- ne). E гэг! 
2) хал ЯРЬ үс 2 РЭГ ee НТ ыл СЭ 


1 | сов (п – 0л _ сов(л+1)т hin #1) 


= 
п п-1 +1 


m A 
When n =1,4,= = [ x sin x cos x dx == Í x sin 2x dx 
m Jo n Jo 


x — cos 2x _1( = віп 2х1" 1  mcos2n| 1 
| 2 | 2 > 7| 2 Ни 


Hence x sin x =1- 5 cos x - ВЕ 


1 


Tt 


— 
— 








Putting x = 7/2, we obtain 1/2 = 1+2 |i - ББТ” 


1 1 1 л-2 


Hence — = — в. ье 
1.3 3.5 5.7 4 





Example 10.19. Obtain a half range cosine series for 


| kx,0€ x «1/2 HA per E bares 
Judice (Bhopal, 2008 ЛТ, 2008) 
Deduce the sum of the series а + at га +... 80 (Rohtak, 2006 ; ОРТО, 2003) 


Solution. Let the half-range cosine series be 


‚ бу v nux 
го) = + 2, а, cos = 


nl 





o ( 072 l 
„=?! | kx cos T= dx + ЮГ- a) cos ШЕ | 
0 112 
| | 112 
_ 26|. ( вїіпплх/ у] nnx/l | 
d “| nnil | И nD? || 





+ 2k 
Ё | anil (nn 1)” 


| 
НЫ 


(1— x) sin ллх/1 E E Т — cos плх/1 | 
172 





СС 


_ 2k rn Ж 2Ы fo nr. n 
-2L fzo -1- e |- MT ei 


Hence the required Fourier series is 








Solution. Let f (x) represent an odd function in (— 1, 1) so that f (x) = y b, sin nnx 


п= 1 


where b= 2 [ fx) sin плх dx 


1 
=| (3-5) nears (5-2 алхах 


! ia —— 5 — кй 
2|-(3 = Sin mmx |2 2-(х-3 sesame + sin nee 








= 4 nm i пд? 0 4 | nm | n^n 3 
1 пт 1 sinnn/2 |. 1 1 пп sinnn/2 
-9|---008-24------:5--01428|--1- = —=— заанд 
=2 | dnn 2 Алт nn | | | 4пт г ninr 
1 4sinnn/2 


ийн -(-1) IMMO 


ETT: 


aa 























Thus Б. = 1 шин b. -0 
"п p 
a а A 
by = 35 ta gi hy =0 
a m в 
b.- br pP b, =0 etc. 
Hence бууж Г |. „| E. а @ Ve 
Ї Е 5 sine (ret sin Зх | — 2 sin 5лх + 
PROBLEMS 10.6 
Show that a constant с can be expanded in an infinite series © | sin Зах хайж” їй бе, eu) RN TUNI A 
39247638 2008 ; Kerala, 2005) 
Obtain cosine and sine series for f(x) = x in the interval 0 <x € n. Hence show that 
VE ER д? 3 а 
Е оран ee ee (Osmania, 2003 S 
15 35 B* 8 | я, 
Find the half-range cosine series for the function Дх) = =x" in the range 0 € x € л. (B.P.T.U., 2005 ; Kottayam, 2005) 
Find the Fourier cosine series of the function f (x) = x хіп 0 <x < n: Hence show that | 
AME гд ns | p.i 2s 
r+? 8 ы DOE 


5. Find the half-range cosine series for the function f (x) = (x = 1)2 in the interval 0 «х <1. | 
(V.T.U.., 2010 ; J.N.T.U., 2006) 
| 17:14 JH | 

Hence show that к" = 8 Cara (Anna, 2003) 
6. Find the half-range sine series for the function f(t) = ¢ —1?, 0 « t « 1. 
7. Represent f (x) = sin (sin (mr/l), 0 <x < I by a half-range cosine series. (Mumbai, 2009) 
8. Find the half range sine series for f (x) = x cos x in (0, m). | (Anna, 2008 S) 
9. Obtain the half-range sine series for еіп 0 < x « 1. 


11. 


Ё 
12, 
13. 


14. 


Find the half range Fourier sine series of f (x) =x (1—x), 0 £x € л and hence deduce that 
E 1 42 ane (ТА, Г lx л Fer a eM 
oy -a= gg “Anna, 2009) (i) rwn а (Mumbai, 2005) 
ГАС) 2x, О<х< д 
=д-х, Т/ «Х«т, 
show that (0) f (x) = ‘| sin x — = sin Зх + = sin бх s] (Mumbai, 2008 ; S. V.T.U., 2008 ; V.T-U., 2004) 
(НУГА) = 2-3 cos 2х + us cos Gx + Л ойд 10x + | СУТИ, 2011) 
(4 ' 4 Л 12 42 | ! Б? ! ... Май а m 


0, Osxsl/2 


23% dere DTU SQ 


Find the half-range cosine series expansion of the function f (x) = | 


If f (x) = sin x for 0 € x € n/4 
= сов х г п/4 = х < п/2, expand /(x) in a series of sines. 


For the function defined by the graph OAB in Fig. 10.10, find the half-range Fourier sine series. 





Fig. 10.10 





EDEN TYPICAL WAVEFORMS 





We give below six typical waveforms usually met with in communication engineering : 

(1) Square waveform (Fig. 10.7) is an extension of the function of Problem 8, page 412. 

(2) Saw-toothed waveform (Fig. 10.5) is an extension of the function in Ex. 10.12, page 409. 
(3) Modified saw-toothed waveform (Fig. 10.11) is extension of the function 








f (x) = 0, -п<х<0 
=X, Ох < л, 
Its Fourier expansion is 
;;. @ 2a cos Зх cos 5х Xo ВР. sin2x sin 3x 
f= S-Z e x + 42 + 52 +.-]+®| да o Е mmu. 


(4) Triangular waveform (Fig. 10-6) is an extension of the function of Ex. 10.15, page 411. 
(5) Half-wave rectifier (Fig. 10.2) is an extension of the function of Problem 2, page 412. 
(6) Full-wave rectifier (Fig. 10.12) is an extension of the function fix) = a sin x, 0 € x < л. Its Fourier expansion is 


| 1 1 
is E 1.3 3.5 5.7 7 | 





Fig. 10.12 





(1) PARSEVAL'S FORMULA* 


l = 
To prove that | ТРО) ах =] |i + > (аў ab 


п=1 


provided the Fourier series for fix) converges uniformly in (– L, D. 


The Fourier series for f (x) in (- L, D is f (x) = а. ` (an cos = + by шин (1) 
п=1 | 


Multiplying both sides of (1) by f (x) and integrating term by term from — Ё to / [which is justified as the 
series (1) is uniformly convergent —p. 389], we get 


FOP dx = [ La, [бро Л" ax +b, [^ рода 2™ | 
f r dx = W fedes У а, [, f (x) cos ^77 dx + b, |. f(x) sin ^ ax } 442) 
2: rl | | 

Now | | f (x) dx = la,, 


f, feos TE dx = la, and [ғо sin = dx = Ib,, by (4) of p. 405 


Le m 
(2) takes the form f. ЕР aS aab (3) 
ü |^ пы 


which is the desired Parseval's formula. (Mumbai, 2005 8) 


*Named after the French mathematician Marc Antoine Parseval (1755-1886). 





Cor, 1. If f (x) = wt рл (o, сов = +B, sin ~~ 


| in (0, 21), then 


‚2! 2 = "m 
| [Ах dx =1 Hs (ал “| (4) 
n=] | 


Cor. 2. If the half-range cosine series ts (0, 1) for fix) is 


| If GJ dx = 7 2 +a} + а5 +а$ +... - (Б) 


Cor. 3. If the half-range sine series in (0, 1) for f (x) is f (x) = У b, sin | m), then 


h=] 


[іо = OF ed +h +) (6) 


(2) Root mean square (rms) value. The root mean square value of the function f (x) over an interval 
(a, b) is defined as 


[Ах ne = (7) 





The use of root mean square value of a periodic function is frequently made in the theory of mechanical vibrations 
and in electric circuit eser The r.m.s. value is also known as the effective value of the function. 





Solution. Let y= S. y a, cos nx У, b, sin nx 


n=] n=1 


n* 


We have ay = 2 Gn “4 (— 1)", b, = 0 for all n (See problem 2, р. 400) 


If y be the r.m.s. value of y in (— x, л), then 


ER. 25 
P= 4. > i 21 [By (3) and (7) $10.9] 


Also by definition, 
zuo 23 5 4 | TT 4 it 
(У "x |) безе | E Ug 


Equating the two values of (y)*, we get 
4 4 a, 


E 1 ло. Ч НЬ 
(дан аг? "mE 





Fourien SERIES AND HARMONIC ANALYSIS 


PROBLEMS 10.7 





1. By using the sine series for (x) = 1 in 0<x < п, show that x =1+ ын £3 + =; 
2. Prove that in 0 <x </,x= 1-55 (oos TE J, cos ЭКЕ + cos B | 
xt! 3 Г o і 
„ыл не 1 L1 m 
and deduce that ut we. nei = 96 


3. If T * У. a, COS Z3 is the half-range cosine series of (х) of period 21 in (0, D), then show that the mean square. 


2 im 
| " laa Te { | Пү, ' 2 
value of f (x) in (0, I) is m d 4 2 um 


Userthia result to evaluate 1-4 + 344 544... from the half-range cosine series of the function f x) of period 4 
defined in (0, 2) by 
0«х«1 
шиг ЭЭР 


шин COMPLEX FORM OF FOURIER SERIES 











The Fourier series of a periodic function f (x) of period 21, is 


_а E nux | 
Р(х) = 5 +) (в, cos 27 ] * b, sin Г 23 "ob 


Since cos Ө = ЗО +e") and sin 0 = =: (е — e7 


therefore, we can express (1) as 


ec in туі -in ті К inneil -in rx / 1 
"ET ^ y am +e e -=ë 


n=] 
=¢,+ Ў. (с, "Шилэн "ын ...(2) 
where Co = $09, c, = F(a, — ,), с, = (a, + ib.) 
Now = f. f(x) cos = dei [| f(x) sin ТЕ y а) 


i 
21 

-41, f(x mas | sin de =} f reoe а 
1 





l [ 
| _ ! |. nnx _. . MAMMY ыы: inn x/l 
and Catus |, го cos ү isin "T. lax =3 2] f. f(x)e ах 


l - 
Combining these, we have с, = 3i | fixe" m dx 
where п= 0, +1, +2, +3, ...... .44(8) 
Then the series (2) can be compactly written ав: 


П = — са 


which is the complex form of Fourier series and its coefficients are given by (3). 


Obs, The complex form of a Fourier series is especially useful in problems on electrical circuits having impressed 





Solution. We have Р(х) = y с. ^ (28 РЕ 








{== 
- : l+inn _ —(1+їпл) 
"e m 1 pin Эр 1 pU tinn) 21-5 g tina m = ё | 
Where а= 5 Le er ife dim | -A +inn) |_ 21 + in x) 
_ e(cos nn + isin пл) -e "(cos nz-isinnm) _ e-e? ve 
= 201 + in n) ЕЕ 14 n*r 
_ (C D" - inm)sinhl 
1-7" 
-Ш v^ (-1)"(1-inn) пих. 
Непсе е = SS Ау БРГ 
2 linn 


= 
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PRACTICAL HARMONIC ANALYSIS | 
We have discussed at length, the problem of expanding у = f (x) as Fourier series : 


fix)= * + р (а, cos nx + b, sin nx) (1) 


nal 


1 (77 ч 
where a= т Ї f(x) dx 


...(2) 





So far, the function has always been defined by an explicit function of an independent variable. In 
practice, however, the function is often given not by a formula but by a graph or by a table of corresponding 
values. In such cases, the integrals in (2) cannot be evaluated and instead, the following alternative forms of (2) 
are employed. 


Since the mean value of a function y = f (x) over the range (a, b) is P | : fix) ах. 
—u "та 
- the equations (2) give, 
ay=2x 25, f(x) de = 2Imean value of f(x) in (0, 2n)] 


a,=2x xl f(x) cos nx dx = 2[mean value of f(x) cos nx in (0, 270] - I8) 


b, =2* 5- [ f(x) sin nx dx = 2[mean value of f(x) sin nx in (0, 27)] 


There are numerous other methods of finding the value of a,, a,, b, which constitute the field of 
harmonic analysis. 

In (1), the term (a, cos x + b, sin x) is called the fundamental or first harmonic, the term (a, cos 2x + b, 
gin: 2e) fe second harmonic and so on. 








'abulatec d wit 4) i corr rresp T : 


Solution. Let Bie c series тега the third harmonic representing y in (0, 2л) be 





у= $ag4 ау COS X + а„ cos 2х + a, cos Зх + b, sin x + b, sin 2x + b, sin 3x 840) 
To evaluate the — we form the — table. 





_ 3.18 _ =< — 0.62 








б = Эу -3.76 NT 
by = ®узїп 12x = -139 =~ 0.23 
ын 


b,- = Ey sin 3x= = 0.085 


Substituting the ia of a’s and b's in (1), we get 
g= 149-5 ONAT s € O45 сон e= 0.1 cos 3x — 0.63 sin x — sided ba 


А ` "7H лэг: ялы" ИЛТ p. " s ==—- 
Ч = AW EU C E = "rue suu b ms ч 4 AP »- "iod. 
4 Г = Ы Ars EN TES T Asp Б ас 5.5 56: Си: ач 13 a he 
51 by = a I = m i Ё фи Г i Г E 
pu. Го Б у лш, Д f З- ГЖ 5 

| UK | \ ] 
i ! a^ і Ї (1 Ч c | й ' 
1 з, „М. , 

П D a „ z 





Solution. Here length of the interval is T, i.e. C = T/2 > ($ 10.5) 


Then A= 76. а cos = +b sin “Л +а, cos E+ by sin SE +. 

















B ao = 2. s EA = (4.5) = 1.5 
а = 2 - А wey 12) = 0.373 
irm 2.— EA sin = (3. 014) = 1.005 


Thus the direct current poti in the variable current = mme = 0.75 and amplitude of the first harmonic 





Solution. Taking the interval as 60°, v we have 
= 0° 60° 120° 180° 240° 300° 
= 4 8 15 7 6 2 







«ЭЛЧ рээ 
211. 


i 27”, LN lI WT = 
b | цан 
| == _ а | Г 
| m i : Р P 
| °. a p m | ] „ы з: 
== aL т" 
| x EX 1 RT 
1 ын 1 | № y i 2 3- 
" = | 


2) 





Fourier SERIES AND HARMONIC ANALYSIS 


Example 10,26. The turning moment T is given for a series of values of the crank angle g*a 75° i ЖЕ, 
0°: 0 30 60 90 120 150 180 
Т: 0 5224 8097 7850 5499 2626 0 


Obtain the first four terms in a series of sines to represent T and calculate T for @ = 75524 
Solution. Let the Fourier sine series to represent T in (0, 180) be 

T =b, sin Ө + b, sin 20 + b, sin 30 + b, sin 40 +... 

To evaluate the coefficients, we form the following table : 





8^ .sin Ө sin 38 
0 0 0 
30 0.500 1 
60 0.866 0 
90 1.000 -1 
120 0.866 0 
150 0.500 1 





b,= 5 Ly sin Ө = 1 ((5224 + 2626) 0.5 + (8097 + 5499) 0.866 + 7850] = 7850 


6 3 
b, = £ Ху sin 26 == (5294 + 8097) 0.866 + (5499 + 2626\-0.866)} = 1500 
b,- 2 ®увїп ЗӨ = 1 (5224 — 7850 + 2626} = 0 
b.- 2 Xy sin 40 =5 (5224 + 5499)(0.866) + (8097 + 2626Y—0.866)) = 0 


Непсе Т' = 785° sin Ө + 150° sin 20 
For Ө = 75°, T = 7850 sin 75° + 1500 sin 150° 
= 7850° (0.9659) + 1500 (0.5) = 8332. 





_ PROBLEMS 10.9 _ 


1. The following БЭРЭН of y give the displacement in inches of a certain machine part for the rotation x of the flywheel. 
Expand y in terms of a Fourier series : 








= 0 1/6 21/6 Зл/6 40 5/6 

у: 0 9.2 14.4 17.8 17.3 11.7 
2. Compute the first two harmonics of the Fourier series of (х) given in the following table : 

x 0 w3 2n/3 Л 41/3 DWI .. 2x 

fix): 1.0 L4 19 13 15 ‚ 12 1.0 
, Obtain the constant term and the coefficients of the first sine and cosine terms in the Houria храпа 
given in the following table : 

Жэ 0 1 2 d 4 5 

y: 9 18 24 28 26 20 (V.T.U., 2011; Anna, 2005 S) 
4. In a machine the displacement y of a given point is given for a certain angle Ө asfollows: — 

eu ü 30 60 90 120 150. 180 210 240 270 300 "330 


y: Т9 8.0 7.2 56 | 36 1.7 0.5 0.2 09 2. B 47.65: 
Find the coefficient of sin 20 in the Fourier series representing the above variation. | 
5. Determine the first two harmonics of the Fourier series for the following values : | 
x: 30 60 90 120 150 180 20 940 270 300 330 360 
y: 234 301 3.68 415 3.69 220 088 051 088 | 109 119 чм 
(Madras, 2006 ; Cochin, 2005) 
6. The turning moment T on the crankshaft of a steam engine for the crank angle 6 degrees 1 is given. as follows: 
0: 0 15 30 . 45 60 15 90 105 120 135 150 165 180 
T: 0 beer). pal $26 isa es *97./68 V ББ U 44 28^, Ш 
Expand 7 їт a series of sines upto the fourth harmonics, | - 


OBJECTIVE TYPE OF QUESTIONS 








_ PROBLEMS 10.10 | 





Fill up the blanks or choose the correct answer in each of the follawing problems ; M. | 
1. The period of cos 3x is x = ...... | 
2. Их = сіва point of discontinuity then the Fourier series of f (x) at x =e gives f(x) =.....- 
3. A function f (x) defined for 0 < x < 1 can be extended to an odd periodic function in ...... 
4. The mathematical function representing the following graph is ...... 
5. Fourier expansion of an odd function has only ....:. terms. f. 
6. Formulae for evaluation of Fourier coefficients for a given set of points (х, y) : Ё = 0, 1, 2,...... n аге......_ | 
7. НЕ) =x* in (= 1, 1), then the Fourier coefficient b, = ...... 
B. The period of a constant function is ...... 
9. НА) = | 2 ҮЭ ‚ then f(E) is an ..... 
10. Fourier expansion of an even function f (x) in (— п, 1) has only ...... terms. 
11, МРБ) = Ч Е 
x^ OD eee te 
12. The smallest period of the function sin (ER 18-28 
13. In the Fourier series expansion of f (x) = | sin x | in (— л, п); the value of b, = ...... 
14, In the Fourier series for f (x) =x in (-xn <x <n), the ...... terms are absent. 
15. If (x) is an even function in (- /, Г), then the value of b, =...... 
16. Iff (x) 2x*in-2 «x < 2, Дх + 4) = Aix), then a, is ...... 
17. Iff (x) is a periodic function with period 2T, then the value of the Fourier coefficient b, = ...... 
18. Dirichlet conditions for the expansion of a function as a Fourier series in the interval c, Sx © c, are ...... 
19. ИАС) = x sin x in (— f, л), then the value of 5b, = ...... 
20. The formulae for finding the half range cosine series for the function f(x) in (0, D) are s.. 
21. The half-range sine series for 1 in (0, п), is 
29, Period of | sin t | is ...... 
23. The value of bn in the Fourier series of f (x) = | x | in (— m, x) - ...... | | 
24. Iff (x) is defined in (0, Г) then the period of f (x) to expand it as a half range sine series i8... — > 
25. The complex form of Fourier series for e-* in (— 1, 1) is .. 13! 
26. f(x) is an odd function in (- x, л), then the graph of f 27 18 ә, AN RA about the x-axis. (True ог False) 


91. fix) = i Е A iu f (fs s: 
х, O<x <n, 


| м in 05341 ААН ae 

-If JE 4 then itis ...... function. d Laus 
28. Iff (x) буун ers hen it is ...... function (odd or even) 

29. ИИ») is an odd function in (-4, D, then the values of a, and a, are..... | | 
30. The root mean square value of f(t) = 3 sin 2t + 4 cos 2t over the range 0 € t 5 m 18...... (Nagpur, 2009) 

31. In the Fourier &eries expansion of the function la! 

| nex), -пех=о . P. Au. аА Берел Fà 

Г(х) = | DRAK ME SEIT UR the value of 5, is ...... (P-T.U., 2010) 


32. Let f(x) be defined in (0, 9o by 


FG + 2к = f (x), The value of f (n) is ...... (Алла, 2009) 











DEFINITIONS _ 
(1) A differential equation ts an equation which involves differential coefficients or differentials. 





d?: 
Thus (i) e'dx&e'dy- 0 (ii) = +п?х=0 
| 2 2 
(г) у= + 3 zd (iv) RE Г kt = 
(р) © — wy =a 00s pt, © + wx =a sin pt (vt) eu 
(vii) ey. -c* 23 are all examples of differential equations. 


(2) An ordinary differential equation is that in which all the differential coefficients have reference to 
a single independent variable. 'Thus the equations (i) to (v) are all ordinary differential equations. 

A partial differential equation is that in which there are two or more independent variables and partial 
differential coefficients with respect to any of them. Thus the equations (vi) and (vii) are partial differential 
equations. 

(3) The order of a differential equation is the order of the highest derivative appearing in it. 

_ The degree of a differential equation is the degree of the highest derivative occurring in it, after the egua- 
tion has been expressed in a form free from radicals and fractions as far as the derivatives are concerned. 

Thus, from the examples above, 

(1) is of the first order and first degree ; (ii) is of the second order and first degree ; 


dy 
dx 


РЕ: 
(iii) written as у — = (2 * x is clearly of the first order but of second degree ; 


y 3 9 2 
and (iv) written as à 4 (2) | =¢" ЕЭ is of the second order and second degree. 
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VEN PRACTICAL APPROACH TO DIFFERENTIAL EQUATIONS 


Differential equations arise from many problems in oscillations of mechanical and electrical systems, 
bending of beams, conduction of heat, velocity of chemical reactions etc., and as such play a very important role 
in all modern scientific and engineering studies. 

The approach of an engineering student to the study of differential equations has got to be practical 
unlike that of a student of mathematics, who is only interested in solving the differential equations without 
knowing as to how the differential equations are formed and how their solutions are physically interpreted. 

Thus for an applied mathematician, the study of a differential equation consists of three phases : 

(1) formulation of differential equation from the given physical situation, called modelling. 

(11) solutions of this differential equation, evaluating the arbitrary constants from the given conditions, and 

(ит) physical interpretation of the solution. 





TEN FORMATION OF A DIFFERENTIAL EQUATION 


An ordinary differential equation is formed in an attempt to eliminate certain arbitrary constant from a 
relation in the variables and constants. It will, however, be seen later that the partial differential equations may 
be formed by the elimination of either arbitrary constants or arbitrary functions. In applied mathematics, every 
geometrical or physical problem when translated into mathematical symbols gives rise to a differential 
equation. 


e ПЛ. Form the differ 


Solution. To eliminate the constants A and a differentiating it twice, we have 





ntial equation of simple harmonic motion given by x = А cos (nt + o). — 


2. 
CF 22 Ад (и апа ЧХ 2 n?A cos (nt + о) =—п?х 
dt а 


is the desired differential equation which states that the acceleration varies as the distance from the origin. 


Exam) differential equation of all circles of radi 
(549 





Solution. Such a сїгсЇе15(х-1У4(у-4У- 
where Л and &, the coordinates of the centre, and a are the constants. 
Differential it twice, we have 


7 | 2 
x—h+ (yk) =0 and 1+(y—&k) 23312) = 


dx 
| | 1+ (dy/ ах)? 
Th — k ж= e шш гы Шы шышы 
bi d* y/ dx* 
dy | (2) 
d h k) dy/dx ЖЕ 
” BR OES ура = 
Substituting these in (i) and simplifying, we get [1 + (dy/dx P = a? (d^y/dx?Y AEE) 
as the required differential equation 
23/2 
Writing (її) in the form 1537: 41:14 шин =, 
d^y/ dx 


it states that the radius of curvature of a circle at any point is constant. 


nple 11.3. Obtain the dif feret tial equation 4: йн оюн circles Я the жнр y* * заето = 
Bored: is a constant and a is a variable, Ё, | | Do ХАМ 2003) 









Solution. We have x? + у? + 2ах + с? = 0 4E) 
Differentiating w.r.t. x, 2x + 2ydy/dx + 2a = 0 
| | A 
| за =—2| x + у 
or | y dz 
Substituting in (i), x? + y? — 2 (x + y dy/dx)x + c? = 
or 2xy dy/dx = y? — x? + c? 


which is the required differential equation. 


(1) SOLUTION OF A DIFFERENTIAL EQUATION 





А solution (or integral) of a differential equation is a relation between the variables which satisfies the 
given differential equation. 
For example, x = А cos (nt + a) (1) 


Р, 
is a solution of = + п2х = 0 [Example 11.1] D) 


The general (or complete) solution of a differential equation is that in which the number of arbitrary 
constants ts equal to the order of the differential equation. Thus (1) is a general solution (2) as the number of 
arbitrary constants (A, œ) is the same as the order of (2). 

A particular solution is that which can be obtained from the general solution by giving particular values 
to the arbitrary constants. 

For example, x = А cos (nt + m/4) | 
is the particular solution of the equation (2) as it can be derived from the general solution (1) by putting a = 7074. 

А differential equation may sometimes have an additional solution which cannot be obtained from the 
general solution by assigning a particular value to the arbitrary constant. Such a solution is called a singular 
solution and is not of much engineering interest. 

Linearly independent solution. Two solutions у(х) and y(x) of the differential equation 


Фу 
dy? 
are said to be linearly independent tf c,y, + су, = О such that c, = 0 and c,= 0 
If c, and c, are not both zero, then the two solutions y, and y, are said to be linearly dependent. 
If y x) and у(х) any two solutions of (3), then their linear combination суу, + CY, where c, and с. are 
constants, is also a solution of (3). 


Example 11.4. Find the differential equation whose set of independent solutions i is [ех xe", р 5 M, 


dy | 
a, x AX) у = 





Solution. Let the general solution of the required differential equation be y = суе + cxe" At) 
Differentiating (1) w.r.t. x, we get 
уу C48* + Cy (e* + хех) 


у-уу = сү S) 
| Авен — (11) w.r.t. x, we obtain 
— Yq = сүг 


Subtracting (iii) "has (11), we get 
y-X1-(,-»,20 ог y-2y, *y,-0 
which is the desired differential equation. 
(2) Geometrical meaning of a differential equation. Consider any 
differential equation of the first order and first degree 


dy ооо 
dx fy) (1) 


If P(x, y) be any point, then (1) can be regarded as an equation giving the 
value of dy/dx (2 m) when the values of x and y are known (Fig. 11.1). Let the 
value of m at the point A,(x,, Yo) derived from (1) be ту. Take a neighbouring Fig. 11.1 





ПиЕВЕМПыА5С Eouations OF First ORDER | 429 | 


point A,(x,, y,) such that the slope of A,A, is ту. Let the corresponding value of m at A, be m,. Similarly take a 
neighbouring point А „(х.„, у.) such that the slope of A,A, is m, and so on. 

If the successive points A,, А |, А, А. ... are chosen very near one another, the broken curve A,A,A,A, ... 
approximates to a smooth curve Cly = $(x)] which is a solution of (1) associated with the initial point A, (хү, Yọ). 
Clearly the slope of the tangent to C at any point and the coordinates of that point satisfy (1). 

A different choice of the initial point will, in general, give a different curve with the same property. The 
equation of each such curve is thus a particular solution of the differential equation (1). The equation of the 
whole family of such curves is the general solution of (1). The slope of the tangent at any point of each member of 
this family and the co-ordinates of that point satisfy (1). 

Such a simple geometric interpretation of the solutions of a second (or higher) order differential equation 
is not available. 


PROBLEMS 11.1 | 





Form the differential equations from the following equations : 
1. у = ax? + Ба”. 2. у= С, cos 2x + C, sin 2x (Bhopal, 2008) 
3. xy =Ae* + Вет «х, (U.P.T.U., 2005) 4, y—£*(À cos x + B sinr). (РТИ, 2003) 
5. y z ae? + be + сет. 
Find the differential equations of: 
6. А family of circles passing through the origin and having centres on the x-axis. МЛ, 2006) 
7. All circles of radius 5, with their centres on the y-axis. 
8. АН parabolas with x-axis as the axis and (а, 0) as focus. 
9, If y,(x) = sin 2x and y, (x) = cos 2x are two solutions of y" + 4y = 0, show that y, (x) and y, (x) are linearly independent 
solutions. 
10. Determine the differential equation whose set of independent solutions is |e, хех, х2 e*] (U.P.T.U., 2002) 
11. Obtain the differential equation of the family of parabolas y = x? +c and sketch those members of the family which 
pass through (0, 0), (1, 1), (0, 1) and (1, — 1) respectively. 





BEEN EQUATIONS OF THE FIRST ORDER AND FIRST DEGREE 


It is not possible to solve such equations in general. We shall, however, discuss some special methods of 
solution which are applied to the following types of equations : 
(1) Equations where variables are separable, (i) Homogeneous equations, 
(iii) Linear equations, (iv) Exact equations. 
In other cases, the particular solution may be determined numerically (Chapter 31). 





ПИК] VARIABLES SEPARABLE 


If in an equation it is possible to collect all functions of x and dx on one side and all the functions of y and 
dy on the other side, then the variables are said to be separable. Thus the general form of such an equation is f(y) 
dy = ф(х) dx 


Integrating both sides, we get | го) dy = | ф(х) dx +c as its solution. 


x(2 log x + 1) 


- - (УТИ, 2008) 
sin y + у сов у 


Example 11.5. Solve dy/dx = 


Solution. Given equation is x (2 log x + 1) dx = (sin y + y cos y) dy 


Integrating both sides, 2 | (log x. x +x) dx = | sin y dy + | y cos y dy +c 


2 у. 0 
1 Р | a a 
or в. - 1-2 8 ину уна» fain y. taye] 





® „8 
ог 2x” log x – d =-cosy+ysiny+cosy+c 
Hence the solution is 2x? log x — y sin y = c. 





Solution. Given equation is = =e Э(е5.32) or е? dy = (еЗ: + х?) ах 


Integrating both sides, |e” dy= [ce +x")dx +с 
2 Зх 


сан х арт or 3e? = 2(e?* + x?) + Gc. 
2 3 3 Е nal 


! ч ‚Ж а Е n b 
Ї 3 | E 5 ô 
T ro 
| Р i: p UM Г: ын | m Р 
T Pi E] ir р, Ч v 4 a ! 
LI ч pa ki - 
i j [ 





Ы UL S nich 


fln. — БУ ар hatdy/ds = аА 


| |... dt / 
The given equation becomes үг 1 = sin Ё + cos # 
ог аах = 1 + sin £ + cost 


Integrating both sides, we get dx = [ттлт +e 


or х= — E [Putting S 20| 
1-8ш 20 + cos 20 


240 е | 
Гэ | a Se 
= 8-2 9658: c= fe 0 
= log (1 + tan 0) + с 
Hence the solution is x = "ie айна. o + + С. 





Solution. Putting 4x + у + 1 = f, vega Z.A - 4. 


^ the given equation become: St aug or — 44r 
given equation b es 2) r dz 


dt 


Integrating both sides, v 





а = fa +E 


| 1, xd " № ЫГ | 
or —tan ~“—=x+c or —tan —(4Ах+у+1)| = х + е. 
| 2. 2 аР И) 


ог Ax +у+1 = 2 tan 2(x + c) 


Мһепх= 0, у= 1 .. : tan ! (1) = сіе. е = 7/8. 
Hence the solution is 4x + y + 1 = 2 tan (2х + л/4). 








. Eouanons or FiRST Orpen 




















1 dt pl. 1 | 
Therefore th equati n becomes — 5 — 14 20 
ereiore e given quatro Ox e 9:41 +1 
l dt t—1 t+2 20 +1 
à 2x dx 241 2+1 1+2 
à 
or ade (2-755 dt 
(1-2 
Integrating, we get x? = 2t—3 log (t+ 2) +c 
or x? + 24? —3 log (x? + y? + 2) -c- 0 U^ #=х?+у?ї 
which is the required solution. 
_ PROBLEMS 11.2 
Salve the following differential equations : 
1, 1- 4510 1-4) dx = 0. 2, (x*— yx?) — +5" 2-0. 
yu х2) 4улх,12-у) dx =0 а: tg жаў 
3. sec? хап у dx + вебу tanxdy = 0. (РТО, 2003) 4. у = 4 у x22), (VU, 2011) 
= 


Б. e tan ydx+(1—e) set? ydy=0. — (V.LU, 2009) 6. 2 = 675 ify=Owhenx=0. GEN T.U., 2006) 


7. х9 + cot y= 0 ify = п when x = 42. B. (xy? кх) dx + (yx? у) dy =0. 
9. x ве dte, OM. yaa saly -2| 
11: + 2 412264 (Madras, 2000 S) 12) (xy Ф uz 
ах | dx 
18. (x y їр & < =1. (Kurukshetra, 2005) 14, sin-*(dy/dx) = x « y ЧИТАЛ, 2010) 
15. A = cos (x+y +1) (VU, 2002) 16. Э ноу 23 51 


17. х! Y + X5y4- совее (ху) = 0. 


HOMOGENEOUS EQUATIONS 

















are of the form dy = Рб, у) 
dx ф(х, у) 

where f(x, у) and ф(х, y) are homogeneous functions of the same degree in x and y (see page 205). 

To solve a homogeneous equation (i) Put y = vx, then < - =v + x=, 

(11) Separate the variables v and x, and integrate. 

Example 11.10. Solve (x? - у?) dx — xy dy = 0. 

i т. : 13 E dy x*'—-y aint, + сант е E | j 

Solution. Given equation is c: - which is homogeneous in x and y. Mj 

ху 
aly dv dy 1-1? 
Put then ——=v+x—. .. (t) becomes о +x— = 
ut y = vx, nd eae =й 1) become ds 7 


dv 1-v' | 1-29" 
dx U vo 








or 





1p -w dx. dnce сай x 
or "E [че o — log li - SU —doga 
441-2? s = re 4 ait qe) deg eee 


or 4logx + log (1 - 202) = – 4с ог logxf(1- 202) = — 4c [Put v = y/x] 
or x*(1 — 2у°/х?) = e-* = с 
йоны НЕР = EM ze, 








Solution. The given өвийн кишу Бе. rewritten as 
A -( 2 sec 2 РА — tan d cos? y /x i) 


dx ix x x 
Uy 


which is a homogeneous equation. Putting y = vx, (i) becomes v +х 52 = (u sec? v — tan v) cos? v 








= хо =v- tanv cost -u 
dx 
Integrating both sides log tan v = — log x + loge 
ur xtanu-c or x tan y/x - e 





Solution. The premere euer meg 
dx __ e* *(1— x/ y) 


dy | lte” ш 
which is a homogeneous equation. Putting x = vy so that (i) becomes 
dp те — 0) du e" (1— v) Ue" 
о + ——— or ура 
dy - 1467 dy l+e —— 1467 


Separating the variables, we get 
_ dy 1+ e" 186 w= d(v + e") 
y u+ ve + е" 
Integrating both sides, — log у = log (v + e") + c 
ог y(u+e)=e° or x+y = с (вау) 
which is the required solution. 








dy ax+by+e 








The equations of the form — = EEE IE (1) 
can be reduced to the homogeneous form as follows : 
Case L When © +” 
а b 
Putting x=X+h,y=Y+k, (А, k being constants) 
so that dx = dX, dy = dY, (1) becomes 
dY _ aX+bY¥+(ah+bk+e) (э) 
dX “Х+ЬҮ+(аһ+Ь'ЁЕ+с) UM 
Choose А, А so that (2) may become homogeneous. 
Put ah+bk+c=0, and a’h+b’k+c'=0 
| h № — 0t — 
шш Бс Бс са-са  ab'— Ба 
_ Бс – b'c „Ж =са ” 
rm , , аҮ aX +bY SE ar hee КО эх . — | | 
Thus when ab’ — ba’ # 0, (2) becomes —— 4X = уру which is homogeneous іп X, Y and can be solved by 
putting Y = vX. 
Case II. When Alv 
Le., ab' — b'a = 0, the above method fails as А and k become infinite or indeterminate. 
Now ty а 61 4, - (say) 
5 a a eam; i = bm and (1) becomes 
dy __(ax+by)+e_ (4) 
ах m(ax+by)+c iis 
dy dt 
Put ax + by = t, so thata «b. 5. = ae 
dy 1( dt | 1(а _ tte 
" 4 -5(2:-4) = (becomes [аи 
| dt _ 40 tbc _ (am + b)t + ae’ + bc 
Ed dx misc mt c 


so that the variables are separable. In this solution, putting t = ах + by, we get the required solution of (1). 





№ _ y-x-2 | b | 
Solution. Given equation is — 2: Э-хэ4 Саве 2 # F I) 


or 


or 


or 


or 





Puttingx =X + h,y- Y +k, (h, А being constants) so that dx = dX, dy = dY, (i) becomes 
dY Y+X+(k+h-2) 
dX Y-X+(k-h-4) 

Putk+h-2=0 and k-h-4=0sothatk=-1,k=3. 


(и) becomes а _ Зэв Х which is homogeneous in Х and Ү. (шї) 


4Х Ү-Х 
ДҮ dv 


put Y = oX, then бүс + Ху 








(iii) becomes и+Х 


- НТ (1+2v—v*)=logX + с 


2 
log S9 + log X* = — 2c 


log (X? + 2ХУ- Ү?) =-2 ог X?42XY-Y?-e-*-c' (iv) 
Putting X =х-й=х+1, У=у-й=у- 3, (iv) becomes 
(x + 1)? + Ux + D(y-3)- (y - 32 2c 
x? 2xy — y? — Ax + Ву — 14 = с’ which is the required solution. 





or 


or 











вопіс, биб а ЧГ мэн мэ. d 
Putting 2x + 3y = e г.  () becomes Z- )-z55 
Integrating both sides, - ЄЇ- Мел 


2 9 1 2 9 22 | 
|| —-—.——| dt=x+c =t —— log (7t + 22)=x 
JG 7 z^ x+c or 7! 29 og (7t+22)=x+e 
Putting t = 2x + Зу, we have 14(2x + Зу) — 9 log (14x + 21у + 22) = 49x + 49с 

21x – 42у + 9 log (14x + 21у + 22) = c' which is the required solution. 


"amus 


PROBLEMS 11.4 








LINEAR EQUATIONS 


A differential equation is said to be linear if the dependent variable and its differential coefficients occur 
only in the first degree and not multiplied together. 

Thus the standard form of a linear equation of the first order, commonly known as Leibnitz's 
linear equation,* is 


ЧУ +Py=Q where, P, Q are the functions of x. (1) 


To solve the equation, multiply both sides by 4 Рах so that we get 


9. [55 iud Рё oy el ^ "PN 4 уе] Pas) _ Р 


Integrating both sides, we get РЕ "^. foel” dx +c as the required solution. 





Solution. Dividing оби by с + 1), given наби Hem 





у = e (x + 1) which is Leibnitz's equation. E) 
| ры Жыш д [p.t MEME | an on re ON „1-1 
Неге Р-- T and | Рах ЇЧЭҮЭ log (x + 1) = log (x + 1y 


ТЕ = ol Pas = Quoi! __1_ 
нэ x+1 


Thus the solution of (1) is у(.Е.) = |” (x + DI(LF.) dx + c 





[е шин ud +c or y= (16” кс) 1. 








сн NES Мила 29 EN à 
Solution. Given equation can be written as di + Jug uU) 
LF. = гї ша Sle 





| | “БАС 
Thus solution of (i) is y (LF.) = | E (LF.) dx +e 





or ye "pe ЕРИ 
ог PELA or уе =x +e. 


* See footnote p. 139. 





Solution. Putting y? = z and Зу? = sz , the given equation becomes 











m 4 
x( 1— x?) a + (2x? —1)2=ax5, or dz , 2x! 1,- 22 3 A) 
dx y-x x-x 
which is Leibnitz's equation in z 
I 
A Г.Е. = exp | ja t 2 
19 alg и 








| 2x" -1 "s & Y 3 Y. 1 юэ 
Now | Ed dx= Í -t-i tih) dx=- logx- 2 log (1 + х) – 2 log (1— x) 


= – log [x4 - x^)] 


E LF. = g elai- £z ? 2t a - xr! 


Thus the solution of (i) is 


d 
z(LF.) = | a. (LF.)dx +e 
t=. 


3 | 
2 x 1 ; fu 24 3/8 
or — = 8 eee it teed |Х%(1-хХ) dx 
[x (1-2) J x(1—x") xJa - a?) | 
--2| 20-32) 9“ асъ сау? же 
Hence the solution of the given equation is 


y! = ах «ex Ja - x?). [: 25-47 





dx, х 
dy ylogy 
which 18 a Leibnitz's equation in x 





Solution. We have = s. AED 


1 
LF. = RET = е! og Y) — log y 
| р | 
Thus the solution of (i) is x (LF.) = Ї5 (LF.) dy +c 


1 i. 
x log y= I2 log y dy +e= о (log у)? + с 


ie., х= $ logy + (log y "- 





Solution. This equation contains y? and tan ! y and is, therefore, not a linear in y; but since only x occurs, 
it can be written as 
а. dx dx x tan ! y 
(1+7) л, -tan!y-x or ——+ = | 
77 dy dy 1+ у? 1454 








which is a Leibnitz's equation in x. 
1 
— d 
ГЕ. = Ге M : =g y 





зан 
Thus the solution is x (LF.) = | ten у 


1 юу (LF.) dy +e 











Put tan! y= 
. y _ 
1+2 
= [té dt+ce=t.e' - fi.e dt +e (Integrating by parts) 
=t.e'-e' +e=(tan7! у-1) gn» tc 
or x-ian-y- LL i 





sin 0G, + 1 (1952) сов б =—т ad) 


Putcos@=y sothat -sin 0 d@/dr = dyldr 
dy , %4(2 г) . mas sex И | j | 
Th beco -Ar|y-— dr -i|ysr? 
en (i) mes — 5 x y г? ог 1r ж 5 y 


| E | (2r -1/r)dr NT 
ЗЛЕ за айне арабов = Ее ЖК И” =le” 


Thus its solution isy (1 "| Ea a = I drec 


or ye aed [е ze +e 


ог 2e cos@=re 42сг ог г(1+ 26е )-2сов0. 


E- FË 2 — F Ба! 7 я. 


~ PROBLEMS 11.5 
En 


da 





BERNOULLI'S EQUATION 


The equation 9? У + Py = @у" 411) 


where Р, Q are "eod of x, is reducible to the Leibnitz's linear equation and is usually called the Bernoulli's 
equation*. B 





*Named after the Swiss mathematician Jacob Bernoulli (1654—1705) who is known for his basic work in probability and 
elasticity theory. He was professor at Basel and had amongst his students his youngest brother Johann Bernoulli (1667— 
1748) and his nephew Niklaus Bernoulli (1687-1759). Johann is known for his basic contributions to Calculus while Niklaus 
had profound influence on the development of Infinite series and probability. His son Daniel Bernoulli (1700-1782) is known 
for his contributions to kinetic theory of gases and fluid flow. 








To solve (1), divide both sides Бу y^, so that y” ЕЧ + Руі-"=0 2) 


г. (2) becomes 8. +Pz=@Q or ЧЕ 4 P(1-n)z = QU - n), 





or 


or 


Solution. Dividing throughout by хуб, уд = + Яо = x2 Ai) 
-1... | _в ay _ dz = т | 214, 3 _ 
Риу? =z, so that —5y"° 22522003 (0 becomes sd; x? 
Ян -Š z = – 5x? which is Leibnitz's linear in z. (й) 


IFs p 94. о 5098 — orit = x5 


^ the solution of (iz) is z (LF.) = [e 5x MLF)dx-c or 2x75= | (- 5х2) x-9 dx +e 


=@ 
y^» = — Б, =. + с |: аху? 


шашин: throughout by pea 1={2.5 + > чё which is the Si сајан solution. 





Galati: Rewriting the given equation as 


dx 
dy зул 
and dividing by x?, we have 
22 0X _„ її. „8 л 
х dy ya = у (i) 
Putting x-! = z so that х? s (1) becomes 


or 


or 


& +yz =—y* which is Leibnitz's linear in z. 
Here LF. = 217% _ i2 
“the solution is z ПЕ.) = [Cy (LF) dy «c 


Puti уг =t 
ЗАА =~ jy” rd "ydy +e E A di 


z-2 [t.e dt+c [Integrate by parts] 
2—2[t.e' — 114 dt] +е=-2 [te —e'] +e = (2 y?) gi +с 
-l | 41 
ана" or d 
Note. General equation reducible to Leibnitz's linear is f” о) & + РДу) = UA) 


where Р, Q are functions of x. To solve it, put f (y) = г. 





Solution. Dividing thro 





or sec? у ду + 2x tan y = x? which is of the form (A) above. weld) 


put tan y = 2 so that sec? y XR 2 (i) be 


— 5 LE ze 
2. the solution is 2e" = Бийн айах += ? pe + с. 





[ха e 








This is Leibnitz’s linearinv. .. I. 


^ the solution is no =. 2 dx + =ске 
Replacing v by 1Ло г, ме get (x Іор 2) 1 = х1 +с or (log 2)-1= 1 + сх 
which is the required solution. 


ту L BE. ш ER Р J. = 


AA LATE 


M Jes 


i {Р 


ПЕТТ yi x )уйх-хау-0. 
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EXACT DIFFERENTIAL EQUATIONS 


(1) Def. А differential equation of the form М(х, y) ах + М (x, y) dy = 0 is said to be exact if its left hand 
member is the exact differential of some function и (x, y) i.e du = Мах + Мау = 0. Its solution, therefore, is 
u(x, y) = с. 

(2) Theorem. The necessary and sufficient condition for the differential equation Мах + Nd» = 0 to be 
exact is 





aM _ aN 
dy ox 
Condition is necessary : 
The equation Мах + Ndy = О will be exact, if 
Mdx + Ndy =du . (1) 
where u is some function of x any у. 
But du = a dx + = dy (2) 


equating coefficients of dx and dy in (1) and (2), we get M = би and N = Es 














Ju _ ðu ion 
ut "У (Assumption) 
> = ах which is the necessary condition for exactness. 
Condition is sufficient : i.e., if = = 9X. then Мах + Мау = 0 is exact. 
Let | Mdx =u, where y is supposed constant while performing integration. 
9 А du . ди oM ӘМ. 
Then Эх | Мах) =< ‚ Be, М = Эс dy ий” (given) ...(3) 
oM _ 3u ар aN _ дѓи -2(%) — du » ди 
dy дудх dx дхду dx \ dy) _ дудх дхду 
Interating both sides w.r.t. x (taking y as constant). 
E s + fly), where f(y) is a function of y alone. ...(4) 
re _ ди du | 
Mdx + Ndy = сн dx + ЗУ + f(y) ау [Ву (3) and (4)| 
= | a t gy 9 |+ 70) dy =du + fo) dy =d lu + [fondyl ...(5) 


which shows that Mdx + Ndy = 0 is exact. 
(3) Method of solution. By (5), the equation Mdx + Ndy = 0 becomes d[u + | Р(у)ау| 20 
Integrating и + | (у) ау = 0. 
But и = | Мах and Ду) = terms of N not containing х. 
y constant 
The solution of Мах + Ndy - 0 is 
| Мах + | (terms of М not containing x) dy =с 


( y cons.) 


provided oM = aN ; 





Solution. Here М- = ye" + 4х3 and N= 


Зу? 
g IT „у? г” . 2ху = 


Thus the equation is exact and its solution is 
Mdx + | (terms N not containing x)dy =c 


"|y const.) 


(у?е? * + 4х®)ах + | C Зу!)4ду =e ог e фаб уз = е. 


aye” - 
aN 
dx 


Le., 





Solution. Here M=y(1+1/x)+cosy and N =x + log x -x sin y 
| ЭМ  ,,, 4 aN 

et y =1+ 1/х — 510 y = ae 
Then the equation is exact and its solution is 


Мах + | (terms of N not containing x) dy = 


f const) 


1, ал (15: )улвву| dx =e ог (x+logx)y+xcosy=c. 





Solution. Here М = 1 + 2xy cos x^ —2xy and № = віп х? – х? 
.. s = 2x cos х2 2x = — 
ду | 


Thus the equation is exact and its solution is 


n Мах » | (terms of N not containing х) =e 
ie, Ї const) (1 + 25У cos х" -2xy)dx=c or x+y| [сов x” ‚ 2хйх — | х ах | =e 
or xysinx?—yx?- c, 





Solution. Given equation can be written as 
(y cos x + sin y + у) dx  ( sin x + x cos y + x) dy = 0. 
Here M=ycosx+siny+y and N=sinx+x cos у + х. 


5 ду = сов х + сову + 1 p" 


Thus the equation is exact and its solution is 


[M * | (terms of № not containing x) dy = с 
Кысу 


Le., | (у cos x sin у + у) dx + | 0)дх-с or увшх +(siny+y)x=c. 
(у const.) 





Example 11.29. Solve (2x* + By? 258 - (Bx? + 2y? - 8) ydy = 0. 
Solution. Given equation can be written as 
ydy _ 2x* + Зу! = 
хах Зх? + 2у? -8 
уау + хах _ B(x” 4 y^ – 3) 


ог ЕМЕ ie OO O 
ydy-xdx x? у? +1 
x+y -д ey ie | 
Integrating both sides, we get 
2xdx + 2ydy 2xdx — 2ydy 
[ides ay «ебу, 
x? + у? —3 x" —-y*-1 
or log (x^ + y? —3) = 5 log (x? — y? — 1) + log c' 
or х? + y?-8ze' (x? - y? — 1) 


which is the required solution. 


PROBLEMS 11.7 - 





‘Solve the following equations : 
1. (22 —ay) dx = (ax — y?) dy. 





[By componendo & dividendo] 


[Writing c = log c'] 





2. (x^ 4 y* —a?) хах +(x” — у? — b?) уду =0 | (Kurukshetra, 2005) 
8, (x? — xy — ду?) de + (у? — Axy - 2x?) dy — 0. 4. (x — 2xy? + уб) dx — (237 — 4xy? + sin y)dy = 0 

б. уе“йх + (хє? + 2y) dy = 0 » | 

B. (бх* + Зх°у* — оху?) бх  (2x3y — 8x*y* - Бу) dy =0 | УЛИ, 2008) 





T. (802 + Gey?) dx + (Gay  4y*) dy = 0 4,4 


9. -y'sin x dx — (14 y* + cos?x) ду =0 
10. (sec x tan x tan y —e*) dx + sec x sec? y d'y = 0 
11. (2xy +y- tan y) dx + x*- x tan? y + sec? y) dy = 0. 


(Marathwada; 2008) 
| (Nagpur, 2009) 





FEFE EQUATIONS REDUCIBLE TO EXACT EQUATIONS 


‘Sometimes a differential equation which is not exact, can be made so on multiplication by a suitable factor 
called an integrating factor. The rules for finding integrating factors of the equation Мах + Ndy = 0 are as 


follows : 


(1) LF. found by inspection. In a number of cases, the integrating factor can be found after regrouping 
the terms of the equation and recognizing each group as being a part of an exact differential. In this connection 


the following integrable combinations prove quite useful : 
xdy * ydx - d (xy) 


«ym =a >), и] 
2 , a" 





x x ху 
i me a аб) 
у Ул SEZ x / 
хау — ух 16255) 
“о 
x —y 2 х-у 


Example 11.30. Solve y (Оху +e) dx = e* dy. 


Solution. It is easy to note that the terms ye*dx and e*dy should be put together. 
Lye*dx — e*dy) + 2xy? dx = 0 


(Kurukshetra, 2005)! 





Now we observe that the term 2xy? dx should not involve y?. This suggests that 1/y? may be І.Е. Multiply- 
ing throughout by 1/y’, it follows 
Xo a x 
ye dx e Cody 0 or Е | + 2xdx = 0 
y Y 
Integrating, we get x + х? = с which is the required solution. 


(2) LF. of a homogeneous equation. If Мах + Мау = 0 be a homogeneous equation in x and y, then 
1 Мк + кши is an ———— (165 + Ny * 0). 





Solution. This еннай 18 ЕЕ men zi y. 
| — — — Ч 
и “7 Мх + № (x 2у ху?) х – (х? – Зх?у)у ху" 


Multiplying throughout Бу 1/x?y?, the equation becomes 


(+-2}ae-( 4-5) a- 0 which is exact. 
у х y Уу 


г. the solution is | хаш огч | (terms of N not containing x) dy = c or : —2logx + 3 logy = с. 
y em 


(3) Т.Е. for an equation of the type f,(xy)ydx + f,(xy)xdy = 0. 
If the equation Мах + Мау = 0 be of this form, then I1(Mx — Му) is an integrating factor (Mx — Ny s 0). 





Solution. The given equation is of the form f,(xy) ydx + /,(ху) хау = 0 
Here М = (1+ху)у, N = (1— xy) x. 
ЇЙ "——————— ь 
Мх – Ny (1+ ху)ух – (1 ху)ху 2х2у2 


Multiplying throughout by 1/2х2у2, it becomes 





Eo ils. ИЕ ЖИЙ: 4 
aay ах | iT 2а 2y dy = 0, which is an exact equation. 


^ the solution is | 4 Мах + | (terms of N not containing х) dy = с 
= y COTS 


1 zii pi МЕ =е ue] Х 1 , 
or Bol x) 2 og 2 og у or log oe 
(4) In the equation Mdx + Ndy = 0, 
ам _ aN 
(a) if ду N dx be a function of x only = f(x) say, then M Mods is an integrating factor. 
$E 
E 





Solution. Here М = xy? — 277 and N = — х2у 


М _ aN 
Фу dx  Zxy-(-2xy) 4 which isa function of x only. 


N -x*y x 





24а _ -4logx _ 4-4 
= s x 


(2 к: | 
Multiplying throughout by x 1, we get | x = е” | dx – 2 dy =0 
T | x 
which is an exact equation. 


л the solution is | аш (мах) + | (terms of № not containing x) dy = c. 





X 
OT [5- em ано 
(3 x 
2-5 Sus a 35 R 
a EST Lr ird near et Ай ae, 
3 2x 


EINEN C it c can n be solved asa Berti 5 ааыа, ($ 1120) 





LF = ram БЭРТ 


Multiplying throughout by y, it becomes (ху! + y?) dx + (2х2у3 + 2xy + 2y°) dy = 0, which is an exact 
equation. 


its solution is | R! аш Mda) + [ (terms of N not containing x) dy = 0 


| 1 
(ху! + y*)dx + ыы с or Xy xy! e Sy =e. 


v 


T. 


= m m г rY 
NAF, вэ ETE 


: y). E 1 гран | Ё 51 г 
” йх + \ a М [ОЕ MJ dy F 





Solution. Неге М = — and N = x — log y 
js = 1 





= (11089 — 1) = — 4, which is a fonction of y alone. 
y log y y 


(1 
J 
Multiplying the given equation throughout by 1/у, it becomes 


log y dx > (x – log у) ау = 0 


which is ап exact equation Ё > (log y) = x | => | | 
its solution is | (Мах) » | (terms of N not containing x) dy = c 
Ly const) 
41 1 
or log y [а+ (=E дуже or xlogy- — (log y? = c. 
y 2 


(5) For the equation of the type 
ху (mydx + пхау) + x* y" (m'ydx + n'xdy) = 0, 


an integrating factor is x^y^ 
. ath+1 b+kh+1 a +h+1 b'+k+l 
where а ЫЬ eS АО ДЫ 


m n m n 





Example 11:36. Solve у(ху + 2x33) dx +x (sy — x9) dy = 0. а и DUUM 


Solution. Rewriting the equation as xy (ydx + xdy) + x*y* ын — xdy) = 0 and comparing with 
ху (mydx + nxdy) + x* y" (m'ydx  n'xdy) = 
we havea =6=1,m=n=1;0'=6'=2, т =2,п' =— 1. 





LF. = x^,*. 
5 а+А +1 564541 +Һ+1 44-51 
where а 
т n m n 
is 1+h+1 145241 24h4+1 24h41 
i 1 1 " @ — ^ 
or h-k=0,h+2k+9=0 


Solving these, we get Л = k =- 3. г. LF. = 13у. 
Multiplying throughout by 1/x3y?, it becomes 
1 2]. 1 1| : TNT “Юн 
=~ +—|dx+| —,-— |dx =0, which is an exact equation. 
xy X Xy У 


The solution is | ‚Мах + | (terms of пої containing x) dy = с 


1 1 
or zi) + 2logx logy =с or 2 log x- log y- l/xy.- c. 





| PROBLEMS 11.8 


Salve the following equations : 


1: айу odt d(x? + 9) dx = 0. | 2. xdx + ydy = LE eri su | (U.P.T.U., 2005) 
8. yde- xdy + log x dx = 0. (У D dy _ х гага 

| | хоо ху? 
5. (Зу? + х) dy + (2у7-уудйх =0. 5 (Gy? + xy + Пух ^y? —xy + 1) xdy = 0. 
7. ete А ЕЛЫ ОВ. (ay + Зу? -ауйхэ x (x + 2yMy = 0 (Mumbai, 2006) 
9. xt x жазу совету) =0. = 10. (у—ху®) dx — (x +x%y) dy = 0 | 





1 AL. yda ady + 3055207 di = 0. (Kurukshetra, 2006) 18: (y^ + 2x5) dx + (2x5 ~ ay kdy = 0. 


13. “удха x(2 log x — y) dy = 0... (P. SU, 2008) 








EWEN EQUATIONS OF THE FIRST ORDER AND HIGHER DEGREE 


As dy/dx will occur in higher degrees, it is convenient to denote dy/dx by p. Such equations are of the form 
fx, y, p) = 0. Three cases arise for discussion : 


Case. I. Equation solvable for p. A differential equation of the first order but of the nth degree is of the 
form 


p'ePp-.Pgu... P z0 (1) 
where P,, Po ..., P, are functions of x and y. 
Splitting up the left hand side of (1) into n linear factors, we m 
Ip -fi у Ip — fix, У... [р — f, (x, y)] = 0. 
Equating each of the factors to zero, 
P- fix, у), р- fix, у), зөрж ЕЯ y) 
Solving each of these equations of the first order and first degree, we get the solutions 
Fx, y, c) = 0, F(x, y, c) = 0, ..., F (x, y, c) = 0. 








These n solutions constitute the general solution of (1). 
Otherwise, the general solution of (1) may be written as 
ве у, с). ipei 2: ys Oh хөвд, Ех, у, as 0. 





dy . | | 
Solution. Given equation ipm ЭХ, ЭР here p = 2 orp*+p [2-2 )-1=0 
шин р у х | | x y, 
Factorising (p + y/xXp — x/y) = 0. 
Thus we have p+yix=0 241) and р-х/у= 0 (Н) 
From (i), +> =Oorxdy +ydx=0 
d(xy) = 0. Integrating, ху = c. 
eee dy х | 
Его : ---- = 0) or xdx — ydx = 0 
m (ii) di y 0 or xdx — y 


Integrating, x? — y? = c. Thus xy = c or x? — y? = c, constitute the required solution. 
Otherwise, combining these into one, the required solution can be written as 
(xy — сх? У. - с) = 0. 





or 


or 


Solution. We have р? + чту + (у анз + y? cot? x 
р+усоёх = + у cosecx 


р = у (~ cot x + cosec x) Jd) 
p = y (- cot x — cosec x) (ш) 


Кгош (1), z = y(— cot x + cosec x) ог a = (cosec x — cot x) dx 


Integrating, log y = log tan ~ — log sin x + lsg € = jo ANA 
2 sin x 
C тэр 
y = ———__- ory (l+cosx)=c UL) 
2 cos x^ /2 ' 
Brom (ii dy __ | dy _ | | Ie 
From (ii), dx = X (сох + cosec x) or у Ld ету 
Integrating, log y = — log sin x — log tan Ž + log с = log —— ——7 
Е sin x tan — 
2 
= ог y(1—cosx)-c (iv) 
2sin? * 
2 


Thus combining (iii) and (iv), the required general solution is 
y (1 + cos x) = c. 








Case II. Equations solvable for y. If the given equation, on solving for y, takes the form 
У=Их,р). ...(1) 
then differentiation with respect to x gives an equation of the form 


p= e 
Now it may be possible to solve this new differential equation in x and р. 
Let its solution be Fix, p, c) = 0. ..(2) 
The ellimination of p from (1) and (2) gives the required solution. 
In case elimination of p is not possible, then we may solve (1) and (2) for x and y and obtain 
х= Еур, c), y = Fyp, с) 
as the required solution, where p is the parameter. 
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яг" (рээ) wi) 
арын olei wane 2 ырын (wax ® uud 
erenirating Doin sides мил respect Lo x, de -p- С xj RON 


Solution. Given equation is y = 2px + t 


" dp (... dp ) p | | | 3 р o 
)4 2x —— 42x — |.—— — 2-0 or | p+2x— | 1+ ———— | = 0 
à Р "b Fux) dax 5 de) Lea 


This gives p + 2x dp/dx = 0. 
Separating the variables and integrating, we have [= +2 | = = a constant 

or logx+2logp=loge or logxp’= loge 

whence хрї-с or p= (с/х) Aii) 
Eliminating p from (i) and (ii), we get y = 2 J(c/ x) x + tan` !c 

ог y = Alex) + tan! с which is the general solution of (i). 


| »- T “a Bs = Чи 
1 L | л. == балы а a гь ro га 1 ЭШ СРЯ L =r ч a Ls m 
" 110 | | Бу» u Fy Л L 












Caution. Sometimes one is tempted to write (ii) as J 
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Solution Given equationis у = 2px +p" -40) 





| a 2 
Рада 


[2 
This is Leibnitz's linear equation in x and p. Here LF. = / p 4 = еї = р” 





the solution of (i) is 





| | np^*! 
x(LF.)- | ар" 2). С.Е.) dp +e or xp*--n л dp+c=- = + с 





1 
пр"! (iii) 
=cp?— — JA) 
ог ни! n+1 
26 l-n , ЭГ 
Substituting this value of x in (i), we get y = Ээ ben р Uu) 


The equations (iii) and (iv) taken together, with parameter p, constitute the general solution (1). 





Case III. тетин solvable Завь If the given ae on in for x, takes the теза 


x = fly, р) (1) 
then differentiation with respect to y gives an equation of the form 
1 dx (va Ф. 


Now it may be possible to solve the new differential equation in y and p. Let its solution be Fly, p, с) = 0. 
The elimination of p from (1) and (2) gives the required solution. In case the elimination is not feasible, (1) 
and (2) may be expressed in terms of p and p may be regarded as a parameter. 





y- yip 

2p 
MM 2 :3 | | 3, ар 
1-2y.p? узЗр = |_(у– ур) = 
у. _у Py у-ур dy 


dx( 1 of 
а | 
| р) 


Solution. Given equation, on solving for х, takes the form x = 


t 
9' р? 
T. Es 
г 
ог р + Зур! rgy ЧР T d. =Oorp( 1+ 2ур3) + у (1 + Sp) = 0 
or LE Ja-e275- Ü This gives p +y 92 = 0, or $0» = 
Integrating py = с. (0) 


| 3 „ 
Thus eliminating from the given equation and (1), we get y = 2 ух + ын у? or у? = 2ex + c? 
| У 


which is the required solution. 
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CLAIRAUT'S EQUATION* 
Ап equation of the form y = px + /(р) is known as Clairaut's equation KU) 
Differentiating with respect to x, we have p =p +x 2 t f' (p) “Р 


or Ix + f’ (p) = =0 2 ар = 0, orx +f" (p)=0 


Чу” 0, gives p=c 402) 


Thus eliminating р from (1) and (2), we get y = сх + f(c) ...(3) 
as the general solution of (1). 
Hence the solution ын" the Clairaut's equation is obtained on ooo p by c. 


its 8i ingul ar sol 91 
Шет М Жетт, Ёл 7 
| Aa м Їл а 








Solution. Given. equation can be writt 
sin! р =y—xpory = ee Е which is the Clairaut’s equation. 
со its solution is y = cx + sin"! c. 
To find the singular solution, differentiate (i) w.r.t. c giving 
EAT WIS E 
1- E 
To eliminate c from (i) and (ii), we rewrite (11) ав 
cz N(x* — lyx 
Now substituting this value of c in (i), we get 
у = M(x? — 1) + sin (N(x? — 1yx] 
r solution. 
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*After the name of a youthful prodigy Alexis Claude Clairaut (1713-65) who first solved this equation. A French mathema- 
tician who is also known for his work in astronomy and geodesy. 


Then the given equation becomes | хР 
oF 


а?Р 
Р+1 
v = uP — a?PKP + 1), which is Clairaut's form. 
л, its solution is и = uc — a*?c/(c + 1), ie., y? = сх? — a?cK(c + 1). 


(uP —vXP + 1) = a?PoruP -v= 


| OBJECTIVE TYPE OF QUESTIONS 














INTRODUCTION 


In this chapter, we shall consider only such practical problems which give rise to differential equations of 
the first order. The fundamental principles required for the formation of such differential equations are given in 
each case and are followed by illustrative examples. 





GEOMETRIC APPLICATIONS 


(a) Cartestan coordinates. Let Р(х, y) be any point on the curve 
f(x, y) = 0 (Fig. 12.1), then [as per 4.6 $(1) & 4.11(1) & (4)], we have 
(1) slope of the tangent at Р(- tan y) = dy/dx 
(ii) equation of the tangent at P is 





so that its x-intercept (- OT) 
=x—y .dxidy 
and y-intercept (= OT") = у – x .dy/dx 


(iii) equation of the normal at P is Y - y = — LE - x) 
a d 





(iv) length of the tangent (= PT) = y | 1+ (ах / dy] 


(0) length of the normal (= PN) = у\/11 +(dy/ dx)" | 
(vi) length of the sub-tangent (= TM) = y . dx/dy 
(vii) length of the sub-normal (= MN) = y . dy/dx 





(viii) ds = [1+ (dy/ аху]; — =, [1+ (4х/4уУ | 
dx dy 
(ix) differential of the area = ydx or xdy 


13 3238/2 
(х) p, radius of curvature at P = 1+ (dy/dx) P^* 
а?уѓах? 


452 






A NUM leat А] ГЭЛ 26 





(5) Polar coordinates. Let P(r, 0) be any point on the curve 
r = f (0) (Fig. 12.2), then [as рег § 4.7, 4.9 (2) & 4.11 (4)], we have 
(i) y=0+6 
(ii) tan ф = rd8/dr, p = ғ sin $ 
i 20-8. (51 
pr г (ай 
(iv) polar sub-tangent (= ОТ) = r?dü/dr 
(v) polar sub-normal (ON) = dr/d6 





Г! СЕ Am oe Fae МЭ. 









Solution. Let the tangent at any point P(x, y) of a curve cut the axes at T and T” (Fig. 12.3). 
We know that its x-intercept (= OT) = x — y . dx/dy 
and y-intercept (= OT") = y – x . dy/dx 
the co-ordinates of T and T” are 
(x —y . dxldy, 0), (0, y — x dy/dx) 
Since P is the mid-point of TT’ 

[x — y.dx / dy] 0 - 

шинж хи 
Or x—y.dxídy = 2x or x dy + у dx = 0 | Fig. 12.3 
or d(xy) = 0 Integrating, xy = с 
which is the equation of a rectangular hyperbola, having x and y axes as its asymptotes. 


ї 4 "Жи | й | Tr Wu Fi IL TER т hw i " UE Pur ] Ч 
х ДА Ии А n Bo C Wd Rte dgio CELA ec tar Г БЕЯ » Br T 
, к = 47-25 = it 2 DEA, а= "Ву Ч иг. AT DC Pp mms AT (EH ки Bs J ij D = 












Solution. Let PT and PN be the tangent and normal at P(r, 8) of the curve so that 
tan $ = г düldr 
By the condition of the problem, 
ZOPN = 90° – ф = ZONP (Fig. 12.4). 

5 8 = {РОМ = 180° - (180° — 24) = 26 
: | : ü da 
or 0/2 = ф as EB. 168: = с 

Here the variables are separable. 

dr сов 0/2 | 
r sin0/2 
Integrating both sides log r = 2 log sin 6/2 + log c 








Or r-csin @/2 = = «(1— cos 0) 
Thus the curve is the cardioid r = a(1 — cos 8). 
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Solution. Taking the fixed source of light as the origin and the X-axis parallel to the reflected rays; the 
reflector will be a surface generated by the revolution of a curve f (x, y) = 0 about X-axis (Fig. 12.5). 
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In the XY-plane, let PP’ be the reflected ray, where P is the point (x, y) 
on the curve f(x, у) = 0. 








If TPT’ be the tangent at P, then 
angle of incidence = angle of reflection, 
ф= ОРТ = "РРГ' = ZOTP = y 
Le., p= 2 = tan ХОР = tan 20 
= “tend __ 2p 
l-tan?^$ 1-р 
or 2x = Ë — yp which is solvable for x (i) Fig. 12.5 
р 
differentiating (1) w.r.t. y, 5 = 5 2, ар - р-у ёр 
р р р dy dy 
l 1 (1 ар Ё | T] 
Le, -4 —41|y-—-20 or| —+ 14 ———| = 0 
Е Ji E ys р “ДЭ pay 
This gives ар/р = — dyly 
Integrating, log p = logc- logy, Le. р = с/у ti) 


Thus eliminating p from (i) and (zi), we have family of curves y? = Bex + с”. 


Hence the reflector is a member of the family of paraboloids of revolution y? + 2* = 2ex + c*. 





PROBLEMS 12.1 ӨГНӨ УМ 0 


L. Find the equation of the curve which passes through 
(i) the point (3, — 4) and has the slope 2y/x at the point (x, y) on t. p Dio ud Л) А 
(ii) the origin and has the slope x « Зу = 1. é ? | 
2. At every point on a curve the slope is ft a a fin nt i 
the curve passes through (0, 1), Find the equation of the curve. 
a A eire wach tet bs софй of tha раргийсийн fii ӨНӨ, | thé tangent ЕО 
abscissa of P. Prove that the differential equation | the curve 18 | | | 
я 2ху 2, ADi АГ 0, RRR NEA, ro 
4. A plane curve has the И JOLIE QS X on the y-axis to- he urve are of constant length « 
Find e. Орг equation of the family to which the i fale мий and hence obtain the curve. —— _ 
| hose sub-tangent. is twice the abscissa passes through the 



















(1,9). А y vas .. (Sambalpur, 19: 
в. Determine the curve in which the length of the sub- normalis proportional e square ofthe. dinate ~ 
7. The tangent at any point of a certain curve forms with the 0 rd inate axes a tria nt 

equation to the curve. 


8, Find the curve which passes through the origin and is such that the area includ btn he he 
ordinate and the x-axis is twice the cube of that ordinate: 
9, Find the curve whose (i) polar sub-tangent is constant. | | 
(ig) polar sub-normal is proportional to the sine of the vectorial aug | OM 4 
19. Determine the curve for р УД angle between the tangent ai AE MISES is twice the ес м EA | 








11. Find the curve for which the tangent at any point P on it мөн de tale ji acd the ordinate at P and the ie 
joining P to the origin. 

13. Find the curve for which the tangent, the radius vector randi erp 
га triangle of area kr?. 





IPM (1) ORTHOGONAL TRAJECTORIES 


Two families of curves such that every member of either family cuts each member "m the other family at 
right angles are called orthogonal trajectories of each other (Fig. 12.6). 








The concept of the orthogonal trajectories is of wide use in ap- ҮЙ |. 
plied mathematics especially in field problems. For instance, in an = 
electric field, the paths along which the current flows are the orthogo- 
nal trajectories of the equipotential curves and vice versa. In fluid | | | ro 
flow, the stream lines and the equipotential lines (lines of constant Bra. ! = ; 
velocity potential) are orthogonal trajectories. Likewise, the lines of LUNS 
heat flow for a body are perpendicular to the isothermal curves. The | E45 Teh d^ 
problem of finding the orthogonal trajectories of a given family of 
curves depends on the solution of the first order differential equa- 
tions. 

(2) To find the orthogonal trajectories of the family of 
curves F(x, y c) =0. 

(i) Form its differential equation in the form f(x, y, dyi dx) = 0 by Fig- 12.6 
eliminating c. 

(и) Replace, in this differential equation, dyldx by — ах/ау, (so that the product of their slopes at each point 
of intersection 18 — 1). 

(iii) Solve the differential equation of the orthogonal trajectories i.e., f (x, y, = ахау) = 0. 








Solution. Taking "v? axes as ; the walle the staan tines of the т | 
around the corner of the walls is 


xyzc A) 
— dy ” 
Defferentiating, we get, х de +y=0 i) 


as the differential equation of the given family (i). 


dx 
Карасай — dy by – ds in (11), we obtain a- 2) *y =0 


or хах —ydy = 0 Ui) 
as the differential equation of the онша) trajectories. 

Integrating (iii), we get x? — y? =e’ as the required orthogonal trajec- 
tories of (i) ie., the equipotential lines, shown dotted in Fig. 12.7. 








2х Зу dy _ 





Solution. Differentiating the given equation, we get + =f) 
а? а? +h ах 
| С: - 
” "-— ye — - 
| a^*À а (ау!ах) а? +). а? (dyldx) 
Substituting this in the given equation, we get 
2 
х ху | гү dy T 
—-——————z1 or (x®—a*) — =x E) 
а? a*(dyldx) dx ® 


which is the differential equation of the given family. 

Changing dy/dx to — dx/dy in (i), we get (a? — x?) dx/dy = xy as the differential equation of the orthogonal 
trajectories. 

Separating the variables and integrating, we obtain 





2 2 | | 
[ody = | = = dx+e or == a? log x - gre 
x? + у? = 2а? log x + c' lc’ = 2c] 
which is the equation of the required orthogonal trajectories. 





Solution. The easation of the family of ан эмчийн having x-axis as their axis, 18 sof the fim 


у? = 4a(x +a) E 
Differentiating, yo = 2a E) 
— ЭР Өүлэн 229, ФУ L. dy | 
Substituting the value of a from (i1) in (i), we get y^ = Ду — ы x+- 273 3: 
; dy Y | dy азай ag ! : мн 
Le., | + ний” — у = 0 as the differential equation of the family. „Ци. 
ах ах. а 
Кері E By : bt -2x —— у= 0) 
р acing €. zs y dy in (iii), we obtain y | 3 is y 
| | dy me dy _ PC NR NN js 
or y( 2) + 2х "im i 0 which is the same as (1H). 


Thus we see that a system of confocal and coaxial parabolas is self-orthogonal, i.e., each member of the 
family (i) cuts every other member of the same family orthogonally. 
(3) To find the orthogonal trajectories of the curves Fir, Ө, с) = 0. 
(1) Form its differential equation in the form f(r, Ө, dr /d8) = 0 by eliminating c. 
(it) Replace in this p жшн equation, 
E ав 
di 36 У ағ 
[ for the given curve through P(r, Ө) tan ф = rd@/dr 
and for the orthogonal trajectory through P 





tan @ = tan (90° + 4) =- cot ġ=- m 
Thus for getting the differential equation of the orthogonal trajectory 
da 1 dr 
S is to be replaced by — - 
or <i is to be replaced by — -o 
(iii) Solve the differential equation of ы orthogonal trajectories 
Le, f c Ө, — r*d6ldr) = 0. 
К. иг PE Ж Ар d ae | the ortho Я ч тай P ЇС Tore i аек че - jus Wis 24 Л ДУ; T4 2 ei i tee 
 Bübition. Differentiating r= a(1— cos Ө). t) 
with respect to 6, we get A = @ sin Ө i) 
Eliminating a from (i) and (11), we obtain 
dr A. sin 8 


P аьа ыс? which is the differential equation of the given family. 
40 r 1-cos0 2 


Replacing dr/d0 by — r? dO/dr, we obtain 


lí 0 8 
1-8 | өөр or T + tan S 40 = 0 


s dr | 2 
as the differential equation of orthogonal trajectories. It can be rewritten as 
dr (8ш0/2)40 


r cos 8/2 














or 


Integrating, log г = 2 log cos 6/2 + loge 


1 
г = с cos? 6/2 = 7 с(1 + cos 0) or r=a'(l + cos Ө) 


which is the required orthogonal trajectory. 


_ Example 12.8. Find the orthogonal trajectory of the family of curves r^ =a sin n0. (V/T.U., 2006) 
Solution. We have n log г = log a + log sin пб. 
Differentiating w.r.t. 6, we have 
n dr ncosnü 1 dr. 





габ sinn r 


Replacing dr/d6 by — r^ dO/dr, we obtain 


a or  їапл8. 40 9-0 
dr ) r 





Integrating, jos j= one "Зай ze, 


; | 1 | | 
Lë., log r- = log cos n8 = с ог 108 (r"/eos n 8) = ne = log b. (say) 


or 


r" = b cos пб, which is the required orthogonal trajectory. 


PROBLEMS 12.2 





Find the orthogonal trajectories of the family of: 1 y E Pia von | 





Дйн А "(Малаш 
3. Semi- ubica parabolas ay? = =) | 
2 НУ эр блика 





ida, 2009). 2. Parabdlas y = ах, 





6. Cardioids г = Lah eee aah 2003) 7. r= 2a (cos 8 + &in 8) yy О 
‚ В. Confocal and coaxial parabolas г = 20/(1 + cos Ө). (orco o U (Nagpur, 2008) 
8. Curves? -0220828, 7 | ‚ D МТО, 20098) 
10, eos n8 = a". | | es 4 (УТ. 2011) 
11, Show that the family of parabolas x? = 4a (y +a) is self orthogonal. | | C 91! (Кени, 2005) | 
12, Show that the family of curves r^ = a see пе. andy” = р eosee n8 are orthogonal. | (Mumbai; 2005) 


15. The electric.lines of. force of two opposite cl 





rges of the same strength at (+ 1, 0) are circles ies these pointe) 

of the form x? Үр <a = 1. Find their equipotential fines (orthogonal trajectories). | 
'ajectories. Two families of curves such that every member of either family cuts each. meniber of the 

other family ato. constant angle a (Say), are called. iogonat trajectories of each other. The slopes т, qm ‘of the | 


tangents fo the corresponding, curves at each point, ан ЛАЛЫН by the relation T D vir and 








14, Find the isogon ies of the йау of circles 2? +4? =g? which intersect at 45°. 





(12.4. PHYSICAL APPLICATIONS 


(1) Let a body of mass m start moving from О along the straight line OX under the action of a force F, After 


any time ѓ, let it be moving at P where OP = x, then 


На" = 
(1) its velocity (0) = 3i 


| 8, 
(11) its acceleration (а) = =. or рар or —— d's 


ах 48 





If, however, the body be moving along a curve, then 
(i) its velocity (v) = ds/dt and 


(ii) its acceleration (a) = — 


The quantity mv is called the momentum. 





(2) Newton's second law states that F = © (mu). 


Fig. 12.9 


If m is constant, then F = m 7- = ma, ie., net force = mass x acceleration. 

(3) Hooke's law* states that tension of an elastic string (or a spring) is proportional to extension of the 
string (or the spring) beyond its natural length. 

Thus Tz Хе, 
where eis the extension beyond the natural length / and A is the modulus of elasticity. 

Sometimes for a spring, we write T = ke, 
where e is the extension beyond the natural length and А is the stiffness of the spring. 

(4) Systems of units 

I. F.P.S. [foot (ft) pound (16.), second (sec.)] system. If mass m is in pounds and acceleration (a) is in 

ft/sec”, then the force F(= ma) is in poundals. 

II. C.G.S. [centimetre (cm.), gram (g), second (sec)] system. If mass m is in grams and acceleration a is in 
cm/sec? then the force F(= ma) is dynes. 

Ш. M.K.S. [metre (m), kilogram (kg.), second (sec)] system. If mass m is in kilograms and acceleration a 
in m/sec*, then the force F(= ma) is in newtons (nt). 

These are called absolute units. If g is the acceleration due to gravity and w is the weight of the body, then 
w/g is the mass of the body in gravitational units. 

Lis = 32 ft/sec = 980 шанийн 9.8 m/sec" approx, 





Solution. Taking the origin at the pointi from шин the boat starts, 
let the axes be chosen as in Fig. 12.10. 
At any time f after its start from О, let the boat be at Р(х, y), so that 
dx/dt = velocity of the current = ky(a — у) 
dyldt = velocity with which the boat is being rowed = u. 
dy dy | ах _ uk 
dx dt dt kya-y 
This gives the direction of the resultant velocity of the boat which is = ee 
also the direction of the tangent to the path of the boat. О Х 
Now (i) is of variables separable form and we can write it as Fig. 12.10 


yla — уму = т ах 


ыг 








CEF E EF EF Er Гэ 4 


ШО LS АШИ эь» 


ves) 


Frid fff ttt tt te P P 


CET a T ee ee e 


ay” y ui. 
2 3 Ё 


Sincey-0 . when x=0, .. c=0. 


Integrating, we get 
| | : ! | : k s | 

Hence the equation to the path of the boat is x = e; (За – 2y) 

Putting y = a, we get the distance AB, down stream where the boat lands = ka?/6u. 


"Машей after an English physicist Robert Hooke (1635—1703) who had discovered the law of gravitation earlier than 
Newton. 





Solution. By Newton's second law, the equation of motion of the body is v E = сх – bv? 


фи 
ог гас + bv? = — cx t) 
This is Bernoulli's equation. г. Put v? = 2 and 2v dv/dx = dz/dx, so that (i) becomes 
dz 
dx * 2bz = — 2ex AH) 
This is Leibnitz's linear equation and I.F. = е2, 
^ the solution of (ii) is ze =— | 2exe™ dx 4 c' [Integrate by parts] 
2hx | 
--x|: ~ 7 S eee ону So 
ог = ее V (й) 


Initially v = 0 when x = 0 ~. 0 = c/2b? + с". 
Thus, substituting с’ = — c/25? in (iii), we get v? = 3i (1-679) T. 





Solution. After falling a distance s in time ¢ from rest, let v be velocity of the particle. The forces acting on 
the particle are its weight mg downwards and resistance mv upwards. 


equating of motion is m = mg — miw 





dv | ац 
or di Е r = № 


1 
Since ù =Owhent=0, +. c=- X logg 





Thus : IPIE or or egit 
6E < 7 = (1-6) 1) 
Integrating, s= 2 |а-е “dt +e" or мин * c' 
Since s -0when?-20, : c'--g/A* 
Thus нээ [ese -1) й) 


which is the desired relation between s and v. 





Solution. If the body be moving with the velocity v after having fallen оон а distance x, then its 


equation of motion is 








то = = ти Еи? or mv сс = (а? — v?). [e mg = Кад] 
separating the variables and integrating, we get j= z= f= dx+c 
Se NAT (ee ee ар 
ог ; log (a и") Ww te Adi) 
| | 1 
Initially, when x = 0, v = 0. <. – о ова? =e ШИ) 
Subtracting (i) from (i1), we have 5 [log a? — log (a? —v?)] = kx/m 
7 | A 1 
or 2kx = log s 
m | 45-55 





Solution. Aud to Newton's тээ of заалын: the асаана: a of the particle is proportional to 
l/r* where r is the variable distance of the particle from the earth's centre. Thus 


where v is the velocity when at a distance r from the earth's centre. The acceleration is negative because v is 
decreasing. When г = Д, the earth's radius then © = — д, the acceleration of gravity at the surface. 


Le, -g =- wWR?, L.@., H -gR* a UD a = кр 


Separating the variables and integrating, we obtain | vdu = – ВЕ? [5 —-c 


2 
. 38 + 20 10) 


On the earth's surface г = R and v = v, (вау), the initial velocity. Then 
v =2gR+2c, ie, 2с-10-248 





Le., 


Inserting this value оЁс in (1), we get о? = 26 И eo — 22 Е 

When v vanishes, the particle stops and the velocity will change from positos to negative and the particle 
will return to the earth. Thus the velocity will remain positive, if and only if v ? > огр and then the particle 
projected fron the earth with this velocity will escape from the earth. Hence dia minimum such velocity of 
projection v, = ,/(2gR) is called the velocity of escape from the earth [See Problem 9, page 454]. 











ғ 
р 
ч 





Solution. Let the figure represent an axial section of the cylindrical tank. Forces acting on a particle of 

mass m at P(x, y) on the curve, cut out from the free surface of water, are : 

(1) the weight mg acting vertically downwards, 

(ii) the centrifugal force mox acting horizontally outwards. 

As the motion is steady, Р moves just on the surface of the water and, therefore, there is no force along the 
tangent to the curve. Thus the resultant R of mg and тоух is along the outward normal to the curve. 

В cos y = mg and R sin y = mox 
whence 9У inn y- marx _ ox lt) 
o d mg g 

This is the differential equation of the surface 

of the rotating liquid. 
— Integrating (i), we get 


jo-9- [xax + с 





а Г 
Р 
1 








i.e. у=: te i) 


To find c, we note that the volume of the liquid 
remains the same in both cases (Fig. 12.11). 
When x-0in(ii) OA (= y) = с. Whenx = ғ 


| 
in i) Mims SE se (8) 
2g 





Now the volume of the liquid in the non-rotational case = zh, and the volume of the liquid in the 
rotational case 


sh’ | ur rt 
= wth! | mPdy= nti | 9-94 [From (ii) 
wi’ Sof =m Бэ [By (11) 


wr? 








| ; [ er^ E | 
Thus mh = nr? re +e} whence c = А — 









Solution. At any timet, let the height of the water level be y and radius of its surface be r (Fig. 12.12) so that 
key 
r 





=. or r-a(h —yYh 





surface area of the liquid = лг? = ла? (1 — у/А)? 
Volume of water drained through the hole per unit time 


= 0.6 J(2gy) А, = 4.8 Jy А |: g-32 
rate of fall of liquid level = 4.8 A, Vy + na*(1 — y/h? 
- 48 A, 4h 
L.e., dy =- _48 А уу. (— ve is taken since the water level decreases) 


dt — ma^" (1- y/ hY 
Hence time to empty the tank (= 1) 
--| na^ (1—- y/ AY 


y- (у 1/2 – 2172 Jh + уз?) 
САВА Jy ^ axi ch 4 ? 4 





3/2, 2 5 


4 2 чө EX 
“ay т “= 0.2m vhi As. Fig. 12.12 








= me 9 
48 А, | > 
Example 12.16. Atmospheric pressure. Find the atmospheric р 
above the sea-level, both when the temperature is constant өг variable. 
Solution. Take a vertical column of air of unit cross-section. 
Let p be the pressure at a height z above the sea-level and p + бр at height z + dz. 
Let p be the density at a height z. (Fig. 12.13) 
Now since the thin column бг of air is being pressured upwards with pressure р 
and downwards with p + ép, we get by considering its equilibrium; 
=р + ӧр + дрӧг. . 
Taking the limit, we get dp/dz=—gp m 
which is the differential equation giving the atmospheric pressure at height z. 
(1) When the temperature is constant, we have by Boyle's law*, p = kp ti) 
г, Substituting the value of p from (i1) in (1), we get 
dp | | | ар E | 
= s—gplh or |----2 | а2+е orlogp=— = z+e 
ч АР 9 h 5р=- h 
At the sea-level, where 2 = 0, p = p, (say) then c = log p, 





ressure р №. per ft. at а height z ft. 





Fig. 12.13 


log p — log p, = – xz ie., log p/p, = — 2216 
Hence p is given by p = pe *"^. 
(п) When the temperature varies, we have р = kp". 
Proceeding as above, we shall find that p is given by — "(рі Mas 1-1) Ung 


-p -gh 


PROBLEMS 123 M | 
1. А particle of 1 mass m moves under gravity in a medium whose resistance 187 k times its кеб, where №. мж 











constant. If the particle is pro vertically upwards with a velocity v, show that the time to reach the highest 
hv 
point i is — log, e, [1 + — № | 
2. А роду of mass m falls from rest under gravity and air resistance qu portional to square of velocity. Find заана | 
function. of time. (Marathwada, 2008) 


_ 8. A body of mass m falls from rest under gravity in a field whose resistance is nak times the velocity of the body. Find 
“the terminal velocity. of the body and also the time taken to acquire one half of its limiting speed. — 


4. A particle 15 projected with velocity v along a smooth. horizontal ‘plane in the medium whose resistance per unit. 
mass is р times the cube of the velocity, Show that the distance it has described i in time / їн М T оң 231 
| ип ЖЭТ, 





*Named after the English physicist Robert Boyle (1627-1691) who was one of the founders of the Royal Society. 


SIMPLE ELECTRIC CIRCUITS 


We shall consider circuits made up of 
(1) three passive elements—resistance, inductance, capacitance and 
(it) an active element—voltage source which may be a battery or a generator. 


*These units are respectively named after the French engineer and physicist Charles Augustin de Coulomb (1736-1806), 

French physicist Andre Marie Ampere (1775-1836); German physicist George Simon Ohm (1789-1854), Italian physicist 
Joseph Henry (1797-1878), American physicist Michael Faraday (1791-1867) and the Italian physicist Alessandro Volta 
(1745-1827). 








T. 7. Loopi is any "m nl ињ formed by passing ин two or more elements in series. 
8. Nodes are the terminals of any of these elements. 


(2) Basic relations 
(i= = ога = | ide |- current is the rate of flow of electricity] 
(ii) Voltage drop across resistance R = Ri [Ohm's Law] 


(iii) Voltage drop across inductance L - 12 


(10) Voltage drop across capacitance С = 5 ; 
(3) Kirchhoff's laws*. The formulation of differential equations for an electrical circuit depends on the 
following two Kirchhoff's laws which are of cardinal importance : 
I. The algebraic sum of the voltage drops around any closed circuit is equal to the resultant electromotive 
force in the circuit. 
П. The algebraic sum of the currents flowing into (or from) any node is zero. 
(4) Differential equations 
(i) В, L series circuit. Consider a circuit containing resistance R and induc- | 
tance L in series with a voltage source (battery) E. (Fig. 12.15). 
Let i be the current flowing in the cirit at any time t. Then by Kirchhoff's 
first law, we have sum of voltage drops across А and L = E 


‚ г „ di R, E | 
i.e., Ri + Los =E or хітів D 





This is a Leibnitz's linear equation. 
NEM INN E 
LF.- е L -eFL.and therefore, its solution is Т.Е.) = Iz (LF.)dt 4 c 


: E E 
| - ВНЕ р RUL в b: Л -RHUL 
or і ейі = Їүе @+е= — "^ +e whence i= = 2) 


If initially there is no current in the circuit, Łe., = 0, when t = 0, we have c = — E/R. 


Thus (2) becomes i = z(t еі E) which shows that i increases with t 
and attains the maximum value E/R. 

(п) А, L, C series circuit. Now consider a circuit containing resistance А, 
inductance L and capacitance C all in series with a constant e.m.f. E (Fig. 12.16) 

If i be the current in the circuit at time t, then the charge q on the 





| ИГ 
condenser = fi dt, їе. i e 


Applying Kirchhoff's law, we have, sum of the voltage drops across R, L and C = E. 
di 


Le., Ri + С -Ё 


*Named after the German physicist Gustav Robert Kirchhoff (1824-1887). 


AppLicanons or Difrenenmiat Equations оғ Finst ORDER 





d'q „йд а _ 
+, E 


This is the desired differential equation of the circuit and will be solved in $ 14.5. 


Repair? 1247. Show that the differential equation for the current i inanelectrical circuit containing an 
inductance Гем resistance В in series and acted on.by an electromotive force E sin wt sc 7 os the 


Find the vl ofthe current at any time t, if initially there is no current in the circuit. | 


or L— 








Solution. By Kirchhoff ’s first lbs; we have sum of wilted sisi across R ind L = Е jiä ax 
di ЭЭ” 
Lê., Ri + L = E sin wt. 


This is the required differential equation which can be written as a + I! y sin ox 


R 
— di 2 
This is a Leibnitz's equation. Its LF.=e & =e 


the solution is 1ТЕ.) = [7 sin ox - (LF)dt - c 


: Ви, | Lo? 
or T = z [ef sin otdt 4 c - — tin (ot - шал I е 


Г, СЕТ + @?] 


or sin (0% — ф) + ce P". where tan ф = Lw/R (d) 


Ё Е 
Jag + 9212) 
E sin (- $) | E sin 6 


Initially whent=0;1=0. ,: 02 ——H#¢e,ie.,,c= ——L 
* + a" L^) (Е? +712) 


Е віп (02-0), Esing — В 
ДЕ? + 2) + w°L*) 


[sin (af —6)+ sin $ . 27] which gives the current at any time f. 


Thus (1) takes the form i = 


or 


Ш Jue? E 





Fig. 12.17 


_ Obs. As ! increases indefinitely, the exponential term will approach zero. This implies that after sometime the 
current (0) will execute nearly harmonic oscillations only (Fig. 12.17). 





E LEAL PROBLEMS 12.4 ї 


- When a switch. is closed in a circuit conta ning a battery E, a resistance Я and an inductance L, ашиг 
upata rate given by L di/dt + Ri = Е, 
Bodl dis Section ff How long w 
В = 100 ohms and L = 0,1 henry? | — 
2. ож itn cain ей эл 
i amperes at time is given Бу L didt + Ri Е. | й EUN I 
ҤЕ = 10 sint volts and i = 0 when t = 0, find i as a function of 7. 4 (01) 15224 








F one ball its inal value if E = 6 volts, 








1 it be, bef 








3. A resistance of 100 Q, an inductance of 0.5 henry are connected in series with a battery of 20 volts. Find the current 


in the circuit at = 0.5 sec, ИЧ = 0 att =0, (Martithiwada, 2008) 
4, The equation of electromotive force in terms of current for an electrical circuit having resistance Ё and condenser 
of capacity C in series, is 
E=Ri+ [= 
Find the current i at any time ¢ when E- Е, sin tor. (S. V.T.U., 2008, P.T.U., 2006). 





5. A resistance R їп series with inductance L is shunted by an equal resistance R'with capacity С. An alternating 
emf. E sin pt produces currents i, апа, in two branches. If initially there is no current, determine i i, and i from 
the equations 

рай. ly dis 

2,4 poe 

"dt CT dt 

Verify that if R*C = L, the total current i, + i; will be (E sin pt VR. 


— "R4 =Esinpt and = pE cos pt. 


IPAE NEWTON'S LAW OF COOLING* 





According to this law, the temperature of a body changes at a rate which is proportional to the difference in 
temperature between that of the surrounding medium and that of the body itself. 
If 8; is the temperature of the surroundings and Ө that of the body at any time t, then 
d6 


dee k(8 — Ө), where / is a constant. 


Example 12.18, A body originally at 80°C cools down to 60°C in 20 minutes, the temperature of the air 
being 40^C. What will be the temperature of the body after 40 minutes from the original ? 


Solution. If Бе the temperature of the body at any time t, then 


d ! 
de = – (0 — 40), where k is a constant. 
Integratin игү шал e h onstant 
ET Ey 9-40 > og c, where c 18 a constant. 
or log (0 - 40) = – kt + loge ie, 0-40-се Ai) 
When t = 0, = 80° and when! = 20, Ө = 60°. .:. 40 = с, and 20 = сет? ; р = + log 2. | 
43 1 юв2|! 


Thus (1) becomes 8 — 40 = 40e 
When ¢ = 40 min., 0 = 40 + 402—210 2 — 40 + 4001914) – 40 + 40 x 1 = 50°С. 


HEAT FLOW 





The fundamental principles involved in the problems of heat conduction are : 
(i) Heat flows from a higher temperature to the lower temperature. 
(ii) The quantity of heat in a body is proportional to its mass and temperature. 
(iii) The rate of heat-flow across an area is proportional to the area and to the rate of change of temperature 
with respect to its distance normal to the area. 
На (cal/sec.) be the quantity of heat that flows across а slab of area © (cm?) and thickness бх in one 
second, where the difference of temperature at the faces is 67, then by (iii) above 
q =—hadT/dx AA) 
where А is a constant depending upon the material of the body and is called the thermal conductivity. 
*Named after the great English mathematician and physicist Sir Issac Newton (1642-1727) whose contributions are of 
utmost importance. He discovered many physical laws, invented Calculus alongwith Leibnitz (see footnote р. 139) and 
created analytical methods of investigating physical problems. He became professor at Cambridge in1699, but his ‘Math- 
ematical Principles of Natural Philosophy’ containing development of classical mechanics had been completed in 1687. 


mons OF DIFFERENTIAL EQUATIONS оғ Finst ORDER | 467 





Example 12.19. А pipe 20 cm in diameter contains steam at 150°C and is protected with a covering 5 ст 
thick for which k = 0.0025. If the temperature of the outer surface of the covering is 40°C, find the temperature 
half way through the covering under steady state conditions. 


Solution. Let с cal /sec. be the constant quantity of heat flowing 
out radially through a surface of the pipe having radius x cm. and length 
1 cm (Fig. 12.18). Then the area of the lateral surface (belt) = 27x. 





the equation (A) above gives 
| dT Ч dx 
4 = – Е: 2m. de or ат = ER 
Integrating, we have 
T-- = log, x c 
i T=] i = ` . 1 шош | | 1 | 
Since Т = 150, мһер х = 10. .. 150 Sab 10Е,10-с ...(1) Г Disection of flow 
| g 
i | = i r = = „ы. | tyre Ч 
Again since T = 40, when x = 15, 40 ОЕ log, 15+¢ (iL) nad 
Subtracting (ii) from (i), 110 - xx log, 1.5 iii) 
Let T=t,whenx=125 + t--.log,1254c v) 
| 210 
Subtracting (i) from (iv), t — 150 = — zl log, 1.25 v) 
Dividing (v) by (ii), E159. = USE , whence # = 89.5°С. 
110 log, 1.5 





- PROBLEMS 12.5 


1, If the temperature of the air is 30°C and the substance cools from 100°C to 70°C in 15 minutes, find when the 
temperature will 40°С. 

2. If the air is maintained at 30°C and the temperature of the body cools from 80°C to 60°C in 12 minutes, find the 
temperature of the body after 24 minutes. 

3. Two friends A and B order coffee and receive cups of equal temperature at the same time. A adds a small amount of 
cool cream immediately but does not drink his coffee until 10 minutes later, B waits for 10 minutes and adds the 
same amount of cool cream and begins to drink: Assuming the Newton's law of cooling, decide who drinks the hotter 
caffee ? 

4. A pipe 20 cm. in diameter contains steam at 200°C. It is covered by a layer of insulations 6 em thick and thermal 
conductivity 0.0003. If the temperature of the outer surface is 80*C, find the heat loss per hour from two metre 
length of the pipe. | | 

5. A steam pipe 20 cm. in diameter contains steam at 150°C and is covered with asbestos 5 cm thick. The outside 
temperature is kept at 60°C. By how much should the thickness of the covering be increased in order that the rate 
of heat loss should be decreased by 25757 








Р: RATE OF DECAY OF RADIO-ACTIVE MATERIALS 


This law states that disintegration at any instant is proportional to the amount of material present. 


| | du | | 
of material at any time ѓ, then — = — bu, where & is a constant. 


di 


Example 12.20. Uranium disintegrates at a rate proportional to the amount then present at any instant. 
ШИ, one M, grams of uranium are present at times Т, and Т. respectively, find the half-life of uranium. 





Solution. Let the mass of uranium at any time Е be m grams. 


dm | 
Then the equation of disintegration of uranium 18 занар ит, where u is a constant. 


Integrating, we get [4 --n | ёс or leggm-c-yt i] 
Initially, when t = 0, т = M (say) so that c = ю2 M ~. (i) becomes, uf = log M — log m A) 
Also when f= T4, m = M, and when t = T, m = M, 
From (ii), we get ^ pT,-log M -log M, IL) 
HT, = log M- log M, iu) 
Subtracting (iii) from (iv), we get 
ШТ, - T.) = log М , - log M, = log (M УМ о) whence и = овиру 
Ж.. 


1 
Let the mass reduce to half its initial value in time T. Le., when t = T, m= 5; M. 
from (1), weget wT = log M – log (M/2) = log 2. 


Thus Т- 1, o- 02 -Tileg2 
log (M4/M5) 





"VEN CHEMICAL REACTIONS AND SOLUTIONS 


А type of problems which are especially important to chemical engineers are those concerning either 
chemical reactions or chemical solutions. These can be best explained through the following example : 







gallon of sal vea ip ual luce d oi S бас) id the 
runs out at the same rate How long will it take for the quanti ty 
pounds ё 1 


Solution. Let the salt content at time t be u Ib. so that its rate of 
change is du/dt 


= 2 gal. x 2 Ib. = 4 lb./min. 
If C be the concentration of the brine at time t, the rate at which 
the salt content decreases due to the out-flow Е Se 
= 2 gal. x C lb. = 2C lb/min. E- 


= 24-90 NT 2 gal тїп 7 


Also since there is no increase in the volume of the liquid, the con- © 16. /gal. 
centration С = u/50. Fig. 12.19 





(i) becomes с 4-2 


Separating the variables and integrating, we have 





du 
ја = 25 | — +k or t =- 25 log (100-и)+А (LE) 


Initially whentz0,u-0 ~. O=-25 log 100 + А Ui) 
100 

100 – 

Taking t = t, when и = 40 and t = t, when и = 80, we here 


Бас 100 | 100 
Hh = 20 log, 60. апа t5 = 25 log, 20 





Eliminating k from (ii) and (iii), we get t = 25 log, 


The required time (t; —t,) = 25 log, 5 — 25 log, 5/3 
= 25 log, 3 = 25 x 1.0986 = 27 min. 28 sec. 


APPLICATIONS or DirrERENTIAL Equanions ОР First ORDER 


1. 


а, 


8, 


4 


LI 


5. 


7. 








PROBLEMS 12.6 | 


The number N of bacteria in a culture grew at a rate proportional to N. The value of № was initially 100 and 
inereased to 332 in one hour. What would be the value of N after 1} hours? (Nagarjuna, 2008 ; J.N.T.U., 2003) 
The rate at which bacteria multiply is proportional to the instantaneous number preserit. If the original number 
doubles in 2 hours, in how many hours will it triple ? (Andhra, 2000) 
Radium decomposes at a rate proportional to the amount present, If a fraction p of the original amount disappears 
in 1 year, how much will remain at the end of 21 years ? 
If 30% of radio active substance disappeared in 10 days, low long will it take for 90% of it to disappear 7. 
(Madras, 2000 5) 
Under certain conditions cane-sugar in water is converted into dextrose at a rate which is proporti | 





amount unconverted at any time. If of 75 gm. at time f = 0, 8 gm. are converted during the first 30 шин find the 


amount converted in H hours; 


In a chemical reaction in which two substances А and B initially of amounts a and b respectively are concerned, the 
velocity of transformation dx/dt at any time tis known to be equal to the product (a —x) (h— x) of the amounts of the 
two substan сев then remaining untransformed. Find t in terms of x ifa = 0.7, b = 0,6 and x = 0,3 when # = 300 
seconds. 

A tank contains 1000 gallons of brine in which 500 It. of salt are dissolved. Fresh water runs into the tank at the 
rate of 10 gallons /minute and the mixture kept uniform hy stirring, runs out at the same rate. How long will it be 
50:14, of salt is left in the tank ?- 

(Hint, If ш be the amount of salt after £ minutes, then du/d! = — 10/1000] 

A tank is initially filled with 100 gallons of salt solution containing 1 lb. of salt per gallon. Fresh brine ETEA 
216. of salt per gallon runs into the tank at the rate of 5 gallons per minute and the mixture assumed to be kept 
uniform by stirring, runs out at the same rate. Find the amount of salt in the tank at any time, and determine how 
long it will take for this amount to reach 150 Ib. 











PSUR OBJECTIVE TYPE OF QUESTIONS 
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Fill. up the blanks or choowe the córreet answer in the following problems : 


1. 


8, 


12. 


Ша сой having a resistance of 15 ohms and an inductance of 10 henries is connected to 90 volts supply then the 
current after 2 secs is .. 

А tennis ball dropped from а height of 6 m, rebounds infinitely often. Ifit rebounds 80% of the distance that it falls, 
then the total distance for these bounces їн. 


Radium decomposes at a rate proportional и the amount present. If 5% of the original amount disappears in 50. 
years then ......% will remain eu d 100 years. 

The curve whose polar subtanger | 

The curve in which the length of the subnormal is proportional to the square of the ordinate, is sx.. 





The curve in which the portion of the tangent between the axes is bisected at the point of боди, ip 
. If the stream lines of a flow around a corner are ху = c, then the equipotential lines are ...... 


The orthogonal trajectories of à system of confocal and coaxial parabolas is ...... 


When a bullet is fired into a sand tank, its retardation is proportional to /(velocity) . If it enters the sand tank with 
velocity t о. it will come (0 rest after ...... seconds. 


The rate at which bacteria multiply is proportional to the instantaneous number present. If the original number 
doubles in two hours, then it will triple after ..... hours. 


Ram and Sunil order coffee and receive cups dimolizuously at equal temperature, Ham adds a spoon of cold еш. 
but doesn’t drink for 10 minutes, Sunil waits for 10 minutes and adds a spoon of cold cream and begins to drink. 
Who drinks the hotter coffee? 


The equation y — 2х = e represents the orthogonal trajectories of the family 
Wy=ee* (ii) х2 + 2у!-а (iii) xy =а (iv) x + 2y =a. 


Ат МАИ". 
PRI РГ. 
b 


pam ра — и: а 
' | 


"Bi и Lar ига 
Ри 


a 





DEFINITIONS 
Linear differential equations are those in which the dependent variable and its derivatives occur only 
in the first degree and are not multiplied together. Thus the general linear differential equation of the nth order 





is of the form 
4" y | E y | а"? "у 
—— + + Pye tet py =X, 


where p, Po = D, and X are functions of x only. 
Linear differential equations with constant co-efficients are of the form 


ДЭЭ: |) сс | 
rey re ag tet hkyzX 
k, are constants. Such equations are most important in the study of electro-mechanical vibra 








where k,, Ba, ..., Rn | 
tions and other engineering problems. 


ЕР (1) THEOREM 
If уу, y are only two solutions of the арвин 
L1) 








d" y d" y -1 а"? 
ride aT + hy at т. + у= 0 


then суу + c4y5 (= и) is also its solution. 
Since у = y, and у = у, are solutions of (1). 
0) 


n n-i 
SUI EU ТИГ 





dx"? n 
(8) 











and ж 
dx" dx! 
If c, c; be two arbitrary constants, then 


а" вх EGD NUS аннар +... +h, (сууу + суу 
471 


472 | 











(а"у ay \ ( d" y 
- ^| s ki amet Tc fa | + ет * 
= e,(0) + ¢,(0) = 0 [By (2) and (3)] 
Ш аи | d'y 2 | 
L.8., dx" + р, did ++... + ky = 0 UI) 


This proves the theorem. 

(2) Since the general solution of a differential equation of the nth order contains n arbitrary constants, it 
follows, from above, that if y,, Ул, Ул, ..., y,, are n independent solutions of (1), then суу, + слу, +... + cy, (= и) 18 
its complete solution. 

(3) If y = v be any particular solution of 














п n-l | 
= +k 1 duc th yak (Б) 
а" d" y 
then th +... +0 = Х ...(6) 
ах" ах”! n 
n. n-1 
Adding (4) and (6), we have — +k, E +... +h (u +v) =X 


This shows that y = u + v is the complete solution of (5). 
The part и is called the complementary function (C.F.) and the part v is called the particular 
integral (P.I.) of (5). 
the complete solution (C.S.) of (5) is y = C.F. + P.I. 
Thus in order to solve the question (5), we have to first find the C.F., i.e., the отр solution of (1), and 
then the P.L, Le. a particular solution of (5). 


FEED OPERATOR D 


3 : 2 d : | 
Denoting 4 94 4 ete. by D, D?, D? etc., so that 
dx ї dx? ? 3 z 

су = Dy, 23 = ЮУ, ая = D*y etc., the equation (5) above can be written in the symbolic form (D^  k,D"-! + 
+k y=X, Le, f(Dw=X, 
where f (D) = D" + k D"-1 +... + k ie., a polynomial in D. 

Thus the symbol D stands for the operation of differentiation and can be treated much the same as an 
algebraic quantity i.e., f (D) can be factorised by ordinary rules of algebra and the factors may be taken in any 
order. For instance 


а?у „dy 
rtg – Зу = (0° + 2D – 3) y = (D + 3XD — Ту or (D — 100 + 3) y. 


RULES FOR FINDING THE COMPLEMENTARY FUNCTION 








n. 
To solve the equation 24 +k, oot + +... +k y=0 (1) 


where k's are constants. 
The equation (1) in symbolic form ts 
(D" + k,D"-! + k,D"-* +... +k, )y =0 (2) 
Its symbolic co-efficient equated to zero i.e. 
D" -k,D'!«kD^'-**..-k =0 
is called the auxiliary equation (A.E.). Let тү, My, ..., m, be its roots. 
Case I. If all the roots be real and different, then (2) is equivalent to 
(D - m)(D—-m;...(D—-m,)y-0 .448) 





Now (3) will be satisfied by the solution of (D — m,)y = 0, i.e., by 2 —m,y = 0. 


This is a Leibnitz's linear апат Е. = е "“* 
its solutionis уе” =c, ie,y-c,e 
Similarly, since the factors in (3) can be taken in any order, it will be satisfied by the solutions of 
(D - m) y =0,(D—m,)y = О ete. Le, by y = суе", у= ce" ete. 
Thus the complete solution of (1) is y = ce" + сое" +... + сет" (4) 
Case II. If two roots are equal (i.e., m, = Mo), then (4) becomes 
у= (су + ce" e ce +... жее" 
у= Се" cc," 9 +... е e™ [^ c, +c, = опе arbitrary constant C] 
It has only л — 1 arbitrary constants and is, therefore, not the complete solution of (1). In this case, we 
proceed as follows : 
The part of the complete solution corresponding to the repeated root is the complete solution of (D — т.) 
(D —m,)y =0 


Putting (D — т,)у = z, it becomes (D — т) = = 0 or z —m,z=0 


This is a Leibnitz’s linear in z and LF. = е "". ^ its solution isze "" =c, or 20:67 
Thus (D-m,y-z-c,"" or су – туу =c,e"" (5) 


Its I.F. being e "* , the solution of (5) is 


= mx mx 


уе = | үе” dx +су=сүх+с„ ог у=(сүх+с„)е 
Thus the complete solution of (1) is y = (сух +¢,)e"" +c, go ар ЧИРЖ” e. өл" 
If, however, the А.Е. has three equal roots (1.е., m, = My = Ma), then the complete solution is 


| AX 
у= (сух кек + с.) е" жее" +... + c, e" 


Case III. If one pair of roots be imaginary, i.e., m, = « + iB, m, = а — iB, then the complete solution is 


y = сүв * ix + c plac Be фсе" + e е" 


= e™(c,e' + сүг Br) + сле" +... e ust 


= еч [c (cos Bx + віп Вх) + c, (cos Вх — i sin Вх)] e се" +.. же е" 
[e byEuler's Theorem, e = cos Ө + i sin Ө] 
= e'* (C, cos Bx + C, sin Bx) ее" +... + e™* 
where C, =e, + c, and C, = i(c,— c,). 
Case IV. If two points of imaginary roots be equal i.e., m, =m, =a + iB, т. = т, = а — ip, then by case П, 
the complete solution is 


y= ед [Ce x + Cy) cos Вх + (сах + с.) sin Вх] +... + em 








[4 — * “ва 
_ Кн - 4 d 
Z v uj 





1 
Ф саг Fr „7 am | 
Нил. 8 = 


Solution. Given equation in symbolic form is (D* + 5D + 6) x = 0. 
Its А.Е. is D?+5D+6=0,ie., (D+ 2) (D 3) = 0 whence D = – 2, – 3. 





ee 
di -—2ae " — 3e,e 


Whent-0,x = 0. г. O=e, +05 (i) 
Whent=0,dx/dt=15 +. 15--2с,-3с, ; | i) 


C.S. isx=c,e"*+e,e and 
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Hence the required solution is x = 15 (e * — e- *), 


"xample 13.2. Solve € X EE "X 64 + Эх = 0. 
di dt 


Solution. Given equation in symbolic form is (D? + 6D + 9) = 0 
А.Е. is D*+6D+9=0, Le, (D+ 3)? = 0 whence D = – 3, – 3. 
Шо» the C.S. is x = (c, + ct) ет“. 


Example 13.3. Solve (D? + D^ + 4D + 4) — 
Solution. Here the А.Е. is D? + D^ 4D «4-20 ie, (D'-4)(D41-0 « D=-1, 2. 


Hence the C.S. is у= суе" + е (c, cos 2x + c, sin 2x) 
Le., y =c e77 + с, cos 2r + c, sin 2x. 
Example 13.4. Solve (i) (D* - 4D +4)y=0 (Bhopal, 2008) 


(ii) D? 1)? y 20 where D = ах 


Solution. (1) The А.Е. equation is D -4D*^ +4 = 0 or (02 – 2)? = 0 
D'-2.2 ie,D-2x 42,2 42. 


Hence the C.S. is ((c, + сох)е цэ" s +с.х)е. е) [Roots being repeated] 
хний А.Е. equation is (D? + 1)? = | 
D= +i, +1, £1. 
най the C.S. is - ех [(c, + сх + cx?) cos x + (с, + с„х + сех?) sin x] 
Le, = (c, + с„ + Cox”) cos x + (c, +c, x + cux?) sin x. 


Example 13.5. Solve © * ах + 4х =0. 
ас 


Solution. Given equation in symbolic form is (D*44)x-20 
А.Ё. is D*4420 or (D*+4D*+4)-—4D*=0 or (р? + 2)? – (20)? = 0 


ог (D? + 2D + 2)(D?-2D + 2)=0 
either D*+42D+2=0 or D*-2D+2=0 
whence р- REID дад FEO i, ,D2-1zrand]ltzir. 


Hence the required solution is x = e" (c, cos t + c, sin t) + e' (c, cos t + c, sin t). 


PROBLEMS 13.1 





Salve 

d'r dx а). Ab ШЕР 
boy 47g + 18x =0, x(0), (V.T.U., 2008) 
2. у" = 2у + 10y = 0, y (0) 24, y" ed i 3. АУ" +4y" жу? = 0. | 

d | "nt dy „Фу ody < 
4. px +у=0. (VTU. 2000 $) 5. A AE -у-0. 

С 5 

9. бү, de +16у=0. — (N.T.U., 2005) 7. (4D* — 8D® — TP? + 11D + буу = 0. (V.7:U., 2008) 
8. (D* +1)? CD — Ly - 0. 


гах 
9. Ия = m*x, show that x = c, cos mt +c, sin mf +c, cosh mt +c, sinh mt, 
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INVERSE OPERATOR й | 








1 | 
(1) Definition. FD is that function of x, not containing arbitrary constants which when operated 
upon by f (D) gives X. 
Le, (D) Ҳу =X 
f n f(D) | 
Thus T zm satisfies the equation f (Dy = X and is, therefore, its particular integral. 
Obviously, f (D) and Vf (D) are inverse operators. 
1, | 
(2) p^" [xax 
Let 1х-у (i) 
D 
| : | 1... dy 
Operating by D, D—X=Dy ie, X= — 
D ах 


Integrating both sides w.r.t. x, у = | Х ах, по constant being added ав (1) does not contain any constant. 








| 1 
Thus 5х = | Х ах. 
1 | 
X =e™ [Xe **dx. 
(3) Хе | 
Let : A = (ii) 
et = ..ХиИ) 


Operating by О - а, (D а). Хх =(D-a)y. 


ay iv: d aig g РИТ ; 
or " X= p Voie, = -ау-Х which is a Leibnitz's linear equation. 


ГЕ. being e™, its solution is 


ye 0 = | Хе “ах ‚ no constant being added as (iz) doesn't contain any constant. 











Consider the equation — + ke = У + by 
which is symbolic form of (D^ + k D"! + В.р"? . wi n" - X. 


P.I. = а Y 
D" + 0" + 6,0"? +...+Ё, 
Case I. When X = езх 
Since De™ = ae™ 
П?ейх = а2рах 
Dre = = апеах 


(D^ + kR D +... + = = (a^ + ka^ +... + k e, ie, Гю = fiaj 





Operating on both sides by —— XD БУХ цэг» 35 -m f(a)e* or е? = гатуе" 
dividing by f (a), 
Коо. 
қр). - е" provided f (a) #0 (1) 


If f(a) = 0, the above rule fails and we proceed further. 
Since а is a root of A.E. f (D) = D" + k D™' +... + Ё, = 0. 
D —a is a factor of f (D). Suppose f (D) = (D — a) 6 (D), where ф (a) « 0. Then 
l quu l 1 qu. 1 1 e 








—— e = —, - [By (1 
f D-a Кр)" D-a фа) тыл 
1 1 a i. — udo cas xd e d 

a rris (€ | dx By $13.5 (3)] 
Фа) Dae a) e fe е [By $ 

ш 44... x mp l a р „=. ax — =. их 2 

= wae |= Le., fm»? IT ...(2) 

" f(D)-(D- aW(D)*1.6(D) 
^A Ра) =0 х (а.а) 

If f(a) = 0, then applying (2) again, we get m "х E е". provided fla) +0 ..(3) 





Solution. РІ = -t m 4 2 sinh x] = — 1 [е +е* —g7*] 
(D + 2X D – 1)? (D + 2X D-1* 


Let us evaluate each of these terms separately. 


1 Su 1 l 2x 
(D + 2X D - 1)? 0-2 |(p-1? 








1 ; 1 1 = 1 wl х? | d^ _ | 
Мия". 8-6 2 0-1 -2 
(D + 2XD -1)* 1+2 (p-1/ 3 2 6 ар? | 

1 —- 1 ух 

(D+ 2XD –17 (-1+ 2-1-1)? 4 


H Ж к X 1 -x 

ence, P.I. = ое +e te. 

Case II. When X = sin (ax + b) or cos (ax + b). 

Since D sin (ax + b) = a cos (ax + b) 
D* sin (ax + b) = — a? sin (ax + b) 
D? sin (ax b) = — a? cos (ax + b) 





D4 sin (ax + Б) = a4 sin (ax + Б) 














i.e., D? sin (ax + b) = (— a?) sin (ax + b) 
(D?Y? sin (ax + b) = (- a?Y* sin (ax + b) 
In general (О? sin (ax + b) = (- a?Y sin (ax + b) 
f (D?) sin (ax + Б) = f (— a?) sin (ax + b) 
Operating o on both sides L/f (D?), 
‚ f(D?) sin (ax + b) = ——— x55 9 sin (ax + b) 
T 2-5 
or sin (ax + b) =f (— a?) Б sin (ax + b) 
- 1 1 | 
Dividing byf(-a*) . ——z- sin (ах+Ъ) = —— sin (ax + b) provided f'(—a?) #0 Kd) 
viding YEA 5 ар) 6-а?) — 
If f(- a?) = 0, the above rule fails and we proceed further. 
Since cos (ах + b) + i sin (ax + b) =e! 0590) [Euler's theorem] 
1 | 
— —;- sin (ax + b) = LP. of i; 5 [Sincef(-a?) 20 .. by(2)] 
fa») ғ? f 
=LP ofy— —— ile +5) where D? - — а? 
T 
: sin (ax + b) x sin (ax + b) provided f '(— a?) +0 445) 
2) нг: 
If f'(— а?) = 0, А . sin (ax + b) = x* TIE sin (ax + b), provided f "(— a?) + 0, and so on. 
fD?)' f"(- a?) 


Similarly, № eos(ax « b) = —! _ cos (ax +b), provided f (- a?) +0 


f (D?) f (- a?) 


| 21 | | 
If f(—a*) = 0, #02) 25 (ах + Б) = х. 








T 2) cos (ах + b), provided f '(— a?) + 0. 
(1-8 | 


cos (ax + b), provided f "(— a?) + 0 and so on. 





If f'C- а?) = 0, тод (ax 4 b) = x? 


(а?) 





| L ample 13: 3. Find t he P: ofa р? +. Jy = cos (2x г ги DOR "s 7 "d ] | 7 

Solution. P.I. = — = cos (2x — 1) [Put D? = -2° = - 4] 
D? «1 

- ache! cos (8-1) [Multiply and divide by 1 + 4D} 

ч 207. Gr - D = (1+ 4D). cos (2r - 1) [Put 02 = 2? = — 4] 


= 1 А ИЕ: qn Эхэн 
ЗИ Р jee р enn ш 1) + 4D cos (2х — 1)] 


Ёс анг 
= gg loos (2х 1) — 8 sin (2x — 1)]. 





Solution. Given ацан ш symbolic form i is s(D? + ару = віп | 2x 





ас 
е 





P.I. = ————— sin 2x [^ D? -4- 0 for D* = – 2°, -. Apply (5) 477] 
DID? + 4) 

1 | |: Ч ips +40] = 3D? + 4| 
= xX waa L aD 

эвээ [Put D? = – 22 = -4] 
"END NEN NE GR 

Case III. When X = x", 
He РІ = —" = jix”. 
re AD (f(D) 
Expand [f (D)! in ascending powers of D as far as the term in D" and operate on x" term by term. Since 
the (m  1)th and higher derivatives of x" are zero, we need not consider terms beyond О”. 





| КҮР ЖАЙ О; SEA 
21 л NM + fs i ies Ik E rap SY ouo 
—- Given equation in — form is (D? 4 Dy = =? + 2х. + "7" 


2 Pie = ug 4) = —( T(x? + 2x. 
5 Р.].: DDD“ + 2х +4) 500) (x^ + 2x + 4) 


1 : | : 
= —(1- D+ D* –.„ Хх? + 2x +4) = P + 2x +4 - (2x + 2)+ 2] 


3 
- [ (x? + Фах = + Ax. 


Case IV. When X = езх V, V being a function of x. 


If u is a function of x, then 
D(e**u) = е Ри + ae™u + е (О + aju 
D%(e%u) = a"*D?u + Хае Du + а?е%и = e™(D + au 


and іп general, D"(e™u)=e™(D+a)"u 














2, Г (DXe*u)z ед f (D + au 
Operating - sides by 1/f (D), 
Dye** "RD | 
AB; . ОХе“и) = руе f(D + a)ul 
eu = d f(D + a)u] 
| 1 1 
| it f(D+au=V, ie и = that ех — — my 
Now put f(D +au=V, Le,u кр "Do so tha AD: У = AD; ) 
ie. — (eV) = ех у. (6) 
Solution. ERE : e* cos x [Replace D by D + 1] 
D? -2D «4 
1 1 er | | | 44 
о XB E. COS X [Put D? = — 1? = — 1] 
(2 +1) - 2000 +1) +4 +3 


1 1 
“туа OS X= Her 008 x. 


-1+3 





Case V. When Х is any other function of x. 


| 1 
Here Е 
f(D) 5 
If f(D) = (Р — m,XD — m,) ... (D — т), resolving into partial fractions, 








d" y | ал, 
di quer fes +R- E ey =X 
of which the symbolic form is 


(D" + D" +..4k,,D+kh, y=X. 
Step I. To find the complementary function 
(i) Write the А.Е. | 
Le., D^ + 071+... + k ,D +k, = 0 and solve it for D. 
(ii) Write the C.F. as follows : 





Step II. To find the particular integral 

1 1 1 
2 эл 
ре + kD"? +... + b, 4D k, f #0?) 


From symbolic form P.I. = 
(1) When X = ед 


PI. = x5 ,put D =a, [f (a) # 0] 


= х p put D =a, [f (a) = 0, f(a) « 0] 


== D п Do Put D =a, f(a) = 0, f(a) » 01 
and so on. 
where f XD) = diff. coeff. of f (D) w.r.t. D 
f(D) = diff. coeff. of f '(D) w.r.t. D, etc. 





(it) When X = sin (ax + b) or cos (ax + Б). 





1 
Р.І. = —— sin (ax + b) [or cos (ax + b)], put D? =-а? [Ф(— a?) « 0] 
фр?) 
= х 23 sin (ax + b) [or cos (ax  b)], put D? = — a? [6(— a?) = 0, ф'(— а?) « 0] 
= х? sin (ax + b) [or cos (ax 40), put D? = – а? [o’(— a?) #0, ф"(— a?) « 0] 
T 


and so on. 
where 07122) = diff. coeff. of QD?) w.r.t. D, 
$"(D?) = diff. coeff. of ’(D*) w.r.t. D, etc. 
(г) When X = x", m being a positive integer. 
1 


РІ. = = [AD] х" 
KD) D^ [AD 
To evaluate it, expand | 17! in ascending powers of D by Binomial theorem as far as D" and operate on 
x" term by term 
(iv) When X = eV, where V is a function of x. 
| 1 | 1 Ё 
РІ. = —— e™ V =e™ ——— V 
К * Abpea 


and then evaluate - : Dasa” as in (1), (it), and (111). 


f(D + 
(v) When X is any шинж of х. 
1 


Pl ру” 


Resolve —— A Am into partial fractions and operate each partial fraction on X remembering that 


: X =" | Xe ** dx. 





D-a 
Step III. To find the complete solution 
Then the C.S. is y = C.F. + P.I. 


Tir 
E s 





PEPPAR AEE T d NE CICER T MUS HYS 
AN CFA > MEC 1 ах” ^um Эл £^ GC » ЖЭЛ Li Ve | 
Solution. Given equation in "отит form is (Р? + D + ys = (1- ey 
(1) To find C.F. 





Its A.E. is D?+D+1=0, :. D= 5 C 1 480 


Thus C.F. = e^? Ё cos 29 + со sin > * 


(it) To find P.I. 


Pup i е =’ 
12-1-1  2*4241 8 7 


(iii) Hence the C.S. is y = е a cos уз, + Со sin 26 il--—8"4.- 





3 2 2. ©] P a m. ay" E 4 3 si; ni 244. 
- j Mo 5 di Xf +4 "4 dy =9 SN чий FES 052, (0) j : | 
Solution. Given тие (D? + 4D + rm 3 sin x 4 4 cos x 
(1) To find C.F. | 
Its А.Е. is (D + 2) = 0 where D=-2,-2 :. C.F.=(c,+ caie, 
(11) To find P.I. 
| 1 = a | 1 LT. | 
РІ. = Si. sin x +4cos x)= -14-40-4 (3 sin x + 4 cos x) 
4D-3 . ‚ (40-48) 
= ——  —— (3 sin x + 4 cos x) = ———— (3 sin x + 4 cos x) 
160°? -9 -16-9 
= E (3(4 cos x — 3 sin x) + 4(—4 sin x —3 cos x)) = sin x 
(iii) C.S. is = (с, + c) e * + віп х 
When x = 0, y = 1, г. 1=с; 
Also y' = с,е72 + (с, + сүх)Х-2)е725 + cos х. 
When x = 0, y’=0, г. 026,20 + 1, Le.,c,=1. 


Hence the — solution i is y = (1+x)e™ + sin x. 
А ON 2 um 


à 








Еха 13,14. Se Saree ет. 5, in 2x +?) 
Solution. т То si: СЕ 
Its А.Е. is (2-2) =0, ~~ D=2, 2. 
Thus С.Е. = (c, + сох) е, 
i) To find P.I. 
Bi-ül: аа 7T аянаа. ® uf 
(D- (р-2)? (D327 0-2 | 
+ „шш, "ҮҮ -168 v by putting D = 2, (D - 2)? = 0, 22D – 2) = 0 
Now ncm e AD | ур gD-2,( ) 2(D — 2) = 0] 
8 
1 1 
— — sin 2 3 taped 2x = ——-——__——- sin 2x 
(0-2) "S ad 4 (- 22) - AD +4 
"uuu 1 [#95 2*\_ 1... 
агты i 2 Јев 2 
| 1 1 Di x 1 (2), €x 91. Ч 
апа | 3g =4 (1-3) ae Е 21 2 ЧР. | № 


Men 82e an - (59543) а 


Thus P.L = 4x?e?* + cos 2х + 2x? + 4x + 3. 
(ii) Hence the С.8. isy= (су + c9 69 + 40768 + cos Be + Bx? + de +3. 





Solution; = EAA in eres form's is qe - эр + дуу = x4 ef cos x 


(1) To find C.F. 
Its А.Е. is D?-2D+2=0 ~ D= уш =li. 


Thus C.F. = е (c, cos x + c, sin x) 





"7 
3 


(ii) To find P.I. 
1 1 | 
РТ. = 2099 —„————(е° cos x) 
р? -2D+ D? -2D+2 
1 
1 : 1 | 
=> +e” ——————— ———— (0E st) 
T e а - — — ан 
2 | 2 D? +1 
1 1 хех 
= 5 *+1- —0)+e* gen (к +1)+ [вх = 2 ++ sin x 


хех 
(iit) Hence ће C.S. is y = ес, cos x + €; Sin x) + 5 T eje na 5 —sinx, 





‘Solution. Given equation i in этиу formi is s (Di — зр. * y = цэг” + sin 2x 
(i) To find C.F. 

Its А.Е. is 02-30 +2=0 or (D-—2)D—1)=0 whence D = 1, 2. 

Thus C.F. = c,e* + сое? 

(ii) To find P.I. 


| 1 ‚ | 
PI. = ——————— (хе** +вїп 2х) = e ААА 
р? -3D+2 ^ 48.40: D’ -3р +2 


(0+3 —3(D+3)42*— - z (sin 2x) 


«Р ach Bc амаа» [ РЫН”, авса 


‘Rasps’ sae 


pit | dx | 
| 9D |. i. EN. | 3) ў. 
79 1-5 _] eq cos 2 2 sin 2x) 2 |x ә) +56 (5 008 2x sin 2x) 


3 


(iii) Hence the C.S. is y = c,e* + cge** + езх HX i milis 


- = P 
Tw 3 


PRETI | vut 
Solution. Given equiti in — Sid is (D* — Aye x aah х. 
(1) To find С.Е. 
Its А.Е. is 02-4=0, whence D = + 2. 
Thus C.F, = c,e?* + c,e ™ 

















(it) To find P.I. | 
1 1 e-e*) 1| 1 1 . | 
РІ. = — x sinh х= — | а. е" X-—-———e€"-.-X 
р? 4 za 2 | T" D? -å | 


ie Т g № 1 1 Р” Б 
= —| e аа — 80 RR e* —; —— — x - e нээл 
2| (D+1)*-4 (D-1?-4 | 2| 0+20-3 р”-ар-3 





(iii) Hence the C.S. is у = x nh + “ - im x -5 cosh х. 


r JEX E lvi 


кое 2 рг. : Dy = ‚= ‚хат 19 ГЭВ" a 210 ЦЭГ 





Solution. (i) To find С. Е 























Its A.E. is 0*—1=0, whence 00-41. +. С.Е. =c,e* «сү 
(ii) To find P.I. 
Р.І. = (cits Sek. ted — ШИТ 77Р. — — айх 
D? -iï р? 1 р? ~ 
= IP. of - 1 P ua LL eser a NN -anr 
02-1 p -t (D«3i?-1 | 2 | 
[Replacing D by D + 3i] 
i 1 | cosx 
ME A a ——— бы 
| рд + 6iD — 10 | : 
e Ed sm oP | o 
= LP. of | е AE x == [Expand by Binomial theorem] 
M 3; 1 SLD сх -— ge ail COS X 
Ве". zs: 
“|, Ar Б + Js 2 I.P “| 10 3] 2 
1-1 Зі cos х 
= [.P. of qp (cos Be + isin Зу хэ | 2 





cos x 
2 





1 -— 3 j 
= -p (sin ae ов 3x) 


(iii) Hence the C.S. is y = e,e* + суе" — E sin 3x + 3 cos 3x + 25 cos x). 





Solution. Given eM €: in мнит їнэ 18 (D: - 2D * 1) y= = хех sin x 
(2) To find С.Е. 

Its А.Е. is D?-2D+1=0, їе, (0-1У-0 

л D=1,1. Thus C.F. = (с, +.сох)ех 








(it) To find P.I. 
1 1 | 
= = „е^ .xsinx-e*.—————— x sin x 
(D - 1» (D+1-1)" 
x 1 m ад х | T . | | | 
= g pe nase ту Je sin х dx [Integrate by parts] 


& 7 [xt- cos 3) - f1. C cos x) ds] - e* JI- x cos x + sin x] dx 


e* [- [xsin x- f1.sin x dx] — сов x | = eL — x sin x — cos x — cos x} 
= — e*(x sin x + 2 cos x). 
VH) Hanca the Gov. adu sie repe ашке). 





Solution. (i) 7 To find C. F. 

Its А.Е. is (D? + 1)? = 0 whose roots areD = +1, +1 
С.Е. = (c, + cox) cos x + (c, + c,x) sin x 

(ii) To find P.I. 


T 2 200848 
ХӨВЖ LIFT TTD. Лы (Re.P. of е?) 


| 1 ds 
вере. 2 i har 


[. f 22 
= -irepo е - 459)» js Ве. of ((cos x + i sin хх + 4157 — 9x*)| 


- [(x* — 9x?) cos x — 4x? sin х] 


(iii) Hence the C.S. is y = (c, + cg) cos x + (су + сул) sinx + — "T д Hx sin х -x* (х? — 9) cos x]. 





Solution. (i) To find C.F. 

Its АЕ. is D? -40-4-016,(0-928-0. л D-2,2 
© С.Е. = (с cux) e? 

(ii) To find P.I. 


L= z (8x7e™* iin 21): 802 ШЕШЕ ШИШИ anos 
€ 2)? (D42-92y 





= Be™* -y G? sin 2x)=8e™ 7 fx? sin 2x de 


























Jm sin 2x _ мж "i | =з ax} | 








scu | 


| 2 TOU T MET 
eren 








2 4 
эе 26 S6 — 4x cos 2x] 





Solution. Given equation in symbolic form is (D? + a?yy = sec ax. 
(1) To find C.F. 

Its A.E. is D?4+02=0 ~. D=+ia. 

Thus С.Е. = c, cos ax + c, sin ax. 





(ii) To find P.I. 
РЕ = “эрэ асан Gn ut e | [Resolving into partial fractions] 





20 E MEE RM sec ax = ELM sec ax 1 
2ia|D-ia D*ia|  2ia|D-ia D+ia 











Now = sec ax =e [sec ax е” dx Ё хе" [xe as 
= Ф [aie = e^* [ü – і tan ax)dx = e i [s È log cos ax 
cos ax a 
Changing i to — i, we have 
1 оса | d 
pia "e ls 2 log cos ax 
Thus Pi.= ue [ze ок cos ax} -erer fw -È log cos ax} | 
gig gr 1 er peer v : = 
= gj +2 bo 008 ox 2 sg RE лац 
(tit) Hence the C.S. is 


y = сү cos ах + с, sin ax  (l/a)x sin ax + (Ма?) cos ax log cos ax. 





| 486 


~ PROBLEMS 13.2 








Salve 
1. a 5D ну = бе%^ + Te — log 2 | (V.T.U., 2005) 
acd dy eem ru) "ud spo E us 
2. е A Зр, = — 2 cosh x. Also find y when y = 0, dx =Табх=0. 
an x FS | d'x dx 
8. wee = k cos (nt + a). 4. ag +25 +84= sin f. 
d*y | dy Line AAA | 12 (79:24 | hs Qa 14 МУ 
5. 22 + 35+ 2y = =4cos*x (Bhopal, 2002'S) 6. (D CU his hes УНГУ, (Madras, 2000) . 
ау d*y dy 7) y ody | | Dos HEC 
Т, оч ses зш Be. VTU, 201 8. D y =e7— cos? ( , 2002 
ait AU ge ат a sin 2x (V.T-U., 2004) at 4 cas? x. (Delhi, ) 
9, (D°-6D* + 7D —3y —- e?" cosh x. (Nagarjuna, 2008) 10. 25. =e" + x7e%, | (Nagpur, 2009) 
11. (DF —Dyy = 2x4+1+4c0sx+2e. — (Mumbai, 2006), 12. e -65 + 25у =е® vin ex. (V.T.U., 2006) 
| | | yt | | 7 42. ody Lk Pi 
13, (02 + 1% y=2x°4+2sinx cos 3x. (Madras, 2006) 14, gt 07 бы." (Bhopal, 2008) 
15. (D*+ D? + Пу =e" сов uw (Rajasthan, 2006) 18. = Хү a ze cos x. (УТС. 2010) . 
15 03 «4D 3» Sein x х, Эф (Raipur, 2005 ; Anna, 2002 8) 
18. Уд =х?е%® + е^ сов 2х; 19. БУУ = cos x cosh х. 
dx 
20, (D3 + 202+ уу =x%e% & sin?x. (РТО, 2003) 21. <7 + Wy «хаш Зх. (V.T.U, 2010 8) 
22. (02-20 + Dy »xcosx. — (Rajasthan, 2006) 23. (П? Dy =x sine + (1 x2e*. 
24. =. з + ay = е" (S. V. T.U., 2009) 25. (D? + a?y 5 tan ax. (V. T.U., 2006) 


КЕТИ TWO OTHER METHODS OF FINDING Р.І. 











І. Method of variation of parameters. This method is quite general and applies to equations of the form 


у" + py’ + qy = Х (1) 
where р, q, and X are functions of x. It gives P.I. = — у, pz * yo э ds .4(3) 
where y, and у, are the solutions of y" + py’ + ду = 0 48) 
and W = y ih | is called the Wronskian* ору, ys. 








Proof. Let the C.F. of (1) be y = суу, + слу, 
Replacing c}, с, (regarded as parameters) by unknown functions u(x) and v(x), let the P.I. be 

y = uy, + Uy; .4(4) 
Differentiating (4) w.r.t. x, we get y' = uy', + оу, + шу; + оу, 


*Named after the Polish mathematician and philosopher Hoene Wronsky (1778—1853). 





: Ё PF 
=шу "Dy 





on assuming that w'y; + оу, = 0 
Differentiate (4) and substitute in (1). Then noting that y, and у,, satisfy (3), we obtain 
шу + vy.’ =X JUL) 
Solving (6) and (7), we get 


ti BÀ i о where W = уу, -Yayi 


Integrating и = — free ах, и = [22 ах. Substituting these in (4), we get (2). 








= , IN = Pe a ш a ў ; ч 
т dco LON. g 
и ч а a a RE сый rl 4 
у Г А К 14 ын” А 4 ' 
® } 9 »Fi 
{ 


a ix ат 4 
L- ai a = ї 
— 4 = 1 E ALES d fx ? A j LENT j 
m – MED [a "щт н АГ ы 1 4! 4 А 4 1 1 
Е x ad d uf Б гар 28. 4 
18 № № | | ! 


= - = 





Solution. Given equation in symbolic form is (D* + 4)y = tan 2x. 
(i) To find С.Е. 
Its A.E.isD*+4=0, ~ D=+2i 
Thus C.F.is y=c, cos 2х +c, sin 2x. 
(ii) To find P.I. 
Here y, = cos 2x, y, = sin 2x and X = tan 2x 
уу yo| | cos2x sin 2x | 


yi y| |-2sin2x 2cos2x| . 








2 


= - 5 cos 2x J (see 2x — cos 2х)йх += sin 2x [sin 2x dx 


- -4 cos 2х log (sec 2х + tan 2x) — sin 2x] — 1 sin 2x cos 2x 


га -1 cos 2х log(sec 2х + tan 2х) 


2 


| | 1 
Hence the С.5. is y = c, cos 2x + c, sin 2x — g 2x log (sec 2x + tan 2x). 






Solution. Given equation is D? — 1 = 2/(1 + e*) 
А.Е. is D?-1=0,D=+1, ~ СЕ. =се+се* 
Herey,2e*,y,-e* and Х = 2/1 + ех) 

У 52 4 


Ур 52| [eë е 


=- ge" —e*e* = — 2. 














| —— YX эгээ ех 9 и к X x 








do d x ur ef „| = 
= е* | гэхээ * Jog (1+ e*) = dl -J a-e * log(l + e*) 


= ех [-e* + log (e* + 1)] — e” log (1 + ех) = — 1 + ех log (e* + 1) —e* log (e + 1) 
Hence С.5. is у =c,e* + c,e* — 1 + e* log (e* + 1)—e* log (e* + 1), 





BÉ iy "Ла | 
3 e EE AS. 


A ага Е: on TT E - 





A м VERSÉ ee 

1779 ДҮ К, ЭР ( Л er UA 
Solution. Given equation is (р - 6D + 9)у =e*/x* 

А.Е. is D?-6D+9=Oie.(D—-3"=0 . СЕ. = (с, +e x)e™ 
Неге у, = е, у, = хе and Х = e**/x? 























W= У: Je м e xe?" _ обх 
[Ji 52| |Зе?* е? + 3xe™ | 
эт ши. n Py х + уз ^y irc ER S | a 





==” [Sae [= ax = —e** (log x + 1) 
Hence C.S. is "- + cox)e** — сты - 


e 1326 < = "ХА! 


ES ru Ta (4 T Я л y 
or bí 


= vs 28 7 Ta Э а 
E i Д t | L "4 шилжин І Е (ОНЦ Ч 
Я" “20:04 Lh пед K eye gobs, el i” ahi 
i 5, i | = | Г ~~ ка E Е Д 13 ў ie P at - ч Li tee | M 
7 | | , MT | | ГАУ, | | Pig ST. мн odere sta | cca er rtis 
аны B сеча = i г 252 2.28 Жэй... 1 © а № ШОН ME Шүд M г 


dA 
"VE, 





Solution. Given equation in symbolic form is "m - 2D +1)y =e logx 











(i) To find C.F. 
Its A.E. is D-1} =0, = D=1,1 
Thus C.F. is у = (c, + cgr)e* 
(ii) To find P.I. 
Here y, = e, у, = xe" and X = e* log x 
an W= ^ iis = =” xe" : =e% 
л 52| |е ato 
| | УХ Х 
Thus РЇ.--», | 2-4х-»,|РТ-ах 
us Уу W + уо W 


2er E gs a, + xo [IBF ас = – е x logx dx + хе" [log х dx 
e^t | сох 4 
2 1-2 
= — ех Bogs fE. ааах ека р.а) 
x* | | х] yad | 
= —@* zgr- |+ e (x log x — x) =~ хе (2 log x — 3) 


Hence C.S. is y = (с, + cx) е + : x*e* (2 log x — 3). 


П. Method of undetermined coefficients 

To find the P.I. of f (D) y = X, we assume a trial solution containing unknown constants which are deter- 
mined by substitution in the given equation. The trial solution to be assumed in each case, depends on the form 
of X. Thus when (i) X = 2e?*, trial solution = ae?*. 

(ii) X = 3 sin 2x, trial solution = a, sin 2x + a, cos 2x 

(iii) X = 2х3, trial solution = a,x" + ах? + ах +a, 

However when X = tan x or sec x, this method fails, since the number of terms obtained by differentiating 
X — tan x or sec x is infinite. 

The above method holds so long as no term in the trial solution appears in the C.F. If any term of the trial 
solution appears in the C.F., we multiply this trial solution by the lowest positive integral power of x which is 
large enough so that none of the terms which are then present, appear in the C.F. 





Solution. Here C.F. =е* (c, cos 4/3 x + с, sin J3 x) 
ami P.I. as y=a,x*+ax+a,+ae7 | 
Dy = 2a,x + a, — a,€* and D*y = 2a, + a,e* 
EE these in the given equation, we get 
4а ух? + (4a, + 4a,) x + (2a, + 2a, + 4а.) + Baje* = 2x? + Зе* 

Equating corresponding coefficients on both sides, we get 

4a, = 2, 4a, + 4a, = 0, 2a, + 2a, + 4a, = 0, За, = З 

1 1 


Then а, = 5›@=- 5:257 0,7 1. Thus РЈ. = È x? Sx ee 


4 CS. isy =e™ (с, cos “Зх + с, віп J3x ) + зад -ух+е*. 





Solution. Here C.F. = c, cos x +c, sin x 
We would normally assume a trial solution as a, cos x + a, sin x. 
However, since these terms appear in the C.F., we multiply by x and assume the trial P.I. as 
у= х (a, cos x +a, sin x) 
Dy = (a, + аг) cos x + (a, — a,x) sin x and D*y = (2а, — a,x) cos х – (2a, + a,x) sin x 
Salutituting these in the given equation, we get 2a, cos x — 2a, sin x = sin x 


Equating corresponding coefficients, 
А | | | 1 
2а; = 0, — 2а, = 1 so that a, =0,a,=~ 7. Thus P..-- у x sin x 


— Ea 
С.5. is y = c, COS x +c, шинэ ЖШ 





Solution. Its A.E. is D?^—1-20, ~ D=+1. 


Thus С.Е. = c,e* + 0,677 | 
Assume Р.І. ав y = e** (c, cos 2x + c, sin 2x) —e™(c, cos Зх + c, sin Зх) 
d | 
d. = 68 ((Sc, + 2c,) cos 2x + (3c, — 2c,) sin 2x) — e% ((2с, + Зе.) cos Зх + (2c, — 3c,) sin 3x) 
2 
and na = e** (5с, + 12с,) cos 2x + (5с, — 12c,) sin 2x] — e?* ((12c, — бе.) cos Зх — (5c, + 12c,) sin Зх) 


Substituting these in the given equation, we get 
ед ((4c, + 12c,) сов 2х + (4c, — 12c,) sin 2x] – е {(12c, — 6c,) cos Зх — (6c, + 12c,) sin 3x} 
= e™ cos 2x — e** sin 3x 
Equating corresponding coefficients, 
4c, + 120, = 1, 4с, – 12c, = 0; 120, – бе, = 0, бс, + 120, = – 1 
whence c, = 1/40, ч” 3/40, C47 -1/15, с,=— 1/30 


Thus РІ. = = езх (cos 2x + 3 sin 2x) + ag 8 (2 cos 3x + sin 32) 


Hence C.S, is у = суе" + c,e™ + 5 e% (2 cos Зх + sin Зх) + P езх (cos 2x + 3 sin 2x). 





НиїйнЕн ENaiNEERING MATHEMATICS. 


PROBLEMS 13.3 





salve by the method of variation of parameters : 











32 
1, 2-р + aty = сосох 
diy 
3. 9 *y-tanx. (P.T.U. 2005; Raipur, 2004) 
diy. dy | | ИРТ, РАЛК 
Б. a att 4 y z ej ]x. (V.T.U., 2006) 
а?у „ау 1 
Е 
ах? dx I 14-63 
7..9" -23y + 2у=е пах, (V.T.U., 2010) 
NIU ИР 
(0 dx* 1+sin x 


Solve by the method of undetermined coefficients : 


10; (D* —8D «2)9y 2x* +e. — (V.T.U., 2003 S) 


а $ 
12. a -5 +6yse"4+sinx (ҮЛ, 2008) 


14, (D* —2D +.3) y = 3? + cos x. 


а?у АЖ. | 
9, quà Жу = Восх. (Bhopal, 2007) 
а?у "1 | | е. " 
Bao) ru a e. (SVT. U., 2007 ; J.N.T.U., 2005) 
(V.T.U., 2010 8 ; U.P.T.U., 2005) 
В. 2 =. я ах = e Sin x. (U.P.T. U., 2003) 
(V.T-U., 2004) 

а?у 
11. T *y-2cosx. (V. T.U., 2000 8) 
13. ay n – 2у = х + 8іп х. (V.T.U., 2010) 
15. (D? = 2D) y= © sin x. (V.T.U., 2006) 








EX. EQUATIONS REDUCIBLE TO LINEAR EQUATIONS WITH COEFFICIENTS 


Now we shall аш two Buch forms Ur linear differential ie with variable coefficients which can be 








+R, iX 


d р =x 
ас пу 


(1) 


where X is a function of x, is called Cauchy’s homogeneous linear equation. 
Such equations can be reduced to linear differential equations with constant coefficients, by putting 


x-e or t-logx. Then in. 
dy dy dt dy Y ,, „р, 
dx dt dx ах ^ = | 
SES. Dé Lew) 
dx? dx\x dt 2 dt x dt\dt/ 
„у 

i.e., = D(D – 

Le ил ( 


dt__ldy 1d'y 3 (oe e 
dx x dt x dg? dx 2 | ae 


43 
1) y. Similarly, x? = = D(D — 1) (D — 2) y and so on. 


After making these substitutions in (1), there results a linear equation with constant coefficients, which 


can be solved as before. 


x oY уз 


Example 13.30. Solve x* 
ні dx 


2;d^*y | 
pem 


Solution. This is a Cauchy's homogeneous linear. 


*See footnote p. 144. 


= log x. 


(V. T.U., 2010) 





Put x =e, Le, t= log x, so that x ©” = Dy, x? © ау. =DD- Dy where D= < 
Then the given equation becomes [D(D — 1) -0-1|у-4 or (р - 1)? у= A) 


which is a linear equation with constant сое айт; 
Its А.Е. is (D — 1)? = 0 whence D = 1, 1. 


1 
(0-17 
Hence the solution of (1) is у = (с, + к 4142 or, putting ¢ = log x and e! =x, we get 
у = (с, + с, log x) x + log + 2 as the required solution of (i). 


^ C.F. = (c, + De and BL = 77, t=(1-Dy*t=(14 2D + aD? + ..)t=t +2. 






Solution. Put x = e' ie., t = log x so that x dy/dx mt -D(D-1)y 





Then the given equation becomes 
| | | 1 | | ар 1 
ID(D-1)+3D+1ly=. or (D? + 2D + 1) у = ——— 
T i-e) s (1— e! Y 
Its A.E. is D?+2D+1=0 or (0-1Р-01е,0--1,-1. 


C.F. = (с, + сох) e! = (c, + с, log x) : 


1 - 1i- == 1 ,. du _ FW 
‘= ace 3i +и = (1-е!) 














| е! et 
| 1—7) 1 1-е! 
: RI. = і | e* =g" | — 1 | dt =~ | dx 
р ^ р+ 1-е l-e х4301-3) 





Solution. Putting x =е' Le. t = log x, the given equation becomes 

[D(D-1)+D+1])y=tsint ie (D?+1)y=tsint 00) 
Ite AE. isD?+1=O0ie. D=+i. | | 

С.Е. = с, cost + c, sint 


and РГ = 








#= ГР. ofe". - 


= LP. of e —————— 
of et р: "E 1 -gdge 





ОРОЙ — He 
= LP. of e" 20 d « D/2D t LP. of —e s(1-: 2), 


24 


р” Ж р 
= LP. of [[1+ i) at= uP. of (550 


= LP. of e^ -+e zi = Г.Р. of (cos ё + i sin £) ur] QE cos t + sint 


ЕР 212: (+ +.) t=LP. ia alt+s] 
2 D 


‚2 
Hence the C.S. of (1) is y = c, cos t + c, sint — < cos t + sin Ё 


or  y-c,cos (log x) c, sin (log x) — i (log x)? cos (log x) 4 1 log (log x) sin (log x) 
which is the required solution. | 





Solution. Putx-e, ie, t-logxsothatx — = Dy, х? "T -0(0-1)у 


Then the given equation becomes 





Ш(р-1)-30-11у- = or (02-40 +1) y =e*t(sint 1) 
e! 


which is a linear equation with constant M NN 
Its А.Е. is D? 4р + 12 0 whence О = 2 + 4/3 
СЕ. = ce" * Jait + со (2-3) - e? (e, e*t " с,е Vt) 


and Р.Д. = 2 dab idm gy ний 1) 
D? -4р +1 (0-19-4(0-1)41 
=g" ар 
D'-6D«6 Р -6р+6 
| | Hl | | 
ops а ке®а лус Gen 
D'-6D«6 6 6 6 6 
а — 1 , 
р? -6D+6 t sin t = LP. at apes er 
Ч 1 21 
= LP. of e" t = I.P. of e” 


(Dif —6(D+i)+6 D'«(2i-6D^4(5-6D- 


eft (22-6) D+ р? e (1-2 ) 
ясаа. Р ингэний аР alt- gg D) 





= LP. of 2489 (cos t +i sin t) xd 
61 5-0: 





= LP. of — ((B cos 2 в +i (5 sin £4- бов (2.22528, 


61 


26 à 1 : | 49 
= — (5 cos t- Ô sint)+ — (5 sin £+ cos t) | f+ — 
3721 ' "үй | 3 





(27 sin + 191 cos f) 





xi. (5 sin £ + cos £) + - 2 
61 3721 


l 1 2 . | | 
P.I. =е*| (t +1) + — (5 sin t + 6 cos t) + — (27 sin t + 191 cos 
Н ) 61“ sin cos Ё) 27514 sin cost) 


Hence y= ед (c, e 9 + coe Mt) ег! Е (t1) — 5 аш t +6 cos t) 
* = (27 sin t + 191 cos J 
Е у= x! (qx + cox 7/8 «is (log x +1) + Ех (5 sin (log x) + 6 cos (log х)! 
+ = [27 sin (log x) + 191 cos doga) : 





elation: ораи 7 i.e., t= log x: ; the given зенне" гей becomes 


[D(D-1) 4D + 2] y - e" ie, (D « 3D«2)y - e 
Its А.Е. is D? + 3D + 2 = 0 whence D = – 1, – 2. 
С.Е. = се «сү сүх +e x" 

















end р oe eee ы Se E Ё 
(D* +3D + 2) (D +1)(D + 2) (0-1 D+2, 
1 az lL .4 gu a 1 zt 
Now Diil Dai CA = Uu 
coc eae coe &out ol xy Е 
| «е ын =е | “ше)-х | efdx= xe 
1 „_ 1l a mw» -e 1 2t е! 
Di pee 9 U* gaa" 
= е rel et =” | e" e' dle’) 
= yo? ин [: ё-34 
=x "xe*- [Integrating by parts] 


РЕ а ех) = x ?e* 
Hence the required solution is y = c, x Ї x7? (c, + e*). 
II. Legendre's linear — cad equation of the form 


qu- 
(ax + by 52 = + k (ax Цэн d ы. kk y=X ...(2) 


where k's are constants and X is a сэн of x, is и. Legendre's linear equation. 
such equations can be reduced to linear equations with constant coefficients by the substitution 

ax +b=e', Le., Ё = log (ax + b). 
Then, if 15 85:38 ыб 8E. вм 
4’ ах dt dx ax+b dt 
ау dí а ej. -4Г dy а d 4 (2) = dt а? (22 y -& 
45 dxlax+b dt) (ax«bY dt ax*bdtVdt) ах (ax bP dt, 





Le. (аха 5) © dx У -aDy 





* A French mathematician Adrien Marie Legender (1752 — 1833) who made important contributions to number theory, 
special functions, calculus of variations and elliptic integrals. 


| | | 


г.е., (ax + b)? 45 = a? D(D — 1) y. Similarly, (ax + Б)? "3 азр — 1) (D — 2) y and so on. 
After making these replacements in (2), there results a linear equation with constant coefficients. 


. ч ma TE i 20 то A Ч r n 
; ! TELS (1 а. E Low s PER. Peas, eae N. 
ts OTET | * ap r 1 аа Д NI = == кс: реГ » |, ty ч 
| 1 ox NE, 1144 | F : din T А =—— - E к li Ру 
E . rw, ad said ые. E - т ak “Р 1 + Ai E M $ 14 #} 4 ) Yl 
E. Е ONE “(элэг ы! Ру ИГ." гэ Tq 4 1TH i хү A: Тайж. р ёл ile п 
Я виг io è 1 
17 | d ! 4 я | y - ж 1 T 
а | i p ! 

4 | ! [1 ч 4 я 

4. | г ыг Ч №, rd ? 8 уа " А ad hl "FT а 
| + Е a | Р j [: = E ү Li Ч 
i Ч тын” E T 1 г. ` t =' г. ^ E i r 
E Ч " - | a 


« 


ПЁ 5 


Solution. This is a Legendre's Br equation: 





put 1+х=е!, ie., t = log (1 + х), so that (1 + х) 2) Dy = 


and (1438 = > 23 = D(D — 1) y, where D = -4 


Then (i) becomes D(D — i +Dy+y=2sint 

or (D? + 1)y 22sint (ш) 
This is a linear equation with constant co-efficients 
Its А.Е. is 0? + 1-0, whenceD- £i . C.F.=c,cost+c,sint 





- x d 1 
апа РТ =? К sin .—sint 
Pei’ 2D 
ЕЕ Їл on replacing D? by – 12, D? + 1 = 0] 


Hence the solution of (ii) is y = c, cos t + c, sin t — t cos t and on replacing t by log (1 + x), we get y = c, cos 
stan нас: + со sin log (1 +х)] – Эс * x) cos jeg a in as the iie siu solution. 





бийин. This i is vic хийний! аваг менга 


Did res B t = log (2x -1) so that (2x —1) © = 2Dy 


and (2x — 1)* d*y = 4D (D — 1) y, where D = LN 
| dx? dt 


Then the given equation becomes 





4D (D- 1) y + 2Dy — 2y = 12:41 МЭ 


ог Sit) cs By wy mete - et +2 Ai) 


This is a linear equation with constant coefficients. 
Its А.Е. is 20° р – 1 = 0 whence D = 1, – 1/2. 








С.Е. = суе! + сле‘? 
| 1 ЭР 1 Е : 
and РІ. = зе +2] - ip o re — “+2. pt 
Bal 2 Jj 84-2-1 24D-1- 200-0-1 
[: on putting £ = 1, 202-0 1-0 
15, 3t 1 
шШо-фТЭф-, -2-- +e- 2 
5 “14-15 et 


Hence the solution of (1) is 


у = сүе' cet? + Яа elt — 2 and on replacing t by log (2» — 1), 
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y ze, 2x - 1) ёс, Qa - 1p + = (2х- 12+ = Qu- 1) log (2x — 1) – 2. 


which is the required solution. 








PROBLEMS 13.4 
Solve : 
d'y | dy а?у „йу |. 
1. Eu mcn * 4 2, x*—L—92x—--4yzx* 
de в dx? ти 
-ady | ээ | а?у ду 1 TAPA - TEE ЖҮМА 
62:293300 + 4у= (1 +202). (SVT UL 2007) 4. я: (V.T-U., 2005 S) 
X X : DIM. а eee du du | 
5. The radial displacement и in a rotating disc at a distance r from the axis is given by г? FEI EF ge Us hr? = 0, 
where k is a constant, Solve the equation under the conditions и = 0 when г = 0, и = 0 when r = a. 
Solve : 
6. x? d'y | au dY *2y zlogx. (Bhopal, 2008) T. a d + 3х2 Фу eee +y=x+logx (Bhopal, 2008) 
dx? dx ах” dx? ах ` 57 | | 
8, xy" + ху + y = 2605" (log x). (V.T.U,, 2011) 
9, oth, gy? £ 9 15 == +2у= (s 23 (S.V.T.U., 2006: P.T.U,, 2003) 
3 e ! 
| diy. dy 1 A LA ody, dy Ae uu и ҮГЭЭР БАЙН 
10. (22-22 БУ РАДЕ E. (P. T.U., 2003) 11. х^*——=—+Бх-—= + 4y = log x. (UPT. U, 2004) 
ха at ae: | ^ Etiam 4y UH 
„42 | 
ad y о м. | | гүй" 
92 _ узу = 2310р х. Bhopal, 2008) 
12, ee E 12у = x?log x (Bhopal, 2008) 
2 r : | : 
13. (2r 4 3)* 23 —(2х + 3) D — 12y = 6х. (V.T:LL, 2007 ; Kerala, 2005 ; Anna, 2002 5) 
d'y ТОГ AA RM ОЛ | | ЖЭЙ 206 
— a d - 20y В. - CERT нв. | — IN. Foo 1 
14. (x— 1) P + Ax- 1) "o 4(r—1) dix + 4y = 4 log (x — 1). (Nagpur, 2009) 
2) 
15. (14 x)?—— “+ + (1+ 92 + y = зіп [2 log (1+ x)] (P. T.U., 2006 ; V.T.U., 2004) 
| d*y gy UY | BASTA S 
16. (3x + 2)* 22 +5 (8х + 2) = – Зу =A Frl, | (Mumbai, 2006) 





| (1) LINEAR DEPENDENCE OF SOLUTIONS 


Consider the initial value problem consisting of the homogeneous linear equation 


y" + py + gy = 0 (1) 
with variable coefficients p (x) and д (x) and two initial conditions y (x,) = А, у” (x5) = Ё, ...(2) 
Let Из general solution be y = c, y, + c; y; 418) 


which is made up of two linearly dependent solutions y, and y,.* 
If p(x) and q(x) are continuous functions on some open interval I and x, is any fixed point on I, then the 
above initial value problem has a unique solution у(х) on the interval I. 


* As in $2.12, Yp y, are said to be linearly dependent in an interval Г, if and only if there exist numbers A,, A, not both zero 
such that Ау, + Аду. = О for all x in Г. 
If no such numbers other than zero exist, then y,, y, are said to be linearly independent. 


(2) Theorem. If p(x) and q(x) are continuous on an open interval I, then the solutions y, and yof (1) are 





linearly dependent in I if and only if the Wronskian' Му p уш) = ii 7: = 0 for some x, оп J. If there is an x = 
УУ J2 





x, in J at which W (у, у.) #0, then y, y, are linearly independent on I. 
Proof. If y, у. are linearly dependent solutions of (1) then there exist two constants с,, c, not both zero, such that 


Суу + CoV, = 0 (4) 
Differentiating w.r.t. x, сууу + су. = 0 (5) 
Eliminating c,, с, from (4) and (Б), we get 

и (Уу, Ya) = ^ 12 = 0 








Conversely, suppose W (Yp Ya) = 0 for some x = x, оп J and show that у,, у, are linearly dependent. 
Consider the equation 
C191 rg) + e yo(x9) = 0 (в) 
суут xp) + eo ys(xg) = 0 саа 
уух) 26%) | |, 
У1(х0) Узб) 
Hence the system has a solution in which Сү, €, are not both zero. 


which, on eliminating с,, с, give W (y,, у.) = 





Now introduce the function y (x) = c,y,(x) + cay, (x) 

Then у(х) is a solution of (1) on J. By (6), this solution satisfies the initial conditions y (x,) = 0 and y'(x,) = 0. Also since 
р (х) and g(x) are continuous on 1, this solution must be unique. But y = 0 is obviously another solution of (1) satisfying the 
given initial conditions. Hence y = y i.e., сууу + су. = 0 in J. Now since су, с, are not both zero, it implies that y, and y, are 
linearly dependent on Г. 


Example 13:37. Show that the two functions sin Эх: cos Эх are inde 





ndent solutions of j^ 4 4y. 0. 


Solution. Substituting y, = sin 2x (or y, = cos 2x) in the given equation we find that y}, y, are its solutions. 
| sin2x cos 2x 
Also Wiy,, у.) = --220 
УууУ2 | асовдх. —2ein 2х 
for any value of x. Hence the solutions y,, y, are linearly independent. 





PROBLEMS 13.5 | 


Solve : 
1, Show that e^*, хет * are independent solutions of y" + 2y' + у = 0 in any interval. 
2. Show that e* cos х, e* sinx are independent solutions of the equation xy" — 2y' = 0. 
3. Ну. y, be two solutions of y" + р(х) y" + g(x) у = 0, show that the Wronskian can be expressed as У, ys) = tj es 


ЕКИ SIMULTANEOUS LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 














Quite often we come across linear differential equations in which there are two or more dependent 
variables and a single independent variable. Such equations are known as simultaneous linear equations. Here 
we shall deal with systems of linear equations with constant coefficients only. Such a system of equations is 
solved by eliminating all but one of the dependent variables and then solving the resulting equations as before. 
Each of the dependent variables is obtained in a similar manner. 


Example 13.38. Solve the simultaneous equations : 
dt 
being given x= у = 0 when t = 0. (S. V. T.U., 2009 ; Kurukshetra, 2005) 


—— + 5x – 2у =f, = + 2x +у=0 


T See footnote on p. 486. 





Solution. Taking d/dt = D, the given equations become 
(D + 5)x-2y=t AU) 
2x+(D+1)y=0 UL) 
Eliminate x as if D were an ordinary algebraic multiplier. марки (1) Бу 2 and operating on (ii) by 
D + 5 and then subtracting, we get 
[--4-— (0+5) (0 + Пу= 2t or (0? + 6D + 9) у= – 2 
Its auxiliary equation is D? + 6D + 9 = 0, i.e., 09-48) wn 





whence D=-3,-3 ~ С.Е. = (с +¢,t)e 
-2 | | 
and РІ = 9; =- 2. P] p= 21. 9P =) Fy 
T geag 9 3 9. 83 ^ 9 27 
. 9t 4 | 
en = | м „н Ld — TI 
Hence у = (су + с )е a 5 i) 


Now to find x, either eliminate y from (i) and (ii) and solve the resulting equation or substitute the value 
of y in (ii). Here, it is more convenient to adopt the latter method. 


From (itz), Dy = се? + (су + cot) (— 3) е — — 
_ и. Substituting for y and Dy in (її), we get 


=- Шу +э1=/(а зе) +о|е "57:27 | | (iv) 


Hence (iii) and (iv) constitute the solutions of the given equations. 
Since x = у = 0 when ¢ = 0, the equations (iii) and (iv) give 


E ng es 4 2 
0- = о2 aude; Cj* vu = whencec; =— Loue. 


Hence the desired solutions are 


xz— —(1+46f)e +— (1 + 80), у=- — (2 + 32 + 2-3. 
5; 4. )e 231 В, y 27" +8{)е Th ) 





Solution. Given equations are 
Dx + 2у = — sint i); — 2x + Dy = cost tt) 
Eliminating x by multiplying (i) by 2 and (iz) by D and then adding, we get 
åy + D*y = —2sint — sint or (D? + AW = —3 sin t 
Its A.E. is D = + 2i г. С.Е. = су cos 21 + c, sin 21 





1 1 
PI -—9 aaa sin t = — З а sin £=- sin t 
г. y = с, cos 2t +c, sin 2t — sint UL) 
and dyldt = — 2 sin 2t + 2c, cos 2t — cos t iu) 


Substituting (iii) in (ii), we get 
2x = Dy — cos t = — 2c, sin 2t + 2c, cos 2t — 2 cos t 
or х= — су sin 2t + c, cos 2t + — cos t ...(0) 
When ¢ = 0, x = 0, y = 1, (vit) and (v) give 1 = су, 0 = с, – 1 
Hence х = cos 27 — sin 2f — cos Бу = cos 27 + sin 27 — sin t. 








or 








TIE 
i ЇЕ I 


á m a _ 





Solution. Given equations are 
Dx + (D – 2)у = 2 cost- 7 sint m 
(D + 2) х – Пу = 4 cos t- 3 sint IU) 
Eliminate y by operating on (i) by D and (ii) by (D — 2) and then adding, we get 
D?x + (D—2) (D + 2) = — 2 sint 7 cost 4 (- sin t — 2 cos t) - 3 (cos t — 2 sin £) 
2(D* — 9) х = — 18cost ог (0? – 2) x = —9 cost 





Its A.E. 15 0%-2=00огр= + 5, С.Е. = се + cue + 
| gp 96088 _ 
P.I. = (– 9) ИР = ЕНГ = 3 cos t. 
Hence x = qe”! + coe 2t З cos t. 


Now substituting this value of x in (ii), we get 
D,- (D + 2) (ce + соет VA i 3 cos t) — 4 cost + 3 sint 
= e 2e Pt + 2c, e 9t + c C A2 67 ) + 2e, e?! 8 sint + 6 cos t 4 cos t З sint 
(2+ 4/2) c e?  +(2- Tek riari 
Hence y= 653 tier Vat ub Dee" V2 + 2 sin t+ es. 


Solution Given ейи аре аге (0°. + 3 х- p -0 ..() 
(0° — 3x + (D? + By = 0 AEE) 
To eliminate x, operate these equations by D? — 3 and D? + 3 respectively and subtract (i) from (ii). Then 
100° + 3XD? + 5) + XD? —3)) y 20. ог (D* + 10D? + 9y = 0 

Its auxiliary equation is 01 + 10D* + 9 = 0 whence D = + i, + 3i 
Thus y = сү сов Ё + с, sin t +c, cos 3t + c, sin 3t ti) 
To find x, we eliminate у from (i) and (ii). 
^. operating (i) Бу D? + 5 and multiplying (ii) by 2 and adding, we get 

(D* + 10D? + 9) x = 0. Thus x = №, cos t +k, sin t + k, cos 3t + №, sin 3t iu) 
To find the relations between the néant. in (111) and (20), substitute їэж values of x and у either of the 


given equations, say (1). This gives 


2k, — сү) cos t + 2 (ky — c) sin t – 2 (3k, + cg) cos 32 — 2 (3k, + с) sin 3t = 0 


which must hold for all values of t. 


aad 


г. Equating to zero the coefficients of cos Ё, sin f, cos 3t and sin 3f, we get 
ky = Cy, Ry = Co, Ё, “ae k,=-c,/3 
Thus x =c,cost+c, sint — 5 І (с. сов 3t + c, sin 3t) iu) 
Hence (iii) and (iv) constitute the solutions of (i) and (п). 
Since x = y = 0, when f = 0; ~. (iii) and (v) give 
O=c,+c, and c, — 2 =O1e.c,=c,=0 
Thus (iii) and (v) reduce to 
у = со Bin Ё+ c, sin 3t 
(vi) 


: ёр. at 
x = с; sint — sin 3t 
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zs Dx -c,cost—c,cos 3 and Dy=c, cost + Зс, cos 3t. 
Since Dx = 3 and Dy = 2 whent = 0 
| 1 
3=c,—c, and 2 = с, + 3c,, whence c, = 11/4, c, = — 4 
| l | 1. . l 1 
Hence equation (vi) becomes x = 4 (11 sin £+ з sin 3t), y = 2 (11 sin f — sin 3t) Kult) 


~ whent = l2,x = : n sin (0.5) + sin (1.5) | = : | [11 (0.4794 + : (0.9975) | = 1.4015 


ánd ўа n sin (0.5) — sin (1.5)] = 1.069. 
Example 13.42. Solve the simultaneous equations: E = 2y, ^ = 22, a = Dx. 
——  (&V/T.U., 2006 S ; U.P.T.U., 2004) 
; | O ; ах | dy 
Solution. Differentiating first equation w.r.t. f, dg -2 77: 2 (22) 
19 
Again differentiating w.r.t. t, dx. 4 dz =4 (2x) ...() 
аг dt 
or (08 – 8) х = 0 
Its А.Е. is 18-8-0 or (D-2) (D? 2D-4)-0 
or D-2,-1zi43 
г. the solution of (1) is x- cje” +e! (с сов J3t + c4 sin J/3t) JU) 


1 dx 
From the first equation, we have y — 2 di 


y= 5 ae" + (-De"' (с, cos Jat + c4 Sin J3t) +e! (— 4/3 c; sin Jat + 3 сз COS з) 
ог у = суеѓї + се" | (Зе — сә) cos ЗЕ — (са + МВсо ) sin Jat] IL) 


14) 
From the second equation, we have z = 2 P 


z= = 2e" +416 De 7 ((/8сд — cz) cos J3t — (cs + Зе; ) віп УЕ ] 
+ e-t [d 3(cs — УЗсз) sin 4/37 — УЗ(са + уЗ) cos 484 | 


«сү + де" [C 2e, — 2 Зе;) cos VBE — (28 с - 2ез) sin 48 | 


or 2 = суе? – set {В — cs) sin ЗЕ +(e, + УЗс;) cos J3t | (iv) 
Hence the equations (ii), (iii) and (iv) taken together give the required solution. 


PROBLEMS 13.6 





Solve the following simultaneous equations : 


] = fi z у і , == | 4х. 


о +у= вій t, +x = сов Ё; given that x = 2 and y = 0 when £ =Ù. 


(Bhopal, 2009 ; J.N.T.U., 2006 ; Kerala, 2005) 


; ih НО fee Py Mio 
2 + 2x + By = 0, Bx + A + 2y = beñ, (Delhi, 2002) 4. БИЛГЭ -0, ae Бу = 0. 
ide OL, CELA vp GA ee УРАА a У у) 06113 
Bay ty =e. рои _ (Bhopal, 2002 8) | 6. = + 2x - By =f; eee у= e", (Nagpur, 2009) 
1. (D - 1) x + Dy = 22 +1, (2D +1 + 2Dy =. а 18 (Ds Dx + (20 + МН RET OE od 
HJ. Dx Dy + 35 = sin f Dx +у— х = -e08 f. | РР у, iW 1 i AU.P-T.U., 2008). 
dx | сах d vot 2 Y 
CON E VERUS Ус = 0. | nix (322 жашо di жу х= cost | 


i 228 à; 1 | 
‚ OF -8к-4у-0, diee БУВЛ P EN | КО 


| ах |o d*y 1) | | б. 
|'18. a + yz sint, аё + x= cost. | | | Ч “WPT, 2000, 


| 34; A mechanical system with two degrees s of freedom du the e equations 
e 4 тай | | | | 
| еп х,у, y ш Е all vanish at = 0. 


PROBLEMS 13.7 | 


Fill up the бүрээ or choose the correct answer tn the TUNE ошай: 

1. The complementary function of (D^ — a*) yz-0is. 

2, Рл, of the differential pae 222 + Uys sin a Zeis iaaa Wir 

3. PLofy'-3y «2y-1918.... | 4 The Wronskian, 

5. The C.F. of y" — 2)" + y =xe* sin x is ОЛ Ч) vik a 
(а) Сеч Сет 1 \ Ф) Cj Сех (с). (C, + Ce (а) None of these. — (УЛ, 2010) 

6. The EUR solution of the differential equation (pt — epo + 12D? - 80) у= Ois. 1. | 

й, The particu! ar integral of (D* + a?) y = sin ах із | | | 


(à) = русов ax | (0) g ear y | Ф-3 сов ах! 


8, The solution of the differential equation (D? “9p + By y 18 is. | 
Ч, 9. The solution of the differential equation y” мй -0 satist yin ке vonditions (0) =1 and y(n/2) = и 


ою. ! п УВЕ) + ene is the general solution of 
: ©) ole +8у = -0 2 | ay Ж d) d*yldx* . си von jda d c 3-0, 
An, ‘The solution of the different ia LR 


лз. . The «манах 4 dy nay! -01 w den A j 14. оў general ease wan ahy = Ов... 


15, PA. of + a wire | OU UL. f(D) =D? -2, x tw; 


sin 2x = 12738, The particülar integralof (D+ PAP 


ат. mra» I? + 5, —— ane 
| 49. тердеги solution of (4D* +40", Dy - 048245 
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Е INTRODUCTION 


The linear differential equations with constant coefficients find their most important applications in the 
study of electrical, mechanical and other linear systems. In fact such equations play a dominant role in unifying 
the theory of electrical and mechanical oscillatory systems. 

We shall begin by explaining the types of oscillations of the mechanical systems and the equivalent elec- 
trical circuits. Then we shall study at some length the slightly less striking applications such as deflection of 
beams and whirling of shafts. At the end, we'll take up some of the applications of simultaneous linear differen- 
tial equations. 











SIMPLE HARMONIC MOTION 
When the acceleration of a particle is proportional to its и = 
displacement from a fixed point and is always directed towards it, then А’ — 
the motion is said to be simple harmonic. О|—х—=|Р 
If the displacement of the particle at any time £, from fixed point О pe———0— —e 
is x (Fig. 14.1), then Fig. 14.1 
2. 
dl =-их or (D?+y%)x=0, JO 
its solution is x = сү сов it + c, sin pit 448) 
its velocity at P= = = p(—e, sin pt + c, cos pt) wold) 
If the particle starts from rest at A, where OA = a, 
then from (2), (att =0,x =a) а=с, 
and from (3), (at t = 0, dx/dt = 0) 0- С». 
Thus х=а cos Ш IA) 
and ay sin pt = (а? — x?) (5) 


which give the displacement and the velocity of the particle at any time t. 
Nature of motion. The particle starts from A towards O under acceleration directed towards O which 
gradually decreases until it vanishes at O, when the particle has acquired the maximum velocity. On passing 
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through О, retardation begins and the particle comes to an instantaneous rest at A’, where ОА’ = OA. It then 
retraces its path and goes on oscillating between A and A’. 
The amplitude or maximum displacement from the centre 18 a. 
The periodic time, i.e., the time of complete oscillation is 2r/ p, for when t is increased by 2л/р, the values 
of x and dx/dt remain unaltered. 
The frequency or the number of oscillations per second is 
1/periodic time, i.e., Ш 2n. 








Solution. Let OA(= 1) be the istis — string with the ёда О — — P —— а 





fixed and having a particle of mass m attached to the end A. (Fig. 14.2) О. —Р 
At any Ише f, let the particle be at P where ОР = s ; so that the А: — А Т 
elongation AP = s – Г. Fig. 14.2 


Since for the elongation e, tension = mg 
T- mg (s — 1) 
e 
Tension being the only horizontal force, the equation of motion is 


2 29. E 


for the elongation s — /, tension 


which is the required equation of motion. 
Now (i) can be written as (D* + g/e)s = gl/e, where D = d/dt Ui) 
the auxiliary equation is D? + g/e = 0 or D = x i (а/е) 
гс С.Е. = c, cos Кайе) + су, sin J(g/e)t 
and сЕ — И ЖИЙ БЕГ хэй 
D'-gpl e е D^sgle 
Thus the solution of (if) is 


s=c,cos /(g/e)t +c, sin y (ge + 1 UI) 
When?z0,s-2s4 =  З,520,4041 ie,c,=s,—-l 
Again from (iii), E sey ДЕР sin Siget + с, darle) сов КЕТЬ 
When £ = 0, dsidt= 0; - Occ, 
Substituting the values of c, and c, in (iii), we have 
g= = (во — [) cos Алы )t + / which is the required result. 





Solution. Taking O as fixed point of reference, let particle m, be Р Т Т 
at О and m, at a distance a from m, at time t = 0 Fig. 14.3. At any timet, | _———_ 
let m, be of a distance х from О and m, be at a distance у from О. Then с Жа т» 
the equation of motion of m, is Fig. 14.3 
m,d*x/dt? = T wat) 
and equation of motion of m, is m,d*y/dt® = — Т E) 


where T = А(у — xYa 





From (i) and (ii) Чиа — аа? = — = "i 


Žiu) i | — E Ч. hy 
d'Q-2 мэ ХУ ЖЖ. Му-х) x) Or du Am +m)u rmju whereu-y-x 
dt ту т» a dt? ma, тэ a 


| атут; _ 


ES 
| Aim, + Ma) | 








This is S.H.M. with periodic time т = 2л 








Solution. In the equilibrium position, let the paiielo Ба at С: 50 
that AC = а + Гапа BC = а’ + Г, where а, a’ are natural lengths of the 
strings (Fig. 14.4). Then the tensions (at this time) are given by 

















Т = Ма = Аа" waht) 
At any time 7, let the particle be at P, so that CP =x. Then 
Т,- эрэн and Т = at 
the equation of motion is m ae -1,-1Т,-К к= гэж 
3 0-01) 2 
а а a а Г 4 
or ge == where A E 
ae FTO m 
27 





Hence the periodic time = X -2Л 
H 


A Пеауу particle attached by a light string to a fixed point and oscillating 
under gravity constitutes a simple pendulum. 

Let O be the fixed point, / be the length of the string and A be the position of 
the bob initially (Fig. 14.5). If P be the position of the bob at any time &, such that arc 
АР = s апа ZAOP = Ө, then s = 78. 





(1) SIMPLE PENDULUM _ 


2 
the equation of motion along РТ 15 m -—mg sin Ө 








: dU. — 2 

г.е., dt? "= я Sin 8 Fig. 14.5 
48 g.. = ө? _ g8 РИА 

ог 22-86-80... |= to a first approx. 


Here the auxiliary equation being D? + g/l = 0, we have D = + (а): 
its solution is Ө = c, cos ,/(g/l)t + c, sin t. 
Thus the motion of the bob is simple harmonic and the time of an oscillation is 2n (Ив). 





(2) Gain or loss of oscillations. Let a pendulum of length / make л beats in time T, so that 
T = time of n beats = nm (Ия) or n= Т, ali? 
n 


Taking logs, log n = log (Т/л) + 5 lo в — log l). 


Taking differentials of both sides, we ам 23 = п та. ae 


n а И 
If only g changes, / remaining constant, du Е ...(1) 
п g 
If only / changes, g remaining constant, dn = — S ...(2) 
n : 
x kon e Ур toes "apr se tn 





Solution. If the original length / of the string be increased to / + dl, then 
1+4 901 | d! 901 , 1 
di | 900 " 1 900 900 
ап aq 1 
using (2) above, we have он 85-15 150 
е. dn=-——= 50400 „_ 4B. 
1800 1800 








Since dn is negative, the clock will lose 4 seconds per баў. 





Solution. Let the position of the bob (of mass т), at any time t be P and 
О be the point of suspension such that OP = L, Z AOP = Ө and therefore, arc AP 
= в = [0. (Fig. 14.6) 
^ the equation of motion along the tangent PT is 
458 48 
—— == a= 
т 48 mg sin 8 — di where À is a constant. 
d'(6) 3400) 
dt? Um Du | 
Replacing sin 9 by 6 since it is small and writing A/m = 2k, we get 
d^ go | 
+ 247m + 2 = KE) 
а [ | 
which is the required Р SM. 2 гайг. 


Its auxiliary equation has roots D = k + JO ш?) where w = gil. 
The oscillatory motion of the bob is only possible when k < w. 
Then the roots of the auxiliary equation are — k + i y (w? — k?). 

the solution of (i) is 


or + а ѕіпӨ = 0 











which gives a vibratory motion of period 2л/ Ju? — k^). 
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Example 14.6. А pendulurn of length 1 has опе ёп of the string fastened to a peg on. а. smooth plane ў 
inclined to the horizon at an angle а. With the string and the weight on the plane, its timéof эвсШ ай от is t sec 





Jf the pendulum of length l*oscillates in one sec. when Suspended. vertically, prove that а = : gin (4) xí 


Solution. At any time f, let the bob of mass m be at P and O 
be the point of suspension so that OP = апа ZAOP = Ө (Fig. 14.7). 

The component of weight along the plane being mg sin œ, the 
equation of motion of the bob along the tangent at P is 











mos = — mg sin а sin Ө 
d? | 
253 
or tM =—g sin а sin Ө [^ s218] 
420 : EE 
or к аа ofo-F +. | 
2n а 
or P =- 10 wherep= E T £ ‚ to a first approximation. 
the motion being simple harmonic, the time of oscilla- 
tion £. 
sogi (0) 
mi а sina 


We know that for a pendulum of length /* when suspended 
vertically, the time of oscillation 
t= 2nJl'!g CEE) 


dividing (1) by (її), we have ¢ = | i | 
| lain o 








Or t^-l/ll'sina or a= sin? (М). 





PROBLEMS 14.1 | 


1. A particle is executive simple harmonic motion with amplitude 20 cm and time 4 seconds. Find the time required by | 
the particle in passing between points which аге at distances 15 em and 5 em fromythe centre of farce and are on the | 
same side of it. | | 

2. At the ends of three successive seconds, the distances of a point moving with 8.Н.М, from its mean position arex,, | 
Xy #3. Show that the time of a complete oscillation is 


229, сот [+ | | 


З. An elastic string of natural length 2a and modulus A is stretched between two points A and В distant 4a apart on | 
a smooth horizontal table. A particle of mass m is attached to the middle of the string. Show that it can vibrate in 
line AB with period Эла, where в? = Аат. | 

4. A particle of mass m moves in a straight line under the action of force mn“(OP), which is always directed towards- 
fixed point О in the line. If the resistance to the motion is 2А mnu, where v is the speed and 0 € À = 1, find the | 
displacement х in terms of the time / given that when t = 0, x = 0 and dx/dt = и where OP = х. | 

Б. A point moves in a straight line towards the centre of force u/(distance?) starting from rest at a distance а from 


the centre of force, show that the time of reaching a point b from the centre of force is a (a* —5*)/g and that its” 








velocity then is ув, a? b*). (UP. TEU., 2001). 
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6. А clock loses five seconds a day, find the alteration required in the length of its pendulum in order that it may keep 
eorrect time: 

7. Aclock with a seconds pendulum loses 10 seconds per day at a place where g = 32 fUsec?. What change in the gravity 
is necessary to make it accurate ? 

8. А seconds pendulum which gains 10 seconds per day at one place loses 10 seconds per day at another; compare the 
acceleration due to gravity at the two places. (Kurukshetra, 2005) 

9, Show that the free oscillations of a galvanameter needle, ав affected by the viscosity of the surrounding air which 

аө (49 


varies directly as the angular velocity of the needle, are determined by the equation 48 + К di +e = 0, where $ 


is the co-efficient of viscosity and 61s the angular deflection of the needle at time t. Obtain 8 in terms of апа discuss 
the different cases that can arise. 


10, i= = = — mgl sin 0, where I, m, g, l are constant, given that att = 0, 0 = 0 and dü/dt = a, = m (тд)! T, then 





show that t= = log Б > х : (Nagpur, 2009) 


ВУ OSCILLATIONS OF A SPRING _ 





(1) Free oscillations. Suppose a mass m is suspended from the end A of a light 
spring, the other end of which is fixed at O. (Fig. 14.8) 

Let e (= AB) be the elongation produced by the mass m hanging in equilibrium. If 
k be the restoring force per unit stretch of the spring due to elasticity, then for the equi- 4 | 
librium at В, 





mg = T = ke „О 
At any time f£, after the motion ensues, let the mass be at P, where ВР =x. Then 
the equation of motion of m 15 





ах — k (e x) 
m n Зур =mg—kle+x)=— kx [By (1)] 
Or writing k/m = р“, it becomes 
d*x mg. 
—— +p" х-0 2) Fig. 14.8 
dt” = 


This equation represents the free vibrations of the spring which are of the simple harmonic form having 
centre of oscillation at B—its equilibrium position and the period of oscillation 


4 = = On |=] | 7 == (2) 7 (5) вуш! 


(i) Damped oscillations. If the mass т be subjected to do damping 
force proportional to velocity (say : r dx/dt) (Fig. 14.9), then the equation of 
motion becomes 


ах hens) 
те =m е+х)-г—— 
dt? = 
dx 
= рғ Ву (1 
=: [By (1)] 
Or writing r/m = 2А and k/m = y*, it becomes 
d*x dx , 
Gt thay tix =0 (8) 18 


its auxiliary equation is 
D? + 2%) + у? = 0 whence D=-Azx. 
Case I, When А > ц, the roots of the auxiliary equation аге real апа dis- 
tinct (say Yp Yə) 





Fig. 14.9 





the solution of (3) is x = оре + сое?" (4) 
To determine c,, c, let the spring be stretched to a length x = / and then released so that 
х= [ and dx/dt = 0 at t = 0. 


from (4),  Izcec*c, X 
Also from = = qye + cyyse** , we get 


0 = Сүү, + соў» 











whence C4 = cUm and Cy = Гү; О 
Үг T2 Үт” Y 
Hence the solution of (3) is 
& = | (yer «8 үзе!! ) .4(5) Fig. 14.10 


Т T2 
which shows that х is always positive and decreases to zero as Ё — œ (Fig. 14.10). 
The restoring force, in this case, is so great that the motion is non-oscillatory and is, therefore, referred to 
as over-damped or dead-beat motion. 
Case II. When А = p, the roots of the auxiliary equation are real and equal, (each being = — A). 
The general solution of (3) becomes x = (с, - сет. 
As in case I, if x =/ and dx/dt = 0 at t = 0, then c, = / and с. = Al. 
Hence the solution of (3) is x 2 1(1-- Ае which also shows that x is always positive and decreases to zero 
as і — e» (Fig. 14.10). 
The nature of motion is similar to that of the previous case and is called the critically damped motion for 
it separates the non-oscillatory motion of case I from the most interesting oscillatory motion of case Ш. 
Case III. When i < и, the roots of the auxiliary equation are imaginary, i.e. D = — + ia, where 0 = ц“ — A‘. 
the solution of (3) is x = ec, cos Of + с. sin at) 
As in case I, x = L, dx/dt = 0 at t = 0, then c, = / and c, = М/а 


Ns 
Thus the solution of (3) becomes x = /e^^ соз of + —sin «| 


(x 


ont) 





(b) the periodic time T = 2n/a. 
But the periodic time of free oscillations is T" = 2л/Ц. 


Ав = Ju? = 22) <p 


—>—, Le ТТ’. 
ao н 
This shows that the effect of damping is to increase the period of oscillation and 
the motion ultimately dies away. Such a motion is termed as damped oscillatory motion. 
(iii) Forced oscillations (without damping). If the point of the support of the 
spring is also vibrating with some external periodic force, then the resulting motion is 
called the forced oscillatory motion. 
Taking the external periodic force to be mp cos nt, the equation of motion is 
d?x 


т—— = mg — k(e +х) + mp cos nt 
dt” 





= — Ах + mp cos nt [^ mg = ke] B) 
Or writing k/m = р?, (8) takes the form Fig. 14.11 





2 


ux + ux t (9) 
— |, =p cos nh ын 
dt” а 


: 1 
Its СЕ = с. cos uf + е. вт Ц and P.L — cos nl. 


New two cases arise : 
Case І. When =n. 





p 
и? п 





the complete solution of (9) is x = c, cos ИГ + c, sin pt + 5 cos ПЁ. 


On writing c, cos ut + c, sin ut as r cos (ut + ф), we have 


х= ғ сов (ре + 6) + = cos nt (10) 
H 


This shows that the motion is compounded of two oscillatory motions : the first (due to the C.F.) gives free 
oscillations of period 21/1, and the second (due to the P.I.) gives forced oscillations of period 2л/п. 
Also we observe that if the frequency of free oscillations is very high (7.6. u is large), then the amplitude of 
forced oscillations is small. 
Case II. When p = п. 
| 1 ptr _. pt. 
P.I. = pt. ——cos ut = al cos pit dt = — sin ш 
P. ш 2 И 2u H 
the complete solution of (9) is x = c, cos pt + c, sin pt + D sin pf 


= e T 23 sin Ш + C1 COS Ш. 
2н 


Putting с, + pt/2u = p cos y and c, = p sin y, we get 
x= p sin (pt + y) (11) 





This shows that the oscillations are of period 2л/ц and amplitude р = /(сь + pt/ 2u 4 с2] ‚ which clearly 
increases with time (Fig. 14.12). 

Thus the amplitude of the oscillations may become abnormally large causing over-strain and conse- 
quently breakdown of the system. In practice, however, collapse rarely occurs, though the amplitudes may be- 
come dangerously large since there is always some resistance present in the system. 

This phenomenon of the impressed frequency becoming equal to the natural frequency of the system, 15 
refered to as resonance. 

Thus, while designing a machine or a structure, the occurrence of reso- x 
nance should always be avoided to check the rupture of the system at any stage. 
That is why, the soldiers break step while marching over a bridge for the fear that 
their steps may not be in rhym with the natural frequency of the bridge causing 4 
its collapse due to ‘resonance’. 

(iv) Forced oscillations (with damping). lf, in addition, there is a damp- 
ing force proportional to velocity (say : г dx/dt) (Fig. 14.13), then the equation (8) 
becomes 





2 Fig. 14.12 
т =mg—ke+x)+m cog nt г 
"EE TES USOS ЗДАНИЕ dt 
=- kx + mp cos nt - ге | mg = ke 


On writing г/т = 2X and k/m = y*, it takes the form 





—; + 2A— + рёх = р cos nt ...(12) 


Its auxiliary equation is 05-21 0 + ц? = 0 whence D=- А, + JA? –р?. 
С.Е. = 47 [c, e^ ^-^ + сое" (07-87) ]. 


It represents the free oscillations of the system which die out as -э =>. 


Also the P.I. 
1 | 1 
= р nt = СЫ т 
D^ +2Ар + u“ -n* 210 + 
(u* —n*)- 21D (и? — п?) cos nt + 2Àn sin nt 


= p—.——55———5—5,c08nt- p | 
(u^ п?) –4А2р? " (u^ — м) 443 n? 
Putting u^ — п? = R cos Ө and 2An = А sin Ө, we get 


Ве — 5g (nt — 0) 





(и? п>)? +4222] 


which represents the forced oscillations of the system having 
(а) a constant amplitude 


= pl Ju? —n*Y* 44391 
and (5) the period = 2л/п which is the same as that of the impressed force. 


Thus with the increase of time, the free oscillations die away while the forced oscillations continue giving 
the steady state motion. 





Example 14.7. A body weighing 10 kg is hung from a. spring. A pull of 20 м. ц Жэй 
to. Тоты The body is pulled down to 20 ст below the statie equilibrium ров ud then т .F 
displacement of the ind from its equilibrium position at time t sec., me maximum slaty on. the period of 
oscillation. 


Solution. Let O be the fixed end and A, the lower end of the spring 
(Fig. 14.14). 
Since a pull of 20 kg wt. at A stretches the spring by 0.1 m. 
20 = T} =k x 0.1, Le. А = 200 kg/m. 
Let B be the equilibrium position when a body weighing W = 10 kg is 
hung from A ; then 


| will stretch the spring’ 





10=T,=kx AB 
| 10 
Le, AB = 200 = 0.05 m 
Now the weight is pulled down to С, where BC = 0.2 т. After any time 
t sec. of its release from С, let the weight be at P where ВР = x. 
Then the tension T >= k x АР = 200(0.05 + x) = 10 + 200x. 
The equation of motion of the body is 





Fig. 14.14 


25 
Tu" = W- Т, where g = 9.8 m/sec*. 
dt 
| d? 
Le., 29 a -10-(104:2005) or SF =—p%, where p = 14. 


This shows that the motion of the body is simple harmonic about B as centre and the period of oscillation 
= 2п/ = 0.45 sec. 

Also the amplitude of motion being BC = 0.2 m., the displacement of the body from B at time #13 given by 
x = 0.2 cos pt = 0.2 cos 14¢ m 
and the maximum velocity = u (amplitude) = 14 x 0.2 = 2.8 m/sec. 





тив гь 1% r ТЕТ 1455: 


Solution, Let о be the fixed end and A the other вай of the ; spring , (Fig. 14. 15). 
Since load of 10 gm attached to A stretches the spring by 3 cm. 


D 10=T,=k. = ie, = = 20 gm/cm. 


Let В be the equilibrium position when 980 gm. weight is attached to A, then 


980=T,=kxAB, Le, АВ = E = 49 cm. 


Now the 980 gm weight is pulled down to С, where ВС = 1 cm. 
After any time t of its release from C, let the weight be at P, where ВР = x. 





Then the tension 
T = k x AP = 20 (49 + x) = 980 + 20x and the resistance to motion = 7, 
Fig. 14.15 
^ the equation of motion is 5 
980 d?x 1 dx | 
алышы mg PF" =—=——=- > g-980 cm/sec? (p. 449 
z d wW ТОРТ Гал sec* (p. 449) 
1 dx dx . ах dx 23i 
= 980 – (980 + 20x) — jog “6 10--- dp Jie * 200x =0 440) 
Its auxiliary equation is 10D? + + 200 = 0, 
00-14 {i = 4 x 10 x 200] —1+ (89.4) 
whence Dz GERE инж z 20 = — 0.05 +1 (4.5) 
^ the solution of (D is х=е 005 [c] cos (4.5) + cy sin (4.5)t] ..(й) 
Also = = g 00L 9.05) [c] cos (4.5)? + с, sin (4.5)t] 
+ e808 [— e. sin (4.5) + с, cos (4.5)t](4.5) (dii) 


Initially when the mass is at C, t = 0, = 1 cm. and dx/dt = 0. 


1 | 
зэ and from (iii) 0 = (— 0.05)e, + с,(4.5), Le., c, = — 0.003. 


From (ii), c, = 4 


Thus, substituting these value in (її), we get 
х=е 9050.25 cos (4.5)t + 0.003 sin (4.5)t] 
which gives the displacement of the weight from the equilibrium position at any time f. 
Here damping factor = re", where г is a constant of proportionality. 
Its initial value = re? = г. | 
Suppose after time t, the damping factor =r/10. +. r/10 = re~®.™ or 4/20 = 10, 
Thus t= ene 20 x 2.3 = 46 sec. 








Solution, If k be the stiffness of the spring then шингэн - he, hm 
Also in equilibrium mg = ke 
Initially the mass is in equilibrium at A (Fig. 14.7). At time ¢, the support P is given 
displacement a sin nt. If the mass is displaced through a further distance x from A, then the equation of motion 


of the mass is given by 


or 


or 


2. 
nt = mg — k(x + e) + ka sin nt 
= Ах + Ра sin nt 


























(1) 
a downward 


[By (1) 


dx ХХ = Ma sin nt [г k=m)2] 
d: + Ax = А?а sin nt mx 3 
Its А.Е. = c, cos At + c, sin At 
РІ. = — : ; ^a sin nt. 
D" +i 
Now two cases arise : 
Case I. When n * А 
1 : 
P.L. = Аа ysin nt 
п? +А? 
2 
the complete solution of (ii) is x = c, cos At + c, sin At + x = = sin nt i) 
A-n 
, 2, 
= =—c,A sin АЁ + c A cos At + at, cos nt 
Initially when t = 0, x = 0 and dx/dt = 0. | 
: ‚ = Оап@ 0 = с,А + А?ап А? — п?) Le. с, = hani? — n?) 
Thus, Nic. түмэн the values of c, and c, in (иг), we have 
2 
y=- ae sin At + таг sin nt = А sin nt — n sin At) 
Case II. When n = А 
P.L = Аа — sin nt =X at + sin it = киы Mdb aa, 
УН 32D 2 
the complete solution is 
x=c, cos M + c sin Àt — wt eos м (tv) 
! 2 
= =—c,A sin At + c4 cos At + Ma sin M - сов № 
When £ = 0, x = 0 and dx/dt = 
O=c,and0=c,A—Aa/2 Le, с, = 0/2. 
Thus, substituting the values of c, and c, in (iv), we get 
a Aat 
= —gin At — — cos M 
x= sin “Бан 
= 5 (sin At — M cos M) [Put 1 =r cos ф and X = г sin $] 


= 97 sin (А – ф) 








Its amplitude 2) = 501+ 43322), which increases with time. Hence the phenomenon of resonance 


occurs. 





or 


Solution. As a weight of 2 lb attached to the lower end A of the spring stretched it € 


$ 2-T-h. = ie., В = 24 lb/ft. 

Let B be the equilibrium position of the weight w attached to A (Fig. 14.16), then 
w =T= К х АВ = 24 х AB 

2, AB = w/24 ft. 


At any time ¢, let the weight be at P, where BP = x. 





Then the tension T at P=k x AP = ЛЭ =w + 24x 


л its equation of motion is 


vac zd 
OOS Py wit 2008 Bt = Hw = DAK шейн Dt 


g dt? 
dx 
di x 24gx = 210 COS ЭГ KE) 
The phenomenon of resonance occurs when the period of free oscillations is equal to the period of forced 


oscillations. 


J 
Writing (i) as e + рх = 78 cos 22, where и? = 242/0, the period of free oscillations is found to be 2л/и 


and the period of the force (2810) сов 2118 x 


5 2л/н = п or 240/0 = р? = 4. Thus the weight, w = 6g. 

Taking this value of w, (1) takes the form 
ах . 1 is 
— 4x = -cos 2t - 
аг 3 Se 


We know that the free oscillations are given by the C.F. and the forced oscillations by the P.I. 
Thus, when the free oscillations have died out, the forced oscillations are given by the P.I. of (1). 


1 1 | 1, 1 1 
XT т пгт" иш Å- =I 1 =—} mmm, =—{ 2t. 
Now P.I. of (ii) = =: zg 08 BF = t. 7 co 2t = віп 
1 
Hence C= i2 
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3. A light elastic string of natural length / has one extremity. юэ point A andithe other end attached to a stone, 
the TS of which in ПАРИ would extend the pas: to ü depen. Г. Seow that ene be dropped я 










44 4 Jb sdghi eg a hing ада ее id NNE Мыр РВ i in It 
instantaneous velocity in Я/Лес. acts on the weight, show that the тысы is over da 
oscillatory according as А > = < 2. Find the period of oscillation when X = 1.5. 

5. A mass of 200 gm i$ tied at the end of a spring which extends to 4 cm under a force 196,000 | ie Spring ів. 
pulled 5 cm and released. Find the displacement t seconds after release if there bea damping force of 2000 lyne: ‚ре | 
cm per second. 

6. A body weighing 16 Ib is suspended by a spring in а fluid whose галап ta Ib wt. is: НИЛ. the вре ‘of the body in 
ft/sec. A pull of 25 lb wt. would stretch the spring З inches, The body is drawn 3 inches below the. equilibrium 
position in the fluid and then released. Find the period of oscillations and the time required for the damping factor. 
to be reduced to one-tenth of its initial value, — (Sambhalpur, 1998). 

7. А mass M suspended from the end of a helical spring is subjected toa périódic force f= F sin ox in the direction of its 
length. The force f is measured positive vertically downwards and at zero time M is at rest. If the spring stiffness i is 
S, prove that the displacement of M at time ¢ from the commencement of motion is given by | 














x= wore" n ax Әла pt 
Мм p Г) р \ 

where р? = S/M and damping effects are neglected. (U.P.T.U., 2002). 

8. A vertical spring having 4.5 lb/ft. has 16 Ib wt. suspended from it; An external force of 24-sin 9t 2-0) Ib wt-is 
applied. A damping force given numerically in 10, wt. by four times its velocity in ft/sec, is'assumed to act. Initially | 
the weight is at rest at its equilibrium position, Determine the position of the weight at ay time. Also find. we 
amplitude, period and the frequency of the steady-state solution. . | 

9. А Боду weighing 4 lb hangs at rest on a spring producing in the spring an extension of 1ft. Phe appe end of the. 
spring in now made to execute a vertical simple harmonic oscillation, x = gin 44, x being measured vertically | 
downwards in feet. If the Боду is subject to a frictional resistance whose magnitude in lb wt. is one-quarter ofits 
velocity in feet per secönd, obtain the differential equation for the motion of the body and find the гэмээр, its 
displacement at time t, when t is large. 


10. A body executes damped forced vibrations given by the equation . 
d*x dx | 
ote + Бах =е" sin nt. | CA NE 
Solve the equation for both the cases, when n?  b?— k? and n? = b? — 1, | (UPTO, 2004) 
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ВО OSCILLATORY ELECTRICAL CIRCUIT 


(1) L-C circuit 
Consider an electrical circuit containing an inductance L and capacitance С (Fig. 14.17). 


Let i be the current and с the charge in the condenser plate at any time f, so 
that the voltage drop across 





Бей EES 


and the voltage drop across C = q/C. 
As there is no applied e.m.f. in the circuit, therefore, by Kirchhoff’s first law, 





we have Fig. 14.17 
d'q 9 
= 
ac^ 
4“д | 
Or dividing by L and writing 1/LC = p’, we get —;- at н а = 0 441) 


This equation is precisely same as (2) on page 507 and, therefore, it represents free electrical oscillations of 
the current having period 8л/и = 2nJ/LC. 


Thus the discharging of a condenser through an inductance L is same as the motion of the mass m at the 
end of a spring. 





(п) L-C-R circuit 
Now consider the discharge of a condenser C through an inductanc L and the resistance R (Fig. 14.18). 
Since the voltage drop across L, C and В are respectively 


2 
pex Ч and в“ 


d? C dt 
by Kirchhoff's law, we have L2 a : + к + 34-20 4448) 
di dt Té 
т аха. „4ч 
Or writing R/L = 2), and 1/LC = pł, we have эж" 2A +29 =0 


This equation is same as (3) оп page 507 and, therefore has the same solution as for the mass m on а 
spring with a damper. 

Thus the charging or discharging of a condenser through the resistance R and an inductance L is an 
electrical analogue of the damped oscillations of mass m on a spring. 

(at) L-C circuit with e.m.f. = p cos nt. 


2 
The equation (1) for an L—C circuit (Fig. 14.19), now becomes 199 + ё = p cos nt. 
Or writi =н | d"q 122 = Ё. 
writing ШС = u^, we have JP Др “санг Эрээн nt Ao) 


С 





Е E | 
Fig. 14.18 Fig. 14.19 Fig. 14.20 


This equation is of the same form as (9) on page 509 and, therefore, has the solution as for the motion of a 
mass m оп a spring with external periodic force p cos nt acting on it. 

Thus the condenser placed in series with source of e.m.f. (= p cos nt) and discharging through a coil con- 
taining inductance L is an electrical analogue of the forced oscillations of the mass m on a spring. 

An electrical instance of resonance phenomena occurs while tuning a radio-station, for the natural 
frequency of the tuning of 2-С circuit is made equal to the frequency of the desired radio-station, giving the 
maximum output of the receiver at the said receiving station. 

(iv) L-C-R circuit with e.m.f. = p cos nt. 


а? 
The equation of (2) above, now becomes Lt + Б “ч, +2 = p cos nt. (Fig. 14.20) 
Or writing ЁЛ, = 2А and 1/1.С = ц? as before, we have 
dq р 
Эр: id 
+ +2. + hg = у cos nt (4) 


This equation is exactly same as (12) on page 510 and, therefore, its C.F. represents the free oscillations of 
the circuit whereas the P.I. represents the forced oscillations. 

Here also as t increases, the free oscillations die out while the forced oscillations persist giving steady 
motion. 

Thus the L-C-R circuit with a source of alternating e.m.f. is an electrical equivalent of the mechanical 
phenomena of forced oscillations with resistance. 





СЯ: ELECTRO-MECHANICAL ANALOGY 


We have just seen, how merely by renaming the variables, the differential equation representing the oscillation of a 
weight ота spring represents an analogous electrical circuit. As electrical circuits are easy to assemble and the currents and 


E 
voltages are accurately measured with ease, this affords a practical method of studying the oscillations of complicated 
mechanical systems which are expensive to make and unwieldy to handle by considering an equivalent electrical circuit. 
While making an electrical equivalent of a mechanical system, the following correspondences between the elements should 
be kept in mind, noting that the circuit may be in series or in parallels : 








Mass m or ML 








Examp le 14.1 1. Ап uncharged: лаба. ófe capacity C is char raged by a applying a an om f E sini t f L aay i 
through leads TR L and negligible resistance. Prove that at any timet, the charge omens 














ғ MO) "qo 5 5] | PET. 
Solution. Ifg be the change on the condenser, the differential equation of the circuit is 
44 4 n. t ' 
L— += = E sin —— (Т) 
ад C WLC) 
Its A.E. is LD? + i/C=0 or D=+1/ (LC) 
С.Е. = с, cos t/ VLC + со sin t/ (LC) 
| E 1 шээг. Ф | ; 2 1 - | | 
апа P.I. = ———— Е sin —— Putting D^ = — —, denom. = 0 
LD? +1 ЛЕС) LC 
т. d _ Et ( Et E t 
(LC) ar | si in aa a 77 RR VE гу} 
t : t Et |C t 
hus ` | (i1 =f — PC Bp ———.ubl— ООН = 
Thus the С.5. of (Г) 139 C1 COS JLC о БШ JLC 9 VL JLC 


When t= 0, 9 = 0, с, = 0 
Е—ӱ Н A — Et I pe Fi 


Differentiating (ii) w.r.t. t, we get 


dg__% q 5L Ё E | "AN ва | 
dt JLE JLC 2NL|° Ле ЛС VIC | 
Also when Ё = 0, dg/dt =i = 0, 
LL me y o ,. ЁС 
Ле 2\1 =0 ог с„= 0 


Substituting the value of c, in (ii), q at any time t is given Бу 


«= EC EC | sin | 
6 Te И 
Example 14.12. In an L—C—R circuit, the. charge gona руте of acon Р 








The circuit is tuned to resonance so that p? = 11LC..If initially:the current i and the charge q be zer 
show that, for small values of R/L, the current in Uie; circuit at time £ is givet by | у Аы 
(Et/2L) sin pt. | | XU.P.T.U., 2004) 
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Solution. Given differential equation is (LD? + RD + ШС) = E sin pt ved) 
Its auxiliary equation is LD* + RD +1/C = 0, 
ich gi вх ff e_42)\--2, | В 
which gives D- di Rt (E с) |- ont [E -75 | 
As R/L is small, therefore, to the first order in R/L, 
apium * Fb 
ws ОЛДО 2p P Г P 7 


С.Е. = еШ) (с cos pt +c, sin pt) 
= (1— Rt/2LY(c, cos pt + c, sin pt) rejecting terms in (R/LY etc. 





and PI. x = == Е sin pt - E A sin pt 
LD" + RD +1/C -Ір + RD +1/C 
- Ё fsi "EE | Ё '-x6] 
= т sin pt dt= Rp cos pt р aR 
Thus the complete solution of (i) is = | 1- 2f (c, cos pt + c, sin pt) — Ер cos pt ltt) 
dq |, Rt E 
“зайг” -(1- 1- ЭГ x с sin pt +c, cos pt) p- A cos pt + c, sin pt) + R sin pt 
Ut) 
Initially, when t = 0, = 0,i = 0 ~. from (ii), 0 = c, — E/Rp ~. с, = E/Rp and from (ii), 
0zc,p— кө . с, = Re,/2Lp = EI2Lp? 
Thus, substituting these values of c, and с. in (rii), we get 
WM Um RÍE EE ПРИН 6 
i= E н) Рр sin pl + 2Lp? cos 2 р ar. P cos pt 4 от sin pe |+ R sin pt 
— it sin pt. [- R/L is small] 





_ PROBLEMS 14.3 _ 
1. Show that the frequency of free vibrations in a closed electrical circuit with inductance L and capacity C in series 


30 
nunc) PT minute. 


is 





2. The differential equation for a сїгсчн in which self-inductance and capacitance neutralize each other is L 
Ч, Ё 
2290 T = 0. Find the current i as a function of t given that J is the maximum current, ап г = 0 when t = 0. 


3. А constant e.m.f. E at ( = 0 is applied оа circuit consisting of inductance L, resistance А and capacitance C in 
series, The initial values of the current and the charge being zero, find the current at any time f, if CR? «AL. Show 
that thé amplitudes of the successive vibrations are in ooa progression. 


4. The damped LCR circuit is governed by the equation peg d 233, +з -0 where, L.R,C о А constants. 


Find the conditions under which the circuit is over damped, under damped and critically. damped: Find also the 
critical resistance. (U.P. T. L.., 2005) 


5. A condenser of capacity C discharged through an inductance L and resistance К in series and the charge q at time 


2 
t satishes the equation L p RE = = 0. Given that L = 0.25 henries, А = 250 ohms, C = 2 х 1075 farads, and 


that when ¢ = 0, charge q is 0.002 coulombs and the current .dg/dt = 0, obtain the value оѓо in terms of t. 

6. An e.m.f. E sin pt is T" at ¢ = Оша circuit containing a capacitance С and inductance L. The current i 
satisfies the equation L а +> ^ fi di=E sin pt. Ир? = VLC and initially the current г and the charge g are zero, 
show that the current at Я t is LEt/2L) sin of, where i = dg/di. 





| | р О gia Wis 
7. For an L—R—C circuit, the charge q on a plate of the condenser is given by L ots 892.9... Esin ot, where 


i= 11 ‚ The circuit is tuned to resonance so that оѓ = ILC. 


If CR? < AL and initially q = 0, = 0, show that g = Blom (oe pes sin pe] - cos “| P 


where | = ie - 5 5 | | | (U.P.T.U., 2003) 


8. An alternating E.M.F. E sin pt is applied to a circuit at ( = 0. Giyen the equation for the current i as 


di. di i BASS o Ч MARAE INW: 
y+ + = = рЕ cos pt, find the current i when (i) CR? > AL, (ii) CR? < AL. | | 


Р А 





ЕТЕД DEFLECTION OF BEAMS 


Consider a uniform beam as made up of fibres running lengthwise. We have to find its deflection under 
given loadings. 

In the bent form, the fibres of the lower half are stretched and those of upper half are compressed. In 
between these two, there is a layer of unstrained fibres called the neutral surface. The fibre which was initially 
along the x-axis (the central horizontal axis of the beam) now lies in the neutral surface, in the form of a curve 
called the deflection curve or the elastic curve. We shall encounter differential equations while finding the 
equation of this curve. 

Consider a cross-section of the beam cutting the elastic curve in P and the neutral surface in the line 
AA'—called the neutral axis of this section (Fig. 14.21). 






m um 










рээ m om ШШ 


| Elastic curve) 








Fig. 14.21 


It is well-known from mechanics that the bending moment M about AA’, of all forces acting on either side 

of the two portions of the beam separated by this cross-section, is given by the Bernoulli-Euler law 
M = ENR 
where £ = modulus of elasticity of the beam, 
I = moment of inertia of the cross-section about AA’, 

and œ= radius of curvature of the elastic curve at Р(х, у). 

If the deflection of the beam is small, the slope of the elastic curve is also small so that we may neglect 
(dy/dx)* in the formula, 


( dy Y а?у | | Ч T 
R-2|14 zs ——5 . Thus for small deflections, В = l(d?y/dx?). 


d*y 


Hence (1) Bending moment M = EI dii 








pa 
(2) Shear force (- dM M war? 
dx dx 
d*M \ d*y 
(3) Intensity of loading e |- р 


(4) Convention of signs. The sum of the moments about а 
section NN’ due to external forces on the left of the section, if anti- 
clockwise is taken as positive and if clockwise (as in Fig. 14.22) is 
taken as negative. 

The deflection y downwards and length x to the right are taken as positive. The slope dy/dx will be positive 
if downwards in the direction of x-positive. 

(5) End conditions. The arbitrary constants appearing in the solution of the differential equation (1) for a 
given problem are found from the following end conditions : 

(1) At a freely supported end (Fig. 14.23), there being no deflection and no bending moment, we have y = 0 
and d*y/dx? = 0. 





Fig. 14.22 





Fig. 14.23 Fig. 14.24 
(ii) At a (horizontal) fixed end (Fig. 14.24), the deflection and the slope of the beam being both zero, we 
have 
y = 0 and dy/dx = 0. 
(ii) At a perfectly free end (A in Fig. 14.24), there being no bending moment or shear force, we have 


(6) A member of a structure or a minchinie when subjected to end thrusts only ts called a strut and a 
vertical strut 18 called a column. 
There are four possible ways of the end fixation of a strut: 
(1) Both ends fixed, called a built-in or encastre strut. 
(ii) One end fixed and the other freely supported, hinged or pin-jointed. 
(iii) One end fixed and the other end free, called a cantilever. 
(10) Both ends freely supported or pin-jointed. 


iple. 14.18. The deflection of a. strut of length 1 with one end (x= 0) built-in and the other supported 











and subjected to end thrust P, satisfies the gegen | TES Ды 
| 1 4? “at ITA VUE LATE 
| pps AI Ata ау B x). i E Ha. af 652284 
| ion curve is y = (Hea ota) where al = tan al: THA ai { 
И 1 ber ths «РТО, 2001) 
ЭРЭГ - Эр WR a*R | 
Solution. Given differential equation is (D p “© x) D) 


Its auxiliary equation is D? + a? = 0, whence D = + ai. 





2 | 
-81-28 -|@-ю=р@-» 
а Р 


Р 
Thus the complete solution of (1) is y = c, cos ax + c, sin ax + P (-х) AEE) 
| dy : R T: 
Also dx = – 61а вт ах + са eos ax — > it) 


Now as the end О 18 built in (Fig. 14.25). г у = dy/dx = 0 at x = 0. 





Fig. 14.25 


^. from (ii) and (iii), we have 
0-с, + RIP and 0 = = са — RIP 





whence c,-—RI/P апа cy = R/aP 
Thus (ii) becomes у= 5 = TY _]совах+1- 3 (iu) 


which is the desired equation of the deflection curve. 
The end A being freely supported y = 0 when x = I (We don't need the other condition d?y/dx? = 0]. 
R | sin al 
a 





(iv) gives 0 = — 


р -L cos al whence al = tan al. 






Example 14.14. A horizontal tie-rod is freely pinned at each end. Itearries a w unifa form load w Ib, 
length and has a horizontal pull P. Find the central deflection spare а naxi bending moment, t 
origin at one of its ends. 


Solution. Let OA be the given beam of length / (Fig.14.26). 

At each end there is a vertical reaction R = w/2. 

The external forces acting to the left of the section NN” are: 

(г) the horizontal pull P, (iz) the reaction В = ш//2 and (тїї) 
the weight of the portion ON = wx acting mid-way. 

Taking moments about, М, we have 





Р Fig. 14.26 
ЕТ 23 = Ру = P хт ШЕ. — 
а? d*y а?у Р us 
or EI ея — Py = — ;U —Ix) or a аш а?у = oat — Ix), where а? = aT (1) 


This is the differential ханы of the elastic curve. Its auxiliary equation is D? — а? = 0, whence D = +a. 
С.Е. = c, cosh ax + c, sinh ax 


-1 

1 ш = ш р? j . 

and PI =: — 5 E к) 
D-a? ЗЕ“ ^. 3 а? | авс: 

ш р” г LU 2 2 
= — ЭР Цэс . e —ix)= ag Ix =] 
i j a = ш s W 2 2 * d 
Thus the complete solution of (2) is у = c, cosh ax + с, sinh ax — 2P z“ = het at E) 


At the end O, y = 0 when x = 0, [We don't need the other condition d*y/dx* = 0] 
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(it) gives 0 = с, – Ш/Ра?, or с, = ш/Ра? t) 
At the end A, y = 0 when x = /, [We don't need the other condition d*y/dx* = 0] 


(ii) gives 0 = c, cosh al + c, sinh al — w/Pa* or c, sinh al = Pat Ч - cosh al) 


whence C=- at tanh “ Kit) 
C ij 


Substituting these values of c, and с, in (ii), we get 


(1 
which gives the deflection of the beam at N. 
Thus the central deflection = y (at x = 1/2) 
= zc (cosh Z - tanh © sinh 1) = E. (зе 9 ш -1)+ ыг. 
Ра“ ' 2 | BP - Ра? 2 
Also the bending moment is maximum at the point of maximum deflection (x = //2). 
The maximum шиг moment 


у= = [cosh ах - tanh 2 sinh ах) эе (a? - lee 
Ра? 2 2P | 


= EI (at x = U2) = Py + 2 (x? — lx) (at x = 10) = 2f seh 5-1) 
dx” a 2 





xample 14.15. A cantilever beam of length | and weighing ш lb/unit is subjected to а horizor 
compressive force P applied at the free end. Taking the origin at the free end and же NE 'stabli 
| зїй equation of the beam and hence find the maximum deflection. — T 


Solution. Let N(x, y) be any point of the beam referred to axes 
through the free end as shown (Fig. 14.27). 
The external forces acting to the left of the section NN’, are 
(i) the compressive force P, 
(ii) the weight of the portion ON = wx acting midway. 
2 











ey 
^. Taking moments about №, we get EI — =-Ру- 
d? шж? . 
or E E tPy=- : 3 n) Fig. 14.27 


which is the desired differential equation. 
Dividing by EI and taking P/EI = п?, we get 


а?. | шп? 
2-8 +n*y =—— .x? 


dx? | 2P 
Its auxiliary equation is D* + л? = 0, whence D = + ni. 
С.Е. = c, cos nx + c, sin nx 


F es | : 
1 шп? 4 и) р? ш р? | ш [2 
р? + п? | P ^] 2P | n? | 2P | n® 2Р |n? 


2 
Thus the complete solution of (i) is у = c, cos nx + c, sin nx + gp и (2. г) .. (c) 





The boundary conditions at the fixed end are 
x =l, y = ô, the maximum deflection and dy/dx = 0. 
Using the first condition (i.e. y = 6, when x = I), (ii) gives 


(9 
8 — c, cos nl + c, sin nl + [5 -в) (iii) 





Doe 


Differentiating (11), we get íi = п (— сү sin nx + c; cos nx) — “вэ 
Applying the second condition, it gives 0-11(-с, sin nl + с, cos nl) — ШИР liv) 
Also imposing the boundary condition for the free end (i.e. x = 0, d*y/dx* = 0) on 
ад 
oF -- nXe, cos nx 4 c, sin nx) — a 
we get Ж n?c, — ШР, ie., c, = — ШРп?. 


—— . mu | wl W 
Substituting this value of c in (10), we get со = Pa sec nl — Pi tan ni 
Thus, substituting the values of Cy and Cy in (iii), we get 
l n? 

2 


the maximum deflection д = s a = 
п 


2 





-sec nl + ni tan nt 


Оо: WHIRLING OF SHAFTS 





(1) Critical or whirling speeds. A shaft seldom rotates about its geometrical axis for there is always 
some non-symmetrical crookedness in the shaft. In fact, the dead weight of the shaft causes some deflection 
which tends to become large at certain speeds. Such speeds at which the deflection of the shaft reaches a stage, 
where the shaft will fracture unless the speed is lowered are called the critical or whirling speeds of the shaft. 

(2) Differential equation of the rotating shaft. 
Consider a shaft of weight W per unit length which is rotat- 
ing with angular velocity c. 

Take its original horizontal position and the vertical 
downwards through the end O as the axes of x and y (Fig. 
14.28). We know that for a uniformly loaded beam, the in- Y 
tensity of loading at P(x, y) = EI d*y/dx*. Fig. 14.28 

*. the restoring force (i.e. the internal action to oppose bending at P(x, y) = EI d*y/dx*. 





Wy 
Also the centrifugal force per unit length at P = mro”, i.e. = 0)“, 


As the restoring force arising out of the rigidity or stiffness of the shaft balances the centrifugal force 
which causes further deflection. 
A | 4 2 
EI T = T yo" or — — a*y = 0, where a* = 23 
which is the desired differential equation. 
Its auxiliary equation being D* — a* = 0, we have 
ПО =+а, + о. 





Hence its solution is y = суе + се” * + с. cos ax + c, sin ax which may be put in the form 

y =A cosh ax + B sinh ах + C cos ax + D sin ax. 
(3) End conditions. To determine the arbitrary constants A, B, C, D we usethe following end conditions : 
(1) At an end in a short or flexible bearings (Fig. 14.29), there being no deflection and also no bending 


moment, we have 


Ü and EI = 0. 
di 23 





Fig. 14.29 








(1) At an end in тэр or лышы bearings (Fig 14.30), the deflection and the slope of the shaft being both zero, 
we have 


Bande _ 
y=Oand 5 =0. 


(ti) At a perfectly free end (such as A in Fig. 14.30), there being no bending moment and no shear force, we have 








Its С.Е. = A cosh ax + B sinh ax + C cos ax + D sin ax 
E" 1 W W 1 0. W | д 
and PLS аа ‚= -D 
р-а El ЕІ D-a Еш* о? 
Thus the complete solution of (1) is 
у = A cosh ax + B sinh ax + C cos ax + D sin ax — & JH) 
di 
Differentiating it twice, we get 
1 dy ! | 
= = А sinh ax + B cosh ax — C sin ax + D cos ax 
ld*y . | А И . as 
-y — =Acosh ax + B sinh ax — C cos ax — D sin ax (Ей) 
a^ dx 


As the end A of the shaft is in short bearings (Fig. 14.31) 
л whenx-l;y-0,d?y/dx? = 0 
- from (ii) and (iii), we have 


0 — A cosh al + B sinh al + C cos al + D sin al — 5 liv) 


0 =A cosh al + B sinh al — C cos al — D sin al Av) 
Similarly at the end B, x =—1, y = 0, d*y/dx? = 0 
^ from (ii) and (iii), we get 

0 = A cosh al — B sinh al + С cos al — D sin al - £ „в 

0=Acoshal—Bsinhal—Ccosal+Dsinal | (vii) 
Adding (iv) and (vi), and (v) and (vii), we get 


A cosh al + C cos al = s and А cosh al — C cos al = 0. 


| ян Eg 
/hence А = = and С = 
Ж 20" cosh al xxt al 
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Again subtracting (vi) from (iv) and (vii) from (0), we get 
D sinh al + D sin al = 0 and B sinh al — D sin al = 0, whence B = 0 and D = 0. 
Substituting the values of A, B, C and D in (ii), we get 








coshal cosal 
Thus the maximum T. = value of y at the centre (x = 0) 


ja E JE EIE ] 


= -£ (sech al + sec al — 2). 
20) 





ample 3447. The whirling speed of a shaft of length Lis given by go UAE aR РЕ ЛЯ я 
А b RP о Е ^ 
| VE -m*y- 0 where т? = YA VA | 
andy M he displacement at distance x from one end. Fisho endi of the shaft are constrained dni tór b 
show that the shaft will whirl when cos ml cosh ml = I. ie) 





Solution. The solution of the given differential equation is _ А(х-4) 
у = А cosh mx + В sinh mx + C cos mx + D sin mx 
which on differentiation gives, 


1 Фу 





Боож = А sinh mx + В cosh mx — C sin mx + D cos mx Fig. 14.32 
UL) 
As the end O of the shaft 15 fixed in long bearings (Fig. 14.32). 
whenx=0, у= 0, ау/ах = 0, 
from (i) and (ii), we have 
О=А+С аг С--А Ul) 
and 02B«D or D--B (tv) 
Similarly, at the end A, x = /, y = 0, dy/dx = 0. 
From (1) and (11), we have 
О =A cosh ml + B sinh mi + C cos ml + D sin ml Au) 
О =A sinh ml + B cosh пи — C sin md + D cos ml i) 


Substituting the values of C and D in (v) and (vi), we get 
A (cosh mi — cos ml) + B (sinh mi — sin ml) = 0 
and А (sinh mi + sin ml) + В (cosh пу — cos ml) = 0 
Eliminating A and B from these equations, we get 
cosh mi —cosmi ^ B sinh ml + sin ml 
sinh ml —sin ml A cosh ml – cos ml 
or cosh* ml — 2 cosh ml cos ml + cos? ml = sinh* ml — sin? ml 
or — 2 cosh ml cos ml + 2 = 0 or cos ml cosh ml = 1 
which must be satisfied when the shaft whirls. 
The solution of this equation gives ml = 4.73 = 31/2 radians approximately. 


Thus the whirling speed of a shaft with ends in long bearings. 


= ® = 9r a approximatel 
Am 1| w | PP ately. 


Obs. 1. When the shaft has one long bearing and the other short beari 
tan ml = tanh ml, of which the solution is ml = 3.927 





‚ the condition to be satisfied is 





Obs. 2. When the shaft has both short bearings, the condition to be satisfied is sin ml = 0 i.e. ml = n (least non-zero 


value). 


4. 


= 


7. 





„12 = m* P = T. Thus the whirling speed = оу = is ГЭ 


ами)’ 

Obs. 8. When. the shaft has one long bearing, the condition to the satisfied is cos ml cosh ml = = 1. 

Its solution gives ml = 1.865 [See Example 1.25] 
о. | ZEI |` ‚Ї® =m? = (1.865)? = 3.5 nearly. Thus the whirling speed @ = TÉ | 38:54, 









PROBLEMS 14.4 _ 
. A horizontal tie-rod of length 27 yen concentrated load W at the centre and ends freely hinged, satisfies the 
d* d 


differential equation EJ ^ т = Py -— x. With conditions x = 0, y = 0 and x = /, dy/dx = 0, prove that the deflection 6 


| W | W | 
and the bending moment M at the centre (x = l) are given by б = 3Pn (МЇ — tanh nf) and М =— on tanh n/, where n?EI 
=F. 


- А light horizontal strut АВ is freely pinned at A and B. It is under the action of equal and WAS compressive 


а?у 
forces P at its ends and it carries a load W at its centre. Then for 0 <x < 0, EI - did Pye 2 Wx = 0: Also y — 0 


at x = 0. and dy/dx = 0 at x = 1/2. 

У | sin nx | ЖУ 
——— — = | where 025 =. 

ет | poses Bl 

A uniform horizontal strut of length I freely supported at both ends, carries a uniformly distributed load W. рег 


unit length. If the thrust at each end is, Р, prove that the maximum deflection is ыг (sec 4 - 1): ыг , where 


Prove that y = 


Р 
—=— ий 
PEST 


Prove also that the maximum bending moment is of the magnitude ad 2 T - 1) : 
if Е 


The shape of a strut of length / subjected to an end thrust Р and lateral load w per unit length, when the ends are 


шх 
built in, is given by ЁТ Tij Ela. + M, where M is the moment at a fixed end, Find y in terms of x, 


given that y = 0, dy/dx = 0 atx = О and dy/dx = 0 at x = 1/9. 

А light horizontal strut of length / is clamped at one end carries a vertical load W at the free end. If the horizontally 

thrust at the free end is P, show that the strut satisfies the differential equation 

5, 
Е n =(6-9) Р + Wil — x), where y is the displacement of a point at a distance x from the fixed end and б, the 
deflection at the free end. 
| W 
Prove that the deflection at the end is given by тр (tan n4 —nD, where n*EI = Р. 
A long column fixed at one end (x = 0) and hinged at the other (x = Г) is under the action of le P. Ifa force F 
2 

2 Ет 


сач ope. Р 


is applied laterally at the hinge to prevent lateral movement, show that it satisfies the equation : ds 


(| — x), where Ем? = P. Hence determine the equation of the deflection curve. 
A long column of length 11 is fixed at one end and is completely free. at the other end. If y is the lateral deflection at 
а point distance x from the fixed end, when load P is- axially applied, find the differential equation. satisfied. by x 


and y, Show that the deflection curve is given by y = а [1 —cos /Р/ЕГ) x] and find the least уна! of the critical 
load (a is the lateral deflection of the free end). 








ILS: APPLICATIONS ОР SIMULTANEOUS LINEAR EQUATIONS 


So far we have considered engineering systems having only one degree of freedom. The analysis of a 
system having more than one degree of freedom depends on the solution of simultaneous linear equations. In 
fact such equations form the basis of the theory of projectiles and the coupled circuits having self and mutual 
inductance. The details of such LL mc are best explained through the шинийн. — 


ample 14.16 ‚ Projectile with resistance. Find the path of a particle projected with a velocity v 
o the horizon in a medium whose resistance, apart om gra a8 velocity: Also 











Solution. Let the axes of x and y be respectively horizontal and ver- 
tical with origin at the point of projection (Fig. 14.33). 

Let P(x, y) be the position of the projectile at the time £t, where the 
velocity components parallel to the axes are 


























цэг, 
= at’ dt 
г, the equations of motion are: Fig. 14.33 
Parallel to x-axis Parallel to y-axis 
dv, dv, 
7 = — mkv т = – — mkv 
dt * а авах, 
dv du, | 
or — = My -р =~ @+h,) 
Separating the variables and integrating, we have 
d dv, 
19 Eth, 
1 
or log v, =—kt +c, I log (2 + kv,) =-Ё+с.. 
Initially when ¢ = 0, v, = u cos a, vy =u sin ©. 
1 
log и cos Q = С, y log (4 + ku sin a) = c, 
Subtracting, 
| + Юй, — 
и cos О Ё g+kusin a 
dx kt : dy 1 " 
ог — жи = Ц cos ae A) — zy, = — [|(g + ku sin o)e- " — g] AE) 
dt “= "hi uii "a 
Again integrating, we get 
ц 050 . 1|я : м B 
шини нь eM +e,y=-7(Z+usina)e не 
Initially when ¢ = 0, х = 0, у = 0, 
u СОБ © líg 
0- +e,,0=-——|—+usinag| + 
т Са n (= n si ) с, 
Subtracting, we get х= EET (1-м) (йй) 











Eliminating ¢ from (iii) and (iv), we obtain y = (2 +u sin a) — + лож [1- х | 
Ё Ли cos à | 


which is the required equation of the trajectory. 
The projectile will attain the greatest height when dy/dt = 0. 


Le, when ет‘ = д/а + ku sina), Le, attimet= Ё log 1 + dj | [From (11)| 


Subtituting the value of t in (їр), we get the greatest height attained 





| il. СТАЛ 

Solution; Гай: х um. y таний» the истин: —— of ега иррег en — masses at time t 
from their respective positions of equilibrium. 

Then the stretch of the upper spring is x and that of the lower spring is y — x. 

^. the restoring force acting on the upper mass 

-—kx-k(y-x)-k(y- 2x) 

and that оп the lower mass = — h(y — 

Thus their equations of motion are 





т Ex X = by — 2x) and т zt а 
ог (mD? + 2k)x — ky = 0 A) 
and (mD? + ky – kx = 0 i) 
Operating (i) by (mD? + А) and adding to А times (ii), we get Fig. 14.34 


[(m.D? + kKmD? + 2k) — 2] x = 0 or (0+ + ЗАР? + А? = 0, where А? = k/m. 
Its auxiliary equation is D* + 31D? + А2 = 0 


-3A + (9a? — 422) 





which gives D*-- 5 = — 2.62 or — 0.384 = — af, — B? (say) 
so that D = + ia, + ip. 
Thus x=c, cos of +c, sin of + c, cos Bf + с, sin Bt ii) 
"^ 
Also from (i), у = 2 - 2), = (2 — 02/2.) (с, cos of + c, sin at) + (2 — /.Хсд cos Bt + c, sin Bt) v) 


Initially when t=0,x=y = L, dx/dt = dy/dt = 0. 
~ from (iii), =c,+¢,;0=ac, + Be, 


and from (10) [= (2 — a?)e, + (2 — B?/A)c, and 0 = (2 — a*/A)ac, + (2 — 8 79 с, 
| Ge г) КА, — о?) 
whence су = Касы, ui mr n c, 0. 


Substituting these ind of constants in (iii) and (iv), we get x and y which show that the motion of the 
spring is a combination of two simple harmonic motions of Lr 21/а and ттар. 
| transformer б ин ith re : 
Мн ae ООН эу Date a айы, 





[1 T [rp ia r^ 
E г 
ПАР. 
tal EI 
ХОС ially. 
LET 4 | 4 s d | 
ў Pis | ua = uv rr i 
4 Р 
) 4 я 


528 


Solution. Let i, i ampere be the currents flowing through 
the primary and décondary coils at time t sec (Fig. 14.35). Then by 
Kirchhoff's law, we know that sum of the voltage drops across E, L 
and M - applied voltage. 

for the primary circuit, 





Ri, +L% + м 22 





dt dt E. Fig. 14.35 
and for the secondary circuit, Ri, + Lh do 24M ен =0. 
Replacing d/dt by D and rearranging the terms, 
(LD + Ri, + MDi, = Е (i) 
MDi, + (LD + R)i, = 0 ii) 
Eliminating i5, we get (LD + А)? — M?D?]i, =(LD + R)E 
Le., (L? — М?)р? + 2LRD + В, = RE (EEE) 
Its auxiliary equation is (L? — M?)D? + 2LRD + В? = 0 whence D = Т e = Lá 
As L is usually » M, therefore, both values of D are negative and real. 
__ЕЁ_ 1 Бэ? 1 
QE xe; + чае ЭМ and P.L = RE ИИ, 
l ° ` (12 – M?)D? + 2LRD + В? 
Thus the complete solution of (iii) is i, = суе PL * M) + се 0-м + E/R (EV) 
MD 


and from (ii), we have i, = — ID«R Ї 








MD (e g FAL M) сет REAL му. MD =) 





^ LD«R LD+R\R) 
— Мс, De МК + М) _ Мс» De М-М) 
R -R \ 
L| R Ё|-25-1-8 
zs zu PL 
=g үлээн... ce” FIL - M) 


валу, when t = 0, iQ =t, = 0. 
C 1+ Cp = — E/R, c1—6c,-0 2 c =,=- E/2R. 
Substituting the Ойн of сү, c, in (iv) and (v), we get 


= __ Е -Rt AL + М) -RtAL-M) 27 
i, = (2-6 — e | AUi) 
2 ƏR 


Thus (vi) and (vii) give the currents at any instant. 


[ AAT UI a Ра А | | i | a e 498467: i 






1. A particle is projected with velocity u, 5 an elevation а. Neglecting air resistance, sh 
path is the parabola у = tere xu - Also find ihe time o ight and rangs ох the rizontal plane. 0 ў 
ic 344 521 nn. 









2, An inclined plane makes angle a with the horizontal A projectile is launehed from he bottom of the inclined piene 


n T of unit mae is projected тү? га medium whose. 
i resistance is k times the velocity. Show that its direction ; will: again make an n angle a with ‘he h a гій ee ter a time 





ё 


1 2ku 
E 1----51 à 
k «| 8 р 


х d point О and Аа to the distance 
ах 


erential equations of motion are of the form YE х, “+ СУ = hy. Find 


le ifx = 1, y= 0, = 0 and фу = = 2, when ! = 0. 


5. The tien 2 and iy in авна Bre given aby the differential equations 


di, 


3 — üi, ja cos pl, * 0 =a sin pt. Find the currents 1, and i, if i, = i, =O att = 0. 


di, 
dt 
6. The currents: i and i d in two coupled: cire its are given by 


H 


E 83 + Ri, + RG, =iy) = EL E + Ri, = Ri, i) = 0, 


where L, ft. E are constants. Find i, and i, п thati, 1747 Oat Lx 0. 
7. The motion ofa particle is Laici by the ЖАА Же ] 


exi 3r г-0 at? =0. (iba anata ee ot 


dt gn. ФЕ and 


8. Under certain conditions, the motion of an electron ds given | by 22 m dg dt 


19. The voltage V ава: the at a distance х from the source satisi bid 
where R, олана ПУ ev, abs =Oand¥ = Gat the reociring end r = show Kat VE V, sinh nil Е 
Tu МОЮ). cosh n (1 - 20 / sinh nl, where n* = - КС. р 


CRON OBJECTIVE TYPE OF QUESTIO 


PROBLEMS 14.6 


Fill. up the A et or choose the correct answer in [he following problems: 


A particle executing simple harmonic motion of amplitude 5 cm has a Rae ШР of 8 cm/sec when ata distance of 3 cm - 
from the centre of the path. The period of the DI of the AP will Бе | 


(a) 1/2.sec (fb) sec њу 2080 ie) dacsec. 
2. A ball йн m is виз өнө from a fixed point 0 bys (a lig ight : ‚ stri sj of natural чеш! l and modulus of elasticity A. 


А particle is pret with a ura и кака Ле of € у Fel del eh 
equal Lto | Y o 


Кага] line vla rca bari ji 13 meters. The tensi the s are 
oae le (b) 2.5 kg & 6 Ки. (23536 4.635 kg | (d)3 kg & 5.5 kg. 
e is projected at an angle of 30° to the horizontal with a velocity of 1962 em/sec then the time of flight is 
E 2s sec 7 © 2.5 sec | @ Ч вес. | 
цол then thet time it: takes, Before it has described 2 metres is 2. 


[a i-r. 2. 5 er ЖН in 3 8,-47- НЭТ: | | | Я. 4 A | 27 
(a) 2 — second (b) — second te) сүр second (d) > second. 
second ©) = second Е 

















—_— эдээ í— "Phy ge 
Шал TE. I "ds. ail i uin E 
tions of the form d^y/dx* = 





In this chapter, we propose to study some other important types of ordinary differential equations which 
require special methods for their solution and have varied applications as illustrated side by side. 


EQUATIONS OF THE FORM d?y/dx? = f(x) 





Integrating with respect to х, we Вау > = [ (хх + є = Е (х). (вау) 


Again integrating, we get у = | Food + c'as the required solution. 


In general, the solution of the equations of the form 


= = f(x) is obtained by integrating it n times 















































successively. 
AST A HF AX uy 





= 


iG Ний ШІ. AR Т = Р r= 





Solution. Integrating, we get bi = xe* — [е dx +c,=(x-l)e* +e, 
Again integrating, we get 
у =(х- 1)е*- | “ах +сух + су = (x —2)e* + сүх + с. 








3. A beam of length 2/ with uniform load w рег unit length is freely supported at both ends; Prove that the maximum | 


5ul* 
deflection of the beam is JARI ` 


(Hint, Taking the origin at the left end, we have El d*yldx* =w. At each end, у = -о ands = a 


4. For a cantilever beam of length ! with a uniform load of w per unit length, show that the num wd e 
je free end. is «ЛЕТ, where the symbols have the usual идваше, ` 41 





E = - 5, . ви — = ж AOI — ш а Ш ой — 


ПЕЙ EQUATIONS OF THE FORM d'y/dx' = Ну 





dy ay 


Multiplying both sides by 2dy/dx, we have 2— ae = of > 


gc 2 
Integrating with respect to x, 2) = 2| f(y) dy +c = Е (y) (say) 
dy _ 
| LE Cy) 
or vs yl 





Separating the variables and integrating, we get lowe = х + с, whence follows the desired solution. 


Л яд Уу! 

Such equations occur quite frequently т Dynamics. 

Example 15.2. Solve у dx? = 2(у7 + y) under the conditions у = 0, dyldz =1,whenz=0. | ЧО Ж 
| (ОР.ТЛ/,, 2003) 


Solution. Multiplying Бу 2 dy/dx, the given equation becomes 


dy d^y 4 Чу 
de di Y а 
Integrati t dy Y y c3 4+ Dy? (1) 
tegrating w.rt.x,|—-| -444-44-| +e=y'+ +c m 
=) z а 
As dy/dx = 1 for y = 0, г. c=] 


(i) takes the form (dy/dx = y* + 2y* + 1 = (у? + 1)? or dy/dx = у? +1 





г dy 
Separating the variables and integrating, we have 1 T == | dx + с 
y | 


or апт у= х + с! i) 
Thus (ii) becomes tan^! y = x or y = tan x which is the required solution. 


Example 15:3. A point moves in a straight line towards a centre of force u/(distanceY, starting from ! 
rest at a distance ‘а’ from the centre of force, show that the time of reaching a point distant ЪЪ” from the centre 





of force is (U.P.T.U., 2001) 





a (a? —b*) and that its velocity is ук fa" = bee 
a 


Solution. Let О be the centre of force and A the point of start so that OA = a. At any time f, let the point 
be at P where OP = x so that 
4х у | 
di — 2 EX ) 
Multiplying both sides by 2 dx/dt, we get 





2dx dx и 2dx 


dt d? ха Fig. 15.1 





Integrating both sides, we obtain 





S «эл ELA шинж 2 
|= ) = = TE .dt+c= «2те 


When x = a, velocity dx/dt = 0. г. с = — цаг 


dx Y 1 1) wla*—x*) . 
“| е |=" шп (id) 
di I op ES 
2) 
At B (x = b), velocity towards О = PM 
П 


Again (1) can be rewritten ав EC = Ju dt |- veis taken since point is moving towards O] 


Integrating both sides, we get 


| ахах , 
vit | ший | а? — x?) me or Jut - а (a? — x?) 4 e UL) 


sincet=Oatx=a,.. c =0 


Thus (iit) gives t = Ji (a^ — x*) 
H 


Hence at Bix=b)t= P Jta? —b?), 
JH 


| PROBLEMS 15.2 





Solve : 
L dyidx* = З.Ју given that y = 1, dy/dx = 2 when x = 0, 


3. Ifd*r/dt* = ofr, find the value of r in terms of t, if r = а and dr/dt = v, when t =0. 

4. The motion of a particle let fall from a point outside the earth is given by d?x/di? = —ga?/x*. Given that x = hand 
ахї 20, when t = 0, find t in terms ох. . 

5. A particle is acted upon by a force p (x + a*/x?) per unit. mass towards the origin, where x is TE the 


origin at time t. If it starts from rest at a distance a, show that it will arrive at the origin in time mut A үл | 





EQUATIONS WHICH DO NOT CONTAIN y 





A second order equation of this form is 
f(d*y/dx*, dy/dx,x)=0 
On putting dy/dx = р and d*y/dx* = dp / dx, it becomes 
fidp/dx, p, x) = 0. 
This is an equation of the first order in x and p and can, therefore, be solved easily. 


If its solution is (p =) dy/dx = ф (x), then у = [e (x)dx + с is the required solution. 


Obs. This method may be used to reduce any such equation of the nth order to one of the (n — 1)th order. IE however, 
the lowest derivative in such an equation is d'y/dx" 
(Г) put лүд = p ; (it) find p and therefr« m find y, (See Ex. 15.5). 





Фу 1 
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Solution. Putting dy/dx = p and d*y/dx* = dp / dx, the given equation becomes 


xdp/dx = (+ р). 


Separating the variables and integrating, we get 
[2 - [= + constant 
or log |Р + Уа +”) | = log x + log c = log ex. 
p* Ма p?) -сх or 1+p*=(cx—p) 


| dy "al 1 | 
or ) cx —— |. 
w= dx 2 ех, 
: — i| x* 1 | — 
integrating again, we have y = 3 ес => logy | +c’ as the required solution. 
2 | 0-8 
4? y d? dry 


Example 15,5. Solve —— 
dx* dx? 


Solution. Putting d?y/dx? = p and d*y/dx* = dp/dx, the given equation becomes p р = 1. 


Integrating w.r.t. x, | рар =x +c, i.e. р?/2 = х + сү or (р =) dy/dx? = J2(x+e,)'. 
Integrating thrice successively, we get 
а?у _ 9 far ау _ 2/2 (x 4 c4 ^? 
dx? 3/2 "dx 3 ° 5/2 
_ 442 (x c e^? x” 


+ a — + CX + 
15 7/2 Ra or tex 


T CX + Ca 





Hence y = - ы (x +e + Zep? + cx + с, is the desired solution. 





PROBLEMS 15.3 | 


Solve the following equations : 


2 | ‚ X2 
1. 53 +255 + 6x =. 2. ПУ AREE = 0) 
| Pd > 57/2 | 
diy d*y (а?у |.» ay ФОКС 
di? dx (ad i ЄЗ "dat 


5. A particle of mass m grammes is constrained to move in a horizontal circular path of radius a ст and is subjected to 
а resistance proportional to the square of the speed at any instant. Show that the differential equation of motion is: 


of the form m a + pr Е = 0. If the particle starts with an angular velocity хо, find its angular Giaplademient ©, | 
at time f веб. 

6: When the inner of two concentric spheres of radii r; i and г. (г, < г) carries an electric charge, the агсаны! 
equation for the potential и at any point between two Shen. nt a distance r from their. costing centre is 


Ey + 5 г = 0. Salve foru given (1 25 vy whenr = гү апд = Us when r= Го. 





EQUATIONS WHICH DO NOT CONTAIN х 


A second order equation of this form is 
— dy / dx, y) = 0. 
d'y ZB up dd ,it becomes 
dx? dx dy dx ^ dy 
Ир ар/ау, p, y) = 0 
This is an equation of the first order in y and p and can, therefore, be solved easily. 


On putting 2 2 —-p and — 





Solution. On [es = р and Tom =p ар! dy, the given equation becomes 
dp | 
yp ^. + p(p — 2y) = 0. 
dy 
This gives either p = 0, of which the solution is y = с ; 


d 
or e: * р] - 2у-0 Le, (уар + рау) = 2ydy ie., dipy) = Zydy. 


Integrating, py=2 [ эчу +c) =y? + бү. 
Separating the variables and integrating, we get 


1 
-| dx-c, or т 9 log (y? + сү) =x +c, whence y? + с; =c,e* 


y Уу + эээ 
Hence the requires solutions are у = с and у? + re = с. e*t. 





Solution. At any point P(x, у) of a curve, the radius of curvature 


[ST] /8 


and the length of the normal (PN) 


шоу, 1 + (dy / ах]. 


Also we know that p is measured inwards and the normal is 
measured outwards, i.e., both of them are positive when measured in Fig. 15.2 
opposite directions. So the sign will be positive (or negative) according as p and the normal run in the opposite 
(or same) directions. 





Thus for the given curve k- | 


q? 


On putting dy/dx = p and d*yldx? =p p dp / dy, the given equation becomes 
1 + р? = 2у . pdp/dy. 
separating variables and integrating, we have 
| 2рер 
1+ р? 
ог log (1 + р?) = log y + log a = log ay 


1+ р? = ау or (p =) dy/dx = , | (ау — 1) 








[2 + constant 





- separating the variables and integrating, we get 
| dx + Б = | (ay — 1) 1' ау 
or х+6 = = (ay - 1) or а(х + Б)? = 4 (ау – 1) 
which is required equation of the curve ний represents a system of parabolas having axes parallel to y-axis. 








EQUATIONS WHOSE ONE SOLUTION 15 КМОМ/М _ 


Consider the equation d^y/dx? + P dy/dx + Q = R, where P, © and R are functions of x only. If y = u(x) is a 
known solution of this equation, then put y = uv in it. It reduces the differential equation to one of first order in 


dv / 4х which can be completely solved. 
One integral belonging to the C.F. can be found by inspection as follows ; 
(i) If 1 + P + © = 0, then y = e" is a solution, 
(ii) IfI -P + Q = 0, then у =e™ is a solution, 
(iit) If P + Qx = 0, then y =x is a solution. 





d'y fa Тау f, 1 | | 
Solution. The ti — > -| 2—-— |— +| 1-—| y=0 249 
given equation is d | | sae 1) (1) 

Here 1-Р-0-1-(2-1/х)-(1-1/х- 

Л у= е is a part of C.F. of (i) 
Now let y = e*v m 
ай dv у? 2 

so that =eu+e* дү (LH) and “= ev + 2e* = + ех = iu) 


Substituting (iv), (iti) and (ii) in (i), we get 
(nosse dee ЭГ (2х- -еъ+е FL +(x—l)ev =0 


or cancelling е", it becomes rit 20 or «92 + р = 0, where p = $7. 


Integrating, we get [2-- [= +c or logp--logx + loge, 


Le, р = — Ur dcm, Жз eee 
x dx х 


Again integrating, we obtain v = с, log x + c, 
Hence the complete solution of (i) is y = e* (с, log x + c). 


упау Ёсукпонь or Отн Tyres 





and 


or 


Or 


or 


1. 
4, qusc prid (x4 дуул 


3. 


Solution. Let y = xv so that y’ =v +x dv 


2 
. Solve Bota 2015 


Example 15.9. Solve (1 —x*) y" — 2xy^ + By = 0 given that y = x is a solution. 


y xxt 


Substituting these in the given equation, we get 


(1 —x*) Ка -2х[о+х®”) + 2 =0 
dx” dx | ах 


dne 
— 


(x — x?) T. -(2-4х7 БЫ 


(x — x?) T *(2—4x?)p = О where p = = 


зээ 





Integrating, we get | © db i «| іх = с 
gp 18-12 T 


log p + 2 log x + log (1 —x)-—log(1+2x)= 
dv se, (1+) 

x? (1—xW(14+x) =. eu M 

рх“ (1—xM(1 x)- c, or oo 


log c, 


Again integrating, v — c, | 2 + + = ie + C5 
X 


v =e, I2 log (x/1— x) – 1/х] +c, 
Hence the required complete solution is у = x [e, По (x/1 — х) — Y/x] + с„] 


Obs. Here Р + Ох = 0. That is why y = x is a solution of the given equation. 


С PROBLEMS 15.5 - 





Шу = ei is a solution of y” — 4ху + bs —2)y =0, find a second independent solution, 


Solve x 3 — (2x — »2 we 1) у =e given that y = &* is one integral. 


. Solve sin? x z Хо Зу, given that y = cot x is a solution. 


a — cot x) y = e* sin x. 


| 937 


(B.P.T.U., 2005 5) 


(LU. P. T.U., 2004) 


(Bhopal, 2007 8) 


(Bhopal, 2007) 





РЕД EQUATIONS WHICH САМ BE SOLVED BY CHANGING THE INDEPENDENT VARIABLE 


а?у 
Consider the equation — 


dy 
Р -Qy-R 
ds Qy 
To change the independent variable x to z, let z = f (x) 


| dy dy dz 
Then dy dy dz 
т" de de di 


фу. es dr) d Е а?у 
dz ах 


dx? ах dz dx? (ах d 





41) 


‚..(2) 


...(3) 





Substituting (2) and (3) in (1), we get iy +P, e +Qy=R, (A) 
, (dz, pdz) агу 9 „(аў dz Y 
шин „Еш =, а) (2) (а) 


Now equation (4) сап be solved by taking Q, = a constant. 





Solution. Given equation is dya 9. 4х?у = xt 414) 


Here Р = – Шх, Q = 4x* and R = xt. 
Choose z so that Q/(dz/dx)* = const. or (dz/dx)* = Ax? (say) 


dz 
or — —2x or z-x* 
75 ог 2 
Changing the independent variable x to z by z = x*, we get 
а? Фу p dy | T 
qt к= +9,у= К, E 
| d?z dz\/(dz¥ , 
Qa — 3 МИШ SEE pma. ES Е ох az 
! (dzidxy ах” 5 (de/dxY 4x! 4 4 
x ээ | а?у z 2 
D takes the form а or (D?+1)y Э2 
ЇїзА.Ёї51"-1-0,їе,0-жї 
C.F. = с, cos z + с, sinz 
1 2 2 
Ра 5 E La ja -1ü- D. z=- 
ee aa цаг 
Hence the complete solution of (7) is 
à Er - | | : x : x* 
у =сүсовг +6. sinz + = or у= су cos x* + ©, sin x? + ЖЭ 





Solution. Here P= cot x, Q = 4 cosec* x 


Choosi that (а) в ог (22) с“х (say) 
-hoosing z so that Q (92) = const. or E | = cosec^x (say 


dz/dx = cosec x or z = | совес x dx = logtanx/2 
Changing the independent variable x to z, we get 


dy. „йу. " 
| аг уа: |/(4:ү _ | | | 
where P, = EE МЭ = (— cosec x cot x + cot x cosec x)/cosec* x = 0 


_4 5 х 
o= e (de - emet oan, = 











. а?у 
(11) takes the form dé +4y=0 
Its solution is y = су cos (22) + c, sin (22) 
L.e., y =c, cos (2 log tan x/2) + c, sin (2 log tan x/2) 
This is the required complete solution of (i). 


PROBLEMS 15.6 


TOTAL DIFFERENTIAL EQUATIONS 


(1) An ordinary differential equation of the first order and first degree involving three variables is of the 
form 





dz . 
R— = 0 41 
P+R” + & (1) 


where Р, ©), R are functions ян х,у, z and x is the independent variable. 
In terms of differentials, (1) can be written as 


Рах + Qdy + Rdz = 0 ...(2) 

which is integrable only if 
(09 _ oR (Z-Z) |22 20). | 
» (3S ЭС Эг +R w o 0 ...{З) 


(2) Rule to solve Рах + Qdy + Rdz = 0 

If the condition of integrability is satisfied, consider one of the variables say : 2, as constant so that dz = 0. 
Then integrate the equation Рах + Qdy = 0. Replace the arbitrary constant appearing in its integral Бу ф(2). Now 
differentiate the integral just obtained with respect to x, y, z. Finally, compare this result with the given differen- 
tial equation to determine ф(2). 








Soluiiea. Here Р уох фэсгй лэх, Ray ay, 
is) [92-34 |+9(5- ЭЭ 2) 


dx dz dy ax 

= (y? + yz) [22 + х — (2y —x)] + (22 + zx) |- y — yl + (у? — ху) l(2y +2) -21=0 
Hence the condition of integrability is satisfied. 
Considering z as constant, the given equation becomes 


2 | 2? + zx)dy = 0, : жа 
(у + уг)Чх + (2°  zx)dy = 0 zx) 32) 








Integrating and noting that z is a constant, we get 
= [ ES 42 | [3 - * | dy = constant 








zd z+% 2 y y+z 
Le., log (z + x) + log y — log (y + z) = constant. 
Le., Kers) ..сорнбаай--400,вку Ai) 


у+= 





ог ylz + x) – (у +2) ф(2) = 0 
Differentiating w.r.t. х, у, 2, we obtain 
y(dz + dx) + (2 + x)dy — [Gy + 2)ф(2)а2 + (dy + dz (г)] = 
or ydx + [2 +x — o(z)ldy + [y – (y + 2) ф'(2) — ф(2)1 dz = 0 I) 
Comparing (ii) with the giyen: differential equation, we get 


y 24Х- Zz) у (у + 2)ф (2) – Oz) 


n 3 2 
The relation > 2* — 7 ta — reduces to (г). г. it gives no information about ф(2). 
y 2+х-4$(2) 


у? + yz y* – xy 
Taking =, мере 
y У- (У+2)№ (2) — $(2) е 
у? —xy = о+а6- (у + 2)ф' (=) – 6(2)] = y? + уг — (у + 2) ф(2) - (у + 2) ф(2) 
СА + yz – (у + 2)? ф' (2) - yG + x) [From (2) 
= у? —xy — (y + 2)? ф'(2) 
Le., (у +2} à (2) = 0, i.e., ф’ (2) = 0 so that ф(2) = с 
Hence the required solution is y(z + x) = (y +z) c. [From (г) 








Solution; шинэлэг шав we can write disg given арилна ав 
хах + (уйг + zdy) + 22 dz = 0 
2 
of which the integral is — + yz +22 = c. 





Б-ДИ SIMULTANEOUS TOTAL DIFFERENTIAL EQUATIONS 





These equations in three variables are given by 
Рах + Qdy + Rdz=0 
P'dx + Q'dy + nd 
where P, Q, R and Р”, Q', К’ are any functions of x, y, 2. 
(a) If each of these equations is integrable and have solutions fix, y, 2) = c and Y(x, y, 2) = се respectively, 
then these taken together constitute the solution of the simultaneous equations (1). 
(b) If one or both the equations (1) is not integrable, then we write these as follows : 


O0 


сес чс e Ù o — 00770 —————-—-є——— 


QR'- QR RP- ВЕР PQ'-PQ 
and solve these by the methods explained below. 





БЕЙ EQUATIONS OF THE FORM dx/P = dy/Q = dz/R 


(1) Method of grouping 
See if it is possible to take two fractions dx/P = dz / R from which y can be cancelled or is absent, leaving 
equations in x and z only. 


 DirrenENnIAL EQUATIONS or OTHER TYPES Er 


If so, integrate it by giving ф(х, 2) = c. CL) 

Again see if one variable say : x is absent or can be removed may be with the help of (1), from the equation 
dy/Q = dz/R. 

Then integrate it by giving wly, 2) =e’ me 

These two independent solutions (1) and (2) taken together constitute the complete solution required. 


Example 15.14. Solve ста 8-5 Л 
zy zx ух 


Solution. Taking the first two fractions and cancelling z?, we get 
dx dy 
"i 
which on integration gives x? — y? = с. (i) 
Again taking the second and third fractions and cancelling x, we have 


dy _ dz 
70 “гу i.e., y*dy — 2242 = 0. 


ог хах – уду = 0 


2 
Its integral is y? —z* = c". E 
Thus (1) and (її) taken together constitute the required solution of the given equations. 
(2) Method of multipliers 
By a proper choice of the multipliers /, т, n which are not necessarily constants, we write 
dx dy д2 4х + тау + паг 


———-—- — sguch that /P nR = 0. 
Р О R IP«mQ«nR suc a + тє +n 


Then /dx + тау + паг = 0 can be solved giving the integral ф(х, y, 2) = c (1) 
Again search for another set of multipliers А, р, y 

so that AP + nQ +78 - 0 

giving Adx + рау + ydz = 0, 

which on integration gives the solution у(х, у, 2) = c' AA) 
These two solutions (1) and (2) taken together constitute the required solution. 
Example 15.15. Solve Rura 42 + Urey р? = ba... uk 


x(y* —27) —У@ *+х°) (c + 7) 


Solution. Using the multipliers x, y, z 


each fraction ИЕ. 7.52. _.__. Seas 
х (у — 2^) - y*(z* + x*) + lat + y?) Ü 
хах + ydy + гаг = 0, which on integration gives the solution х? + y? + 22 = c AE) 
Again using the multipliers 1/x, — 1/y,—1/z 
la-lgy-lg аа Bi, йе: Be 
each fraction = И +, ud 008 пр ао 
(y^ —z^)-(z^ x )-(x^ + y^) 0 x у > 
which on integration gives log x — log y — log z = constant or yz = с'х. E) 


Hence the solution of the given equation is x^ + у? + 2° = c; yz = cx. 




















Solve : 
1. xix dy dz dx = ey - d Е: З „Арам dy гж а: 
ус: xz o y? mz—ny onx— ly-—mx x" уг |y^-z2x г^-ху 
L1 2. dy i cda Ыф 5 dx dy dz 6 ТАЖ: _ dy _ аг 











y-zx | yer x x* 4 y? x(y* — 27) у(22 =x") z(x" — y^) | x iy o£ 2xy  2xz 





Series Solution of Differential 
кулын and = Functions — 





ҤЕ INTRODUCTION | 


Many differential equations arising from physical problems are linear but have variable coefficients and 
do not permit a general solution in terms of known functions. Such equations can be solved by numerical 
methods (Chapter 28), but in many cases it is easier to find a solution in the form of an infinite convergent series. 

The series solution of certain differential equations give rise to special functions such as Bessel's function, 
Legendre's polynomial, Lagurre's polynomial, Hermite's polynomial, Chebyshev polynomials. Strum-Lioville 
problem based on the orthogonality of functions is also included which shows that Bessel’s, Legendre’s and other 
equations can be considered from a common point of view. These special functions have many applications in 
engineering, 


57] VALIDITY OF SERIES SOLUTION OF THE EQUATION 








а?у З 
сезт + P(x) zm + Р(х)у = 0 .0) 


can be determined with the help of the following theorems : 
Def. 1. If P,(a) ғ 0, then x = a is called and ordinary point of (i), otherwise a singular point. 
2. A singular point x =a ji (1) is called regular if, when (i) is put in the form 


, іх) dy | Qalx) 
Ai x-a dx (x - a)? 
© (x) and Q(x) possess derivatives of all orders in the neighbourhood of a. 
3. A singular point which is not regular is called an irregular singular point. 
Theorem I. When x = a is an ordinary point of (i), its every solution can be expressed in the form 


—— Jed 


yza,*a,(x-a)-*ajx —a)? +... D 
Theorem II. When x = a is a regular singularity of (i), at least one of the solutions can be expressed as 
у= ix - a)" [a, + a,(x — a) + a(x — а? + ...] iii) 


542 





Theorem Ш. The series (ii) and (iii) are convergent at every point within the circle of convergence at a. 
A solution in series will be valid only if the series is convergent. 





where P's are polynomials in x and Р 0 at x = 0. 
(1) Assume its solution to be of the form y = a, + a,x жад? +... + a,x" +... 449) 
(ti) Calculate dy/dx, d*y/dx* from (2) and substitute the values of y, dy/dx, d^y/dx? in (1). 
(ш) Equate to zero the coefficients of the various powers of x and determine a,, ag, a, ... in terms of ap, ац. 
(The result obtained by equating to zero 15 the coefficient of x" that is called the recurrence relation). 
(tv) Substituting the values of a,, a4, a, ... in (2), we get the desired series solution having ap a, as its 
arbitrary constants. 


|? | nM 4 
fi "n 4 


А Hd , Ч wre, 2010) 
E Га i ji, ий igi / 7 


Solution. Here x = 0 is an ordinary point since coefficient of y" + 0 at x = 0. 





Assume its solution is y = a, + a,x жад + ax” +... жа," +... sali) 
Then Y =q; + 2а.х + Зах? +... + па x^-!« ... 
d? y 
and T =2. la, *3.2a,x +4. Зах? +... + n(n — Пах"? +... 


Substituting in the given differential equation 
1.1a,*3.2aax +4. Зах“ +... + п(п – lja,x"-* +... x(ay + aux + aor? +... +а x" +...) = 0 

or 2.1a,4(3.2a,*ajx + (4. За, «ах + (5. da, +a? +... + (n+ 2n + Da, 5 жа, 1x" +... = 0. 
Equating to zero the co-efficients of the various powers of x, 


ав = D, (Coeff. of x? = 0] 

3. 2а, + а, = 0 ie, ау = — 0 (Coeff. of x = 0] 

4. За, «a, 20 Le a o - 21 [Coeff. of x? = 0] 

5. 4a. +a, = 0, Le., нува тонат [Coeff. of x? = 0] 

In general, (п + 2)Yn + 1a, ,5 +a, у= 0 [Coeff. of x" = 0] 
бы 


(LE) 


LE., ea „= —————— 
п+2  (n42Xn41) 


which is the recurrence relation. 








Putting n = 4, 5, 6, ... in (1) successively, a, = — a3 4a , | За 5. 201 


a5 _ ав 7.40 — | 
„ъ= ——— — (i: = = —— = — n. 
а, 8 709 9.8 91 and so on 
Substituting these values in (i), we get 
p x? 1.426 1.4.7329 \ ( 
smaa a gp енын [кез r 


which 15 the required solution. 

















А бн 14 ЖЕ 2. d 
eL. f i АГ ГРЕЕ 


Solution. Here x = 0 is an ordinary point since coefficient of y" = 0 at x = 0. 
Assume the solution of the given equation to be 
=ü taa + agar” tax" + ... адл +... Ki) 
Then ч =a, + 2а,х + Зах? +... + па x") +... 
| а?у _ — A прете 
апі 7 жыш 2а, + 3.2a.x  4.3a,x^ +... + n(n — ах"? +... 
Substituting in the given equation, we get 
(1 — х?)[2а„ + 3.2a,x + 4.3a x? +... + nin — l)a ax" 2  ...] 
— ха, + дах + Зазх? +... + na x"! +...) + Ча, кар ax? +... жад"-..1-0 
Equating to zero the coefficients of the various powers of x, 
2a,+4a,=0 Le, a,--—2a, [coeff. of x" = 0] 
З.да. — a, + 4a, = 0 Le, a4- -Za [coeff. of x! = 0] 
4.За, – 2а, – 2a, + 4a, =0 ie, а,-0 [coeff. of x? = 0] 
5.4a, — 3.2a, — 3a, + 4a, = 0 (coeff. of x? = 0] 





Le, 20a,—5a,=0 Le, а; = o and so on. 


In general, (n + 2)(n + La, , , – п(п —1)a, — na, + 4a, = 0 
| п-2 ” 
or @ +2 = т +1" tt) 
which is the recurrence relatton 
Putting п = 4, 5, 6, 7... in (ii) successively, 
on GC E S SD x айаш 55 
cer ха ga нил 7 
Substituting these values in (i), we get 


oo |,8 


PROBLEMS 16.1 


ah 


№ = Ё |! meg E ' 
i " 514 == dum a ЫГ = | 


1 | ЕТ. к ГЕ аге Е 4 жы 
тү He 4j NF. E | Г pe tL WX D. ra "FAT А 
T ow ЇЕ jr 1 ЮМ" =: =т= 1 uh И à 3 Ww Ou | иы 4 EN LE j 
и : 2 їл E, ae = ыг - EU UM M 8 a. тен Ы унар а ; | 
ra + tA. . p jm АВ * | 
s Prg E a и 1 z^ ‘ ть 2 | 
r i » | A я 4! 4 4 4 


FROBENIUS* METHOD: Series solution when x = 0 is а 





d? | | 
Post в 3 + Pay = 0 AD) 


ЗА German mathematician F.G. Frobenius (1849-1917) who is known for his contributions to the theory of matrices and 





(1) Assume the solution to be y = m ын зад. + ax" +. 
(if) Substitute from (2) for y, dy/dx, d*y/dx? in (1) as before. 
(iit) Equate to zero the coefficient of the lowest degree term in x. It gives a quadratic equation known as the 
indicial equation. 
(iv) Equating to zero the coefficients of the other powers of x, find the values of a,, ас, аз,... in terms of ap 
The complete solution depends on the nature of roots of the indicial equation. 
Case 1. When roots of the indicial equation are distinct and do not differ by an integer, the 
complete solution is 
у= (Mm, + eg, 
where тү, т. are the roots. 





Solution. Here x = 0 is a singular point since сое шеп of y" = 0 at x = 0. 
Substituting y = a,x"  a,x" *1+ах"*? +... 


a = magx" 1+ (m + 1)a,x™ + (т + 2)a,x" * 14. ... 


d? 
di 
in the given equation, we obtain 
9x(1 — х) [(т(т — Dax" 7? + (m + 1)ma,x" 7! + (т + 2)(т + Пах" + ...] 
- 12[Imax"- 1 + (m + lax" + (m + 2)a x? *! + ...] + 4lagx" + aux" *! вахт"? +.) = 0. 
The lowest power of x is x" - 1, Its coefficient equated to zero gives 
a,(9m(m — 1) - 12m] = 0, Le, m(3m – 7) = 0 as ag*0. 
Thus che roots of the indicial equation are m = 0, 7/3. i.e., Roots are distinct and do not differ by an integer. 
The coefficient of x” equated to zero gives a,(9(m + Пт — 12(m + 1)] + ajl4 — Эт(т - 1)] = 
Le., За (Зт – 4)(т + 1) — a 3m — 43m + 1) = 0 
[.е., óc + 1) = аут + 1). 
Similarly За,(т + 2) = a,(3m + 4), За (т + 3) = а„(бт + 7) and so on. 
gm +1 | (3m--4)n _ (3m + 4YX3m +1) (3n + 73m + 4)(38m + 1) 
Sim +1) °°"? ~ 3(m +2) — 32(т + 2Хт +1) E 33(т + 3Хт + 2Хт +1) 


E 4 1.4.7 
When m = 0, а; = харь dg = з 6900-93-26, 9 


and = mím – Dagx" 7? + (т + Птах" + (т + 2)m + Мад" +... 





ао etc. giving the particular solution 


=a nmn = арон 2120 x? + 
бул 6 Л “2.28 83.0.9 77 
When m = 7/3, the particular solution is 
88.11 2 8.11.14 s 
Е id M К 
Уул бох ШОО 13^ 10.13.16 | 
Thus the complete solution is y = суу, + 6555 


. 1 1.4 E 1.4.7 4 
Le. _ yz сн ээд се + Е а +. 


8 8.11 5 8.11.14 
1/3 1 Р лт х3 ss. Е! 
‚Сә | "10. 10.18... 10.13.16" | 








where C, = c,a,, Cy = c,a,. 





pr E = 


= 





Case П. When roots of the indicial equation are equal the complete solution is 
af >. 
у = GU, + © ЕЭ 
mi „дт т 
where тү, m, are the roots. 







Р] Г Ї my du 14 x E 3 Гв ў TIE жр л Р | ==. | Гай. 2 
- а Pe = = i hr M к. м dui. 
^ LE | 1,4 n Ч... Ё ке a d е 
В ET $ 





Solution. Substituting y = ах” + er amt + a a +25 i) 
dy "n cma | 
лу = тах" 1+ (т + La x” + (m + 2),x"*! +... 
and ES omini ^-* + (т + 1)ma,x^-! + (т + 2)(т + Пах" + 
а 1,2 = П gt | | Dp Эс 


in the given equation, we obtain 
x[m(m — lage ^ + (т + 1)ma,x" 7! + (т + 2Хт + Шах" + ...] 
+ [magx" -! + (т + 1)a,x" + (т  2)a4x" * ! 4 ...] 
+ јар" + a,x" +) a x7*? +...) = 0. 
The lowest power of x is х"- 1. Its coefficient equated to zero gives a,|m(m — 1) + m] = 0. 
Le., m*-zÜasag*0. .. т=0,0. 
The coefficients of x", x" * 1, ... equated to zero give 
ат + 1)m-m-*1]20, ie, а,-0 
ат + 2)? +a, = 0, a (m + 3)? + a, = 0,a,(m + 4)? + a, = 0 and so on. 








Clearly a, =a, = a, ...... = 0. 
j ap Р ар ay 
Also a, = — —— — a ——————-————É—————— etc 
^^ (m+2 ^. (m«4y (т+ 2)2(т + 4) 
| 2 4 ‚6 
х x x | 
шах" 1-——— + ————————-——————————s*ueues It) 
? e (т + 2)2 (m«2Y(m«A4Y  (m«2)Y(m + AY (m +6)" | 
Putting m = 0, the first solution is 
1 x + x x + (idi) 
n =a |l- ts a ar y +n ши 
Уул дор” 92 92 4? 92 4? 62 
This gives only one solution instead of two. To get the second solution, differentiate (11) partially w.r.t. m. 
ду. im | x 2 х“ | 2 2 | 
——=y log x + agx" 4———— e ———— allman .-ual 
дт 90 |(m + 2)" т+2 (m+2)"(m+4)* |m+2 m+4 


the second solution is у, = (2) 
| ЭЭГ 





| Es 1 [D ГҮ, 1 1 dia 5 
= у, log x 4 „Хх — —— | 1 + = | x* + —— | 1+ = += |x’ -... „(i 
сарийн la 95 4? | 2)" 2° 4^ g* | 2 J | = 
Hence the complete solution is y = c,y, + с... [From (iii) & (iv)] 
| А 015, 1 4 1 dl 
i.e., у = (С, + C, log x)| 1-х“ + == t 
1+6 | 25 "28.48 mag | 


sä a —* f My 1 i ay, 
*Có4—x = ars "agus =... 
a 92 | 42 | 2 92 42 62 9 2] 


where C, - ас Сү, С, = ау. 





Case Ш. When roots of indicial equation are distinct and differ Бу an integer, making a coeffi- 
cient of y infinite. 

Let m, and m, be the roots such that m, < m,. If some of the coefficients of y series become infinite when 
т = m we modify the form of y by replacing a, by b, (m — m,). Then the complete solution is 


у= C, O0, 4 С. (>) 





Solution. Here x = 0 is a singular point, since coefficient of y” is zero at x = 0. 
- substituting yea gummi ates... ЯВ: 
A = тау" + (т + 1)a,x" + (т + 2) a, x" +1+... 
2 
У 
and d 
in the given equation, we obtain 
x(1 — x)m(m — 1) ayx" 7? + (m + 1)ma, x"-! + (m 2) (т + Пах" + ...] 
—(1 + 3x) magx" 7! + (т + Vax” + (т + Dax * 1 +... | - lax" жар" сад" 2... 1-0 
Equating to zero the coefficients of the lowest power of x, we get a,[m(m — 1) — m] = 0, (a, #0), 
Le, mim —2) = 0, i.e. m = 0,2 i.e., the two roots are distinct and differ by an integer. 
Equating to zero the coefficients of successive powers of x, we get 
(m — Па, = (m + аз, ma, = (т + 2)a,, (т + Па. = (m + 3) a, and so on. 
m+1 _(m+1)(m4+2)  (таж1)(т-2)(т- 8) 
m-1 97:27 m-)Üm "9 (т рата) м 


= mim — 1) agx? - 24+ (m + 1)ma, х"-1+ (m +2) (m + Пал" +... 


Lë., а; = ate: 





Thus (1) becomes 


т+1 (m+1)(m+2) 5 (m+1)(m+2)(m+3) 4 s 
14 ————— 00 eee у Р ACE 


Putting m = 2 (greater of the two Банш in (її), the first solution is 
yy sap reae Sra а + А 

If we риё m = 0 in (ii), the coefficients Чив. infinite. 

To obviate this difficulty, put a, = b, (m — 0) so that 


= дт тэ т, MEDED р (mt Dee nes 
m-1 m-1 (п —1)(m +1) 


ду т(т+1)х (т+1)(т+2) „ (т+1)(т+2)(т+8) 4 
дт ^ blogs m т-1 т-1 ' (m-Dm«D 7 
m?-2m-1 ,m*-m-5 о m?-2m-1154 | 
ье + mais x+- 68-18 x” + (m — 1 x” + | 





ЕЯ Ts 


- the second solution is y, = Еа 
= b, log x [— 1.2x? — 2.3x? — 3.4x4 — ...] + bil -x — 5x? – 11x? - ...] 
Hence the complete solution is y = суу, + Ca¥. 


Le., y= 5 c,ag[1.2x? + 2.3х3 + 3.4x4 +... ] - boc, log x [1.2x? + 2.3x? + 3.4x4 +...) 
| — 606 [-1+х + 5x? + 113+ ...] 
Le., y = (C, + C, log x) (1.2x? + 2.3х5-3,4хХ1-..)-0С,(-1а«х + 5x? + 115+...) 


where С, = 5 Clp Cy = — bsc, 





Л ий» i T * Жеш” ч i 
1 In 0 F аш jw # 
| ] ги 
1 ў чт й ё 3 1 i Г. 4 


iS и i = 
м Р F 5 1 Ё 1 " et 06 ь -21 мэл. 7 L ] F "38. РЧ 
-2 5 = яш Жы "р? ae Б o^ 22-25 ЩЩ - "24" Е — ‘x 





Solution. x = 0 is a singular point, since coeff. of y" is zero at x = 0. 
Substituting y dox ча" * + mt? +... at) 


o =ma,x™~1+ (т + 1) aux" + (т + 2) ах" *1 + = 


2 


апа 3 = т (т — Пах"-* + (т + 1) тах" ^! + (m + 2) (m + 1) арх"... 


di 
in the given equation, we get 
х? [m (m — 1) agx" 7? + (m + 1) таур" (m + 2) (m + 1)а„х" +... 
+x [magx?^ 7! + (m + 1) ax" (m 2) ат 14... ] 
+ (x* — 4) lax" c ax" * 1 ва" +2 + ..]= 0 
Equating to zero the coefficients of the lowest power of x. 
a, [m (m — 1) + m — 4] = 0 so that m = + 2. 
i.e., the two roots are distinct and differ by an integer. 
Now equating to zero the coefficiens of successive powers of x, we get 


mim + 4)a,-2—ag, l-e, ag = а» a, = 0 


Ж — И 
(m+2)(m+6) mím +4) 
m (m + 2) (m + 4) (т + 6) (m +8) 
Substituting these values in (1), we get 
| „2 „4 ü 
sagre M0 E 
| т(т+4) т(т+ 2) (т+4) (т +6)  m(m-*2)(m +4)? (т +6)(т 4 8) 
Putting m = 2 (greater of the two roots) in (ii), the first solution is 


2 _ 6 
у = age" али сез — 4 


„ЧБ = ау =... = 0. 


t) 


—= + = + 
2.6 2.4.6.8 2-4-67-8-10 
If we put т = — 2 in (ii), the coefficients become infinite. To obviate this difficulty, let a, = 6, (m + 2), so 
that | 


х x? 


| ‚| х? 
— De AGS ee a eT 
у = бх" jons | IPIE mim 4f (m*6)m48) | 





дт т(т+4)| т(т+4)(т+6) 


Фу = bx" log x er 





— l e č ш—— 


| PE 7E ————ÁÉ—É—— 
кар | т (т + 4) | 





| 1 1 1 1. 1а 
+ — s e E Нд X at lun 
т(т+4)(т+6) | m m*4 m+6 
The second solution is у, = (>) 
‚дт m=-2 
4 б 2 4 | 
= bx” * log x же dac. esee | lp | ЕР = deus 
d | 22.4 2.4-6 ^ т тэг 
Hence the complete solution y = сууу + €; y; 


| 2 4 6 
T yri he et 
| 2.6 2.4.6.8 2.4.6*.8.10 


2. t o x ао x" | 
+С, = wes рана раст А 








Solution. Неге х= 01 is a АН ШӘР point s since coefficient of; y" -0 at x= 0. 
Substituting y = ах" + ax" * ! c a x" ** жад” З +... KE) 


= -magx"-! + (т + 1)а,х" + (т + 2) арх" * ! (т+ 3) ах"? +... 


and TY = m(m- 1) ayx" 7? + (т + 1) ma x™~1 + (т + 2) (m + 1) ах" +... 
in the given equation, we get 
x Їт (m — 1) ах" + (m 4 1) max" -1 + (т + 2) (т + 1) ах" + ...] 
+ 2 пах” ^! + (m + 1) ај" + (m + 2) ах" * + (т + 3) ax" +? + ...] 
+ х арнаут +1 ад” ках" +З +...) 
Equating to zero, the coefficients of the lowest power of х, 
т (m — 1) ay + 2ma, = 0 so that m = 0, — 1. 
ie., the roots are distinct of and differ by an integer. 
Equating to zero, the coefficient of x", we get 
(т + 1) ma, +2 (т + 1)a, = 0 Le. (т + 1) (m + 22a, = 0 
or (m+ 1)a, 20 [- m+2#0] 
When m = — 1, а, = 0/0 i.e., indeterminate. 
Hence the complete solution will be given by putting m = — 1 in y itself (containing two arbitrary constants 


a, and a,). 
Now equating to zero, the coefficients of successive powers of x, we get 
(т + 2)(m*3)a,*ag =0 [Coeff. of x ^ * 1 = 0] 
(m+3)(m+4)a,+a,=0 [Coeff. of x™ *? = 0] 
(m+4)(m+5)a,+a,=0 [Coeff. of x" * 5 = 0] 
(m + 5) (m 6) a. + a, = 0 etc. [Coeff. of x ^ * 4 = 0] 
Le, a,=— ——— ПИН (14 Br NAT ee НИНЕ 
: 4 (т + 2) (т +3)' ^ (m+3)(m+4) 5 (m+2)(m+3)(m+4)(m+5)’ 





“айлыг ый DESI a E RATES -— H1 7 РЫ "TE Е Le 
ӘТ = л T! НЕ — у al | Р 8-8 | ” 
a № Y UE ee | " Jl [а | "LI 
T » 1 zzi ii. La Е" "T 1 ™ 
VESTE ea. Palco АГ ү ү ыал үз РЕР 


a 


a, = ——— and so on. 
(m+ 3)(m+4)(m+5)(m+6) | 
Substituting the values in (1), we get 

5 00 2 _ Ti x 

=" tt -c a mM a 

+ la (m+ 2)(m+3)  (m3)m«4) 
4... 90  — t. ai 45 — 
(пт+2)(т+3)(т+4)т+5)” РСТ 


Putting т = — 1, the complete solution is 


-y- lly y Уд. _ *___ sna] ds БЭК мг шиг 
У- VA 71.2 1-8-3:4 (^ 1.2.8 1-2-3:4-5 


= дг} (ар cos x + a, sin x). 








ЗҮ ТЭЛЭЛТ... ERS | 
Solve the НИЯ in power series | | ud | 4 d ет 
Е 4:25 2 y. 2% +y=0. ТО, 2005) 2. у* +ху!+ єє 220. (PLU, 2007) 
4 | d'y Е 2 Bn АЛЖ: 
5. nd re ФУ isy-0. (JN.TU., 2006) 6. зу” у, ёс» D: о (Ж (ОРТ, 2005) | 
1. ee ay EDY =Ò. i (ATU, 2009) в, 8-0-2 do 2 320 | | UPI, 2004) 
9, х(1-4):---5 2 SES + 2y = 0. 10. (2х x?) D o орх 1, 2008) 
Г ах | Ч Ert 





One of the most important differential equations in applied mathematics is 


12 
oot + х5 + (х2 п2}у = 0 (1) 


which is known as Bessels equation of order n. Its particular solutions are called Bessel functions of order n. 
Many physical problems involving vibrations or heat conduction in cylindrical regions give rise to this equation. 
Substituting у= ах" + ax" *! e aux" *? +... 
(1) takes the form 
ат? — n?) x" + а (т + 1)? — п?" * ! + {а„(т + 2)? — n?] айх” ** +... = 0. 
Equating to zero the coefficient. of x", we obtain the indicial equation т? — nis = 0 (iii a, * 0) where т =n 


or — п 
а, =@,=a,=a,=...=0 
ар аг 
and a, = — ——>— а = — — etre. 
2 (m4 2h =n?" * тт 
These give y = a,x" a ee ee ee 
(m +2)" — п? [m + 2)* — n?] lim + 4Y* — n?] 


* Named after the German mathematician and astronomer Friederich Wilhelm Bessel (1784 — 1846) whose paper on Bessel 
functions appeared in 1826. He studied Astronomy of his own and became director of Kónigsberg observatory. 





For т = n, we get 


yng =< : x = = == . x^ a, e (2) 





2 4(n*1) 4*.2!(n-1)(n-2)  4.3!(п+0(п+2)(п+3) 
and for m =—n, we have 


| 1 2 1 4 1 6 
+. 
72 = 4(-п+1) 42.91(-п +1) (-п+ 92) 4°.3!(-n+1)(-n+2)(-n+3)_ | 
.4(8) 


Case I. When n is not integral or zero, the complete solution of (1) is y = суу + слу. 


If we take a, = 1/2" T(n + 1), then the solution given by (2) is called the Bessel function of the first kind of 
order n and is denoted by J (x). Thus 


UTRUM M ON ан АГ жи + не 
"UU 42/ |Т(п+1) 1!Г(п+2)\2) 2!Гп+3)\2] 3144) (2 4 


== п+ ёг | 
Eq. conl dx 1 
e | y= » (1) |= Sg eae, qe (087 2n 
ie, J x) 2, B АНАР) (4) 
= s -n + 2r 1 
and corresponding to (3), we have J (х) = > (– 1)" (= —— 5) 
| ' Е “37 мн 2 г! Г(- п+г+1 | 


which is called the Besse! function of the first kind of order — n. 

Hence complete solution of the Bessel's equation (1) may be expressed in the form. 

y = Ad (x) + BJ (х). ...(6) 

Case П. When n is zero, y, = у, and the complete solution of (1), which reduces to the Bessel's equation of 
order zero, is obtained as in Example 16.4. 

Case III. When n is integral, у, fails to give a solution for positive values of n and y, fails to give a solution 
for negative values. Thus another independent integral of the Bessel's equation (1) is needed to form its general 
solution. We now proceed to find an independent solution of (1), when n is an integer. 

Let y = u(xXJ, (x) be a solution of (1). Substituting the values of y, у= wJ, * uJ; and y" = и"/, + 2u'J, + 
u-J "in (1), we obtain 

x*(u" J, + 2u'J; + ud”) + x(u'J, + ud) ) + 2 — пи = 0 
ог ulx*J “+ xJ,' + (х — п?) | + x?u"J, + x ud + xu’, = 0. UT) 
Now since J, is a solution of (1), therefore, х7 * + x J; + (х? —n*J, = 0 
(7) reduces to x^u"J,  2x?u' J),  xu'J, = 0. 














Dividing throughout by хи, , it becomes ut +9 a 1 -0 
г Ж 
а а 
i.e., (log u') +2 (log J, ph Пор x} +0 or — 7, Hog (u’J2x)} = 0 
Integrating, log (w?x) = log B, whence xu'J? = В. 
u'- at oru- H | dx + А. 
n х, 5 
Thus y = АЈ (x) + BJ (x) 
is x[J,, a 
Hence the complete solution of the Bessel's equation (1) is 
у = АЈ (х) + BY, (х) (8) (У.Т.Ы,, 2006) 


where Y (x) = .4(9) 


J (x) | ——— 
E | 314, (х) 
Y (x) is called the Bessel function of the second kind of order n or Neumann (ипсїоп”. 


* Named after the German mathematician and physicist Car! Neumann (1832—1925) whose work on potential theory gave 
impetus for development of integral equations by Volterra of Rome, Fredholm of Stockholm and Hilbert of Gottingen. 








The — recurrence formulae can easily be derived from the series expression for J, (х): 


a.d а peg, Ge x^, (x). (2) E ag G0] = агт J, ‚уб. 
мн o, Vs 160 + 4, , б]. (4) J; (x)= =U, 409-4, ‚у Өй. 
(5) б) = 7 4,6) - 4, , G0. OJ, , ,G)- Z 28 FB d. 


These form а are very useful in the solution of boundary дыс problems and tn establishing the various 
properties of Bessel functions. 
Proofs. (1) Multiplying (4) of page 551 by x", we have 


oy Ci eiat Ya/2p*" « (yx 


vim L orinererl) & 2+ BlT(naral) 
AEN e (-1У 2in e ry? 170-1 v (- 1)" x/2y !*?r 
— ix"J. (х) = ——————————— -—x4..-—————exW. x). 
dx Je 2, 2^*?' | T(n  r +1) " РАТИ) п-100 


(Bhopal, 2008 ; V.T.U., 2005 ; U.P.T.U., 2005) 
(2) Multiplying (4) of page 551 by x^^, we have 


| == (-1Y x" 
йн? ИЕ 
== L 2r-] өз 29 gh tit 27-1 
£ "= У У 


otter + +1) da QP EERE D(r — 1)! T(n 4 r + 1) 


1 [дү +1+28 
— “ДҮ Y (х/2) 


КА! Ги 414841) — -x"J,, 4G), where k =г- 1. 


(P.T.U., 2006 ; B.P.T.U., 2005) 


(3) From (1), we have x^ J;(x) + nx^"! J (x) 2 x^ J, (x) 

or dividing by x", х) + (п/к) (x)= «7, _ ү(х) A) 
Similarly from (2), we get x ^^ Jx) — nx ^"! J, (x) = x4, , ((х) 

or = Jrx) + ou, (x) = J, (ж) AEE) 


Adding (1) and (11), we obtain my Q4, 1G) J, , (X) 


Le., J (x)= эу, Mas уб) +d, 100] (S.V.T.U., 2008 ; Anna, 2005 S) 


(4) Subtracting (ii) from (i), we к op = к уа 








(1) EXPANSIONS FOR J, AND J 
We have from (4) of page 551, 





JA )z 1 1 X я 1 AX 1 1 X 9 ( ) 
x — ат шаг 4 : 25 вөвж _ — 2-2 ^ - & я 2] 
asl = "m ax (3) : 
| | 1 (хҮ 1 (хү 1 x Y € 5 
а el = 5 SSS | “эн Se == | ———— — "UMS ak т са! ви 
ап |(х) 1 zzii) A sails) + | (B.P.T.U., 2005) ...(2) 


Because of their special importance, the values 
of J (х) and J (x) are given in Appendix 2: Table II to 
four decimal places at intervals of 0.1. With the help of 
these values, the graphs of J œ) and J,(x) can be 
drawn as shown in Fig. 16.1, for x > 0. Their close 
resemblance to graphs of cos x and sin x is interesting. 






Fig. 16.1 


We may think that -/,(x) is the simplest of the Js but actually J (х) is simpler, for it can be expressed in 





a finite form. Taking n = i in (4) of page 551, we have 


1/2 
бу-| Х | 
Ju = (3) 





I 
p^ TT 


Now обе the series by x/2 and outside by 2/x, we get 








- 2. |=- = + z, —... | = (2 ) sin x. (3) (OV.T.U., 2009 ; J.N. T.U., 2003) 
Similarly taking n = М in (5) of page 551, it сап be shown that 
кла = ( 3 лд COS X. (4) (Anna, 2005 ; W.B.T.U., 2005 ; V.T.U., 2003) 
mi пр НС Р ОЙ hy p^ 3] opal 2 0с 88; V.T. p, Аз | 





Solution. We — that 
J (x) = өс, qx) (x)] i.e. J MOL — J(x)-4J, 4) 


Putting n = 1, 2, 8, 4 successively, . ний i Jx)-—Jx) (E) у(х) = i olx) — J (x) (и) 


(х) = 8 Ix) - I(x) (uu) J (x) = 8 7,х)-4, (х) 4413) 





Substituting the value of -J,(x) in (ii), we have 
-45]24 | | 8 | 4 | 
J (x) m x | РЧ 4,(х) ын ДЫ] = J (х) = | АЖ = 1) (x) ти X “Ло (х) lv) 


(W.B.T.U., 2005 ; Madras, 2003) 
Now substituting the values of J,(x) from (v) and J,(x) from (i) in (iii), we get 


J (x) = = Е — = 8 J (х) +{ 1 TT 24) J (x) Ai) (V.T. Л, 2003 5) 


Finally putting the values of J (х) from (vt) and J.(x) from (v) in (iv), we obtain 
J.(x) = (381721 ) 4,0 «(12 — -1 J, (х). 
$ х 





Solution. We know that  J, , (х) = 2g phe) - 4, . x) mi 


Putting n = 1 ,We get JJ ax) = t dy) -4 x) = | = | ы — СОБ X | 
(Bhopal, 2007 ; V.T.U., 2006) 





Again putting n = = 5 in (i), we get J. lx) = 3, = (0) — J x) 





Solution. (a) We know that J;(x) = = ыы, - (35-47, 49] (i) 
Differentiating both sides, we get J/(x) = zia (x) — «Ји 400] I) 
Changing n to n — 1 in (i), we obtain J; (x) = i (J, (x) — J x) (ii) 
Changing n to n + 1 ір (D, we have J;,4(x) = = 5М, (x) 4, | „(х)! (iu) 


Substituting the values of J; ;(x) and J} n. from (iii) and (iv) in (її), we get 
Jn = i J, х) — 257, (х) +41, , ox) 
(b) — gy ni) J 400] 2 JG, , (xe) eld GO", уб) + JL GO JJ, G0] A) 


From (5) of $ 16.6, we have J,” GRE с bie 2-4. (х)-4, у Ge) NE 


Changing n to n + 1 in (i) of page 499, we get J’, , (x) = J, (x) - —— J , (3) (їйї) 


n+1 











Now substituting from (iii) and (ii) in (i), we get 
n+l 
x 





dx [х/ (x) J,. | 4 G0] = JG JJ, , (х) + [ | (x)- 2,109) + |" J,(x)- J, aeo] J,41 e» 
= x42) - 42 I. 


БЕ: ha талаган 
кы АЙ! JUEGA. 





Solution. (a) We know that = [r-^J,G)] 2-x-^J, ,.() [8 16.6 (2)] 0) 
ог ja” Jy p1 Ах = —x 7" JO (i) 
| Ј(х) ах = | х?. х “(дах + с (Integrate by parts] 

=х?. [2да | 2x | | ходах | dx + с 
=x? [-x-?J,(x))— | 251-727, 60M dx +e [Ву (10) when п = 2] 
=) + | 5 4ух)ах e e- 4400 - 3 Ja) [By (ii) when n = 1] 
(b) | xJ2(x)dx = | 42(х)-хах [Integrate by parts] 

= Je (x)- E х? – [27, 604560 га? dx 

= ; аЗ а) + | x*Jo(x)J, (x) dx [By (1) when л = 0] 
= = G(x) + [noo £ [7 (x)] dx | B E [xe GO] = хуб) by 8 16.6 | 


1 x*J2(x) +t [x (x)? = 224 [J2() + 272050). 





16.9 GENERATING FUNCTION FOR J,(x| 


1 € 
| хіб -1/t) 
To prove that е? = › tI). 


EN 
We have е? = ptt! 2 ygt 


The coefficient of t" in this product 


= i(sy- 1 BE es uiti: 
nil2 (n+ 1!12J 2!(n-2)!,2 м 


As ай the integral powers of t, both positive and negative occur, we have 
jt 0-0) = Jua) + Ы (х) + 227 (х) + ВУ) 4... 41714, (х) €?J Дх) €3J (х) +... 
ей 





= >} UJ,G) (V.T.U., 2007) 








This shows that Bessel functions of various orders can be derived as coefficients of different powers of t in 


ly. 170) 
the expansion of e? . For this reason, it is known as the po function p Bessel Тайлан 


9 XT i oa = - y . ' n 
сал. . 0. » are th Pu a й юэ... "di | 
4 Хи 

Ч я 


{ 1 үл І 7 FS 
» 16.12, Show th di m f UP EP 
ГЭВ. : wd Fii жн л Ул 1 | ! Ха! | 
7 г Еру. "m 4 d v; + ‘xe Үй! Ч Wane | л ! | | | ! : 
090 ны Ў, cos Anu [ т. “ий | | ; 

| T fi x. | 





тетра (а) We know that: 
Qe -1/t) 


= J (x) tJ x) + Pd (x) + Вх) + «1714. qo) €? J Дх) 44754) VQ)... 
Since — J ,(x)-(- 1)" J,(x) 
1 


e + J (t— 1/04 JU 1/0) -4,08-1/8) +... (i) 
Now put ¢ = cos Ө +i sin Ө 
so that t" = cos pO + i sin рб and 1/1? =cos р0 — i sin рӨ 
giving t + I/t" = 2 cos рб and t? — 1/1" = 2i sin рб. 
Substituting these in (i), we get 
ен sin8 — J 42, cos 20 + J, cos 40 +...) + 2i |J, sin Ө +J, sin ЗӨ +...) ti) 
Since gesin 8 — cos (x sin Ө) + i sin (x sin Ө). 
л) equating the real and imaginary parts in (її), we get 
cos (x sin 8) = Ja + 2 [J cos 20 + J, cos 40 + ...] it) 
sin (x sin Ө) = 2|J, sin Ө + J, sin ЗӨ + ...] v) 
which are known as Jacobi series*. (V.T. U., 2006) 


Now multiplying both sides of (iii) by cos n8 and both sides of (iv) by sin n8 and integrating each of the 
resulting expressions between 0 and л, we obtain 


i cos Genin Gicos іб dli = м n(x), n even or zero 


0, n odd 
| 1: Pt... : эээ 0 n even 
and 1 [sin sin osin nodo [^ у |, n odd 


Hence generally, if n is a positive integer, 

J (x)= - Г [cos (x sin Ө) cos n0 + sin (x sin Ө) sin n6] 40 = : L cos (n0 — x sin Ө) 40. 
[This is Bessel's original definition of J (x) given in 1824 while investigating Planetary motion.| 
(5) Changing 0 to эл —6 in (iii), we get 


cos (x cos ф) = Jy + 2J, сов (x — 2$) + 2J, cos (2x — 40) +... 
Integrating both sides w.r.t. 6 from 0 to л, we get 


f, cos (x cos 0) do = [, o- 2-/5(х) cos 20 + 2d (х) соѕ54ф — --.] аф 


| T = | a i 
2|JqG)$-2J4(G). 2 sin 26 + 2.7 (х) - a sin 4ф-- = oix) . n whence follows the result. 
2 0 





* See footnot р. 215. 
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(c) Squaring (11) and (1v) and integrating w.r.t. ф from 0 to x and noting that (т, n being integers), 
Ї, cos r8 cos n8 d8 = J, sin m sin n8 Ө = 0, (m # n) 
and [, cos? n6 dð = ЇЇ n0 40 = 1/2, we obtain 
|J, GO]? т + 4 17, ор +4 (doo)? 2 E oum [Г cos? (x sin 0) 49 
4 17, ор = z + 4M, 00) > à A sin? (x вш Ө) dé 
Adding, п [4] +20? 42J2 4222 +--J= f, 49 =n 
Hence Je + 2d? +212 42J2 +... = 1. 





PROBLEMS 16.3 
1. Compute J4(2), J,(1) correct to three decimal places. 











2. Show that (i) «14 (х) = [5 E: 4 JiG) + h ыы. (tt) J, GO) + I(x) = : #7, (x) - (P.T.U., 2003) 
x y* 
3. Show that. | 
(04., pal) = 4, je SEE (S.V. T.U., 2008) (d) Ji GJ үд Gd - Ju (х74/ү (Ху 2/лх (Delhi, 2002) 
(ii. ux) — = (s x (iv) J sx) 
(УТ, 2000) 
4. Prove that (i) © d(x) = 69. i) S Была -34, GO. 
(її) 2. b^ (ax) ax" J, (3). (Madras, 2000 5) (iv) J" (x) =- 2 dx), Vix) (ETU. 2009 5) 
5. Show by the use of recurrence formula, that | 
(0460 = 5 Wx) - Sola) (i) Ја) = dy 69-14) 
(14) 4, Ge) + ЗУ) + J (x) = 0: (Osmania, 2003) 
6. Prove that + D^ 
5008 32 "T s" и с us, +1 " ' Же, Ts T 
(0) (IR) + da Ca = 2 {2 J^) - Htl je 20 (U.P. T.U., 2005 ; V.T.U., 2000 S) 
| | FER | 325.4 P. nz | | 
7. Prove that (i) f, Кт) Ju, (25) de SL (Р.Т, 2005) Gi} [ хах = 7 Ji (ar). 
(i) | х2 GOdx = x alx). (РТИ, 2007) 
8. еее: that (2) | љо цадах =- 5 Uo (ii) [еа (bxjdx = | | 
9. Serie with the series of § 16,9, prove that 
2n, (x) = xl. - +d, =) and tJ, 4х) = ља п) oy (x), 
10. Establish the Jacobi series 
cos (x cos Ө) = J, — — 24, cos 20 + LJ, cos 40 — ... 
sin (x cos 9) = 210; cos Ө — JJ. асов Эр 27, eqs БӨ — = (Madras, 2003.5) 
11. Prove that() sin x= 21J, — 7, ж. (Anna, 2005 8) 
(i) cos x sd, = -2454 24, Цөм (Kerala М. Tech., 2005) 
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SUON EQUATIONS REDUCIBLE TO BESSEL’S EQUATION 





In many problems, we come across such differential equations which can easily be reduced to Bessel's 
equation and, therefore, can be solved by means of Bessel functions. 


2 | 
(1) To reduce the differential equation x* dy + 9v + (Ё?х° — n?) y = 0 to Bessel form. 
dx? ах 
dy ,4 а d , Фу 
ах dt ах? аг” 
Then (1) becomes f£? d" ау |, Y 
dt? dt 
its solution is y = cJ, (t) + cJ. (t), n is non-integral, 
Or y= cJ t) * сҮ (t), n 18 integral. 


Put ¢ = Ах, so that 





+Е— + (22 – п?)у = 0 


Hence the solution of (1) is 
y =e, (kx) 4с,/ (kx), п is non-integral 


or у =e, x) + CY (Rx), n is integral. 
2 
(2) To reduce the differential equation x d = +a A + k*xy = 0 to Bessel's equation, (Madras, 2006) 
put y cx 
dy p dz 42 . dz 
so that —— =x — + nx lz and >=> Фу =x" DS + 9пх-1 26 + nin- 1)х7-22 
ах dx dx” ах? ах 


2 
Then (2) takes the form x^ * ! M + (2n + a)x" Л + [№252 + п? + (a — 1)n)x"-12 = 0. 
x 
Dividing throughout by x" - ! and putting 2n + a = 1, 
242 + х 92 + (Ах? —n*)z = 0. 
dx? dx 


Its solution by (1) is z = cJ (Ах)  c4J (х), n is non-integral 


or 2 0,4, (hex) + c,Y (Rx), п is integral 
Hence the solution of (2) is y = x" [e J (kx) + с, „ (kx)], n is non-integral 
or y =x" [c] (kx) + с,У (kx)], n is integral, where n = (1 – а)/2. 
12 | 
(3) To reduce the differential equation х x +e Ён + k?x'y = 0 to Bessel (огт, put x = t”, i.e. t2 xVm, 
so that ay LA A luca D 
dx dt dx т dt 
" а?у af - ду 1 дый № acan БУ 1-т ло йу 
dx? dt dt/ m т? ад т? dt 


Then (3) takes the form —- 1 t п d 21. 79+ 9% g-m ау + АЧ” у = 
т? а? т? dt 


2. | 
or multiplying throughout Бу m*/t! ^", x +(1—m+em) ду (ny т"-1у = 0. 


In order to reduce it to (2), we set mr + m — 1 = 1, ie. m = 2/(r +1) 








and а=1—-т+ст = (г + 2c —1)Ar + 1). 
ау dy —— —— M 
Thus it reduces to P + а > qe + (km "ty = 0 which is similar to (2). 
Hence the solution of (3) is y = хс J, (k, x") + c,J „(тх!”)}, n is a fraction 
or y =x fed (kmxV") + e, Y (mx )), п is an integer 
where рые РЕ а и, 


2 1-r | ler 


| n  equati ions : ХИЙ ЭН Юу 


в. vid. ЙГ 13 ue л 
^ m td n. ii) э», "y m - i v 
| yz. P^ ПОР ЖҮ, | 
Ж 





À й 
Solution. (1) Rewriting the given equation ав x* ЕЛ +х Ф + (8х2 — 1)y = 0, 


апа comparing with (1) above, we see that n = 1 апа k= 2,/2. 
The solution of the given equation is y = cJ (Ах) + с, (kx) 








i.e., y = e Ju 2V2x ) + є„Үү( 2/2х ). 
(ii) Rewriting the given equation as x и + = 42 y = 0 .(0) 
and comparing with (8) above, we find that c = 0, k = 3/2 and r= 2. 
ин Бо - 5, m = -3 ард °F 


Hence the solution of (0) is y = x"/™ [eJ (mxi) + e,Y | (kmx")) 
y= Vx [cJ (2) Oa Vs (x3/2)]. 
(tii) Multiplying by x, the given equation becomes 


1 
x?y" + xy’ + a= 0 ...(с) 





Comparing with (3) above, we gete = 1, k = 1/2 &r=0. л. m= 
Hence the solution of (а) 
y = x?" (eJ. (kmx) + с,У, (Етх!т) = х? [ade 3 вен! + соҮ (2.2 и | 
i.e., у= esd, (Ух) + Ca¥ gl ) 


1) ORTHOGONALITY OF BESSEL FUNCTIONS 





We shall prove that 
0, asxp 


т, COP, a= p 
We know that the solution of the equation 


[ xd, (Orel, (Вх)ах = n ‚ where a, p are the roots of J (х) = 0. 


x^u" + хи’ + (a? x? — n?)u = 0 D 
and x^v" 4 хи! + (^x? — n?) = 0 (2) 
are и = dJ (ох) and v =, (Вх) respectively. 


Multiplying (1) by v/x and (2) by u/x and subtracting, we get 
x(u^v — uv") + (u'v — uv") + (о? — В2)хир = 0 


d | 
or d Ix(u'u — ио") = (В? — aë) хир. 
Now integrating both sides from 0 to 1, 
2 | 
(B^ — o) | xuv dx = [x(u'v — uv) = (u'v — uv'), _, .4(8) 
Since и = J (ax), 


” M, (ex e цв, 092) mee 


(ох) = Ode lon 


“85 
Similarly, v = J (Вх) and v' = BJ; (Bx). Substituting these values in (3), we get 


f, d, (ood, (80а = шин gue AA) 


If a and В are distinct roots of J, (х) = 0, then J, (0) =-/,(B) = 0, and (4) reduces to 





1 
[ х, (ох), (Вх) dx: = 0 AB) 


This is known as the orthogonality relation of Bessel functions. 
When В = a, the right side of (4) is of 0/0 form. Its value can be found by considering a as a root of J, (х) = 0 
and В as a variable approaching с. Then (4) gives 


1 х ААР 


or by L'Hospital's rule, Ї хеЈ2(ох)ах = pes 5, од] 
-— Hf ..(6) [Ву (5) of p. 552] 





(2) Fourier-Bessel expansion. If f(x) is a continuous function having finite number of oscillations in the 
interval (0, a), then we can write 
f (x) = eJ (ax) + сод) +... + с (ах) + .. ...(8) 
where 0, €. ... are the positive roots of J (x) = 0. 
To determine the coefficients c, фе Че both sides of (8) Бу xJ nb OX) and integrate from 0 to a. Then all 
integrals on the right of (1) vanish by (5), except the term in с... Тун gives 


[р xf (x), (a, x)dx = = xJ (o, x) dx - e, “3. Cae, [By (7)] 


Г xf(x)J, (a,x) dx 


aJ ых ) 40 
Equation (8) is known as the Fourier-Bessel expansion of f (x). 











Solution. If f (x) = me я Ve ec pm m захад аш майн. | (ЧЧ) 
2 - 
then Е — GOV, (а x) dx 
35, aa FAM us 
Taking f (x)= 1, а = 1 and n = 0, went 
Ка. | 
¢.= 3 zdala, хах = ? | Хбох) | = ———— A | 
4 (о,) Jo Ji(a,)| 9,6 |, Oe (a,) 
= 1 Ј0(0,х) 
From (i), 1= 2, 22 7 sla х) or 5 2 2221 


ы 


T 
li 





Ti Ч E. 2 à 2: An : nei Pa 
Ч А a fx) E PETS br ^ БА 
d 111: ч 49 um, 4 
l4 ie | M 


нд 12-52 gv ; 


Solution. Let the Fourier-Bessel expansion of f (x) be х? = У с (at, x). 


па] 





Multiplying both sides Бу xJ.(a,x) and integrating w.r.t. x from 0 to 2, we get 
2, - 2 | (2) „о. 
| J laade = с, |, х}(о„х)ах = с, 5-45 (20,) [By (7) 


3 2 
X d.t, x) | 
Drawa] ог (2а) 








ыг 
= — = 
^ adala) 
= (а х) 


Непсе = фт 
2, ас, 7,(20,) 





22.44 а oe pay = 0 XL) 
x Ty ху 


which occurs in certain problems of iectrical engineering. This is equation (1) of $16.10 with n = 0 and А? = — i, 
so that its particular solution is 
y = (kx) = J i x] = Ј (1З x) 
Replacing г"? x in the series for J (x) [816.8], we get 


ix? іх" 9 258. 


= l- —+— -r + 7 
У 9? "ay (3)?99 (41? 9? 


| 4 8 2 6 10 
-11--5-28-т-2-5-03-106(Ч| 4+ + = + SS SS Ss —— (2) 
| 22.42 9° .42.6?: 8? | E 35.47.95 ^ 2.42.6". 87-10" 
which is complex for x real. The series in the above brackets are taken to define Bessel-real (or ber) and Bessel- 
imaginary (or bei) functions. 


= ám 
Thu beres TkT (itm. sn, (8) 
us er x 2, ) 2242.62 am 
and bei y cp" вай (4) 
| Беїх-- -1----2-----гд .4(4) 
2, 2*.4?.6?. (4m - 2)? 
so that у = ber x + i bei х is a solution of (1). 


Tables + giving numerical values of ber x and bei x are also available. 


i p 1 h f x | 2" TA | 1 4 J ü 4 » 
1 н fg й » ^. 5, Тэ? й г. PF». . ^ P" 
TC. zæ gw f -s dest. Ей IN get kd È ? - 
Ч = |! ї “a PU эн Е i i | = SU Л ы E. 
| A Ft 4. ү ABE TT й 


la ё Ё 

i - v T. 4 

Е Ёл - № a ^ 1 d t E ur d. au Ч 

Р у L AX = "ЇЇ Pi г ыў Fo EN — = Т f) Ї ! 
Y M ыг a he ren хүс Е 15. гүйн! | eget Sa ^ 

Үү. ЭХ SE E dup 3 Е £d» "wt DO t eum Y 
! | Ld Т F ЕД 
аач 51 " PES i vri 2-8. i Р) ә A 


Po 





mx 
Solution. We have x ber'x = x (-1" SS = ay 
>, 2? .4*.6?.. (4m) 
2 4m 
= 9 Lij".——.—————s——--Lzbexd& 
2, 2*.4*.6?. (4m — 2 4m k 
le РА 
ог p ber’ x) =—x bei x 
Again [^ x ber x dx x" у (< iy^ хэт»? 
ga | ber = vm ya FF 
4 2 ж 22.43. 8. (Ат (Ат +2) 
— т Р хийн ВЕ, а | 1) = x ber. 
=- "= SS oe et or Jj-(xbei'x)-x ber x. 


E 0 9*.4*.6?..(Am — 4) (4m — 2) 





| PROBLEMS 16.4 | 





Obtain the solutions of the following differential equations in terms of Bessel functions : 





Р У.(1-4Д»- Y «(i-i 
E X EE 5 9:2/7 0. 20 
3. xy" + уу = 0. (УГО, 2010) 4. Чә + чх 20: 
B. ху" +y = 0. 
6. Show that (i) 3, (x) is a solution of the equation xy" + (1 — 2n) y' + xy = 0. (УТ, 2001) 


(ii) x "J (x) is a solution of the equation ху” + (1 + 2n)y' + xy = 0; 
7. Show that under the transformation y = и/ /х, Bessel equation becomes 





ura 1t- + E: an’) Ju = 0. Hence find the solution of this equation. 
8. By the use of substitution y = w Jy; show that the solution of the equation х! zs *x d +(x x ty = 0 can be 


in x COS X 


written in the form y = a Мете" 


Show that Ї х(Бєг x + ber x) dx = plber p Бай p —bei p ber*p). 
10. На, oy, ..., &, are the positive roots of J (x) = 0, prove that 


Б 


х= 29 НИИ (ex, x). 
nel G4) 


11. Expand fix) = х in the interval 0 < x < 3 in terms of functions d (0x) where œ are determined Бу./,(30) = 0. 





16.13 LEGENDRE’S EQUATION* 


Another differential equation of importance in Applied Mathematics, "к їп тит value 
problems for spheres, is Legendre's equation, 


r 
(1 —x*) ems 2x зол n(n+1)y=0 td) 
Here л is areal number. But in most applications only integral values of n are required. 
Substituting у=ах" + a,x™*) + agx™** +... (a, #0), 


(1) takes the form 
а (тут — l? + a (т + Ютх" +... + la, “(тэгж 2m +r +1) 
(т + rXm +r + 1) - nin + Dia jx" +7 +... = 0 
Equating to zero the coefficient of the lowest power of x, Le., of x" - ?, we get 
aym(m — 1) = 0, т = 0,1 [^ а„#0] 
Equating to zero the coefficients of x" - 1 and x" *", we get а (т + 1)m = 0 om 
a.o(m+r+2im+r+1)-(m+r\m+r+1)-ni(n + 1)a, = 0 ...(3) 
When т = 0, (2) is satisfied and therefore, a, + 0. Then (3) gives, taking r = 0, 1, 2, ... in turn, 
a, =- mnt), d, = — (n - Pd 
= (n — 2Xn- 3) n(n — 2Xn- lXn-3 
z(n-24n39), | nin-2kn«Yns9), 
(n —3Xn4 4) (n — 1n — 3Xn + 2Yn + 4) 
gue MENS Л” ыЫОО П ONE 
Hence for т = 0, there are two independent solutions of (1) : 
уул ад h ИП уа рп Ёл DR) ea _ - ..(4) 


а = 


*See footnote р. 498. 





Yo =a, s oats +e d. з — | ‚ (5) 
When m = 1, (2) shows that a, = 0. Therefore, (3) gives 
а, = а. = а; =... = 0 
_ (0-1Хл-2) 
and ü, =- ES a 
_ п-Зт- + Aie ад, etc. 


Thus for т = 1, we get the solution (5) again. Hence у = у, + у, is the general solution of (1). 

If n is a positive even integer, the series (4) terminates at the term in x" and y, becomes a polynomial. 
Similarly if n is an odd integer, (5) becomes a polynomial of degree n. Thus, whenever n is a positive integer, the 
general solution of (1) consists of a polynomial solution and an infinite series solution. 

These polynomial solutions, with a, or a, so chosen that the value of the polynomial is 1 for x = 1, are 
called Legendre polynomials of order n and are denoted by P,(x). The infinite series solution with (a, Or d, 
properly chosen) is called Legendre functton of the second kind and is denoted by © (x). (V.T.U., " 2006) 





1) RODRIGUE'S FORMULA* 








ү: ! T | 1 а" 2 aH | 
We shall prove that Р (х) = -(x' —1) 4113 
т | о" dx" 
Let v = (х? — 1)". Then v, = c = 2nx(x^ -1)^! 
Le., (1—x*)v, + 2nxv = 0 (9) 


Differentiating (2), (п + 1) times by Leibnitz's theorem 
(1—x*), „+ (n + IX- 2x)0, + jn + 1)n(— 2)ш„ + 2n[xv, , , + (n+ lu, = 0 
а? (Up ) dí(v, ) 


or (1-x?) i -2х € ——— + n(n + 1v, =0 


which is Legendre's equation and cv, is its solution. Also its finite series solution is Р (x). 





P (x) = cv, = с (д? -1y ...(3) P, (x) 
dx 


To determine the constant c, put x = 1in (3). Then 


_ g^ | 
lze 
р L 


= сіл | (x 1)"] 
+ terms containing (x — 1) and its powers], . , 
=е. п ! 2) Le é= Lin] 2". 
Substituting this value of с in (3), we get (1), which is 
known as the Rodrigue's formula. 
(V.T.U., 2008 ; Bhopal, 2007 ; U.P.T.U., 2004) 








ll roots of P, (x) = 0 are аорыст ава 
A me 15 f (Madras, 2008 5) 
(23) Legendre polynomiits. Using (1) we get 
P(x) = 1, Барын, 


Fig. 16.2. Legendre polynomials. 


Рух) = (82-1), Ру) = = (5x - 89), 


* Named after the French mathematician and economist Ofinde Rodrigue (1794-1851). 





P(x) = Š (35x! — 30x? + 3), Ро) = 8. (6815 — ТОх + 15x), ete (V.T-U., 2009) 


N | 
— - 1Y (2n —2r)! 
In general, we have Р (х) = у тр; = sliced) 


ТЯ ..(4) 


where N = sn or zm — 1) according as n is even or odd. 
Let us derive (4) from (1). 


an 2r 


n! 
By Binomial theorem, (x? — 1)" = У "C(x?" (- 1Y = 2, {- er 


r=0 


a 456m quo GY (Qn-2r)!  , 
n!2" а 071(7:--2)! ах" 2" rlín—-r)!(n- 2r)! 


r=0 


л by (1), Р, = 


This is same as (4), and the last term (г = №) is such that the power of x (i.e., n — 2r) for this term is either 





0 or 1. 
! : : 35 15. 3 8 6. 3 
Solution. 5 Px) = Srt og б реа тё 
ince. St сда ГИЙГ 


a : | 
СЯр Ps) бз? -x| + 3x7 — x? + 55-2 








SL +5x- Tm E "2 Geri x? == BG s 
8 3 2 73 
ең во)+3|2 Вод + Ža- JE Р(х) + JE — E 
8 6 34 224 са ос 
ap AO t ae А9 gir ug ES x= Р(х), 1 = Р(х) 
ы = = Py) - = Py) + ghe 224 рид 
an 5 105 
| Хай: x Ч 1 ar А i at | fera; * Хог j^ | 
- AA NI, Dn Д ee iy Е 19 UN Ї 2995 US gt 
—— ЗОЧИН See х. Ж wd. 
Solution. Using Rodrigue's formula : Р(х) = ————— (x? — 1)’, 
| 2" n! ах" 


1 "(x* —1)" 
| paye 227, dx ишге Бураны 


1 mE: 
| ,/ Р, de = = 37 


_ € 1 х еа уе O pu ep 
ы f E | free “иг 98 


-1 
--02-1у ах 








ыг (- 1)? 1 ю а"? x? ae ee aT o ce Е 
"aul f"(x) — — (x* — Птах [Again integrating by parts] 
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= cy. f f^(x) (x? — 1)" dx [Integrating by parts (n — 2) times] 
I 4-1 


2343 ol 
Е с: 1 | JO aa 4 цан 
а "Hl =~ 








2851 Їл (x) (1 — х?)" dx 


| GENERATING FUNCTION FOR Р, (x: 





41 = | 
To show that (1— 2xt +t”) 2 = > t" P, (x). 








n -u 
А 13 135 
ON [2292.92 
- 2 — € | 
Since (1 2) 1--2-4 51 + ^T 23 + 
_ 2! 41 5 6|! , 
ль --——- tays” 
1 
- ! 
[1 — &(2x — 0)] P214 8 Ках —t)+—4! rax 02+ 
ay 2 (21? 24 
(2n — 2r)! (2n)! | | 
pa ЭЛ БҮХ odi I ee a ms c MC s PE eu (1) 
ln Hg (n! 257 


The term in t" from the term containing № ~" (2х — t)" ^" 


= (ап — 2r): | poro ty (any? 
In — r)f 229-2 
-__@л-2)! 4 (n-nD! (ум (gyn-x- . (CD (270-20! м.» 
(0-2! 25-27  r!(n-2r)! 2" r lin - r)!(n - 2r)! 
Collecting all terms in t" which will occur in the term containing # (2x — t)" and the preceding terms, we 
see that terms in t". 
N 


zs! r _ ©, ! 
ў ED- aa, mop cee 
Ай ritn—r}ita—2r)! 


where N = 5 пог 5 (п — 1) according ав n is even or odd. 


Hence (1) may be written as [1 — {2х — t)]- 1 = >: P (x) t" (2) 
п = 0 
(Kerala M.E., 2005 ; U.P.T.U., 2005) 
This shows that P, (x) is the coefficient of г" in the expansion of (1 — 2xt + 1?) 1, That is why, it is known 
as the generating function of Legendre polynomials. 


Cor. 1. P (1) = 1. (V. T.U., 2003 S ; Delhi, 2002) 
Taking x = 1 in (2), we have (1 — 21 + (?) = > P,O) t” 
n-Ü 
Le., > ьа” =(1=tr =1+Ё#+4+#5+..+ї"°+... 
п=0 
Equating coefficients of t^, we get P (1) = 1. 
Cor. 2. P. (- 1) =(- 1Y. (B.P.T.U., 2005 8: V.T.U., 2003) 


Taking x -— 1 in (2), we have 


Y 5c Di"z(1«tx!z1-t«1*—..(—1» t4 
n=O 
Equating coefficients of t", we get the desired result. 





566 


1IxGx5.ín-]l) 
Эх4хбх...п 
0, when nis odd 


Cor. 3. P,(0) = -p , when n is even (V.T.U., 2005) 


Putting x = 0 in (2), we get У Р,(0) t^ = (1 + (2) 12 





nat 
Ls 1.8. —1-3-5-- (2r). 
-4-cb + t* ... + (— 1y ——————— t* + 
2 2.4 2.4-6--.92r 
Equating coefficient of 22”, we get Р, (0) = (— 1)" 1:3:5--:(2m - 1) 
2.4.6..-2т 


Similarly ar coefficients of t?" * 1, we have Р, , (0) = 0. 
Cor. 4. P (1) = =n (n + 1) (U.P.T.U. 2003) 
Since P, (x) 15 a solution of Legendre's eduation, (1— x*) P^ (x) - 2хР’ (x) + nin + 1) P, (х) 20 


Putting x = 1, — 2P^ (1) + n (п + 1) P, (1) = 0 or P; (1) = 5 n (n +1) | P, (1) 2 1] 





КЖС RECURRENCE FORMULAE FOR Р(х) 


The following recurrence formulae can be easily derived from the generating function for P (х): 
О) (n+ DP, (х) = е + 1)хР (х) -пР, Ax) (2) пР (х) = ee) a 1 ®) 


п +1 
(3) (Zn + DP (х) =F (x) Р" (x) (4) Р (x) = xP” _ (x) +пР. (x). 
(5) (1 — x*)P. (х) = з _ Кх)—-хР_ (х). 
Proofs. (1) We know that (1 – 2xt + t?) V? = У P, (a)t" ai) 
нэ 


Differentiating partially w.r.t. t, we get 
1 ; — 
— g d-9x + V”? (-2x + 20) = EnP (x) n7" 


or (x —t) (1 — 2xt + t?) 1? = (1 — 2xt + t?) EnP (x) (n 71 
or (x — t) EP, (x) t" = (1 — 2xt + t?) ХлР (x) t^ 7! 
Equating coefficients of o from both sides, we get 
xP, (x) - P,. (x) = (n 1) P, , ,G) - ZnxP,(x) + (n- 1) P, . ,(x) 


n+l 
whence follows the required result. (S. V. T. U., 2007 ; V.T.U., 2003) 
(2) Differentiating (1) partially w.r.t. х, 
- 1 (1— 25 + 17у 99 (20) = ЕР, (ОР 
i.e., КТ Str + P = ЇР, (x) г KU) 
Again differentiating (1) partially w.r.t. t, we have 
(x t) (1— 21x + t*) = InP (х) - 1 (Ши) 
"mc х-1 EXnP,G)t" 7! 
Dividing (iii) by (її), we get — = ——~_ 
t EP "(а)" 
г.е., EnP (x) t” = (x — t) ХР, (x) t" 
Equating coefficients of t^ from both sides, we get (2). (J.N.T.U., 2006 ; U.P.T.U., 2006) 
(3) Differentiating (1) w.r.t. x, we get 
(п + ПР» | (x) = (Zn + 1)P (x) + (2n + 05Р, (x) -nP, _ (x) (Ev) 


Substituting for xP’ (х) from (2) in (iv), we obtain 
(n 1)P.,G- i 41) Р, мө + (2п + 1) mP (х) & P, ,G)] - nP, ,(x) 
or (Zn + D P (х) = (x) – (x) (Madras, 2006) 


P. А 





(4) Rewriting (iv) ав 
(1-1) Р, (x) = (2n + 1) P(x) + (n + 1) ХР (х) + nlxP,'G) -P (х) 
= (2n + 1) P (х) + (n + 1) xP,'(x) + n2P. (x) [by (2)] 
= (п + 1)xP*(x) + (п? + 2n + ПР, (x) 
or P.. 1%) = ХР (х)-(1-1) Р (х) 
Replacing n by (n — 1), we get (4). 
(5) Rewriting (2) and (4) as 
xP,'(x)— P, _ (х) = nP (х) I) 
and р -ХР,. (х) = ҺР, x) Ud) 
Multiplying (v) by x and substracting from (vi), we get 
(1- 274 (х) = Р, -100 -xP (x)]. 


| ^ 









ги ых iE z ^ = Бус: > rove | g^ й ! 8, ЁС 1) (1 : Е х З 
Sedition: We have the recurrence formula 


(п+ 1) Р. (х) = (28 +1) хР, (x)-nP,_,@) 


ог (п+1+л)хР, (x) =(п+1)Р, (х) +пР, _ү(х) 
ог (п+ 1) (Р, (х) - P, , (33 = n IP, _, (x)—xP, (х) 
= (1 — x2) P, (x) [> (1-а) Р(х) = п |Р, | ,(x) - xP, (x)] i) 
_ we M". 
or x Gu B, uia сн... i) 
n+1 
P — xd Рр. 
Also from (1) xP, (x) P, _ |х) – LAM UL) 
ERE 7 ДЭЭЭ. ", 
From (ii) and (iii), E. que E EIE р уь СТЕН 
п n n п + 1 
or n(n*1)P, ,(x) -(п+1) (1-х?) Р (х) =п(п+1)Р, , (х) + п (1-х) P; (х) 
or (2n + 1) (1- x°) Ру (х) = n (n + 1) [P 09-Р, (х) 





1) ORTHOGONALITY OF LEGENDRE POLYNOMIALS 


; Ü, msn 
We shall prove that, | Р(х) Б,(х)4х-| 2 = 
МЕ ——, т=п 
2041 
We know that the solutions of 
(1-хРи”-Э2хи + тт + 1)u 20 сай 
and (1 —x*)v" - 2xv' + n(n + 1) о = 0 (2) 


аге P, (x) and Р (x) respectively. 
Multiplying (1) by v and (2) by u and subtracting, we get 
(1 - x*) (u"v — uv”) — 2x(u'v — uv’) + [mim + 1) - n(n + luv = 0 


or <- ((1 х2) (uv — uv')) + (m — n) (m 4 n + 1) uv = 0. 
Now integrating from — 1 to 1, we get 


| 1 | er Л 
(m —n) (m * n + 1) | dx -|a-s ) (uv' – ит) , = 0. 


Непсе | Ppa) Р(х)ах=0. (men) 448) 


This is known as the orthogonality property of Legendre polynomials. 
(5.У.Т.0., 2008 ; Madras, 2006 ; V.T.U., 2006) 





When m = n, we have from Rodrigue's formula, 
(n 1 2^ NI ii | Da? -1y D'(3? -1)"dx [Integrate by parts] 





= | ^o? -av DY? -а |, - | D^?! ой эр 7162-1» d 
Since D" - х? — 1)' has x? — 1 as a factor, the first term on the right vanishes for x = + 1. Thus 
(n 1 2")2 [| Pæ dx =- [| к< (х2 —1y . D^ - ! (x2 — 1)" dx 
[Integrate by parts (n — 1) times] 
= (- 1* [s (x? — 1)". (x* – 1)" dx = (- 1)" | п): 6? - 1r ах 


z 2(2n)! fa-2r dx [Put x = sin 6] 


21(2п-2)--4-2 
(2п + 1) (2п –1).-:2.1 


= 2(2n) ! [2n(2n — 2)... 4.28 (2л + 1) 1 = 2 (2n 12 
2п +1 


= 2(2n) ! ЇГ сойлт do = 2(2n)! 


Hence | : P?(x)dx = 2/(2n + 1). (4) (Bhopal, 2008 ; V.T.U., 2007 ; J.N.T.U., 2006) 
(2) Fourier-Legendre expansion of f(x). If f(x) be a function defined from x = — 1 tox = 1, we can write 
Го) = Y c, P, (х) (5) 

aad 


To determine the coefficient с, , multiply both sides by P, (х) and integrate from — 1 to 1. Then (3) and (4) give 
РЯ . | CN 235 | Өү. ЖШ 
[лер = е, |Р а= RI or c= (nt) сордог 


Equation (5) is known ав Fourier-Legendre expansion of (х). 









Solution. The recurrence formula (1) can be written as 
(2n + xP, =(n+1)P,,,+nP,_, 


or (2n — 1) xP 


п =1 


-nP,*(n-DP, , [Changing n to n — 1] 


1 : [nP? + (n — 1) РР; 


Multiplying by P,, we get xP,P, ,- E 





Integrating both sides w.r.t. x from x 2 — 1 to x =1, we get 


f seien LI f Bent RR 


Эл — 











n | 2 р ^ —l (0), by Orthogonal property 


р 2n —1 


2n *1) 2n-1 








Solution. Integrating by parts, 
Га- х?) р, (x) Р, дах = | 1-хЭР, 09-Р, ES UH —_{а- x?) Pf, (ХУР, 


-- Г P, [0 - x?) P, (x) - 2x Ру, (x)} dx Ai) 
Now Р, (x) being a solution of Legendre’s equation 


оу ЧУ 


а?у 
(1 — х?) zr + m (т + 1) y = 0, we have 


^ AR (x) =—m (m + 1) P,, (x) 
Substituting this in (7), we get 


f (14-39 Р, (x) P, (х) dx = — Г „Р, (em (m+ ОР, (x) ах 
=т(т+ 0) [ р, (x) P, (дах NT 
When mn, | Р, (2) P, (x) dx = 0, by orthogonality property. 
f. (1-9 Р, (x) Р! (x) dx = m(m+1).0=0 [from (ii)] 


When m = л, |, P, (x) Р, (х) dx = A , by orthogonality property. 


_ 2n (n +1) 


TERN.) PA tel) dy = ni | (2 ,2nn*1 
(0-2) Ferien n. 2-5) 





Solution. We have from the recurrence relation (1), 
(2n + 1)x P, — yp * PLA 








xP, 17 — “баа, + (п – БОР. - gl 
and T NM Еэ ln +2) P, , + (n + ЮРДР 
ХОР: ОР {п(п + 2) P,P, „+ nin + DP,? 


2-1 ei ecc 


*(n-1)n*2)P, „Р, +(п2- DP,P, ,| 
Integrating both sides from — 1 to 1 and using orthogonality of Legendre polynomials, we get 
( 2 nin + 1) 1 niu 2n (n +1) 
f. xa Ea de (2n — 1) (Zn + 3) 1-1 © = (2n — 1) (2n + 1) (2n + 3). 





Solution. Let f= У c,P,(x) 


п-0 


“570 | 





Then с, is given Бус, = (n + ij f. f(x) B, (x) dx 


х (n Г, О.Р, (х) dx + f «PG de |=(n +3) [ х P (х) dx 


























%= [| Aodez | хах-2 
3 | З ә 1 
а= 5 | xP (x) dx == dx =5 
1 
Бр. -5 Зх? —1 5| 3х* х | 5 
= | HFA )4х=с | 2 -4| 4 2 , 16 
а= | АР) ах = , DX -9x ,. 7| а | 20 
37 3 “ЛЭ = > "3| = 
2 2 9 4| 5 8 |, 
9 f! 9t! 35x'-30x^43 
WES == MM cM И 
с, =, «Р,(х) de =5 | x : 
11 
g x? x x* | Жо 
= 2. |352. af" +3^ | =- | and soon. 
$ |с 3571 +35 39 
a: | Lowry. on 3 | 
Hence f(x) = = Pot) + 5 Ри) + 16/20 - 45 (00) 4... 
PROBLEMS 16.5 
1, Show that P (— x) =(— LP, (x). (Bhopal, 2008; V.T.U., 2003 S) 
2. Prove that (i) Р, (0) & 0. (ii) P5, ,, (0) = rem ei (iii) PX 1-1) = (= 1)" d (S. V.T:U., 2008) 
Yt | | 
3. Express the following in terms of Legendre polynomials :(1) Бх? 4 x 
(a)x*-2x?—x—3, (Osmania, 2003) (iii) 4x? + 6x? + 7x 4 2. (8, V.7: U., 2008) 
(iv) x4 + 8х3-хХ245х-2 (Bhopal, 2008 ; Madras, 2006) 
4. Prove that (i) (1 — x?) P," (x) =(n + 1) (ЕР, (х) Р, ү (21, 
(it) P x) = P.L.)  2xP, GO € P^, Ge), Gu) Р,0)Р, gol) = cu г Рх) (Anne, 2005 5) 


1 : 1 
. Prove that (i) ү? (РСР dx = =. СРТ, У, 2002) Gi) | Р(х) dx =0, 


ah” 
2n 4l ` 





| 1 | 
6. Prove that | P(x - 2hx 4*1? dx = 


" c | 
E ср. enam) 
Show that [ (1-х Y P, (ar die ont p i 
8, Using Rodrigue's formula, show that P (x) satisfies the differential equation 
di. di 
РР, «nn e ПР, 050, 


" 


(LP. T.U., 2006 ; Kerala M.E., 2005) 


Expand the following functions in terms of Legendre polynomials in the interval - 1 <x < 1: 
(ПА = + 252-х-3 (УТА, 2008) — (i) fix) хаф к -х-3. 
10. If fix) = 0, -1«х«0 


=i O<x <1, show that f (x) = 4 Po) + $p,G)- БР +... 





EISE OTHER SPECIAL FUNCTIONS 


The following special functions occur in numerous engineering problems. We state below their 
important properties which can be verified by similar methods : 
(1) Laguerre's polynomials*. These are the solutions of Laguerre's differential equation 
xy" + (1—x)y' + ny = 0 ‚..(1) 
These polynomials Г, (х), are given by the corresponding Rodrigue's formula 


L (x) = ex Ч” (xne) (2) 
dx" 


In particular, L(x) = 1; Lí(x) = 1 - x, L(x) = 2 4х + x^ ; L(x) = 6 — 18x 9x? — x”, (Madras, 2006) 
Their generating function 18 given by 
g*r- 1) = Г. (2) үл 





E mc UI) 
nz 
The orthogonal property for these polynomials is 
[Ге Lc LG dui, t nt^ AA) 
0 " T mD, т=п 


(2) Hermite's polynomialst. These are the solutions of Hermite’s differential equation 
y" — 2xy' + 2лу = 0 ...(5) 
These polynomials Н (x), are given by the Rodrigue's formula 
| 2 q^ — à 
Н (x) = (- 1)" g^ —-—(e*) (6) 
dx" 


In particular, H,(x) = 1; Н, (x) = 2х; H,(x) = 4x* - 2 ; H,(x) = 8x? — 12x. (Madras, 2006) 
Their generating function is given lir 


"Ox ac aq ..(7) (Madras, 2002 S) 
n=0 


The orthogonal property of these polynomials is 


[ 67 но) H, (2) dx = ү nk men 
.4(8) 
(3) Chebyshev polynomials**. These polynomials 
denoted by T, (x), are the solutions of the differential 
equation 
— x*y" — xy' + n*y = 0 (9) 
Their generating function 1s 
_i-xt . xt “(10 
1- 2xt + È nar ы 


п= 0 


and T (x)= П » ir T WT (8632-2 11) 
== 





(J.N.T.U., 2006) 


where N = ^ ‚ifn is even and № = zn — 1), if n is odd. Fig. 16.3. Graphs of Talx), T,(x), Talx), Talx). 


* Named after the French mathematician Edmond Laguerre (1834—86) who is known for his work in infinite series and 
t See footnote p. 68, 

** Named after the Russian mathematician Pafnuti Chebyshev (1821-1894) who is known for his work in the theory of 
numbers and approximation theory. 


=) 
д = А 4 
la — 


In particular, Тох) = 1, — № — 1, AM aii - 3x. Also, we have the recurrence relation 





Ти: их) = 2х T(x) Т, 4x) (12) (Bhopal, 2002) 
which defines T, "гүй terms of T, and T, ,. 
Their orthogonal property 18 
0, т#л 
f. ау Т, GT, (х) dx = = m-n .4413) 
п т=п= 0 





бшшш. Sinicé L mx) and Г, "m are the абнова of the cae s differential equation а. 


5 xL^ + (1-х). + тг KU) 
кї” + (1— x)L; + nb. = 20 i) 


Multiplying (1) by L, and (11) br. and subtracting; we get 
ХІ, 1 — 1,5) a. ч, as -LQ4L,)2(in—-m)L,L, 





| — ! 1) Г.Г, 
or LL, it, py — (LL, - EE Bee 
This is Leibnitz’s linear equation and ia 
ш 096 Lgs ru 





хе" | = === in - mL, b, хє" dx 


or IN e" L. L, dx = 





=| = 0 which proves the result. 





1 5 | aug сорж: ай 
Solution. The generating function for Н (х) is An = e? : e 6 = >, Н, (х) E 
n=0 
Then 2 (e 3 ] = H,(x) m 
at" t=0 
Also: E Caine | =e" РА “ама | 
мэн d «0 dt t=0 


[erm -(- жи - zur i) 
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4. Prove that (i) H,’(x)=2n H,_,(x) Gi) тв, &й= СИН, „тт 

Б. Using the generating function (т) page 515, obtain the recurrence formula 2хН (x) зан, (+H, py eh 

в. Prove that (i) [^ е Hylx)Ha(z)=0, (0) е IH = sn. 1117-2721 (Madras, 2003) 

7. Express x? in terms of Chebyshev, polynomials T per T. 7 (U.P.T.U., 2009). 
8. Show that (i) Т; = 163 — 2039 + x, 100 Г Tr NE (Bhopal, 2002) 
— G0 =297,’ = -nT, _ү)— nT, о). | $ | (Osmania, 2003) 
8. ме өл ХЭ, =! "n +: У Т, (5) 7) CAT. (4 .N.T.U., 2006) 
" 1- 2м +0" + n=l , Га ceed 





TCH (1) STRUM*-LIOUVILLEt PROBLEM 














Legendre's equation (1—x*)"— 2xy' + п (п + 1) у= 0 welt) 
can be written as, [(1 —x*)y']' + Ay = 0 [X = піп + 1)] 
9 
Bessel's equation X* 23 +X £ + (X? — п?уу = 0 can be transformed by putting X = kx (so that 
dx 
dy dy dx y' d'y | Y" tothe forn 
d wi dX = вуза to the form 


x?y" + xy’ + (А?х? - n?) y = 0 


or (xy" + у”) + (Ax — n?/x) y = 0 [А = Ё?] 

ог (хуу + (Ax — п/к) y =0 m 
Both the equations (1) and (it) are of the form 

[г (x) yT + [Ap (x) + qiy = 0 D 


which is known as the Strum-Liouville equation. Similarly Laguerre's, Hermite's equations etc. can also be 
reduced to (1). Thus all the above equations of engineering utility can be considered with a common approach by 
means of Strum-Liouville's equation. 

Eqution (1) considered on some interval a € x € b, satisfying the conditions 

оу (a) + ayy’ (a) = 0, Byy (6) + Bay’ (5) = 0 .448) 
with the real constants : Œ}, @, not both zero and p,, В, not both zero. The conditions (2) at the end points are 
called boundary condtions. 

А differential equation together with the boundary conditions, is called a boundary value problem. 
Equation (1) together with boundary conditions (2) is called a Strum-Liouville problem. 

Obviously y = 0 is a solution of the problem for any value of the parameter A which is a trivial solution and 
as such is of no practical utility. Any other solution of (1) satisfying (2) is called an eigen function of the problem 
and the corresponding value of A is called an eign value of the problem. 

A special case. Taking r = p = 1 and g = 0 in (1), we get 


Pedy <0 ...(3) 
Also Шо, = В, = 1 and œ = В, = 0, then the boundary conditions (2) become 
у(а) = 0, y(b)-0 .44) 


Thus (3) and (4) constitute the simplest form of Strum-Liouville problem. 
(2) Orthogonality. Of the various properties of eigen functions of Strum-Liouville problem the orthogo- 
nality is of special importance. 


* Named after the Swiss mathematician J.C. F. Strum (1803-1855) who later became Poisson's successor at Sorbonne uni- 
versity, Paris. 

f Named after the French professor Joseph Liouville (1809-1882) who is known for his important contributions to complex 
analysis, special functions, number theory and differential geometry. 





574 “8 | -— | 


Def. Two functions y,, (x) and y, (x) defined on some interval a € x € b, are said to be orthogonal on this 
interval w.r.t. the weight function p(x) » 0, if 


«h 
| р(х) y, (x)y, (x) dx = 0 form s n. 


h 
The norm of y „denoted by | | y,, | |, is defined to be the non-negative square root of | p(x) Ly,, GF dx. 
Thus 





b тт 
[PO by, ax 


The functions which are orthogonal on a € x € b and have norm equal to 1, are called orthonormal on this 
interval. 
(3) Orthogonality of eigen functions. 
Theorem. If (i) the functions р, q, rand г in the Strum-Liouville equation (1) be continuous ina €x € b ; 
(ii) у, (х), у, (x) be two eigen functions of the Strum-Liouville problem corresponding to eigen values А. and 
А. respectively ; 
then у, (x) and y, (х) (т # n) are orthogonal on that interval w.r.t. the wetght function р(х). 
Proof, Since у, and y, satisfy (1) above 
(ry Y + (Мыр +д)у„=0 
(ry Y + (Ар +@)у„=0 
Multiplying the first equation by y, and the second by – у, and adding, we get 
(A, А) PY m Yn = УУ) — Y, UY.) 


ЛЕЕ 


= S (ry) Ym — y^, y], after differentiation. 
Now integrating both sides w.r.t. x from a to b, we obtain 


b | 
hn 7M) | руһу, dx = суд», — 05,5, 1, 


= r(b) [y’, (b) у, (b) -Yn (b) y, (b)] - Ка) Ly’, (a) у, (a) — у", (а) y,(a)] ..ДА) 
The В.Н.5. will vanish if the boundary conditions are of one of the following forms : 
І. y(a) = y(b) -0,П.у(а)-у(5) = 0; Ш. о,у(а) + суа) = 0, B,y(b) + B5y'(b) = 0 where either с, and a, is 
not zero and either D, or B, is not zero. 


b 
Thus in each case (А) reduces to | РУ,У, dx =0 (men) 
il 
which shows that the eigen functions у, and y, are orthogonal опа <x < b w.r.t. the weight function p(x) = 0. 


hird form of the boundary conditions in fact contains the first two form 
Cor. 1. Orthogonality of Legendre polynomials has already been established directly in 8 16.17. But if follows at 
once from the above theorem. 
We have already seen in para (1) that Legendre’s equation is Strum-Liouville equation 
(1-х5Эу1 + Ay 20 [A=n(n + 1)] 
with r(x) = 1 х2, p (x) = 1 and q(x) = 0. 
Since y(—1)=y(1) = О and for n = 0, 1, 2, ..., А = 0, 1.2, 2.3, ..., the Legendre polynomials are the solutions of the 
problem i.e., these are the eigen functions. Thus it follows by the above theorem, that they are orthogonal on — 1 € x < 1. 
Cor, 2, Orthogonality of Bessel functions has also been established directly in § 16.11. But it can easily be seen 
to follow from the above theorem. 
In para (1), we transformed the Bessel's equation 
44 44 
Xx? 2 +X Te 
into [2./° (kx)]' + (2х — n?/x) d (kx) = 0 which is Strum-Liouville equation with r(x) =x, р(х) =x, g(x) =—n*/x and А = #2. Since 
r(0) = 0, it follows from the above theorem that those solutions of J (£x) which are zero at x = 0 form an orthogonal set on 
0<х=< А with weight function р(х) = х. 














+ (X — n?) J (x) = 0 


SERIES SOLUTION oF DIFFERENTIAL EGUATIONS AND SPECIAL Functions 
Example 16,26. For the Strum-Liouville problem y" + Ху = 0, y(0) = 0, уй) = 0, find the eigen functions 
und show that they are orthogonal. 


Solution. For А = — ү, the general solution of the equation is у(х) = сте" + се” 

The above boundary conditions give c, = с, = 0 and y = 0 which is not an eigen function. 

For X = ү, the general solution is у(х) = А cos yx + В sin yx 

The first boundary condition gives у(0) = А = 0 and the second boundary condition gives у(1) = В sin ү = 0, 
Y 7 0, x wl, + 2лЛ, ... Thus the eigen values are A = 0, л2/°, 472/72, ... and taking B = 1, the corresponding eigen 
functions are 

y, (x) = sin (nzx/I) m= 0,1, Ж, 
From the above theorem, it follows that the said eigen functions are orthogonal on the interval 0 € x < L. 


| Obs, This problem concerns an elastic string stretched between fixed points x = 0 and x =/ and allowed to vibrate. 
Here у(х) is the space function of the deflection u(x, £) of the string where ¢ is the time. (See $ 18.4). 


PROBLEMS 16.7 | 





Find the eigen functions of each of the following Strum-Liouville problems and verify their orthogonality : 
b клу ООН Oren) B. 2. y" Ay =0, y(0) 2:0, У =0. 
3. у" «Ay 2.0, y' (0) = 0, y (x) = 0. 4. y" Hay = 0, y(x) =y (т), уп) = y Сл). 
Б. (хуу + Ax!y 20, y (0 = 0, y (e) = 0. 

Transform each of the following equations to the Strum-Liouville equations indicating thé weight function : 
6.. Laguerre s equation.: xy" + (1 —x) y' + ny = 0. 7. Hermite's equation : y" — 2xy' + 2ny = 0. 


ЕСЕ OBJECTIVE ТУРЕ OF QUESTIONS 








_ PROBLEMS 16.8. 





Fill up the blanks or choose the correct answer tn the following problems : 


1. In terms of Legendre polynomials 2 — 3x + 4x? is ...... 
Lu 
Au iL 3. 1, Р(х) ах =........ 4. Р, La) = а 


в} | 
5. !! х" Р(х) dx! = 1: О being ай intéger <n) 


6. The recurrence relation connecting J, (х) to J, (х) and J, , ,(x) is. 
rthogonality relation for Bessel Е jut ти 





8. Besbel's equation of order zero is m.. Ё Bd sse 

10. 2560 u.s. I1. Value of Py (x) is л 

12. | - Р(х) Р(х) dx. =... 13. Р (—1)=(— 1)" (True or False) 
i 

14. Rodrigue's formula for Р, (x) is ........ ; 15. | XJ, (ox) 4, (Bx) de = 0, Т......... 
0 

16. Expansion of 5x? + x interms of Legendre polynomials is ......... 

17, Generating function of P, (x) is ......... 18.4 Maio es 

19, Bessel equation of order 4 ig x?y" + xy’ + (x? —4) y 2 0. (True.or False) 





20. £ (х5.7,(х!| =x (5). (True or False) 


21, Legendre's polynomial of first degree = x. 


(True or False! 


576 | 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


36. 


. 1а is a root of P, (x) = 0, then P, , , (a) and Р , (a) are of opposite 
. х=0 a regular singular point of 2x2y"  3xy^ + (x? — 4) y = 0. 

cos x = 24, — 2]. 24. — ...... | 

- If, and J, are Bessel functions, then JJ | x)is. given by 








(8-4, (b) I(x) Шу) efx + = ЛО. 


IFJ, (x) is the Bessel function of first kind, then | 4569-4660 da = 
(a) 2 (b)-2 (c) 0 (d) 1. 
Ш, үк) = 2 J, (x) —Jo(x), then n is 


(a) 0 (b) 2 ()-1 (d) none of these. 


3 5 7 

X x x 
——r ГЭЭС uà + шажэ ан со equals 
ray san San 


(a) «7, (х) (b) F(x) (с) xe аба) (d) х4 a). 


The series x — 


1 
If | _ P, de = 2, then л is 
(a) 0 (b)1 (c) -1 (d) none of these. 
1 | | 
The value of |. (2x +1)Ру(х) dx where Р(х) is the third degree Legendre polynomial, is 
(a) 1 (b)- 1 (с) 2 (d) 0. 


The value of the integral | x! Pa (x) dx, where Р. (х) is a Legendre polynomial of degree 3, is 





(a) 0 (5) 35 (c) 35. (4) 35 
The polynomial 2x? +x + Fin terms of Legendre polynomials is 


с) 1 (ар, + ВР, + ПР) (d) X ЧР, - ЗР. ЧАР, 
ГР. (x) be the Legendre polynomial, then P," (— x) is equal to 

(a) (— 1)" Р, (x) (b) (= 1)" Р, (х) (c) (— 19 *1 P. (х) (d) P." (x). 
Legendre polynomial P,(x) = 446315 — 70x? + 15x) where X is equal to | 

(a) 1/2 (b) 1/5 (c) 1/8 (d) 1/10. 


al | 
| , (or 2) P, б) de, (ла > 1), is equal to 


1 RE Et dise 
(а) 2n41 (b) ERU (c) 2n41 (4) 0. 


The singular points of the differential equation x(x — 1)y" + 2(x — jy’ + y — аге... 











(P.T.U., 2009) 





Partial Differential Equations 


ee = a 
Шр) = ч Жы Ри СК “ LES LA А а. Афр e. E Ч 





ERE INTRODUCTION 


The reader has, already been introduced to the notion of partial differential equations. Here, we shall 
begin by studying the ways in which partial differential equations are formed. Then we shall investigate the 
solutions of special types of partial differential equations of the first and higher orders. 

In what follows x and y will, usually be taken as the independent variables and z, the dependent variable 
so that z = f (x, у) and we shall employ the following notation : 


dg &_ е M 2 








| FORMATION OF PARTIAL DIFFERENTIAL EQUATIONS 


Unlike the case of ordinary differential equations which arise from the elimination of arbitrary constants; 
the partial differential equations can be formed either by the elimination of arbitrary constants or by the 
elimination of arbitrary functions from a relation involving three or more variables. The method is best 
illustrated ori the p = 





& 2x 1 iS p 

Е. Е am үл 

& а? = a^ хх х 

Ф 5 b уду y 

Substituting these values of l/a? and 1/b? in (i), we get 
22 =хр + уб 


as the desi: 





ed partial differential equation of the first order. 
577 





Solution. (a) We have == zx + y (2 — Ly» | | 
Differentiating z — with respect to x and y, 





p= (к +у)ф' ад - y?) . 2x + $ (x? — y*), 440) 
q- 2 (x + y) ф' (х? – y?) . (- 2у) + ф (x? — y?) ti) 

From (1), p = 2x (x + y) ф' (x? — y?) 

| T =: 2 4, , ВЕР. 

From (ii), а nm e 2y (x + y) 9 (x? - y?) 


Dg Po RO A. * 
q—z/(x- y) y 


ie., [р(х + y) - zly + Ig (x + у) – 2]х 
Lë., (x + у) (py + gx)-2(x +y)=0 
Hence py + qz = 2 is required equation. 
(5) We have z=f (x + at) + g(x — at) set) 
— z partially with respect to x and /, 
=f" (x + at) + g'(x —at), P -f^ ian халх - -at) (tt) 
(Zh t) — ag'(x 45, 22 7 dni t) * a* at) Ta [By (11) 
3 = of x at) — ag'(x — i d de ша (x + at) + а(х — - з By (ti 


42 2 
Thus the desired partial differential equation is E =a" = 
which is an equation of the second order and (1) is its solution. 
(c) Let x^ + у? = u and z ху = v so that f (u, v) = 0. 
Differentiating partially w.r.t. x and y, we have 








жк "иык жу” 
au ae de^) avlax de^ 
or ЭГ сэ) + T Cy *p)-0 X) 
and of 9u du g +o 90, ди -0 or © ove ео AL) 
ди | dy dz ди (ду аг ди ov^ ^ | 
Eliminating 2 and -- 3v from (1) and (ii), we get 
ax = р -0 or xq—-yp-x*-—y*. 
ду -х+9 





“Зойшош. The equation of the plane i in Gorma form’ is 
ix + ту + п=2 = а E) 
where /, т, n are the d.c.s of the normal from the origin to the plane. 


579 | 





Then 2+ m?4n%=1orn= (1-12 – т?) 
2. (i) becomes lx + my + /(1-2-т ) z=a (ii) 


Differentiating partially w.r.t. x, we get 

{+ J0- т?) ара 0 (ll) 
Differentiating partially w.r.t. y, we get 
41-4д-т)-4:-0 ...(iv) 
Now we have to eliminate l, т from (ii), (iii) and (iv). 


From (ii), l = — ya E - т?) .p and m = — Y ü-if-m*). 


Squaring and adding, {2 + m? = (1— I? — m?) (p? + q?) 





pi+q | — 1 6 


Or 12 -m?uep--g?9)-p*4g?orl-i/?7-m*-1- ———— 
(12 + m?) (1+ p? +42) 2 p? +9 18 py es 


Ч 


J + р? + q^) ya + р” + а: ) 


Substituting the values of /, т and 1 —/* — т? in (ii), we obtain 


—E ањ 
Ja +р +9) ya +p +9) 


or z= px + qy +a ,/(1+ p” + q^) which is the required partial differential equation. 


Also [== 








PROBLEMS 17.1 


‘From the partial differential equation (by eliminating the arbitrary constants from ; 








1. z=ax + by +a" + b? Jo 8, (x—aP -b + 2? = c. (Kottayam, 2005) 
3 @ ol 4-5) oz cotto, (Anna, 2009) Мей we es : J (АМТ. 2002 S) 
5. Find the differential equation of all spheres of fixed radius having their centres in the xy-plane. (Madras 2000 5). 
в. Find the differential equation of all spheres whose centres lie on the z-axis. | (Kerala, 2008) 
Form the partial differential equations (by eliminating the arbitrary functions) from : | 
7. 2-((52-у9) .(8У.ТА/,2008). 8. 2 = Р(х + у?) + чу (Anna, 
9. 2=5/@) +220). (VT, 2004) 10, 2 =x" fly) € у? g lx). (Алпа, 2003) 
11,5-21 (x) + £g (x). 12. хус- ф(х +y +z). ҮРҮ, 
13. z = (х) f. n). з 14. z=" ф(х – у). (РТО, 2002) 
15. 22354 Де £l у] (ТИ, 2010 ; М.Т. 2010: Madras, 2000). 
i | | 
16. 2-1/у4 2x) + fy – 30). (Kurukshetra, 2005) IT. v= =; itr — at) Fir+ at). 
18, 2 =xf (x wt) e f Ax +). 19. (хул 27, x € y +) =0, (V.T.U., 2006) 





20. Хаж 0, (S.V.T.U.,. 2007) 


21. Fus Го? + дуг, у? + 22x), prove that (y? — ты (2 ay) = 


SOLUTIONS OF A PARTIAL DIFFERENTIAL EQUATION 


It is clear from the above examples that a partial differential equation can result both from elimination of 
arbitrary constants and from the elimination of arbitrary functions. 

The solution f(x,y,z,a, 5) = 0 1) 
of a first order partial differential equation which contains two arbitrary constants is called a complete integral. 








A solution obtained from the complete integral by assigning particular values to the arbitrary constants is 


called a particular integral. 

If we put b = ф (a) in (1) and find the envelope of the family of surfaces f'[x, y, 2, ф(а)] = 0, then we get a 
solution containing an arbitrary function ф, which is called the general integral. 

The envelope of the family of surfaces (1), with parameters a and b, if it exists, is called a singular inte- 
gral. The singular integral differs from the particular integral in that it is not obtained from the complete 
integral by giving particular values to the constants. 





We now consider such partial differential equations which can be solved by direct integration. In place of 
the usual constants of integration, we must, however use "m functions of the ша held fixed. 


- " a 


E. 





Sr ERANA ЖУ zi (Л ЗА Af. an гр k eg (4 4 
P Tas Wc | Lu: y ox" "ay eain 2 е f y 14 xi r "n Үе 
хаанд. Integrating twice with кын бох Bale y fixed), 
95 угуз 1 вов (2x у) =f) 
дхду 
энэх -1 sin (2x — y) = xf (y) + (у). 


Now integrating with respect to y (keeping x fixed) 
г 4 xy? — - cos (2x —y) =x [Рау + | g(y)dy + w(x) 
The result may be simplified by writing 
[Рау = uly) ава | g(y)dy = v). 


I : : | Е 
Thus z = gs (2x – y) EY хи(у) + v(y) + w(x) where и, v, ш are arbitrary functions. 





Sclution: 123 were i dunction of x Лане, the solution would Бүл bees: z A sin x + В cos x, where and B 
are constants. Since z is a function of x and y, A and B can be arbitrary functions of y. Hence the solution of the 
given equation is z = f (y) sin x + ф(у) cos x 


88 = fly) cosx — gy) sin x 


22 
When x = 0; 2 =e’, г. е = ф (у). When x = 0, ж =1 л L= fy). 


Hence the desired solution is z = sin x + e" cos x. 





514 Ü К: E 
"PT | улс <= = sir ramy. for which — = sin v whe 
Ч! va ou а хоу T" м" "o 
Fr. po ca v 1 ‘ P > » "4: | 
д?г . шит, 
Solution. Given equation is —— Эду = sin ¥ sin y 


Integrating w.r.t. x, keeping y constant, we get 


= cos sin y + f (y) (i) 





Whenx=0, = 2 — 2 sin y, ~ —2sinys-sinysf(y) or fG)=—-siny 


2 (i) becomes — = — cos x sin y — sin y 


dy 
Now integrating w.r.t. y, keeping x constant, we get 
2 = COS X COS y + COS y +g (x) LL) 
When y is an odd multiple of 772, z = 0. 
5 О=0 +0 + s(x) or gix)=0 |^ cos (2n + 1) w2 = 0] 


Hense from (ii), the complete solution is 2 = (1 + cos x) cos y. 


m мА 4 M "fi зү. = i= d = 
Wm "TO | i PROBLEM: 5 11 
v" y" #7. 1 : 


ж -É0,-—--20s5nyshd-— 0. > 
T I! i р Е d dx Hai g т fi AES > T 24 Га й i 
Ak ХА, RH ETEDI 





LINEAR EQUATIONS OF THE FIRST ORDER 


A linear partial differential equation of the first order, commonly known as Lagrange's Linear equation*, 

is of the form 
Рр + © = Б (1) 

where Р, Q and R are functions of x, у, z. This equation is called a quasi-linear equation. When P, Q and R аге 
independent of z it is known as В inear equation. 

Such an equation is obtained by eliminating an arbitrary function ф from o(u, v) = 0 12) 
where u, v are some functions of x, y, 2. 

Differentiating (2) partially with respect to x and y. 





TONDER 
xu ut as Р Ux m - 0 and 5 qtu. ay ar 0. 
ди Qu , дә de 
9ф 9ф дх 02° ox дг |. 
Eliminating = and J We Bet ди Qu. DAN -0 
dy dz dy dz 
ЗОНЫ ЭГ” ди du du до ди ди ди du ди до ди dv | | 
which simplifies to | 22 2 JE (Ro meq ЕС а (3) 
This is of the same form as (1). 


Now suppose и = а and v = b, where a, b are constants, so that 
— dx +— dy +— dz=du = 0 
xt OS du = 0 
dv , ov du 
— dx +— dy + — dz = dv = 0. 
дх + OTe T 


*See footnote p. 142. 





Ву cross-multiplication, we have 
_dx C dm 


Шш OO e— SS дс 


-——— ызы —— «D — vec PR 75225453 EE P LP 


or P 79^ 4471 ..(4) [By virtue of (1) and (3)] 


The solutions of these equations are и =a and v = b. 
л ф(и, v) = 0 is the required ur of (1). 
Thus to solve the equation Pp + Од = 


(1) form the subsidiary equations — > x сүх 


(it) solve these simultaneous equations by the method of § 16.10 giving и = a and v = b as its solutions. 
(tii) write the complete solution as ди, v) = 0 or uf). 














f . 
Г №. Е у 9 7 9%. 
i | 
Р тыл X 
M : = 





i 4 У 


Solution. Rewriting the given equation as 





y*zp + x?zq = y?x, 

The subsidiary equations are m a же. 

yz хо ух 
The first two fractions give x?^dx = уу. 
Integrating, we get х2-у!-а (i) 
Again the first and third fractions give хах = zdz 
Integrating, we get х2 2 = Б i) 
Hence from (i) and (ii), the complete solution is 


х? — у= дык КА), 





dx dy dz 








Solution. Here the subsidiary equations are ————— 
mz—ny mx-lz fy тх 


хах + ydy + zdz 


Using multipliers x, y, and z, we get each fraction = 


0 
^ хах + уйу + zdz = 0 which on integration gives x? + y? + 2? =a AE) 
ldx + тау + ndz 
0 
53 ldx + mdy + пах = 0 which on integration gives lx + my + nz = b i) 
Hence from (i) and (ii), t the поі solution is х2 ihid +22 = "fus: + ту + nz). 


Again using multipliers /, т and n, we get each fraction - 





From the last two fractions, we have 2 _ 22 
y g 
which on integration gives log y = log + log a or yiz = а Е" 


Using multipliers х, у and z, we have 
xdx + ydy+zdz . 2xdx + 2ydy + 2202 dz 
z 


each fraction = —————— =" д | - 
x(x? + y? +27) х? + у? +2? 





which on integration gives log (x? + y? + 22) = log z + log b 


2..8, „2 
x“+y" +2 й 
or IT шь 2411) 
2 
Hence from ye and ok the required solution is x? + y? + z? = zf (y/z). 
E ст. ds n е? PF. oo. r^ А "М ars Гу Y їр: F 4 ҮҮ ie S i> N = т ©. 
Г «S d lue pi АЙ = a Эр 3 i 25 2 ү - ! 1 ї 2 ra € i + Ч 22 Si 4 ^ 2 2% ie ! i} A Le = qi Ч 


Solution. Here the хи нү, equations are 
dx dy dz 
x (y-2 y (2-3). z"(x— у) 
Using the multipliers 1/х, 1/у and l/z, we have 
1 дух 1 dy ++ аг 
y z 


each fraction = ~ 7 





dx dy dz 
+ F + X = 0 which on integration gives 


log x + log у + log z = log a or  хуг-а xi) 
Using the multipliers d. 4 and m , we get 
ху 2 






4 dx dy ld 
оона СИГ y 2 
each fraction = à 
= БЕ +— LÀ „= = 0, which on integrating gives 
х? у 2 
LT E Ki) 
х у ж 
Hence from (i) and (ii), the complete solution is 
1 1 1 
sel ME d 
Example 171. Solve G^ =yz)p 00-20 20-5. Q 





Solution. Bas the vemm saith are 





dx dy 4 (i) 
= кет== 2 | = 2 i ... l 
-yz Y -23x Z —xy 
Each of these equations = =a pe ыз 
x (y-x)z y – 22 —a(z— y) 
ix dx-y фу-г2) op 900-0) di-2) 
(x— yix*y-2) (у-2Хх-у-а) x-y y-z 
Integrating, log (х —y) =log(y—z)+loge ог = sp (ii) 
Each of the subsidiary equations (i) = - 225 + УЧУ + 202 _ 
x? + y? + 2? — 3xyz 
wu MUT tue ШЕННЕ ii) 
(x+ y+ 2Yx? Бу +27 — yz — 2x — xy) 
Also each of the subsidiary equations = dx dy + dz .. AED) 


x? + у? +2? — yz — 2x — xy 


Equating (iii) and (iv) and cancelling the common factor, we get 


хіх + ydy + zdz didis 
х+у+2 
or | (хах + уау + zdz) = [(x *ty-z)(x-ye-29c 
or х? +у? +22 = (х+у+2)^ + 20° or ху+уг+ах+с' = 0 IU) 


Combining (її) and (v), the general solution is 








2-2 - = (ху + yz + zx). 
у-г 
PROBLEMS 17.3 | 
Solve the following equations : | | 
Lh хХржуй = 32. 2. рух + aly =J/z, 
3. -yp + (х2 = уя. 4. рсов(х жу) - q sin (х +9) =z. 
8, pyz + qzx = xy. б. р tan х +9 tan y= tan г. f | 
7. р-а= log (+ y). B. xp-yg = y*— x* (J.N.T.U., 2002 S) 
9. Q +p- +x) g 2x —y. 10. x(y—2)p*y(z—x) = 2(х — у). | (Bhopal, 2007) 
11. x(y? zip + y(z? — x*)g —z(x? — y*) = 0. (УЛГА. 2010: :Алпа, 2008) 
12. yp- ryg 2x(2-2y) (S.VT.U., 2008) 13, (32+ 22) худ ezx-20. (РТИ, 2009 ; V.T.U., 2009) 


14. (22 — 2yz — y*)p + (ху + zx)q = xy —zx. (Kerala, 2005) 15. px(z— ду?) = @ — qyYz — y? — 22°). 


NON-LINEAR EQUATIONS OF THE FIRST ORDER 





Those equations in which p and q occur other than in the first degree are called non-linear partial 
differential equations of the first order. The complete solution of such an equation contains only two arbitrary 
constants (Г.е., equal to the number of independent variables involved) and the particular integral is obtained by 
giving particular values to the constants.] 

Here we shall discuss four standard forms of these equations. 

Form I. f(p, q) = 0, i.e., equations containing p and q only. 

Its complete solution is z = ax + by + с (1) 
where a and b are connected by the relation f(a, b) = 0 2) 


[Since from (1), p = z =aandg = =" = b, which when substituted in (2) give f (p, 9) = 0]. 


Expressing (2) as b = ф(а) and substituting this value of b in (1), we get the required solution as 2 = ax + 
oia Ww + c in which а and с are arbitrary constants. 


Example 17.12. Solve p - q = 1. (Anna, 2009) 


Solution. The complete solution is 2 = ax + by +c wherea – 5 = 1 
Hence 2 = ax + a — ly + с is the desired solution. 


Example 17.13. Solve хр? + уйд? = z?. (Anna, 2008 ; Bhopal, 2008: Kerala, 2005 : Kurukshetra, 2005). 


Solution. Given equation can be reduced to the above form by writing it as 


fuo хоё 
G = =) + >. 5)” = 1 sail) 
z dx z dy 
and setting —- CE edi; dy шар = = dw so that и = log x, v = log y, w = log z. 
x y 2 


TET. 2 
Then (1) becomes EJ «(e = 1 





i.e., P^-Q*-1 where p.t and Q- 
Its complete solution is w = au + bv * c | mI 
where a? + b? = 1or = l-a’). 
^ (it) becomes w = au + Ja =a?) v +e 
or log z = а log x + Ja - a?) log y * c which is the required solution. 


Form П. f(z, p, q) = 0, i.e., equations not containing x and y. 
As a trial solution, assume that z is a function of u = x + ay, where a is an arbitrary constant. 


.9z dz ди аг дг de ou — dz 
P= а du à du Ч“) du ау du 
Substituting the values of p and о in f (z, p, q) = 0, we get 
f Е z, a =)= 0 which is an ordinary differential equation of the first order. 


Rewiting it as = = ф(2, a) it can be easily integrated giving 
Ци 


F(z,a)=u + 6, or x + ay + b = F(z, a) which is the desired complete solution. 
Thus to solve f (s, p,q) = 0 
(1) assume u =x + ay and substitute p = dz/du, q =a dz/du in the given equation; 
(ii) solve the resulting ordinary differential equation in г and и; 
(111) туульс, u by x + ay. 





Solution. Lat u=x+ay, 50 mts p= ама ана q = а dz/du. 
Substituting these values of p апа g іп the given equation, we have 





dz dz | a dz 
E а |=аг© ora — = аг – 1 or TER; = [аи + 
ог log (az 1) = и + b ог log (az — 1) = х + ау + b 


which is the гээ тэг" solution. 





12165401 AV, "yi I (2) 


“Баянаа, Setting u=y+ax сайа эзе =f (и), we get 





_ 92 de ди dz _ dz ди dz 
Р әх du c du du' ду du 
2 | FN 
. The given equation becomes (2) - = a*z* | =) 1-а? (=) E) 
du du} | du 
а ү к; dz (a^z?—1) 
or atz? NE = а222 – 1 or RN ai 

du du аг 


Integrating, dz = [du +e or  (a@*z*-1)"=u+e 


= dez- 2 28... 
Lë., тэ = (у+ах+ с)? +1 [^u-y-ax] 
The second factor in (1) is dz/du = 0. Its solution is z = с”. 





Solution. Given эта сап bà — to the "m form = ВЕ it as 





"se : 


and na В Geo that 


Let u = СИИИ рийн 


ӨХ du ду du 
(=) +a" (=) =] or Ja + а?) 2dz = + Пи 
Integrating, Ja + a?) 2° =+2u+b=+2(X +ay)+b 
or г? (1 +a?) =+ 2 (logx +ay)+b 


which is the complete solution required. 

Form Ш. f(x, p) = F(y, q), ie., equations in which z is absent and the terms containing x and p can be 
separated from those containing y and q. 

As a trial solution assume that f (x, p) = Fly, q) =a, say 


Then solving for p, we get р = ф(х) 

and solving for g, we get 9 = wy) 
i dz dz | 
Since dz = — dx + — ау = pdx + qd 
p" ay у=р qay 

5 dz = o(x)dx + \у(у)ду 

Integrating, z= | o(xddx + буу -5 
which i is the шагайн: complete solution containing two constants а наза b. 

Шан ЦЭ А Tu Е WER: at 4 xA ү ^ 5 1 | : | j , ` | 5 LE | t i : | 
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Solution. Given НИ is р? -х=у-—а?=а, say 
E. р? -х = а gives p = (а + x) 

апа у-4 =a gives о = Cy — a) 
Substituting these values of p and д іп dz = pdx + дау, we get 


dz = [Ка + х) dx + Ху — a) dy 


^ integrating gives, zc = (a + xy? + 20 —-a)* +5 


which i is the — complete кеш сыс 


= = T = H 
к=. САН & ^M gt. ГЕ 3 - M Ай 
1 = BA." ДЕЕ | 1 | SE Pu ля à E 

[ Ha Ф ar ies тер к. 


| “7 1 

ч = re 2! £ a "ы " р MC 4 uU b! у 
Eu j - 1 L3 ч ги pli Ч 4 

sure Күн Le oe | ее: | cy UT Г 


Solution. The siistin can be reduced t to the тети form Mm waiting it as 
(s 8 + Ё x = х? + у? „ХР 





and putting zdz = dZ, Le., Z = 


and 





г. (0) becomes Р? + @? = х? + у? 

oF Р? — х? = у? — Q? =a, say. 
= P= Ja? +a) andQ= (у? -а). 
.. dZ = Pdx + Qdy gives 


= JG +a) dx + Jo? — a) dy 


Integrating, we have 


or 


Z- 5 х Ja + a) + Za log [x +y (х? + а)! 
+ zy Vo? а) - za log [y+ Jo? — al +b 


22- xa за) & y JG? -a MENT 4 2b 
+ Vly" - a) 


which i is the — — solution. 





| Solution. This equation can be reduced to the Бонн f(x, a= Fly, 23 by putting d и=х+у, о = х у апі 


taking 2 = 2 (и, v). 
dz du dz дь , 
The ==. = Р 4+ 
= P шк ш a 
dz dz ди дг dv | de 
"i Буг 22235: 1332 eu ge atu ost e . here P = Быз (Fe 
and q ay Qu Эу arm Q, where Q x: 


Substituting these, the given equation reduces to 


и(2Р)? + 1029) = 1 or 4Р?и = 1 – 4020 =a (say) 


Integrating, we have 


or 


Ба а 


dz= ЗЕ du + = dv = Раи + Сао 


ыг va du , yl-a dv 
z=+ Ja Ми +. а dv *b 
2= + (а(х + у) + А-а) (х-5) +b 





which is the required complete solution. 
Form IV. z = px + ду + Кр, q): an equation analogous to the Clairaut's equation ($ 11.14). 
Its complete solution is z = ах + by + f (a, b) which is obtained by writing a for p and b for q in the given 


equation. 





зална Giu ибн боз ба Bence pessum efüaivhe fip. d Ja + р? +а°) 
Its complete solution is z = ax + by + ча +a? +67). 


PROBLEMS 17.4 








CHARPIT'S METHOD* 


We now explain a general method for finding the complete integral of a non-linear partial differential 
equation which is due to Charpit. 


Consider the equation 
Гїх,уг,р,д)-0 1) 
Since z depends on x and y, we = 
дг | 
dz = — dx+— % d + 94а 48 
cx $77 = pdx + qdy (2) 
Now if we can find another relation involving x, у, z, p, q such as ф(х, y, z, p, 9) = 0 wd) 


then we can solve (1) and (3) for p and g and substitute in (2). This will give the solution provided (2) is 
integrable. 
To determine ф, we differentiate (1) and (3) with respect to x and y giving 








as? ээж apa 9 ...(4) 
ab, tp эвээ _,„ Р” 
of oF ,, 9 9р, of 09. | 
jy 8? So ay ao "9 40) 
d 00, 90 9p , % OG _ AT) 
ду 02 4" Орду Әд ay 
Eliminating Р between the equations (4) and (5), we get 
(5-9) 54. ма) [399 ааа uo 48) 
dx др ox dp dz dp dz dp .dq др dq dp/ ox 
ing 57 between the equations (6) and (7), we obtain 
pam (ars _ MH) 9, (aros RNE Lo 49) 
dy д9 ду dq dz dq dz дд ‚др dg др aq) ду 
Adding (8) and (9) and using ЕЕ 2 - 2. 
we find that the last terms іп both cancel and the other terms, оп rearrangement, give 
ME ATCP AE (- 8... 2198, EAEN эгж 
(2. 2353 ду Е m =p ti к 3o]àx да } ду -0 (10) 
Ч of) % | 97) 3% of ӘР) дф (of, ү [97 of) % _„ 611 
= (- + A P T4 (020) A ° = 


| This is Lagrange's linear equation (8 17.5) with x, у, z, р, 9 as independent variables and ф ав the depen- 
dent variable. Its solution will depend on the solution of the subsidiary equations 


*Charpit's memoir containing this method was presented to the Paris Academy of Sciences in 1784. 





An integral of these equations involving р or д or both, can be taken as the required relation (3), which 
alongwith (1) will give the values of p and д to make (2) integrable. Of course, we should take the simplest of the 
— so that it may be easier to solve for p and 5 





Solution. Let en У, 25 p, pom m —— -4:-0 ai) 
Charpit's subsidiary equations are 

бх dy dz ар 44 

—2ру z-2qy -4: -Pm р? 


The last two of these give pdp + qdq = 0 
Integrating, р?+ д? = с? i) 
Now to solve (1) and (ii), put р? + 92 = с? in (i), so that q = c^y/z 


Substituting this value of q in (ii), we get p — 





Hence dz = pdx + qdy = © iz? 2,2) 
z 
14 4 e? 2) 
or zdz—e*y dy = с: Kc -с-у 2) dx or dan =cdx 
(z mid 











"HL E cal = H - р 722 — 445 à "e 123731 j 14. уа ЛХ а БӨС 
Solution. Let f(x, y, 2,р, 9) = dii — рх? — 2gxy + pq = 0 .4(1) 
Charpit's subsidiary equations are 

dx dy _ dz _ dp аа 
х2 -ф -P px*-Qpq+2qxy 22-24у 0 





Putting q = a in (i), we get p = —— = 
х -а 
2х (2 – ау) Sn z—ady 2x 
сд dz = pdx + qdy = "em dx--ady or i x d 
Integrating, log (z — ay) = log (x? — a) + log b 
or z-ay=b(x*-a) or z-ay-b(x?—a) 


which is the requie харчин solution. 





Solution. Let Р (х. у, 2, 2, d)z 92 + p* + ду + 2у? 
Charpit's subsidiary equations are 
dx ау _ dz _ ар dq 





-2p -y -(2p2+qy) 2p 4y+3q 
From first and fourth ratios, 
dp=-dx or p=-x+a 
Substituting p = a — x in the given equation, we get 


q= 1-2 22 — 2y* — (a —x)*] 





dz = pdx + дау = (a — x)dx — [2e + 252 + (a — xldy 


Multiplying both sides by 2у?, 
мн + 4yz dy = 2y? (a — x)dx — 4уЗау — 2y(a — хРау 
Integrating == (уа – х)? + у] +b 
or ra а)? + 22 + у] = b, which is the desired solution. 


"PROBLEMS 5.1 17 = 





| HOMOGENEOUS LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 
An equation of the form 


ad" z А д” А o"z 
di Rtg, "Sr NN 


in which А5 are constants, is called a homogeneous linear partial differential equation of the nth order with 
constant coefficients. It is called homogeneous because all terms contain derivatives of the same order. 


Г 
On writing, 3 раа? =p. (1) becomes (D" + k DD + D' +... + k,D'") z = F(x, y) 
ax” dy" 








= Fix, y) etl) 


or briefly f(D, D')z = F(x, y) (2) 
As in the case of ordinary linear equations with constant coefficients the complete solution of (1) consists 
of two parts, namely : the complementary function and the particular integral. 
The complementary function is the complete solution of the equation f (D, D')z = 0, which must contain л 
arbitrary functions. The particular integral is the particular solution of equation (2). 





VEM RULES FOR FINDING THE — FUNCTION | 


д = д*2 
Consider the ханна” aor k + 441) 
145.3. dedy Rui za 
which in symbolic form is (Р? + M + kD”) = 0 A) 


Its symbolic operator equated to zero, i.e., D? + k ОР’ + kD” = 0 is called the auxiliary equation (A.E.) 
Letitsrootbe ^ D/D'2m, mg. 
Case L. If the roots be real and distinct then (2) 18 equivalent to 

(D — m,D'XD —m,D")z = 0 X) 
It will be satisfied by the solution of 

(D — mD’ -0,Le.,p— mq = ©. 
This is a Lagrange's linear and the subsidiary equations are 


ж 20 Е enin £x a md b. 
1 -m 0 


its solution is z = oly + mx). 
Similarly (3) will also be satisfied by the solution of 
(D—m,D'z-0, ie, Буг = (у + тух) 
Hence the complete solution of (1) is z = f (y + тух) + ф(у + myx). 





Саве П. If the roots be equal (i.e., m, = mj,t then (2) is equivalent to 
(D — m,D'Yz = 0 .4.(4) 
Putting (D – m,D^)z = и, it becomes (D — m,D’)u = 0 which gives 
и = oly + тух) 
Г. (4) takes the form (D —m,'D)z = ф(у + max) or р-т,9) = oly + тух) 
This is again Lagrange’s linear and the subsidiary equations are 





dx Фу dz 


1 -m Oy +x) 
giving y+ mx =a and dz = (a) dx, Le., z = Фа)х +b 
Thus the complete solution of (1) is 
z= > + т} = Го + Ter Le, 2= fly + тух) + xoy + myx). 





1 4 * r m + Т m ==— ч ЕЕ. 
j ! ! 7 лед ра жа. Tex 388 w^. ou р 5 
"a | №. чі ж Ват ; и ми j y 
Pa “тайв 5 ч # e ТЭ - d eed , y^ EF ла "Ч $ | 
л х Ja ae в Dp- л Е 
[1 — E T Р = "у а 1 Г ПЕ 
дарё 9 


"X4 n FF. й 
2 WM DN 1? a З 


Solution. Given ajats in — form is (2D? + БОБ’ + 207» = 0. 
Its auxiliary equation is Эт? + 5m + 2 = 0, where т = DID”. 

which gives m = — 2,— 1/2. 
Here the complete solution is г = f,(y — 2x) + fy- 1x) 

нь be written as z = f (y — 2x) + f,(2y — x). 


ыг А К | ДЖЕК IE л = аг "Ru gea. 
; 30 „И. 4 12 Ч tus d. i D Ж“, Mi MNT 2 
ko Г. 2 ш.” а 4 


| | p 1^ Joys та p f г ЙЕ в 9/7) 23 4 M | 7 | Ч T j t | | (Е 
Solution. Given SESTO in embolic form is (4D? + 12DD' + 9D)z = 0 
Jiz 2 = 
for „922, 92 _ рр, and pa 5. p. 
дхду ду? 


Its auxiliary equation is 4m? + 12m + 9 = 0, whence т = — 3/2, — 3/2 
Hence the complete solution is 2 = fy — 1.5x) + xf, (y — 1.5x). 





RULES FOR FINDING THE PARTICULAR INTEGRAL 


Consider the equation (0° + ОО’ + алан = F(x, y) ie., КО, Dz = F(x, y). 





кые n KD, e» 
Case I. When Fix, y) = e™ + by 
Since Пе * 5» = пех «бу. Diet + by = oux by 
5 D?e% + by = а®рпх + by . рр'оах + by = афеах tty 
and Det + бу — brett + by 
А (D? + k DD’ + k,D)e% +5 = (a? + k ab +k b?) e tty 
Le, КО, D')e** * 5» = Ка, Б) езх * by 
Operating both sides by 1/f (D, ГУ | we get 
+ 1 +È 
“a aa 
Case II. When Fix, y) = sin (mx + ny) or cos (mx + ny) 
Since D? sin (mx + ny) = — m? sin (mx + ny) 
DD' sin (mx + пу) = — mn sin (mx + ny) 
and D”? sin (mx + ny) = — n? sin (mx + ny). 


КО, DD’, р”) sin (mx + пу) = f(- m*, — mn, — n?) sin (mx + ny) 





Operating both sides by 1/f(D*, DD’, П), we get 


1 | 1 Ч 
= —_ Bm. h + г = 5 cr ) 
JU DD. De) Soma mS) PEE Ry 


Similarly about the P.I. for cos (mx 4 ny). 
Case III. When Fix, y) = xy", m and n being constants. 
= 1 m.m = | "1-1 № 
“яр, рл x" y^ = ОО, D] xy". 
To evaluate it, we expand [f (D, D')]! in ascending powers of D ог D' by Binomial theorem and then 
operate оп xy" term by term. 
Case IV. When Fix, у г is any function of х апа у. 
Plz 7 = AD. Юу —— F(x, y) 
To evaluate it, we resolve L/f (D, D') into partial fractions treating ДО, D’) as a function of D alone and 
operate each partial fraction on F (x, y) remembering that 
1 
D - mD* 
where c is replaced by y + mx after integration. 


— —— Fx, у) = | Ес, с — mx) dx 





WORKING PROCEDURE TO SOLVE THE EQUATION 





94"г2 o" 2 d'z 
— + kh ———— +... + Е" —— = F(x, 
ох" ax" ^! dy ду" (х y). 


Its symbolic form 15 (D^ + k,D^ D'+ ... +k, О") = Fix, y) 








or briefly f (D, Dz = F(x, y) 
Step I. To find the C.F. 
(1) Write the A.E. 
ie., m" + Кут" +... + Ё = 0 and solve it for m. 
(ii) Write the С.Е. as follows 
uv ots of. SEM Dor ra. 
fv. a max) +f + mx) + fly + max) +.. 
fy tmx) жау +тух) + [у + mgt) +... 
ma, m,, m, ... 0 AQ + myx) + [Ду + тю) + CF) + тух) + o 
Step П. To find the Р. 
From Коул бой orm, ВЕ = c m Fix, y). 
1 : 
(i) When F(x, y) = e** * РІ = —— — e" **» [Put D = a and D' =b 
(i) When Fix, y) KD, D^ [Pu a and D ] 
(ii) When F(x, y) = sin (mx + ny) or cos (mx + ny) 
- 22 sin or cos (mx + ny) [Put D? = – m?, ЮР = – тп, Dp? z— n*] 
(iii) When F(x, y) =x™y", P.I. = ———— x" (D, D) 
n F(x,y y F 3 D^ y^ = |f Галуут, 
Expand |f(D, D'V! in ascending powers of D ог D' and operate on x™y" term by term. 


(10) When F(x, y) is any function of x and y P.I. = ———— Ех, y). 


x f(D, D^ 











Resolve 1/f (D, D') into partial fractions considering КО, Р) as a function of D alone and operate each 
partial fraction on o y) remembering that 


———— F(x, у) = [ғ (x,c — mx) dx where c is replaced by у + mx after integration. 





БСУ 





Solution. AE. of the praruar хай TIR 6=Oie,m=1,-5 
4 С.Е. = f(y + x) + f (y — 5x) 


BJ. E p 8 (2х + Зу) [Put D? =- 22 DD'=-2 x3, D? =-3? 


D? +4DD'-5 
1 


a COUR 3 sin Qua. 


Hence the C.S. is z = f,(y + x) + hO — 5x) + = sin (2х + 3y). 





Solution. Given e түрө in. in nci is (D* — рр’ = cos x COS ду. 
Its А.Е. is m? — m = 0, whence т = 0, 1. 


Zi C.F. = f.) + LW + х) 
Р.І. = aa - сов х сов 2y = in m aoa [cos (x + 2у) + cos (x — 2y)] 
zb. = 08 + 2y) [Put D? = — 1, DD’ = - 2] 
MET. TP p esG- Е) [Put D? = — 1, DD’ = 2] 








3: а 7 соё (х + 2у) + - а g 208 (x — r! =5 cos (x + Зу) i Z cos (x Ж 2y) 


DEO CER 
E i ag = 4 rp | LA 
AI OT : А | TN а ў. 
= a TEL Ae 5 жы a 9. 2 "ү 
ох dy 11233 T 3) Гай. ae 





Solution, Given equation in symbolic form is 

(D? — 2D?D')z = 2e?* + Зх?у 
Its А.Е. is m? — 27m? = 0, whence m = 0, 0, 2. 
5 C.F. = f(y) + xf,0) + Бу + 2x) 








Ple. 6 aed a 
"23-3 gg tpi DD = los, +3 PIE 5 today 
=i e x [2 er: 32. 1)= iU mr yt dà lr afe [reas 
- ze + Зу == : at Ё Ро) = fL | Feo ax) ах 2 











Len ху V x 
4 20 60 
Hence the C.S. is z = AM ere Му + 2х) + d (15695 + 3x9y + хб) 


= р эш 8 


ы a Js un 2 
POE та Pire EF Ул ЙҮ 


д?г P = petty. 





m— ы 


2 
Solution. Given equation is = 4— 44 -——— 
* ox ^ ахсу 
4DD' + AD'?)z = e* +, 


i.e., in symbolic form (D? — 
Its А.Е. is (m — 2)? = 0, whence m = 2, 2. 
С.Е. = fi(y + 2x) + xf y + 2x) 


РЛ, = p 
(2 2D'Y 
0 for = 2 and О’ = 1. 
e^: +Y, the solution 
| усс-тхэс-(2Х| 


The usual rule fails because (D — 2D^)* = 
to obtain the P.I., we find from (D — 2D^ = 
и = [Fi c - mx) ах = Геге) dx = хе = xo^ t) 


and from (D — 2D')z = и = xe* +Y, the solution 
z= [xe?** ic — 2x)dy 2 шад 5 st 2х+у 


x^ g^**y | 


Hence the C.S. is z = /\(у + 2х) + xf,(y + 2х) + 





pu Given cqualion in харийн form is (D? + DD’ - вр?) = cos (2x + у) 


Its А.Е. is m? + m – 6 = 0 whence m = - 3, 2. 
С.Е. = fiy — Зх) + fly + 2x). 
Since D? + DD’ — 6D” = — 2? — (2X1) – 6(— 1) = 0 
^ Itis a case of failure and we have to apply the general method. 
1 
erty) = apa c tH 


РІ. = ——————— 
S II: 
| 1 
|| cos (2x c 2х)ах | - - | [ео ede) 
—y2x 
[7 у=е-тх=е- 2x 


- |» cos сс 





I | 
D+3D' 


x cos (y + 2x) = | [cos (e+ Зх + 2x)dx | А 
(Integrating by parts] 





" 1 
D --3D' 
E sin (5x + c) , €08 (5х + c) 
| 9 е-у-Зх 


5 
(5x + y —3x) + — cos (бх + y – Зх) = = (2x + у) + — cos (2x + y) 


Хо. үр 
= —sin 


©л 


Hence the С.5. is 
г = [(у — 3x) + fy + 2х) + : sin (2x + у) + — cos (2x + y) 


z= [Му — 3x) + [Ду + 2x) + = sin (2x + y) ос cos (2x + y) 





AL Equations | 595 | 





PAATIAL 
^ -L 177 Я д?г " a? Ф: | | Ос TD ттт с 4 
Example 17,31. Solve — 7 4 —= .62-5 -шусовх. (Anna, 2005 S ; U.P.T-U., 2003) 
ах? дхду ду? | | 
or r+s-—6f=y cos x. (Bhopal, 2008 ; S. V.T.U., 2008) 


Solution. Its symbolic form is (D? + DD’ - 6D'?)z = y cos x 
and the А.Е. is m? + m — 6 = 0, whence m = — 3, 2. 
C.F. = fi(y – Зх) + f (y + 2x) 


(D-2DXD зр)? ©®* = poal | + 3x) ens x шэн 


[> y=c—mx = c + Зх] 








1 | , | 
= Sn [(с + Зх) sin x + 3 cos ss s [Integrating by parts] 
= (y sin x+3cos x) = | [ (е-эх) sin x 3 cos x} dx | 


D-2p' C—y— 2x 
= [(c — 2х)(— cos x) - (- 2Y(— sin x) + 3 sin З АРИР" 
= – у cos x + sinx 
Hence the C.S. is z = f\(y — Зх) + (у + 2x) + sin x — y cos x. 
Example 17.32. Solve 122. 4— 92 16 log (x + 2y). 
| Р ae | | ay? дхду T m ОЕ 7 
Solution. Its symbolic form is 4D? — ADD' + D = 16 log (x + 2y) 
and the А.Е. is Ат? — 4m + 1=0,m = 1/2, 1/2. 


С.Е, = h E 29 + «|» + а) 
1 1 | 

















1 | 
= mug 16 log (x + 2y) = 4-—  — log (x + 25) 
! 2 | Of WX + гу 
(2D - D) D-iD р-у 
| 2 2 
1 #11, ! 
-4— PR — J tog {x eas )] a |” yzc- mx = с – x/2] 
D-—-pui | = с-зүжх/2? 
= pz log (2с)ах | = 4—45 log (x + 2y)] 
D аан... c—y--r/Z2 D 2 II 
2 
= i | ! log |x +2 С - 2)| 2 = 4 | log 2c [^ ах | = 2x? log (x + 2y) 
2 C—yM-r/2 
| C-yRxr/2 
Hence the C.S. is 2 = h[»* z) ext» z) + 2х? log (x + 2y). 
PROBLEMS 17.6 
Solve the following equations : 
д2 дЗ. . д2 d Oz 4 9 83» Т7: sss cow. A eos 
L 3-4 *4 = 0. 2. — zertm, Burdwan, 2003 
ad ian a 3,8” a «23 (Burdwan, 2003) 
СЕ pas carte, cae айл ei. WB dal E | ee 
8. (D* — 2DD' + D?) =e +. (Bhopal, 2007) 4. g -4— +5, - 2, -s^'* (Bhopal, 2008) 


dr? ox “ду dray” ду? 
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d'z z Du >. , Oy а?у hh 
5. -9—— 47 — -ginx.  (P.T.U., 2009 S) 6. 97.4297 =F gin pt. 
d? ду oy Эд а? 
1. m at di 4 22 = 2 sin (Зх + 2y). (S. V.T.U., 2007) 
à 030) акду? 
B. (CD* -— 7DD* — 6D'3)e = cos (x + 2y) + 4. (Алла, 2008) 
42 2. 2 
9. 23 -3 = +- 222 =e" -У +e tY + cos (x + By). (U.P.T.U., 2006) 
10 дг, дт. = gin x сов Ду (U.P.T.U., 2003) 11. (D? — DD')z = cos 2y (sin x + cos x) 
ЮАР. ax? дхду | . "cur ft I а i = ; . 
12, (D* - D? = e*— sin(x- 2y). (Алла, 2009) 13. (D*+3DD’ + 2D" = 24xy. 
14. = +2 oe 23 =a? tay yt 15. (D2— DD’ - 2D")2 = (у 1) e, (Bhopal, 2006) 
16. ie + D*D' = DD?— D'3ye = & cos 2y. 17. (D? + 2DD' + Dz = 2 cos y — x sin y, (P.T.U., 2005) 


NON-HOMOGENEOUS LINEAR EQUATIONS 





If in the equation f (D, Dz = F(x, y) (1) 
the polynomial expression f (D, D’) is not homogeneous, then (1) is a non-homogeneous linear partial differential 
equation. As in the case of homogeneous linear partial differential equations, its complete solution = С.Е. + P.I. 

The methods to find Р.І. are the same as those for homogeneous linear equations. 

To find the C.F., we factorize f (D, D') into factors of the form D — mD' — c. To find the solution of (D — тр’ 
— с)2 = 0, we write it as p — mq = cz (2) 

The subsidiary equations аге 

ах _ dy _ az 
1 -m cz 

Its integrals are y + mx =a and z = be™. 

Taking b = ф(а), we get z = ес ф(у + mx) 
as the solution of (2). The solution corresponding to various factors added up, give the C.F. of (1). 


Example 17.32. Solve (D*+ 2DD’ + D = 2D — 2D z = sin (x + 2y). | (U.P.T.U., 2004) 


Solution. Неге ГО, D) (D + О + D' —2) 
Since the solution corresponding to the factor D — mD' — с is known to be 
2 = е oly + mx) 
С.Е. = $4(y — x) + e* f(y — x) 


1 LI 
Lu ——MÀM— B eae d 
РІ.= Fi opp 4 рер әр 9 
1 


— — 9 
-1«2C24C04-32p-ap 5 Ст 29) 


1 2(0+0’)-9 


ortos coast er үсэн БАЛ и 
р = 4002 « 2DD' + D?)- 81 


sin (x + 25) 
z EIL cos (x + 2y) — 3 sin (x + 2y)] 
Hence the complete solution is 


г = ф1(у - ==) нефу -x)* зо = [2 cos (x + 25) — 3 sin (x + 25). 


' Ти cm ЭТ ча Ж 


— 
| PROBLEMS 17.7 


" 
1 
"NE 
E б № 
"3 
i В | 
= 4. 
p = 
т 
= 
н 
КГ Е 





We now give a method due to Monge’, for integrating the equation Rr + Ss + Т = V ve 1) 


in which В, 5, Т, V are functions of x, у, 2, p and д. 
Since dp = сах + Pay = rds + tdy, and dq = sdx + tdy, 
we have г = (dp – tdy)/dx and t = (dq — sdx dy. 
Substituting these values of r and ¢ in (1), and rearranging the terms, we get 
(Карау + Tdqdx — Vdxdy) — (Вау? — Sdydx + Тах?) = 0 mE 
Let us consider the equations 
Вау? — Sdydx + Тах? = 0 (3) 
Rdpdy + Tdqdx — Vdxdy = 0 D) 


which are known as Monge's equations. 

Since (3) can be factorised, we obtain its integral first. In case the factors are different, we may get two 
distinct integrals of (3). Either of these together with (4) will give an integral of (4). If need be, we may also use 
the relation dz = pdx + qdy while solving (3) and (4). 

Let u(x, y, z, p, q) = a and v(x, y, z, p, q) = b be the integrals of (3) and (4) respectively. Then u = а, v = b 
evidently constitute a solution of (2) and therefore, of (1) also. Taking b = ф(а), we find a general solution of (1) to 
Бер = кш. which should be further adds din methods of first order ты 





Solution. Monge's баба аге 


хау? + (х ыг dx + ydx? = 0 wild) 
xdpdy + уадах — — q) dydx = 0 848) 





нии rh 0 whose integrals are ху =c and x + у = с. 
Taking xy = c and dividing each term of (iz) by xdy or its equivalent — ydx, we get 
dp - dg - =- Dy, aim er. Р-Я ВЯ 
-у p-q х= 
This gives оп integration lige qX(x —y) = с. 
Hence a first integral of the given equation is p — q = (x — y) (ху) which is a Lagrange's linear equation. Its 
subsidiary equations are 


-0 





de dy de 


1 -1 (x- M" 
From the first two equations, we have x + y = 


Using this, we have 
dz = – (ax —x?).(a — 2x) dx which gives z = $,(ax — x?) + b 
Writing b = ф.(а) and a = х + y, we get 
2 = ф,(ху) + h(x + у). 


* Named after Gaspard Monge (1746-1818), Professor at Paris. 
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Obs. Had we started with the integral x + y = с and divided each term of (ii) by dx or -dy, we would have arrived at 


| Example 17.35. Solve yr- 2ys +t = p + бу. (Osmania, 2002) 
Solution. Monge's equations are y*dy* + 2ydydx + ах? = 0 Ai) 

and y*dpdy + адах - (p + 6y)dydx = 0 ii) 
(i) gives (уду + ах)? = 0 Le. y? + 2x = с iii) 


Putting ydy = — dx in (ii), we get 
ydp -dq + (p + буМу = 0 or (уар + рау) – dq + 6ydy = 0 
whose integral is ру —q + Зу? = а 
Combining this with (iii), we get the integral ру —q + Зу? = ф(у? + 2x) 
The subsidiary equations for this Lagrange's linear equation are 


— 
sad — — 


From the first two equations, we have у? + 2x = c 
Using this, we have dz + [ф(с) – 3y?] dy = 0 
whose solution is 2 + yó(c) — y? = b. 
Hence the required solution is z = y? — уф(у? + 2х) + (у? 2x). 





PROBLEMS 17.8 





№ 4 
Solve : 


L (9+ 1)5= (р+ 1) 2. r-teos?x « ptan x =0. 
3. 2:27. 5хуѕ + 2y?t + (px + ду) = 0. ЧМТО, 2006) 4. xy(t—r) (t -y (s — 2) 2 py - qx. 
5. q^r— 2pqs + р"! = ру“. 6. (1.4 qr — 200 + p 4 q- pq + (1+ ру zo. 





ИЖЕ OBJECTIVE TYPE OF QUESTIONS 





PROBLEMS 17.9 


Fill up the blanks or choose the correct answer in each of the following problems : 


td МУУ aide e Ч EA, 
1. The equation —* 2ху ЭХ += = 5 is of order ....... and degree ....... 
2. The complementary function of (D? — 4DD' + 4D =x 4 y ig ...... 
| 22 
3. The solution à = pin (xy) is .....: 4. A solution of (y —z)p + (2 -xg = хув: 
5. The particular integral of (D^ + DD')z = sin (x + y) is ....... 
6. The partial differential equation obtained from z = ах + Бу + ab by eliminating a and b is ...... 
7. Solution of Jp ra 241 MR. a: B. Solution of рух + ау EAE 18:22, 
9. Solution of p —9 = log (x 4 y). 
10. The order of the partial differential equation obtained by eliminating f from z — f (x? + y?), is ...... 
11. The solution of x 02/0 = 2x + y is 
12. By eliminating a and b from = =a (x + y) + b, the p.d.e. formed is ...... 
13. The solution of 10° — 8D*D' + 2DD'*|z -0 is ...... | 
14. By eliminating the arbitrary constants from z = a?x + ay? + b, the partial differential equation formed is ...... 
(Anna, 2008) 
| + | 2.391 Y zou du 
15. А solution of u., = 0 is of the form ......, 16, Ши = x? + t? ща solution of € 327 a then c z ...... 








INTRODUCTION 


In physical problems, we always seek a solution of the differential equation which satisfies some specified 
conditions known as the boundary conditions. The differential equation together with these boundary condi- 
tions, constitute a boundary value problem. 

In problems involving ordinary differential equations, we may first find the general solution and then 
determine the arbitrary constants from the initial values. But the same process is not applicable to problems 
involving partial differential equations for the general solution of a partial differential equation contains arbi- 
trary functions which are difficult to adjust so as to satisfy the given boundary conditions. Most of the boundary 
value problems involving linear partial differential equations can be solved by the following method. 

















It involves a solution which breaks up into a product of functions each of which contains only one of the 
varines. The — санан кргн this method : 





Solution. Assume the trial бк 2 = - Хоу) (if) 
where X is a function of x alone and Y that of y alone. 
Substituting this value of z in the given equation, we have 


X'Y-2XY*XY -0 where X = X po ЧҮ ete. 
ах! dy 
Separating the variables, we get TT. - - .4АН) 


Since x and y are independent variables, therefore, (ii) can only be true if each side is equal to the same 
constant, a (say). 
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Ta =a, Łe. X'-2X -aX = 0 
and -Y/Y =a, Le, У+аУ=0 
To solve the ordinary linear equation (ir), the auxiliary equation is 
-2m-a-0, whencem=1V(1+a). 
the solution of (iii) is X = c,el! + 1 хайх + eel! - V жайх 
and the solution of (iv) is Y= eget, 
Substituting these values of X and У in (1), we get 


14 Kr alla 1-/1 
z= (үе rele | 4 cse + п Nay ee? 


ie., z= V a e- ЗУ 


which is the required complete solution. 
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(tt) 


iv) 


Obs. In practical problems, the unknown constants a, $, k, are determined from the given boundary conditions. 


5 Qu 


Example 18.2. Using the method of separation of variables, solve wg 5; +4 where u(x, 0) = 


бе Эх, 


(V.T.U., 2009 ; Kurukshetra, 2006 ; Kerala, 2005) 


Solution. Assume the solution u(x, В = X(x)T(t) 
Substituting in the given equation, we have 
AT-22XT'- XT or (X'-X)T-22XT' 








Х-Х т | 
or 2x ОТ = k (say) 

m X' | T" " 
1з Х'-Х-2ЕХ=0 or Ba z142k I) and T -Ё UE) 
Solving (i), log X=(14+ 2А)х +loge or Х = се! + 20) 

From (ii), log T=ki+loge’ or Т-се" 

Thus u(x, t)= XT = ec’ e! + 2) „м UL) 

Now бе- * = u(x, 0) = ce’ е1 + 20x 

: ШУ-68041498--3 or k=-2 

Substituting these values in (iii), we get 

u-6e-9*e-? фе, и = 6е- +) which is the required solution. 
- PROBLEMS 18.1 
Solve the following equations by the method of separation of variables : ы 

1. py*equi-0. (УТ, 2011: 5 МТЦ, 2008) 2. oo + y 0. (ИТ, 2008) 
; du ды -зу jd | 
З. Зо, +, given that u(0, y) = 827 ЗУ «М.Т. О. 2006) 
4 ди ди AT fy mos a 
4. Au» Esa given и = Зету -e when x = 0. (S. V.T.U., 2008) 
b. ва +294 0, шх, 0) = 4e. (V.T.U., 2008 S) 


6. Find a solution of the equation 25 Е >. + 2и in the form и = fix) g(y). Solve the equation subject to the conditions 


2 


и = 0 and du/dx = 1 + e- *, when x = 0 for all values of y. (Andhra, 2000) 





ЛЕВ PARTIAL DIFFERENTIAL EQUATIONS OF ENGINEERING __ 








A number of problems in engineering give rise to the following well-known partial differential equations : 


(i) Wave equation : —--c . 
" аг” дх? 
T 
(ii) One dimensional heat flow equation : = = с“ 1 
(iii) Two dimensional heat flow equation which in steady state becomes the two dimensional Laplace's 
== Qu ди 
equation: —+— = 0. 
дх“ ду’ 


(tv) Transmission line equations. 
(и) Vibrating membrane. Two dimensional wave equation. 
(vt) Laplace's equation in three dimensions. 

Besides these, the partial differential equations frequently occur in the theory of Elasticity and 
Hydraulics. 

Starting with the method of separation of variables, we find their solutions subject to specific boundary 
conditions and the combination of such solution gives the desired solution. Quite often a certain condition is not 
applicable. In such cases, the most general solution is written as the sum of the particular solutions already 
found and the constants are determined using Fourier series so as to satisfy the remaining conditions. 


I2 VIBRATIONS OF A STRETCHED STRING—WAVE EQUATION 





Consider a tightly stretched elastic string of length / and fixed ends А and B and subjected to constant 
tension T' (Fig. 18.1). The tension T' will be considered to be large as compared to the weight of the string so that 
the effects of gravity are negligible. 

Let the string be released from rest and allowed to vibrate. 
We shall study the subsequent motion of the string, with no ex- 
ternal forces acting on it, assuming that each point of the string 
makes small vibrations at right angles to the equilibrium posi- 
tion AB, of the string entirely in one plane. 

Taking the end A as the origin, AB as the x-axis and AY 
perpendicular to it as the y-axis ; so that the motion takes place 
entirely in the xy-plane. Figure 18.1 shows the string in the 
position АРВ at time t. Consider the motion of the element PQ of the string between its points Р(х, у) and 
Qix + бх, у + бу), where the tangents make angles y and y + бу with the x-axis. Clearly the element is moving 
upwards with the acceleration J^y/9t*. Also the vertical component of the force acting on this element. 

= T sin (y + бу) — T sin y = T[sin (y + ôy) — sin y] 





Fig. 18.1 


= Т [tan (у * бу) - tan yl, оно v Is amen ? е (à) + ёх i 


If т be the mass per unit length of the string, then by Newton's second law of motion, we have 


laca là) 


d*y M e | ду Т | (8х. 
m -=T даган ШИ! es. её, ——— 
"ёс. ог Е ИСА ^7 a? т ör 





2 2 D 
Taking limits as Q — P i.e., dx — 0, we have ду =e" ду where с? = £ wAL 
ОР” dx” m 


This is the partial differential equation giving the transverse vibrations of the string. It is also called the 
one dimensional wave equation. 
(2) Solution of the wave equation. Assume that a solution of (1) is of the form 
z = X(x)T(t) where X is a function of x and T is a function of ¢ only. 





2 2 
Then Sy =X. Tand 27 =Х*.Т 
жа р omo: | xrrme aura + X" 1 T” i 
Substituting these in (1), we get XT" = c*X"T Le., uw ...(2) 
C 


Clearly the left side of (2) is a function of x only and the right side is a function of t only. Since x and ѓ are 
independent variables, (2) can hold good if each side is equal to a constant Ё (say). Then (2) leads to the ordinary 
differential equations : 





2 T 
oe AnD 248) аа ЧТ дет-о (4) 
dx dt 


Solving (3) and (4), we get 

(i) When k is positive and = р”, say X = суе? + ос," ; T = ce?! + ee. 

(ii) When k is negative and = — р? say X = c, cos px + c, sin px ; T = c, cos cpt + сз sin ept. 
(iii) When k is zero. X = сүх + су; T Сү + сү. 

Thus the various possible solutions of wave-equation (1) are 


y = (e,e + се” P*) (слете + ee") ...(5) 
у = (с; cos px + c, sin px)(c. cos cpt + c, sin cpt) .4(6) 
y = (сох + Cip lct + с) (7) 


Of these three solutions, we have to choose that solution which is consistent with the physical nature of 
the problem. As we will be dealing with problems on vibrations, y must be a periodic function of x and t. Hence 
their solution must involve trigonometric terms. Accordingly the solution given by (6), i.e., of the form 

у = (C, cos px + C, sin px) (С. cos cpt + C, sin cpt) (8) 
is the only suitable solution of the wave equation. (Bhopal, 2008) 






17 
ор и р 
== : Е 


2 1 1 га 
] 1 І | Ld ae га) 
ts А h = i - Ї Е P3 A. E т эь! үс - . if „= = = 
| л Nom aL гай "UV DM ГЬ. oe $ 21570 ай OF Ж, PI = X 4 
a ab Ti dia У я Е ки | f, Ч FIF = t>o я Fait hb 7 = " 
id ! ый г Ч JEU TIE: P - Na FILE r 
= J n e "T Ча т - Бан V A. PAST IB E “Г 2 1 м + Гарч n 2 
| a Г = Å \ 4 1 
Ч 3 T gr і zw 4. a ” | - T 
ш = | м a | 4 Ч , i й ! ] 
à Did "TELA LN и. F : 8, 
Би Л T +a) ) ti = F 1 1, ге Г 
7 i я и. 1 A F, ie 
) = a Ж. 


-NS 


aa . 
Fi 
| а " i 3 y 9 Q^ y . 
Solution. The vibration of the string is given by ad =c" Ii AE) 
As the end points of the string are fixed, for all time, 
у(0, 1) = 0 i) and y, t) 2 0 i) 
Since the initial transverse velocity of any point of the string is zero, 
therefore, (2 -0 .. (ED) 
at 1-0 
Also у(х, 0) =a sin (лях/1) AD) 


Now we have to solve (i) subject to the boundary conditions (її) and (tiii) and initial conditions (iv) and (v). 
Since the vibration of the string is periodic, therefore, the solution of (1) is of the form 


yix, t) = (C, cos px + С, sin px)(C, cos cpt + C, sin cpt) UL) 
By (it), y(0, £) = СС, cos ср? + C, sin cpt) = 0 
For this to be true for all time, C, = 
Hence у(х, t) = C, sin px(C, cos cpt + C, sin cpt) uit) 
and x = C, sin px (С,(-ср . sin cpt) + C,(ep . cos cpt)] 
By (iv), (2) " - C, sin px . (C, cp) = 0, whence C,C,cp = 0. 


ШС. = 0, (vii) will lead to the trivial solution у(х, t) = 0, 
the only possibility is that C, = 0. 
Thus (vit) becomes у(х, t) = С.С. sin px cos cpt (ULL) 





| nung 


By (iii), y, t) = С.С. sin рі cos cpt = 0 for all t. 
Since C, and C, 40, we have эт pl = 0. >. pl=nn,i.e., р = ntl, where n is an integer. 
Hence (i) reduces to у(х, t) = С.С. sin E cos ES. 


[These are the solutions of (1) satisfying the boundary conditions. These functions are called the eigen functions 
corresponding to the eigen values i, = cnl of the vibrating string. The set of values А, Ay, Ag, ... is called its spectrum.] 


Finally, imposing the last condition (v), we have у(х, 0) = С.С. sin ЭР = а sin = 
which will be satisfied by taking С.С. =a and n = 1. 
Hence the required solution is у(х, В) = а sin 5 сов = Сх) 





32 2. 
Solution. The equation of the vibrating string is a =ç" 4 n) 
The boundary conditions are у(0,0)-0,у(,0-0 dit 
Also the initial conditions are у(х, 0) = y, sin? (=) (tlt) 
and (2) -0 Kt) 
t ) 


Since the vibration of the string is periodic, therefore, the solution of (i) is of the form 
у(х, t) = (c, cos px + c, sin px) (с. cos cpt + c, sin cpt) 


- By (ii), У(0, £) = c,(c, cos cpt + c, sin cpt) = 0 
For this to be true for all time, c, = 0. 
л у(х, t) = c, sin px (c, cos cpt + c, sin cpt) 


Also by (11), У@, t) = c, sin pl (c, cos cpt + c, sin ср?) = 0 for all t. 
This gives pl = nx. or p=nn/l,n being an integer. 











Thus y(x, t) 2 c, sin x С cos ЭР + C, 8i и. 4) 
zí si nt) oom ( c; sin T 4 т 
# 1: ЛЕ 5o 4 
| ду -1. . mmx )\ enn 
By (tv), Әг), "4 ES E Ez c, =0, Le. c, = 0. 
Thus (v) becomes y(x, t) = с.с, sin m cos = =b, sin cos E 
Adding all such solutions the general solution of (z) is 
ув, t)= У b, sin = cos ын vi) 


n=l 











= by sin ™ + by sin = + by sin. 
Comparing both sides, we have 

bi = 3 y,/4, 5, = 0, b, =—y,/4,6,=6, =... = 0. 
Hence from (vi), the desired solution is 
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92) 2, 
Solution. The equation of the string is à =с x 
The boundary conditions are y(0, t) = 0, y(1, t) = 0 (Li) 
Also the initial conditions are у(х, 0) = px(/ — x) .- (iLL) 


and EJ =0 Ku) 
t=0 


where 


ot 

The solution of (i) is of the form 
убх, t) = (c, cos px + c, sin px) (с, cos cpt + c, sin cpt) 
By (ii), y(0, В = c, (c, cos cpt + c, sin cpt) = 0 
Което Беле ре ах time, c, = 0. 
| у(х, В) = с, sin px (с. cos cpt + c, sin cpt) 

Also by (ii) y, t) = с, sin pl(e, cos cpt + c, sin cpt) = 0 for all t. 
This gives pl = пл or р = яд Л, п being an integer. 


Thus у(х, t) = c, sin —— ‚..(р) 


non nTu- 
Г 2 CB ——— 


by (20) EJ -(e sin TTE | рэн -0 
t=0 


Thus (0) becomes у(х, t) = сс, sin ЭР eos == = b, sin r3 шад T 


Adding all such solutions, the general solution of (i) is 


у(х, #) = Y b, sin 27 Л = соӊ Ui) 


nzl 


From (iii), и@х —x?) = убх, 0) = У b, sin x: 


nzl 


b,= = [ pile- x 2) sin — ^» ЛЕ dx, by Fourier half-range sine series 


-| - 2 - en jas 


d пл/ї 


_ 21 «- a|- 2H үн 
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- M |, n= dx = АШ | — cos nzx/l 


аш? ,. " 
Leer 
FR sail жож i (—1)"} 





0 
Hence from (vi), the desired Mu is 


‚ 4u? «5 1-1” . плх nnct 
мин тэг Civ". 


= rin р хов ЭНХ. 





and 
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Solution. The equation of the vibrating string 1s F = с? — (1) 
The boundary conditions are у(0,1) -0,у(,1)-0 Ut) 
Also the initial conditions are у(х, 0) = 0 t) 
ъ= 1 


Since the vibration of the string is periodic, therefore, the solution of (1) is of the form 
убх, t) = (c, cos px + с, sin px) (с. cos cpt + с, sin cpt) 
By (її), y(0, 1) = сү(с„ cos cpt + с, sin ept) = 0 
For this to be true for all time c, = 0. 
с у(х, t) = c, sin px (c, cos cpt + с, sin ері) 








Also УЧ, t) = c, sin pl (c4 cos cpt + c, sin cpt) = 0 for all t. 
This gives pl2nx or p= m n being an integer. 
Thus y(x, t) 2 c, sin Яв С cos = 1 I4 4 sin d 
By (iii), О=с.с. sin ын for all x i.e., cc, = 0 
y(x,t)=6, sin "3 sin = where b, = cc, 
Adding all such solutions, the general solution of (i) is 
3x,0s PE b, sin xz sin == JU) 
: птх єптї 
Now ЭРХ sin ^7. cos 1 
| (а пх [oy cnt, . mmx 
еч ТГ г 8). “р Mm 
“(3 віп — sin элк) кы Жыш [ sin 30 =3 sin Ө — 4 sin? Ө] 
4 l ! 1 І 
= sin + "py si манал 


! 





-o pa T рее 
^ b = ‚ h= 12ex' by = by = =...=0 
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Solution. The equation of the vibrating string is 22 E i) 
The boundary conditions are у(0, #) = 0, y(/, Р) = 0 ..(ii) 
Also the initial conditions are у(х, 0) = 0 (iti) 
and . EJ «AI =x) Jp) 
V Ot J, Lg 
As in example 18.6, the general solution of (i) satisfying the conditions (i) and (iii) is 
. nm . пи? - 
сан, t) = = Ys жиг ww ME ч welt!) 
ау _ ПХ „е 29 
а Дона т 1 Е 
Ву (iv), Ax —x) = (8) == Y nb, sin л 
| ati I< l 
А т... а nu 
A : T nb, =f dvd — x) sin == ах | 
-2 | -h-E os) d - 2x) | Г ыш |) со nnt | 
l пт l п?д? 1) пт? 1), 
AXI AA , 
=e т наш cos пл) = = ЖОШ. [1 — (- 1] 
3 
or b, = -2E П-0- Ne ee leking a = imd; 


Hence, from (v), the desired solution 1s 


ys „= 1 (Jm — )m — |! 
8м > 1 zin (2m Dm оо (2m tnet 


тү (2m – 1f l l 








Solution. Let B and C be the points of the trisection of the string OA(- 1) (Fig. 18.2). Initially the string 
is held in the form OB'C'"A, where BB’ = CC’ = a(say). 
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The displacement у(х, t) of any point of the string is given by 








2 2 
93.297 Ai) 
ot^ ox 
and the boundary conditions are 
y(0, 0) = 0 (тї) 
yl, t) = 0 LE) 
3 
ow = () (LU) 
[à r=0 
The remaining condition is that at t = 0, the string rests in the form cin 
of the broken line OB'C'A. The equation of OB’ is y = (ЗаЛ)х; 
зал ғ . ши 2a 4 d = 3a 
the equation of B’C’ is y-a = Wa) Ё 5) Le. уз (I — 2x) 
and the equation of СА is rm ч (x — 1) 
Hence the fourth boundary condition is 
у(х, N^ 05х55 
=q x), exem (v) 
-f l), Z «x«l 
As in example 18.6, the solution 4 (1) B, ^" the boundary conditions (її), (tii) and (tv), is 
убх, t) = b, sin == cos _ [Where b, = C,C,] 
Adding all such solutions, the most general solution of (1) is 
* t — b, de | nnet EN 11 
yix, В) = уь sin —— cos 7 (vi) 
Putting £ = 0, we have у(х, 0) = Y b, sin = (VEE) 
n=1 | 


In order that the condition (v) may be satisfied, (v) and (vii) must be same. This requires the expansion of 
y(x, 0) into a Fourier half-range sine series in the interval (0, 7). 


by (1) of $ 10.7, 
421 [^ Sar үүлэх 33a _ = AS irs fam 
Es] Sz dx + +f Г (I 2х) sin ах + +f. ; D sin ^ ; T del 


_ cos cos (nel) | _ sin (nml) i 
o (nD | (my | 


1-2х) -SURD g sin (271) 

| ы ет) | | mw» D 
T. 
Ё 


Ч P n P. | [2 пт 2 . Qnn Ê nr 
= => ‚|+ - cos —— — —— —- 5 


_ ба 
EB | 





+ 





(xD |- cos т _ (у. |. Sin (nail) 
ы | @ | 77 (пли)? 











ОР . пп E 2 Р. ан 

















12 п?д? 3 
18а . . 2nn : пт mos. НТ 
sin — [1+(— 1)" "s sin 22 = sin nn - 59) =- — T?" sin — 
=a ain 1+0] | g €. Я 
Thus 5, = 0, when n is odd. 
SR as sin A when п 15 even 
пд? 8 | | 
Hence (vi) gives 
| - 36a . nn . лїх nnet 
yix, t) = x 2 Bin — sin —— cos [Take n = 2m] 
Ü À n l i 
n=2,4,.. 
-25 Y >. sin SPP is nex cos энш (vit) 
т^ a т? З ! l o 


Putting x = //2 in (vii), we find that the displacement of the mid-point of the string, i.e. y(//2, t) = 0, because 
sin тт = 0 for all integral values of т. 

This shows that the mid-point of the string is always at rest. 

(3) D'Alembert's solution of the wave equation 











Oy а?у т 
ЕЎ шиг эж D 
: Let us introduce the new independent variables u = x + ct, v =x – ct so that y becomes a function of u and v. 
z -2 ду 
Then + = 
Ty 9 (а. ЭР 2 (2, ә), 2 (> > „ ду „ду ду 
ны Ax ds 2 dv ды Qu) dv\du до) d) Ou» av? 
2 2. 
Similarly, | 23 - : |2 9 + 9 M d 
ды? “хир? ди? 
Substituting іп (1), we get a -0 ...(2) 
U 
Integrating (2) w.r.t. v, we get > = flu) wa) 


where Ки) is an arbitrary function of u. Now integrating (3) w.r.t. u, we obtain 
y= | fw) du + (о) 
where (v) is an arbitrary function of v. Since the integral is a function of u alone, we may denote it by фи). Thus 
у= фи) + wi) 
Le. у(х, t) = ф(х + ct) + yix — ct) IA) 
This is the general solution of the wave equation (1). 
Now to determine ф and v, suppose initially u(x, 0) = f(x) and dy(x, Oat = 0 


Differentiating (4) w.r.t. t£, we get = = eco (x + ct) -ey'(x — et) 
At t = 0, Q'(x) = и (х) UD) 
and у(х, 0) = ф(х) + yix) = f(x) ...(6) 


(5) gives, ф(х) = wx) + А 
(6) becomes 2y(x) + k = f(x) 


or yix) = 5 Иа) — | and ф(х) = 5 [flx) + А] 





Hence the solution of (4) takes the form 
у(х, t) = 5 [fix + ct) + k] + 5 [f(x — ct) — k] = f(x + ct) + fix — ct) AT) 
which is the d'Alembert's solution* of the wave equation (1) (V.T-U., 2011 S) 
Obs. The above solution gives a very useful method of solving partial differential equations by change of variables. 
Example 18.9. Find the deflection of a vibrating string of unit length having fixed ends. with initial 
velocity zero and initial deflection f(x) = k(sin x- sin 2x). (VTU 2011) 
Solution. By d'Alembert's method, the solution is 


у(х, t) = 2 [Их + ct) + fix — et)] 


= > [k [sin (x + ct) — sin 2(x + ct)] + kisin (x — ct) — sin 2(x — ct)]] 


= k [sin x cos ct — sin 2x cos 2ct] 
Also у(х, 0) = k(sin x — sin 2x) = fix) 
and dy (x, Oyat = k (— c sin x sin ct + 2c sin 2x sin 260), —0 
Le., the given boundary conditions are satisfied. 





PROBLEMS 18.2 






i. Solve completely the equation d%y/dt* = с02у/0х?, representing the vibrations of a string of len; Ч UN at 
ends, given that y(0,4)-— 0 ; YU, 0) = 0 ; у(х, 0) = Дх) and. дух, oyat = 0,0«х«ї. (Bhopal, 2007 S; РТ. (7, 2005) 
2. Solve the wave equation t = с a under the conditions u(0, t) = 0, ull, t) = 0 for all t ; шх, 0) = Аж) and (21 ёр 
gx) 0 «x «lt. | | 
3. Find the solution of the wave equation 22 с? с corresponding to the triangular initial deflection 


0-а) when y cy <], 


ho} 


АЙ 
Им = ү 5 when 0 «x < 


and initial velocity zero. (Bhopal, 2006 ; : Kerala, M. Е, 2008) 
4. A tightly stretched string of length / has its ends fastened at x = 0, x — l. The mid-point of the string is then taken to 
height А and then released from rest in that position. Find the lateral displacement of a point. of the string at time 
t from the instant of release. (Anna, 3006) 


5. A tightly stretched string with fixed end points at x = 0 and x = 1, is initially in a position given by 


x,0S25— 
Пху = 1 
1- +," = < 
- i 2 | 
If it is released from this position with velocity a, perpendicular to the x-axis, show that the displacement utr, t) at. 
any point x of the string at any time > 0, is given by 


442 sin [(4 рї — 3) nx] cos |(4 pi — S) nat — nA} sin [(4 pi — Плов (4 pi — Urat- 274] 
их, t) = Х| {м ж. З UR Eu dis 3 їйл. л лы Гүн ГОР P X EA. | 
P (4n — 3) (An — 1) 





6. На string of length 118 SU. at rest in equilibrium position and each of its points is given а р such that 
и = or for <x < 10 
c(l. x) for /2 < x < L, determine the displacement у(х, t) at anytime ё — (Anna, 2008). 
7, Using d'Alembert's method, find the deflection of a y Vibrating string of unit length having fixed ends, with initial 
velocity zero and initial deflection : 
(i) Ах) = ах — x?) (Kerala, M. Tech., 2005) Gi) fix) =a шаг nx. 


*See footnote of p. 373. 








IX (1) ONE-DIMENSIONAL HEAT FLOW 


Consider a homogeneous bar of uniform cross-section o(cm*). Suppose that the sides are covered with a 
material impervious to heat so that the stream lines of heat-flow are all parallel and perpendicular to the area с. 
Take one end of the bar as the origin and the direction of flow as the positive x-axis (Fig. 18.3). Let p be the 
density (gr/cm?), s the specific heat (cal./gr. deg.) and А the thermal na (cal./cm. deg. sec.). 

Let u(x, — t) be the temperature at a distance x from О. If би be қ | 
the temperature change in a slab of thickness àx of the bar, then by 
$ 12.7 (it) p. 466, the quantity of heat in this slab = spo, óxóu. Hence the 


rate of increase of heat in this slab, Le., раб = = R,- Ra, where К, 








and R, are respectively the rate (cal./sec.) of inflow and outflow of heat. 


Now by (A) of p. 466, R, = ~ ka ( Z ) and R =- ka (2) 
a), 9х x + Gr 


the negative sign appearing as a result of (г) on p. 466. 


| | | Сди/дх - (дш/дх 
Hence spadx Эн =— ка| 2) + Е =| i.e., ou ы Мэс =з! 
at x х + бх sp 


‚Өх ax dt бх 
Writing Р/5р = c*, called the diffusivity of the substance (cm*/sec.), and taking the limit as бх — 0, we get 
du. да 
ЗУ ze — 413 
ot ax | 
This is the one-dimensional heat-flow equation. (V.T.U., 2011) 


(2) Solution of the heat equation. Assume that a solution of (1) is of the form 
u(x,t) = Xx) . TE) 

where X is a function of x alone and T is a function of t only. 

Substituting this in (1), we get 

XT" = c X"T, ie., XX = TST 42) 

Clearly the left side of (2) is a function of x only and the right side is a function of t alone. Since x and ¢ are 
independent variables, (2) can hold good if each side is equal to a constant Л (say). Then (2) leads to the ordinary 
differential equations 


9 
x: -kX-0 .(3) and C -kT-0 AA) 
Solving (3) and (4), we get 
(i) When Ё is positive and = р?, вау: 
Х- сер“ + ce P, T- C3 ert : 
(ii) When k is negative and = — p^, say : 





X = с, cos px + с; sin px, T = б ene Pt. 
(iii) When k ts zero: 
X=c,X + ¢,, Т = Cy. 
Thus the various possible solutions of the heat-equation (1) are 
и = (c,e* + eP Vege’ Р! ...(5) 
и = (c, cos px + с; sin рх) све“ .46) 
и = (сх + ср) ..-(7) 


Of these three solutions, we have to choose that solution which is consistent with the physical nature of 
the problem. As we are dealing with problems on heat conduction, it must be a transient solution, i.e., и is to 
decrease with the increase of time £. Accordingly, the solution given by (6), i.e., of the form 


и = (C, cos px + C, sin px)e 9”? KB) 
is the only suitable solution of the heat equation. | 





Solution. The solution of the equatio SE ...(ї) 
u(x, t) = (c, cos px + c, sin px) е7?“ (i) 
When x - 0, u(0,t)=c,e Pt =0 ie, c,=0. 
^ (ii) becomes u(x, t) = c, sin pre”! (iii) 
When x = 1, u(l,t)-c,sinp. е”? -Оог sin p = 0 
р = пт. 
(iii) reduces to u(x, t)=b, 67077! sin плх where b, = c, 
Thus the general solution of (i) is u(x, £) = X b.e met sin ллу (ёо) 


When ¢ = 0, 3 sin nzx = u(0, t) = у Ье"! gin плх 
n=1 

Comparing both sides, b, = 3 

Hence from (iv), the desired solution is 


u(x,t)=3 Ye p "rt in sin nmr. 


п= 1 





Solution. Substituting u = Хото: in theg given n equation; we get 











ХТ’ -о2Х"Т ie, ХХ = т =- k? (say) 
л TX en and a +B eT =0 (1) 
Their solutions аге X =c, cos kx + c, sin kx, T 2 c, e Matt UR) 
If k? is changed to — £?, the solutions are 
X=" o etr, T= c, er ...(З) 
If k? = 0, the solutions are X=c¢,x + ¢,,T эс, (4) 


In (3), T — = for t — œ therefore, и also — = i.e., the given condition (i) is not satisfied. So we reject the 


solutions (3) while (2) and (4), satisfy this condition. 


Le; 


Applying the condition (її) to (4), we get c, = 0. 


u=XT=c,c, =a, (say) ...(5) 
From (2), а = (— с, sin kx + c, cos kx) Асе Q6 


Applying the condition (ii), we get c, = 0 and — c, sin kl + с, cos ki = 0 
c,-0 and ki = пл (п an integer) 


ся | aon mat 
у = с, cos ix . c, "9! за cos| 2 |  — — (6) 
.. и — + 1 ) IS ы ее = Ga | 1 2 ЫГ 





Thus the general solution being the sum of (5) and (6), is 


и = а, + Ea, cos (плх/!)е "= AT) 


Now using the condition (iii), we get 
lx —x* = a, + La, cos (плх/) 
This being the expansion of lx = 42 as a half-range cosine series in (0, /), we get 








| ila? ef р 

NT Les ; 2 З б 
and а, == | (s — x^) cos TE «= | ae 2°) -È sin 27) 
1 40 [ L nn |, 


i? nm | | | Ë . nme | 


= 0-- t е пл+1) +0 МИЕ: 3 when п is even, otherwise 0 
1| аж | Е пп: | ! | ` 
Hence taking п = 2m, the required solution is 


ELE S 1 далан 
| 2 


| | m, AE 
н J =. 
h 1 аа а 
! Perret. 
y E | LI 3 
гн EEGI CERES ХА. 
йт ү m unm J 14 pee iu 
i af ^ 


"e Hz ends А mai 

BH WII ad zi bid 

4 = x aT = 10 A ; 
Пету redu 026 ал: 


i & P | A a 
ғ 
| i 








Gada ee ДЕЛШ» EAE УР 5 57 | M A Val i 2 a 272 Magras, 20005) 
Solution. (a) Let the equation for the conduction of heat be 
ди _ 2 Ju (i) 
at Jr? .... 


Prior to the temperature change at the end B, when ¢ = 0, the heat flow was independent of time (steady 
state condition). When и depends only on x, (i) reduces to o?u/ox? = 0. 


Its general solution is и = ax + b (EE) 
Since и = 0 for x = 0 and u = 100 for x = L, therefore, (ii) gives b = 0 and a = 100/1. 
Thus the initial condition is expressed by u(x, 0) = x un) 
Also the boundary conditions for the subsequent flow are 
и(0, £) = 0 for all values of t iu) 
and ull, t) = 0 for all values of t Jat!) 


Thus we have to find a temperature function u(x, t) satisfying the differential equation (1) subject to the 
initial condition (и) and the boundary conditions (11) and (0). 
Now the solution of (1) is of the form 


u(x, t) = (C, cos px + C, sin px)e ^ ?* (oi) 
By (iv), и(0,0) = C,e “pt = 0, for all values of t. 
Hence C, = 0 and (vi) reduces to u(x, t) = C, sin рх. “наа ii) 


Applying (v), (vii) gives ull, t) = C, sin рі. е” cpt = О, for all values of t. 
This requires sin pl = O1e.,pl=nnasC,#0. ~ р = пт, where п is any integer. 


| 2 " н | 
Hence (vii) reduces to u(x, t) = b, sin AT e“ HP where b, =С.. 





(These are the solutions of (1) satisfying the boundary conditions (iv) and (0). These are the eigen functions 


corresponding to the eigen values A, = cnl, of the problem.] 
Adding all such solutions, the most general solution of (1) satisfying the boundary conditions (iv) and (v) is 


u(x, t) = Y b, sin ZEE, тетти (viii) 
Hz 
Putting t = 0, u(x, 0) = у b, sin = Ex) 
n=l 


In order that the condition (iii) may be satisfied, (iit) and (ix) must be same. This requires the expansion 
of 100x// as a half-range Fourier sine series in (0, /). Thus 


! 100x |. nm , 
ийн 








o - Y 


4 ЭНХ у 
Г b, sin —— where b, = 1 *[ 


l 


_ 200 xl- ens] qn _ sin (плх/ 0) - 200 (_ E sng) = 200 ( үрэл 
| (nn / Г) | (nz /1Y En P пт nn 


Hence (uiii) gives u(x, t) = sin 


200 <. (-1)"** . nne хий 
ЕЗ ina C xu 
(b) Here the initial condition remains the same as (iii) above, and the boundary conditions are 
u(0, £) = 20 for all values of t AE) 
ull, t) = ВО for all values of £ Ux) 
In part (a), the boundary values (i.e., the temperature at the ends) being zero, we were able to find the 
desired solution easily. Now the boundary values being non-zero, we have to modify the procedure. 
We split up the temperature function u(x, £) into two parts as 
u(x, t) = u, (x) + u, (x, t) Ud) 
where u (х} 13 a solution of (1) involving x vole "© satisfying the boundary conditions (x) and (хї); ц, (x, D 18 then 
a function defined Бу (xii). Thus u, (х) is a steady state solution of the form (iz) and u, (х, t) may be regarded as a 
transient part of the solution which decreases with increase of f. 
Since ы, (0) = 20 and и (l) = 80, therefore, using (ii) we get 


u (x) = 20 + (60/Dx (xiii) 
Putting x = 0 in (xii), we have by (x), | 
и (0, £) = u(0, £) — u,(0) = 20— 20 = 0 xu) 
Putting x = / in (хи), we have by (xz), 
ul, t) = ul, t) -и (D = 80 – 80 = 0 xu) 
Also их, 0) = u(x, 0) — u(x) = 1005 (895: + 20) [by (iii) and (xiii) 
= 205 _ 20 | (хий) 


Hence (xiv) and (xv) give the boundary conditions and (xvi) gives the initial condition relative to the 
transient solution. Since the boundary values given by (xiv) and (xv) are both zero, therefore, as in part (a), we 


| porda Ved ра -e pi 
have u,(x, t) = (С, cos рх + C, sin px) e 
By (xiv), u,(0, t) = Ce ^?" = 0, for all values of t. 
Hence C, = 0 and u(x, t) = C, sin px. e^ cp бой) 


a4 | 
Applying (xv), it gives и (О = C, sin ple * P* 5 0 for all values of t. 
This requires sin pl = 0, i.e. pl = nn as C, # 0. p = nwl, when n is any integer. 


"o4 9. й | 
Hence (xvii) reduces to u,{x, t) = b, sin "s e "^"! where b, = Cy. 





Adding all such solutions, the most general solution of (xvii) satisfying the boundary conditions (xiv) and 
(xv) is 


u(x, t) = Le, sin ote rrr (xviii) 
Putting ? = 0, we have u(x, 0) = у 5 a (xix) 
n=l 


In order that the condition (xvi) may be satisfied, (xvi) and (xix) must be same. This requires the expan- 
sion of (40/I) x — 20 as a half-range Fourier sine series in (0, /). Thus 


40x nTx \. ARY 40 | 
LL — 20 sin — dx =— — (1+ T 
"7E -20- 2 м sin ] where б, = 7 = E DO (1 cos лд) 
Le., b, = 0, when n is odd ; = — 80/nn, when n is even 


— B0) sin их IE 2 cnet ITake ns 2m] 


Hence (xviii) becomes и (х, t) = 


e шэн ud ull 
га 4с та (хх) 





ic 
С 


lai 
m 
Finally combining (xiii) and (xx), the required solution is 


u(x, t) = 40x | ор. 40 5 : 1 dn 2ттх " {етн 
l п.т l 


ан 
1-Ё 3 of. 


Ai rod 
dee [T eof к 54 1 
„НГЕ 
De jn: re 


ЫЫ. 


ў | n үрс: и сүй { жа Ei iarach i; 
а LEX IS arts 1 





Solution. Let the heat equation be эр | гч zali) 
In steady state condition, u is independent of time and depends on x only, (1) reduces to 
д°и/ дк” = 0. LH) 


Its solution is u =a + bx 
Since и = 30 for x = 0 and и = 80 for x = 20, therefore a = 30, b = (80 — 30/20 = 5/2 
Thus the initial conditions are expressed by 
и (x, 0) = 304 2 x wa (ELE) 
The boundary conditions are u (0, £) = 40, u (20, В = 
Using (її), the steady state temperature is 
, он 40 


и (х, О) = tA х =40+х wall) 


To find the temperature u in the intermediate period, 
uíx,t)- и, (x) + и, (x, £) 
where u, (x) is the steady state temperature distribution of the form (iv) and и, (x, £) is the transient tempera- 
ture distribution which decreases to zero as ¢ increases. 
Since и, (x, £) satisfies one dimensional heat equation 


MR 2 
i u(x, {) = 40 + х + У (a, cos px +b, sin px) e "' Ku) 
m=] 


а ны Ч 
ш(0,()-40-40- $ a,e ^ ' whence a, = 0. 


ne] 





(0) reduces to u(x, t)=40+x+ У b, sin рхе” pit ut) 


n=l 
Also и (20, 2) = 60 = 40 + 20 + У b, sin 20 pe ?* 
n=1 
У n 90 ne Р! . : | 
or > b, sin 20 pe =0 ie., sin 20р = 0 i.e., р = nr/20 
п= 1 
Thus (vi) becomes u(x, В = 40 + х + Y b, sin e pite ший) 
nal 
Using (rti), 30+ 5х=и (0, #) = 40 + х + Le, sin "Ann 
= 5 -10= >, b, sin 72 


| 0 (4 
where b,= = |, (3x - 10) sin ^ БАХ de= A (1+2 cos nx) 


Hence from (vii), the desired solution is 


undi x— 20 р керешик iy ПЕ (нуу. 
ec n 20 





Solution. The гарнаа и (x, £) along the bar satione the odudtion 


ди _ шүр ди a u 

dt эх? 

| By law of heat conduction, the rate of heat flow is proportional to the gradient of the temperature. Thus, 

if the ends x = 0 and x =/ (= 100 cm) of the bar are insulated (Fig. 18.4) so that no heat can flow through the ends, 
the boundary conditions are 


olf) 








ди (0,2). du ilt) са а 
dx -0,- 5с = О for all £ (tr) 
22, 


Initially, under steady state conditions, ----0. Its solution is и = ах + b. 


since t = 0 for x = 0 and u = 100 forx=] .. b=Oanda= 1. 


Thus the initial condition is u (x, 0) = x О<х<{. tit) 
Now the solution of (i) is of the form u (x, t) = (c, cos рх + c, sin рх)е cg kit) 
Differentiating partially w.r.t. x, we get 
ди = ( с? pt 
a: еер sin px + ср cos px)e- idu) 
Ч -— du - opt _ | .. 
Putting x = 0, эх), = ёре -0 for all t. [By (:) 
“0 
с, = 0 
Рип х= їп (5), (94) =- ep sin ple?" for all t. [By (i) 


S сүр sin pl = 0 ie., p being # 0, either с, = 0 or sin pl = 0. 
When с, = 0, (iv) gives u (x, t) = 0 which is a trivial solution, therefore sin pl = 0 
or pl = пп or pannil, nz 1,2... 





nux -en х! 
Cm ot 
- the most general solution of (i) satisfying the boundary conditions (ii) is 


Hence (iv) becomes и (x, £) = сү cos 


Bt 3 | ; 
u(x, 2) = у А, cos нь. one =A, + у А, сов в шил (where A. =с.) (vi) 
ita n=l 
Putting t = 0, и (x,0)=A,+ У А, cos = х [by Gi] 
n=] 


This requires the expansion of x into a half range cosine series in (0, /). 


Thus 


1 
20 + р, a, cos nnx/l where a, = =f, хах = і 


| wl 
and a, m 3 , * е^ dac 27 LI (cos nx — 1) 


= 0, where n is even ; = — 4//n*n*, when n is odd. 


^ А,- I = 1/2, and A, =a, = 0 for n even ; = — Al/n?n? for п odd. 


Hence (vi) takes the form 


u(x, t) = is » E, cos rs g^ nnt 
uela. " 

— 

) 


241 ae 
. 5 


x (2n T ПХ (-c n TP itu (vii) 


This is the required temperature at a point P, distant x from end A SSSL WSS SSS: 


Se 


at any time f. 





Let Р, Р, be two төвлөн equidistanit from the centre C of the bar so 
that CP, = -CP, (Fig. 18.4). 
if Е" =x (say), then AP, - / — x. 
Replacing x by / — x in (vii), we get the temperature at P, as 


TE | ! -c (2n -1Y mt 
1 4i x 1 (2п-1)к(@—х & - 
(-х,0-5-т:) ———— cos ———— ———— e 
dnd 2 m 2, ( 1)” ! 
98 (2а - 1f et 
= 4 (20-1/х — 8&8 — " 
= Фр _ 11 RE Iii) 
2 5 >» (2n – 1) l й 
| (2п—-1)т(1—х) | | (2n — 1) i (2n — 1) nx 
T юе „———= 2пп-п- -r rs Г 


Adding (vii) and (viii), ме get uix, t) + ull x, t) =l = 100°C. 








2. Find the temperature u(x, t)in a homogeneous bar of heat conducting material of length /, whose ends are. kept at 
temperature 0°C and whose initial temperature in (°С) is given by ax (1 =). (РТИ, 2009) 
3. Атой 30 em. long, has Из ends A and B kept at 20° and 80°C respectively until steady state conditions prevail, The 
temperature at each end is then suddenly reduced to 0°C and kept so. Find the resulting temperature function 
u(x, 0) taking x = 0 at A. (Anna, 2008) 
4. A bar of 10 em long, with insulated sides has its ends А and В maintained at temperatures: 50*C and 100*C 
respectively, until steady-state conditions prevail. The temperature A is suddenly raised to 90°C and at the same 
time that at В is lowered to 60°C. Find the temperature distribution in the bar at time f. (P-T:U., 2010) 


Show that the temperature at the middle point of the bar remains unaltered for all time, regardless of the 
material of the bar. 
b. Solve the following boundary value problem : 


ди 20° ди(0,4) __ dull, t) 
Ni lup ОР c EE 

6. The temperatures at one end of a bar, 50 cm long with insulated sides, is kept at 0°C and that the other end is 

kept at 100°C until steady-state conditions prevail. The two ends are then suddenly insulated, so that the 


temperature gradient 18 zero at each end thereafter. Find the temperature distribution. 


= 0, ux; 0) 2 x. (S.V.T.U., 2008) 





7. Find the solution of 99 . 99 | such that 
а а? 


99 -0 when x = 0 


(1) 8 is not infinite when f +=; (i) dx for all values of t ; 
(iti) Ө = Ө, when ¢ = 0, for all values of x between 0 апа /, | (5,У.Т,(/., 2008) 


= 


az 2 | ий 
Find the solution of oe = ra having given that V = V, sin nt when x = 0 for all values of t and V =0 when x is 


very large. 


ЕВ TWO-DIMENSIONAL HEAT FLOW 





Consider the flow of heat in a metal plate of у 
uniform thickness œ (cm), density p (gr/cm*), specific | 
heat s (cal/gr deg) and thermal conductivity b (cal/em sec 
deg). Let XOY plane be taken in one face of the plate (Fig. 
18.5). If the temperature at any point is independent of 
the z-coordinate and depends only on x, y and time t, then 
the flow is said to be two-dimensional. In this case, the 
heat flow 1s in the XY-plane only and is zero along the 
normal to the XY-plane. 

Consider a rectangular element ABCD of the 
plane with sides бх and бу. By (A) on p. 466, the amount 
of heat entering the element in 1 sec. from the side AB 


= -ko ( 3) 


| (х,у + бу) Cix + бх, y +бу) 





(х, y)A Bix + бх, y) 





Fig. 18.5 


and the amount of heat entering the element in 1 second from the side AD = —aóy Е 


А 


The quantity of heat flowing out through the side CD per sec. = — kaâr (à 
Л" ye by 
and the quantity of heat flowing out through the side BC per second = — kay (2) 
xx 

Hence the total gain of heat by the rectangular element ABCD per second 


= — Рабх (5), c oy Fe) аа) tote (SE) | 





«Aamuy|——— C E. xe “Ту (1) 


Also the rate of gain of heat by the element 
= pixSyas би ...(2) 
Thus equating (1) and (2), 


25 д д 
2). 8) CARLA а.н 


бх + бу “Ot 


Рабхбу 


Dividing both sides на обхбу апа taking limits as бх — 0, бу — 0, we get 


ie., M = е ин - өн where c? = &/ps is the diffusivity. ...(3) 


Hence the equation (3) gives the temperature distribution of the plane in the transient state. 
Cor. In the steady state, и is independent of f, so that dwat = 0 and the above equation reduces to, 


да ou 


ax? ay? 
which is the well known Laplace's equation in two dimensions. 





SOLUTION OF LAPLACE’S EQUATION 


? 2 
БАГ 4 a 
Let = Х(х)Ү(у) be a solution of (1). 


Substituting it in (1), we get Ч Ху + хал -0 


н 2 
or separating the variables, i ex „la Y (2) 
p g X de Y ду (2) 
Since x and y are independent variables, (2) can hold good only if each side of (2) is equal to a constant А 
(say). Then (2) leads to the ordinary differential equations 
dX 


dx” /—— 





24 
kX = 0 and £x 4 kY = 0. 
dy 





Solving these equations, we get 
(i) When k is positive and is equal to p?, say 
X=c,e" + ce, Y = c, cos py + с, sin py 
(ii) When k is negative, and is equal to — p?, say 
X = с; cos px +c, sin px, Y = слег + сет?» 
(iii) When k is zero; X = egx + Cip Y = сүүу + Су». 
Thus the various possible solutions of (1) are 


и = (суе? + ce” Рх) (c, cos py + с, sin py) d) 
и = (c, cos px + c, sin px) (сер? + cge PY) .4(4) 
и = (сүх + Cig) (СУ + су) ...(5) 


Of these we take that solution which is consistent with the given boundary conditions. 
(У.Т.Ы., 2011 5 ; Kerala, 2005) 


Temperature distribution in long plates 


dis й 1: E ч эрч 
: pl = р Е-Е, 
| J, 






А ret, 


, | | 
к o : 
E. ї col 11-41 TE FE: 
Beca ыт BL iw 

g ae cs EN 

ү J | J 1 
E! | Ш. 
2 х 


PET реа 9 паа г: 2 АЛД ГАЗ 

ын ЕУ үгэ хэв, БУУ, ОТ МЛ түгээ УК , | 
Solution. In the steady state (Fig. 18.6), the temperature u(x, у) at any 
point P(x, y) satisfies the equation 





ET. 





= 4 zi =0 Ai) 
The boundary conditions are и(0, у) = 0 for all values of y JU) 
ulm, y) = 0 for all values of y Ut) 
их,ө)-01 0-х-17 Uu) 
u(x, 0) -u,;inO ex «m ...(u) 
Now the three possible solutions of (1) are 
и = (сүеР* + үеэ?) (c, cos py + c, sin py) Aui) 
и = (с. cos px + c, sin px) (c, еру + ce Y) „.Дой) 
и = (сох + Cig) (сууу + 045) DUEL) 


Of these, we have to choose that solution which is consistent with the physical nature of the problem. The 
solution (vi) cannot satisfy the condition (11) for и + 0 for x = 0, for all values of y. The solution (viii) cannot satisfy 
the condition (iv). Thus the only possible solution is (011), i.e. of the form 


u(x, y) = (C, cos px + C, sin px) (С. e + C, e?) : (x) 
By (ii), и(0, y) = C (С.е? + Се?) = 0 for all y. 
Hence C, = 0 and (ix) reduces to 

u(x, y) = C, sin px (Се? + C e?) x) 
By (iit), шт, y) = C, sin рліС,е?у + Се?) = 0, for all y. 


This requires sin px = 0, Le. рп = пп аз C, + 0. .. p-n,aninteger. 
Also to satisfy the condition (iv), i.e., и = 0 as у — =, C, = 0. 
Hence (x) takes the form u(x, у) = b, sin nx . е, where b, = С.С. 

the most general solution satisfying (ii), (И) and (iv) is of the form 


их, у) = У b,sin nx.e"" (xi) 
п-1 

Putting y = 0, u(x, 0) = » b, sin nx xit) 
п=1 


In order that the condition (v) may be satisfied, (v) and (xii) must be same. This requires the expansion of 
и as a half-range Fourier sine series in (0, п). Thus 





П = 
Le., Ь = 0, if n is even ; = ды пл, if n 15 odd. 


1 


Hence (xi) becomes u(x, y) = Tofer sin x += 3 e ЗУ sin Зх + ze 75У sin бх +. s: 


Temperature distribution in finite plates 








Solution. The three possible те of Y 
du , 
du , ди =0 E р 
| es ду | и = віп (п neil) 
аге и = (суе? + се?) (c, cos py + c, sin py) 240 x-0 | — 
и = (c, cos px + c, sin px) (сеу + cge РУ) „(и 4-0 
= (Cy X + су) (63У + 6,4) 4449) 
J We have to solve (1) satisfying the following boundary conditions „Ж 
и(0, у) = , (о) ull, y) = 0 (vi) di 
u(x, 0) = (001) u(x, a) = sin плхЯ шан) Fig. 18.7 


Using (v) and (vi) in (ii), we get 
сү+с„=0, and суе ce? = 0 

Solving these equations, we get c, = c, 0 which lead to trivial solution. Similarly, we get a trivial solution 
by using (v) and (vi) in (iv). Hence the suitable solution for the present problem is solution (iti). Using (v) in (iii), 
we have c (се? + сре?) Z0 Le,c,-0 

г. (iii) becomes и = с; sin pric e + с.е?) x) 

Using (vi), we have c, sin pl (c,e" + ce?) = 0 

г. eithercg=0 or sin pl = 0 

If we take c, = 0, we get a trivial solution. 

Thus sin pi = 0 whence pl = nt or p=nn/l where л = 0, 1, 2, ...... 

г. (ix) becomes и = c, sin (nmx/D) (e e" + c enm) 49) 

Using (vit), we have 0 = с; sin ллх/ (су c4) Le, С,е-Су 

Thus the solution suitable for this problem is 


TT (evi =e") where b, = 66) 





u(x,y)= b, sin 


Now using the condition (viit), we have 


ule, ау = ва 255 =b oam ШЕ = TX (елла! _ gonta), 
— ын 1 
we get 5, ын (9t 2087 пка! 
Hence the required solution is 
not ет | "xx sinh (nry) . nn 


u(x, у) = =. 


Qnm д-ллаЛ 1 sinh (nna/l) l 





Solution. The only possible solution of 


is of the form u(x, y) = (c, cos px + Ca sin px) (се + ce") 
The boundary conditions are 
0(0, у) 20; о(а, у) = 0 
u(x, Б) = 
u(x, 0) =х (а-к), О < х <а. 
Using (it) v(0, y) = с. lee" +c,eP")=0 Le, с, = 0. 
(11) becomes v(x, y) = c, sin рх (сце? + ce”) 
Again using (iit), ula, y) = с, эт pa (сле + c,e P") = 0 
1.е., sin ра = 0, Ее. ра = пп or р = плЈа 


птх = a 
(vi) becomes vix, у) = с. sin — | се‘ +с„е " 
a 














or u(x, y) = sin ?TX (Ae"™ + Ве-"лУ ) where A=c,c,,B=c,c, 


a 
nnb nnb \ 


pæ = a 


Now using (1v), u(x, b) = sin Rt А, а + Ве 4 | 20 
a 


Le, Agba 4 Ве- "№ —() or JAgnmbe. Berma = — zb (say) 


п 


Thus (viz) becomes u(x, y) = sin S. +b, [ет ууа | p mib- ан 


b, sin MR sinh P9 7 Y? (b — y) 
T a a 
the most general solution of (1) is 
-- . mm . 4, nn(b- y) 
ох, y) * | IMS eink n 
(x, y) 2, b, sin : sinh = 


Using the condition (v), we have 


- xY(a—x)2v(x,0)- У Ь, sinh ^25, sin 


nel 


where b, sinh nnb _ = 2 21 ala — x) sin —— ПИХ М 
С Ч 


пп/а 


_ d ax xh ( eren) (a ao алина), со] 


(пл/аў 


=0 -0+ ша. (1 — cos nx) 
nn 





= 2 
Ba | à | : А 
= —— when n is odd, otherwise zero when л is even. 


d.d 
n m 


Hence from (viz), the required solution is 


Qa? Ён 1 nih — 35 
T ETC Ba” уз sinh nnz(b — ya ein TS 
4 n? sinh плЬ/а a 


or u(x, у) = T 


Ba* È sinh (2n + 1) л(Б — у)/а gi, Gn + Dn 
x^ 44 (9n +1) sinh(2n + Ил а | a 


cos плх/а | | 
(плаў | 





di) 


UE) 


AUD) 
Uv) 


iu) 


| (UE) 


(UU) 


oiii) 


APPLICATIONS OF Pantal DIFFERENTIAL Equations 623 





PROBLEMS 18.4 





1. А long rectangular plate of width a cm. with insulated surface has its temperature и equal to zero on both the long 
sides and ane of the short sides so that v(0, y) = 0, ula, y) = = 0, b (x, в) =0, v(x, 0) = Ax. Show that the steady-state 
temperature within the plate is 


мы АА г nl | , | 
v(x, уул 29% P aD алив i ’ NTU. 2005) 
x 4 ri а E s 


2. A rectangular plate with insulated zu, is B em. wide and so long compared to its width that it may Эн 
considered infinite in length without introducing ап appreciable error. If the temperature along one short. edgey = 
is given by 

их, 0) = 100 emim/S), O<x <8; 
while the two long edges x = 0 and x = 8 as well as the other short edge are kept аі 0"С, show that the. steady-state 
temperature af, any point of the plane is given by 

ибх, y) = 100e 95 sin (xx/B). 

3. A rectangular plate with insulated surface is 10 cm, wide and so long compared to its width that it may be 
considered infinite in length without introducing an appreciable error. If the temperature of the short edge v = () is 
given by 

u-20x for 05х55 
and и = 20(10-=х) fori<x<10 
and the two long edges x = 0, х = 10 as well ав the other short edge are kept at 0°C, prove that the temperature u at 
any point (x, y) is given by 


үгээ к | 


4, Solve дш дц = 0 for Ü< x <x, Q< y< n, with conditions given ги (0, y) = u(x, y) =ulx, x). 0, ute, 0) = sin? x. 
ox? ay" 
5. А square plate is bounded by the lines х = 0, y = 0,x = 20 and y = 20. Its faces are insulated. The temperature along 
the upper horizontal edge is given by | 
uix, 20) 2.x(20 — x), when 0 < x < 20, 
while other three edges are kept at 0°C. Find the steady state temperature in the plate. A (Madras, 2003) 
6. The temperature u is maintained at 07 along three edges of a square plate of length 100 cm, and the fourth edge is 
maintained at 100* until steady-state conditions prevail. Find an expression for the temperature и ut pany: хэл, (х, 
y). Hence show that the temperature at the centre of the plate 
= 200 Pei: dee) EM hoe 
cosh 1/2 З cosh Зл/ 8578" зүсээ Bm2 “| 
7. Asquare thin metal plate E is bounded by the lines x = 0,x =a, y 30, y =a. The edgesx = Ü, y =a are kept at 
zero temperature, the edge у = 0 is insulated and the edge x =a is kept. at constant temperature T». Show that in the 
steady state conditions, the temperature u(x, y) at the point (x, y) is given by 


n-1 (2n = Dix (2r — жду 
32 sinh -—— | nig id | 
и(х, у) = 4575) DU e ын — | Ч 


| 2 
8. Arectangular plate has sides о and b. Taking the side òf length à as ОХ and that of length as OY and other sides 


to be x a. and y = b, the sides = 0,x = a, y = б are insulated and the edge y = 0 is kept at temperature uj cos T. 
‚ Find the temperature u(x, y) in the steady-state, 


| (1) LAPLACE'S EQUATION IN POLAR COORDINATES 





In the study of steady-state temperature distribution in a rectangular plate, it is usually convenient to 
employ Cartesian coordinates as hitherto done. Sometimes Polar coordinates (r, 0) are found to be more useful 
and the Cartesian form of Laplace's equation is replaced by its polar form : 


- 2 
2 Fu, du, du 0 (See Ex. 5.24, p. 213-214) 





"Su, „ди, ди _. aa 


Assume that a solution of (1) is of the form u = R(r) . (0) where R is a function of r alone and 6 is a function 
of 8 only. 

Substituting it in (1), we get r*^R"6 + rR’ + Ró" = 0 ог Q(r^R" + rR') + Ro” = 0. 

pr. , e i 

Separating the variables UT = – T ...(2) 

Clearly the left side of (2) is a function of r only and the right side is a function of 8 alone. Since г and Ө are 
independent variables, (2) can hold good only if each side is equal to a constant Ё (say). Then (2) leads to the 
ordinary differential equations | 


2 ” 2, 
24 В, AR _pR=-0  ..(3) and 239. 0-0 AA) 
dr? аг de 
Putting г = &*, (3) reduces to CR -ЁН-0 08) 


Solving (5) and (4), we get 
(i) When Р is positive and = p?, вау: 
R = сег? + c,e = cur! cr P, ф = с, cos pO + c, sin рө 
(11) When k is negative and = — p°, say 
В = с. cos pz + c, sin pz = c, cos (p log г) + с; sin (p log r), ф = се? + ee? 
(iii) When k is zero: 
R = Coz +60 = Cy log rF + Cig È = С, 10 + су, 
Thus the three possible solutions of (1) are 


и = (сүг? + cor?) (c4 cos p8 + c, sin рд) (6) 

и = [cg cos (р log r) + с; sin (p log r)] (ce? + се Рб) N 

и = (cs log r + C49) (619 + Cip) .4(8) 

Of these solutions, we have to take that solution which is consistent with the physical nature of the 
манаа The келег solution will consist of a sum of terms of type (6), (7) or (8). (S.V.T.U., 2008) 





Solution. Take the centre of the circle as dim pola mí bounding 
diameter as the initial line as in Fig. 18.8. Let the steady state temperature 
at any point Pir, Ө) be u(r, Ө), so that и satisfies the equation 





айн, нэ ди = (i) 
ду? or | 
The boundary conditions аге: 
и(г, 0) =0 inO<r<a JI) 
u(r,Àx) 20 inOer<a UI) 
and ula, ө = Т (iv) 
The three possible solutions of (i) are 
и = (cr? + cor P) (c4 cos рд + с, sin p8) AD) 
и = [cg cos (p log r) + с; sin (p log r)] (c,eP® + ce P’) AVE) 
и = (cs log r + сү) (c,,0 + с) (vii) 


From (її) and (iti), и = О when г = 0 i.e., и must be finite at the origin. Thus the solutions (vi) and (vii) are 
to be rejected. Hence the only suitable solution is (v). 





By (ii), ulr, 8) = (сү + стр) с, =0 


Hence c, = 0 and (v) becomes uir, 8) = (сут + соғ?) c, sin рб | (viii) 
By (iii), ulr, п) = (сү? + cor?) c, sin px = 0. 

Asc, #0, sin рл = 0, i.e., p =n, where n is any integer. 

Hence (viii) reduces to u(r, Ө) = (c,r" + со") c, sin n8 aix) 


Since u-0,whenr-0, .. с, = О and (ix) becomes 
u(r, 8) = b,r" sin n6, where b, = c,c,. 
>. the most general solution of (г) is of the form 


u(r, Ө) = Э. b,r" sin n8 | Kx) 
nel 

Putting r =a, ula, 0) = У: Ьа" sin n0. (xi) 
п=1 


In order that (iv) may be satisfied, (iv) and (xi) must be same. This requires the expansion of T as a half- 
range Fourier sine series in (0, п). Thus 


T- V B, sinn® where В, -2| Т sin n8 20= 2 (1 - cosnz) and В, =b,a" 





n=! 
2 й = б 2T (1-совлл) 
a” nna" 
г.е., b, =0, ifn is even 
= E. if n is odd. 
nna” 











ЯЛЖ” ЯС: | 
Hence (x) gives u(r, 0) = т. а) sin ð + (r/a) sin 30 + б/а) віп 50 + 4 


E! 


| | | s fune ic 212 план 
Solution. We know rdiet uir, ө) satisfies the шил 





2 Ж. 
2 9и du, ди = 0 i) 
"OM ACT 
The boundary conditions are u(r, Ө) = 0, и (r, п) = 0 s З) 
and ula, Ө) = 500 for 0 < 0 < 7/2 ; ula, Ө) = 50(n — 0) for /20 € m Ki) 
As in example 18.18, the most general solution of (i? satisfying the bour dary conditions (ii) is of the form 
u(r, 8) = A br" sin n8 4440) 
hal 
Putting r = a, ría, 8) = 3, һа" sin n8 
л-1 


In order that the boundary condition (111) is satisfied, we have r (a, 0) = Ў, B, sin n6 
nel 
2| үл? | au ЭРЭГ" 
where b a" = B, = — | | 500 sin n@ dé + | 50(л — 8) sin 718 ao! (0) 
mT | 40 ne 








_ 100| z | nx,sinnz/2 m nn, sinnn/2 
= оо 95 СОВ 07 T „2 +3, S85 * 


When n is even B, = 0, so taking n = 1,3, 5 etc, (iv) gives 


и (г, Ө) = >, (200 sin ля) x. r" sin n8 
п=1,3,5,.. ‘Я? а 


_ 200 < ir 
n =] (2m — 1) ‘а 


m2 
— cos n8 — gin n8 
(5)-0 2) "|" 





(z = sin ($m — 1) 6. 





| = 200 sin n772. 


[Taking n = 220 – 1, п = ^ 3,5, ... ; gives m = 1, 2, 3, sin пл/2 = sin (2m — 1) 1/2 = (— 1)" - 1, This gives the 


required temperature function. 





PROBLEMS 18.5 | 


1. 





А semi-circula: кыы of radius а has its circumference’ kept at temperature и (a, 8), = kO(m— 8) while the boundar 
diameter is kept at zero temperature. Find the steady state temperature distribution u(r, 0) of the plate assuming 
the lateral surfaces of the plate to be insulated. | 

A semi-circular plate of radius 10 cm has insulated faces and heat flows in plane curves. The bite ace Sieber i 
kept at 0°С and on the circumference the temperature distribution maintained is u(10, 8) = (400/х) (19-95,0 595 
n. Determine the temperature distribution u(r, Ө) at any peinton the plate. ~ 








| А plate in the shape of truncated quadrant of a circle, is bounded by r = à, r =b and 6 — 0, 8 = х2, 14 has its faces 
insulated and heat flows in plane curves. It is kept at temperature 0°С along thr ls 
r=a, itis kept at temperature 09(л/2 — 8). Determine the temperature distribution. 
4. Determine the steady state temperature at the points on the sector 0 <6 <n/4, 0 < r < a of a. ! 
temperature is maintained at 0*C along the side edges and at a constant temperature ЕС аф. the curve | 
ady-state temperature in a circular plate of radius a which has one-half of i ne а rcumfer ence at 0°С жу 





of the edges while au de" edge 








ircu lar plate, ifthe 








5. Find the ste 
the other half at 60°C, | 7 
6. If the radii of the inner and outer boundaries of a He дайнд: area 10 cient 20 cm and (4 Ч”? 


u(10, 8) = 15 cos 8, u(20, 8) = 30 sin Ө, 


find the value of u(r, 8) in the annulus. [u(r, 8) satisfies Laplace equation. in the interior of dis abd | 
7. A plate i in the form of a: ring 15 bounded by the lines r =9and 4. Its surfaces are insulated and the Hes A 


along the boundaries are 


u(2, 0) = 10 sin @ + 6 cos 0, u(4, Ө) = 17 sin Ө + 15 cos Ô 


Find the steady-state temperature иіл, 8) in the ring. 





EM (1) VIBRATING MEMBRANE—TWO DIMENSIONAL WAVE EQUATION 


We shall now derive the equation for the vibrations of a 
tightly stretched membrane, such as the membrane of a drum. We 
shall assume that the membrane is uniform and the tension T in it 
per unit length is the same in all directions at every point. 

Consider the forces acting on an element бхбу of the mem- 
brane (Fig. 18.9). Forces Tóx and Тбу act on the edges along the 
tangent to the membrane. Let и be its small displacement perpen- 
dicular to the xy-plane, so that the forces Téy on its opposite edges 
of length бу make angles o and В to the horizontal. So their vertical 
component 

= T6y sin B — Toy sin о 

= Тбу (tan B — tan а) approximately, since с and В are small 








x üx | | X 
Fig. 18.9 
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дх. 
Similarly, the vertical component of the force №. нийн on the edges of length бх 


= Тбу Е 2w) - (28) | тусу CE x, up toa first order of approximation. 
дх x + & : 


2 
= Тёх : бу 
If m be the mass per unit area of the membrane, then the equation of motion of the element is 
2 2 2 
тёхбу и =T 9^ ди ди Ч | бхбу ог Ju. 2 Сип ч, 9'U| where @=Tim (1) 
at” ax” ду’ аг дх? tay? 


This is the wave equation in two dimensions. 
(2) Solution of the two-dimensional wave equation - Rectangular membrane. Assume that a 
solution of (1) is of the form и = X(x)Y(y)7Yt) 
Substituting this in (1) and dividing by XYT, we get 
а dT 1dX 14Y 
cT а x dx” У dy” 
This can hold good if each member is a constant. Choosing the constants suitably, we have 





| ФХ , 42x =0, ЧУ py- O and dT ааст 0 
ах? ау? 
Hence a solution of (1) is 
и = (c, cos kx + c, sin kx) (с. cos ly + c, sin ly) x le cos ДВ” + I^ et + Св sin JR? + | ...(2) 


Now suppose the membrane is rectangular and is stretched between the lines x = 0,x =a, у = 0, у = b. 


Then the condition и = 0 when x = 0 gives 
(k? + 12) + с. вш (Е? &I?)et] Le, c,- 0. 


Then putting c, = 0 in (2) and applying the condition и = 0 when x = a, we get sin ka = 0 or k = mwa. 
(m being an integer) 





0 = c (c, cos ly + c, sin /у)[с, cos 


Similarly, applying the conditions м = 0, when у = 0 and y = b, we obtain 
с,=0 and {= nub (п being an integer) 
Thus the solution (2) becomes 


, тк, ппу " 
u(x, y, t) = c,c, sin UU 4m E (с. cos р t +c, sin р, (9) 


where p,, = nc ч (т/а)” + ub)" | ...(3) 


(These are the solutions of the wave equation (1) which are zero on the boundary of the rectangular membrane. These 
functions are called eigen functions and the numbers p, , are the eigen values of the vibrating membrane. | 
Choosing the constants c, and c, so that c,c, = 1, we can write the general solution of the equation (1) as 


“> 2,2, 


т= 1 a=] 





а= (А „сов pt + B_ sin pt) (A) 


ди 
If the membrane starts from rest from the initial position и = Их, y), ie., X = 0 when ¢ = 0, then (3) gives 


В = 0. 
mul 
Also using the condition u = f(x, y) when t = 0, we get 


Их, y) = р > А, sin LT х sin 


This is double Fourier series. ма а ana both sides by sin (mxa) sin (nmy/b) and integrating from х = 0 
tox =a and y = 0 to y = b, every term on the right except one, becomes zero. Hence we obtain 





m=i n= 





b n1 
f. |, fs уд sin ™ sin ™ дуйх = Аи AB) 
which gives the coefficients in the solution and is called the йл = Euler’s formula. 
пашанын Membranes 
» : - ч з 4 an la = 2 р. F, 


ion ts fix, y) = А м ie 2n "Mg ў WIESO: mos Ti Ж", 
БЫЧ РОО ГЕ. : i gia Ti 5 


Solution. Taking: а= теи = 1 and id Ах, ys Ai sin mr sin — in (5), we - 





А = 4 [ [ A sin rx sin 2лу sin тлу sin nity dydx 


=4A js sin rx sin тлх dx | |, sin 2лу sin плу ау) = 0, їогт=#1 


Tb >) sin 2лу sin плу dy, form = 1 E f; sin me sin nx de=} | 
Le., А. =2А [ sin 2лузш лду dy =0, forn #2 


= 2A 5) for n = 2. 
A =A. Also from (3), р, = т\(т? + n?) [7 a=sb=1=c] 
a руз = WN? + 2°) = J5m. 


Hence from (4), the Fequiren solution is = у, 0 = А sin zx sin my cos (V5 nt). 


Solution. Proceading i as in $ 18. 9 (2), we ‚ have from (4), 





u= У | sin 77 sin => (A, cos pt + B, віп pt) where р = nev[(m/a)? + (пЪ)? 
m=l n=1 


Since the membrane starts from rest du/dt = 0 when t = 0, 


у Ў sin —— D d sin (-А p sin pt + pB,,, cos pt) = 0 when t = 0 











Ea nal b 
This gives В „= 
| - пту А 
не = Aun — T RE t TA ) 
ul, yt) 2 x віп ZE gin 7 cos p (i 
Then лху(а —x)(b—y)=ulx, у, 0) = у т А sin sin “© 
| mu h 
m xl =l 
where А = =.= = "T hxy(a — x)(b — у). sin ES ain" = dydx 
-1 їл х(а — x) sin ея 1р y(b — y) sin 227 
h яг -sin ET | и: 
= = (ах -a ee a ма (а — 2x) ——@— +(— p 2811 = 
ab туа | | (malay (mma) 


! MEM „р 
by ad serm? | o-an] zainab) gy £08 НКУ 
х | (by – у Цаг = (5-2): “рд | (nib? 








3 
хогын 0 cos mm)(1—cos nx) 





Hence from (i), we get 


уус | ip У 
u(x, y, t) = sin HY — cos pt 
È, È 4m p oP 
212 
where А „= Телата (1 — cos тл) (1 — cos пл) and p = nev [imila + (n/b)?| 
monn? 
Circular Membranes* 





Solution. The vibrations of a plane circular membrane are ит" һу хашаа wave equation in 
polar coordinates i.e., 


ди _ »[9*u ou 1 1 ди 1 185 
НГЭ21710172 
For a radially symmetric membrane (in which и does not depend on 8) the above equation reduces to 


"n. e E ын x Ai) 
ot dr^ ror 

For the given membrane fixed along its boundary, the boundary condition is 

и(1,0)-0 foralltzO UL) 

For solutions not depending on Ө, 
initial deflection utr, 0) = fir) AUI) 
and initial velocity (| -0 iv) 

ОЁ 260 

which are the initial conditions. We find the solutions u(r, t) = R(r)T(t) AB) 


satisfying the boundary condition (ii). 
Differentiating and substituting (v) in (i), we get 








ӨРТӨР 1 [9,198] _ po (cay) 
eT Ё|ад raj) "SS 
- шү : Т 2 E. | PE 
This leads to — T = 0 where p = ck ал) 
2 
and AY A A ӨВ в -0 vii) 
r or 
нээ О d^R 1dR 
Now putting s = kr, (vii) transforms to ——- 2 + 2 20. + Я = О which is Bessel's equation. Its general solution 


R = а (8) + БҮ (5) where J, and Y, are Bessel's functions of the first and second kind of order zero. 
Since the deflection of the кака is always finite, we must have 6 = 0. Then taking a = 1, we get 
Rir) = J,(s) = Jur) 
On the boundary of the circular membrane, we must have J ($) = 0, which is satisfied for 
k=a,,m=1, 2,. 


*Drums, telephones and microphones provide examples of circular membrane and as such are quite useful in engineering. 


630 





Thus the solutions of (vii) are R(r) = «(= г), т = 1, 2, ... and the corresponding solutions of (ui) are T(t) = 
A,,cosp,t+B, sin p, t, where p, = с, =ca,,. 
Hence the general solution of (i) satisfying (iz) are 
u(r, t) = (А, cos p,.t + В, sin p, t) Ja, r) 
which are the eigen functions of the problem and the corresponding eigen values агер, . 
To find that solution which also satisfies the initial conditions (iii) and (iv), consider the series 


u(r, t) = у (Аи cos p, + В, зіп р, 0)7,(о,г) 


m=] 


Putting f = 0 and using (iii), we get u(r, 0) = У A, Jq(, 7r) = für) 


m=] 


Here, the constants А, must be the coefficients of Fourier-Bessel series [(8) page 560] with m = 0, Le., 


A 4-1 rf) Janr) dr 


Using (iv), we get В, = 0. Hence the result. 





Show 052 eta 4й га atanp instant inh sik Oey ый Жу: ЖОН: A. A (л " 


2. Find the deflection utr, t) of the circular membrane of unit radius if c» 1, at velocity | sz iron th 
deflection 15 0.25 (1 — г?) | 12 f my А | 









ERUS TRANSMISSION LINE _ 





Consider a cable / km in length, carrying ап @ес- 
tric current with resistance R ohms/km, inductance L 
henries/km ; capacitance C farads/km and leakance G 
mhos/km (Fig. 18.10). 

Let the instantaneous voltage and current at any 
point P, distant x km from the sending end O, and at time 
t sec be v(x, t) and Их, t) respectively. Consider a small 
length P@ (= ёх) of the cable. Fig. 18.10 

Now since the voltage drop across the segment бх 

= voltage drop due to resistance + voltage drop due to inductance 
di 





Earth 


— Ov = iRéx + Гбх. 


and dividing Бу бх and taking limits as éx — 0, we get 
dv дї 
— —= + L— 1) 
дх dt 
Similarly the current loss between P and Q 
= current lost due to capacitance and leakance 
-ĝi = C х бх + Собх from which as before, we get 


Эр а | 
—~ — =C — + (ж 442) 
жо x 


Rewriting the simultaneous partial differential equations (1) and (2) as 


к + 23 T ы 20 448) 





and 5 «(ex + G}» = 
we shall eliminate i and v in turn. 


operating (3) by 2 and (4) by (R E 23 and subtracting 


ох at 
d'u д UOS ЭҢ 
P [инь сн) о 
970 д?р 
or ar = LC—, +(LG + RO) + RGv 
ax аг” 


Again operating (3) Бу (с 5 + б) апа (4) Бу 2 and subtracting 


S6 | ee du 
ea o Jun t) = () 
32; 

or 27-10% «аа + RO) % + RG: 


which is (5) with v replaced by г. The equations (5) and (6) are called the telephone equations. 


Cor, |. If L = С = 0, the equations (5) and (6) become 





2 о. - 
oe Ro?" AT) ас де" 
дх? д! Jx? at 
which are known as the telegraph equations. 
dv 1 83, gore maine zt | 
Rewriting (7) as — X ^ RC EE , we observe that it is similar to the heat equation |(1) p. 611]. 
Cor. 4. If = G = 0, the equations (5) and (6) become 
T M i ed” 
7" er" = ad^ i s 
which are called the radio equattons. 


"v уд 2. A 
Rewriting (9) as ET] =й m where #2. L6' 
its general solution is v(x, t) = f(x + At) + falx — ht). 


Similarly from (10), х,() = Fix + kt) + Кых — ht). 


| 631 


IA) 


...(5) 


(6) 


m 


UL) 


[See (4) p. 609] 


Thus the voltage v(x, /) for the current i(x, !) at any point along the lossless transmission line can be obtained by the 
superposition of a progressive wave and a receding wave travelling with equal velocities ($). This is the case of oscillations 


of u(x, t) and i(x, t) at high frequencies. 
Cor. 3, If = C = 0, e.g., in the case of a submarine cable, then (5) gives 


д? = GRv, Le. (D —GRv = 0 
а? 


v(x) = A cosh (JGR . х) + B sinh (JGR. x) 
Since by (1), Ri = m = — GR [A sinh (./GR . x) + B cosh (GR . х) 


4 ix) = —,/G/R[A sinh (JGR . x) + B cosh (JGR . x)] 
If v(0) = vy and i(0) = ip, then v, = А and i, = — V(G/R)B. 
Hence writing \(СВ) = y and V(R/G) = zp, (11) and (12) give 

v(x) = v, cosh yr — iz, sinh үх 


and (х) = iy cosh yx — “0 sinh үх. 
Zi 


LL) 


...(12) 


(13) 


...114) 














and 


Solution. Since А and С are negligible, we use the Radio equation LT en-—.- 


Since the ends are suddenly grounded, we have the boundary conditions 
0(0, 2) = 0, v(1, 0) = 0 

Also the initial conditions аге i(x, 0) = i, 
u(x, 0) =e, sin zx/I + e, sin Бл. 


s a =- 2 gives 2 (x, 0) = 0 
Let v = X(x)T(t) be the solution of (1). 
7. (0) gives ET- LCXT" 
= Т ke 
D Х”-ЮХ-0 and Т”-(ЕМ.СУГ-0 
Solving these equations, we get 


и = (c, cos kx + c, sin 20 сов т. tc, sin seat] 
Using the boundary conditions (i), we get 
c,-0 and А = лт. 
. и = sin —— m | |а, COS — 
Е 24 1 ЛИ 
Using the initial condition (iv), we get b, = 0 


———-t- b, sin 


222 


- 


= =a, sin ^7 cos 
.. сов at 


Thus the most general solution of (i) is 





ELLE “Дб 


nzl 


Finally by the initial condition (111), we have 


Tx бїх . nnr 
e, sin E 5 sin ы y a, sin —— І 





.40) 


SU) 


а ш ш 


LL) 


p) 


d. a,=e, and а, = pd while all other a's are zero. 


бїх ont 


H _ RX os sin E cos S 
ence их ший Биг ‘Eat RUM нр, Я 


which is the required solution. 





pepe АД Чэ ЖЭ =f d. PE E Ein : COCA ал [= ee HENCE HE 1 С LE [| — Җ 
f 1 i E [ T Lm ^ г Ша р т вам БЕ = gr a " wr rA Р m: - мы = am, 
2117, p imiy AP | Pi d J£ d [21 T i LE Е. dE |. 11! [4 Ia. A L Л T Le IE Л PE Г Би 1 EE E Ti ‘| Ч F 
= ит. " LESS Fur аны 5. LUE = = “ш d сата ат. ЕТ “Бор NI. ты LET um uc най os тыл. 2 i ч EET. Т] pic тй Г RE m 
"Uu ds IM UU ek LR M ETIAM MINE Шо 
= ‚ : : a 


Solution. Since L = 0, С = 0, we use ; the telegraph equation 
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до род! 

ox? at 

Let = X(x)T(?) be its solution so that 
TX -RCXT' or - = RC -—R (say) 


l Х”-АХ = 0 and Т’ + (k?/RC)T = E 
Soie these equations, we get 


" _ hä j 
X = сү cos kx + с, sin kx, T= c4e * "C 


riving v = (c, cos kx + cy sin вх) све" HRC 4.1) 


МЋћепі= 0; о = О аёх = О апа о = 0 аёх = / 
0 = сус: ; 0 = (с, cos kl + c, sin Ае, 
Le., сусу = 0 and А! = nz (n an integer) 
Putting these in (i) and adding a linear term, we have 


— . пих илине 
v= a,x +6, + Уу, sin — е ииз S) 
n=l 


The end conditions of the problem are 
v=Oatx=Oandv=E аёх = / 

Using these, (11) gives b, = 0 - a, = ЕЛ 

Then (11) becomes pm ax + » b, sin C gn ВСЁ 


Also v = 0 when ¢ = 0, we get „д = Уһ, sin ES 
This requires the expansion of (— Ex/I) as a half-range sine series in (0, /). 





2f [—ExY|. (nx 
b, = 1 [| | Jsin CR Jas 
| І 
_ 2|[( - Ex l nny -E ES s -4| A[ EL . E в 
= 5 | ; 1-2 885115 [же Ч - = ( сов nt) = 7” ср 
Thus = E 8. | sin 2 ү-лэгинСР ti) 
n=] 
— др 
Als ыы 
о when L = 0, Эх Ri 
1 = -idw Е 2Е < р зү ПИХ ян RC 
LE, [= — Rx IR в 24% cos e 
At the grounded end (x = 0), the current is 
. EF 2E n -nmuURCÉ 
i IR IR 2 (—1)"e 
Whent=1sec, iz — = (1 - ge  /RCÉ , др-4ХЧНСГ _ =.) iu) 
IR 
Since т = (8.14) = 0.548 





RCI? 4(5 107" (3000) 
х g 7 RCE = 67 0:548 эь 0.578 
When ѓо, і ә -BIR 


СВ НизнЕВ ENGINEERING MATHEMATICS 
Hence from (iv), we have 


ЭР - (1200.578) + 2(0.578)* – 2(0.578)° +...) 


= а {1 - 1.156 + 0.223 - 0.014 + ...] 
= i. (0.053) = 5.3% of i, . 
Example 18.25. A transmission line 1000 kilometers long is initially under steady-state conditions with 


potential 1300 volts at the sending end (x = 0) and 1200 volts at the receiving end (x = 1000). The terminal end 
of the line is suddenly grounded, but the potential at the source is kept at 1300 volts. Assuming the inductance 


and leakance to be negligible, find the potential v(x, t). (Andhra, 2000) 
Solution. The equation of the telegraph line is 
9?v du dv 1 ov : 
—=RC— or —=—— 1490 
ox” at ot ЕС dx? 
— —— PEE: — | ” 
v, = initial steady voltage satisfying a ий 0 = 1300 — x/10 = v(x, 0) i) 
v. = steady voltage (after grounding the terminal end) when steady conditions are 
ultimately reached - 1300 — 1.3x 
u(x, t) = v; + v(x, t) where v(x, t) is the transient part 
= 1300 = Lire V pe FOR gin - [By (viii), p. 614] (iii) 


n=] 
where | = 1000 kilometers. 
Putting ¢ = 0, we have from (11) and (iii) 





1300 — 0.15 = v(x, 0) = 1300 — 1.3х + У b, sin 3 
n=l | 
Ч . nnx 2 pl . nx , 2400 (—1)"*! 
і.е. 1.2х= У b,sin —— where b, == | 1.2 віп —— ах = Энн. 
2, шин эж "шиг л ^nm 

2400 < (- 1)" *! -intrpAPRC) .. ЛТХ 

Hence u(x, t) = 1300— 1.3x + —— ————. " | sin ——. 

e) un 2, n 1000 


PROBLEMS 18.7 | 





1. Find the current i and voltage e in a line of length /, / seconds after the ends are suddenly grounded, given that 
Их, 0) = ip е(х, 0) =e, sin (ЛЛ), 

Also А and С are negligible. 

2. Show that a transmission line with negligible resistance and leakage propagates waves of current and potential 
with a velocity equal to / ДЕС), where L is the self-inductance and C is the capacitance. 

3. A steady voltage distribution of 20 volts at the sending end and 12 volts at the receiving end is maintained in a 
telephone wire of length l. At time ¢ = 0, the receiving end is grounded. Find the voltage and current t sec later. 
Neglect leakance and inductance. 

4. Obtain the solution of the radio equation 


dy d^ 
aU Oe 


appropriate to the case when a periodic e.m.f. V, cost pt is applied at the end x = 0 of the line. 
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APPLICATIONS OF PARTAL DirFEReNTIAL ЕОШАТК 
| LAPLACE’S EQUATION IN THREE DIMENSIONS 





ЕЯ 2280 (1) 
= 


which is the Laplace's equation tn three dimensions. 
Laplace's equation also arises in the study of gravitational potential at (x, y, 2) of a particle of mass m 
situated at (5, т, С) given by 
са where r= Vix- Су” 4(у- п) + (2 — СУ | 
j 
This function is called the potential of the gravitational field and satisfies the Laplace's equation. 
If a mass of density р at (5, n, С) is distributed throughout a region А, then the gravitational potential и at 
an external point (x, y, =) is given by 


rT Pase (: 
u(x, y,z)=G Ifl. P d&dndt (2) 
Since V*(1/r) = 0 and p is independent of x, y and z, we get 
Уи = [1], p V? (ит) ФЕ атас =0. 


This shows that the gravitational potential defined by (2) also obeys Laplace’s equation. 

Thus Laplace’s equation (1) is one of the most important equations arising in connection with numerous 
problems of physics and engineering. The theory of its solutions ts called the potential theory and its solu- 
tions are called the harmonic functions. 

In most of the problems leading to Laplace’s equation, it is required to solve the equation subject to 
certain boundary conditions. A proper choice of coordinate system makes the solution of the problem simpler. 
Now we proceed to take up the solutions of (1) in its other forms. 





СВУ SOLUTIONS OF THREE DIMENSIONAL LAPLACE'S EQUATION 


2. 2 2 
(1) Cartesian form of V?u = 0 is atts tare 
Let и = Х(х)Ү(у)  (а) UI) 
be a solution of (1). Substituting (2) in (1) and dividing by XYZ, we obtain 
3 32 1 223 2 
idx 14аүҮ 1427, -(8) 
X ах? Y ау? Z dz 
which is of the form F(x) + (у) + F(z) = 0. 
Ав x, у, 2 are independent, this will hold good only if F,, Fẹ F, are constants. Assuming these constants 
to Бей", IF, — (А? + Г?) respectively, (3) leads to the equations 


yes 
—— — }* =D, — -PFY =Q. 2 +002 +1)2=0 


0 (1) 





Their solutions аге X=c,e“+e~",Y¥= ce + сце У 
Z = с. cos Vik? + [2)2 + cg Sin Vik? + 1*)z 
Thus a possible solution of (1) is 
и = (суе + сет) (cze + сце 5) (с, cos V(R* + 12)2 + с sin Vik + [2)2 |. 
Since the three constants could have been taken as — &?, — {2 and &* + /?, an alternative solution of (1) will be 


. | ; ! зүй EUN 
и = (c, cos kx + cy sin kx)(c, cos ly + сү sin Ly) lege ^ "PM 4 exe Nae жар 


2 | 2, 3. 
(2) Cylindrical form of V*u = 0 is aS ae toe ar (1) 


636 
Let и = Rip) Ald) Z(z) 
be a solution of (1). ut it in (1), and dividing by RHZ, we get 











LTR, 1IdR|, 1 ан 1472 
R ар? p dp pH аф Z аг? 
2 2 
Assuming that вы = — я?Н and oe = #77, 
2 | 2 
(2) reduces to Бол ка ын +k® =0 
Е \ dp рар) p 
2 
зан dk |; 
ог р 203 "EE + (k?p? — п?)В = 0. 


This is Bessel's equation [$ 16.10 (1)] and its solution is В = c,J, (kp) + cY (Ар). 


Also the solutions of equations (3) are 
Н = су cos пф + с, sin nd, = ce" + c,e ¥ 
Thus a solution of (1) 15 
и = [c J (Ар) + с„Ү (kp) le, cos nó + c, sin пф] [се + се” ^2] 
which is known as a cylindrical harmonic. 
(3) Spherical form of Vu = 0 is 
ди 2 ди 1 аи cot du 1 Xu 
= 
à? ror г? 90? r? 90 rsio 
Let и = Rir) G(8) Н(ф) be a solution of (1). 











2p 2 ar 
Then — а e arc a TUe 00626 |, EN E x 
R dr* dr dé dO | H sin* 6 d$? 
M" 2а0ВЕ ав) , 1 dH. 
Putting Hu a 223 = піл + 1) I) and — Н de 
the above equation takes the form 
аа. 


m + cot Б + [nin + 1) - m? соѕес? Ө]С = 0 


Now differentiating the Legendre's equation (5 16.13) 
(1—x?)y" — 2xy' + n(n + 1)у = 0, 
m times with respect to x and writing u = d"/dx", we get 
(1— x?)u" — (т + Dxu' + (n— min +m + 1u20 
Now putting G = (1 — x?)"? u in (Б), we get 








Now putting x = cos 0 in (6), it reduces to (4) and its solution is 
G = c P7 (cos Ө)  c,Q"' (cos Ө) 
The solution of (3) is Н = c4 cos MO + c, sin mo 


To solve (2), write R = r^, so that k(k — 1) + 2k = n(n + 1) which givesk=n ог—(п+ 1) 


Thus R=c,r" + сыг "—1 
Hence the general solution of (1) is 





110) р. 359] 


...(2) 


3) 


(Assam, 1999) 


X1) [(iv) p. 361] 


KG) 


...(4) 


.. I) 


AB) 


и = У. У. (с, Р” (cos Ө) +256” (cos 6)) (с. cos mo + c, sin mo) х (сот? + сот" 1) 


п=0 т 
Any solution of (1) is known as а spherical harmonic. 


il 
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pa dB. 
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яанаа. Таке the origin at the centre of the given sphere S. Since the ritentidl i is plende of 1 оп ‚$. 
so also is the potential at any point. Therefore, the Laplace’s equation in spherical co-ordinates reduces to 


ou 2au 1 Ju cot Ө дм _ 
re ae ны 7" 


Putting u(r, Ө) = R(r) G(8) in (i) and proceeding as іп $ 18.12 (3), we obtain the equations 
920 dG 





de шини + пп + LG=0 Ait) 
42 
and cos) = nin + 1) ii) 
Putting cot 8 = v, (ii) takes "ct 
! dG 
115 eru дын 
(1 -- jt е Яо +n(n + 1)С = 0 


which is Legendre's equation. Its solutions are 
G- Р (0) = Р (cos 9) for n = 0, 1, 2,... 
The solutions of (iii) are В (г) =r", В, (г) = Ur" +1, 
Hence the equation (i) has the following two sets of solutions 
u,(r, Ө) = c,r"P, (cos 0) and E, (г, Ө) = c, P, (cos 0y/r" + !, where n = 0, 1, 2,... 


For points inside S, we have the general equation u(r, 0) = У; сг” P, (cos 8) (iu) 
n=0 
On the boundary of S, u(1,0) = f(0) .. f(8)- У c, Р, (cos 8) 
п=0 


which is Fourier-Legendre expansion of f(0). Hence by (5) p. 560, we have 
C, = (n + 2) Г. f(8) Р (x) dx where x = cos Ө. 


= 25 [ x^ P, (x)dx [: f(8)- cos? 8] 
\ 2) 4-1 

= Гэх ЖҮ" оь, wt . m v" 

- (n + ] [ | ЕС + т, dx [: Р(х) = 1 (352 1) 


Using the orthogonality of Legendre polynomials, we get 


c, = 0, except for n = 0, 2. Hence 


к _ 1 i aft үн ET | 248 08 QU алекс 
Co = 93 a9 GR =o c= 5:5 | В ах, 


Substituting in (iv), we get u(r, Ө) =4+ $r” P, (cos Ө) or u(r, Ө) = 1 + r^ (cos? Ө — 1). 


PHOBLEMS 18.8 
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2. The potential on the surface of a unit sphere is /(8) = cos 20, Show that the potential at all points of space is given 


ш, 9) = 2756082 Ө — 1/3) ~ = forr«1, ИД” 
апа u(r, 8) = NN ETE TOM LT АННЕ 


3. Show pint tp spheric polar coordinates (r, 0, 6), Laplace's equation possesses solutions of the Ne. 


(Ar^ + B/r^ * ПР (y)et ima, 
where u = cos Ө, А, Jr He ЛАЧ ЛИ, eger 


тан 
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OBJECTIVE TYPE OF QUESTIONS 








PROBLEMS 18.9 | 


Fill up the blanks in cach of the following questions : 


1. 


тоз юрю 


. When a vibrating string fastened to two points / apart, has an initial velocity у. 


, На square plate has Из faces and the edge y = 0 insulated, its edges x = 0 and 


The radio equations for the potential and current are . 

The partial differential equation representing variatio heat flow in three | ipee re! is. 
Temperature gradient is defined as . 

The differential equation f., + 2f, + та = 201 is classified as ......... 

The partial differential equation of the | transverse vibrations of a string is .. 

The steady state temperature of а тоа of length / whose ends are kept at 30* ind 40° is л 
The equation u, = c*u is classified аз. 

The two dimensional steady state heat К equation in polar coordinates т is. 

The mathematical function of the initial form of the string given by the following graph is ....... 


üp its initial conditions are ....... 
In two dimensional heat flow, the temperature along the normal to the xy- 
plane is ....... 





x =a are kept at zero temperature and the fourth edge is kept at temperature | i 
u, then the boundary conditions for this problem are ......... _ 00) (1/2, 0) 





@ 0) 





. If the ends x = 0 and x = [ are insulated in one dimensional heat flow 


problems, then the boundary conditions are ......... 


. D'Alembert's solution of the wave equation is ......... 
. The partial differential equation of 2-dimensional heat flow in ......... 
. А rod 50 ст long with insulated sides has its end A and В kept at 20° and 70°C respectively. The yid state 





temperature distribution of the rod is . 


. The three possible solutions of VEU E rG in polar coordinates are ......... 


Solution of — —4 —., given u(0, y) = Ве 9, їв-......... 
à ду ца ¥ 


Solution of a +47 = T given z(x, 0) = Фет = 


du 2 ди 9 
In the e uation — = a&^— —,a«^ ге ents ....... 
q x 557 pres | 
The telegraph equations for potential and current are . 


The general solution of one-dimensional heat flow оа v аа both ends of the bar are kept at zero temperature, 
is of the form ........ 








| COMPLEX NUMBERS 


Definition. A number of the form x + iy, where x and y are real numbers and i = 4—1), is called а 
complex number. 

x is called the real part of x + iy and is written as R(x + iy) and y is called the imaginary part and is written 
as I(x + ty). 

A pair of complex numbers х + ty and x — iy are said to be conjugate of each other. 

Properties : (1) If x, + iy, = х, + iy, then x, – iy; =X- ly, 

(2) Two complex numbers x, + iy, = and х, + iy, are said to be equal when 

Rix, + iy) = К(х, + iy), Le, x, = x, 

and I(x, + iy) = Кх, + iya), і.е. y, 2 Ус 

(3) Sum, difference, product and quotient of any two complex numbers is itself a complex number. 

If x, + iy, and x, + iy, be two given complex numbers, then 


(1) their sum = (x, + ѓур) + Ge + iy, = (x, + XQ) + Му, +o) 

(ii) their difference = (x, + Гур) — (xy + bg) = (x, —-x)*i(y, — Ya) 

(1) their product = (Х| + 071) + Gc, + ly) = x УУ + хуу, + хуу) 
and. (v) their quotient 2X; + 27 _ (а + on Хх — юэ! _ 219% + We ,,Х Уу — 31S 

xa tiya (+. уо) xl y xy 

(4) Every complex number х + ty can always be expressed in the form r (cos Ө + i sin Ө). 

Put Rix + iy), Le. x =r cos 6 (E) 
and Ї(х + ty), Le, у =r sin Ө (Н) 


Squaring and adding, we get x? + y? = r? i.e. r = N(x? + у?) (taking positive square root only) 
Dividing (ii) by (i), we get y/x = tan 0 i.e. Ө = tan”! (y/x). 
Thus x + iy = г (cos Ө + i sin Ө) where г = V(x? + у?) and Ө = tan“! (y/x). 


639 





640 


Definitions. The number г = + V(x? + y?) is called the modulus of x + iy and is written as mod (x + iy) ог 
| x iy |. 

The angle 0 is called the amplitude or argument of x + iy and is written as amp (x + iy) or arg (x + iy). 

Evidently the amplitude © has an infinite number of values. The value of 8 which lies between — x and п 13 called the 
principal value of the amplitude. Unless otherwise specified, we shall take amp (2) to mean the principal value. 

Note. cos Ө + i sin Ө is briefly written as cis Ө (pronounced as ‘sis 87) 


(5) If the conjugate of z = x + iy be z, then 


| 1, = 1 Е в 
(1) RG) = 269» 2), №) = z-z) (ii) |2| = ү(Е2(2)-15 (2) = | | 
(iii) 22 = |z]? (iv) 2| +2) = 21 + 22 
(р) 2125 = 21 -22 (vi) D ба Fag) = m Гез, where z2 #0. 





Solution. Put 1— Se Ый a r sin Ө 
r=(l—cos a)? + sin? o=2-—2cosa=4 sin? 0/2 


ie., r=2 sin 0/2 
„а аы sin (X „жыны өн сийн 
1- cosa 2 віп? a/2 


men а =. а $ 
4 m HN re re ee Pee = 


Xv" s 1 'omp 
y Бей y js bie io AP kr ч ww 
wo, Ч булт БЛ. са TORUM 








Since arg (z + 1) = 1/6, A tani у E e = 30° 
Le., S. = tan 30° = 1/./3, or 4Зу =a+1 Ku) 
x+1 
Also since arg (2 — 1) = 2n/3, 2. Хаш! E z 120" 
xl 
i.e., => ү = tan 120° = - 43, or y=- «Зх + V3 or Jay = – Зх + З KU) 
Subtracting (ii) from (i), we get 4x - 2 = 0 Le., х= 1/2 
From (i), 4Зу-12-1, ie, y= 43/2 





Solution. If z = — 3 + ix?y, then z 2 x? 4 y + 4i 
so that z = (x? y)- 4i 
; -3 ix^y = x? 4 y — Ai 





| 641 


Equating real and imaginary parts from both sides, we get 
-Z= rtty ar y= 


Eliminating х, (у + 3)у =- 4 
or y*-3y-4-20 ie, y=lor-4 
When y = 1, х2--3-1 or x= + 2i which is not feasible 
When у = – 4, x^-]1 or х= +1 
Непсе х = 1, у-4 or х= 1, у= – 4. 





(1) GEOMETRIC REPRESENTATION OF IMAGINARY NUMBERS 


Let all the real numbers be represented along ХОХ, the positive 
real numbers being along OX and negative ones along ОХ”. Let OA be 
equal to one unit of measurement (Fig. 19.1). 

Take a point L on OX such that OL =x (OA). 

Then L on OX represents the positive real number x and i.ix = іх 
= —х is represented by a point L' on ОХ” distant OL from О. 

From this we infer that the multiplication of the real number x by 
i twice amounts to the rotation of OL through two right angles to the 
position OL”. 

Thus it naturally follows that the multiplication of a real number 
by i is equivalent to the rotation of OL through one right angle to the 
position OL”. 

Hence, tf YOY be a line perpendicular to the real axis X'OX, then all imaginary numbers are represented 
by points on Y'OY, called the imaginary axis, the positive ones along OY and negative ones along OY". * 


zeometric interpretation of i*. From the above, it is clear that: is an operation which when multiplied to 
any real makes makes it imaginary and rotates its direction through a right angle on the complex plane, 


(2) Geometric representation of complex numbers} 

Consider two lines ХОХ, Y'OY at right angles to each other. 

Let all the real numbers be represented by points on the line X'OX 
(called the rea/ axis), positive real numbers being along OX and negative 
ones along ОХ”. Let the point Г, on OX represent the real number х (Fig. 
19.2). 

Since the multiplication of a real number by i is equivalent to the 
rotation of its direction through a right angle. Therefore, let all the 
imaginary numbers be represented by points on the line Y'OY (called the 
imaginary axis), the positive ones along OY and negative ones along OY’. 
Let the point M on OY represent the imaginary number iy. 

Complete the rectangle OLPM. Then the point whose cartesian coordinates are (x, y) uniquely represents 
the complex number z = x + iy on the complex plane г. The diagram in which this representation is carried out is 
called the Argand's diagram. 

If (r, Ө) be the polar coordinates of P, then r is the modulus of z and Ө is its amplitude. 

Obs. Since a complex number has magnitude and direction, therefore, it can be represented like a vector. Hereafter 

ше shall often. refer to the complex numberz =x + ty as 

(i) the point z whose co-ordinates are (x, у) or (ii) the verius Wok О to Р(х, у). 





L'Cx) | AG) LG) 





Fig. 19.1 








Fig. 19.2 


Exar ын 19.4. The centre ofa regulai eer is at еа апа опе vertex is given by 43 + гоп the’ 





* The first mathematician to propose a geometric representation of imaginary number 1 was Kuhn of Denzig (1750-51). 
t The geometric representation of complex numbers came into mathematics through the memoire of Jean Robert Argand, 
Paris 1806. 





Solution. Let OA =,/3 +150 that 
ОА = 2 and ZXOA = tan-! 1/ 4/3 = 30°. (Fig. 19.3) 
Being a regular hexagon, OB = OC = 2 
ZXOB = 30° + 60° = 90° 
and ZXOC = 30? + 120° = 150° 

OB = 2 (cos 90° +i віп 90°) = 2i 

OC = 2 (cos 150° + isin 150°) 2— 43 +i 
Since AD, BE,CF are bisected at O, 


OD=-0A=-/3 -i 





=$ | — — 
OE =- OB --2i and OF - ОС = 4/3 — i. 





(1) GEOMETRIC REPRESENTATION OF 2, + 2 


Let P,, Р, represent the complex numbers z} = x, + iy, and z, = x, + Гуд, (Fig. 19.4) 
Complete the parallelogram OP,PP,. Draw P,L, Р.М and PN L s to OX. Yi 
Also draw P,K 1 PN. 





"v 


Since ON = OL+LN=OL+OM=x,+x, |: LN = P,K - OM] Ё 
апа АР = NK + KP = LP, + МР, = y, + ус | 

The coordinates of P are (x, + x,, y, + У.) and it represents the complex ait ony 
number Se 


Z=Xy +X +i (у, + YQ) = (x, iy) + (x, + iyo) = Zz, *z,. А | | 
Thus the point P which is the extremity of the diagonal of the parallelo- M L N 
gram having OP, and OP, as adjacent sides, represents the sum of the com- Fig. 19.4 
plex numbers P,(z,) and Р,(г,) such that 
|z; + z;| = ОР and amp (2, + 2,) = “ХОР. 





(2) Geometric representation of z, ~ z, 

Let P,, P, represent the complex numbers 2, = x, + iy, and 2, = х, + ty; 
(Fig. 19.5). Then the subtraction ofz, from гү may be taken as addition of z, to 
ng Zy 

Produce Р.О backwards to К such that OR = ОР.. Then the coordinates 
of R are evidently (~ x,, — y) and so it corresponds to the complex number — x, 

Complete the parallelogram ORQP,, then the sum of z, and (- 2.) is 
represented by OQ ie., Zj- Z, = OQ = P,P, 

Hence the complex number z, — z, is represented by the vector Р.Р. 





s of Т 2) уш m ёл: д, 47 
т MN i № + E y 


y M ee ax. Р у, Г i хү rant : 7 


| 1 a) е Р" Л ги а i: por аы 
а : о 6 ‚| — CO р 11 | Í E "INA, "5 ik 
, | | i 4 
"a 4 Ha x 1): i Te a ! E КЬ 4 у fer Г D & Ч ! =й 1-8 E 2 
» Gs 3 = ы ыш ‘ss. кз 8... — - - 1 = 
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Solution; Let a, = be — iv гүр ын Pi in die — им О being. the origin (Fig. 1 19. 6). 


Then z-a = OP — OA = AP 
(D |2 -a| = means that AP = k. 





Thus the locus of P(z) is a circle whose centre is A(a) and radius k. 


(i) amp (2 — a), i.e., amp (AP) = о, means that AP always makes a constant 
angle with the X-axis 
Thus the locus of P(z) is a straight line through A(a) making an Za with OX. 





Fig. 19.6 


Example 19.6. Determine the region in the z-plane represented by 
()1«|2-421| <3 (ii) В(2)>3 (iti) п/б <атр (2) <п/З. 


Solution. (i) | 2+2 | = 1 is a circle with centre (— 21) and radius 1 and |2+2| = 3 is a circle with the 
same centre and radius 3. 

Hence 1 < | z + 21 | < 3 represents the region outside the circle |z + 21| = 1 and inside (including 
circumference of) the circle | z + 2i | = 3 [Fig. 19.7]. 





Fig. 19.7 Fig. 19.8 Fig. 19.9 


(ii) R(z) > З, defines all points (2) whose real part is greater than 3. Hence it represents the region of the 
complex plane to the right of the Ппех = З  [Fig. 19.8]. 

(iii) If = r (cos Ө i sin Ө), then amp (2) = Ө. 

-. 1/6 € amp (2) < 7/3 defines the region bounded by and including the lines Ө = л/6 and Ө = 7/3. [Fig. 19.9]. 


Example 19,7. If z,, Z, be any two complex numbers, prove that 
(i) |z,*2,] $ (zil + 1251 Ke, the modulus of the sum of two complex numbers is less than or at the most 
equal to the sum of their они 
(i) [z =z} 2 [ 2, | - [25| Ie, the modulus of the difference of two complex numbers ts greater than or at 
the most equal to the difference of their moduli]. 


Solution. Let P,, P, represent the complex numbers z,, z, (Fig. 19.10). 
Complete the parallelogram OP,PP,, so that 
|2,1 = ОР,, | 25 | = OP, = P,P, 
and |=, +25 | = OF. 
Now from AOPP, OP < OP, + P,P, the sign of equality corresponding to the 
case when О, P}, P are collinear. 





Hence |2 +2| < 1211 + 122| 00) a 
Again lz l = [Biz +2, | < [z-z] + [z3] [Ву (0) 
Thus [24 -2.| 2 |2, | - |2.| .444Н) 


Obs. |z * 25* 24| < [21| + [22| + |2.|. 
In general, |2,+ 25+... +2,| 51211431 25| +... + [z,|- 


Зай, i 
ede WT ж 





Solution. Let 2, + z, = r (cos Ө + i sin Ө) sad 2—2, = г (cosġ +i sin $) 
Then 22, = r|(cos Ө + cos ф) + i (sin Ө + sin 0)| 
=r 1200.010 oost BR үл" io - 852 
2 2 2 2 
9-4 


9+ 
2 


2 
Also 2z, = г (cos Ө — cos $) + i (sin Ө — sin ф) 


= 9r gin 52 (-sin zu) 


or z = г sin 859 [es (2.4 979) sisin (Z42420) 
2 : 2 2 j 


ór г, =ғсов 9-2 $e tisin 229 ге, amp (z,) = wali) 








19 апр) = 5,9219 wii) 


n 
Hence [(ii) — (1, gives amp (2,) - amp ^ 2 
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Tu 1 id its "СЕ r ne ха 
Also find š eccentricity > о. у. н. 


Solution. Let P(z) be any ‘point on sai given ellipse (Fig. 19. 11) 
having foci at S(z,) and 57 (25) so that SP = |z—z,| and S’P = |2-2.|. 
We know that SP + S’P = AA’ (= 2a) 
г.е., | -21| + |z-z,| = 2a 
which is the desired equation of the ellipse. 
Also we know that SS’ = 2ae, e being the eccentricity. 


or os - 08) =2ae or |z,—z,| = 2ae 


ог |2; —25| = 2ae whence e = |2, —2,|/2a. 
(3) Geometric Representation of Z,Z,. Let P,, Р, represent the 
complex numbers 
2, =X, + ly, =r, (cos Ө, + sin 0, ) 
and Za = х, + ly, = r, (cos Ө, + i sin Ө.) 
Measure off OA = 1 along OX (Fig. 19.12). Construct AOP,P on ОР, 
directly similar to AOAP,, 





so that ОР/ОР, = OPJOA i.e., OP = ОР, . OP, = гг, 
and Z AOP = Z AOP, + Z Р,ОР = Z AOP, + Z AOP, = 8, + 6, 
^ P represents the хийн 
rir [cos (0,  8,) + { sin (0, + 0,)]. Fig. 19.12 


Hence the product of two complex numbers гү, z, is represented by the 
point P, such that (i) |z;z,] = |z,] - | Z|. 

(1) amp (z,z,) = amp (z,) + amp (z,). 

Cor. The effect of multiplication of any complex number z by cos 0 + i sin 0 is to rotate its direction through an angle 
Ө, for the modulus of cos 8 + i sin Ө is unity. 

(4) Geometric representation of z,/z,. 

Let P,, Р, represent the complex numbers 





Z, =X, + iy, = гү (cos 0, +i sin Ө,) 
and Z =X, + iy, = Г. (cos 0, + i sin Ө„) 
Measure off OA = 1, construct triangle OAP on OA directly similar to the 
triangle ОР,Р, (Fig. 19.13), so that 


OP _ OP, | эр. ОЙ л 
OA OP, їе, ОР = ОР, а 
апа “ХОР = 2Р,ОР, = ZAOP, — ZAOP, = 0, – 6,. 
P represents the namber 


(r/r) [сов (0,-0,) + Е sin (Ө, — 0,)]. 
Hence the complex number 2, /2. is represented by the point P, such that 
© Jz za] = 12512 | _ 
(ii) amp (z,/z,) = amp (z,) - amp (z,). 
Note. If P,(z,), Paz) and P4(4) be any three points, then 


|| oe d | = | 
amp (1---4-1-4 PPP}. 
i — 28 | Pes 
Join О, the origin, to P,, Pa» and P}. Then from the figure 
19.14, we have 








ты ^u uns ГҮ 


Solution. Let A(a) nd В) Ба! any two fixed points on "= шилж — ша Р 


let Р(г) be any variable point (Fig. 19.15). 
(1) Since |z —a| =AP and |z— Б | = BP. 























— @ z—a| AP "d ї х 
. Th ОР ш that —|=——=k Ac "x 
e poin oves so that | - p z-b| BP & a M 
ie., P moves so that its distances from two fixed points are in a constant ratio, which 0, ! b 
is obviously the Appollonius circle. хүй? 
When Ё = 1, BP = AP i.e., Р moves so that its distance from two fixed points are х — 


always equal and thus the locus of P is the right bisector of AB. 
Hence the locus — is a circle (unless k = 1, when the locus is the right bisector of AB). 


Pie) 





2 == 


(11) From the figure 19.16, we have amp E j = /АРВ = a. 


Hence the locus of P(z) is the arc APB of the circle which passes through 
the fixed points A and B. 
If, however, Р” (27) be a point on the lower arc AB of this circle, then 





z'—aü 
amp ЕЗ = ZBP'A = а – п, which shows that the locus of Р” is the arc 


Ре) 
АР’В of the same circle. Fig. 19.16 





ET VIRES 






Obs. For different values of a from —п to л, the equation represents a family of in 
AB as their common radical axis. 


Example 19,11. 1/2,, 2, be two complex numbers, show that 
(z, tz + (21-22) =2[[z,|7 + |231". 


Solution. Let z, =r, cis Ө, and z, =r, cis 9, so that 
MES Фк сй | : 2 
lz; + 2. | = (г, cos 9, + г. cos Ө.) + (ry sin Ө, + r, sin 6,) 
а 2 +n + 2r,r. cos (0, — 0,) 
and [2,—2, [а (гү cos Ө, — r, cos ө,)? +(r, sin Ө, — r, sin Ө)? 


= ві +r? —2r,r, cos (0, — Ө) 
[z;z,[** 12, —-2,|39 26? 4 02) = 2 Па, | + | => | і. 


Example 19.12. If z; 23, 2; be the vertices of an isosceles triangle, right angled at Zy prove that 
27 +23 +225 = 225 (zj + 23). 
Solution. Let A (z,), B(z,), C(z,) be the vertices of A ABC such that 
AB = BC and ZABC = n/2. (Fig. 19.17) 
Then [2;—25| = |24—2,] = г (say). 
If “иж (2 —2.) = Ө then ашр(2,-2,)-1/2-0 
E) 2,-2,=r(cos Ө + i sin Ө), 





and Z4—247-7r cos (3 +0) гз (те) = (саш ө + го „=й 

9) 2 |) A(z,) 
Le., Z,—2, = İr (cos Ө + i sin Ө) = i (z, —2.) Fig. 19.17 
or (23—25) 2—(z,—2,P or 2? +24 +222 = 2z,(z, + z3). 


Example 19.13. If z,, Zy 2; Бе the vertices of an equilateral, triangle, prove that 
| 2 422 422 = 2,2, 42:25 + гур 


Solution. Since A ABC is equilateral, therefore, BC when rotated through 
60° coincides with BA (Fig. 19.18). But to turn the direction of a complex number 
through an / Ө, we multiply it by cos Ө + г sin Ө. 


25 - 
BC (cos 1/3 +i віп n/3)= ВА 











. (1 + l 43 
Le, (23—25) —21—2, 
2 (60% 
ог i43 (z, — 2) = 22, 25 — 2, Biz) 20 С(гз) 
Squaring, — 3(z, —2,) = (22, — 2, — 21) Fig. 19.15 
or 4( гї + 25 +25 —Z424—2424—242,)-0 
whence follows the required condition. 
PROBLEMS 19.1 | 
1. Express the following in the modulus-amplitude form: AH. | 
(i) 1+sing+icose@ (zi) Eo я = WTE, 2011 8) 


l 


* — = ух, yù, р being real quantities, ex ess v in terms of x and y. 
xciy udi AVE. "3 ТҮ? P 


2. ИГ. 








10, 





Юу? зул Ж 
іх+1 Sx+y 4 








I x and y are real, solve the equation 


. lfu-ip- p prove that (o? + p* (a? + 5?) = 1. (Mumbai, 2008'S) 


ib 


. Find what curve z2 +(1+Й2 + (1— Й2 =0 represents? 
. In an Argand diagram, show that 9 + i, 4 + 131, — 8 + 8 and — 3 — 4i form а square. 
. Ш], | = |г„] and amp (z,) + amp (z,) = 0, then.show that z, and z, are conjugate complex numbers. 


A rectangle is constructed in the complex plane and its sides parallel to the axes and its centre is situated at the 
origin. If one af the vertices of the rectangle is 1 +i ./3, find the complex numbers representing the other three 
vertices of the rectangle. Find also the area of the rectangle. 


An equilateral triangle éonkbroebéd i in the complex plane has its one vertex at the point 1 + 8. Find the complex 
numbers representing the other two vertices, О the origin being its circumcentre. 


The centre of'a regular hexagon is at the origin and one vertex is given by 1 +i on the Агана. аяға. Find the 
remaining vertices. 








11. What domain of the z-plane is represented by 

tieg 243| «4 uz) 2) 22 

(fi) WS « amp (=) < 1/2 (iv) |2+2|+ | х-21-4. 

12. М [22-1] = |2|? 1, prove that 2 lies on the imaginary axis. (Mumbai, 2007) 
13. What are the loci given by (2) |z-1] + |2 4 1] 3800 [2-31] = |z +1) fork = 1 and 2. 
14. Find the locus of z given by: 

(i) [=| = |e—2]. (ii) [82-1] = |z—3]. 
15. Find the locus of z : | 

when шар is real, (ii) when E is purely imaginary. (Osmania, 2003 S) 


ЕСКИ DE voivRE's THEOREM" 





Statement : [fn be (i) an integer, positive or negative (cos Ө + i sin 0)" = cos nO + i sin nO; 
(ii) a fraction, positive or negative, one of the values of (cos Ө + i sin Ө)” is cos nÀ + i sin пб. 
Proof. Case I. When n is a positive integer. 
By actual multiplication 
cis Ө, cis 0, = (cos Ө, cos 8, — sin Ө, sin Ө,) + i (sin Ө, cos 6, + cos Ө, sin Ө.) 
= cos (0, + Ө„) +i sin (Ө, + 6), i.e., cis (0, + 0,) 

Similarly cis Ө, cis Ө, cis Ө. = cis (Ө, + Ө„) cis Ө, = cis (0, + Ө, + 0.) 
Proceeding in this way, 

cis Ө, cis 0, cis 0, ... cis 0, = cis (0, + 0, + 0, +... + Ө) 
Now putting Ө, = 0, = Ө, =... = 0, = Ө, we obtain (cis Ө)" = cis пб. 
Case II. When n is a negative integer. 
Let n 2 — m, where m is a * ve integer. 

1 1 


ü Ву? = By case I 
(cis Ө)? = (cis ӨГ" TEPORE ана (By case П) 


_ cos тӨ — i sin m6 
— (cos m8 + isin m8) (cos m0 — i sin mü) 
[Multiplying the num. and denom. by (cos m6 — i sin m6)| 


*One of the remarkable theorems in mathematics; called after the name of its discoverer Abraham De Moivre (1667—1754), 
a French Mathematician. 





cos m6 — i sin тё мэ” 
3--т-2001 5 = cos m8 і sin mo 
cos” тӨ + sin” m8 
= cos (— m0) + i sin (— m8) = cis (- m8) = cis n8 [7 -т=п] 
Case III. When п is a fraction, positive or negative. 
Let n = p/q, where q is a + ve integer and р is any integer + ve or — ve 
Now (cis 0/49 = cis (с . 0/9) = cis Ө 
~. Taking qth root of both sides cis (6/9) is one of the д values of (cis 6)", 
i.e., one of the values of (cis 0)? = cis Ө/р 
. Raise both sides to power p, then one of the values of (cis 0)? = (cis 9/9) = cis (p/q) Ө i.e., one of the values 
of (cis Ө)" = cis пб. (By case I and II) 
Thus the theorem is completely established for all rational values of n. 
Cor. 1. cis Өү. cis 8, ... cis 0, = cis (0, 40, +... + Ө) 
2. (cos 8 — i sin B)" = cos пе — i sin nO = (cos Ө + i sin 8)" 
3. (cis m8)" = cis mn8 = (cis пө)". 


r2 





pieni o adunco oi ааа etna’ 
(cos 40 + i sin 40)* = cos 120 + i sin 120 = (cos 0 + i sin 0)? © 
(cos БӨ + i sin 50)- * = cos 200 — i sin 200 = (cos Ө + i sin 0):20 
(cos Ө +i sin 0)? (cos Ө +i sin Ө) 7" 


=. 
(cos Ө +i sin 0)? (cos Ө +i sin Ө) 20 


^ The given expression = 


1+ со 


УП? 





RN Tram р m r sin a. 


л г? = (1 + cos Ө)? + sin? 0 = 2 + 2 сов Ө = 4 cos? 0/2 Le, г=2 cos 0/2 
ааа — sin8 _ 2sin8/2.cos 0/2 stan ie, wey. 
14080 | 2 cos? 0/2 
E L.H.S. = [r(cos a i sin 0017 + [r (cos a — z sin c)]" 
=r"[(cos œ + sin о)" + (cos œ — i sin a] = г” (cos na + Е sin по + cos no — i sin na) 
2r .9cosna [Substituting the values of r and a] 
= 2^ * 1 cos" (0/2) cos (n0/2). 


Ч 


np A 47 1.1 | 






Ч 
M | 


J "ә, 272 





* 1 | ty 1 ~ 1! 2 Fal tp PA ee г ШК е Т e sud 
Solution. Since x + lix = 2 cos 0 5, х? 2x сове+1= 0 
| | 9. | 
whence = 2906921000 0-0 L cos 0 si sin. 
(i) Taking the + ve sign, x" = (cos Ө + i sin Ө)" = cos r8 + i sin r6 (S.V.T.U., 2009) 
and x^' = (cos Ө +i sin 6)" = cos г@ — i sin rO 
Adding x" + Их” = 2 cos r8. Similarly with the — ve sign, the same result follows. 











х?" +1 _ (cos Ө + i sin Ө)?" +1 | 
х2"-1 Lx (сов 0 i sin8)"-! + совӨ+ївїп Ө 
cos 210 + i sin 2n8 + 1 
~ cos 2n — 1) Ө + i sin (2n — 1) 0 + cos 0 + i sin Ө 
(1 + cos 210) + i sin 20 
7 (cos 2n —1 8 + cos 0) + i(sin 2n — 1 0 + sin Ө) 


(it) 


2 cos” n8 + 2i sin nO cos Ө 
~ 2cos nO cos n—10 + 2isin n0 cos n — 10 
_ ©0879 (2 соз пд + 21 зш nO) _ cosn8 
~ eosn-10(2cosn0-2isinn0) cosn—10 





or 


or 
or 


È, E., 
or 


or 


or 
or 


Solution. Let a = cis a, b = cis B and с = cis y. 

Then a+b + с = (сов © + cos В + cos y) + i(sin о + sin В + sin y) = 0 EN 

(1) = += 4% = (сов + i sin 0071 + (cos В + i sin B)? + (cos y+ i sin ү! 

a с 
cos —1sino cosa+isina * 

= (cos « + cos В + cos ү) — (віп & + sin В + sin ү) = 0 (Сіуеп) 
be + ca + ab = 0 ...(2) 
a? + b? + c? = (а + + с)? – 2(Ьс + са + ab) = 0 [By (1) & (2) ...(3)] 


(cis 0)? + (cis В)? + (cis y = cis 2а + cis 2B + cis 2ү= 0 
Equating imaginary parts from both sides, we get 
sin 20 + sin 20 + sin 2y= 0 

(ii) Since a + b c =0, - а + 03 + сЗ =3abe 

(cis œ)? + (cis В)? + (cis y)? = 3 cis о cis В cis y 

cis За + cis ЗВ + cis Зу = З сіз (œ + B + Y) 
Equating imaginary parts from both sides, we get 
sin Зо + sin ЗВ + sin Зү= 3 sin (a + В + ү) 
(iii) From (1), ны оа + din c? ога? + b? — c? = — 2ab 
Again squaring, а? + Бї c* + 2a?b? — 2b?c? — 2c?a? = 4a?b? 
at + bt + сі = 2(a?b?  b?c? + c?a?) 
(cis о)* + (cis P)! + (cis yt = 2 У (cos а)? (cis B 
cis 40 + cis AB + cis 4y = 2 > cis 20 cis 20-2» cis 2 (a + B) 
Equating imaginary parts from both sides, we get 
sin 40 + sin 4B + sin 4y= 2 У sin Xa + P) 

(iv) From (2), ab + be + са = 0 

cis a cis D + cis В cis y+ cis y cis о = 0 

cis (a + B) + cis (В + y) + cis (y+ о) = 0 
Equating imaginary parts from both sides, we get 

sin (o + В) + sin (B + y) + sin (y+ о) = 0 


PROBLEMS 19.2. 


t БӨ і еіп ШИН UR 70? _ 
(cos 40 — i sin 4)? (cos 0. iei 9. 


4 ! 
ii) (cosa + isin o)*- =sin Өв» 50) i i cos Дэ + СЭ (iii) (mm = cos 80 + isin 86. 


Prove that (i) 


(sin B+ i cos D° sin +i cos 8 
‘fp = cis 6 and q=cis $, show that | | | 
рге 1 ê- 8-9 an (ox d die -1) sinO+sing = l'ex ABE Е. 
@ bra але 2 (Mumbai, 2008) os ИШ tae) Рачу ine РАНЫ 
$. Ifa == 20,6 = cis 28.6 = cis 2y and d TA $. rove that. 
e. fe =2 Sog (x + 8-0. | | E | 4 (ii) Aid | Yop a, cos ds * p =ï- 5). 
|. If x, = cis (027), show that. е ay TT ; | (S. V. T. U.,. 2009 ; M 


! 


‚ Find the general value of Ө ХЭГ NIA the БЕТ) | | 
(cos Ө + i sin Ө) (cos 20 + i sin 20)... Dent iet 


: Prove that (i) (a 4 ibY"^ + (à — -ibys = - түй di cos уу 2). 


27 AL 
uu 0001 + oy «(1 if e 22^ cos пли. | 7 
i" - Simplify [сов œ= cos В + i (sin a – віп pr бүт кү, (sin a sin В 


ыш | T "A ais м T ф "ЭН (1 .8) (219 
FA Prove: ney Ф a + sino +i cos в". а + sid 8- 8y' = 2^* "egg" ( л a os | —— 
Y | IY UN f a EZ $t: «| || г ГАА WERE + 2, у ме oy | 


4 Fo | 


к Г in (В tsina бов || = соё "nik м) ЕЭ); | | | 2 ж ЫЎ A 27 48.У.Т./, 2006) 


1+ sin ©: —icosQ 2 
9. ҥ? cos Ө =х+ ава MA Ф =y+ Uy, ‹ show that ‹ one of the values of | 


zis2 eos (m8 + пф). Va CAP X A T T E e Ay h (S. V.T.U., 2007) 


15) E 15 M ib Doge МӨ Sap CUT PECTUS VEM VU tU DON (Nagpur, 2009) 
чо. жо, phate roots ofx?- -2x4 13 ü provo tt ona ГР ‚> fie сов ang. E р | (Delhi, 2002). 
E 1. Ifa, В are the roots of the equation 2? sin? Ө – -2 sin + ie 0, then prove that | | 
P art p :2 сов nÜcosec O0. — — — — (i) onp^ = = cosect* i Ber | (Mumbai, 2009) 
cos 0 + 1 = 0, show that x^ — тэл, cos n8 4 32 0, | | 

3. их cena +i sin wy Sepsi sin В, 2 = c t + isin ав ty +z =0, bal prove to 

| £a ул» a) = -0. | 

м. “Ни + sin ф+ sin y = o= fon + cos ф + cis v. prove that 
fi) cos 20 + cos 26+ cos 2y =0 о | 


Gi) cos ЗӨ + cos 3ф + cos Зу = 8 Жэ, b+) 
(tii) cos 49 + cos 40 + cQ в Фр = 2}, cos 2(ф + y). ' 
15. If cos a + сов В+ cos y= D and sin & + sin p + sin y= 0, prove that 
@ sin? a + sin? B «sin? y = ‚сов? + cos? В 4 cos? y= 3/2 | | 
' (i) cos (œ + В) + сов (B. y) + cos (ужа) =0 — Wi uh A Ve | (Mumbai, 2009 ; S.V-T. U., 2008) 
16. If sinc + 2408 *8siny-0, сова + 2cos B+ 8.08 10, MNA sin За +8 sin 3B + 27 sin 3y = 18 sin (a + B y) 
and сов Sa + В cos 3B + 27 sin 3y = 18 cos (480. | | 


CON VIP NUMBER 











By De Moivre's theorem one of the values of 
(cis 8)! = [cis (2лл + 0)]'? = cis (2nx + 6)/q | (1) 
Giving n the values 0, 1, 2, 3, ..., (q — 1) successively, we get the following q values of (cis Ө); 
cis 0/q (for n = 0) 
cis (2л + ӨУд (for n =1) 
cis (4л + ӨУд (for n = 2) | a2) 
cis[2(g — l)n + 0/9 (forn2q-1) 
Putting n = д in (1), we get a value of (cis Ө) = cis (2х + 0/9) = cis 0/9, which is the same as the value of 
п = 0. 
Similarly for n = q + 1, we get a value of (cis Ө)! to be cis (2л + ӨУд, which is the same as the value for 
п = Тапа so on. 
Thus, the values of (cis Ө)! for n 2 q, + 1,9 + 2 etc. are the mere repetition of the g values obtained in (2). 
Moreover, the д values given by (2) are clearly distinct from each other, for no two of the angles involved 
therein are equal or differ by a multiple of 27. 
Hence (cis 0)! has с and only д distinct values given by (2). 













Note. The above discussion can usefully be employed for extracting any assigned root of a given quantity. We have 
only to express it in the form r (cos Ө + i sin 0) and proceed as above. 


Ss =) De D "Дд ive. mi 
| | ГҮ (111311 | 







Solution. If x be a cube root of unity, then 
x = (1)!? = (cos 0 + i sin 0)? = (cis 0)! = (cis 23nn)! = cis 2nz/3 
where n = 0, 1, 2. 
the three vlaues of x are cis 0 = 1, 
cis 21/3 = cos 120° + г sin 120° =— 


* 


EC 
2 
BB 


and cis 41/8 = cos 240° + i віп 240° =— —i-,-. 

These three cube roots are represented by the points A, B, C on the Argand 
diagram such that ОА = OB = OC and ZAOB = 120°, ХАОС = 240° (Fig. 19.19). 

г. these points lie on a circle with centre О and unit radius such that ZAOB = “BOC = ZCOA = 120° i.e., 
AB = BC = СА. 

Hence A, B, C form an equilateral triangle. 


Tw J [ T гич 7 T = 1 E и“ ч 
f | LL * р Ti | 4 Li d i a, i 1 9 4 J Dr" xe 
43 j 110137). | ASN T 


Бо |» Мао 
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Solution. Put 1/2 =r cos Ө and 43/2 = г sin Ө so that r = 1 and Ө = 7/3 
2 (1/2 + J3i/2)^ = [(cos 1/3 + i sin л/3)З]!/4 = (cis n)™ 

= [cis (2n + Dr]™* = cis (2n + 1) 1/4 where n = 0, 1, 2, 3. 
Hence the required values are cis 7/4, cis 31/4, cis 51/4 and cis 77/4. 


г. their continued product = cis (= м T) = cis 4л = 1. 





LE, 


Or 


Solution. 'x* зай, + sg —x-]l'isa GP. with common ratio 2 ER therefore 
1-(-х) _ 
1-(-x) _ 
x = — 1 = cis n = cis (2п + 1)л 


0, х3-1 or х°+1=0 


5, x = [cis (2n + 1)n] = cis (2n + 1)л/5, where n = 0, 1, 2, 3, 4 
Hence the values are cis 7/5, cis 31/5, cis m, cis 77/5, cis 9л/5 
an dm dr dm T o uc Ж 
cos = tisin =, cos 7. + i sin ^7, "dcm resin. Oe en 


Rejecting the value — 1 which corresponds to the factor x + 1, the required roots are : 
cos 7/5 +i sin 7/5, cos 31/5 + i sin Зл/5. 





or 


Or 


ann 
Solution. Given equation is БЭ =1 or l- a = (1)" 





1 =1-(1)"=1-cis £T ,r=0,1, 2, (0-1). [: 1=сїв2лг] 
ш (1 eoe) isin 2 9 4057". 9j sin ™ cos 7 
\ no n n n 
UE, ИРИ 
2 sin 7" (sin t — j ов Z7) 2 sin T 
EV ! n. n 
z НЭЭ 23 2, ... (n — 1). [^ cot 0 — =] 


Hence the roots of the given equation are = (1+ i cot run) where r = 1, 2, 3, ... (n— 1). 





r 
Solution. Wehave — (177 = (cos 2г +i sin 2rn)"7 = cis 27" = (cis ж) 


П Тт) 
Putting г = 0, 1, 2, 3, 4, 5, 6, we find that 7th roots of unity are 1, р, p?, p, р“, př, р where р = cos 2/7. 
- sum 5 ofthe nth powers of these roots = 1 + p^ + p™ +... + ре" AE) 


EL p” , being a G.P. with common ratio p 

-p" 

When n is not a multiple of 7, р" =(p7)" = (cis 2л)" = 1. 
1-p'"20and1—p"z0,asnis not a multiple of 7. 

Thus S=0. 

When n is a multiple of 7 = 7p (say) 

From (i), Sere we + (р) =1+1+1+1+1+1+1=7. 


eX b p. = TE й i б. Мн ahs Uy NT... 1 их d a" coat " ? cos n л/ 7, E uos | а (7 9 "nr E е ы 





Ч л E Е 17 TI 


h X ет ға : 
wr. кЖ = = = ву FK unb: — HE ossi * йн. js т s is 108 PE к= в ar ЖУ a ng :5 Tg "Wu ч a сај E. M MT 


Solution. ЕЕ — where 0- WT, ЗАЛ, .... 13807. 





Then у? = (cos Ө + i sin Ө)? = cos 70 + i sin 702—1 ог y'+1=0 
or (y + 1) (6—5 + у-у +у2 у + 1) = 0 
Leaving the factor y + 1 which corresponds to 6 = m, 
We get уб – уз + yt у + yy? — 1-50 E) 


Its roots are у = cis Ө where Ө = 7/7, 31/7, 5л/7, 9n/7, 1100/7, 137/7. 
Dividing (i) by y?, (y? + 1/3) - (у? + 17) + (y + Му) - 1-2 0 


or [(у + Шу} — 3(y + 1/y)] — ((у + Шу)? - 2] - (y + Шу) - 120 
or x?—x*—2x 4120 uL) 
where х = у + Шу = 2 cos Ө. 

Now since cos 137/7 = cos 7/7, cos 117/7 = cos 3n/7, cos 9л/7 = cos бл/7 

Hence the roots of (i1) are 2 cos i 2 cos T, 2 cos T : 





PROBLEMS 19.3 





1. Find all the values of 


(i) (1+ 14 (4) (= 140) 
ii) (—1 +63 9? (iv) (1 + £3 12 + (1 - 1/3 1. 
If w is a complex cube root of unity, prove that 1 +20 2ш = 0, 
Find all the values of (— 1). 


. Mark by points on the Argand diagram, all the values of (1 + i 48 "5 and verify that they form а pentagon. ` 
. Use De Moivre's theorem to solve the following equations : 
a+ 120 | (Gi) хонх к +1 =0 
(i) xV * x*—x*—1-20 (Майгаз, 2000) (iw) (x — 1) + x* = 0. 
6. Find the roots common to the equations x* + 1 = 0 and x5 — i = 0. 


pF 





7. Solve the equation х1? — 1 = 0 and find which ef its roots satisfy the equation x“ + x? - 1 0. 
8. Show that the roots of (x + 1)’ = (x — 1)! are given by +i cot rr/7, к = 1, 2, 3. (Mumbai, 2008) 
9. Prove that the nth roots of unity form a geometric progression. (Mumbai, 2007) 


Also show that the sum of these л roots is zero and their product is ( — 1*7. 
10. Find the equation whose roots are 2 cos 21/7, 2 cos 47/7, 2 cos 65/7. 


(1) TO EXPAND sin nO, cos nO AND tan пб IN POWERS OF 5110, cos Ө AND tan Ө 
RESPECTIVELY (n BEING A POSITIVE INTEGER) 











We have cos 19 + i sin n0 = (cos Ө + i sin Ө)" (By De Moivre's theorem) 
= cos" Ө + "C, cos"-! 0 (i sin Ө) + "С, cos"? Ө (i sin Ө)? + "С, cos"? Ө (i sin ӨР +... 
(By Binomial theorem) 
= (cos" Ө — "С, cos" - 2 Ө sin? Ө +...) + i ("С cos" - 1 0 sin Ө — "C, сов" -? Ө sin? Ө +...) 
Equating real and imaginary parts from both sides, we get 
cos n8 = cos" Ө — "C, cos"? Ө sin? Ө + "С, cos" 0 sint Ө — ... GS 
sin n6 = "C, cos"! Ө sin Ө — "C, cos"^? Ө sin? Ө + "C, cos"? Ө sin? Ө — ... ...(2) 
Replacing every sin? Ө by 1 — cos?.0 in (1) and every cos? Ө by 1 — sin? 8 in (2), we get the desired expansions 
of cos n8 and sin nê. 
Dividing (2) by (1), 
"Сү cos"! 0 sin 0 — "C, cos" " Ө sin" Ө + "C, cos"? Osin” Ө -... 
cos" 0-7С, cos"? 8 sin” Ө + "С. cos" * Ө віп“ Ө –... 
and dividing numerator and denominator by cos" Ө, we get 
"C, tan Ө — "С, tan? Ө + "C, tan? 0-... 
1- "С, tan? 0+ "С, tanf 0-.. = 


tan n = 


tan n8 = 





Solution. We зана that cos n6 = cos" e — "C, сов"? Ө sin? Ө + "C, cos" Ө sin! 0— ... 
Put n = 6, then cos 60 = cos? Ө — 6C, cost Ө sin? Ө + *C, cos? Ө sin* Ө — °C, sin? Ө 
= cos? Ө — 15 cos‘ Ө (1 — cos? Ө) + 15 cos? Ө (1— iod 8)? — (1 — cos? Ө)? 
= 32 cos? Ө — 48 cos* Ө + 18 cos? Ө — 1. 
(2) Addition formulae for any number of angles 
We have, cos (0, +6. +... + 0) +i sin (0, +60, +... + Ө) 
= (cos Ө, +1 sin 0,)(cos Ө, + i sin 0,) ...(соз 0, + i sin Ө) 
Now со5 6, +1 sin Ө, = cos Ө, (1 + į tan 0, ), cos Ө, + i sin Ө, = cos Ө, (1 + i tan 0,) and so on. 
cos (0, + 0, +... + 0 ) +i sin (0, + Ө, +... +0, ) 
= cos Ө, cos 6, ... cos Ө (1 + i ап Ө, 1 tan 6,)..( 1 + i tan 0,) 
= cos Ө, cos Ө, ... cos Ө, [1 + г (tan Ө, + tan 05  ... + tan 0,) 
+ ап Ө, tan.6, + tan Ө, tan Ө, +...) + i*(tan Ө, tan Ө, tan 0. +...) +... + ...] 
= cos Ө, cos 6, ... cos Ө (1 + is, — $, — i84 + 5, +...) 
where 5, = tan Ө, + tan Ө, +... + tan Ө, s, = E tan Ө, tan 6,,s, = X tan Ө, tan Ө, tan 0. etc. 
Equating real and imaginary parts, we have 
COS (8, + 8, +... + Ө) = сов 9, cos 8, ... COS Ө, (1- 85 8,— д 
sin (0, + 0, +... + @,) = cos Ө, cos @, ... cos Ө, (s, —54 +5, — ...) 
S4 +55 — 


and by division, we get tan (0, 48, +... + Ө) = 13 * 85 - 
4 "B ев, п) 1-85, +s, — Sg +... 





баайа lol tac = "P CUR хэр бий хэн lance x tin Ron tan y 
tan с + tan В + вап y — tan o tan B tan ү 
1 — tan с tan D – tan B tan y — tan y tan о 
х+у+2 – хуг 
l —xy – yz- 2х 


We know that tan (a - В +y) = 


tan 7/2 =. or l—-xy-yz-zx-0 


Hence ху + yz + zx = 1. 








4 . = | 2t t+ tan a 
Solution. Given equation can be written as zÀ-—————— where t= tan Ө 
E: 1-17 1-t.tana 
or М + (А – 2) tana. 12 + (2 - А) – А ғап с = 0 
tan 6,, tan 6,, tan Ө,, being its roots, we have 
s, = Etan0, = -^ tana [By $ 1.3] 
2—À 
5. = Etan Ө, tan 8, = —— and 5. = tan а 


А. 
—8, (-1-42/A)tan а — tan a 
-82 — 1-(2/X1—1) 
= tan Q = tan (пп — a) 
Thus Ө, + Ө, + 0, = пл — a, whence follows the result. 
(3) To expand sin" 6, cos" 0 or sin" 0 cos" 0 in a series of sines or cosines of multiples of 0 
If 2 = сов Ө + i sin 9 then 1/2 = cos 6 — І sin Ө. 
By De Moivre's theorem, 2? = cos pÀ + i sin p8 and 1/2? = cos p8 — i sin рө 
2+ Lz = 2 cos 0, z — Ш = 2i sin Ө; 2? + 1/2Р = 2 cos рӨ, 2” — 1/28 = 2i sin p 





a 
tan (0, + Ө, + 6,) = 1 
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These results are used to expand the powers of sin Ө ог cos 0 or their products in a series of sines or cosines 
of multiples of 6. 


Example 19,27. Expand cos? 0 in a series of cosines of multiples of 9. 


Solution. Let z-cos0-isinO, sothatz+ 1/2 = 2 cos Ө and 2? + 1/2” = 2 cos рб. 
; (2 cos Ө)” = (2 + Lz)” 
= ato luteus Ll ДЕ Тр liso, 444 
z © z* 2 Ё “ 2 


= (28 + si + °C, (28 + 1/26) + 5C (z* + 12%) + C. (2° + 172°) + 9C, 
= (2 cos 80) + 8(2 cos 60) + 28(2 cos 46) + 56(2 cos 20) + 70. 


Hence соѕ® Ө = ig [cos 80 + 8 cos 60 + 28 cos 40 + 56 cos 20 + 35]. 


Example 19.28. Expand sin’ Ө сов? @in a series of sines of multiples of 8. 


Solution. Let > = cos 0 +1 sin Ө 
so that z+ Ш2 = 2 cos Ө, 2 — 1/2 = 2i sin Ө and 2? — 1/2” = 2i sin рб. 
(2i sin Ө)? (2 cos Ө)? = (2 — l/z)'(z + Vz 
= (z — 1/z)4 (z — 1#Х + 1/г)]З = (z — 172) (z? — 1/22) 
= [= - 42° +в6-Ж +] - 32° 13-5) 
z zs z 


2”, 


еее 


= 21 sin 100 — 4(2i sin 80) + 3(Zi sin 60) + 8(2i sin 40) — 14(2i sin 20) 
Since і 


sin’ Ө cos" Ө =— - [sin 100 — 4 sin 86 + 3 sin 60 + 8 sin 40 — 14 віп 20]. 


Obs, The expansion of sin" Ө cos" Ө is a series of sines or cosines of multiples of 8 according as т ів odd or even, 





PROBLEMS 19.4 


1. Express sin 60/sin Ө аға polynomial in cos Ө? 
Prove that (2-5): 
2. sin 76/sin 0 = 7 — 56 sin* Ө + 112 sin* Ө — 64 sin® Ө. 


J. 11-60219 =63- x? — 2x + 1), where x = ® сов Ө. 





1+ сов 
ы Eia a an DEEST Г, A я 

4. 2(1 + cos BB) = (x* — Ax? + 2)? where x = 2 cos Ө. b. tan 58 = 1-107 58 where t = tan B. 

| | + 
6. Iftan! x + tan! y + tantz =n, show that x + y + = хуг. 
7. Ifa, В; y be the roots of the equation х? + рх“ + qx +p = 0, prove that 

tan a + tan! В tan! y= пл radians except in one particular case. 

Prove that (8-12) : 

8. cos! Ө = — (cos 78 + 7 cos 50 + 21 cos 39 + 35 cos Ө). (Madras, 2003 8) 
9, cos9 Ө — sin? 9 = ТЕ (cos 66+ 15 cos 20). (Mumbai, 2007) 


10, sin$6 — 2-7 (cos 86 —8 cos 60 + 28 cos 40 – 56 cos 20 + 35). 
11. 32 sin‘ 0 cos? Ө = cos 60 — 2 cos 48 — cos 20 + 2. 


12. sinf Ө сов? Ө = a (sin ТӨ — 3 sin 58 + sin ЗӨ 5 sin Ө). (Madras, 2003) 


COMPLEX FUNCTION 


Definition. If for each value of the complex variable г (= x + iy) in a given region В, we have one or more 
values of w (= и + iv), then w is said to be a complex function of z and we write w = и (x, y) + iv(x, y) = f(z) 
where u, v are real functions of x and y. 

If to each value of z, there corresponds one and only one value of w, then w is said to be a single-valued 
function of z otherwise a multi-valued function. For example, w = 1/z is a single-valued function and w = Jz isa 
multi-valued function ofz. The former is defined at all points of the z-plane except at z = 0 and the latter assumes 
two values for each value of z except at z — 0. 








> Ж EXPONENTIAL FUNCTION OF A COMPLEX VARIABLE 





(1) Definition. When x is real, we are already familiar with the exponential function 


2 A 
Ж x 
e=1+ ater Rte. 
similarly, we define the exponential function of the complex variable z = x + Ly, as 
z* n 
" z . 
e* or exp(z) = 1+ — it tote tag te E) 
(2) Properties : 
I. Exponential form of z = 
Putting x = 0 in (i), we и 
2 d „х4 
234 mace (у) + €») ,or + ... ве 


il 21 8! 4! 


- y» ) - 
ME Jiv- Zr) =cosy+isiny 


Thus e = ех, e = ех (cosy + і віп у) 
Also x + iy = r(cos Ө + i sin Ө) = ге®. Thus, 2 = ге 


П. е? is periodic function having imaginary period 2ni, 7 е * 299 = e , опт = ez]. 
III. е? is not zero for any value of z. 


Since её = ех *U = ге or ех. е = ге! 

El r-g »0,y-20,|e*|2 1, 

Thus [её | = [ех |. [е2 | = ех #0. 

IV. gt zy 

Since e = e*-¥ = ехе = ех (cos y — i sin y) 


= е“ (cos y c i sin y) =е* 








CIRCULAR FUNCTIONS OF A COMPLEX VARIABLE 


(1) Definitions: 
Since e" = cos y +i sin y and е = cos y — i sin y. 
the circular functions of real angles can be written as 





| 657 








; е? е е? e 
sin y = —9 098 y — — and so on. 
It is, therefore, natural to define the circular functions of the complex variable z by the equations : 
iz -iz iz -iz . 
ваа 9 —9 omg 5 ten eee 
21 2 cos 7 
with cosec z, sec 2 and cot z as their respective reciprocals. 


(2) Properties : 


I. Circular functions are periodic : sin z, cos z are periodic functions having real period 2x while tan z, 
cotz have period т. [а sin (2 + 272) = sin z, tan (2 + nz) = tan z etc.] 


П. Even and odd functions : cos z, sec z are even functions while sin z, cosec = are odd functions. (7 





сов 2 
-i2 iz тат {т иг == 
e +p f e = p е -8 : 
= ———— = osz, and sin (—z) = = = — sinz 
5 (— 2) 2i 2i | 
Ш. Zeros of sin 2 are given by = = + 2nn and zeros of cos z are given by = = + 5 (2n + In, п= 0, 1, 2 
ГУ. All the formulae for real circular functions are valid for complex circular functions 
e.g., віп? 2 + cos* z = 1, sin (z, + 2,) = sin z, cos Z, + cos 2, sin 2... 
(3) Euler’s theorem е“ = cos z + i sin z. 
iz -Ë ir -iz 
- - "te „е —e | . 
By definition cos z + 1 sin z = —— +1 э T =e where 2 = x + Ly. 
Also we have shown that е? = cos y +i sin y, where у is real. 
Thus e = cos 6 + i sin 0, where 0 is real or complex. This is called the Euler's theorem.* 
Cor. De Moivre’s theorem for complex numbers 
Whether 8 is real or complex, we have 
(cos Ө + i sin Ө)" = (e/9€)" = е!" = cos nO + i sin n8 
Thus De Moivre's theorem is true for all 0 (real or complex). 
ya Р xample prat Prove that (i) [sin (о. 8) =e" sin Ө" = sin^ ae — Aq AULUS AP qUE-T M XR, 
TR: cT (ii) sin (x — n0) + e% sin лд = =e" sin а. "Po UU Br tie VEA 


Solution. @ L.H.S. = [sin a cos Ө + cos a sin Ө — (cos c +1 sin 0) sin gr 
= (sin а cos Ө — i sin & sin Ө)" 
= gin" о (cos Ө — i sin Ө)" = sin" a (e- 9) = sin" ae" 
(11) L.H.S. = sin & cos пе — cos « sin n8 + (cos о — i sin 0) sin n0 
= sin & cos n6 — i sin & sin nG 
= sin о (cos n0 — i sin n8) = sin о. e^, 





| Ех: iple 19.90. Given - хал here 1 
values of A and 6. ЖҮ, 





ЭРЭР? | R+Lp°CR(-1)+Lpi_(R-Lp*CR)+iLR 
Solution. 5 = LpRi = [pki Ri 
" 2 Е 
zx а S Ri ,U- Lp"CR) -iLp 


РВ Ір?СВ) + iLp “(в Lp^CR) - iLp 
_ Ір? + iLoR (R – Lp^CR) 
(R — LP CRY + (Тру 


= A(cos 6 4 i sin 6), say 


*See footnote p. 205. 





Equating real and imaginary parts, we have 
І?р?В | 
Е 441) 


= —— M Á—r 
(R— Lp^CRY + (Гр) 


p r2 
A sino =  LeRUt- LoCR) ti 
(Е-10р“СЕУ +(Lp) 

Squaring and adding (1) and (ii), 

да. Ор? В)? + CLoRY(G – L^ CRY и LpR аш 
[CR — Lo*CRY. + (Lp) _ УКЕ- Lp*CRY (Lp) Е 
Dividing (iz) by (1), 

iu) 


R — Lo^CR 
tan Ө = ——— —— 
Lp 
Hence P = A(cos Ө + i sin Ө) = Ae!? 
where A and Ө are given by (iii) and (iv). 


or ва Ср?) 





EEEUN HYPERBOLIC FUNCTIONS 


(1) Definitions: /f x be real or complex, 























x —х 
(1) —— is defined as hyperbolic sine of x and is written as sinh х. 
e 4 ё" 
(1) ———— ts defined as hyperbolic cosine of x and is written as cosh х. 
AN. AT 
Thus sinh x = £ = and cosh x = +E 
Also we define, 
inh . £g" *+e” 
tanh х = 21 к OE себе 1 ша. 
coshx p* 4,7 tanhx p* _,* 
sech x = - m бобы И vm с 
coshx о ре üht pf g” 


(2) Properties 
I. Periodic functions : sinh z and cosh z are periodic functions having imaginary period 2ni. 
|- sinh (z + 271) = sinh z ; cosh (2 + 2ni} = cosh z] 

П. Even and odd functions : cosh z is an even function while sinh z is ап odd function 

Ш. sinh 0 = 0, cosh 0 = 1, tanh 0-0. 

IV. Relations between hyperbolic and circular functions. 


QU QU @ pt 
Since for all values of 6, sin Ө = m and cos Ө = ын. аша 
1 
x NS (2805 „у 8 —£ е-е“ Е Xm и 
Putting Ө = ix, we have sin Д = = | gl — pt 8E eg] 
21 21 
X X A —X 
56 —eg е" —е =: ЁС 
=p ————-i = і sinh х 
21 2 
= х 
e+e 
and, therefore, cos ix = ә = cosh x 
l(t) 


Thus 


sin ix =i sinh x 


cos ix = cosh x A) 

and .. tan ix = i tanh x D 
Cor. sinh ix = i sin x (tu) 

cosh ix = cos x (U) 

И (773 


tanh ix = 1 tan x 





V. Formulae of hyperbolic functions 

(a) Fundamental formulae 

(1) cosh? x - sinh? x = 1 (2) sech? x + tanh? x = 1 (3) coth? x — cosech? x = 1. 

(b) Addition formulae 

(4) sinh (x + у) sinh x cosh у + cosh x sinh у (5) cosh (x + y) = cosh x cosh y + sinh x sinh y 
tanh x + tanh y 

1+ tanh x tanh y 

(с) Functions of 2x. 

(7) sinh 2x = 2 sinh x cosh x 

(8) cosh 2x = cosh? x + sinh? x = 2 cosh? x — 1 = 1 + 2 sinh? x 


(6) tanh (x + y) = 


(9) tanh 2x = E 
1+ tanh“ x 
(d) Functions of 3x 


(10) sinh 3x = 3 sinh x + 4 sinh? x 
З tanh x + tanh” x 




















(11) cosh 3x = 4 cosh? x — 3 cosh x (12) tanh 3x - 5 

1+ З tanh“ x 
(е) (13) sinh x + sinh у = 2 sinh <> cosh Y (14) sinh x — sinh y = 2 cosh t sinh 72 
(15) cosh x + cosh y = 2 cosh LU cosh Зан (16) cosh x — cosh y = 2 sinh ы sinh > m: 


Proofs. (1) Since, for all values of Ө, we have cos? Ө + sin” Ө = 1. 
putting Ө = ix, we get cos? ix + sin? ix = 1 or cosh” x — sinh* x = 1 


2 2 
р" ав е le? | 
al а 2 | 4552) =F le* +e + 2-0 e 2] = 1. 


Otherwise : cosh* x — sinh? x = | 
Similarly we can establish the formulae (2) and (3). 
(4) sinh (x + y) = (1/2) sin i(x + y) =— i[sin ix cos iy + cos ix sin iy] 

= — ili sinh x . cosh y + cosh x . i sinh y] = sinh x cosh y + cosh x sinh y. 
Otherwise : sinh x cosh y + cosh x sinh y 


_ нэ 5 = Зул 
gg te” e+e” ё7-677 2-е" 














= 2 9 “Эргэж... Н = sinh (x + y) 
Similarly we can establish the formulae (5) and (6). 
N S 
(12) — ESL LL тав А 
1- Зап" A 
: ТЕ РР а | 416 үй 
Putting Biel Зан Ба лээн M or СИИИ 
1—3 tan“ ix 1 – 3(: tanh x) 
. 3 
ianh it = 3 ce уван х 
1+3 tanh“ x 
Similarly, we can establish the formulae (7) to (11). 
=; C+D. C-D 
(16) cos С — cos D = — 2 sin 5 sn 
уф + zc d “ман 
Putting С = ix, and В = iy, cos ix — сов ty = – 2 sin i х = sin 4 LI 





cosh x — cosh y = - 2 [isinh 57 (нь - 2sinn = 2 sinh T 


Similarly, we can establish the formulae (13) to (15). 





INVERSE HYPERBOLIC FUNCTIONS 





(1) Definitions: If sinh u = z, then u is called the hyperbolic sine inverse of z and is written as 


и = sinh"! z. Similarly we define cosh z, tanh! z, еіс, 


The inverse hyperbolic functions like other inverse functions are many-valued, but we shall consider only 


their principal values. 
(2) To show that (i) sinh" z = log [z  N(z? + 1) 


1+2 
1-2! 





б Усаа лг for b eng — ii, (iii) tanh! г = 1 2 log 


(1) Let sinh! z = и, then z = sinh u = 5e — g") 


or 22 = е%— l/e^ or 6ё25-220-1-0 
This being a quadratic in e", we have 
pa BANG tH ztv(2" +1) 


Taking the positive sign only, we have 
e" = 24+V(z" +1) 
Similarly we can establish (Zi) 
(iii) Let tanh! z = и, then = = tanh u 


or u=log [2+ V(2* +1) 





е — е" 
L.e. Г © — —— 
g^ e" 
Applying componendo and dividendo, we get += 2 = еще-и = е?и 
ог 2и = log [1+2 1- 3 whence follows the result. 


(Mumbai, 2009) 


(P.T.U., 2005) 





ulz 
+ 9) ge. 


By componendo and dividendo, we 79) 


Solution. We have 


dt) 


i) 





= tan 6/2 Łe., tanh “ = tan = 
QUE "Чин 2 2 
1 ш 1 id id 4 шү 1, 1-*taniu/2 
— --- — = LR 2-1 z - 
SN EE Баг ge uum (tan | 2 ^8 1- tan iu/2 
1 Ки} л, tu 
or pelea тыш ш. : 
Solution. Let tent mm 814 so Bink cos Ө = tanh ф 
ог tanh? ф = cos? Ө ог 1-—sech* ф = сов? Ө 


ог sech? ф = 1 — cos? Ө = sin? Ө or sech ф = sin Ө 
or cosh ф = cosec 0 or ф = cosh! (cosec Ө). 
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or 
or 
or 


psu 


14. 
15. 


16. 


11. 
18. 


. Prove that (i) (cosh 8 + sinh Ө)! = cosh n6 + sinh n6 : (ii) | 
. Express cosh’ Ө in terms of hyperbc 


Example 19.33. Find tanh x, if 5 sinh x — cosh x= 5. (Mumbai, 2004) 


Solution. We have  5(sinh x - 1) = cosh x 
25 (sinh x — 1)? = cosh* x = 1 + sinh? x 
24 sinh?^x— 50 sinhx+24=0 or 12sinh?x—25 sinh + 12 = 0 
(3 sinh x —4)(4sinhx—3)=0  whencesinhx- 4/3 or 3/4. 
cosh x = \(1 + sinh? x) = 5/3 or — 5/4 [^ cosh x = 5/4 doesn’t satisfy (7) 
Hence tanh x = E or - E А 





PROBLEMS 19.5 . 


separate into real and imaginary parts | | 
(i) exp (22) where z =x + iy (it) exp (5 + 1x/2) (111) exp (5 + 31). 


. From the definitions of sin z and cos =, prove that 


(Т) cos 2z = 2 сов 1-1 (тї) D = cotz (iii) sin 32 = 3 sin z — 4 sin? z. 


Prove that [sin (& — 0) + e^" sin 8]^ = 511771 e {sin (0 — nü) +e! sin n8] 
229 show phat 212 айо 

г +1) 
Eliminate = (гопур cosech z +o sech г = 0, р” cosech z+ g sech + г = 0. 


If y = log tan x, show that sinh ny = 3 (fan? x — cot" x). 


If tany = tan tanh B and tan г = cot a tanh В, prove that tan (y +=) = sinh 28 cosec 2a. 
Prove that 
(1) cosh (а + В) — cosh (о — B) — 2 sinh a sinh В 


(ii) sinh (à + B) cosh (o. В) = 7 (sinh Фо + sinh 2). 


3—tanh 6 sore = cosh 68 + sinh 66. 
ic cosines of multiples of Ө. 


If sin Ө = = tanh x, prove that tan 0 = sinh x. 





. If tan.x/2'= tanh u/2, prove that 


(0 tan x = sinh и and cos x coshu 21; (10) u = log, tan (174 + x/2). 


. If cosh x = sec Ө, prove that 


()tanh?x/2- tan! 0/ —— “5 Gi) x = log, tan (wd + 0/2). 
Show that tan z= 5 log $= ite, 
Prove that 


pil, ANLE 1 | 
(1) sinh! x = cosh 41 + ‘tanh - = обвес -————— 
== "ry -x^) 2 2x Y 4 x*) 





X 


„д А 
(ii) tanh ta = = sinh"! 41-42) 
Show that 
(i) sinh (tan 8) = log tan (1/4 + 0/2) (ii) sech} (sin Ө) = log cot 6/2. 
Solve the equation 7 cosh x + 8 sinh x = 1 for real values of x. Г | (Mumbai, 2008) 
Find tanh x if sinh x— cosh х= 5. 






REAL AND IMAGINARY PARTS OF CIRCULAR AND HYPERBOLIC FUNCTIONS 





(1) To separate the real and imaginary parts of 
(i) sin (x + iy); Gi) cos (x + iy); (tii) tan (x + iy); (iv) cot (x + iy); (v) sec (x + iy); (vi) cosec (x + ty). 
Proofs. (i) sin (x + ty) = sin x cos iy + cos x sin iy = sin x cosh y + i cos x sinh y. 
Similarly, cos (x + Ly) = cos x cosh y — i sin x sinh y 
(111) Let о +В = tan (х + (у) then a—ip = ап (x — iy) 
Adding, 2a = tan (x + iy) + tan (x — ty) 
sin(x+iy+x—ty) _ sin 2x Ш sin 2x 
Е 2 cos (х + ѓу) cos (х – iy) cos 2х + соѕ 2iy cos 2x + cosh 2y 

Subtracting, 2iD = tan (x + iy) — tan (x — Ly) 

sin 2iy _  isinh2y 
— 9cos(x-iy)cos(x— iy) cos 2x + cosh 2y 
xi. sinh 2y 
ps cos 2x + cosh 2y 
sin 2x —i sinh 2y 
cosh 2y — сов 2x | 


Le. т 


Le ip 


Similarly, cot (x +iy)= 


(v) Let œ + i = sec (x +iy) then «—ip- вес (х – гу) 
Adding, 20 = sec (x + Ly) + sec (x — iy) 
cos (x — iy) + cos (х + iy)  Z2cosxcosiy 2 соѕ х cosh y 

"^ 2 cos (x + іу) cos(x—iy) cos 2х + соз 21у сов 2x + cosh By 
Subtracting, 216 = sec (x + Ly) — sec (x — гу) 
cos (х – у) – сов (х +1у) 2sinxsinty 215 x sinh y 
2 сов (x + iy) соз (х – іу) cos 2х + cos 21у cos 2х + cosh 2y 

2 sin x sinh y 

cos 2x 4 cosh 2y 


Lê., ip = 


В = 


sin x cosh y —i cos x sinh y 
cosh 2y — cos 2x ! 
(2) To separate the real and imaginary parts of 
(1) sinh (x + iy); (ii) cosh (x + ty); (iit) tanh (x + Ly). 
Proofs. (i) sinh (x + iy) = (11) sin (х + ty) = (1/0) sin (ix — y) 
= (1/1) [sin ix cos y — cos ix sin у] = (1/i) [i sinh x cos y — cosh x sin yl 
= sinh x cos y 4 i cosh x sin y 
Similarly, cosh (x + iy) = cosh x cos y + i sinh x sin y. 
liii) If с + В = tanh (x + iy) = ОЛ) tan (ix — y) 
then о — ip = tanh (x – iy) = (Li) tan (ix + y) 
Adding, 20 = (1/i) [tan (ix — y) + tan (ix + y)] 
| sin(ix —y +1х+ y) _ (01/08ш3 х — sinh 2x 
~ i.2cos(ix- y)cos(ix-- y) cos 2ix+cos2y  cosh2x-cos2y' 
Subtracting, 2:8 = (1/1) [tan (ix — y) — tan (ix + y)] 
sin [(ix + y) — (ix — y)] 
1.2 cos (ix + y) cos (ix — y) 


Similarly, cosec (x + iy) = 2 


L.e., ip = – 







____8іп2у — 
^ eos 2ix + соз 2y 





3 a | Era ү | | E 2 my r | cs A «т, я | w 
sh (w+ 10) =x + ty, prove that 
Ч k 1 Р à d а ! - Ж ? ! - = 
^R i a 4 d Ш 1 » 


т 5 " Е а |! 4 
= “л ' к^ Li 
a ] i Foi i 
>. 5 П 1 Ь 4 LÀ 
5 Ге | Ж J k | i 1 а E 5 " Бо. t ^P > „= = 
1 s in = Г Л 
N = dE. LE. ay a XV 
- | 5 4 i F з 
E. adim 08 Ё 
| a y * 
= VN Б - 1 j a 
ғ Г в 








Solution. Since х + iy = cosh (и + iv) = cos (iu — v) | 
= сов iu cos v + Sin iu sin v = cosh и cos v +i sinh u sin v. 
г. equating real and imaginary parts, we get x = cosh и cos v ; y = sinh u sin о 


: y . 
Le.. ----- =cosv and с=з = віп 0 
: | и sinh u 





Squaring and adding, we get the first result. 

: AE T гарах 
Again ONU =coshu and Sin sinh u 
ын бапан апа дна ме «ри те second result. 


19), И 
irk) Т 











Solution. Since tan (0 + i$) cosa + г іп с .. tan(8— s СОБ 9 — 1 sin & 
tan 20 = tan [(0 + £6) + (6 — 2001 
_ tan (Ө + io) + tan (8 — i$) _ 2 cos Q _ 205 , 
1- — tan (0 + i$) tan (6 — 10) — (cos? о + віп a) 0 
ie., 20-17-1/2 ог wy 
Эн | T" AUG (@ say Dan (0+ 4$) – tan (0 — iQ) 
Also tan 21ф = tan [(6 + i$) — (8 d = ian (+) tan (8 — i$) 
2i sin © нт ete sing 
or i tanh 26 = ———,————— =isina or == 
HA 29 * 1e (eos? a+ ain? о) | (T. 1 
By componendo and dividendo, we get 
e _1+sina сов? 0/2 + віп? 0/2.+ 2 віп 0/2 cos 0/2 
е % 1-880 cos? 0/2 + sin? 0/2 — 2 sin 0/2 cos 0/2 
or to. (cos шалаа алд „тч tan =] 
| (cos 0/2 — віп о/о)" \1-tan 0/2 ] 
1 + tan 0/2 Л ©) 1 
or ea a tan o/2 =з | Hence ф = 5 = log tan (1/4 + 0/2). 





Solsitlon. Let о + = шин” (с + iy Then «== "—— Ge - iy) 


. | 1 (®-++їу)++(х—гу) 
T" өх (4 дага дун ъалаа 
Adding, 2а = tan! (x + iy) + tan“ (x — iy) I—(x-CiyXx— iy) 
РЕ B 
a= о ‘ап i-i. 
"E : "1 (х ж1у)-1Х-4У) 
Бин Ө ТИНЕ bee а heel Дъ Se БУУ, 
Subtracting, 218 = tan * (x + iy) — tan ^ (x — iy) = tan irr 5) 
-tanii— 2 — = i tanh? 2 _ [- tantiz =i tanh? г] 








ae Нівнея ENGINEERING MATHEMATICS 


Solution. Let sin"! (cos Ө +7 sin 0) =x + iy 
Then cos B +: sin Ө = sin (x + гу) = sin x cosh y +1 cos x sinh y 
cos B — sin x cosh y 440) and sin 0 = cos x sinh y NU 
байар and adding, we have 
1 = sin? x cosh? y + cos? x sinh? y = віп? x (1 + sinh? y) + cos? x sinh? y 
= sin? x + sinh? y (sin? x + cos? x) 

or l—sin^x- віпһ? у, ie. соѕ? х = sinh? у. 

Hence from (ii), we have sin* 0 = cos‘ x, i.e., cos? х = sin Ө because 0 being а positive acute angle, sin Ө is 
positive. 

Ав х is to be between — л/2 and m/2, therefore, we have 

cos x = + (80) or x = сов! V(sin Ө) 
The relation (ii), then, gives sinh у = V(sin Ө) so that y = log [V(sin Ө) + W1 + sin ӨЛ. 





PROBLEMS 19.6 | 


1. If sin (А + 1B) = х + iy, prove that 





у? ә E 
({ =1 (Gu) 2 ЕТ PT AL, 2010) 
T EM ve B "ERA pb AD DIY 
2. lf cos (a 4 iB) = г (cos 8 +i sin 8), prove that (i) e* = sima =) 4 (Kurukshetra, 2005 ; Madras, 2003) 
(icono Ay, ЗИ (C 0] ЗЭ, 
З. Ifcog (8 +10) = cos t + isina. prove that 
(i) sin? Ө = + sin о, (Madras, 2003) (ii) cos 20+ cosh 26 = 2. 


4 If tan (A +B) 5 x + iy, prove that | 
(1) х2 y? + 2x cot 2A = 1. (1) х2 4 y* —2y coth2B + 1-0. — (ii) x sinh 2B = y sin 24A. 
5. If tan (8 + i$) = tan a + i sec a, prove Бабе? = + cot o/2 and 90 = (n * 5) лж. (Nagpur, 2009; S.V.T.U., 2008) 


sin 2х  tanu 











6. If tan (x + iy) — sin (и + ty), prove that chu "inp? (S.V. T,U., 2006) 
7. If cosec (x/4 + ix) = иш + iv, prove that (u^ + 0) = 2 (u* – 07) (Mumbai, 2009). 
B. Шх = 2 cos м cosh В, y = 2 sin c sinh В, prove that sec (a + iB) + sec (a — ip) = wo 
+ у 
9. Ifa +ib = tanh (о + in/4), prove that a? + b? = 1. 
10. Reduce tan (cos Ө +: sin Ө) to the form a + ib. (Mumbai, : 
-1 (giB) = Na n oL їл .@ 
Hence show that tan-! (ei) = 2% + ® -$ log tan( 2 3) 


11. Separate cos! (cos Ө + i sin aa real and imaginary parts, where 9 is a positive acute angle. 
12. If sin“ (и + @) = a + if, prove that sin? о and cosh? В are the roots of the equation. 
кк (ни? +02) чи? =0: | 
18, If cos! (x + iy) = 9 + ip, show that 
(i) x? вес? a — y? cosec? 0-1, (ii) x? sech? В +? cosech* B = 1. 
14. Prove that (i) sin! (ix) = 2лт + i log (V1 4 x? +x) (ii) sint (совес Ө) = 1/2 + i log cot 6/2. 





| 19.13. LOGARITHMIC FUNCTION OF А COMPLEX VARIABLE 


(1) Definition. If z(= x + ty) and w(- и + iv) be so related that e" =z, then w is said to be a logarithm of z to 

the base e and is written as w = log, z. -4О) 
Also еш + Zinn — ош опт — » БА, е?їлї = 1] 

log 2 = ш + 2inn S) 





ie., the logarithm of a complex number has an infinite number of values and is, therefore, a multi-valued 
function. | 
The general value of the logarithm of z is written as Log z (beginning with capital L) so as to distinguish 
it from its principal value which is written as log z. This principal value is obtained by taking n = 0 in Log z. 
Thus from (i) and (ii), Log (x + ty) = 2inn + log (x + iy). 





(2) Real ава imaginary parts of Log (:3- iy). 
Log (x + iy) = 2inn + log (x + iy) 


! | in 8 Put x =r cos Ө, y = г sin Ө so the 
= inn + log [г (cos Ө 4-£.sin Ө | х = г сов Ө, у = г sin Ө so that 


r=N(x* + y*) and @=tan™ (yix) 
= 2inn + log (re) 
= 2inn + log г + i8 = log V(x" + у?) + [2nx + tan (y/x)] 

(3) Real and imaginary parts of (a + ip» +5 


(a + ip +9 2 е + iy) Log (а + iB) — ріх + iy) [2inm + log (о + В] 


Put a = г cos Ө, В = г sin Ө во that 
геа? + p^) and Ө = tan ' Pa 


gto l2inn + log ге oe + iy) log r i (2nm + Ө) 
= A+B = е^ (cos B +i sin B). 
where A = x log r — y (2nn + 0) and В = у log r + x (2nm + Ө). 
^ the required real part = e^ cos В and the imaginary part = e^ sin B. 





Solution. Log (~ i) = Этл + log [0 + {- 1)] 
= 2inn + log [r (cos Ө + i sin 0)] = 2inn + log (rei?) 
= 2inn + log r i8 = 2inn + log 1+1 (- 1/2) =1 (21-5 и. 


[Put 0 = г cos 0, — 1 = г sin 62 
so that r - 1and Ө = — 1/2 





Solution. (i) By definition, we have 


if = el Log = рі (Sinn + logi) = o-2nn + log lexp (65/2) [^ i=cis n/2 = exp (in/2)| 
= е 217 + dim). „—(2п + Шт 
Taking logarithms, we get (ii) 
(ii) (ДУ = efe 
Now Vi tog Ji = Ц cos ® + isin w2) log (cos 5 + isin 5) 
m) T in/2,_ 1 х \іл 
= 1 (cos Ж +isin 7 ©) log (e ) Хав” i sin т.) йт 
-8(5 57 E adi A 
41/3 423) аз а/2 





Непсе сан =e + where a = nå v2 
UA сүй = (оаа Киш о). 





Solution. ' Taking mam Бы (a +) = | mt*iv gives p эс ёр +1) = e Ly) Юан т 


or p} log (a tb )ritan'! "n =x log m + iy log т 
Equating real and Bun parts from both sides, we get 
8 log (а? b*)-xlogm (Ù, p tan`? M =y log т ААН) 
Division of (ii) by m gives 


yix = 2 tan” (b/a Vlog (a? + b?). 





dp. 
Solution, i =A+iB ie. At®=A+iB 
or A & iB = e^ * iB) logi — „(А + iB) log (cos л/2 + i sin к/2) 


= exp [(A + iB) log (e/"2)] = ед + iB) iv» 
eee: ge ag MR (cos B +isin m) 
Equating real and imaginary parts, we get 
А е9" совла di) B = eB"? sin ЛА ii) 
Division of (11) Бу (1) gives B/A = tan лА/2 
хулан and кыйыш (i) and (ii), A? + В? = e-Br. 





Зы, вагоні: Б = саг че Бае = бал! b/a, we тэн 
a +ib r (cos Ө + ¿ sin Ө 
log (5 n «lag t № 





ge a ee c ratu d iĝ -40 
г(с080-15ш Ө) = log (e эв") 


= Іор 0219 = 210 = 2i tan`! b/a. 


— ib 














| ib l-tan?60 1-(Nay a-b 
Thus cos | Е lo is Ли i (218) cos 29 = == : 
ч Еа = 1-tan^0 1+(ba а? +b? 
Sein. раса degüshisdsee d remsssdy —— 
= log (sin x cosh y + i cos x sinh y) = log r (cos 0 + i sin 9), 
where r cos Ө = sin x cosh y and г sin Ө = cos x sinh у, 
so that r= Y(sin? x cosh* y + cos? x sinh? y) 
” 1- cos 2x l*cosh2y, 1 + cos 2x cosh 27-1 -31 чет: = cos 2x)| 
2 2 2 2 
and Ө = tan! (cot x tanh у). 


Thus log sin (x + iy) = log (re) = log r + i8 
- 5 log E (cosh 2у — cos 22) | «i tan ^ (cot x tanh y). 





Example 19,44. Find all the roots of the equation 





(1) sin z = cosh 4 (ii) sinh z = i. 
Solution. (1) sin z = cosh 4 = cos 4i = sin (1/2 — 4i) 
| | " Ifsin@=sin о 
rome eT с... | then Ө = nx + (-1) а 
(ii) ИЕ Е Л 
or e*—2i 1-20, ie (ё-19-0 ie, e-i 
or z = Log i = 2inn + log i = 2inn + log е"? = 2inn + in/2 =i (2n +3) п. 





PROBLEMS 19.7 | 


1. Find the general value of 
(i) log (6 + 81) (Rohtak, 2006) (11) log (— 1). GIN. T.U., 2003) 
Show that (1) log (1 + i tan a) = log (sec о) + ia, where a is an acute angle. 


L 41 

(i) Log, 2—7 = = пк- i^e z) | 
3. а, * ib) (a,  ib,).... a + ib) =A + ЕВ, prove that 

(0) (а, + b?) (a. фу... (a,? + 6,2) = А? + B? 
= | 8, -1 B 

п AC 
4. Find the modulus and argument of (1) (1 — гу 4, (РТИ, 2010) — (ii ee o | | 
Б. Ні & o + if, prove that a? + B? = еті" + 195. (Kurukshetra, 2005) 


4 


= 


Gi) tan 2+ (ап! h, +... t tan = tan 


6. Prove ibat log 58-01” 29i tih! (cote tanh y). (Mumbai, 2007) 
| m | 


7. Prove that tan ШИ: БТ, ОР 
a = 


В. if tan ig (x +i) = =a + ib where a? + b? ж 1, show that tan log (x? + y?) = NP ЖЕ Е 








| "M j IY 2 РӨ 
9, If sin-! (x + iy) = log (A + iB), show that 2 гэл У. = 1, where А? + В? zi 
віп“ uw cos” u 


10, Separate into real and imaginary parts log cos (x + ty). 
11, Find all the roots of the equation, (1) cos z = 2, (ii) tanh z + 2 = 0. 





EEUN SUMMATION OF SERIES — “С + iS’ METHOD 


This is the most general method and is applied to find the sum of a series of the form 
a, sin аа, sin (a + В) + a, sin (а + 2B) + 

Or a, cos 0 + п. cos (0 + В) + a, cos (a + 2p) +... 

Procedure, (i) Put the given series = 5 (or C) according as it is a series of sines (or cosines). 

Then write C (or S) = a similar series of cosines (or sines). 
eg., If S = а, sin a +a, sin (о + В) + a, sin (a + 2p) +.. 
then С =a, cos @ + а, cos (0 + В) + a, cos (о + 2p)... 

(ii) Multiply the series of sines by i and add to the series of cosines, so that 

C iS =a, [сово + i sin a] +a, [cos (a + В) + sin (a + BJ] + 
ша + a pi (6+0) + але ++. 





(iii) Sum up this last series using any of the following standard series : 








2 = 
(1) Exponential series i.e., 1+х + artapte? = ех 
(2) Sine, cosine, sinh or cosh series 
4 5 2 4 
1 х x ERE x Xx _ ГЭЭР" 
Lë, x 151 7 = Sin x, 1 21* 41 =. — COS X 
з .5 2 4 
x x са ee a вы raat 
x “ТА галаа = аһ x, 1+ ott git cosh x 
(3) Logarithmic series 
2 3 8 48 
Lê., = So log (1 + x), [х+ 573 +... | log (1-х) 
(4) Gregory’s series 
3 5 3 26 | 
E VE wrap X E 4 ware ip ER 
Le, X 3 + 5 ... tan" x, xc 3 * 5 +... се tanh х 298 у= 
(5) Binomial series 
n | nin—1) ә ní(n—1(n—2) з — | 
L.G., ї+пх+- ig х “раа. 7 “Гын =(1 +x)" 
Leng + 2+1) a 1+1 а . (yn 
2! a! 
1+ пе + 202 „а лил +1Ха + ® „д +..=е =(1-ху" 
(6) Geometric series 
я 
ie., а +аг + аг? +... ton terms =a m ‚а+аг+ аг? + соо Dedit. 


(10) Finally express the sum thus obtained in the form A + iB so that by equating the real and imaginary 
parts, we get C=A and S = B. 
Series depending on exponential series 





2 
Solution. Let 5 = віпо + х sin (а + В) + T sin (a + 2B) +... = 


à 
2! 
C+iS = [cos a + i sin a] + x [cos (о + В) + i sin (о + B] 


and С = cos о + х cos (œ+ В) + cos (a + 28) +... = 


2 
+ = [cos (œ + 20) + i sin (а + 2B)] + ...... = 


| йг, 2 
= gi + урй@ + В) + x ей=+2 4 | оо = eft Ц xe? хе" +... - 





21^" 1! 2! 
= pit оле? = pic охісов Be isin B) — gx сов В +i (a +x sin B) — px cos В „йа +x sin В) 


= ех "P [cos (о + x sin B) + г sin (о + х sin В) 
Equating imaginary parts from both sides, we have S = e* P sin (x +x sin В). 
Series depending on logarithmic series 





vex МомвЕнз AND FUNCTIONS 





Solution. Lët 5-5 @. ва 3 sin 20. sin? 0+ 1 sin 30. din? @ —.... 


and C = cos Ө. sin @— 5 cos 20. sin" Ө +1 cos ЗӨ. sin? @ —... = 
INVI Е NONAS e^? віп? 9, е?! sin? Ө 
TUS м = 
= log (1 + е sin Ө) = log [1 + (cos Ө + i sin Ө) sin Ө] 














= log [1 + cos Ө sin Ө + i sin? Ө] [Put 1 + cos Ө sin Ө =r cos a ; sin? Ө = г sin о] cli} 
= log r (cos о + i sin о) = log re'* = log r + ia 
sin? 0 
Ea t ОИЕ W ve ha ч = tan-l ey | » 
quating imaginary parts, we have S = q = tan i Imm ) [from (г)] 
Series depending on binomial series 
Example 19,47. Find the sum to infinity of the series | | 
4 E3 ЖК 07-97 , УТ үг spicy 
I- = 84-25 а =_= . YO.V.4.L. | 9 
p oos 2405 cos 20 24g 05 30+... (пед < я) (S.V.T.U., 2009) 
: T | 1 13 о _ 1.3.5 
Solution. Let С=1 2 cos Ө + од C? s 26 84605 30+. 
1 1.3 1.3.5 
d 5-0-- —— - 
ап 2 Sin 8, а Sin 20 246 10139 +--- = 
1 и 1.3 ES 1.3.5 aie 
C+iS = 1- 5e +246 ё - 
CEEDED 
-21-2-1| -=|-=- 11-2-2 
1| i, 22 218 2. 2 2 aia 
-14(-1 42021) », 20270870, 
2/0 а © * 123 TUS 
Ө Ө 1/2 
= (1 + 6/9)? = (1 + cos Ө +i віп 0)? = [2 cos" gt .2 sin 2 008 2) 
(5122 172 (-1/2 
= [2 cos 2) [cos э + isin 2) = [2 COS 2) (cos 1 —isin 3 А 
Equating real parts, we have C = (2 cos 0/2)-1/ cos 6/4. 
PROBLEMS 19.8 
Sum the following series : 
Es | { 
7431, eos Ө + sin 0 cos 20+: T LE cos 30 +... © CP T. U., 2005) 
о. sing . OOt | віпќо +48) о _ 
AE v9 21 4! ay 
3. x sin 8- 55 sin 20 t$! sin 38 — c. (Kurukshetra, 2005. 
Mr Ww | 14545 | | | ТЕЛДЕ 57-44 "wa nues 
4. cos 0 — Thee 20 + 60650... >. (SVT. U., 2006) D. e" cos p — а n 3p + ГЕ” cos bp —... = 
e c a | 
6. csna+ 3 Spat mmn ba t... ее 
| 1 1.3 1.3.5 ДААНА “у Ж 
1.1 5 006 20 + 57 cos 40 — q4g 90+ | (Kurukshetra, 2006) 
4 (oon mh... n(n + В+ 2) . | 
B. n sinc үх чаа + ГҮҮ ааг d in 30 + .. } | 
9. sine 4 sin (a+ В) + sin (a + 2B) 4. яа (a+ n—1p) (Р.Т. 2009 S) 
10. cos о + eos (ac B) + eos (oc 28) +... to n terms. (Kurukshetra, 2006) 


11. dba A kc Л БЭРЭН pude: КУЫ АҢ 
12. 1+x cos 8 + x? cos 20 + .. «pl cos (n — 1) 6. 








` 19.15 | APPROXIMATIONS AND LIMITS 





Ө 
Example 19.48. Jf =. = 550 , find an approximate value of Ө in radians. 








Solution. Since ^ T s 1- a which is nearly equal to 1. г. 8 must be very small. 
3 
We know that sin @=6— 5. + e +... 
3! 5! 
sin Ө e e 
0 67] 
Omitting Ө* and higher powers, we have 
sin@ _. в? =. 1 
x d 51-06 =l- 206 = g? = 120: Hence 0 = 0.1 radians. 


Example 19.49. Solve approximately sin (5 * | = 0:51. 


Solution. Since 0.51 15 nearly equal to 1/2, which 15 the value of sin 7/6, so Ө must be very small. 


1 1-25-НЭ2(8-03- 


sin (10) = sin а cos Ө + cos g sin бэл 
= 5 + эв Ө, omitting 6° and higher powers of Ө. 
Hence the given equation becomes, 


1 V3 1 
—+——6§=0.51 or 0---- 
2 2 5043 





1 48 
or Ө = radian = —— 57.29 degrees nearl 39.7. 
50-/3 150 egr im 





' PROBLEMS 19.9 





1. Given 210 9.2 5045 chow that Өв 1°68’ nearly. 








0 5046 
2, If ane g = 2165 find un abproximáte value of 0 in radians. (Madras, 2003) 


1681 
3. сов Ө = 16897 find 9 approximately. 


4, Solve approximately the equation cos Ё + o) = 0.49. 


ВЕ OBJECTIVE TYPE OF QUESTIONS 


‘PROBLEMS 19.10 





Choose the correct answer or fill up the blanks an each of the following problems : 
L Их + iy = /2 437, then х! + yis 


(a) 7 (5) 5 
2. The real part of (sin x +1 cos х)? is 
(a) — cos бх (b) — sin Bx (c) sin бх 


(c) 13 (4) 42 3. 


(4) eos 5x. 








INTRODUCTION 


In the previous chapter, we have dealt with some aestas complex functions—the exponential, loga- 
rithmic, circular and hyperbolic functions, evaluated at specific complex values. These functions are useful in 
the study of fluid mechanics, thermodynamics and electric fields. It, therefore, seems desirable to study the 
calculus of such functions. 





| (1) LIMIT OF A COMPLEX FUNCTION 


A function ш = f (2) is said to tend to limit Г as z approaches a point гу, if for every real e, we can find a 
positive real & such that 




















| flz2)-l|<e for | #—2, | <6 
i.e., for every z + 2, in the 6-418с (dotted) of z-plane, f(z) has a value lying in the e-disc of w-plane (Fig. 20.1). In 
symbols, we write Lt /(2)-4. 


= 


This definition of limit though similar to that in ordinary calculus, is quite different for in real calculus x 
approaches x, only along the line whereas here z approaches z, from any direction in the z-plane. 








Fig. 20.1 
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(2) Continuity of f(z). A function w = f(z) is said to be continuous at z = z,, if 
Lt f(z)=f (z,). 


2—2 
Further f(z) is said to be continuous in any region А of the z-plane, if it is continuous at every point of that 
region. 
Also if w = f(z) = u(x, y) + их, y) 18 continuous at г = zp then u(x, y) and vix, y) are also continuous at z го, 
i.e, at x =X, and y = y,. Conversely if u(x, y) and (х, y) are continuous at (x), Yo) then f(z) will be continuous at 
г = zs. lef. $ 5.1 (3)]. 


"TEM (1) DERIVATIVE ОР f(z) 





Let w = f iz) be a single-valued function of the variable 
z= x + iy. Then the derivative of w = f (z) is defined to be 
dw py, p, flz* 02)— f(z) 
de icm ES dz 
provided the limit exists and has the same value for all the differ- 
ent ways in which ёг approaches zero. 
Suppose P(z) is fixed and Q(z + ёг) is a neighbouring point 
(Fig. 20.2). The point @ may approach Р along any straight or 
curved path in the given region, Le., 62 may tend to zero in any 
manner and duw/dz may not exist. It, therefore, becomes a 
fundamental problem to determine the necessary and sufficient 
conditions for dw/dz to exist. The fact is settled by the following 
theorem. 
(2) Theorem. The necessary and sufficient conditions for the derivative of the function w = u(x, y) + tv(x, y) 
= f(z) to exist for all values of z in a region R, are 


< ди ди ou dv — . ааа. да | эссэ, 
(1) dc Oy? de ду are continuous functions of x and ут R; 





ox ду ду ax 
The relations (11) are known as Cauchy-Riemann* equations or briefly C-R equations. 
(a) Condition ts necessary. 
If f(z) possesses a unique derivative at Piz), then 


буг ад 2+8) - fe) 
"O v5 


бг 
{ш(х + бх, у + бу) + пух + бх, у + бу) — lul x, y) +1ш(х,‚ y)] 
= t — 


Since âz can approach zero in any manner, we can first assume бг to be wholly real and then wholly 
imaginary. When ёг is wholly real, then бу = 0 and ёг = бх. 
j u(x + бх, y) — и(х, у) v(x + бх, y) — v(x, m ды | . av 
(= L ОР ВИШЕ аа ааа | _ 0ш. бп (1) 
Аа | ôx Ч- àx ax ' ax 
When & is wholly imaginary, then ёх = 0 and ёг = гоу. 


Ра) = Lt Санах ханийн mon PA то į ou (2) 


Now the existence of f(z) requires the equality of (1) and (2). 


* Named after Cauchy (p. 144) and the German mathematician Bernhard Riemann (1826—1866) who along with 
Weierstrass (p. 390) laid the foundations of complex analysis. Riemann introduced the concept of integration and made basic 
contributions to number theory and mathematical analysis. He developed the Riemannian geometry which formed the 
mathematical base for Einstein's relativity theory. 
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On equating the real and imaginary parts from both sides, we get 
ди Qv Qu оо a 
xr ду ду дх d) 
Thus the necessary conditions for the existence of the derivative of f (z) is that the C-R equations should be 
satisfied. (V.T.U., 2011 S) 
(b) Condition ts sufficient. Suppose fiz) is a single-valued function possessing partial derivatives 
ou II a, = at each point of the region and the С-А equations (3) are satisfied. 


Then by Taylor’s theorem for functions of two variables (p. 220) 
f(z + 6z) = ulr + бх. y + бу) + fulx + бх, y + бу) 


, ди | hel U (æ ди. | 
= u(x, » (28 ox += | КЕ Омын 


ди d Е | 23 
Plz) + ЗА i x1 9* 3 i бу 


[Omitting terms beyond the first powers of бх and бу| 





or fle + 8e)—flz)= [9% +15 ЕЗ Әх ese SE) 8 
Now using the С-Ё equation (3), replace = and > by — A and 24 == respectively. 
Then f + ёв) fle) = |9 «io ах +| - 2 +; бу = [uei "ТЭГ" 
Е Е (ас +бу)= | 5Е iS Be 
Ў (2) = Lt, [+ be) = fz) S Рә) = x +f D or Es -Ï s 


which Бу (1) or (2) proves the sufficiency of conditions. 


ANALYTIC FUNCTIONS 





A function f(z) which ts single-valued and possesses a unique derivative with respect to z at all points of a 
region В, ts called an analytic function of z in that region. An analytic function is also called a regular function 
or an holomorphic function. 

A function which is analytic everywhere in the complex plane, is known as an entire function. As deriva- 
tive of a polynomial exists at every point, a polynomial of any degree is an entire function. 

A point at which an analytic function ceases to possess a derivative is called a singular point of the 
function. 

Thus if u and v are real single-valued functions of x and y such that би/бх, би/бу, би/бх, би/бу are continu- 
ous througbout a region £, then the Cauchy-Riemann equations 

M: an 22.1267, TEE 

3x = = ov Эх (1) 
are both necessary and sufficient conditions for the function f (z) = u + iv to be analytic in А. The derivative of 
f(z) is then, given by (1) of p. 664 or (2) ofp. 665. 

The real and imaginary parts of an analytic function are called сод цог functions, The relation between 
two conjugate functions is given Бу С-В equation (1). 








Solution, We have ш = и + iv = log (x + iy) = 4 log (x? + у?) + tan! y/x [By (2), p. 665] 
so that и = 1108 (х? + у?), v = tan“! y/x. 
ди x dv du y _ dv 


т —  —  —— Шин шаал: + явж — — 


и ae a 9 Wy e 
Since the Cauchy-Riemann equations are satisfied and the partial derivatives are continuous except at 
(0, 0). Hence w is analytic everywhere except at z = 0. 
dw ди | .dv x 2 -У х — iy 1 lus: 
—— = = —=—(z #0). 
dz дх дх 2 4 у? "Zy (401Х-0) x+iy 2 















Solution. If f(z) =u + iv is an analytic function, then | 
| | f(z) | = Ми + v?) is constant = с (say) or u? + v? = c? E) 
Differentiating (i) partially w.r.t. x and y, we get 
с | du dv 
2и — + 90 — = 0; 2u — + 20 — = 0 
or uS eo so D | иш жи? dii) 


ay "әу 


г. (iii) becomes — и 202 уу Se =) ...(tu) 
Squaring and adding (її) and (iv), we obtain 

a(9uY MY (27 itd] p 

(94) оа tu *U ET -0 


: rete лац (au)? ди} | _ | ди Y, ү _ Do Зи 128 
or (и + (88) ЕЗ | =0 ог (5) «(2 =0 |: u* +p" =c* #0] xU) 


Now = Si 


ЕС: 2 
| £69) = (36 + (22) - [Ву (0) 
ог  f'í(z)-0. or Д2) = constant. | 













Е Баян = = "X LN = г zr | 
= ti LI BE 2 * 149 
g * " - m 1 e Р, в: н | x y E 
p "WU 4": НЭР SR La ЭЭЛЖ ЭГ Е ч he 
+ [| а A. “} ur | ч ЧЕ й a 1:12-1 
к LR zw "T LM 5 Он ай і we 
т ihn RI + л ys E 
E ыы IP WI ur ^ ыг } 2 = № ні y | ых ыг Ed 1 "Ч. | 
ь d ЖЭ”: А + | 1 E i „2 ё үй = Р | a, "D 1 X Aw am Г 
FAC А W "ERS. ri x ALTRE TI 





Solution. If (2) = {ху | 


At the origin, we have 


=u (x, у) + iv (x, y), then u(x, y) = 4! xy|,v (х,у) =0 


ди Lt ибх, 0) - u(0, 0) _ Lt 0-0 -0 
Ох x0 х r+ X 
ди _ үү 10,5) 0,0) ү,0-0 , 
dy узб y x30 у 
dv pe 0050 -00,0 ү, 0-0 _( 
Ох х-0 х x0 -X 





i.e., С.В. equations are satisfied at the origin. 


However Г (0) = Lt ESI INO) Lt vizy|-0 
2+0 2—0 2+0 Аа 
[тх 1-0 


= B altim) , when z — 0 along the line y = mx 


~ Тейт 
- (0) does not exist. Hence f (2) is not (— at the origin. 


which is not unique. 





E "Aa 3, m = a 
Solution. — Ltf()- 14 53 7 0". p TES Lt l- yi] = 
= x+y уо у 
в 359-9 1-9. y 8. Lt 1+0=0 
2-30 es X +y х—0 
Also f (0) = 0 (given). 


Thus Lt fiz)=f(0)when x — 0 first and then y — 0 and also vice-versa. Now let both x and y tend to zero 
simultaneously along the path y = mx. Then 
3 yy Энэ" 
та fim га. ==. 
ы» ee У 
3 ee E. dd oye 
(3 (14 i) айй D. Lt all i ши i) 20 
x0 (1+ m^)x x10 1+т 
Непсе Lt f) =f (0), in whatever manner г — 0. ~. f(z) is continuous at the origin. 
wey Е ‚ ‚38 
Now р) = ®——> ti >» = ule, y) + ірік, у). 
X xy x+y” 
Also u(0, 0) = 0, and v(0, 0) = 0 [I УО] 
t и(х, 0) — и(0, 0) _ 


| 40 X x30 х 

ЕЗ 2014 “©»)—-и0,0_ ү,-». | 

\ oy oo Ум У уй y 

(à Р py 2009) - (0,0) _ 
0,0 


23, x xa x 


е EE 
im 
| 
E 
et 
H 


+ 0,5) - 000,0) _ 


id 5521 ш 2 
ш |2) ха Уу узб y 





ди _ до 


Hence at (0, 0), m = 2, апа ои = 2 


Thus the C-R equations are satisfied at the origin. 


= le ГЭ Ea (x* +y TEFEN 
1- m? + i(1 4 m?) 


If z — 0 along the path y = mx, then f '(0) = | 
UR, Г (1+ m^X1- im) 


which assumes different values as m varies. So f (2) is not unique at (0, 0) i.e., f (0) does not exist. Thus f (2) is 
not pis at the origin even git at it is continuous and satisfies the C-R карана кеген, 


| | ] b у 
4 = , Rd „Же, 
3 = в ЯАЛТ TSA 
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Зэн If (r, Ө) be the ойын of a — шаа cartesian "tS аге (x, у), then z =x + iy = цаг" 
ё, u+iv=f(z) = (re) 

where и and v are now expressed in terms of r and Ө. 
Differentiating it partially w.r.t. r and 6, we have 


мын ei? 
| ди ři roið TN du , . dv 
and TIE Z (геїв). ire ir (+i) 
Equating real and imaginary parts, we get 
ди 149v (i) д 1Фди (ii) 
or г 96 ш ж | r 08 EXIT) 


Differentiating (1) partially w.r.t. r, we get 


ou 191990 »" 
ar? яа БЭ 30 + г dear wal EEE) 


Differentiating (її) partially w.r.t. ‘a we have 








d'u 920 | 
sae = AED) 
Thus using (1), (11) and (iv) 
8, jd 4-2 2. 2 2 2 
ди 1ди 1 ди__1д 1 газалу Fe) =o ov _ до 
ar” rdr г? да? г? 90 г 90% ле д0 „2 | дгав / adr dr 


| (1) HARMONIC FUNCTIONS 





If f (z) = и + iv be an analytic function in some region of the z-plane, then the Cauchy-Riemann equations 
are satisfied. 
du du 





; ди Qv | | ди. ди | 
Le., dc ду wl) and ду A ...(2) 
Differentiating (1) with respect to x and (2) with respect to y, we obtain 
du _ ðv | - du _ av | 
дк? = дхду Ao) and ду? I дудх E ‚..(4) 
Adding (3) and (4) and assuming that =—— = =, we get 





d 32 
53 + Эд = 0. ...(5) 
Similarly, by differentiating (1) with respect to y and (2) with respect to x and subtracting, we obtain 
2 
Си. ae ...(6) 
| а? ду 
Thus both the functions u and v satisfy the Laplace's equation in two variables. For this reason, they are 
known as harmonic functions and their theory is called potential theory. (Rohtak, 2005) 
(2) Orthogonal system. Consider the two families of curves 
их, y) =c] AT) and v(x, y) = е, ...(8) 
ды ‚ди T. 


Differentiating (7), we get — -0 


Өх dy 
Чу  ди/дх 90/ду 








or a “717 = 5795 =m, (say) [Ву (1) and (2)] 
— : ду. Qv/ox 
Similarly (8) gives dz Boley UU (say) 
а тут. =— 1, ie., (7) and (8) form an orthogonal system. 
Hence every analytic function fiz) = и + iv defines two families of curves u(x, y) = сү and u(x, y) = c4, which 
form an orthogonal system. (U.P.T.U., 2009) 





ЭЖ APPLICATIONS TO FLOW PROBLEMS 


As the real and imaginary parts of an analytic function are the solutions of the. Laplace's equation in two 
variables, the conjugate functions provide solutions to a number of field and flow problems. 

As an illustration, consider the irrotational motion of an incompressible fluid in two dimensions. 
Assuming the flow to be in planes parallel to the xy-plane, the velocity V of a fluid particle can be expressed as 


Veult+oud UD) 
Since the motion is irrotational, therefore, by $ 6.18 (1), there exist a scalar function ф(х, y) such that 
V = Vé(x, y) = 2 pe x J (2) 


[The function ф(х, y) is called the velocity "i.i wt the curves ф(х, y) = c are known as equipotenttal 
lines.] 


Thus from (1) and (2), v, = % and v, = LI Od) 
| | | | | du, | OU, 
Also the fluid being incompressible div V = 0 [by $ 8.7 (1)] i.e., = + тг = 0. 
д" D 9^0 
Substituting the values of v, and U, from (3), we get m + a" = () 
which shows that the velocity potential ф is harmonic. It follows that there must exist a conjugate harmonic 
function w(x, y) such that wlz) = ф(х, y) + Их, y) ‚..(4) 


is analytic. 
Also the slope at any point of the curve w(x, y) = c' is given by 
oy = — m ae [Ву C-R equations] 
= v fv. [By (3)] 
This shows that the velocity of the fluid particle is along the tangent to the curve у(х, y) = с’, Le. the 
particle moves along this curve. Such curves are known as stream lines and w(x, y) is called the stream function. 
Also the equipotential lines ф(х, y) = с and the stream lines yix, y) = с" cut orthogonally. 








From (4), аш = ыы + гү = 20 == I (Ву C-R equations] 


= 0, – IU, [By (3)] 


The magnitude of the fluid velocity = Vv? t 05) = | dwidz |. 
Thus the flow pattern is fully represented by the function w(z) which is known as the complex potential. 
Similarly the complex potential w(z) can be taken to represent any other type of 2-dimensional steady 
flow. In electrostatics and gravitational fields, the curves ф(х, y) = с and w(x, y) = с’ are equipotential lines and 
lines of force. In heat flow problems, the curves ф(х, y) = с and yix, y) = с are known as isothermals and heat flow 
lines respectively. 
Given ф(х, y), we can find у(х, y) and vice-versa. 


lec ti Te 14 4 ЯЛЛ, is К, 
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a 
X | 


x. ХҮЛЭЭ 3 75. Ч "ld bone j 
Solution. It is readily verified that y satisfies ‘the Laplace’ s equation. 
ф and y must satisfy the Cauchy-Riemann equations : 





дф dy дф ду as 
СУ LOW at db дү „Ай 
dc d (1) ov Эс it) 
; o 9|2 2 х 2ху 
by (i), Pe | E 9? + —* OE By —__* 
уч; ox ду T x + у“ (x? жуу 
Integrating w.r.t. x, we get ф = — 2ху + — + niy) where niy) is an arbitrary function of y. 
x +y 
8.5 бг. 
ee х -у , 7 = $ 
(E) gives — 2x + — +1|(у)=— О 
9 (x? + у?) 1 (x? + y? Y, 


whence n'(y) = 0, Le., n(y) = c, an arbitrary constant. 


x^ Ry 
Otherwise (Milne-Thomson's method*) : 
dw дф .Ор ду .дү 2xy Ї: |y x 
We have me tl = | - hy —- — |+ 
dz x dx ду д (к ку] | У 
By Milne-Thomson's method, we express dw/dz in terms of z, on replacing x Бу z and y by 0. 
dw _ 1 
d (2-2) 
Integrating w.r.t. z, we get w = i (z? + 2) + А where А is a complex constant. 
* Since z =x + iy and = = х —iy, we have 
qu 3 
х= 5+2), у= ay (= + 2) 
f(z) = (x, y) + цих, y) (1) 














Е 1242 2-2 ioe 2+2 z-E 
=z a tY 5772 


Now considering this as a formal identity in the two independent variables 2, = and putting > =z, we get 
f(z) = otz, 0) + iwiz, 0) 42) 
(2) is the same as (1), if we replace x Буг and y by 0. 
Thus to express any function in terms of z, replace x by z and y by 0. This provides an elegant method of 
finding f (z) when its real part or the imaginary part is given. It is due to Milne- Thomson. 





Solution. Let f(z)=u + iv, Where и = sin 9x/(cosh 2y — cos P 
ды „до du. du 


Ф f 2) = Эс i a A i— Эу [Ву C-R equations] 


_ (cosh 2y — cos 2х) 2 cos 2x — sin 2х (2 sin 2x) _ i sin 2x(— 2 sinh 2y) 
(cosh 2y — cos 2х) (cosh 2y — cos 2х) 
_ 2 cos 2x cosh 2y- 234 2 sin 2x sinh 2у 
С (cosh 2y-cos2x) (cosh 2y — cos 2х) 
By Milne-Thomson's method, we express f ‘(z) in terms of z by putting x = z and y = 0. 
Р" (=) = 2608 22 — 2 += +2 а oun condit 
(1 — cos 22)* 1-cos2z 2sin?z 


Integrating w.r.t. z, we get (2) = cot z + ic, taking the constant of integration as imaginary since и does 
not contain any constant. 





Solution. We have u—v= 2(cos x — cosh y) 


ди ди (sinx-cosx)cosh y - 1- e" sin x 


: ж ar енко. ке 
ана Qu _ ди _ (cos x – cosh у) е? + (cos x + sin x — e ")sinh y 
dy ду 2(cos x — cosh у)” 
si _ Qv Qu (sinx-cosx)sinh y + e " (cos x — cosh y — sinh y) i) 
dx dx 2(cos x — cosh у)? | 


Subtracting (її) from (i), we get 
(sin x — cos x) cosh y — T——' 
‚ди _ — e * (sin x + cos x — cosh y — sinh y) 
Ox 2(cos x — cosh y)” 
Adding (1) and (ii), we have 
(sin x — cos x) cosh y + (sin x + cos x) sinh y+ 1 
av +e *(—sin x + cos x — cosh y — sinh y) 





Ox 2(cos x — cosh у) 
| 4 Qu,;dv  1-cosz | | 
Thus "(у= = [Putting x =z and у = 0] 
j dx 4 2(1-— cos 2) и 
= ee = — eos = 1 i 2 = | = —— erp 
“ай-е ar: cosec 5 ог fiz) cot — +e 
Since f (1/2) = 0, s 5 cot 1/4 + с, whence c = 5 


Непсе ее) = Z (1- eot 2) 





Solution. Let f pd +0. БЕС: он in ада coorüinatck (Ex. 20. S 


„9и 90 = 9r? sin 20 + r sin 8 „ДӘ 
19000 шэрсов20- cos Ө i) 
Г. (D gives, аи — 2r sin 20 + sin Ө 
Integrating w.r.t., r 
и = — г? віп 20 + г sin Ө + (0) where $(8) is an arbitrary function. 
a w = — 2r* cos 20 +r cos Ө + $'(0) ULL) 


From (ii) and (iii), we get 
— 2r* cos 20 + r cos 6 = m = — 2r* cos 20 + г cos Ө + $'(8) 


A ф(0)-0 or 0(0) =e 
Thus u=-—r’sin 20 + ғ sin Ө + с is the conjugate harmonic of v. 


Now v will be harmonic if it satisfies the Laplace equation гүү + = ++ aes 


5. 
"s 
И 
c 


920 
From (i), — = – 4r? cos 20 + г cos Ө. From (i) 9 258 = 2 cos 20 


E. n | 
atv E E = 20s 20 + + (2r cos 20 — cos Ө) +  (- 4r? cos 20 + r cos 0) 
r ав“ | г 


= 4 cos 20 — 1 с088-4сов28- ї cos 6=0 


Hence v is harmonic. 





Soliton. (a) Take ul x, vie ай. + y! — бх2у?, Then the family of curves v(x, у) = constant will be the required 
trajectories if f(z) = и + iv is — 





2 ди _ | i 
Now id = 447 -—12xy?, cx 4уЗ — 12x?y 
доди уа 2 
5 = 42 - 120 
Integrating, о = 4x?y — Axy? + elx) 
Differentiating partially w.r.t. x 
-a4ys, 900) 299 ди. 
12x?y — 4y? + dec x 27 Ay? + 12x?y 


Sen =0 or c-constant 


Thus the required orthogonal trajectories are v = constant or x?y — xy? = constant. 
(b) Writing u(r, 0) = г" cos пе = а and ov(r,6)=r" sin n8 = В, 


we have u(r, Ө) + ivir, Ө) = œ + ip = г" (cos n0 + Е sin n8) = ғ". ei" = (ге) = 2" 


This is an analytic function. 
_ Thus f(z) = и + iv, gives the curves и = о and v = В 
which cut orthogonally. 
Example 20.11. Two concentric circular cylinders of radii ry го 4r, « Te) are hept at potentials б, апа bo 


respectively. Using complex function w =a log 2 + c, prove that the capacitance per unit length of the capacitor 
formed by them is 2A. log (г/т) where ) is the dielectric constant of the medium. 


Solution. We have ġ + iy = а log (re) + с wherez = x + iy = ге 
e $-alogr-c, and y — a8 
so that ġ =a logr; +e, $,-alogr,4c 


Thus the potential difference = ф, — >, = a (log r, — log rj) 
Also the total charge (or flux) = is dy = | а 40 = 2na. 


The capacitance being the charge required to maintain a unit potential difference ; the capacitance 
without dielectric 


charge 280 2x | 
^ potential difference - allog r, — log n). log (л/т) 
A medium of dielectric constant A increases the potential difference to А times that in vacuum for the 
same charge. Thus the capacitance with dielectric = 2r/log (rr). 


Example 20.12. If f(z) is a regular function of z, prove that 
2 ДЕЛЕЛ. | 
БЭР "уг | Ia =4 17) Д. (J.N.T.U., 2006 ; Kottayam, 2005) 
‚Ох 
or ү? | fe) Ге | /'@) [| (Madras, 2006) 


Solution. Let f(z) = u(x, у) + iv(x, у) so that | f(z) |? = u? + v? = ф(х, у), (say). 
90 _„ ди, du 9*0 беу , P9. v Е] 
3r -22-2-4 20 5. and == = 2 «2-и (ди Mi d 7 
2, | 42 pus wd 2 2 

Similarly, LE 5 | du (2) + T (2) | 


Adding, we have 


9-9 9-0 (Pu du), (ov д201| „әш, (au)” , (av)” , (av) | 
в м (248) 48) fi 


Since u, v have to satisfy Cauchy-Riemann equations and the — — 
@-( (&] -C&] «ardeo te 
дх / dy] "1 ду дх dx” эй E. Ч 


2 2 2 9 
Thus (2) takes the form 23 + 99-4 = «(ё c 4 (æ) { 


Непсе (2-8 hire P =4 | /^2) |? or У? | f@) |?=4 | Fe) |". 
X і 





PROBLEMS 20.1 


3 22 | x yo = ae? + 9), 2 #0 
а Р _p Prove that 1/02) — /(03/2 —5 0 asz > 0 along any гадны vector but 50148 2-3 0 


along the curve y = ах", 











2. Show that (a) f (2) = ху + iy is everywhere continuous but is not analytic. (Osmania, 2003 

(6) f(z)=2 42 is not analytic anywhere in the complex plane. JN. T. U, 2003) 
3. Iff (z)- и + iv is analytic, then show that | /'(z) |*= w wl 

a ду 
4. Find the constants a, b, c, d and eiff 12) = (ох + bx?y? + eyt + dx” — By?) + сау. — еху? oÀbxy)ds analytie. 
(Mumbai, 2008) 
Б. Show that 2" is analytic. Hence find its derivative. (V. T:U., 2010 S) 
6. Determine which of the following functions are analytic : "Y" 
(0) 2xy + i(x? — y?) (id) (х — iy Vx? + у?) (tit) cosh =. 


7. (a) Determine p such that the function f (2) = : log (x* + у?) + t tan t (px/y) be an analytic function, | 
(Mumbai, 2007 ; J.N.T.U.. 2003) 
(b) Show that m = 5 log (х? + y^) is harmonic and find Из harmonic conjugate function, | (U.P.T.U., 2010) 
8. Show that each of the following functions is not analytic at any point : 
(0-2. (J.N.T.U., 2003) ЕРЕЖЕ 
9. стн и + in = (0 —- бу Мх = ty + a) where а z 0, is not an analytic function of z =a + ty whereas w— ір is such аг 


10. Show that (2) = 19 GARDY 122224: 















is not analytic at 2 = 0, although C-R equations are satisfied at the origin. | (J.N,T.U., 2008) | 
11. Verify iff (z) = 7—;— $— ,2 € 0; f (0) = 0 is analytic or not. “ (U.P.T.U., 2008) 
12, Examine the nature of the function f(z) = eng. 220;/(0 | | Rohtak, 2004) 
х у! 
13. For the function fs) defined by / (25-12 sus. 2 + 0; /(0)=0, show that the С-В equations are satisfied at (0, 0), but 
f(z) is not differentiable at (0, 0). (ATL, 92020) 
14. Determine the analytic function whose real part is | | 
(i) x* — Зху? + За? ~ 3y* (Bhopal, 2009) (ii) cos x cosh y ee (Rohtak, 2004) 
(int) yx? + у?) (ш) у + е* eos y (S.V.T.U., 2008: V.T.U., 2006 
(0) 65 (x sin y — y cos y) (U.P.T.U., 2008). 
(ut) г?з x соз 2у — y sin 2y) | (VLU, 2008 5: Mumbai, 2005; Kottayam, 2005) 
(vii) x sin x cosh y = y cos x sinh y | 22 ТЕ. 2006) 
(viii) e*[(x? — y?) cos y — 2xy sin y]. (V.T,U., 2010 S; Rohtak, 2005) 
15. Find the regular function whose imaginary part is | 
(1) (c— y Mc? + у?) (4) sinx sinh y (fii) e* sin y 
(їр) e* (x sin y — у cns y) (1:) e*(xcos y +y вип y) (U.P.T.U., 23009) (vi) Am zm cos Oy (Mumbai, 2006) 
18. Find the analytic function 2 = n + ty, if А, | 
(бОщ—ю=(х-у)(х°+4у+у?) 0200 (Mumbai, 2008 ; АС 2007 ; W.B.T. U., 2005) 
(ü)u—vs НН when 16 2) =0 (Mumbai, 2007) 
| сов ее. 
| 2 віп: 2x 
lü) a += aS 7 PUT 2003) 
син eag — 2 von 2x | 








17. An electrostatic field i in the xy-plane is given by the potential function = 3x") — y?, find the stream. unciion. — 
18. If the potential function is log (x?-« y7), find the flux function and the complex potential function. 





(PIS Pr еи ид ые Жүр are harmonic functions: of (x, y) but are not harmonic conjugates. 


(UP. ТАЛ, 2004 8) 
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20. Show that the function u = e-*?** sin (xt — y") is harmonic. Find the conjugate function u and express и + 0 ая an’ 
analytic function of 2. (Bhopal, 2007) 
21. For w= exp (2?), find u and v, and prove that the curves u(x, у) = c, and u(x, y) «c, wherec, and e, are constants, cut 
orthogonally. ON. T.U., 2003) 


22. Find the orthogonal trajectories of the family of curves 
(1) у= м‘ =с (Mumbai, 2007) (й) е сову ху -c (Mumbai, 2008) — (ii) r cos 20 = e. 
23. Im a two dimensional fluid flow, the stream function y is given, find the velocity potential $ : 


G) w= +) 2 (10) w= tan-! (y/x). 
24. Find the analytic function f(z) = ù + iv, given | 
(iim = ati сов 0) uile =(r— гап Ө, r 201: 
25. If f(z)is an analytic function аг, show that 
i: Ifi» | + 2-1 fiz) | zt * (ULP T.U. 2009; V. T. LL, 2008 S; PTU, 2005) 
26. If f(z) в an analytic function of =, prove that 
5, д^ на WU Ea | $ 3 
w | — + za] Тор | fí2)] = (Madras, 2000 5) (Ш). — Е fra 2 | fF) | 
i^ d 92 7! RO CU diez: МУХАР 
(141) | 38 Ua ГР p? [P(2)]*- |f(z) |P-?: (Kerala, 2005) 


27. Prove that ES = log |(x — 1 + (y — 2] is harmonic in every region which does not include the point (1, 2). Find à 
function ġ such that 6 + (yis an analytic function of the complex variable z =x + ry. Express ġ + ny as a function ofz. 


"UEM GEOMETRICAL REPRESENTATION OF w = f(z) 





To find the geometrical representation of a function of a complex variable, it requires a departure from the 
usual practice of cartesian plotting, where we associate a curve to a real function у = f (x). 

In the complex domain, the function w = f (z) 
ie., и+ш = f(x + iy) UD 
involves four real variables x, y, u, v. Hence a four dimensional region is required to plot (1) in the cartesian 
fashion. As it is not possible to have 4-dimensional graph papers, we make use of two complex planes, one for the 
variable z = x + іу, and the other for the variable w = и + iv. If the point = describes some curve C in the z-plane, 
the point w will move along a corresponding curve С” in the w-plane, since to each point (x, y), there corresponds 
а point (м, v) (Fig. 20.3). We then, say that a curve C in the z-plane is mapped into the corresponding curve C' in 
the w-plane by the function ш = f (z) which defines a mapping or transformation of the z-plane into the w-plane. 


Y 





V 





Fig. 20.3 





ДЕЙ SOME STANDARD TRANSFORMATIONS 


(1) Translation. w =z + с, where c is а complex constant. 
Ifz=x+ty,c =c, +, and w = и + го, then the transformation becomes и + iv = x + Ly + €, + (C; whence 
u=x +e andi =y + Cy, Le. "thi point P(x, y) in the z-plane is mapped onto the point P'(x + с, y + ¢,) in the 
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w-plane. Every point in the z-plane is mapped onto w-plane in the same way. Thus if the w-plane is superposed 
on the z-plane, figure is shifted through a distance given by the vector с. Accordingly, this transformation maps 
a figure in the z-plane into a figure in the w-plane of the same shape and size. 

In particular, this transformation changes circles into circles. 

(2) Magnification and rotation. w = ez, where c is a complex constant. 

If е = ре“, 2 = re and w = Re^, then 

Ре = pe! re'® = pre''? + u) 

whence Я = pr and $ = 0 + œ, i.e. the point P(r, 8) in the z-plane is mapped onto the 
point F” (pr, 0 + п) in the w-plane. Hence the transformation consists of magnifi- 
cation (or contraction) of the radius vector of P by p = | e | and its rotation 
through an (а = amp (c). Accordingly any figure in the z-plane is transformed 
into a geometrically similar figure in the w-plane. In particular, this transforma- 
tion maps circles into circles. 

(3) Inversion and reflection. w - l/z. 

Here it is convenient to think the w-plane as superposed on z-plane (Fig. 20.4). 





If 2 = ге and ш = Ве, then Re'* = Lg 


whence R = М" and ф = — Ө. Thus, if P be (ғ, Ө) and P, be (1/r, Ө), i.e. P, is the inverse* of P w.r.t. the unit circle 
with centre О, then the reflection Р” of P, in the real axis represents ш = 1/2. 

Hence this transformation is an inversion of z w.r.t. the unit circle | z | = 1 followed by reflection of the 
inverse into the real axis. 


Obs. 1. Clearly the function w = 1/2 maps the interior of the unit circle | z | = 1 onto the exterior of the unit circle 
| w | = Тапа the exterior of | = | = 1 onto the interior of | w | = 1. In particular, the origin 2 = 0 corresponds to the 
improper point w = =, called the point at infinity and the image of the improper point = = = is the origin ш = 0, 

2. This transformation maps a circle onto a circle or to a straight line tf the former goes through the origin. 

| 4 -— iv 
UU tp 








To prove this, we write z = Мо as x + ty = 


| i | =p 
so that х= > = andy = 5—5. mi 
и +0 u^ +0 





Now the general equation of any circle in the z-plane is 
| x* +? + Bex + //-с-0 2) 

КЫТ са ай лон fom (1), becomes “Өс et poe ee отар -0 
whieh on substituting Irom 11), becomes te we Gao. E 2 : 2 T2f a mer c= 
or elu? + v?) + 2gu - 2/04 1-0 AB) 

This is the equation of a circle in the w-plane, Ife = 0, the circle (2) passes through the origin and its image, Le, (3) 
reduces to a straight line. Hence the result. 

Regarding a straight line as the limiting form of a circle with infinite radius, we conclude that the transformation 
ut = We always maps a circle into a circle. 








(4) Bilinear transformation. The transformation 
аг + Б 
с2 + d 
where a, b, c and d are complex constants and ad — be + 0 is known as the bilinear transformation.** The 
condition ad — be #0 ensures that dw/dz # 0, i.e., the transformation is conformal. If ad — be = 0 every point of the 
z-plane is a critical point. 

The inverse mapping of (1) 1s 





413 


i= 


_ —dwt+b 


CU! п 


UA) 
which is also a bilinear transformation. 


+ The inverse of a point A w.r.t. a circle with centre О and radius А is defined as the point B on the line OA such that OA.OB 
=, 
** First studied by Móbius (р. 337). Hence, sometimes called Möbius transformation 
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Obs. 1. From (1), we see that each point in the z-plane except = = — dic, corresponds a unique point in the w-plane. 
Similarly, (2) shows that each point in the w-plane except w= а/с, maps into à unique point in the z-plane, Including the 
images of the two exceptional points as the infinite points in the two planes, it follows that there is one to one correspon- 
dence between all points in the two planes. 

Obs. 2. Invariant points of bilinear transformation. If 2 maps into itself in the w-plane (Le., ш = 2), then (1) gives 





z= на аг с22 + (0 – а) -—b=0 
ez d | 


The roots of this equation (say : 2,25) are defined as the invariant or fixed points of the bilinear transformation (CD. 
If however, the two roots are equal, the bilinear transformation is said to be parabolic, 

ividing the numerator and denominator of the right side of (1) by one of the four constants, it is clear that 
(1) has only SW. essential arbitrary constants. Hence three conditions are required fo determine a opa transforma- 
tion. For instance, three distinct points z,, 24, 2, can be mapped into any three specified points w,, Qs, Wa. 











Two important properties : 
I. A bilinear transformation maps circles into circles. 


bc — 
By actual division, (1) can be written as w = =i MM i 
c с z+ а/с 
which is a combination of the transformations 
be — ad 
шу =z+d/e,w, = Yw ша = р Way WH + Wy 


By these transformations, we successively pass from z-plane to w,-plane, from ш ,-plane to w,-plane, from 
w-plane to w.-plane and finally from w.,-plane to w-plane. Now each of these transformations is опе or other of 
the standard transformations w= 2 +c, ш = cz, w = 1/2 and under each of these a circle always maps onto a circle. 


Hence the bilinear transformation maps circles into circles. 
II. A bilinear transformation preserves cross-ratio’ of four points. 
Let the points 2,, 24, 24, 2, of the 2-plane map onto the points 10,, Wa, Wa, Ш, of the w-plane respectively 
under the bilinear transformation (1). If these points are finite, then from (1), we have 
az,*b az «b. ad — be 
cz, + ez, +d (сг, + d)(cz, + d) 





аг аны = (2; —2,). 
(uy — Wy Kus —w,) (z,-25)(24 — 2.) 
(io m Wa ТС = =w) (2, — 24) Z4 (22 — 25) 25) 
Thus the cross-ratio of four points is invariant under bilinear transformation. 
This property is very useful in finding a bilinear transformation. If one of the points, say : 2, — œ, the 
quotient of those two differences which contain z,, is replaced by 1 i.e., 
(2, —2,)(2, —24) 24 —24 
(z; —2,)234 —25) 28 – 23 


Using this relation for j, А = 1, 2, 3, 4, we get - 


Example 20.13. Find the bilinear transformation which maps the points = 1, i, — I onto the points ip = L 


0, — 4. 
Hence find (a) the image of | z | « 1, (Mumbai, 2006 ; Delhi, 2002) 
(b) the invariant points of this transformation. (U.P.T.U., 2008 ; V. T.U., 2000) 


Solution. Let the pointsz, = 1,2,-i,2,-— 1 and 2, =z map onto the points шу = t, W = О, ш = — (and w, = w. 
Since the cross-ratio remains unchanged under a bilinear transformation. 
1-11-1-2) (r—-0)(-1—un) w+i (2-41)11-4) 
1-215-1-0 (ü-w)-i-0 ” w-i (-Dü-«j 
2w _ (2-1Н1-1()-1(:-11-1) 


Ву componendo dividendo, we get 9 (24 УТЕ —-D-(-—1XIsD 





- ty tg — 


== is said to be their cross-ratio and 18 denoted (t,, ta, ta t). 
te I 1» То» бз 


t Def. If t,, ta. ty, t be any four numbers, then 


à 











1 +12 " 
= Fi AE) 
which is the required bilinear transformation. 
| р . А 1 = LU 
(a) Rewriting (7) as PER 
i(1— uw) го 7 
122: -14141 or |: ||1-ша1«11-« | 
or |} 1l—-u-w | < | l+uiv | 11151 
or (1- и + v? «11-11 + v* which reduces to и > 0. 


Hence the interior of the circle x* + у? = 1 in the z-plane is mapped onto the entire half of the w-plane to the 
right of the imaginary axis. i 
(b) To find the invariant points of the transformation, we put w = z in (т). 





1+i 
z= re or iz?^-(i—-1)241-20 
1 -iz 
or аа 228830 80, die dian) 


which are the required invariant points. 


содй 20.14. Show that w = ios maps the real axis of z-plane into the circle | w |= Land the half 


plane у > 0 into the interior of the unit circle | w | = 1 in the w-plane. (Mumbai, 2007) 
Solution. Since ш -(t-—zy( +2), 
| ш | = 1 becomes (i -zW +2) | =1 or |i-z|=|i+z | 
г.е., |i-x-iy|-2|i-x*iy| or |-х441-у)| = | xL y) | 
Vx? + (1 —y)? = Vix? + (1 + у)2] or (1—y)* = (1 + у)? 
4-0 or у= О which is the real axis. 


Hente the real axis of the z-plane is mapped to the circle | w | = 1 

Now for the interior of the circle | w | =1 
| ш | <1 te, [#2 | < | 1+2 | or (1-у)“<(1+у) 
-4у«ч0 Le, у> 0 

їзэн the half plane y > 0 is mapped into the interior of the circle | w | = 1. 


PROBLEMS 20.2 





1. Find the invariant points of the transformation w = (2 — 1)/@ + 1). (Madras, 2003) 
2. Find the transformation which maps the panic 1,1, Lof the 2-plane onto 1, i, — 1 of the w-plane respectively. Also 
find its invariant points. (WTU, 2011) 


3. Find the bilinear transformation which maps 1, Е, — 1 to 2, r, — 2 respectively. Find the fixed and critical points of the 
transformation. (S.V. T.U., 2008.; Mumbai, 2007 ; V.T.U., 2006) 


4. Determine the bilinear transformation that maps the points 1 — 27, 2 + i, 2+ 3i respectively into 2+ 21, 1 + 3i, 4. 
(J.N.T,U., 2003 ; Coimbatore, 1999) 
5. Find the bilinear transformation which maps 
(1) the points z = 1,1, — 1 into the points ш = 0, 1; = (V. T U., 2008 ; Mumbai, 2007) 
(11) the points z= 0, 1,1 into the points ш-14:,-1,2-1 | (ИТЫ,, 2010 ©) 
(it) Filz). 0 inte interior of unit circle so thal = =, 1,0 map into ш = – 1, – ё, 1. | 





6. Under the transformation w= = =r ын, ‚ show that the map of the straight line x = y is a circle and find its centre and 


гайн, | (Marathwada, 2008) 
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7. Show that the bilinear transformation w = (2 + ЗИ —A) maps the circle ё 195.4 0 inte the: ESIA + ‚а= 0. 
(Mumbai, 2007 ; J.N.T.U., 2008, Bhopal, 2002) 
8. Show that the condition for transformation w = (az + bez +d) to make the circle | w [=1 чая traigh 





line in the z-plane is | a | = | ¢ |. 
9. Show that the transformation ш —i(1—2)(1 4 2) maps the circle | z | = 1 into the тай axis of the Mon S and the 
interior of the eircle | z | <1 into the upper half of the w-plane. (Osmania, 2000'S; WEU. ‚ 2001) 


10. Ifz, isthe upper half of the z-plane, show that the bilinear transformation w = = ait ES maps the upper half of 
the z-plane into the interior of the unit circle at the origin in the Ww- plane. | 





ZEN (1) CONFORMAL TRANSFORMATION 


Suppose two curves C, C, in the z-plane intersect at the point P and the corresponding curves C' and C,' 
in the w-plane intersect at Р” (Fig. 20.5). If the angle of intersection af the curves at P ts the same as the angle of 
intersection of the curves at P' in magnitude and sense, then the transformation is said to be conformal. 

(2) Theorem. The transformation effected by an у V 
analytic function w = f (2) is conformal at every point of 
the z-plane where f '(z) « 0. 

Let P(z) be a point in the region F of the z-plane 
and P'(w)the corresponding point іп the region R” of the 
w-plane (Fig. 20.3). Suppose z moves on a curve C and uw 
moves on the corresponding curve C". Let Q(z + àz) be a 
neighbouring point on C and Q'(w + ёш) be the corre- 





















U 





sponding point on C" so that PQ = åz and РО’ = ow. z-plune x 0 w-plane 
Then àz is a complex number whose modulus r is the Fig. 20.5 
length PQ and amplitude 8 is the angle which PQ makes with the x-axis. 
ae = Ре!" 
Similarly, if the modulus and amplitude of бит be r' and Ө”, then ды = ret. 
Hence би ” г ise - 8 
iS 


Now if the tangent at P to the curve C makes ап (о with the x-axis and the tangent at F to С” makes an 
Zu with the u-axis, then as б; — 0, 0 — a and 0' > a’. 


ВР dw rje jia = (E) 1 
Fe) po -(u7 (Ш) 
If р is the modulus and 6 the amplitude of the function f(z) which is supposed to be non-zero, then 

f(z) = pet? | ...(2) 
from (1) and (2), we have p= Lt Ё. i) 
F 
and ф= a —«a. UJ 


Now let C, be another curve through P in the z-plane and Сү the corresponding curve through P" in the 
w-plane. If the tangent at P to C, makes an Z[ with the x-axis and tangent at Р” to С,’ makes ап / | with the 
u-axis, then as in (4), 

v-p-p (5) 


Equating (4) and (5), -a= -p or ф—={ӊ'—о«'=тү(ЁЕш. 20.5) 
Thus the angle between the curves before and after the mapping is preserved in magnitude and direction. 
Hence the mapping by the analytic function w = f(z) is conformal at each point where f(z) # 0. 


Obs. 1. A point at which f 12) = 0 is called a. critical point of the transformation. 

Obs, 2. The relation (4), Le, а’ = a + ф shows that the tangent at P to the curve C is rotated through an /ф = amp 
(f (z)) under the given transformation. 

Obs. 3. The relation (3) shows that in the transformation, elements of arc passing through P in any direction are 
changed in the ratio р : 1, where p= | f '(z) | te, an infinitesimal length tn the z-plane is magnified by the factor 177231. 
Consequently the infinitesimal areas are magnified by the factor | f '(z)|? £n a conformal transformation. 
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Иш = f (z)is analytic then u and р must satisfy C-R equations. 








ди ди| |ди -90 : 
ши) | 9w|.|àe x | (ашу? (ану? (ди са. ! 
Да) = ыы a (8709-1888 тө) 
dx ду| 19% ду 


Hence in a conformal transformation, infinitesimal areas are magnified by the factor J c 
: х Е y 


Also the condition of a conformal mapping 15 45 ше) #0. 


”. Obs. 4. The angle preserving property of the conformal transformation has many important physical applications. 
For instance, consider the flow of an incompressible fluid in a plane with velocity potential $ (х, y) and stream function 
wx, у). We know that ф and y are real and imaginary parts of some analytic function ш = f (2). As ф = constant and у = 
constant represent a system of orthogonal curves; these are transformed by the function ш = f'(z) into.a set of orthogonal 
lines in the 10-рЇапе and vice-versa, 

Thus, the conjugate functions $ and y when subjected to conformal transformation remain conjugate functions, Le., 
the solutions of Laplace's equation remain solutions of the Laplace’ 4 equation after the transformation. This is the main 
reason for the great importance of the conformal transformation in applications. 








"EUN SPECIAL CONFORMAL TRANSFORMATIONS 


(1) Transformation ш = z*. 
We have ut tu = (x + гу)? =x? — у? + ху. 
и = х? — у? and v = 2xy RED 


If и is constant (say, a), then x^ — у = а which is a rectangular hyper- 
bola. Similarly, if v is constant (say, b), then xy = 5/2 which also represents 
a rectangular hyperbola. 

Hence a pair of lines и =a, v = b parallel to the axes in the w-plane, 
пар шї pair of orthogonal rectangular hyperbolae in the z-plane as shown 
in Fig. *2.7 (p. 455). 

Again, if x is constant (say, c), then y = v/2e and у? = с? — u. Elimina- 
tion of y from these equations gives v? = 4c*(c? — и), which represents а 
parabola. Similarly, if y is a constant (say, d), then elimination of x from the 
equations (1) gives v? = 4d"(d? + и) which is also a parabola. 

Hence the pair ol lines x = с and у = d parallel to the axes in the 
z-plane map into orthogonal parabo:as in the w-plane as shown in Fig. 20.6. 





dw 
Also since Яо” 2z = 0 for z = 0, therefore, it is a critical point of the mapping. 


Taking z = ге and ш = Re? then in polar form w = 2? becomes Ве® = г2е2 8, 
This shows that upper half of the z-plane 0 < Ө < n transforms into the entire w-plane 0 < à < 2r. The same 
is true of the lower half. (P. T. U., 2003) 


Oba, 1, Taking the axes to represent two walls, a single quadrant could be used to represent fluid flow at a corner 
wall. This transformation can also represent the electrostatic field in the vicinity of a corner conductor. 
Oba, 2, For the tansformation w ==", n being a positive integer, we have duw/dz =0 atz = 0. 
Also Re? = (ret) = БУЛ 
^ R = г" and à = n0, when 0 < 8 < л/т, correspondingly 0 < $ « m. 
Hence b = z" gives а conformal mapping of the 2-plane everywhere except at the origin and that is fans out a sector of 
z-plane of central angle n/n to cover the upper half of the w-plane. 


(2) Joukowshki's transformation* ш =z + 1/2. 


| d =+ 1) X2- 1) S o ы : | | 
Since = = SES the mapping is conformal except at the points 2 = 1 and z = — 1 which corre- 
к 
препа to the points w= 2 and w = – 2 of the w-plane. 


* Named after the онан maihemabieian Nikolai Jegorovich Joukowsht (1847-1921). 
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Changing to polar coordinates, 
1 


w =u +10 = соз Ө +i sin Ө) + — 
й r(cos Ө +i sin Ө) 


= r(cos Ө + ¿į sin Ө) + 1 (cos 0-1 sin Ө) 


и = (r+ Ir) cos 0 and v = (r — l/r) sin 0 
2 2 


Elimination of 0 gives "E GM eel MER =] 22433 
| i (r*l1/ry (л-г 
| | 2 „2 
while the elimination of r gives МоЙ =1 (2) 


4cos*0 4sin’ Ө | 
From (1), it follows that the circles r = constant of z-plane transform into a family of ellipses of the w-plane 
(Fig. 20.7). These ellipses are confocal for (г + 1/r)? — (г — l/rY = 4, ie., a constant. 
In particular, the unit circle (г = 1) in the z-plane flattens out to become the segment u =— 2 tou = 2 of the 
real axis in ш-ріапе, Thus the exterior of the unit circle in the z-plane maps into the entire w-plane. 
(A.M.LE.T.E., 2005 8) 


w-plane 





Fig. 20.7 


From (2), it is clear that the radial lines 8 = constant of the z-plane transform into a family of hyperbolae 
which are also confocal (Fig. 20.7). 








(3) Transformation ш = e. 
Writing z = x + iy and ш = ре, we have pe = ех * = e* , у 
whence pe (1) and ф-у ...(2) | | 
From (1), itis clear that the lines parallel to y-axis (х = const.) map | fA - 
into circles (p = const.) in the w-plane, their radii being less than or SSS 
greater than 1 according ав x is less than or greater than 0 (Fig. 20.9). EMEN ан 
(V.T.U., 2011) Fig. 20.8 
Similarly, it follows from (2) that the lines parallel to the x-axis (v = const.) map into the radial lines 
(0 = const.) of the w-plane. Thus any horizontal strip of height 27 in the z-plane will cover once the entire 
w-plane. 





* Stagnation points are those at which the fluid velocity is zero. 








Fig. 20.9 
The rectangular region a, € x € ap, b, < y € b, in the z-plane (shown shaded) transforms into the region 
e^ <p<e™,b, «6s b, in the w-plane bounded by circles and rays (shown shaded). 
| (P.T.U., 2005 ; Kerala, 2005) 










| «4 £ 
a. prim gn 





(4) Transformation ш = cosh z. 
We have и + iv = cosh (x + iy) = cosh x cos y + i sinh x sin y [Ву (2) (10), р. 662] 
so that u = cosh x cos y and v = sinh x sin y. 
Elimination of x from these equations gives 
ив p? 
cos? y sin? у Е 
2 2 
while elimination of y gives Sea mw zii) 
cosh? x sinh” z 
(1) shows that the lines parallel to x-axis (i.e., y = const.) in the z-plane map into hyperbolae in the w-plane. 
(2) shows that the lines parallel to the y-axis (i.e., x = const.) in the z-plane map into ellipse in the w-plane 
(Fig. 20.10). The rectangular region ау, <x S a,, b, € y < b, in the z-plane (shown shaded) transforms into the 
shaded region in the w-plane bounded by the corresponding hyperbolae and ellipses. (Kerala M. Tech., 2005) 
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Fig. 20.10 
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z-i| |z-i|] Ix-*ity-1] 
z*i| |z*i| |x*iCy* D| 
= Vix? + (y — DEV? + (у + 1Y7] 
Now the real axis in z-plane i.e., у = 0, transforms into 
| | = Nx? + ПА? 1) = 1. 
Hence the real axis in the z-plane is mapped into the circle |w| = 1. 
The interior of the circle, i.e., |w| < 1, gives 
Ix? + (у — 17V? + (у + 17] < 14е., — 4y «O or y > 0. 
Thus the upper half of the z-plane corresponds to the interior of the circle |w| = 1. 








Solution. We have [w] = 





| | PROBLEMS 20.3 | ; и, 
1. Determine the region of the w-plane into which the following regions are spate by the transform 





ation ш=2% | 
(i) first quadrant of z-plane KE (AN; T.U. 2000). 
(ii) region bounded Бух = 1, у= 1,х+у= 1 (коба 2005; V.T.U., 2000 8) 
visen M ATCP RR (Osmania, 2003 ; VTU, 2000) 


(ib) сїгде-|2-1| = 
2. Find the IRE which maps the triangular region 0 € arg z < n/3 into the unit circle ist 





3. Discuss the transformation w = Jz . Isit conformal at the origin? (Dethi, 2008 
4. Under the transformation w = 1/z, find the image of | * "n } 2 | 
(a) the circle (2-2(| -2 (Bhopal, 2009 ; Kerala M.Tech., 2005). 
(b) the straight liney x «1-0 T TETU? 2007) 
(c) the hyperbola x? —y* = 1. p | | (Mumbai, 2005, ae N.T.U., 2005) 
-5, Show that under the transformation ш = 12, (a) circle x* *y*- бх = 0 is transformed into a strài in 


w-plane. 
(b) the circle (x — 3) + у? = 2 is transformed into a circle with centre. (3/7, 0) and radius 49(17. 


6. Show that the transformation w = l/z transforms all circles and straight lines into the circles and. raight li: | 
the w-plane. Which circles in the z-plane become straight, lines in the w-plane, and. which ‘straight lines | äre 











transformed into other straight lines ? (Anna, . 2003) 
7. Show that the transformation ш == + Lz converts the straight line arg z =a ( jal < 0/2) into a branch of hype ola 
of eccentricity sec сс, (Mumbai, 2005 my 


8. Show that the transformation ш-= г + (a* — se transforms the circle of radius 1 garbh centre at the origin, in the 


z-plane into ellipse of semi-axes a, b in the w-plane. | A S. lic n 
9, Show that the transformation w =z + a?/z transforms. circles with origin at the centre in the е. into dara 
concentric, confocal ellipses in the w-plane. | (Kurukshetra, 2005 ; JN TU, 2005). 
10. Show that the function ш = A(z + 22/2) may be used to represent the flow of a perfect incompressible fluid past a 
circular cylinder. Also find the stagnation points. 
11. Show that by the relation м + iv = cos (х + iy), the infinite strip bounded Бух=е,х =d, where ¢ and 4 lie between 0 
© and x/2, is mapped into the region between the two branches of the hyperbola lyinginu 0. (Osmania, 2002) 
12. Prove that the transformation ш = sin 2, maps the families of lines x = constant and y = constant into two families. 
of confocal central conics. (INT, 2003) 
13. Discuss the transformation ш =e", and show that it transforms the region between the real azis and a line parallel | 
to real axis at y = п, into the upper half of the w-plane. 
14. Discuss fully the transformation ш =c cosh z, where is a real number. What physical problem can we study with- 
the help of this transformation 7 











TEENS SCHWARZ-CHRISTOFFEL TRANSFORMATION 


This transformation maps the interior of a polygon of the w-plane into the upper half of the z-plane and the 
boundary of the polygon into the real axis. The formula of this transformation is 





Catcutus or Complex FUNCTIONS 





z-plane 
Fig. 20.11 
| 01—1 01-1 би, 
oe Az - x) (z—x,)* оба) id) 
о _ вз у а. у 
or w =A f(-x)" (z—-x)"  ..(2—-x,)" +В 42) 


where t, Co, ..., ©, are the interior angles of the polygon having vertices шу, Ws, ..., wW, which map into the points 
Хү, X5, -v X, On the real-axis of the z-plane (Fig. 20.11). Also A and B are complex constants which determines the 
size and position of the polygon. 
Proof. We have from (1), 
Oy 


amp 52 = атр (А) + Е = 1 amp (z —x,) + (2 = 1) amp (2 — x.) 


"T (= - 1 amp (z—x,) UI) 
n 


Ав z moves along the real axis from the left towards x,, suppose that w moves along the side ш ш, of the polygon 
towards ш. As = crosses x, from left to right, Ө, = amp (2 — xj) changes from л to 0 while all other terms of (3) remain 
unaffected. Hence only Е - J amp (2 - x,) decreases by Е -1 ) t = 0 — m, Le. increases Бу 

Л n 
r— ct, in the anti-clockwise direction. In other words, amp (dw/dz) increases by л — &,. Thus the direction of w, turns through 
the angle л — a, and ш now moves along the side ww, of the polygon. 

Similarly when z passes through x,, Ө, = amp (2 — x,) and Ө, = amp (2 — х.) change from л to 0 while all other terms 
remain unchanged. Hence the side w w, turns through the angle n- c5. Proceeding in this way, we see that as z moves along 
x-axis, ш traces the polygon ш, ш, tw, ... ш, and conversely. 


Example 20,16. Find the transformation which maps the semi-infinite strip in the w-plane (Fig. 20.12) 
inte the upper half of the z-plane (V.T.U., М.Е. 2006 ; Osmania, 2003) 








w-plane z-plane 
Fig. 20.12 


c 





Solution. Consider ABCD as the limiting case of a triangle with two vertices B and C and the third vertex 
A or D at infinity. Let the vertices B and C map into the points B' (— 1)апа С” (1) of the z-plane. Since the interior 
angles at B and C are 1/2, we have by the Schwarz-Christoffel transformation, 
аф n/2 niz 


ET Äert (e-D* -А/4(2-1) 
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ВР dz 
w =A | ——— + B=Acosh'=z+B 
ar 


When z=lw=0. . О=А соѕћ!(1) + В, Le, В = 0. 
When z = – 1, w = ib. 2 ib = A cosh“! (-1) + 0, Le, cosh СБА) = — 1 
: h 
or cos 9 =—1=cosn. Thus A= —. 
Hence We cosh"! = or z = cosh x 





| PROBLEMS 20.4 


1. Find the transformation which maps the semi-infinite strip of width x bounded by the lines v= 0, v =n and иг Оо 
the upper half of the = plane. 

2. Show how you will use Schwarz-Christoffel transformation to map the semi-infinite strip enclosed by the real axis 
and the lines и = + 1 of the w-plane into the upper half of the z-plane. 

3. Find the mapping function which maps semi-infinite strip in the z-plane — 1/2 <x < 2/2, y > 0 into half w-plane for 
which о > 0, such that the points (—r/2, 0), (1/2, 0) in the n-plane are mapped into the points (—1, 0), (1, 0) respectively | 
in w-plane. 

4. Find the transformation which will map the interior of the infinite strip bounded by the lines v = 0, t = п onto the 
upper half of the z-plane. 


ҮП ҮЕ COMPLEX INTEGRATION 








We have already discussed the concept of the line integral as applied to vector fields in 
5 8.11. Now we shall consider the line integral of a complex function. 
Consider a continuous function f(z) of the complex variable z = x + гу defined at all points of 
a curve C having end points A and B. Divide C into n parts at the points 
A = P o), P,(z,), ..., PAz), ... Р (г „) = B. 


n n 


Letóz,—-2,—2, үапаС, be any point on the arc P, , P,. The limit of the sum y f (65,) 62, as 
i=1 


n — = in such a way that the length of the chord ёг, approaches zero, is called the line integral of 
f (z) taken along the path C, ie., 


f. f(z) аг. 
Writing f (=) = u(x, у) + iv(x, y) and noting that dz = dx + Шу, 
f. f(z)dz = |, (цах —vdy)+i |, wdx + иду) 


which shows that the evaluation of the line integral of a complex function can be reduced to the evaluation of two 
line integrals of real functions. 





Obs. The value of the integral is independent of the path of integration when the integrand is analytic. 


Example 20.17. Prove that 





G) р “з=. (ii) | (еа dz = 0 In, any integer = П 
C = C : ! 
where C is the circle |z—a| =r. (U.P. T.U., 2003) 


Solution. The parametric equation of C is z — a = re, where 6 varies from 0 to 2л as z describes C once in 
the positive (anti-clockwise) sense. (Fig. 20.14) 


: dz a l . į КИ 
(1) == b s ire" de | [e dz =ire™ dé] 


«сн ЛЕД kr aT rP E AN si T =, ї 
т a 
“СлАшшив оғ C ‘UNCTIONS 
мд P=, г. 1 i 
ч и я È “ҮЛ = л. i 





(ii) 1, (z— а)" dz= f. "re? | jpg? do 


n1 
Poen De № provided n +— 1 


3 2К |. . 
= ppt | e^ * De d = 
0 п+1 





pati . | БЭР 
zx : |е -1m.. 1-0 [> ет + lm - 1] 
n+ 











Solution. (i) Along the line OA, x = 2y, 2 = (2 + i}, 2 =(2—i)y and dz = (2 + i) dy (Fig. 20.15) 








5 1- | “Чу dex [ (2—iYy* (2+0 dy 
0 0 
Шш 
-58-013- -4(2-0 
(ii) 1- | 274+ | G аг 
OF ВА 





Now along ОВ, = =x, 2 = х, йг = dx; 
and along BA, z = 2 + iy, 2 = 2 – iy, dz = idy 





ж І = [ ах + || (2 іу) му= 2[ «f [4у+ (4 – уг): ] dy 
= =3+4. Lafa 1-Ji-3o««nn 


LAO ER Deal a 177: TUE S ТРЭК ae 
T "Te aA T 9e ЖЕ, "T 
Eu MDC the. ye Tent | ndi ad oe i 
Solution. fe) = 27 + 32 + 2 is ИСТ in the "cr being a 
polynomial. As such, the line integral of f(z) between O and A is 


independent of the path (Fig. 20.16). We therefore, take the path from O 
to L and L to A so that 


Е f(z) dz = | af dz + |. f(z) аг a(i) 








x ja fO de= [, «e + 3x +2) dx 
[. along OL, y =0,x=0atO,x=na at L 








4 Tu 
_ |x 4 Зх” +2х| = ™ (12а? + 9na + 12) t) 
3 9 3 6 
and f, f de = f ma + iy)? + 3 (na + iy) + 2] idy 
[^ along LA, x = па, = = па + a idy == varies from 0 (at 1.) to 2a (at А) 
| 4 Ре 
sL E жез аа, | -$ Я (та + ЗГ (n+ 2i) + dia ii) 


л, substituting from (ii) and (iii) in (i), we ga 


Г. f(z) de = 72 (бай + Эла +12) + © (n+ эр? үг (т + 2i)? + 4ia 
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PROBLEMS 20.5 | 





1. Evaluate [4 ct — iy)dz along the paths (a) у =x and (b)y 5 x*. (U.P. T.U., 2010) 
2. Evaluate re "Ox + iy +1) dz, along the two paths: (U.P.T.U., 2010) 
Gx=t+1,y =2F-1 (r1) the straight line joining 1 —1 and 2 + i. (U.P-T.U., 2006) 
3. Evaluate r 53 "ig * 4 2) dz along the line joining the points (1, — 1) and (2, 3). (V. T.U., 2004) 
4. Show that for every path between the limits, ЇГС i (2+ 2Y* dz = — i/4. (Delhi, 2002) 
5. Show that % (2 + 1) de = 0, where C is the boundary of the казакы whose vertices are at the points z = 0,2 = 1, 
z=14+iandz c-r. (Rohtak, 2006) 


6, Evaluate jl z|dz, where C is the contour 
(1) straight line from z =— 1102 — i. 
(ii) left half of the unit circle |z| = 1 from 2 —it6o2- i. 
(it) circle given Бу |= + 1| = 1 described in the clockwise sense. 
7: Find the vale of [ (x = y ix^) da 


(0) along the straight line from z = 0 toz = 14 i 
(и) along real axis from 2 = 0402 = 1 and then along a line parallel to the imaginary axis from z = 1 toz = 1 +1. 
(U.P.T.U., 2003) 
B. Ргоуе that [2272 =~ or ni, according ав the semi-circular are |z| = 1 above or below the real axis. 
(Rohtak, 2005) 
9, Evaluate f -2° dz, where Cis the upper half of the circle |z] = 1. 
What is the value of this integral if C is the lower half of the above circle ? 





ЕП КЕЙ CAUCHY'S THEOREM 


If f(z) is an analytic function and f'(z) is continuous at each point within and on a closed curve C, then o 


C 
f (z) dz = 0. 
Writing f (2) = u(x, y) iv(x, y) and noting that dz = dx + Шу 
96 f (z)dz = %(udx — vdy) = i 9e (вах + иду) LL) 
C C C 
E NE SN | | du ды до du — | ы _ "ЫГ | | И 
Since f 12) is continuous, therefore, эс” ду” Эх' ду are also continuous in the region D enclosed by С. 
Hence the Green’s theorem (p. 376) can be applied to (1), giving 
д 
% (см =— [| E Эг aay +! LIT. ЕЕЗ (2) 


Now f (2) being analytic, u and v necessarily satisfy the Cauchy-Riemann equations and thus the inte- 
grands of the two double integrals in (2) vanish identically. 


Hence j f(z)dz = 0. 


Obs. 1. The Cauchy-Riemann equations are precisely the conditions for the two real integrals i in (1) to be indepen- 
dent of the path. Hence the line integral of a function f (z) which is analytic in the region D, is independent of the path 


Joining any two points of D. 
Obs. 2, Extension of Cauchy's theorem. /f f(z) is analytic in the region D between two simple closed curves € and 
C4, then ) fdz = $ [(г\чг. 
Су 
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To prove this, we need to introduce the cross-cut АВ. Then b (z)dz = 0 where the path is as indicated by arrows in 
Fig. 20.17, i.e., along AB—along C, in clockwise sense and along BA—along C in anti-clockwise sense. 





Fig. 20.17(0) Fig. 20.17(b) 
Le., | „Раг + 28 flzidz+ |, flaidz+ | fíz)dz = 0 

But, since the integrals along AB and along BA cancel, it follows that 

[Геза + |, fdz =0 
Reversing the direction of the integral around C, and transposing, we get 

И (2)02 + L f(z)dz each integration being taken in the anti-clockwise sense. 

L 
If C4, C4, C4, ... be any number of closed curves within C (Fig. 20.17(b)), then 
| fle\dz=4 f(z)dz + { f(z)dz + | (да> +... 
C C, C; C; 





СЩ CAUCHY'S INTEGRAL FORMULA 


If f (z) is analytic within and on a closed curve and if a is any point within C, then 


1 _¢ Раг 
Әт с 2-а 

Consider the function f (z)/(z — а) which is analytic at all points within C except at z = a. With the point a 
as centre and radius г, draw a small circle C, lying entirely within C. 

Now f (z)(z —a) being analytic in the region enclosed by C and C,, we have by Cauchy's theorem, 


PE nf С ш) д a any point on C}, 


[ (а) = 


г—-а@а=ге° and dz = ire" dð 
jin ) ire sn лээн (1) 
In the limiting form, as the circle С, shrinks to the хав: Le., as r — 0, the integral (1) will approach to 


) fla)de = ifta) |” ай = 2nif (a) brcyaz. Thus { fe. = 2nif (a) 
С ? | се 














i.e. f (a) = ine 2 dz ..(2) 
which is the desired Cauchy's integral on. (V. T.U., 2011 S) 
Cor. Differentiating both sides of (2) w.r.t. a, 
2лі Ј эл 2ш] (2-а) 
Р 21! | f(e) 
Similarly, "(a)- dz mrs 
imilarly Е” (а) = 2ni J ял _аў (4) 
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п! f(z) _ 
2m c (E -g)"*! 

Thus it follows from the results (2) to (5) that ifa function f (z) is known to be analytic on the simple closed curve C 
then the values of the function and all its derivatives can be found at any point of C. Incidently, we have established a 
remarkable fact that an analytic function possesses derivatives of all orders and these are themselves all 


analytic. 


and in general, Ға) = (Б) 


2 | 
Example 20.20. Evaluate | 2 7**1 dy where C is the circle 
^ 208524 


І | | 
0) [г] = 4, (== p (S.V. T. U., 2007) 
Solution. (i) Heref(2)22*—2z + landa = 1. 
Since f(z) is — within and on circle С: |z| = 1 anda = 1 lies on C. 
г. by Cauchy's CE formula — шан — / TE = Г(а)-11.6., | # = dz = 2m. 
С z-a С 2-1 
(11) In this case, а = 1 Нез мек. the circle C : |2 | = 1/2. So (z* —z + 1Y(z – 1) is analytic everywhere within C. 


^. by Cauchy's theorem | nett dz = 0. 


Example 20.21. Evaluate, using Cauchy's integral formula; 


(1) Шилэн sin ne” +008 яа” dz where C isthe circle [2| 23 (U.P.T.U., 2010) 
4 G-10(-2) 





(її) Б E “Ёр around a rectangle with vertices 2 £1, - 2 + 1 


(-3 (U.P.T.U., 2009) 





Solution. (i) f(z) = sin nz? + cos nz? is analytic within the circle |2 | = З and the two singular points 2 = 1 
and = = 2 lie inside this circle. 


HOLD en а ЕЕ 
a анин =; =) 








(sin mz” + cos nz” (віп nz” + cos nz") y, que ania кашы") д 


2—2 
С 
= 2ni [sin л(2)? + cos л(2)?] — - 2ni [sin de + cos n(1)?] 
[By Cauchy's integral formula] 
= 2ni (0 + 1) - 2m (0 — 1) = 4ni 
(її) f (г) = cos nz is analytic in the region bounded by the given rectangle and the two singular points z = 1 
and = = – 1 lie inside this rectangle. (Fig. 20.18) 











mem д 1 Е zad | cos ne az 
12 -1 21 2-1 2+1) 
"abu POTE 
2+1 





! 1 
= 5 (2m cos t (1)] — 3 (2m cos t (— 1)) = 0 
| [By Cauchy's integral formula] 


Fig. 20.18 





(iii) f (г) = е is analytic within the circle |z| =3 


The singular points are given by 2? + 1=0/i.e.,z =i and z = – i which lie within this circle. 
‚ В 5 4 5 te iz | 
> — 4:-1 al - -— Е 1 e" dz = — | E za -$ = е a| 
= = +1 ^ z-i 2+1 at le 2-1 А 241 | 
= 5; (niet — nie" [By 

















= 9ni 232 = 2ni sin t. 


TU 12 


банана: (i) f(z) = sin? z zis analytic inside the гаг с: P | = 3 ánd the три 46 (= 0. 5 approx.) lies 


within C. 
2 by Cauchy’ integral formula fa) = эу 2! p _f IE ар, 
2ni J = a) 
28 [ 42 | 
| ып = j pud = МЕ. 
we get P denn] St a) 
j (z п/6)? dz* — 


= Mi(2 cos 22), _„„ = 2ni cos W3 = mi. 
(ü)f (2) = Pise лайга!) es Also = = — 1 lies inside C. 








Х.Ву Cauchy's ntepa ornai f^" (y = | | Ї цэн 
| e? - 88 
нэг eer в nic teal 
д № 2 
(iii) —— — = ____"____ is not analytic at = + лі. 


(22 + д2) oe Гн, 
However both z = + лі lie within the circle |z| = 4. 
1 A B С р 
Now — = —— 4 зээээээээээээтж + — + ——— 
(z2miY(z-m) 24213 (zm 2-м (2-1 


where А = 7/21?i, C = — 7/21?i, B = D = — 4r? 


е? 


e* | 1 
отту “25 A zt ое [ler 4 


T uses мова бо а ея 
= za; ni f C ni) — 2ni f (nl = [2лї f (— ni) + 2 f "(i)] 


T 2 


oe an Pur wy ЗЕЕ" ele ne 
mE Se пе ee i е 13 


Cauchy's integral formula] 











where f(z) = ег. 
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Example 20.23. Verify Cauchy's theorem by integrating 222 the boundary of the triangle with the 
verticles at the points 1 + i,-1+iand—1-i. E ү 


| (ШР. T.U., 200 
Solution. The boundary of the given triangle consists of three lines AB, BC, CA. (Fig. 29.19). 
$ еее = [edes [edes 1 e*dz 











ABC AB aC 
=f | | 
Now Р [е + |" у Along AB: y=1 Bi-1, 1 
AR E г. = = х+тап@ dz-dx 
zi i Web ol 
= je d e " e 
1 і 














zl 
| ё“аг = {ea idy 
BC 1 








© Along BC:x--1 C(-1,-D 
nzz2—14iy,dz-idy Fig. 20.19 
-— -i-,[! -041 1-1 
= | [€ дуг Lu. 25 
1 1 : 








> Along CA: у= ~ 


iz i(1- ix 
18 dz= fa (1+ дах а E Бъ ра 


-1 
{р — 1! -ir-1) 1-1 -141 
a € — Е E — © 
= (1+0 СН чи иб 
(1-1) I 
-4-1 i-i —{ + 1 -1-1 i-1 -141 
| 5 E. e —e e — Р e -6 - id 
Thus from (i) f UA MEL. LES Е аа О а шений ii) 
L I 1 


АВС 
Also since f (x) = е” is analytic everywhere, 


by Cauchy's theorem | fiz) = 0 AU) 


Небе ош БӘ and Ui. ф Caüchy's theorem is verified. 






у (77 ramp УУЛС d 
FOSY; 0) FO, F” с 1) ава Е“С- Е). 


Len 
Solution. (a) FG.5) = ф Ыйы ы" 
28: -172:42 
Since С = 3.5 is the only singular point of (4z? + z + 5)/(z — 3.5) and it lies outside the ellipse C, therefore, 
(422 + z + 5V(z — 3.5) is analytic everywhere within C. 
Hence by Cauchy's theorem, 
2 Р 
f 32 3258 0, ге, 8,5) = 0. 
и в 3.5 
(b) Since f(z) = 422 + z + b is analytic within C and Č =i, — 1 and — all lie within C, therefore, by Cauchy's 
integral formula 
fie 
fes zii = dz 
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m. 
i.e., $^ 3259 ы 42-35) 
2- 
C 
Le., F(C) = 21i(4C? + C + 5) 
5 F'(X) = 2ri (8G + 1) and F"(C) = 16m 
Thus FG) = 2ni(- 4 +i + Б) = Е — 1) 


F''(—1)- 2ni[B8(— 1) + 1] = — 14ni and F” (— i) = 167. 





| (1) CONVERSE OF CAUCHY'S THEOREM: MORERA'S THEOREM" 


If f(z) is continuous in a region D and $ f(z)dz = 0 around every simple closed curve C in D, then f (z) is 
| С 
analytic in D. 
Since ) f(z)dz = 0, then the line integral of f (2) from a fixed point z, to a variable point z must be 
independent of the path and hence must be a function ofz only. Thus 


[| f(2dz = (г), (say), 
Let ф(=) = U + iV and f (2) 2 u + iv 
! wes ТОН ii ээх, (08092. Goya: (093) | 
Then U+iV= fe as + iv) (dx + му) = fi шах – рау) * i | (оа + иду) 


(х, y) = {zJ 
U= Vise 44 - vdy), V = Jn ' (dx + шу) 
Differentiating under the integral sign, 
QU , 9U | Фу. ду... 9U _OV 80 Әу 
ox ' ду "ax 0y "x 
Thus U and V satisfy C-R equations. 
Also, since f (z) is given to be continuous, и and v and therefore, dU/dx, dU/dy, дУ/дх, ЭУЮу, are also 
continuous. 
^. O(z) is an analytic function and 
0(2)- ёс +1 ын =u+iv = (z). 
Thus, f (z) is the derivative of an analytic function 0 (=). Hence f (2) is analytic by $ 20.14 Cor. 
(2) Cauchy’s inequality’. If (2) is analytic within and on the circle C: |z -a| =r, then 




















та s =, A) 
where M is the maximum value of |f (т) | on C. 
From (5) of $ 20.14, we get 
| 1 flzjdz 
a = 153 уа ecrire actes 
if шет 
n! M | T 
Se ay inl [- |/ (| <M] 
! fn ! | 
E.M ин { = Ин. ЭТТ = Ми! (U.P.T.U., 2005) 
ФЕР лг" p" 
(3) Liouville's theorem‘. 7f f (z) is analytic and bounded for all 2 in the entire complex plane, then f (z) is 
a constant. (U.P. T. U., 2008) 


* Named after the Italian mathematician, Giacinto Morera (1856-1909) who worked in Turin. 
T See footnote p. 144 
$ See footnote p. 573. 





- Р 





Taking n = 1 and replacing a Бу z, (1) gives 
| | f(z) | = Mir 
Ав г — co, it gives f(z) = 0 ie., /(2) is constant for all z. 
(4) Poisson's integral formulae. If f (2) is analytic within and on the circle C: | | =p and z = re'? is any 
point within C, then 
2 5 


p-r" 
fret) = —- [^ ; -Зэрсг бару eves 


By Cauchy's integral formula, / (2) = —— Lee dw M 
| | 2m s 0-2 





Ав the inverse of the point х w.r.t. C lies outside C and is given by p*/z. [See footnote p. 685] 
^. by Cauchy's theorem, | 
o= sh [aw 2) 





Subtracting (2) from (1), f(z) = a 12 a fav) dw 


w-2 w-p'/z 


1 zz- 2 


— % dw wild) 
© 2 С zw i tee ped ae ) fus | 


Taking ш = pe‘ and ng 2 = ге, (3) gives 
Ши - pary Pp | dg 





А Мүгэ- T. | | 
Еб rp ©» _ tof w 
- On уг? rpe 4079-91" 2x © o7. арр сов (0$) кг a 


This is called Poisson's integral formula” for a circle. It expresses the values of a harmonic function within a circle in 
terms of its values on the boundary. 

Writing f (re) =u (г, Ө) + iv (г, 8) and f(pe'*) = u (p, ф) + iv (p, ф) т (4) and equating real and imaginary parts from both 
sides, we get the formulae: 


(р? zi tei ee 








sti 124) 


0200 1007 





* Named after the French mathematician Simeon Denis Poisson (1781-1840) who was a professor in Paris and made 
contributions to partial differential equations, potential theory and probability. 


(Пассив or COMPLEX Functions 





4. Use TAT integral formula to calculate: 











9? |2| =1. (ETU, 2005.8) D 4c di, where C is |z| - 1. 
(iii) ТЕЕ sin ПЕ cos 52 75 where Cle 12144. ИЛРЛАГ, 2008) 
(2—12 = 2) 
5. Evaluate (a) j P where C is |z| 22. 
-# 
(8) ) ie where € is |2| = 3. (Rohtak, 2003) 
(z - 1X2 - 2) 
8. Evaluate, using Cauchy's integral formulae: 
(1) ) —;————dz, where Cis |z- 2| = 1 : (UPT U., 2009: Hissar, 2007 ; Madras, 2000) 
27-8:42 2 
Uf. ейт Ч. m. fea р. 
(и) ў 5, where Cis |2—1| =3. (Bhopal, 2009) 
(241 
ao f. be? 54 where Cis |2-1| =—. (J.N.T.U., 2003) 
2 (2—1) 2 
7. Evaluate f (2) and f (3) where f(a)-= fever Me 22 —2 2 ge and C is the circle [21 22.5 


8. If (D = j az + CAE um dz, where €' is the circle |z| = 2 find the values of 
(Е) ie» tikti- i) (ш) °C] =1). (Mumbai, 2006) 
9. Evaluate { ett dz, where C is the ellipse 4х2 + 9у2 = I. (Rohtak, 2006) 
10. Verify Cauchy's theorem for the integral of z? taken over the boundary of the (1) rectangle with vertices —1, 1,141, 
=] +; triangle with vertices (I, 2), (1, 4), (3, 2). (V.T.U., 2003) 





(1) SERIES OF COMPLEX TERMS 


Let (a, + ib,) + (a, + iby) +... + (a, +10,) +... S) 
be an infinite series of complex terms ; a's and b's being real numbers. If the series Xa, and Eb, converge to the 
sums A and B, then series (1) is said to converge to the sum A + iB. Also if (1) is a convergent series, then 


ТЕ | ib у= 0. 
I (a, + ib) 


The series (1) is said to be absolutely convergent ifthe series 
i | a, +16, | [a5 ib, | +... + | a, +ib, |+... 
is convergent. Since | a, | and | 6, | are both < |a, + ib, |, it follows that an absolutely convergent series is 
convergent. 

Next let the series of functions u,(z) + ulz) +... + u (z) + ...... AA) 
converge to the sum S(z) and S,(z) be the sum of its first n terms. Then the series (2) is said to be uniformly 
convergent in a region R, if corresponding to any positive number £, there exists a positive number N, depending 
on £, but not on z, such that for every z in R. 

| 5(2)-5,(2) | <eforn>N. lef. Def. p. 389] 

As in the case of real series (p. 390) Weirstrass's M-test holds for series of complex terms. So the series 
(2) is uniformly convergent in a region R if there is a convergent series of positive constants XM, such that 
| 4,(2) | € M, for all z in В. 

Also a uniformly convergent series of continuous complex functions is itself continuous and can be inte- 
grated term by term. 





(2) Taylor's series*. If (2) is analytic inside a circle C with centre at a, then for z inside С, 
flz)=fla) *f'taXz —a) + res с-а? +... + Ee 54 


| Proof. Let z be any point inside С. Draw a circle С, with centre " a enclosing z 
(Fig. 20.20). Let t be a point on C,. We have 


do 1 „А-а 
t-z * = -40-1Е-0) t-a t-a 


zx [1.28 [2-0 z—a)" е За 
Asper (s Jic 3 E (ш) aah 


As |z—a| < |1-а|, Le. |(z—a)(t—a)| < 1, this series converges uniformly. So, multiplying both sides of 
(ii) by f (t), we can integrate over С. 


— (z-—af +.. 























TE fase- Zr po г ++ (e-a. $e. ii) 
ae e а)"* 


Since / (Di is analytic on nut inside C,, РЫР ids the formulae (2) to (5) of p. 697-698 (iii), we get 
(1) which is known as Tuylor's series. 








(3) Laurent's series’, 7f fíz) is analytic in the ring-shaped region В bounded by two concentric circles С 

and C, of radii rand г, (r > rj) and with centre at a, then for all z in R 
fíz)-ag*a,(z-a)*ajz—a) +... +а_ ,(z-aY! «a (г-ау 1... 

| | a: В ft) 
where a, = Oni (ая Lay 
Г being any curve in R, encircling C, (as in Fig. 20.21). 

Proof. Introduce cross-out AB, then f(z) is analytic in the region D 
bounded by AB, C, described clockwise, BA and C described anti-clockwise 
(see Fig. 20.17). Then if z be any point in D, we have 


feja- | LO) ёс LY oes PO) is ; £0 е 





2m|JaBt—z : t-z ЇВАТ-2 2 t-z 
ES 29 l dt- Hs PO at axi) ———— 
7 әлі Е 20.21 


where both С and С, are par ИР anti-clockwise in (1) and integrals along AB and BA cancel (Fig. 20.21). 
For the first thr in (0), expanding 1/(¢ —z) as in $ 20.16 (2), we get 


n 
a di- 5E ау а) ft | 
zi] J (t- а)"*! 
* See footnote р. 145. 
t Named after the French engineer and mathematician Pierre Alphonse Laurent (1818-1854) who published this theorem in 
1843. 





fit) 


Е | 1 
nz ca w бүлээн J Fae 


For the second integral in (i), let ¢ lie on C,. Then we write 


E) 





C БИЙЧИ ТОИ р 
t-z (t-a)-(z-a) z-a\ :-а 


| | 2 45-1 
ЭМ. ы: “(2-а + 4(E) | 
о тта EC 2-а) 


As | t-a |< | 2-а |, Łe., |(t -aY(z—a)| < 1, this series converges uniformly. Se multiplying both sides 
by f (t) and integrating over C,, we get 

















эж f (t) E 1 m-l - -n TT 
zi] bes dm, = (z-a)" "ош ыі (б-а) Ра = Èe L4 — a) iz) 
where - f di 


C, 
Substituting from (ii) and (iii) in (i), we get 
fas > a,(z—a) + y а,(г-а)". (iv) 


п-0 п=1 


Now f (ФУ — а)"* 1 being analytic in the region between C and Г, we can take the integral giving a, over Г. 
Similarly we can take the integral giving a , over Г. Hence (iv) can be written as 


Е e) 
fiz- x a,(z—a)" where a, = элі) й 


which is known ав Laurent's series. 


T y Ж. E i) x + zy - -2 


SM e] ii 





UU (—————H — 
s,-z—z?42?—29 423-24+ +2" алж 5 Él 
For |z| «1,2^*!! 30asn — о, 


A Lt (s,)=2, i.e., the given series converges for |z| < 1. 


| s,(z) | “|1201-2)1412201-23| +... + |г"(1—>)| 
-11-21112141212 1214-4121" 


T z 
For}z|<1, Lt |s,(2)|=|1-2| 1, GP} 
Hence the given series converges absolutely. 





Lê, 





| Solution. Given f(z) = sinz,f'(z) = cos 0, f” (2) = — = z, f(z) = -co&z, ... 
f(0) = 0, 70) =1,/^”(0) = 0, f’"(0) = 
By Taylor's series about z = 0, we have 


| anil Е ИН 
ft) = f) + ==" цо)» БООЛ POJE.. 





2 25 
| ip ox 1 
sinz- s2- ti = oe . + (-1) Qn-Di t Di 
Ч "NE - _ mēn- 2x. (1j 
Hence sin z = 2, а,(2-0У/77 where a, = (99 1) 
= аш | q4 | 2л-11| _ 
ами p= 14-25 = LoT 








Thus the radius of convergence of f (z) = 1/p = = 
i.e., the region лаана аи is all reals. 


' 114 447 ат. 
M. { +i 
"E 
КТЫ 
| 


J Ї Y bU b3 
АТ. VAY 44 (/ Ч ' "d 





Solution. Г То éxpsod fG) hoes =i 6. in powers of z +i, putz ist, Then 
- 2 29. | 
20 , 30 __at to 








fe чэн 385 -(ü-iy?[-«umui-r*- ши 





























-+ 
(-1417 l-i 01-07 a-iy 
[Expanding by Binomial theorem] 
{|, ч (n + 1X2 +)" 
zi 1+, Ха шан ын 
5 8410 22+1 _ i. d Ji 
(i) fle) = To 22-2 20211) =“ -2)+%е- p RE. | (i) 
[By partial fractions] 
To expand 1/2 and 1/2 + 1) about z = Е, put z — i =f, so that 
1.1 17: fy NE CONES T 
tup 1+ г) [Expanding by Binomial theorem] 
ee ee en ай E „ 
| Dog гй ihis ats 
pone X eae i) 
ne 2 | 
1.1 ore) [Expanding by Binomial theorem] 
Е41 14411 141, 1+! | m | С 
1 t t б {* | 
= — 1 -—— + = — == И 
1+1 1-4 ase? a+ ач) Л 
1-1 t| Р Ü i «| acil gap 5? 
x ee — = = ee |] = 4 1 2-1 4 KL) 
2 а бу 14-05 Qi? EE 2 гч і TEL 





Substituting from (ii) and (iii) in (1), we get 


1 "n 
f(z)= (2- 2-444-1) (2-1-4)г-0-3с RAF "axle =) 





п=2 





i 3 M a x za ие 
= (£-8) * (s * i) (z-i)+ 2, (—1) яз “гийн le ый". 





ЭРГЭН EC NONE | l d A Е 
Solution. (a) By partial fractions @-De-2) в 221 Nr 
--11-2| «аан Gi) 


For | 2| < 1, both | 2/2 | and | z | are less than 1. Hence (ii) gives on expansion 


1! 2 з 
TERREA | етен .) 


= =+—24 2z +— .. Which is a Taylor's series. 


(2)= а а i. 1 | Р 
f(z)s 2(1- 2/9) (i= "e 1) KL) 


and notice that both | 2/2 | and | 27! | are less than 1. Hence (iii) gives on expansion 


гс 'dis x 252 ПРИЕ Tee 
flz)= 11245 +2 +.) +2 42: 7...) 


which is a Laurent's series. 
(c) For | | > 2, we write (i) as 
1 1 
Ux mnt 
> ао zü-73) | 

= 2741+ 2271 + 4272 + 8273 +...) – Nl +271272 H.) 

=... + 724 + 3273 2? +... 
(d) For 0 < | z-1 | < 1, we write (i) as 

a 1 — 1 
Fe" ЛҮҮ x-1 

--(-1y!-[-(-10] 
=— (z - 11- [1 + (2- 1)+ (z -1 + (2-17 +...]. 





Solution. Writing z + 1 = u, we have 


_Tu-D-2 | Tu-9 - 
u(u—-1(u—-1—2) u(u-1Xu-3) 


toa ae (splitting into partial fraction) 


АЕ AY? sk. ау 
и ш1-1/и) 3(1—-u/3) и и U 8| 3 


flz)= 


| | 




















TÉ | 2 „3 
flz)= ть е) нии = + ej 
2. 1.1 21, u и? и? \ 
= SS eS fe +. 8 | H tO 
и ц? ц? 3 Зз) 
| : 2 3 
Hence fe)= -2 4 1_,__1 ee 142Zti, (e+), (z+ , 
241 (2+1) (2+1) 8 8 3? 3° 


which is valid in the region 1 <z + 1 < 3. 





| (1) ZEROS OF AN ANALYTIC FUNCTION 


Def. A zero of an analytic function fiz) is that value of z for which fiz) = 0. 
If f(z) is analytic in the neighbourhood of a point z = a, then by Taylor's theorem 
f^ (а) 


n! 





f(z2)2ag* а= — a) + as(z -aF +... + аар... where a, = 


Ifa, =a, =а, =... =а, у= 0 but a, #0, then / (2) is said to have a zero of order m аг = а. 
When т = 1, the zero is said to be simple. In the neighbourhood of zero (2 = a) of order т, 
f(2)=a,(z-—a)" +а, (2 – а)" +1 +. 
= (2 — а)" ф(2) where ф(2) = а, + 4.20 —a)+... 

Then (2) is analytic and non-zero in the neighbourhood of z = a. 

(2) Singularities of an analytic function 

We have already defined a singular point of a function as the point at which the function ceases to be 
analytic. 

(1) Isolated singularity. If z = a is a singularity of f (2) such that f (z) is analytic at each point in its 
neighourhood (i.e., there exists a circle with centre a which has no other singularity), then z = a is called an 
isolated singularity. 

In such a case, f(z) can be expanded in a Laurent's series around z = a, giving 

fiz)=a, + a,(z-—a)+a,(z-a)? +... +а_ (= -а)/ +а z-a? +... 1) 

For example, f(z) = cot (7/2) 18 not analytic where tibi (л/2) = О Le. at the points = 4r or z= l/n (n = 1, 2, 
4.9, 

Thus = = 1, 1/2, 1/3, ... are all isolated singularities ав there is no other singularity in their neighbourhood. 

But when п is large, z = 0 is such a singularity that there are infinite number of other singularities in its 
neighbourhood. Thus z = 0 is the non-isolated singularity of f (z). 


(ii) Removable singularity. If all the negative powers of (z — a) in (1) are zero, then f(z) = » a,(z—a). 
nzü 
Here the singularity can be removed by defining f (z) atz = а in such a way that it becomes analytic at = = а. Such 
a singularity is called a removable singularity. 
Thus if Lt f(z) exists finitely, then = =a is a removable singularity. 
THI 


(їп) Poles. If all the negative powers of (z — a) in (1) after the nth are missing, then the singularity at z =a 
is called a pole of order n. 

A pole of first order is called a simple pole. 

(iv) Essential singularity. If the number of negative powers of (z — a) in (I) is infinite, then = =a is called 


an essential singularity, In this case, Lt f(z) does not exist. 
EI 


- Find the nature and location of singularities of the following functions: | | Ай ut Vi 
127 ee) 28. э 7 | 314^ WP " Wis 1; 1 
ЕС (+ Dein Eu | a) ee ^ у B F MN 





2aLCULUs- or COMPLEX FurcrioNs 709 





Solution. (1) Here = = 0 is a singularity. 





z—Binz 1 ( 23 зуй" z' ) 2 z 2 
Also EE ee ren ee Ес EL 
4 2? 2" | |? gs ww | 3| 5! 7 
Since there are no negative powers of z in the expansion, z = 0 is a removable singularity. 
(it) (z + 1) sin 215 =(t+2+1)sin : where ё = 2 – 2 
1 4 1 1.4 3 1,3 | 
= (t + 3) 1-----4---- ami an NA 
[ 887 517° | | 3^ 51 | E 20 51 — | 
— — — нх  ——!" 1 








— E ль S — — — + 
Since there are infinite number of terms in the negative powers of (z — 2), z = 2 is an essential singularity. 


1 


uss Lene ®° given by equating the denominator to zero, ie., by cos z — sin z = 0 or 
sz-sinz | 


(iii) Poles of f(z) = 
tan 2 = 1 orz = 1/4. Clearly z = 7/4 is a simple pole of fiz). 


Example 20.31. What type of singularity have the following functions : 


e ris — 
(її) Gii Su (OLP.T.U., 2009) 


Жүр". (z= у 2° 








(i) 1 


Solution. (i) Poles of f(z) = 1/(1 — e) are found by equating to zero 1-6 = 0 ore? = 1 =e*"™™ 
2 = 2nm (п = 0, + 1, + 2, ...) 
омду fiz) has a simple pole at z = 2ш. 


2r wiel) 2 
a e e e 
(и). Е. where t = 2 – 1 


(2—1) ЗОН >. 
е EE: (Qt  (2tP (20 (20) e Ё el EP 3E. 41 +. 

















25 ——— -— + — 
t a 74 Б и пг at 15 


= el — — eae ® 
G- @-i (2102 3-1) 8 15 
Since there are finite (4) number of terms containing negative powers of (2-1), 
= = Lisa pole of 4th order. 





LT 1) +.. | 


24 


1/2 | | 
... e 1 1 1 1 „1 -H à 
(шц) fü += + + +...) == +2" ++... ое 
f z^ к | liz 212^ 312° | 2 


Since there are infinite number of terms in the negative powers of z, therefore f (z) has an essential 
singularity at z = 0. 











PROBLEMS 20.7 | 





1, Obtain the expansion of (z — 1/2? in a Taylor's series in powers of (2 = 1) and determine the region of convergence. 


2. Find the first three times of the Taylor's series expansion of (2) = 1/22 + 4) about z = —#, Also find the region of 
convergence, (U.P.T.U., 2008) 


3. Expand in Taylor's series (i) (z — 1)/(z + 1) about the point г = 1. (Andhra, 2000) 
(ii) cos z about the point 2 = 1/2. (Marathwada, 2008) (iii) ——— = about (a)z=—1 (b)z51 ^ (РТИ, 2009) 
thun с 


4. Expand the following functions in Laurent's series : 





(1) Г(Е) = : : E for1eé|z«1]*«2. (Madras; 2008) 
z^ 


Нонея 








(i) (г) = (515513) for 1< | z | <3. ERs 2006) 

(iit) f(z) = 2Л@ — 102 =3)] for | =-1 | <2. (УТИ. 2007) 

B. Find the Laurent's expansion of (1) ;;aboutz = 1. (Rohtak, 2006) 
(z—1) 


(id) e* Az — 1)? about the singularity z = 1. 
6. Expand the following functions in Laurent series. 


1- E 














(é) (= —- ПЕ? for |z-1| »1 (iz) —, about 2 = 0. (Rohtak, 2004) 
7. Find the Laurent’s series expansion of 
os 
(i) gets ane about = = 0 in the region 2 < |z| <3 (V.T.U., 2011 8 ; Osmania, 2008) 
25:46 
T z2 -6:-1 Ч "ali a 
(tt) ru id in the region 3 «|2-42| «5 
БЕВА: IM | yl 
(iu) 190-18 in in the region (a) {2123 2 ()0< |г2-81| «3, | (V.7.U., 2010 $) 
8. Find the Laurent's expansion of MC? + 1) (2° + 2)] for (a) 0 < |z| «1:(5)1« || < 50300 e] >22. 

Find the nature and location of the singularities of the following functions : (P.T.U., 2005) 
Ем. 10. sin (1/2). (U.P.T.U. 2009) 11. tan 2) (РТО, 2006) 
2(2-2) 2, 

"ai -1 бул лг e - cot Tz | | 5 
i = Osmania, 8008) 13.--5--. 14. oll, (ИРТИ, 2008) 
(2-1) ; (z - 1» (z - ay 


| (1) RESIDUES 





The coefficient of (z — а} in the expansion of f (z) around an isolated singularity is called the residue (x f 
(2) at that point. Thus in the Laurent's series expansion of f (z) around z = а Le.,f(z) ag a, (2-а) +a, (2-a 
+... +a (z-a) +a, (z-a)? +... the residue of fz) at z =a isa ,. 


1 f 
es Ка) 52 ) fiz) 


ie., f f(z)dz = 2ni Res f (a). (1) 
С 


(2) Residue Theorem 
If f (z) is analytic in a closed curve C except at a finite number of 


singular potnts within C, then (z)dz = 2m x (sum of the residues at the 
ng р | 


singular points within С). 

Let us surround each of the singular points ау, Ay, -.-, 4, by a small 
circle such —- it encloses no other singular point (Fig. 20. 22). "Then these 
circles C,, С,, ..., C, together with C, form a multiply connected region in 
which f (2) Ш analytic. Fig. 20.22 

applying Cauchy's theorem, we have 


$ reds = $ fdz +> ESE 4... f f(zdz [by (1) 
C Е. Cy C, 





= 2m [Res f (a,) + Res f (aj) +... + Res f (a,)] which is the desired result. 





(1) If f (z) has a simple pole at z =a, then 
Res Ка) - it [(z – a)f(z)]. (1) 


Laurent’s series in this case is 
f(z) =e, + с2а) +с.(2-а)?...+е (2 – ау! 
Multiplying throughout by = — a, we have 
(z-a) (z) = сиг - a) +¢,(z-a) +... +¢_,. 

Taking limits as 2 > a, we get 

it (г – а) (z)) = c , = Res f (a). 
(2) Another formula for Res f (a) : 
Let f (z) = $(z)Yy(z), where ylz) = (z — a) F(z), Fla) = 0. 
Then it [(z — a) H(z wtz)] 

(z — а)[ф(а) + (z — a9 (a) + ...] 

za .—W(a)-(z —a)w'(a) +... 


‚ Фа) +(z-a)p(a) +... 
га W(a)+(z—a)y"(a) +... 


‚ since wia)=0 


Th. ‚_ oa) 
Thus Res fia) у (а) : 
(3) If f (2) has a pole of order n at z =a, then 


Res Ка) = [(z — a) "fe 


ama 
(n-1)!| qz»? шан 
Неге f(z)-co* c,í2—-a)* cz af +... cz -ay!e..c.(z—ay^. 
Multiplying throughout by (z — a)^, we get 
(z—a)" Кг) = cz фа) +e (e-a t! &e(z-aP*? +... +e, (2-a)"-1 + ¢_(2-a)"-* +... +0. 
Differentiating both sides w.r.t. 2, п — 1 times and putting z = a, we get 





[== d (2 — а)" f 2) = (n — 1)! ¢_, whence follows the result. 


z= 


i E ъ" TI p 7 vA 


Y f "i^ 





Solution. / (2) has шин poles at z = 0, + 7/2, + анж _... 
Only the poles z = 0 and z = + 1/2 lies inside |z| = 2 





Bill = 
Res / (0) = Lt lz. f(z)]= Lt (sins = 0. 


-— лүк 1. ү, [G-x/2sinz 
Res ш) = 1e (2-5) rto]- Us, 2-2 8895) 


z-m/2 2 СОБ 2 
mx (2 — 1/2) cos г +віп 2 [B ing 0, | 
zon/2 0082-2812 0 | 
= i 4 





244 най 





= Reni -n/üj&. cq 1205-0885). үр Serier rine -1 2 
т-»-н/2 20052 | 2-72 cos z-zsinz2 -n/2 m 


Hence sum of residues s 0 = 2.2 0: 


Агт 


Ё ü 
1 = à 
E 4 
тү 
L1 
4 
1 
235 
Тт 
um 
= im 


EP 
а 
= hg а № 5 
= J x 


RT 
HE 
і болж! 
is card 
a Р a ы 
F 
=. 
= 
hi — & 
(Т n 
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2 
Solution. Since 14, (2 + 2)f(2)- Lt —5—; LE: 
£——-2 f :--2( - .1Y ~ 9° 


which i is finite and non-zero, the function has a simple pole at z = – 2 and Res f (-2) = 
Also since Lt [(z — 1)* flz)] is finite and non-zero, f (2) has a pole of order two at z = 1. 








" ee х. хой | 1а4(21 [294] 5 
Res f (1) ul £u 1Y fü Р EE | iot 9 
| z-1 z21 
[Otherwise writing z = 1 +t, 
(1+5 2 -1 og sore ll ге | 
Pig) -Ш2 1. 1-17(1-1/8)1-41:(1-445211-45-54--.. 
f (3+ 0) еуі ЕВ = al 3 9 | 
1 (ү,5,,4а.1.1,5,4. 
“ар 1 (1-3: 4342 = ыы TS aU 
8 atl wed. 


Clearly f (2) is analytic on |z| = 2.5 and at all points inside except the poles z = – 2 and z = 1. Hence by 
residue theorem 


| Нем = 2ni [Res f (- 2) + Res f (1)] = 2ni Ё P 5] „аи: 


с 





ттер тһе isti of f (z) are given by (z — De- preg 3)= =0 
2 = l is a pole of order 4, while z = 2 and z = 3 are simple jeles. 


3 | 3 | 
— Á— а 
la 1 


(z-1'(2-2(-3, , баг 
^ z-1isa pole of order 4, while z = 2 and z = 3 are simple poles. 


гсэн. 1 4° 4 г° 14 | Ё | 
fa 81 4 | z занаж... 6 qz |(z-2Xz-3)) , 


n | | — xp жес 
-424|238- 8 , 2T 14 8: 53 8127. 17 8! 
5. z 6| (2-2 -2% |, 


z-2*2-8) _ 


- шинээ 
2 Bid. 


Hien 08-12 ыы 2-4 
гаг и) ^ cul 2? гэ 5 (1)*(-1) 





| | | 27 97 
ВЕЕТ Bt4pe83) ——.-——— ыы 
rem е, le ( won (28.1 16 


"e j КЕ = Sie Res PAD Өв (A Г. Pole z = 3 is outside C] 
C 





Solution. The poles of f (2) = uA are given Бу =? + 22 + 5 = 0 
2 +22 +5 

_ 2+ (4 – 20) _ 
2 | 

(i) Both the poles г = — 1 + 2: and z = — 1 – 2i lie outside the circle |z| = 1. Therefore, f (2) is analytic 





if 4 
Ё rj 


Le, by z —1+ 21. 


| -- --3 . 

Hence by Cauchy's theorem, | a hie an 

— € 

(ii) Here only one pole z =— 1 + 2: lies inside the circle С: |41-1| = 2. Therefore, f (2) is analytic within 
C except at this pole. 

— v ICE RN (2+1- 2102 – 3) 

О Res f (— 1+ 2i) = MN [lz —(—1 + 221 Д2) = eet 80-85 | 

2-3 —4- 2i ” 


owas oo te Ai = + 1/2. 


Hence by residue theorem | fizidz = 2ni Res f (— 1 + 21) = 2ri(1 + 1/2) = ni — 2). 
C 





(tit) Here only the pole z =— 1 — 2i lies inside the circle С: |4-1-1| = 2. Therefore, f (z) is analytic within 
C except at this pole. 
Э?” : (2+1 + 21)(2 — 3) 
.. Res == 1 — 2t = Lt t= a d 
л = ай 2? + 922+ 5 
2—3 —4 – 21 


— = 


=1-; 





EualcabEle-9: ^ Al 


Hence by residue theorem, $ f(zdz = 2ni Res f (— 1 – 2i) = 2ni € 
C 


tale 
[ 
тыа 
Ш 
a 
+ 
— 






i ' 
Ё ; . с Ч һ * Ё 2... Les L ки! : 
^ Е rare Ё А m EE E TTE n 1) ы 
Е Ex TT: LIE 3 Е. ш паа 4 Жеш ТЕ Qe ЕЕЕ. ич = = x 
i ў Г (D - Ч m Pe SEI EM Le (EL ILLE Be 
15 б ^ ^ л, ih Е ч 1 1 ты л 
L га “+ M л, = pa = ф MN r j а iar 1 с> - -— 
7 [N м "m Жо... LI 2 ч Га » m n" D 
Ц Л A ї -. “Гэ пе кч й f 4. x " 
4 i d i в 
А па "М ЗЕ ац 22-28 i 
Ч 1 t " , ; r= 1 < 
i itg т 1 2, = T [T 4 
" 4 at + 


Solution. f (z) = e*/cos nz has simple poles at = = + 1/2, + 3/2, + 5/2, ... 
Out of these only the poles at = 1/2 and z = — 1/2 lie inside the given circle |z| = 1. 





^ Res f(1/2)= Lt (= -i ra) = Ut prd | р form | 


11-» 
and Res f(—1/2)= Lt 2237 | [о form | 
2428 | 0 | 
COS Лг 





Solution. The — of f(z) = sin 2/cos = are given by cos 2 = О е. z= ee. + 3/2, + 5n/2,. 
Of these poles, z = 1/2, and — 77/2 only are within the given circle. 


RO Res f(w2)= Lt. heat Lt, E >) [By § 20.19 (2)] 
sin z 


Similarly Resf(-w2)= Lt ————— z- 1. 
z——nm2 d | 


Hence by residue theorem, 
| flzkdz = 2ni (Res f (1/2) + Res f (- 1/2) = 2ni (- 1 — 1) = — 4i. 
С 
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р 
“Ж л E вт 
ч L ї x i 
TES Ер 5 Е" М.т 51 r 
А EST d zi DIT. 
LE T B^ 1 5 
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sin nz^ + cos nz” 
(2-1)? (2-2) 
is analytic within the circle | z | = 3 excepting the poles г = 1 and z = 2. 
Since z = 1 is a pole of order 2. 


Res f (1) = ni Кг — nren) (e 
zl |a ac т Ж zzl 


Solution. f(z)= 








T 
(2-2) - 
= (— 10 2n) —-(— 1) = 2n+1 


21 
(z— 1) 


Also Res f (2)= Lt, ((z — 2) f(z)] = L 
Hence by residue theorem, 
$ f(z) dz = 2ni [Res f(1) + Res f(2)] = 2ni (2л + 1 + 1) = піл + 1i. 
С 


E 


PROBLEMS үш CC: | 1:3 

| ab ut. n i and hence find the residue thereat. | es | 

(i) Neta Bat =a. | e WA ET | У 11419 (P.T.U., 8009 S) 
Determine the p poles of the following functic ns and the residue at each pole 


( т "ай, atza | | 
4 2440 Т лн | bL | 4 р PE АЛ 
5. — ip | = == 200 Ww iv | T A 2. TN 
tee ea 22 +3) i», vee Pu @ TT din. ага (dà | z- -2 2| $ (Mumbai, 2006) 
< Evaluate the following int ? r 1 AM (| 7 | 
cl e% dz cum IT ҮС TT MA S HU AEN. PLN, 
$ (2+ Жан ТА. "my т MAS ЛЧ, & iW: ETP 2009) 


жы” ^ 


и | 42°. -4z41 Ч 
(ob Sees | A 4% С: |а 
Ead 2) х ( " 
n ^ 29 


(U.P.T:U., 2004) 


(U.P.T.U., 2009) 


(Madras, 2006) 


n sni; ЮМ 2003 S ; Osmania, 2003) 


| боб ййн,с 18183, 


т г З. e JA de М 27" | 
| шо $ SC | z-i|22, (VTU, 2006) | Aaa т = Е | =2, 


eee eee жайы : (i) 1 хол dz, с: da Кз 


‚ ®бесг ET и? 20052 LY | EL b i» 
—— dz, e = 2g aM. tii) £u ( са, Gr m. 1 = 1. (V T. U., 2007 J 

Жое ADM |: | k (4) Pe SD N od | (V. T.U., 2007) 

Evaluate $ — = - where С is the circle ( 2 un - à AM. ORT xtd de 9! (Marathwada, 2008) | 


(ii). 


Obtain Laurent's expansion for the function f(x) | | 
зеге C is the circle. lz-1422. ^ jn arf (J.N.T.U., 2005) 








_EVALUATION OF REAL DEFINITE INTEGRALS 


Many important definite integrals can be evaluated by applying the Residue theorem to rinay di chosen 
integrals. The contours chosen will consist of straight lines and circular arcs. 


| 2 | | 
(a) Integration around the unit cirele. An integral of the type Г " f (sin Ө, cos Ө) dð, where the 
integrand is a rational function of sin 0 and cos 0 can be evaluated by writing e = z. 


Since sin 6 = =(2-7) and cos 0 = Xe 1) then integral takes the form f Г (г)4г, where f(z) is a 


rational function of z and C is a unit circle | z | = 1. 
Hence the integral is equal to 2ni times the sum of the residues at those poles of f(z) which are within C. 





Solution. Putting г = ©, 40 = dz/iz, cos Ө = 4(z + 1/2) and cos 20 = $(e7 + e720) = 1(22 + 1/22) 
г. the given integral 


Ta lg 1/2?) Bed | (24 «1)dz _ 
С 1-а(2+1/2)+а? iz 21 °С z'(z— az? — a * a*z) 
4 | я 
== |, ac ee Ь f (2) dz where C is the unit circle | z | = 1. 
(2 — а) (1 


Now fiz) has simple poles at z = a, lla and the second order pole atz = 0, of which the poles at z = 0 and 
z=a he within the unit circle. 





сай +1 a! +1 
= Re = it => „ =le 
5/(а)- (2 — a) f (z)] PIE ES] Zala?) 
| Яаг zi LEUTE um 
and Res f(0) = it. & to fiz-- "E x 
23 и T3 а+а к. жа +101 – 2az + a^) __ ita’ 
7 Biase (z — аг? — a * a?zY ‚ 2ia? 
| ST NGC = S а +1 1+а° | 2na* 
Непсе I = 2ni [Res f(a) + Res f(0)] = 2m „т> 21 E 


3 
i Ж 





і b 2 i = а Г Бол 
[^ - `- 
- И Ри . 4 з 
=” d ! 
г лд? y ^ 
к TE: "y LE 
L к " Ч E Г i 
‚ № е | a? a 
© рг ь 1) / "8. ОМ +. 
я. M, = ш | F =, Р | ж > 


Solution. Putting z = е, d@ = 42/2, cos Ө = 32 + 12) 


and cos 36 = > (ез9 + 27819) = 5 (23 + 1/23). 


Qe +1729) а, 
the given integral I= | -5------.-- 
the given integral lc §—Qe+1/2)' iz 


и | 9 фе _ (2° +042 _ 
рес 230272 _ 52+ 9) 2i "C 23(92 1X2 – 2) 


n. 
4 
m 





цэн 2: [ f(z) аг, where С is the unit circle | г | = 1. 
TEE | 
СЭР 1 | 
Now fiz) has a pole of order З at z = 0 and simple poles at z = 2 and z = 2. Of these only z = 0 and z = 1/2 
lie within the unit circle. 





" (z—1/2)(z28 +1) 2841 | 65 
Benf(lj2)z 14 ———- = Е he 
82075 i Gz-DG-2 Ha 5) 


n-1 
Res f(0) = me 5 Kz- orren wheren=3 


dz" ^ =I - 
2 Y 2 
- а2( 2541 _ d | (2z —52+2) 62° — (20 +1042 — 5) atz=0 
аана БАГ “аг 20922 — bz + 2)? 





d | 82’ — 2525 +1225 pur 
dz| 2(22? — Бг + 2) = 


| (22? — 5z + 2)? (5625 — 15025 + 602* — 4) – (827 — 2528 + 122° 
—42+5)2(22* — 5z + 2042 — 5) 


| 


2(92* — Бг + 2)! : 

24-4)-5-20) 84 21 

2 х 16 az 8 
| =Й n | Г 65 21 ^31, л 
Hii [= — (олі [Res f(1/2) + Res/(0]] --л| 65, 21| __ (-:5|-15: 
2l f j ия E 12/ 12 


(b) Integration around a small semi-circle. To evaluate 1 f (x) dx, we consider |. f(z), where Cis 


the contour consisting of the semi-circle C,: | 2 | = E, together with the diameter that closes it. 
Supposing that f(z) has no singular point on the real axis, we have, by the Residue theorem, 


fo fiz) dz + Ца? fix) dx = Эт У Res f (a). 
Cp -Ë 


Finally making R tend to =, we find the value of 1 f(x)dx, provided E. fiz) dz > 0 as Ro. 





' TT z'dz E 
Solution. Consider 8 Са) = |А Ё (2) аг 
where С is the contour consisting of the semi-circle C, of radius R together 
with the part of the real axis from — R to R as shown in Fig. 20.23. 
The integrand has simple poles at z = +12, z = + 21 of which z = 1, 2: only 
lie inside C. 
by the Residue theorem, 


In f (z)dz = 2ni [Res f(i) + Res f(2))] 





= 2ni [Lt (2—0) f(2)* Lt (2-20 f (2) 


1 o£ Ai” «cor f dA m Е 
и а (s-3)^5 tt) 
| 9i(i^ +4) (4: +10410) 6 3/ 3 





| 2 pR —" 
Also [Ро а= [feo dx | с, fede (iti) 
Now let А — =, so as to show mat the second integral in (ii) vanishes. For any point on Cp as | z | = 
f (z)= - 


х (1+272)(1 + 4272) 
decreases as 1/2? and tends to zero whereas the length of C, increases with z. 


Consequently, Lt | f(z) аг = 0. 
|2|- “Cr 


х? dx 
+10? CU 


Hence from (1), (it) and (iti), we get Г 
T x* 





Solution. Consider 





where C is the contour "i. нэ the semi-circle C, of radius R together with the part of the real axis from 
— R to Н as shown in Fig. 20.23. 
The integrand has simple poles at z =i amd z = — i, of which z = i only lies inside C. 


by Residue theorem, |, f(z) dz = 2ni Res f (i) = 2ni Lt Kz- i) РО 


(2 —i) е‘ e” e" 


























= Әлі Lt —— ——— -2m Lt — = 2n = пе“ walt) 
zi z* +1 zci zl 
Also f. f(z)dz= (^. f(x) dx + А f (z)dz i) 
Now |= | = Коп Срапа | 2*+1 | 2А*-1 
Also | 8 |= | oem] = pae, ow | eel [> у>0] 
"and | 1 1 
= |е? [| < 1. —— 
Ear Ie] |22 «1| | R*-1 
: wur PE x TET. 1 | nA x: = Tt 
Thus je. ГО) авг! fe, Fai Sis, эсүүл ЛЭХ which — to 0 as А — =. D) 
Hence from (1), (ii) and (iii), we get 
ne “= Г f(x)dx+0 or Г T - dx = ne? 
== -= хт +1 
Equating real parts from both sides, we obtain 
Г 22-22 dx = пе“ 
et Л 
Since cos ах/(х? + 1) is ап even function of x, we have 
2(^ 9989* qv песа or [“ 25965, e? 
9 x*4] 0 x*41 Е 


(e) initiate around шшш contours 





Solution, Consider 1- age | f(z)dz where C is the rectangle ABCD with vertices at (Р, 0), 


C ot + 
(R, 21), (- R, 21) and (- R, 0), В инь positive (Fig. 20.24). 





f (z) has finite poles given by 
её = – 1 = eon + ln 
or зээх И ELENE En 
The only pole inside the rectangle is 2 = ri. 
by Residue theorem, 


[Раг = 2ni Res f (лї) 


= 2ni е VES (e^ d| 


= 2mie™/e™ = — 2rie™™ [ e™=-1] w(t) 
Аво [аг = [,, Раг + |, Раг + |, Раг + f, fdz 





1 Т ЕТТЕ -R : ro тия R 
= [fd уау + |, fix 2n0dx |, f(- R +iy)idy+ | „ Годах 
е. z= R +iy along АВ, z = х + 2m along BC,2-—R-iy "SE and z = x along DA.] 



































on єв) Е Qao 2ni) E On gt R+ty) 4 ” 
ог |, ес =i J, “| NL "rim А 219 iD 
Now for any two complex numbers 2, 25 
| | z, | > | 25 |, we have | 21 +2. |> | 21 | -|z| 
so that | e® + 1| zeF— 1. Also | et 749 | = ез" 
for the integrand of first integral in (п), we have 
(В+) aR | 
= < which > 0 as R > =. [с а>1] 
err 41| 29-1 | 
Similarly, for the integrand of the third integral in (ii), we get 
г R+iy) = 
ЕЕЕ which also — 0 as Я — =, ЇГ а < 0] 
ga lee 
Hence as Л — с, since the first and third —— in (11) approach zero, we get 
ах г“ 
[аг = – e" [7 dx + [^ ах =(1-e™) |" бы (йй) 
аш > +1 --.1 * +1 
Thus from (i) and (iii), we obtain (1 —e%™) f^ -2--к--Элййн 
Te + 
л 
5 t — 5 
equating real parts, we ge (-2 =a dx а= = 





m. bk, ка nple 5 ! 9 4 \ Sha à that | t X AS 9, ТЭ hc t $ 

ot 7 «АЙА А Ne GU 922% i T Ч Hs, Mr | ги | E | ^f 2 X2 } | 
Solution. Integrate f(z) = € “ along the rectangle ABCDA жы vertices A(— ID), В(Г), CU + im), D(- 14 
im) (Fig. 20.25). f (z) has no poles inside this contour. As such 

| p fdz + [года + |, (сг + | Раг = о NT 


OnAB:z-x,onBC:z-l*iy,on CD:z-x- im and on DA:z-—1- iy. 
Therefore, (1) becomes 


A т ууй. -1 ит | pO е р 
fe dx+ |, е idy + | е 4х + | e dy =0 
em Ч ох oi mra m? т P iy : 
or Г. Ё a de Г. e er dx + |, Ё Ё 2йу+у -idy 


r 2 Р uA . 
-j 289% дар =0 i 








Now let / — со, Then the last two integrals 
2 "m а ' . 
=" f. е (ey e) dy = 2e E еЎ sin 2ly dy — 0 


|-> Asi, е“ — 0 and sin 2/у is finite] 
Hence (її) reduces to 





” АС-1, o) Bio) X 
|. е dx- е [е x (cos 2mx —1 sin 27mxXx = 0 Fig. 20.25 


Equating real parts, we get 
em Г a’ сов ны de = Г. dU dam Jn [See p. 289| 


Or Г e*t cos 2mx dx — Y 


(d) Indenting the contours having poles on the real axis. So far we have considered such cases in 
which there is no pole on the real axis. When the integrand has a simple pole on the real axis, we delete it from 
the region by indenting the contour (/.e., by drawing a small semi-circle having the pole for the centre). The 
method will be clear from the following example. 


sin тх 


Example 20.45. Evaluate үр, 94 шин т > 0. T Ч, Үл 








Solution. Consider the integral і. P = fe f(z)dz where C consists of 


(1) the real axis from r to R, 
(її) the upper half of the circle Cp: | z | = Ж, 
(itt) the real axis — А to — r, 
(10) the upper half of the circle C, : | z | =r (Fig. 20.26). 
Since f (z) has no singularity inside С (its only singular point 
being a simple pole at z = 0 which has been deleted by drawing C,), 
we have by Cauchy's theorem : 
rk -F ' ча : 
f, одах + | гаг | годах + |, {даг =0 li) 
| no үк соне +i sin 8) xi 
Now Е fiz)dz = Ї, cw 5 Rie" dð 
і |" pimRicos0+isin 0) уд 
= t Jo 





Since: | eft io Bttm] — А e- MR sin 0 +imR cos @ | — е т sin Ө 


2 e "sing 49 = 2[ е (2 е -mA gn 40 








-2 Г M генле ш [4 for 0 < 0 < 71/2, sin 0/0 > 2/9 


= -—u-e"^) which > 0 аз В — =, 


Also |; Ѓ(2)аг aif" аин Т i dð і.е., –іпаѕ г — 0. 


Hence as г + 0 and R — =, we get from (i) Ї, f(x)dx + 0-4 Г Г(х)4х-1л =0 


т 


ог Г. дах =inie, |" ©——ах =in di) 





Equating imaginary parts from both sides, 


sin mix 





Г ШИНЕ РРР Hence | dx = 2. 








Solution. Integrate f(z) = = MES aS the contour consisting of the circles œ and y of radii a and R and the 
lines AB and FG along x-axis (Fig. 20.27). There is a мн pole at z = — 1 which is within the contour. 


= Lt 2h сы 





Res f(- 1) = Lt, (1+2). 


Thus fip 42+ | f(z)dz + ie fl2)dz + | f(z)dz = Әлі еі - fh 
On АВ : 2 = х and on FG: z = xe™ 


T | _ [8 xP! qu (xe? r 2ni 
А [092+ | Раг = f, de |, үртэй 


- LL e2nilp - 1 4 
а 1+х (1-6 | dx 
On the circle y: z = Веб So 
yde = [Ge y ра 

f, fade = | "a Re^ ide 
ВР". В we A. 

For large R, шананналалк ча ёнак 7-2 Le. Е О 
"1-8. | \ = 76 — 
R?-! which tends to zero as R - œ. (7 p«D | 1557 


Непсе Г f(z)dz -> О аз В — œ 
On the circle a : z = ае®. So 





For small a, the integrand is of the order а? which tends to zero asa — 0. (^ p > 0) 
Thus on taking limits as a — 0 and R - =, (i) gives 





= Pl | -— 
о prz 1-6  Ф-Эїйсь лі eite -0 

- [2 „ dx 2 2mie" D эшє"Ч-1) 22800) зоо 
о 1+х EE ОЧОР) 7 = e 0) ей" о 0" віп px 





and the line Ө = 2. (Fig. 20.28). 


e” has no singularity within С. 
-2 | - 2 - р (i 
lan de [ge des Mn 0 





Fig. 20.28 





OnOA:z=x, л lon ©? de= | €" dx кї? as А — = [Зее р. 289] 


NE e CM ЇГС. — R” (cos 28 « isin 28) Re? . idO +0 as А =, 


| [integrand — 0 as А > =] 
Оп BO:z=re™* and 2? = г? еі"? = үг? 


Ls ot Якы f. ZU | ёл dr=- |“ ois lti gy 








0 49 
a — A ИГЕ — itia t) ДЕ when В — = 
T | 
Substituting these in (1), we get 
2 Vn +0 Г (cos x" — i sin X (=) 


Equating real and imaginary parts, we obtain 


Hence ЇГ sin a? dx = | cos x” dx 5 (51. 


PROBLEMS 20.9 | 





Apply the calculus of residues, to prove that 











Эр AER As = (0e p<). (Hissar, 2007 ; Mumbai, 2006 ; Kerala, 2005) 
9?.1—2psin8*p' 1-р yt | 
2. т. (J.N.T.U., 2006 ; Madras, 2008: 

10 1—2rcos08*r* 1-r? | 

| d | 9 шэг ID "r 005208 л ОРТО, 2010 

3. [^ aT AUi uc га». (РТИ, m 4.1, т T (РТТ 2010) 
5. |2" 607049 “28, (a? 02), (оь <a). VIE ТИТ 

0 ажбсонӨ р? 

= add on ^32 oA та da _ on 
6. | a sing 40-47 (a D). (8. V.T.U., 2009) т. 1, (5-3 3 cos o) — 32' 


(P.T.U., 2007 ; Mumbai, 2006 ; Anna, 2003) 





8. NES UE y (a, b» 0). 














+a” )(x ) 
-lr r+? y _ 58. (АМТЕТЕ, 2003 ; Delhi, 2002) 
9. fi Ж МРТ, LS © 1? i : 25715, 4 
10. oS = ЧМТ, 2906) 11. а. (Madras, 2006 ; Kerala, 2005) 
Liat л hein 4 | 
12. [rx . X. (Kerala, 2005) їз; ГЕО E (Rohtak, 2006) 
0192" +3 4 x +l «5 
14, Г 08 nx T већ MI EE, (P.T.U., 2005) 
14. | ———dr= Zsech . 15, | ——S—dx-2. T.U., 200: 
е ug Е 2 CE. 
- Bin x Л Me Monge м sin x =- каша 
Л» - = —. Pi (4 Е 2008 11. - — -dx-. 
16. f P dx- 2. (Kerala, 2005) We eer ee 2 
- cos x dx x 621889) А 
18, | Ян eres 5 (a b» 0). 
Le (x^ а Хх“ b) аг -b A 6 a ) 


хеп 
19. dx = Бете 
9 x^ a 2 


Select the correct answer or fill up the blanks in wach of the follow ing questio ns: 
1. The only function that is analytic from the following is 
(fs) = sine (i) Ге) = ғ | РС= 1m (2) (iv) Riz), 
2$. НА@) = u(x, y) + iv (x, y) is. цн then f(z) = 


Л БЭЛ шу т 4 


(a) 1 (b) 2 n 8 32 (d) 0. 
4. The analytic function which maps the angular region 0 € 0 € n/4 onto the upper half plane is 
(1) =? Gi) 42 (iiy z* (10) 29. 
5. An angular domain in the complex plane is defined by 0« агар @) < 1/4. The mapping: which maps this region onto 
the left half plane is 
(i) aw 25 (ii) ш = iz (Шиш = ч, ВЕЕ я 
6, hi Я О -3 is Ч iu 
(i) conformal within |z | =1 ш) not ПА 1 
айт) not Ж nf formal atz=—landz=3 (10) conformal everywhere. 
Т. Ifz= = reif, then the image of = constant under the mapping wiz) = К Re = = dei is 
| Wi) 0» 39 + mie 2 фе 30 — 1/2 ges өз. 


а : 4/5, 5. 
“зуд дуу ads) «МА C is any path joining A (- 1, 1,0) to B (1, 2, 1) is 
в. аў Коа 
ее ааст | | 
и) j (iii) ni 
8244 


Р 024 +“ where C is the circle 1: z ! эв lis 


о c qd) Sri Ао 7 PLE 
nction can be found if the pole is an isolated singularity ; | | 
(i) False | (iii) Partially false (iù) none of these. 
| TER $ 
3% me value ot f, 22 Aed аа | ТҮ уу а 
(i) 2ш 0 0. | Q)-2m] Gv) A. 
14. The value of |, tanh г dz, where C: | 2 | =8,is — iow | 
| ()0 | (i) mi iii) Qk (804, 
_ 15, The harmonic conjugate of the function u(x, y) = 2x (1 — y) is ...... 
16. Harmonie conjugate of x8 = Зху 18 „. | | 
17. The curves u(x, у) = с and v(x, у)= с аек К... 
18. The valueof | pn z*dz along the line x —y i iilo Е: анана of 


0; The critical р jin ib dw vcn ur = (2 – em 5i ds... 
Ё Image of [> + 1| = under the mapping ш = 1/2 iss. — | | 
22. The poles of f (z) des Az" + 1)arez =... 25. w=logz is analytic everywhere except at z =...... 


24. Iff (г) = - Le 211+ (e-1)+ G& — 1) ......], then the residue of (2) atz = Lis ...... 


Lz 


— 
5 


25. If |z| <1 then Taylor's.series expansion of log (1 + 2) about г = 0 is ...... 





| A Taylor series expansion of - 


- The value of f. ue 2+5 


The value of | ze! ds where Cie (511 is | 

(лі (ii) та/12 | f. dim цн 0 (00-60. 
If f(e) has a grid order s three atz =ü Res If (a)] = =... 

The CR equations for f (2) = u(x, y) + iz, y) to be analytic are ...... 

. Iff) And ina TUNE. connected domain D and C is any simple closed p 


7. If C is thecircle |z -а| =r, ЇЇ e - ade [ny any неет =... 
A simply connected region is that ... i^ 89. Mas ocu function is that ..... 


E] 


The poles of the function f (2) = - ar eat ё» 4 0 | 


UPS 
(2-1) + 

‚ The cross-ratio of four points 24,25, E 2418.2. ATA, | 

; The value of f. |z| de, whore C is the contour represented by the straight line from = - i to 2 =i, is... 


. Taylor's series expansion or ( iN 25 : FH 


4. The invariant points of the- ransformation w= (1 + ‚гуа — z) are 2: ый 


a) puppe 1 «1, is... а 


АИ КОЙУ yet te^ is... = 46, The transformation ш = Cr consists of 


The residue off (2) at a pole is. т. The vale 12 5214: C bein 


2-1 


1 1 4: ЯГ 27 — 
. in dei elis 20082. 1 Lut rai un T 
E i sov 0 m (22-3 02-1) з 


d 4 ur. oum P9) EPA | gn 1 | | ГЕ р 
If Cis v E ив |. = & | (Эй ‘Singular points of = КЕС ET № 


- The poles of ia areatz-.u. “2204, Cauchy's integral theorem states that 
The critical points of the transformation waz + Vs afe... 


[xt there |=| El x | | vA Miata амины are... 

| i z 
Residue of tanz atz = 1/2 is .. J 59. Singularity of e" ' atz= 0 is of the type ....... 
Неве) сөн 1. Taylor's кюу cla ei ЖЫЛУ И, 
. Image of |z| z2ünderu s? *38432iis. " 3, The poles of cot 2 аге................... 


4. Ifa is simple pole, then Res (6(zYw(2)], _ = ES ida: 


. Bilinear transformation a irepl dei cil circles into ................. 
6. Iff (2) and f(z) are analytic functions, then / (z) is constant. (True or False) (Mumbai, 2006) 
. The function ulx, y) = 2ху + 3xy* = 2y? is н harmonie functions. (True or False) (P.T.U., 2009 5) 
The function e* cos y is harmonic. | (True or False) 





2 w | М + 101" 


y 
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Laplace Transforms 





ЕТЕ INTRODUCTION 


The knowledge of Laplace transforms has in recent years become an essential part of mathematical 
background required of engineers and scientists. This is because the transform methods provide an easy and 
effective means for the solution of many problems arising in engineering. 

This subject originated from the operational methods applied by the English engineer Oliver Heaviside 
(1850-1925), to problems in electrical engineering. Unfortunately, Heaviside's treatment was unsystematic and 
lacked rigour, which was placed on sound mathematical footing by Bromwich and Carson during 1916-17. It 
was found that Heaviside's operational calculus is best introduced by means of a particular type of definite 
integrals called Laplace transforms." 

The method of Laplace transforms has the advantage of directly giving the solution of differential 
equations with given boundary values without the necessity of first finding the general solution and then 
evaluating from it the arbitrary constants. Moreover, the ready tables of Laplace transforms reduce the problem 
of solving differential equations to mere algebraic manipulation. 





1) DEFINITION — 

Let (11) be a function of t defined for all positive values of t. Then the Laplace transforms of f(t), denoted 
by АЕ is defined by 

Life | e* ft dt 41) 

provided that the integral exists. s is a parameter which may be a real or complex number. 

ГАР) being clearly a function of s is briefly written as f (s) ie., L{f (D) = f (s), 
which can also be written as f(t) = L- ! |f (8). 

Then f(t) is called the inverse Laplace transform of f (s). The symbol L, which transforms f(t) into 
f (s), is called the Laplace transformation operator. 


*Pierre de Laplace (1 749-1827) (See footnote p. 18) used such transforms, much earlier in 1799, while developing the theory 
of probability. 


726 


727 | 





(2) Conditions for the existence 

The Laplace transform of f t) ie., Б e~* f(t) dt exists for s > a, if 

(i) f (t) is continuous (iii) Lt le "* f(t)) is finite. 

It should however, be noted that the above conditions are sufficient and not necessary. 


For example, LILI? ) exists, though 1/4? is infinite at t = 0. 


"M TRANSFORMS OF ELEMENTARY FUNCTIONS _ 





The direct application of the definition gives the following formulae : 


























(1) L (1) = : (s > 0) 
! | 
(2) L (t^) = = , when n = 0, 1, 2, 3, ... | Otherwise CHE 
8 5 
(3) L (еч) = — (s >a) 
5-2 
(4) L (sin at) = =~, (s » 0) 
в +a 
(5) L (cos at) = ———; (s > 0) 
5 44 
(6) L (sinh at) = 25 т (=> |а |) 
в а 
(1) L (cosh at) = 4,——; (s» |a |) 
8 -A 
Proofs. (1) (= | e*.1dt-|-—| =- ifs>0 
0 
(2) Т, (17) - Г g* dis [7 ge, (2) СВ ‚ оп putting st = р 
0 0 8/ 8 

5 i а е Р. р ар = Ён ын „ifn >—lands> 0. [Page 302] 

8. 8 

T(1/2) Г(3/2) ут 











In particular L (t?) = ED = = йу eee er 
5 8 


In n be a positive integer, T(n + 1) = п! [(v) р. 302], 


























therefore, L (t^) = n Vs^ * !, 
" -et ш (5 {s-a gie; |" 
3 Г. (еї) = | ее а= | e" ""dt- | = ,ifs> 
(3) (e*t) | е | acu. 8- s>a 
(4) L (sin at) = Г e * gin at dt = 2 - : (— s sin at — a cos at) = ёс к: 
5“ +a 5 +a 
Similarly, the reader should prove (5) himself. 
(6) L (sinh af) = г e * sinh at dt = Г ёс” жилий dt 
sinha | e“ sinhat de= | e" (EET) 











E g (salt dt — Ї, e 5*4 4|-4| 1 _ 1 |- | а fors | 4 |. 


0 2|15-а s+a| 2 а? 


"al 


Similarly, the reader should prove (7) himself. 





PROPERTIES OF LAPLACE TRANSFORMS 


I. Linearity property. Jf a, b, c be any constants and f, g, h any functions of t, then 
L [af(t) + bg(t) - ch(t)] = aL (80) + bL (g(t)) - cL (h(0) 
For by definition, 


L.H.S.- |, ет“ laf(t)  bg(t) — ch(t)] dt 


-a[ е" КОас-6 Г e" a(t) dt — c {< ет" A(t) dt = aLif(t)} + bLig(t)) — СТАВ 


This result can easily be generalised. 
Because of the above property of L, it is called a linear operator. 


II. First shifting property. If L{f(t)} = f (s), then 
Г, (e**f(t)) = f(s- a). 
By definition, Lle” f (t)) = IM e" е F(t) dt = É g 4-9 rct) dt 


= Ї, eg" ft) dt, where Гс:с5-00г:ш f(r) = f (s — a). 


Thus, if we know the transform f (s) of f(t), we can write the transform of е f (t) simply replacing s by 


s-a to get f (s - a). 


Application of this property leads us to the following useful results : 























(1) L (e**) « 1 |: 1, (%) = 1 
в-а 5 
1 | 
(2) L (e*t?) = т Ё L^)» —- 
(8 т ар + | g” + 
| гсн b | b 
(3) L (ез sin bt) = ———— —— ^ Lísinbt)- - 
(4) L (е сов bt) = —— 2 _ a а 
(s-a) +b? | = s p 
ЗЭР b | EEF b 
(5) L (ез sinh bt) = ——————- л L (sinh bt) = | 
(в-а)? — p? | s* — b* 
(6) L (e! cosh bt) = —*“—* — БИТ ЭРЭГ ХИВС, 
(s-a) b* | s -b 
where in each case s > a. 
_ - Example 21.1. Find the Laplace transforms of || QUU dia a Do vt 
— (i) sin 2t sin 3t (ii) cos? 2t EE) sin? 2t. - и у: ү 


Solution. (2) Since sin 2¢ sin 3t = 4 [cos t — cos 5t] 





L (sin 2t sin 3t) = 1L (cos £) — L (cos БЕЛ] = Al 


5 _ 5 128 
21.2612 5+5? 


— (s? + 1X8? + 25) 


(ii) Since cos? 2t = za + cos At) 





1 | i 
L (cos? 2t) = — [L (1) + L cos 4t] = 1 1 + 5 
2 2|8 5 -16 





(iii) Since sin 6t = 3 sin 2t — 4 sin? 2t 


or sin? 2t = З віп 2t — $ sin 6t 
L (sin? 2t) = 31, (sin 2t) — iL (sin 6t) 
= 3 2 1 2 48 


4`5°+2° 4 65462 (52 +4)? 436) 





Solution. (i) (6-5 (2 cos 5t — 3 sin 50) = 214673 cos 61) ~ 8L(e sin 50) 





түү” ne (в + 3)? +52 8 468434 
ы б ЕН л И КИЕ 
(ii) Since L(cos*t) 52 (1 + cos 20) bs 
by shifting property, we get 
1 1 5-2 
L (e™ cos? t) = — + р. 
аанай! Hes -2 "Cn 
(iii) Since г) = мн ees 
в?* 
vx 1 


wee oe | - | : E V da Ir 
by shifting property, we obtain L (e" yt ) 2 (5-3) 





Solution. We have L (sinh at) FOI = L ze" Lg) rol => Ше“! f(t) —L let f) 


= L(f(s-a)- f (в + a)], by shifting property. 


2 
Similarly, L\(cosh at) f (0) = ЛЖ f (D) 03752177 


=! [f (s-a)+ f (s + a)l, by shifting property. 





(i) Since L (sin 3t) = — : 42 ‚ the first result gives 
8“ +3 
1 ' 12s 
Г. (sinh 2t sin 3t) = — 4 ——————. - a 
l ад Б р (s + 2 ңа 8“ +1037 + 169 


(ii) Since L(cos 2t) = 3 the second result gives 


3 8+3 |] 2s(55—5) 
L (cosh 3t cos 2) = 2—7 i ре. 
| | t +22 (s+3) 21 s* — 10s? + 169 





730. 


Example 21.4. Show that 


(i) L (t sinat) = —.—— (Bho 2001) (ii) L(t cos at) = ————. 
itt Y a feline (жа 
1 (s+ ia)’ 
(s—ia)  [(s—iaXs + ia) 
(s? — a) + i(2as) 
(s? ча? 
Equating the real and imaginary parts from both sides, we get the desired results. 





Solution. Since L(t) = Vs?. .. (еі) = 


or L [t (cos at + i sin at)] = 


Example 21.5. Find the Laplace transform of f(t) defined as - 
(0700) =, when 0 «t « т 
=I whent> t. (Kerala, 2005) 


11, 0<Е<1 | 
(J.N;T.U., 2006 ; W.B.T.U., 2005) 


(0910) -44, 1<1<2 
0, t>2 
g ig p^ 
а 79 - =F : 

















Solution.(i Lf(t)- [ E. -dte P e "* 1dt-— Ч 












































= g^" | Cac" atf eal а" 1-Е 
mm ет ptee—— аш үш. в 
т -5 8" |, -8 5 ts 5 TS 
(ii) ГОР = [ev дар [eo аар [7 е0) ас 
= st ! = sf — gl -Ё - 285 -28 -8 -8 \ 
_|2 ‚ ё ё _ 1-е | 26 е le е | 
т Ex x тт T cc 7 ОР ee 
--5 — $ 5 1 5 5 5 = 5 ) 
1 267 гз = 
“ЯЛЫГ Ө 
p ES 
Example 21,6. Find the Laplace transform of (i) - x) (Kurukshetra, 2005) 
qi) 008 У (Mumbai, 2009) 
Jt 
Solution. (i) Since (Jt —1/J/t)? = 272 3:2 + 31-12 1 32 


Lift —1/4t) = L(e)— 31.02) + ЗТАЕ 92) — Lit 32) 
Г (3/24 1) Г(1/2-1) Г(-1/2-1) F(-—3/2+1) 




















= <3/2+1 иш... Q,U2*1 +3 g 1/26 m g- 9/241 
TER г 
3742) 2142) Tiu] "V2 
„57? 5372 pj»! 6172 
3 vn 3 Ул , 3Vn L. =». lw s 
"AQ. 8, at к NE E г(2)-4841-3)--24| 
Ул 


LIE EE 12 8 4 
4 52/2 gi 51/2 gif? 





y 26) „8 
(11) We know that соѕ Ө = 1 – sits Je Site 
2 48 
U DU 
cos Jt -1- 37+ 417 61" 
| cos Jt ша #52 
апа JE =f = ert 








{== -TUD 1 Г(3/2) 1 Г(52) 1Г072), 
E ” 


1221 3% “4! 57 БЯ. 





Solution. (i) Given function is equivalent to 
. [2 Ost<1 
Г) = € t21 


— -st 
Lf (1) = [^ e"dte[ e" anar-a |E 


“Өр ХН 


(ii) Given function is equivalent to 
[t] = 0 in (0, 1) + 1in (1, 2) + 2 in (2, 3) + 3 in (3, 4) +... 


LF = |, e*tfaolat- [^e* (аа 
= [е wat + |, e* cats [ e* сан |, edt +... 


-gt e 
ES | «3|: e +. 
1 | ын a 


=- Epe” Е a ЕРЕ Ив “Улсан! 























E. 
e" 


+2 





-0- 

















EUNTEM ae RE: 
dnos +e" ke +... ә) ESL Me =i)" 


III. Change of scale property. If L (f (0) = f(s), then L ifta = + 7(£ z) 


ЯГ” 1. [7 $44 _ [“ -swa : Put at =u 
Liftat) = |, е" flat) dt = (7 єгч fa). аша шиний 


1 [= -sa vnl, 
i 4 e fluddu = f (sla). 


Example 21.8. Find L эн d given that гут m | - tan! | 


Solution. By the above property, 





sinat| 1,-1111 1 -1 | düs ‘sin at xxi 16) 
L [So et 2 tan еу = a tan (2) ie. L t | = tan 2]. 


PROBLEMS 21.1 





Find the Laplace transforms of 





t<2n/3 


1, 22+ 413 — 2 sin 3¢ +3 cos 3. (МТЛ, 2003) 2. 14 2Jt «3f. 
3, 3cosh 5t —4 sinh 5t. (Nagarjuna, 2006) 4. cos (at +5). Ww | 
Б, (sin t — cos t^. 6. ‘sin 2t cos Bt, | | ИСА. P 
7. sin Vt, B. sint. | ) 
9. cos? 2t. | 10. e sinh bt 
11. е2 (3t? — cos 44). (P.T.U., 2007) 12, e * sin 5t sin 8t. ЯА wre, 2006) 
13. e‘sin?t, (Mumbai, 2009) 14, е sint | 4 (Mumbai, 2007) 
15. cosh at sin at. (Delhi, 2002) 16. sinh 3t cos? t (Madras, 2000) 
17. її 85, (V.T.U., 2008 S) 18. (1 + te“)? 
4 Ost<=] ves | 
19. #У(1 + віп 2) (Mumbai, 2007) 20. f (t) = [5 3 в | (ГАРТ. 2009) 
5 аш О << | з у | [sin (x — 7/8), х>т/З Mr. ат, 
21. Г(0 = Gut xx (Madras, 2000 8) 22. f x)= По MEUS (Rajasthan, 2006) 
ҮҮ ЛЭЛТ 
E 21/3). t» 21/3 | эрж | uns | 
23. (= | 24, (1) -15::ь2к 1 «3 (Mumbai, 2007) 





17,Е» 8. 


| 1 
26. I£L ДИ] = ‚ find Liet f (20). 
[А )l s^ +1) | le Г ] 


TRANSFORMS OF PERIODIC FUNCTIONS 





If f (t) ts а periodic function with period T, ie., F(t + T) = (0, then 
f, e" roa 
Lif (é)} = Aog 0 


We have Lif (i= [е fide |е" fide [ e* гаас [7 e* pede +... 
In the second integral put t = и + T, in the third integral put Е = и + 27, and so on. Then 
Lipo = foe fidt + (7 e7*"*P ри + T)du (7 ёл“ "27 уи + 2T7)du + ... 


р íi g^ Га 4 ge" р a f(u) du + e T ia ea f(u)du Las 
[: f(u)=f(u+T) = (и + 27) ete.) 


= foe раве" [eo fidt ee (^ e* гаа... 


- (Len eT +. „у (^ 67" ро 





"та f, €" ftat. (V.T.U., 2008 ; Mumbai, 2006) 
—E£ 





Solution. Since f(t) is a pr function with period 27/0). 
ШР = 2-2 |, € ftdt 


z е |" e * sin wt dt + ү 8-0 dt | 





"ilg. 
_ 1 е“ (— s sin wt — w cos ax) Qe ^" + q о 
i-e 79 8400 а РР +a) -e ™ ON + @°) 





Solution. Here me period of f (t) = 2л and its graph is as in Fig. 21.1. 
БР = 5 = = e " tdt + [e НЭГ 
H 28 
=|- гҮ цг 3 
А: 












4-4 








0 





(1) Transform of Bessel — J n and J (x). 








6 
: x | . 
We know that = d(x) = 1 - 5. 202 - 2d wa [8 16.7 (1), p. 553] 
1 21, _1 4А! 1 6! 
ГА, (a) = 1 7 3 Va an 427 и = ru I" M 
И, ОГ. 
м 
-x2 
= ыр x) "AN И 1 
ame 7 We en 441) 
Also since dax) = — J (x). [Problem 4(1), р. 557] 
ГАЈ (х) =- ШУ) --181л/ (30-11 =1- ETE adh "3 1) ...(2) 
(2) Transform of Error function 
We know that erf(Vx) = e dt (§ 7.18, p. 312) 


ар 








шан Г(5/2) — I(7/2) T(9/2) cT | 


2 
Ут 
„Мера = 3552 5.219” 
5 ета | S9 8552 5.21597 7.3159? 
A 
53? 


АД +: =. жее, се, (Mumbai, 2009) ...(3) 
(3) Transform umes s polynomials L, (x) 


We know that L,(x)= е 2, d te) (8 16.18, p. 571) 
LILO = (7 ее еа = [7 079 d (etta, 
[L0 = | ее FT Qe 


e" t" dt 





=le —18 1 Tu E 18 Ч E. ee Dtris- 0 (s — ne 





= (6-1 [пе T d^ (ete at. (lutegréking Бурат) 


-(s-1y Le") =(s—1p. Z 


Bie 1)" (s 


Hence L|L,(x)] = » 1) 


Ч > =] E а "Р БЕ EM ч. MT TN раш | | | 1 re Е: | | "AE Fa 5 I T 1 есь ВЕ he 
4 тЫ T ^ b 5 nm Ty г: ae F a p (d F t: й Re Г 24 T Гы Ч > \ ч 19 a Р у 1 а = k i r 4 ос E TT 4 
i 1 | - к^ Ub CI. AUB Ж У ^. £g VUL. Ё 8 | =: 4 I -. Г 4 Ч " V ї 11011. 187 
в ==> Р = Е zi © ЧЕ —u RE m ЕГ i — ые Ха ү m Р ES г. z i | г } i n j ы 
a — Buo Уш 11 к = ot te “ийж TU ME ыг = шин 4 А Р 5 x.2 Wu UM | b | i ET : 


By shifting property, we get 


1 
LS Vils +a} + а?)  N(G? + 28а + 2a?) 


üDWeknowthat Ге iem 


| "E T Ч 1 _ 9 
5 Шет 2vt ) = Мет /801- 2. 84841) New 


| PROBLEMS 21.2 
Мз T Ар ied 


as d - 


Lud any "n 
JP | TE | П 
TIE TL CET 

" т 


< мел 4 “i юм E А É © А, " A А 
Ju, sing period n, 





TRANSFORMS OF DERIVATIVES 





(1) If f(t) be continuous and Lif (0) = f (s), then Lif (t) = s fts) – (0). 
Lif = f7 e fade [Integrate by parts] 
= |“ f - Гсэе“. Ка 
Now assuming / (0) to be such that Lt e^ f(t) = 0. When this condition is satisfied, f (t) is said to be 
exponential order s. 
Thus, LIFO = Р) «s |7 &* fide 
whence follows the desired result. 
(2) If f(t) and its first (n — 1) derivatives be continuous, then 


L{f"(t)} = s? f (s) - s"-! f(0) — s"-2 f'(0) — ... — f2-! (0). 
Using the general rule of integration by parts (Footnote p. 398). 


LID = |, e* fae 
= |е £^-i(0)—(—8)-* f^-*(t) + — s)? e-*t f ^-3(t)—... 
+(-1P 7 se *. Кр +(-1" а)" [e fae 





= — f^-1 (0) – sf^-? (0) – 827" 30) — ...—s^-! f(0) +5" | e “fade 
Assuming that „Lt рт = 0 for m =0, 1, 2, ...,m —1. 
This proves the required result. 





_TRANSFORMS OF INTEGRALS 


If Lif) = И), then L| f. f(u)du| =1 fis). 
Let g(t) = |, flu) du, then 010 = f(t) and 6(0) = 0 
Lipt) = s$(s) – 0) [By $ 21.7 (1)] 
or ф(8) = 1 Lip) ie, Ц Ї f(u)du) = + f(s). 


MULTIPLICATION BY t" 





If Lif(t)) = f(s), then 





a” = 
дБ (8), where п = 1, 2, 8... 


L (05100) -1-1) 45 





736. 
We have [4 e * F(t) dt = f (5). 


| — TEM 4 |^ s UE p 
Differentiating both sides with respect to s, E If 8 uU) at} = [f (s)} 
ог By Leibnitz's rule г differentiation under the integral sign (р. 233). 
Р d ps, v 
[2 S (E) f(t) dt = ^ {78} 


| -st _ @ ү» P". st pen dee = (єсч 
or № {te ft) dt = ^ fs) or [ e" {айа =- ^ FG) 


which proves the theorem for n - 1. 
Now assume the theorem to be true for n = m (say), so that 


- | d" = 
J, €" t" face cv» 4," fol 


Then = e t" f(t) dt = (- р" 2 


ЕР a; (8)] 





ds" *1 


Or By Leibnitz's rule, [ (— te *).1" F(t) dt - (- pt аят d^" — FG) 


or f, eim? rola ca p (Fc. 


This shows that, if the theorem, is true for n = т, it is also true for n = m + 1. But it is true for n = 1. Hence 
it is true for n = 1+ 1= 2, and n = 2 + 1 = 3 and so on. 









Thus the theorem is true Бэ за podilive шергә! values of л. (U.P.T.U., 009 
WIN ge | | | 217 [OR "EP AP | 
| ty 3 | sof L. ҮЧ i 
. | Vti) E sin at . 





(iv) tet sin 38. y | ў | 


Solution. (i) Since L (cos at) = s/(s* a?) 

















d 8.1 s a^ —8.2s 
L (t t) =- — =- Se 
NA T (s? +a”)? 
s* — а" | 
= ORIS lef Example 21.4] 
(i1) Since sin aft = — -, 
s? +a" 
L (È sin at) = C 1)? 4 _ 4, a | а | -2as | 2a(3s?-a") 
5 +a’ 2 ds |(s* +a*)* (s? -- a? y 
(iii) Since І, (e*) = ls + ^1 
df 1 (-15.91 | 
L (P ет) = (— 1)? — 2l -e = 6/(s + 3)*. 
аз? (5+3) (s+3)°*! 
— ЕВ, 3 | " _ d 3 _ 6s 
(тр) Since L (sin at) - E i 42 A therefore L (t SIN at) = — Ял Ferd = (s? +92 


Now using the shifting property ($ 21.4 II), we get 
6(8-1)  G6(s+1) 


L (e* t sin ЗР) = —————_——_ =. 
(86-17 +9F (5 + 25 + 10) 





Solution. (i) Since L (J, (00) = 





V(s* + а?) 
а 1 5 
L 19, (at) =~ < IL J, (а) = — ds Vis? a?) (s? PT 
' | s 
ii) Si Li, = 
(ii) Since WU, (0) VG +1) 
d. | 4 1. 5 1 
5223-4512 4 (У Ij (s? + 19? 
(ii) Si L( ) = ——— 
шин ef 4i PS 
5 Lierf24t)- Lerf Jat) = >.——_ -— 3 
4 34(841| s Y(s +4) 
4 14 3 
| af 2 | a] 2 | 388. 
Thon Lterf24t)- - Aen ds ere s s?(s 4 47? 


DIVISION BY t 








ТАКИ! = f(s), then L й кө) = [ f(s) ds provided the integral exists. 


Weh f(s) = 7* f(t)a 
e have f (s) IN e fit) dt 
Integrating both sides with respect to s from s to ec. 


Г Foa- | н гоа |ds -[ [roe ава 


[Changing the order of integration] 
| Га) T 8" ds. dt [^ tis independent of 5] 





Ils СЕНО 
= E dt = 1 edt = LIE fO, 


“4 fit)| © 





1 




















Solution. (1) Since 1(1-6)-1,(1)- Lest- 
tet “(1 1) ! й Эн 
LÍ t f [b= hte = ns ons - D 
11 5 Yl 1 8—1 
-|logg|——|| --log [21 | 
(2) а ч 8 | 
- 4 | | 5 5 ü 
(ii) Since L (cos at — cos bt) = ———— — 7 and L (sin at) = 7 
8 +a s° +b 2 ка 





f cos at — cos bt 5 $ | d( a 
E =Á] t —————ids-—|———— 
| t + санан [| e+ a" zal FJ 


| = log (524 a8) — 2 log (s? +52) | 








= == 
A (s? 4 a?y 

1. «жа 1. 8 +a? 2аз 
xm шз М di ae 

fen Pee 2 8.6 (egi 

1/2 

1, 11-01 1. (а 2as (s?.-b?Y ^ Заз 
=i) 2+0) 1. Ч pe ЖИН с... d жан жш 

2 “(140/ 2 wmm (s? + а?)* ЗЕ a) (s? +a") 


[^ log 1=0] 





Solution. (2) We know that L (sin В = —— 
s" +1 


L (=). ГИ авт =cot 1s 
к & 0 s* 41 2 





t [| 9m £ du - Хо 1 
l0 ¢ 





Thus by shifting property, L t B РЭН | : cot-! (s + 1). 
(ii) Since (2 m зоос 
в (er. sint) = сої ! (s + 1) 


and Lif же: а) -1 cot- 1 (s + 1) 
8 


г Lt. [| y int 1--2 а ева 








8. cot? (s +1) 
_ 1+ ( + el — 8 (s? + 2s + 2) cot ^ (s +1) 
1 s“ 52(52 + 2s + 2) 
(iii) Since L (sin t) = —* 
85:41 
5 LU Buda 888 чин, ШЕ 


ds (s? +D (s? +1) 


TEM 1 2% 2 
Thus LI f f (t sin t) dt . dt . at} - 5 Litsint)=— P. 39. 














Solution. (i) [ jo дагав. [ (ры) wheres = 3 








= L (t sin t), by “we 
белу Zi 2s 2x3 8 
т =)” (85-17 (82-17 50° 
(ii) Since L (sin mt) = m/(s? + т?) = f(s), say. 
мн sin mt LE -i |" 
Using 21.10, z (75 E [ f(s) ds = me tan ж |, 
v Def oe MOME ja ex 
or by Def, ИС dt = 2 шэг 
Now Lt tan (т) -0ifm»0 or mifm «0. 


E E eared we get 


[ шин ifm>0O or —-w2ifm<0 
0 

















(iit) We know that L (cos at) = - and L (cos bt) = —— : 
ча“ s? b 
. cos at — cos bt 8 8 
= = ds 
t <A 8-6) 








id: X LER 
This implies th at [ e (gez о 5 te (55. 








s“+a 
И o ( _,cosat—cosbt\), 1 1-5 
Taking $ = 1, we get f.» E } at = 3 [Ёк 
| ‘sin t ds -1 п. | 
iv) Sir L| — |= —— —tan s=— —tan 18 = cot Їз. 
(10) Since | : ) =. | 2 s-cot *s 


sin £ 


L fe (=) = сої ! (s — 1), by shifting property ($ 21.4 II). 


Thus а) fe (85) ae] -2 cot-! (s — 1), by $ 21.8. 


740 | 





PROBLEMS 21.3 NE 


1. Find 1 гах! “| 


2. Given L [2y(t/n))) = 1/62, show that L (UNG) = 174/5, 








5 


3. Given L [sin (Jt Л Ул гет Шт prove that L gas AN] = (2) on Var. 
' 259/2 | wt | 
Find the Laplace transforms of the following functions: 
4. tsin?t (Nagarjuna, 2008) 


б. © cos at. 
RB. te“ sin 3t. 
10. t* e^ sin 21. 


(Madras, 2003) 
(Madras, 2000 5) 


(intti — (P.T.U., 2010) 
(ett coa МУЛ. 
16, (1— cos 30)/t. 

cos 2t — 


(U.P.T.U., 2003) 
(V.T.U., 2006) 


cos ЗЕ 


18. 23 +f sin f. 


ат 


19, Evaluate (i) Їл cos 6t — cos 4t 


(ii) | с ырш 


dt (Mumbai, 2005) 
(iw) k 


te^ sin’ t dt. 





(iin) Р lg 
0 


5. sin 2t — 2t cos 9t. 
7. t kinh at. 
9, te" Я sin 4f. 
11. (e 9 — рт yg, 
(sin t sin 54) 
15. (e sint. 
17. (1— eos ВИ. 


?! sin 3t di 


Ніснея ExGiNEERING MatHemancs 


(LU. P. T. U., 2005 ; Madras, 2003) 


(Mumbai, 2009) 


(Anna, 2003) 
(V.T.U., 2008) 
(Anna, 2005 S) 
(Mumbai, 2008) 


(V.T.U., 2009 8) 
(Hazaribag, 2008) 


(УТИ, 2004) 


(Mumbai, 2008 ; P.T.U., 2006) 


(УТ, 2008) 


(S.V.T. U., 2009 ; Mumbai, 2007 ; J.N.T.U., 2006) 





s гн 
20, Prove that (i) [> dt = = log 2. 
wf eT sinh rl iaa! (Mumbai, 2008). Gi) [ АРЕ. 
| і ge ТЕГ ry 
(v) pfe e sin^t 277 BS log 5. 
21. Evaluate oif Setar] 
г“ cs t 
(н) E | e^ ost dt) (111) Ё. [ ЭР dt. 


со Show that (i) В [t Ja (at)] = Im 


@ | te J, (at) dt = 3/125. 


(V.T.U., 2009 8) 


(Kurukshetra, 2006) 


WN: T.U., 2005) 


(РТИ, 2009 S ; S. V.T.U., 2009 ; Bhopal, 2008) 





| INVERSE TRANSFORMS — METHOD OF PARTIAL FRACTIONS 


Having found the Laplace transforms of a few functions, let us now determine the inverse transforms of 
given functions of s. We have seen that L [f(2)] in each case, is a rational algebraic function. Hence to find the 
inverse transforms, we first express the given function of s into partial fractions which will, then, be recogniz- 


able as one of the following standard forms : 


(1) 127 H 41. 
= 


(2) L-! | 





- =e", 
5-а 








| 11 © | 1 ] se 
3) = | — 3 = 1, C. saa ны зээ» — ww E 
add ЯГ “Ви айлын шин "e "Jh (n -1)! 














1 ) 1 | 
(5) L- Í 52 т 5 sin at, (6) L- [= = cos at. 
(7) 12! ll z-i sinh at. (8) L-! Ex JL 
(8 -aj a s? 
1 1 1 x. s-a | 
9) 17! =— et sin bt. 10) L-! = e? cos bt 
(9) f ay us p е" sin (10) m tu cos bt. 


SP А 
(11) L-! раа 5, tsin at. (12) L-! | 1 байа сові. 


© il 
gag заў 
The reader is strongly advised to commit these results to memory. The results (1) to (10) follow аё once from 
their corresponding results in $ 21.3 and 21.4. As illustrations, we shall prove (11) and (12). Example 21.4 gives 


Jas 2 nw 
ЕНШЕ лу НЕОН —— у Я 
5 t sin at = За L! Em , whence follows (11). 
| E | Ba бү pe 
| 5-0 21 (s +a“ y- Әд 
Also t cos at = Іг \ |———— |= ІГ | — 
xar ГЕ агар | 




































































-—— 
Solution. (i) L-1 [ER A 


2) аг (3 3) +404 (x) ion t*/2 ! 2 1 — 83t + 2. 
s? .s? 


[ли 
2° +9] | [(8-2 +3* 


же: эж ый CAL! oe | = e* cos 3t + $ e” sin 3t. 


ҮТ ч | 254) Е Р і 
|! Ра. oF ti | LI ў Г Ж . a | av | M ү & ыз 
и.“ TOM P a ri » т - + № 


: Ш | » LU 
TP M NET BITES "= iL 4 E 
х. , Yu 


8 


Іг! 


(ii) ка| ЖЕ | ar 
718 —4s4 18] 


=L 


1 
1 
TEE 432 


Г |. 
Taen 
1 


Te " NT Га 
ї 
J B ч "uad LU 
и ж _ Зы ү "] ‚№ mt NR 
1 m 1 МҮЭ?! Fr, 
Ti - Ч ЭР! : = 






and 





Solution. (i) Here the denominator = (s — 1) (s — 2) (s — 3). 
2s°-6s+5 А. В С 
(= - 108 – 2Xs- 8) 8-1 8-2 8-3 
Then А = [2.12-6.1 + 5/1 - 201-3) = 1 
В = [2.22 -6.2 + 51/02 – 102 3) = – 1 
С = [2.32-6.3 + 51/3 – 103 – 2) = 5. 


| EMEN аара 
1-1 1 1 u r-l 
5 8 8 _ 657 4 11s 6) x 8-1 Е 5—2 Ыы 2-0, 


def —e% + 2 gt. 
4s +5 A в , 4-—2)+5 
<< ш ш ш + MM 
(s—1)? (842) 8-1 (5-1? (-2-1(s+2) 
Multiplying both sides by (s — 1)? (s + 2), 4s + 5 = А (s - 1s + 2) + В (s + 2)— 1(s - 1)? 
Putting s =1,9=3B, »: В=З. 
Equating the coefficients of s* from both sides, 
0-A-1, S Жеф 


sr 3895 | lji[ 1 yal 3 | 2 | 1 | 
г товоо 3" EZ d -- 8+2 


= let. Ste! — 10-2, 
3 D 


So let 














(ii) Let 














5s 3 _ 5(1) + 3 . As+B 
(8-1Х62 + 25+ 5) (s—1X1? 42.145) s? + 28 + 5 
Multiplying both sides by (s — 1) (s? + 25 + 5), 
5s +3 = 1. (в? + 2s + 5) + (As + B) (s — 1). 
Equating the coefficients of s* from both sides, 
О=1+А, > A--1 
Putting $20,325-B, a В= 2, 


L|. | 58 +8 | -z 1 jeu —s+2 
(s - 1Xs? + 25 + 5) 8-1) 5? + 25+ 5 


xal ра =@+0+3| _ | дч 5+1 — aal | 
un) 38 ^ lacere 5 (841725 


= e! — et cos 2+ $ e sin 2t. 
(ii) Since s* + 4a* = (s? + 2a?)? — (2as)? = (s? + 2as + 2a?Ys? — Заз + 2a?) 
Let c DR P СЕ 2 
s" + 4а 5 + даѕ + 2a^ 5 – 218 + 2а 
Multiplying both sides Бу s* + 4а*, 
s = (As + B)(s? — 2аз + 2a?) + (Cs + D)(s* + 2as + 2a?) 


Solution. (1) Let 








| 743 | 





Equating coefficients of 53, 0 = А + С 














...(Е) 
Equating coefficients of s*, 0 = — 2аА + B + 2aC + D Er) 
Equating coefficients of s, 1 = 2a?A — 2aB + 2a*C + 2aD (ий) 
Puttings=0, 0 = 2a?B + 2a?D (iù) 
From (iv), B+ D=0 Uu) 
(11) becomes — A + C = 0, and by (i), we get А = C = 0. 
Then (iii) reduces to D — B = 1/2a and by (v), B =- 14а, D = 1/4a. 
Cota) n Greca) i cda 
s' -4a áa s^ + Zas + 2a 4a F — Зав + Ха? 
1 3 1 | 1 1 лж 1 1 
=-=- — L | —; |+ [7 | 
4а Р +a)* + = 4a Е -a + = 
си а 
=- X dm & "! sin at + — -— e™ sinat = —— sinat C M sin at sinh at. 
áa a 2 2a* 
Find the inverse Laplace transforms of : 
25-65 45-18 1 a ol | 
L + ———3-. ge EE (6S: V. T.U., 2008) 
4.257. (уту 2010) 457.7 Зла. 
(25 — 1) (38 — 1) 8*4 98-8 
5: EZL (wf, 20108) в, (Nagarjuna, 2008) 
"28-2 sis —D | | 
. 1-75. орт. 2005 S) g 229 2108 +43 — 
(s = 35 — IXs + 2) | | (8—1? — 5s +6) 
Е " | | 8 | T 
90 кён Sp чв (Р.Т, 2004) 10. ——;. (Kurukshetra, 2008) | 
p 6p? +11р- 6 (8-1) иг eee uL 
11. 13:28:27. аа m 
(в + 2"(s - 0 (s — 3)(5* +4) 
IE mu (Kurukshetra; 2005) 
(в + D^ts? +1) | | 55. 
1 
Па 
ва" ы 
26-3 s? +3 
17. - -—-- , EH 1 Е 
57 4454 13 (s? +1) (8" + 25 + 2) 
s? 42943 | 5 | 7 | 
13. “ттт Ет ГИК ae Ee М Pi : | i 200 | 20. = а сат 1127 Fai + 2. 
УЕР ДЖЕТИ И к АЙЫ IS] VU rss o 
due re (Mumbai, 2009) 





g + да“ 





HAEE OTHER METHODS OF FINDING INVERSE TRANSFORMS 


We have seen that the most effective method of finding the inverse transforms is by means of partial 
fractions. However, various other methods are available which depend on the following important inversion 
formulae, 





Г. Shifting property for inverse Laplace transforms. 
If 17117 (83-70), then 

L-' [f’(s-a)] =e" f (© ze" L-' [f (s). 
Wtf L-"{f (s))=f(t) and f (0) = 0, then 


17116 f G)- uc (700) 


In general, L-! | provided f (0) = f (0) = ... = f^-' (0) = 0 


The above formulae at once ddl, from the results of $ 21.7 (Transforms of derivatives). 
П.М L-!|f(s)) = f(t) then 


La dfe fo) [го а 
This result follows from $ 21.8 (Transforms of integrals) 


ш ын (18) = [ | [ f) а} dt 
= (18) - [ if f Г (t) at) a dt and so on. 


IV. If L-1{ f (s)) = f(t), then 
tfH=L-! |- 2 Ло 





This result follows from L [t f (t)) = — 5 IF (8)] (8 21.9) 
V. The formula of $ 21.10, i.e., 


L (£o = | Fils) as 


is useful in finding f(t) when f(s) is given, provided the inverse transform of " f(s) ds can be conveniently 
calculated. 





r е P" i L 4! 
Л 8 ч а т Га Fi TF r t в Г Ён „а 2-4 СЭ? 
4-3 P үңү, А 4 Ч ty ^ T 021 Y ? 1 
А, Я Ж.. | ! 4 шї = d 1 жа, + Ч 
L = | В = 1 1 = 2 


Solution. (i) Since 52 = (5 – 2)2 + 4 (= – 9) + 4 
s? eL 24. 4 
(4-2) 8-3 (4-9 (6-90) 


x] 39. Lxx 4 gi] 1d +1; E 
L detnr 5551 52 leue] 


= e?! + 4e?! f + 20?! 2. [using shifting property] 

















2258) 2 Ё-8 5 
52 _48+13 (s—2) +32 (3—2) +32 


pil 838 | ү. 8-8 | 29312 22281 
раа (s—2) +32) 3 (s — 22) + 3° 


(it) 





= e?! cos 3t + 2 ед sin 3t. [Using shifting property] 


20000 ва (s+2 6, (9+2) _ 
(s? +45+8 (62 +45+4+4)7) [5+2 «AP 


(iii) 121 


-е 1014 = 27 е. 2 =f a sd _ 87% nbl ——— z | 
8 +4 (5-4) 


= e? sin 2t —4e ?! РЕ 2t | t cos 2) 





4 2 





Solution. (0) Since L^! E ыг sin at. 
Fay м 





therefore, by formula Ш above, 
1 Ci. Е > 
Т-1 — ээ РРР 3 = Г: эе BP | = SA НР Г ю 
Ї. [а T E z sinat dt i |- cos at]; = (1— cos atYa 
ГЕТ | 1 =i 1 —üf r-1 f 1 
Gn perd dagekd. ult es late eio — 
= |= + a ЇЕ * a) - alis +аў | Ч -a)s | 
Now 1") : үне" 26 ade (551 бе li ву above 
5—6 | (s — als 0 a a 





Solution. (i) If ft) L^! Gua then by formula V above, 


L ә. = ЕТ мя] ed 1 
| ! 1 (s*-a*Y | 2 1, (s* +a" 2052 +а2) 2 s* +a" 


©) 1,4 | т. )- sin at 





t 2 52 +a". 2a 


— | 
! Р 





Hence, f(t)= x t sin at. 














Otherwise : Let pijat i| 3 |. SAS ьш Fe) = 
s? +a" a s? +а? 
Then by (ТУ) above, tf =L! [йе] r- £L. : т) 
ds 8 +a 
" tsin at _ =, d 25 -1 8. _ 7 a 
or = Г org Неке хн 5 = t sin at. 
(it) In (i), we have proved that 
-1 J. 8 ak oa Д t- FK ва: 
L кл ta 20 t sin at = f(t), say 
Since / (0) = 0, we get from formula II above, that 
2 | | 
E — — =! a - 
fe Py: z! |s vim qg O 
= = F(Z tsin at) = 2. (sin at + at cos at 
dt \ 2a 2a 
(111) In (1), we have shown that 
| 8 1 
Іг 1 4——————— = —— (tsi = ГА 
la ius T (t sin at) = f(t), say 
By formula IIT above, we have 
: 1 aJi t sin at 
1-1 Ste ДЭ 1) аё = 
Loris] |: жив | — [X и 











= а nt жа - (sin at — at cos at). 
2a | 20 











Solution. (1) L-! ев! = га = илд 36-16 


(s + 1) (s – 2) 


"A pe ae 
By Ш above, 173 { 15 — |- | ЕЭ Сия Ja 


s(s+1)(s—2)} 40 (s + 1)(s — 2) 
= FP xd _ a) tatt let 
f. e 3° 3. on 


49 t 8-2 | 
in by III above, L-1 — cá —— Е d 
дні Пана ре | ls *D(- 5) 


-- 2 2 lei Ёс. ГРЕЕ ВР 
[ (Ze *3* 1 Аагий e! - t). 





(ti) L-1 =j! =e “sint 
52 те ЗУРГ Үү) * 1| 
Al 
By П above, Гг ! = (1) ё. е sint 
d ns s? E J- 
ie, а 9 1... „йш 
(s? (s? +48 + 5}? | 
or шты Sta xu li, e-2 gin t. 
(52 + 45 + 5) 








Solution. (i) If. f(t)=L-} log = 


, then by IV above, 





ayi) C po (SFL) pd |S үс 414 - 
tf(t)=L Ч эй J- L [S log (в + DJ + +L (2 (s »| 


-1 
- 34 +r? ea =-—e¢ '+e'=2 sinht 
15-41 8-1 
Thus РО) = (2 — 
(iz) If Р) = 17! p tote = sit , then by IV above, 





РИГИ ИК Е 8^1 ' -- rS * ex] p: [s | 
tf(t)=L | MM L js 198 (5 +I) +L Ts 


412! EA log (s + v} 





a 20 мг (Ber (jte 
5 4 5 





Thus О) == а +e '— 2 cos t). 
шэн f(t) »L- cot ($ z), Шен бу: V above: 
tf (0L! |- d соё 1 (5) =p} = = sin 2t 
| ds \2)} (s? + 22 
Thus f(t) = (sin 2tyt. 
(iv) If f(t) -L- (за 2 2) then by IV above, 
52 





ed. d = 2 aud 4s 
ЕЁ) = Г f- 4, an (2) L [2 








mii 20004802 = І? _ 0 
(s* + 2F — (28Y" (s? + 2 + 28) (s? + 2 — 2s) 





Ё 1 1 E 1 1, 
В 8 а ЕИ а ааа 
is?—9s42 52 +96 +9 G-1F #1 45417441 

= e sin t -e` "sin t = 2 sinh ¢ sin f. 


CONVOLUTION THEOREM 





between the lines и = 0 and и = (Fig. 21.2). 


If 17517 (S)) = КО, and L (g (si = g(0, 
LF в) RO= [ flu) g(t-u)du=F*G 
IF * С is called the convolution or falting of F and G.] 
Let ө(0- | fa) t-u) du 
| 21-41 Г.Бахый vus 2 А ore UN | 

Lio) = |, е | | Г gt- u) du Ф-1 | e"f gt -w dudi (1) 
The domain of integration for this double integral is the entire area lying | 
On changing the order of integration, we get 

11000) = N [ e f (u) g(t и) dt du 


ё [ e% f(u) | [ g^ 567 oft — u) at| du 


= L e^" fu) i e ^" glv) dv) du on putting t— u =v 





т 1 e ™ Flu) g(s) du = E ет“ F(u) du. F(s) 
= f(s). B(s) whence follows the desired result. 





4 089 Ёл = ^ T3 "T. БТ у, — 
“4 WU | Ё 
УА 4 (8 EI d Xx. z 











Solution. (i) Since f(t) = L-! Е = cos at and g(t) = L! | _* _ zl sinoi 
82 +a" (s +a" a 
г. by Convolution theorem, we get 
TUM ч flu) = eos au 
1-1|-3-. 1 zn ,95ma(-u), | 


203 dace daa — 4 —  —— pem 
“Эд А [sin at — sin (2au — а ]аЕ = эр [usin at + cos (даш — 6 | = 5, ^ Sin at 


Hence L- /__=—_ ER Ё sin at. 
ls Уз” 2а 








(ii) Since f(t) = L7! | : 8 3 
s +a’, 


^ by Convolution theorem, we get 





p1i|..8  ..8 
жа. g +b 








= eos at and e(t) =1- 5 | =, 
a Ferd 


- [ cos au cos b(t — м) du [- f(z) = cos au, g(t — и) = cos b(t — u)] 


à : f (cos Ка — b) u + БД + cos Ка + Б) и — btll du 


1 |sinl(a - bu * bt] 4 sin [(a + b)u — bt] 


а-5 a+b | 


a-b a+b 


_ жылыны. _ asin at — bsin bt 
~ 9 а аз аа SS ee 


д = hr 


DUM i Ke Sat | 





Solution. (i) Since L- ! | 





1 
s 3 


by Convolution theorem, we get 


== 1 |+ p sinu 9820-0, 





s?41 s^49 





= 1 | [сов (4и — 30 - cos (3t — 2u)) du = 1| SB n - 90. sin (3¢ — 2u) |' 
6 Ju 6 -9 à 
ee онон сан o 
d 1 (sin f + sin 3t) + 5 (int sin 38) = z (sin f j sin 30 
(it) Since L^! 2 = сов 2/ and 171 11 ты 3t| By (i) 
Evi Р + 105° га)” 8 3 [By (2) 


^ by Convolution theorem, we get 


L^ g 


(s^ + 108° +45" 


! 


1 
hs 





= [1 1 | | 5 
+9) (82 +1082 +9) 8-4 


(sin и - зїп Зи). сов 2(Ё—и)йи 


8 | [sin и cos 2(1-11- = 1 un Зи cos 2(t — uldu 


23 PFTis d лайн ын Жу» cem g 
=а I: БЕ (2t — ш) — sin (8и 20] — c {sin (u -- 2t) — sin би - 20 du 


! 


т 


16 | 
1 


\! 


12 


— cos (2t — u) + 608 (Зи — 2t) 
-1 3 





48 5 





f 
а-о евон tato 2 
0 


1 


1 e; 1 


—— cos ! — — сов 27 + — cos 3f. 
10 60 








PROBLEMS 21.5 - 


Find the inverse transforms of : 























1 › : 1 : = Pak 
с. (Madras, 2003 S) 2. =: 3. И (Madras, 2000 8) 
s*(s+5) — d s(s + 2)* аз +b Aus En 

1 1 St? буунайлн OF 
d та Би es 6. Mumbai, 2006 
25 s” (148 
7. ————. B. : -, 9, Їю | 
(s? жар (s ay Ч 8 Ч 
10. 1 5 +a : А ‚ 2003; U.P.T.U., 2003 11; И Ма i x А 
iter] БЭЭР ы аа 
| 2 E : у | | 2 
12, z log e nb Е: (Mumbai, 2008 ; V. T. U., 2008) 13. log iJ. 
2 s^ a" | | 45 
14, log Gp 2: (Madras, 2000 S) 15. ап" т (Mumbai, 2007, P.T.U., 2005) 
16. cot-1(s); (МТО, 2005) 17. 5168 == (Madras, 1999) 
8+ 
Using Convolution theorem, evaluate 
| 1 1 Г 1 
18, L-* 4— ————— 19: [7 L——— 5 20. L-! ———z. 
li зав» 8) (s* + а? s*(s* +a") 
231. 111-5--1--1 28, L^ | РЕД (Mumbai, 2009) 
is*(s +1)" |(s — 2)(s + 2)° 
23.5 т :2YX972 5) (V. T.U., 2008 S) 24. SG lY (УГО, 2007; UP T. U., 2005) 
1 | PE 
(82 + 48 +13)" (Mumbai, ) 
26. Show that =i- -—— 
ow that (1) Lb! Ё sin 3 (3 TOM i (7 (my * 
| Ж i г? e ( 
i ч (eos +) и 
vba var QU uy e» ^ 


(1) APPLICATION TO DIFFERENTIAL EQUATIONS 





The Laplace transform method of solving differential equations yields particular solutions without the 
necessity of first finding the general solution and then evaluating the arbitrary constants. This method is, in 
general, shorter than our earlier methods and is specially useful for solving linear differential equations with 
constant coefficients. 

(2) Working procedure ѓо solve a linear differential equation with constant coefficients by transform 
method : 

1. Take the Laplace transform of both sides of the differential equation using the formula of $ 21.7, and the 
given initial conditions. 

2. Transpose the terms with minus signs to the right. 

3. Divide by the coefficient of y, getting y as a known function of s. 

4. Resolve this function of s into partial fractions and take the inverse transform of both sides. This gives y 
as a function of t which 18 the desired solution satisfying the given conditions. 









ms, & 
a ч. 
s шээг" ! 
ОР” ыг. Ч = mL 
TUE ol 
-— Ж 
Em ы 


# 2 ЕЭ 1 асан =: T Р | ый ш hai Юй = 
dt — Г E. def 5 =. Ro Arco M RS amos 





Solution. Taking the Laplace transform of both sides, we get = 
[s? у — з2у(0) — ву'(0) — y” (0)] + 218? y - sy(0) – y'(00] - [sy —y(0)] -2y =0 
Using the given conditions, it reduces to 
(s? + 2527-5 —2)7 = 
6 6 6 6 


3 У (106 +10084 2) (8106) (206 +1) 36542 











5+2 
desired result. 


i bo 
4 
$ 


Оп inversion, we get y-Li 1 EM 1 «au xi 


(8-1) (s +2) 
or y =e! — 3e! + 2e?! which is the 














Li LET 
ib atem 





SUR. Е ; | i 
uar 3 ца! " 
БЫР ЫР ын. | 






глы. 

і йык 
ur 
p 


л 





FE 


both sides, we get 


p. D 


Solution. Taking the Laplace transforms of 
s?z —sx(0) — х(0)] 2189 —x(0)} + x = гу 
Using the given conditions, it reduces to | 


Бэсүд 
(s? — 25 + 1)% =} +25 -5 = 25 18 +6 
8-1 8-1 
2588-1846. 2 3 1 





- 


1 


1 ; 1 
(8 —1p 


On inversion, we obtain x = 2L~ 1 | —— 87:75 ЧЕ. ВИ +L- 
(s -1 


8-1 


Ї 
29g. Bel. te Л 





= ge! — Jte! + diet, 


1! 2! 





| E 14 тарг po АА s Ч 
« 1 L dq > uir 4 ae д > аа " 2 E "AU HM 2 
pP ^ F} TA! PU Fe ы а = Ris N ES ‚ №" Га ж. Ч, үй E "en й ur E ar а сай i 
Г, i k E 21 Угай rr — T n i "uw rn Р єр 5-1 ч roe = = re 
T "wn un 1 = >’ г y 7 DIT lt 25 1 Lo L 





! Solution. Taking the Laplace transforms of both sides, we get 
[s? x —sx(0) — x' (0)] + п2х =aL{sin nt . cos o + cos nt. sin a} 
On using the given conditions, 


| = л. 5 
(s?+n2)x =а сова. zz tasina. — S ec 
s“ +n s? 4 n? 








ЕА 1 WC 8 
x = ап сов о. ——— +a sin a . ——— — 
(s? + п2)? (s? + n?Y* 
On inversion, we obtain 
x - an cos о. x (sin nt — nt cos nt) + a sina. EA sin n£ [By (11) and (12) p. 741] 


= a [sin nt cos & — nt cos (nt + a))/2n?. 


-— 





ï | 
Le ч, 
" & à i 
A. „ | P 
e 2 | Л. 
L| Ч J 
E „= 1 я 
r 





Solution. Taking the Laplace transforms of both sides, we get 
[s? y —325(0) — sy'(0) -у" (0)] — 3 ls? y — (0) — y'(0)] + 3 [sy —y(0)] - У = = = 5 





Using the given conditions, it reduces to 








_ s*-8s+1 2 _(s—1) ~(s-1)-1, 2 
С (8-17 (e-f - e-i Ш 
20111 1 8 — 
85-1 08-18 (8-17 * 6-18 


On inversion, we obtain y = L-!| = |- Д1 D! _ 97>) 
" бич (s—1) (в — 1)° (5-1) 











Solution. Since x’ (0) i is not given, we assume x (0) = a. 
Taking the Laplace transforms of both sides of the equation, we have 


L (x^) + 9L (x) = L (cos 20) ie, ls? X —s х(0)—х' (01498 = —8 











8° +4 
$ _  з+а 8 
(52+9) х =з+а+ or = — b= 
8244 5+9 (s*+4)s* +9) 


и 1 8 4 5 





ог кое —— +>. — + =, | 
8-9 55+4 5 5° +9 
On inversion, we get x= © sin 3! + = cos 2+ 2 cos 3t 
| T 
ее #5 o 2.5 [ «(=)--1 
зо 3 5 | 


Hence the solution is x = i (cos 2t + 4 sin 3t + 4 cos 34). 


i NET Y By ee " rien Н 797 LUE: 


х e 8 | 1 | ty +. й Ste | 
eia ag аль мал шэн E "m FF Ч TL xu m 


Solution. Taking Laplace vw of БЕН sides of the equation ad — that 





L t VG -- E IL (РОН, we get 





d (iy EV zia 
py — 8y(0) — y'(0)] + 2[s у – у(0)] a= - Е; 











or - (22 easy] + (0) + 0 + 2 - 240) - 2 (5) = ae 
" dy 8 dy 1 8 

or (s?41)— +1=- | INE UE Ln mum 

ds s? +1 ds 1 fa ey 


On inversion and noting that L~! | f’(s)} 2 —£ f(t), we get 
-tyz-sint- $tsint [See $ 21.12 (11) 





or y= 3 1 + сэн sin t which is the desired solution. 


2 






= - E г ' i - 7 Ag - Е B >” f 
a k 4 bi | Гай. ! 
| 4 - I Tar. " Lm P =. ш Чи La 
, à s ш EM " № 
: = m 15 i Е ote 9 Ра. d СО ЯЛЛ -by KT Ч, ыг 7 үе 
j Te х, ООС! GVy' 1 Ч 7 
2 | Г : T b Г " ч = TE нь 1 d ia 134-1 20 eT. 2 ын 4" 5 4 „ L BF i у: = Г, үз (f 
. | | Ра Р EUT t Hd ы ЕК Кр = y! (0 n s = 
| Г ji ш = п? и " 7 =. . 
ч ы 4 „ате Е = а, Ч in. 
{ № jy ae 53 i iy 20) | J P b 7 | 
aa te Е = ' CE я} 1 


Solution. Taking узт ——Ó— of both sides of the — we s dt 
І, (xy") + Шу’) + ху) = 0 


d us Р Кн dy _ ДЭЭЖ... ..... 
ог = 1877 — sy(0) — y'(0)] + [= y — y(0)] — e -0 or (52+ 1) д +89 =9 





Separating the variables, rg. | Res =e 
¥ s* +1 
| 2 к Ызы с’ 
or log y + 3 log (82+ 1) = loge’ ог У = Tap 
Inversion gives yc dx) 
To find c', we have y(00)2c'J4Q), Le, с-2 
Hence y = 2J x). 


е Ме [T! rh ГА. BG. ‚ш № rim Lime " 
а - aru ay > 2-5 7. 3 m» 
а Ё г. ^" ; г 0 ЙТ | |: i 
d "F FLETILSIE, F' FF fp. КЕ, 2 n А 
ы " “4 Гент i ШЕ 1 





Solution. If i be a current and q the charge at тит t in the "eT then its differential equation is 
di 

dt 
Taking Laplace transform of both sides, we get 


I == +3 = = E sin wt [: R=0] 





- я lix | wo 

L [si (8) — i(0)] + ce -E. т, 

Since i = 0 andg = Оаёѓ = 0 

E 1.51 (8) + EDT = dg AE) 

Also taking Laplace transform of i = dq/dt, we get 

i (s) = 1А4д/41) = s Liq) — q(0) 
i.e. L(q) = i (sys [: 900) = 
ae E шаг > 1,- Ew 
(i) becomes L s i (s) + c [i (s¥s] = — To 

Ew "T. _ Ew 
$+ 0 — L(s?-«1/LC)(s? + o) 








or [us + 2) 1(8)-- 


or i(s)= Ew. жҥк 
© L (8 + p*)(s* + ой) 


i= Ld -— 
оѓ) [3+0 8 + р? 


where p? = Ш.С 





754 





Now taking inverse Laplace transform of both sides, we get 


Ew FE. 5 5 
uf) = ———— L р 
[Др i _ w) [5 + (02 (s? xl 


ЕР Ew 
or КИ = -——— —— — (cos at — cos pt). 
Lip” — о?) 2 





PROBLEMS 21.6 











Solve the following equations by the transform method : | ar | ror) рр" 
1, yf + 49° + 3у= ef, y (0) =У(0) = 1. (VATU, 2008 8 ; Киги ieu Aq) | 
2. (02-1) х =a cosht,x (0) = x (0) =0 | | 
3. yty =, (0) = 1,90) = 0. | | | (Mumbai, 2009) 
А. у" Зу + 2у- et when y (0) = 1 and y'(0) =0. | нэ WT. и, 2010) 
Б. (D? — 3D 4 2)y = 4e? with y (0) =- 3, (0) = 5. | | | | 
6. у” + 25у = 10 cos 5t given that y (0) = 2, y'(0) — | 
7. (D? ору = cos ax, 0, given that y = ARA 10 at £ = 0. 

d*y od / А: БАН | IN I AF Bes DM. | 
8. 287 2-1 зуе ва у= ©” =0 when t =0. (Kurukshetra, 2005 ; Madras, 2003) 
zh. Mab cH Tae | ў, Аи, ЕЕ. | 
10. 17 + 2y" U) + y(t) = sin t, when y(0) = у'(0) = (0) 2y"(0) 0. —. jr RP e PAP У 
11, бү» 55 + бу = € sin t, where у(0) = 0 and у(0)-1, Foo АР» ОУ Мер ТЛ ООО 
12. y' + By" + d = буі Bit — 2), (0) = 0, y (0) 0. | р (PETU, 20058) 
dèy: „Фу |, dy "PS dy  d^y os ЖАРЫК Ck. 2 MORE 
13. $03.39 3,949 суде whera y 1, 530,95. | Date x0. 
аз dh dri T T PP EU шат Hl 


14. (D? + 1c = t cos 26, x = Dx =O att = 0. 2005 ; U.P.T.U., 2006) 


15. ty" By’ + ty = sin t; when y (0) = 1. 











16. ty" + (1— 21) y' — 2y = 0, when y (0) = 1, (0) = 2. | | ‚ РТО, 2002). 
17, у" + 21y' -y « t, when y (0) = 0, у (0) 2 1 | ГЭЭС р 
18, ty” +y += 0 when y (0) = 3, y'(0) - б. SIAL | 
19. A voltage Ee is applied at ¢=0 to a circuit of inductance L and resistance К, Show (by the transform method thi 
the current at time is =“ ме MIL) | | 1 | ло, 2000) 


20. Workout example 12.17, р. 465 Бу the transform method. 

21. Obtain the equation for the forced oscillation of a mass m attached to the lower end ‘ok ans elastic spring whose uppe 
end is fixed and whose stiffness is А, when the driving force is Е, sin a£. Solve this equation (using the Laplace 
transforms) when a? # k/m, given that initial velocity and displacement (from. xx aud pai position) are zero. 





J | 
| Hint : The equation of motion is. Fd + 12 x- P, sin.at and х= dx = 0 when = 0 
di^ m m | dt 


"Am SIMULTANEOUS LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 





The Laplace transform method can also be applied with advantage to the solution of simultaneous linear 
differential equations. 


| Example 21.35. Solve the simultaneous equations 2 +5х-2у={, Ed ОЕ НЫЙ 
"when 6-0. | [Ex. 13. 38] 


а - | 
и № ё 


Solution. Taking the Laplace transforms of the given equations, we get 

















[sx -x(0] +5х -2y2 1052 ie, (8+5) х -27 = 182 „ХОУ (0) = 0] 
and sy –у(0) +25 + y -0 ie, 2x +(s+1)y = 0 Ati) [ (0) = 0] 
Solving (i) and (ii) for x, we get 
_|i/s? -2 | |s+5 -2 |_ 31 21 a ЗэРРЭЖ, 
0 s+1| |2 s+1| 8(84-3Р 275 9s? 27(s+3) 9(s+3) 
Substituting the value of x in (ii), we get 
2 2 4 2 4 2 


— e US. AS Ge nx ВИ бХ оо 


52 (8+3)? 27s 952  27(s43) 9(s +3) 


On inversion, we get 

















we get [s y – у(0)] + 2x = — or 2x +8у = ER 
s? +92 gy +4 

and [sx —x(0) -2y = —* or sx-2y-2 5 +1 (ii) 
| s? 42? " s*44 


Multiplying (i) by s and (ii) by 2 and subtracting, we get 
(s?.-4)y 2—2 or y=- 2/8? +4) 





On inversion, — 921,1 | ЖИЙ ээг sin 2t 
84. 
From the given first equation, 
ix = sin 2t — dy/dt = sin 2t — 5. ( sin 20) 
or 2y = віп 27 + 2 cos 21 ог 4x?- (sin 2t + 2 cos 22) (iii) 
Also 4xy = (sin 2t + 2 cos 21) (— 2 sin 2t) = — 2 (sin? 2t + 2 sin 2¢ cos 20) Ku) 
and 5y* = 5 sin? 2t. (uU) 


Adding (iii), (iv), and (v), we obtain 
4х? + 4ху + Бу? = sin? 2t + 4 sin 2f cos 2t + 4 cos? 2t — 2 sin? 2t 
— 4 sin 2t cos 2t + 5 sin? 2t = 4 sin? 2t + 4 cos? 2¢ = 4. 
: ga pages de i 


iy = Sess $ к, 0 

E 1 [ a = 
bi 42 Ж -i = 4, 18 Цан » хунд С 
ї T. y 27 we, dest АУ, 


TS. "pn um d ЇРЭ 4.25 1 


возын, Taking the Tanta — of both the águations; we get 





[82 х —-sx(0)-x'(0] + Зх -2y 0 ie, (58 -3)х-2У-3 (1) 
and [s?*x —sx(0) — x'(0)] + [s? y — sy(0) – у'(0)] -3x +57 =0 ie., (32 —З)х + (s*+5)y = 5 i) 
Solving (1) and (11) for x and у, we get 
_ |3 -2 5+3 -2 3s? +25 
х = 2 Tl s 2 aoe Ss ERR 
5 в +5 8-3 в +5] (5 + 1)(8 +9) 




















756 





s*43 8 87-48 2 Qs" +24 11 1 з 1 
end 2 | на wx 22 c € а A, 
-3 5| |s*-3 s*45| (8° +1)(8 +9) 4 s*+1 4 8-9 











On inversion, we get х = п sin Ё + 5 sin ðt; у = b sin t- + sin 3t 


which are the same as the solution in (vii) on p. 499. 
Obs. The student should compare the earlier solutions of the above examples with those given now and appreciate: 
the superio ity of the transform method over others. a 





PROBLEMS 21.7 5. | 





‘Solve the following simultaneous equations (by using Laplace transforms) : 





1. Es -5HHt,gBgiven. Аа, у 0. 
САВ el, dr += sint givenx (0) - 1 y (0) =0 


a. a s - sin t, Gp +x = cos t, given that x =2 and y=Qwhent=0. — гу 
(364 3, | F^ АД un bd 
8. e =x у; ay жус-х, given that att = МАШ АЖИ psi г 
dx dy gra, di 14 dy TOM AM 
43 + RA + 2x 1, др tt ap +37 = 05 Bivenx = =0,y = О when ¢ = 0.. 377 | 
Б. (О — 2) —(Ю.+ Dy = Ge® ; (2D — 3) + (D — Зуу = 62% given x = Зу = 0 when t = 0. 7908) 
6. The currents i, and i, in mesh are given by the differential equations ; ay (45: ais = чор, #, 


Find the currents i, and i by Laplace transform, if i; 244 = 0 ate=0. | | SRL RE 





(1) UNIT STEP FUNCTION 


At times, we come across such fractions of which the inverse transform а) 
cannot be determined from the formulae so far derived. In order to cover such | 
cases, we introduce the unit step function (or Heaviside's unit function*). 


Def. The unit step function u(t — a) is defined as follows : 
| Ofort<a 
uli—a)= 
| ) P fort2a О а t 
where, a is always positive (Fig. 21.3). It is also denoted as H (t — a). 


(2) Transform of unit function. 
e * ult — a) Ф = |" ё, 04:4| е -4 14(-0-15 














L|u(t —a)) = [. | 


и 


Thus Llu(t — a)) =e “/s. 
0 fort«a 

The product f (£) u(t —a) =. 

женин - for t >а. 
The function f (t — a) . u(t —a) represents the graph of f (t) shifted through a distance a to the right and is 

of special importance. 
Second shifting property. If Llif(t)) = f (s), then 
Lif(t - a). u(t -а)} = e-** f (s) 
Lifit—a).u(t—a)) = Ї e " f(t — a) u(t—a) dt 





*Named after the British Electrical Engineer Oliver Heaviside (1850—1925). 


| 757 | 
| 


= E e* ft —a)(0) dt + [^ e* р-а) [Put га = u] 





= ү eg "n +) fiu) Fii “айн Г e? flu) du =e as Fis). 





0, 011 
Solution. We have /(1)-44-1, 11-42 
1, t>2 
or ft) =(t —1) [u(t — 1) - u(t — 2)] + ult — 2) 
= (t — 1) u(t — 1) - (t — 2) w(t — 2) 
By second shifting property, 
Lif (t — a) u(t - a)) = е LI (t)]. 
Also Lif (0] = L(t) = 1/s?. 
. L£ — 1) utt — 1)] 


=g" . + and L ((t- 2) u(t — 2)] =e" *. 4 
s? 8 





28 
Hence L if ()) - LKt—- 1) w(t — 1) - (t 2) ult - 2)] = 2—2 
8 





Solution. f(t)=sint [u(t — 0) — u(t — л)] + sin 2¢ [u(t — п) — ult — 2n)] + sin 3t . u(t — 2x) 
= sin £ + (sin 2f — sin £) u(t — п) + (sin 3t — sin 2t) u(t — 2л) 


Since L[f(t — a) u(t — a)] =e" f (s) and L(sin at) = 





в2 ас) 


Lif (£] = L(sin t) + L[(sin 2t — sin £) . u(t — 1)] + L[(sin 3t — sin 28). ult — 25) 


1 ,-| 2 1 ]|,,-]| 8 2 
=- -+е = te poco me Ida 
5° +1 > 4] [#2 zl 














2-1 1<t<2 
8-1, 2<t<3. 


Solution. (1) We have f (t) = | 


ог f(t) = (2—1) lu(t — 1) — u(t — 2)) + (3— t) lult- 2) - u(t — 3)) 
= (t—1) u(t — 1) – Xt- 2) u(t — 2) + (t — 3) u(t — 3) 
Since L {f (t-a) и (t -a)) = е f (s) A) 
x3 зү 
x Lif()-e*. + -2е-® x +e, 3 = CI [: {=й 
s? 8 
1 


(1) L (е [1 — u (t-—2))) = L le) – L {et u (ғ 2) = Р 2—20 (t — 2)] 





Taking f (D et, F (в) = — and using (A) above, 


| — — 1 
L le u(t-2) =e 3--- 


Непсе Let |(1 —u(t—2)) = {1 — e- 25 +0] (5 + 1). 








| | - ч | | =. a 23 ү | 
L] | = E ca. TE җе > кы + a M i е T: Берда 108. pe TF Fg. 71 a e 
й y Г Г е ў > Hi 14 41. ЕТ) 9; М - а Баг" E 
B a LN я iplace transform, evaluc n Ido к NES le. 
. ж ` $ , = a E E ге pg ва. - 4 : ч L| 4 j i 


J F P | w 





d 
Я j 1 we 

! _ 4 
8. 4 | 4 cf Га a 1 


баа, have L (a -2t— Pa вне duo 
=e * L[1 + 2(t + 1) (t+ "à + (2+ 1)3] =е * L(3 + 37 + 2/7 +В) 


Mx eas eR di © 
‚ s si) s p e y) 
fe" (1+ 28-2 +8) Ht- 1) а = их +344 
B 
Taking s = 1, we obtain 


Ги 
А 4! p х W. j i 4/7 : 


гүн ene js JU 11: 





0, t<a 
= eod Me a) u im e zi. second сасне rna a 


ae 121 fe ве" ™ АД w(t —a) t>a 
1 я а 








and Life f (8) = f(t — a) . u(t — a) .4(М 
= ѓа om 
Е pal] ЖЕЕ ор 5 lupis Ой 
| 82 + д2 | , aed totg gd 


= cos п (t — 1/2). u (t — 1/2) + sin n (t— 1). u (£— 1) 
= sin nt . u (t — 1/2) — sin nt. u (t — 1) = lu (t — 1/2) - и (t — 1)) sin nt 


Ni — 68 ү S K 
(8) irr i. ee 1 1,1 1 i 1 | 
(8 +a) | а? 5 0 52 д? sc 





Using (A) above, we have 
pij e 1 2-Lün.ut-ote li. e). u(t —c)) + È lett- , u(t — e) 
8-(8 +a) a” а а? 
- EL (t—c)—14e9€-9) ult с). 





T = n , № Ч 3 jr rx Е e: Ж 25 Г 37 a Ч ; " 4 гай dis dS | Р, эл ү 14 E t : л К Г | A ра 
Solution. The constant force F acting from t = 0 to t = Т сап be expressed as 


Fli-ut-T),0-t«T 
г. equation of motion of the particle is 


dx _ 47 | ах у. F, Uu 
E -ЕП-и(4-1)-тй х or 2 + х = = [1-и Т) 
Taking Laplace transform of both sides, we get 





(62 +k?) x = = (1-е 8") [^ x=0, х -0att- 0] 
| . К l-e” Е, am, Ifi в 
or X mee. а р 1,--15-- 
т s(t +h?) т PLS 52 А? 





QE јо Tl о ату 8 
E a e дэ (l-e E 


Taking inverse Laplace transform, we obtain 
- — = 1 — cos kt) - (1— cos & (t — TI] u (t — T) 





ie, х= а (1— eos kt) for 0<t<T 
and x = Č (1 -cos kt) - 1 — cos k (t — T) for t > T 
mk” 





" Л, [cos Ё (t — T) — cos kT} for t» T 


or х--25 дал! sin р 7/2) fort > Т 
mk” = 


Hence the amplitude of subsequent oscillation (i.e., for t > T) = = sin 2 i 
mk 











Solution. We have i = 0 at t = 0 and E(t) = Е for O0<t<a 
[О for t#>a 


taking the Laplace transform of both sides, (1) becomes 
(Ls + Р) ре“ Е) а= | e" Edt- S a - em 


or — — ШГ. 
5(18-Н) s(Ls+ R) 
+ РЦ = | Е | НА r1] Ee ™ | .. 
On inversion, we get pL lom L emi AU) 
| -11Ё |_E “(1 a N S | E ви. 
= = ЕВ A a” URL)" RU €? 
and | Prka Ее" | E [1 —e #@®-а u (а) [By the second shifting property] 
s(Ls+R)| R | 4 == ыы 
Thus (ii) becomes {= (Dec RU] - Zu —е-К@-аў®} и (t — a) 
Hence eg emanates 
-E 
R 





ее Taking the origin at the eni А, уге have: 


d^ 3 = w(x) 








where w(x) = ш{и(х — 14) – u(x — 3/4) 
Taking the Laplace transform of both sides, (Fig. 21.6), we get 
El|s' y - s?y(0) — s?y'(0) — sy"(0) — y"(0)] 


|= g sid | 
zu — 





Fig. 21.6 








8 8 
Using the conditions y(0) = y'(0) = 0 and taking y"(0) = с, and y"(0) -с,, we have 
PPS an [= _ g 318/4 | с с 

i og? s? 








On inversion, we get Ely = 52 [(x — VA) u(x — М4) — (x — 3I/4)! шШх-31/4) + 5 сүх» = 8655 AE) 
For x > 3/4, Ely = aa [x — 1/4)? — (x — ЗІ/А)?] + Тех? + ie 


and Ely’ = = ix — UAY — (x — 34] + сух + Зе? 


эт” 
Using the conditions y(/) = 0 and y'(/) = 0, we get 0 = 24 AE zy -(&) | + те + 26 


NS 3 
and 0- “(а -(4) | tcl x le? 


whence e,=11 wi?/192 ; c, = — ШЇ. 





Бэ... 
сп 





Thus for /4 < x < 304, (i) gives Ely = 2 (x x 


4 
Hence the maximum deflection = y(//2) = 18шГ — 





FEEN (1) UNIT IMPULSE FUNCTION 


The idea of a very large force acting for a very short time is of frequent 
occurrence in mechanics. To deal with such and similar ideas, we introduce the unit 
impulse function (also called Dirac delta function”). 

Thus unit impulse function 15 considered as the limiting form of the function 
(Fig. 21.7) : 

5, (#—а) = Ye, astsa+e 
= 0, otherwise 
as Е > 0. It is clear from Fig. 21.7 that as Е-» 0, the height of the strip increases 8 ас: 
indefinitely and the width decreases in such a way that its area is always unity. 
Thus the unit impulse function є — a) is defined as follows : 
ét Ca) = = ог = а; = 0 fortza, 





| 


Fig. 21.7 


such that k 6(f — a) dt= 1. (a z 0) 
As an illustration, a load w, acting at the point x = a of a beam may be considered as the limiting case of 
uniform loading w,/e per unit length over the portion of the beam between x = a and x =a + є. Thus 
w(x) = w/e а<х<а+е, 
= 0), otherwise 
Le., w(x) = ш„ё(х + a). 
(2) Transform of unit impulse function. If f 7 be a function of ¢ continuous at t = a, then 


[Г (008,4-а) 46-77 ТФ. t dt 


"ru wherea «T «a tE 


by Mean value theorem for integrals. 


As € — 0, we get | fF (b 6tt а) dt = fla). 
In particular, when f(t) = е, we have L[5(t — a)] = e-**. 






^ | ^ 7 Wit GE у У " ( 


М T Ase 
те [ f (t) &(t — а) dt = =f (a) 





[, sin 22 8(t — 1/4) dt = sin (2. п/4) = 
(ii) We know that L (6 (t — а)) = e7% 
L H $ — a) -[ Li6(t-ayds- | e^ ds 


dal 


1 


== „т. ge Us 


a 











* After the English physicist Paul Dirac (1902-84) who was awarded the Nobel prize in 1933 for his work in Quantum 
mechanics. 





Bibi. Thé din of the circuit "eu atii 
LŽ +Ri+% |= ЕМ)  wherei=0,whent=0. 


dt 
Taking Laplace transform of both sides, we get 
ГВ? —i0) + RE el i =E [Using § 21.7 and 21.8] 
| ЖРЕТ: VA ops E 2 24 01 =(ЕЛ 
or (s 22231 ecc ог (s? + дав +a? + b?)i =(E/L)s 
where R/L = а and 1/CL =a? +b? 
or = Е етее Е EM A а 
Е (з+а +b? Li|(sray «b^  (s-ay +b" 
On inversion, we get 
22 а-а | 
i= Blew “сав bt ee sin bt 


Taking limits as t > 0, i — E/L 
Although the current г = 0 initially, yet a large current will develop instantaneously due to impulsive 
voltage applied at ¢ = 0. In fact, we have determined the limit of this current which is E/L. 





Solution. The differential equation for deflection is 


d^ dy w 

dut 
Taking the Laplace transform, we have s* y - s?y(0) — s?y'(0) — sy"(0) — y"(0) = pe [5/4 
Using the conditions y(0) = 0, y"(0) = 0 and taking у'(0) = c, and у”'(0) = с,, we get 


j- ГЭР 7 ын 
404 El 1 


3 — 1/4 
On inversion, it gives y exc, 27 + 2 (х E 4y 


xi °©* — [/4) 





u(x — ША) 


ie, yzcextlox, 0«х-1/4 
IM oe: ИНЕ CSS E) 
and y=¢,X + сх + Bay * - 114), l/A«x«l 
Using the conditions y(/) = 0 and y'(/) = 0, we get 
O=c,l+ lc, 9wi/128EI and 0=c,+ 1с 2+ 9wI?/32EI 
whence c, = 912/256 ЕТ, Cy = – 81/128 Е1. 
Substituting the values of c, and c, in (i), we get the deflection at any point. 


= 0-шс = 7 n = ^ ат == 


Ps x = | | E Tu Fp aj 
PROBLEMS 21.8 





(1) f(t) = 24 for 0 <t < х, fi е 
(i) f(t) = ого < <2, Tes 20 for t NM L 
080 FU) = сов (wt + ф for 0 <t < T, f(E) = Ofort>T. | aA} 
nections in terms of unit step function and hence find its Laplace transfi 
| cost, O<t<n 
(ofi Lo п met «2n (У.7.07:, 2007) — (ti) f(th= усов 20, n<t<2n 
| sint, ¢>2n + EVE < T. у 400832, (эл STF / | 
* * A | _ | Mumbai, 2008 УЛУ, 2003 8) 
|2, O<t<2 UT P d e O T | 3, | 
(8010)-44, 2144 — | pv ow a ford rome (V.T.U., 2011). 
18, t»4 | | sug Ti А. | | 
4. Evaluate (i) L {èt u(t — 1)} — dL Kt - 1° и @- D ' 
(iii) L (Y. 2t — 302 + А18) He — 2). (Mumbai, 2007 Yd GL (alt 1) +8 dc 3). 


5. Evaluate il eta баги а. 
6. Find the inverse Laplace NOAA FORUM 


=н 


/ a +1 1 | | | | 4 ч 1 i zo oca т | 88 ИР 74 | \ \ i 
у | (ETU, 2010 = IO ER Cer wr T. | (P-T.U., 2002 8): 
АМУ SW vos peu a Ууд TWO лер 
i Solve using Laplace transforms 5-2 + 4у = Г 


1 when 0«t <1 
0 when t >. 


0) = = 0, y* (0). ind Ё w= 4 


ns, solve x^) 8 (0 = и@,х (0) =1, xe 0 | 
0sts4 


, A beam has its ends. sided: atx-0 dd. xl. A concentra. ad load W acts vertically downwards at the point 
х= ЇЗ. Find the resulting deflection. | Жу. БК | | 


>00) = yz 0,50) = у" = | 


. Acantilever beam is clamped at the end x = 0 ана is free at the endx = A It carries a аа gres uad: noth | 
from x = 0 to = 1/2. Calculate the deflection y at any point. | (Kur: 2006 
IHint. The differential equation and boundary conditions are 


4 у Wx) гү TQ | | 0«х-1/2 
TS 58 "- A 2. 1 w 
| AA ET (0 « x « I) where | ix) = lo. 51/2 
and y(0) = y'(0) = 0, y"(0) 2 у” (0) = 01 | K 
|. An impulse I (kg-sec) is applied to a mass m attached to a spring having a spring constant А, тре aystes але 
with damping constant jt. Derive expressions for displacement and velocity of the mass, assuming initial conditions - 
x (0) -x' (0) = 0. | 
| Hint. The equation of motion is an 5х) — kx — pb ai 














ERES INTRODUCTION 


In the previous chapter, the reader has already been acquainted with the use of Laplace transforms in the 
solution of ordinary differential equations. In this chapter, the well-known Fourier transforms will be 
introduced and their properties will be studied which will be used in the solution of partial differential 
equations. The choice of a particular transform to be employed for the solution of an equation depends on the 
boundary conditions of the problem and the ease with which the transform can be inverted. A Fourier 
transform when applied to a partial differential equation reduces the number of its independent variables by 
one. 

The theory of integral transforms afford mathematical devices through which solutions of numerous 
boundary value problems of engineering can be obtained e.g., conduction of heat, transverse vibrations of a 
string, transverse oscillations of an elastic beam, free and forced vibrations of a membrane, transmission lines 
etc. Some of these applications will be illustrated in the last section. 


| DEFINITION 
The integral transform of a function f(x) denoted by I[f(x)], is defined by 
fís- Г f(x К (s, x) dx 
where К(в, x) is called the kernel of the transform and is a known function of s and x. The function f (x) 18 called 
the inverse transform of f(s). 
Three simple examples of a kernel are as follows : 
(1) When K(s, x) = e^ **, it leads to the Laplace transform of f(x), i.e., 


Гб) = |, Годе-к dx. (Спар. 21] 
(it) When K(s, x) = е, we have the Fourier transform of f(x), ie., 
F)- [^ ра) е dx. 


766 








(iii) When Kis, х) = x*- !, it gives the Mellin transform of f(x) i.e., 
M(s) | f a)x*-! dx. 


Other special transforms arise when the kernel is a sine or a cosine function or a Bessel's function. These 
lead to Fourier sine or cosine transforms and the Hankel transform respectively. 
In order to introduce the Fourier transforms, we shall first derive the Fourier integral theorem. 








(1) FOURIER INTEGRAL THEOREM 


Consider a function f (x) which satisfies the Dirichlet's conditions (Art. 10.3) in every interval (— c, c) so 


that, we have 
| lo | X nx . nm) 
y= S. X (a, cos ZE +, sin 2d ша) 
Ig | 1 {© auo RE». 1, (5 ug FORE 
where а= - Jf dt, a, =- Ї гө cos “™ dt, and b, --1, fb sin “ар 


Substituting the values of a,, а, and b, in (1), it takes the form 
i. fe ‚ lee nní(t — x) | 
‘(x)= — t) dt 4 — t) cos ———— — dt xz 
fe---[ ro 2, [f cos Л (2) 
If we assume that Г | Р(х) | dx converges, the first term on the right side of (2) approaches 0 as c — со, since 


a Pe" S сизга 
> [fat | f Old 
The second term on the right side of (2) tends to 








иш iy [^ focos 258-2 ae 
CEM nd no c 
Е iw [" ricos nBÀ (f — NEN EN 
= Lt. x aL OA Г f(t) cos nda (t — x) dt, on writing л/с = бА 
This is of the fi Lt V | rà [ГЕ 
is of the form 576, 2, Е(пбА), i.e., | F(A) ал 


Thus as c — c», (2) becomes f(x) = ГГ го cos nee - x) аа ..(3) 
which is known as the Fourier integral of f(x). 











| (2) Fourier sine and cosine integrals. Жонон ан А (t—x), (3) may be неа аз 
| lg y [* „1р. нь шиш w ai 
Год = — [cos dx [^ f( cos a dt d « — [7 sin x [^ f(t) sin № dt dì (4) 


If f (x) is an odd function, f(t) cos А is also an odd function while f (t) sin Ағ is even. Then the first term on 
the right side of (4) vanishes and, we get 


BEA Зэрж «аа КА RY 
Род = — J) sin Ax |, FO sin X de a (5) 
which is known as the Fourier sine integral. 





Similarly, if f (x) is an even function, (4) takes the form 
"is 2 p= pee — | 
ѓо) = = [, совЭх | f(t) cos At dt а^ ...(6) 
which is known as the Fourier cosine integral. 





Ча) бошдан Mem de iva gi, Харийн ca e wol 

ac 1 [= pm mn s m 

f= 2 | Г. Ге) cos Me — ха (7) 
because cos A(t — x) is an even function of A. Also since sin A(t — x) is an odd function of А, we have | 
0 = 2 | [a Коза At- дам» ...(8) 
Now multiply (8) Бу г and add it to (7), so that 
21431  - -x) д, 

f(x)= == Г Г. fit) e™ ца, .48) 


which is the complex form of the Fourier integral. 
(4) Fourier integral representation of a function 
Using (4), a function F(x) may be represented by a Fourier integral as 


Fix) = = [7 ТАО) совЭх BO) sin Ax] d. 


where AQ) = (^ fit) cos М dt; ВА) = [^ f sin 2 dt (10) 
If f (x) ts an odd function, then | [By (5) 

Г) = Е [ ВХ) sin Ах dA where В(А) = 2 hy f(t) sin А dt ..{11) 

If f (x) is an even =, then [By (6)| 
f(x)= = 13 = AQ) cos Ах dà where A(A) = 2 b f(t) cos At dt (12) 





Solution. The Fourier sine integral for f(x) = — ар sin Олд dA. (7 ft) sin Ot) dt 


== (эш sin (Ax) АА [^ sin 04) dt 
2 


= “асаа сов (At) [* _ 1 — cos (Ал) 

= — |, sin (Ax) da ян ши Г — i (оја, 
| r= l—cos(An) . | . He Б. n/2 forO<x<n 
x | 1 sin x) dA = 5 ад |а — 


At x = п, which is a point of discontinuity of f (х), the value of the above integral 
Ч ‚т е санан 1+0 m 
2 ^1 


2 9° 9 4 





УЖ (1) FOURIER TRANSFORMS 





Rewriting (9) of § 22.3 as 
a {= „ж ux Ч: 
f (x)= on [е UT eis [ fioe? dt, 


it follows that if F (в) = |: ft ед dt „С 
then Ро) = — |7 Р) ете ds ..(2) 
2m #—= 


The function F(s), defined by (1), is called the Fourier transform of f (x). Also the function f (x), as given 
Бу (2), is called the inverse Fourier transform of F(s). Sometimes, we call (2) as an inversion formula corre- 
sponding to (1). 

(2) Fourier sine and cosine transforms. From (5) of § 22.3, it follows that if 


Ев) = | ГОО вш sx ах (3) 
then f(x)= 2 Е Е. (8) sin sx ds (4) 
r4 


The function F (s), as defined by (3), is known as the Fourier sine transform of f (x) in 0 < x «ос, Also the 
function f (x), as given by (4) is called the inverse Fourier sine transform of F (s). 
Similarly, if follows from (6) of $ 22.3 that if 


Е (5) = г fx) cos sx dx ...(5) 
then каг |, F.(s) cos вх ds ...(6) 
л “0 


The function Е (в) as defined by (5) is known as the Fourier cosine transform of f (x) in 0 < x < =, Also 
the function f (x), as given by (6), is called the inverse Fourier cosine transform of F (s). 

(3) Finite Fourier sine and cosine transforms. These transforms are useful for such a boundary- 
value problem in which at least two of the boundaries are parallel and separated by a finite distance. 

The finite Fourier sine transform of f (x), in 0 < x < c, is defined as 


Е (п) = Г f(x) вш T dx AT) 


where n is an integer. 
The function f (x) is then called the inverse finite Fourier sine transform of F, (n) which is given by 


Г(х)- = 23 Е, (п) sin * эг .448) 
С да 
The finite Fourier cosine transform of f (x), in 0 «х < c, is defined as 
Е (п) = Lf (x) сов — dx .4(9) 
0 с 


where л is an integer. 
The function f (x) is then мэт the "— finite Fourier cosine transform of F (n) which is given by 


fx)z-— = F, (0) + z ey Е (п) cos = ...(10) 


n=] 


н шини” аа - — - s -— - - I i = = — —À——— І r —m = — — eae 
(27-54 чы ЭН шн ee Е ати c" ыы, 0 EI lan 4 vai ee ee ay = ad -res == T TY 2 жле ky E fe = = Lm - Tee "al ш woe Xr t dis Ч, зі Мар = 
ү — Ae сша - - оо. нэн, I ‘cs era н. Е Е В IU „жезит 2, DE. ubl = = Ec sx wh f= Ba duin rt m 1 За Эр! Г ibut Ls 
j 1 11114 8 p Ek me one Trane "TT te 21111- ҮГ Гаж dw Е - РЕ IT ^O T 
EE (NUTS Ж Е ШИД a “4 1 iT 2 7 
ders Tru n on ЕРТН Pp І аа ъд P ERO eR АЕ Ra С 


3 Жэ " мч уой (n "pe near ieai e E E Jt 0! ne 
ч | | Т " i a we 11: " 1L | м "er TE i ni TI ^ i Ч ар Ч 





PROPERTIES ОР FOURIER TRANSFORMS 


(1) Linear property. If F(s) and G(s) are Fourier transforms of f (x) and g(x) respectively, then 
Fla f (x) + bg(x)| = a Fis) + bGí(s) 


where a and b are constants. 








We have F(s) = | и f(x) ах and С($) = | г” B(x) dx 


Flaf (x) + bg (x)] = [e laf (x) + bg (x) dx =a Г =“ fx) dx + Б [7 е ax ax 


= aFis) + bGís) 


(2) Change of scale property. Jf F(s) is the complex Fourter transform of fix), then 


Fif ax) = + F(5] а=0 
а а 


We have Е(8) = | е f(x)dx 


Put ax =t 
so that dx = dt/a 





Fif (ax) = [^ e^ ftax)dx 


.. ав | | (n 8 
= | gistia юг а= >. | Өө а = F(=) 
даа: g 04 а а 
Cor. If F (s) and F (s) are the Fourier sine and cosine transforms of f (x) respectively, then 
F Af (ax) = 1р Ө and ЕЦ(ах) = ТЕ 8 | 
a ла, а а 


(3) Shifting property. If F(s) is the complex Fourier transform of f (x), then 
Е (x — a)) = е“ F(s) 


We have Fis) = {> е f(x)dx 
FIf(x—an- Г. е fix — дах 
= Г P iiid fidt = pl ЇЕ e" f(t)dt = pi Fis) 
(4) Modulation theorem. If F(s) is the complex Fourier transform of f (x), then 


li = 
Ff (x) cos ax] = 5 (s + a) + Fs – aJ 


We have Fis)= т. ед" f(x)dx 
| e; "P ei + e tax 
Ff (x) cos ах] = [ e f(x) cos ax dx = ЇГ ес US). — == dx 


411) 


[Ву (0) 


E) 


Put x-«-t 
so that dx = dt 


[By (0) 


JA) 


= >| м fixxix 4 lu s годах => [Fis + a) + Fis — a)]. 


Cor. If F (s) and F (8) ure Fourier sine and cosine transforms of f (x) respectively, then 


ti) F AP (x) cos ax} = SIRs a) + Fs — all 
(00) Е И (х) sin ax] = 5 [F(s + a)-- F (s — all 


(iii) F 4f (x) sin ax] = 5 iF (s — a) — Fis + а}! 


(Алла, 2008) 


harmonie carrier wave is modulated by 





Example 22.2. Find the Fourier transform of 
soa |1Ююг\|х|<1 
Ол lo for |x|>1 


EISE de (V.T,U., 2010 ; S.V.T.U., 2009 ; U.P.T.U., 2008) 





Непсе evaluate f, 
! x 





Solution. The Fourier transform of f (x), Le., 


Ег] = |7 fee dx = f De а) Le ce 
-1 








Thus Fif (x)} = Fls) = 2 = 5 540. Fore=0. we have F(s) 2; 


Now by the inversion formula, we get 
fiers № 17: sins _ lfor|x|«1 
fx) Bi Ее" "ав, 0 і : “ds = -1 for[xix1 


Putting x = 0, we get 





or 


ur 


or 


Solution. Fif (x) = Г f(x) её dx = Fls), say 


2 он ээл 1. Os dae =, 4 T el el^ 
= | уе" ах» | a-x5e ах» | 099 ах= |а- inf - ao. | 


e+e" is 59 


| e | : 4 i = 
= 9 = -2| — z |=—— (s cos s — sin s) 
ни... , Ts 8 


Now by inversion formula, we have 
RI. 1 -= | 085 Я 
Го) = = [Г зе ds 
| 2; 1, V 


1 [7 а ГЭ 
= ds - 
=== 76—684 віп 8) е 


Putting x = 1/2, we ыша, 
1-4 | 


i 


Г EOSS MAX aum dx = 255 , Since the integral is even. 
0 x? 2 _ 16 





Solution. (a) Ре“) = [e а? git qe Ге Яах” 


Mu LP 


-L эр 
4 . 2 
ш 18! è 1 








= H её е 14 qua [Putting a(x — is/2a?) = t, dx = dt/a 
-/40° |, -8 [4a* яг | | 
205 | | ee dt= е dk |: | et dt = Ук 
а = а = 
Hence Fle? ) = Ут g* Ha 
a 
Taking а? = 1/2, we have 
Fle? /2) = Ут 812 2 Гато 2 
ae У2л 


i.e., Fourier transform of 67572 is a constant times e^ /? Also the functions 27/2 and e /? are the same. 
Hence it follows that &* /? is self-reciprocal under the Fourier transform. 


(b) Since e2 = 4-99" /2 = f (2x) where f(x) = е 72 


> by change of scale property, РГ (2x)] = 5 Fis/2) 


Le., F(e?* ) = Fe 25? 12] . J2ne 5/2 /2 - Sane” (8. 
By shifting property F f (x — 3) = e?* F(3) 
” Fle 99-3] - e? Jane" #8 — J2ne 95-9 18) 140) 
Also by modulation theorem, 


| 1 
FIF (x) cos 2x] = 2 ШИ + a) + F(s — а) 





F(e^ cos Зх)= = J2n|e (9+3 /2 + 8-37 2] D 
A^ X ү? 
à FERA | nei re 12124714 co T л н 5 хар ХАР | 
i à ЭГ. Ка | ^ if | "tat тї а, 1 "v х > i И 1 й. 





Solution. We have Е, (e* )= Le? | cos sx dx = I (say) 
Differentiating under the integral sign w.r.t. s, 
dI "€ k 1 (5 | 
anna | dx = 2 in — s = 
ds J, хе sin Sx 5 |, (sin sxX-2xe )dx 
BM SINE [uus at 
= 2 [sin sxe ё -sf cos sx. e ax} 
4 


| 08 а | 85 rs ” 
=—— | ех cossxdx=-—I or ----1-454ЇЮНЕС 
zl 2 I I5 ВЕ 


2 
ог log = — 7- + loge = log (ce (3) 


f= со! or Le cos sx dx = ce * "4 


Putting s = 0, c= Гек =. ie I5 E urn, 
J0 2 2 
Непсе Fe” je XE tit 





МЕНЕНЕ О 
"Bs 





Solution. x being positive in the interval (0, =), e | 2 e- 
2. Fourier sine transform of f (х) = e-!*! is given Бу 


Ff GJ) = 3 f(x) sin sx dx = [^ e sin sx dx 


а 


1+ = о 1+8 
Using Inversion formula for Fourier sine transforms, we get 





(— sin sx —s cos sx) 














f(x)=—- = [7 ЕР (х) sin sx dx ог е-*== [| sin sx ds 
Te 
or changing x to m, єз-2Г 5 зіп ms y a -2[ xsinmx qy 
n 40 des 1+ т? 
Непсе Г xsin mx jy- ne 
о lm? 2 





Solution. Fourier cosine transform of f (x) i.e., F (х) 
- 1 2 | 
= Г f.) cos sx dx = f, x cos sx dx + Г (2 — x) cos sx dx + Г 0. dx 
































sin sx (-сов88х T sin sx ‚ — cos sx 
= |х -| 2m) *[2-2x)—— -(-1) 5 
5 s" 5 = h 
_ (1e, e | (LEER dmi ems) 
8 52 s s? 8 5° 


_ 2coss cos2s 1 





Solution. Let f (x) = е "*/x, then its Fourier sine transform 





i.e. ЕД0) = |” о) sin sx dx = | 5— sin sx dx = F(s), say 
0 0 х 
Differentiating both sides w.r.t. 5, we get 
d o4 [7 хе oer Па. 
ds [F(s)) = f — dx = | е гд эл ае: 


Integrating w.r.t. 5, we obtain Е) = Г л ds = tan” le c 


But F(s)=0,whens=0; .. с=0. Hence F(s)-tan-! (s/a). 





Solution. F Af GOL = = эж dx =I, say 40) 
x sin £x 


а. -Г x sin sx 7 __ dx (ш) 
"es ол 0 х(1+х?°) 


-owt 





774 | н я 1 E: Ё Gi IE р ме А l^: ї 7 





= Г (1 + х2) – Пат BS Vs Г sin sx 4 Г sin sx 
0 |. Jo 











0 x(1 + х) х x(1+ x^) 
di п (= sin sx 
or joma eae: | ee eh 
(ЇЕ 2 40 x(14x*) 
d^I - XCOSSX , 
ds* 0 x(l4 х?) 
dI | — | dl 
or qe 1-9 or (D? — 1M = 0, where D = —- 
Its solution 15 [= суе +c * 
dllds = суе —c,e"* 
When s = 0, (1) and (iv) give c, + с, = N ; = -2 
Also when s = 0, (ut) and (v) give c, — c, =- 172. 
Solving these, c, = 0, c, = 17/2. 
Thus from (i) and (iv), we have Е [7 (x)| = I = (1/2)e7* 
шиш = sinss , — dl! . č ,. 
Now Fo = f. Ll; ах = – 2, from Gi) 
= (п/2)е-*, from (v), with с, = 0, с, = 1/2. 
Example 22.10. Find the Fourier sine and cosine transform of x^ і, n > 0. 
Solution. We know that F (x"-!)—- | x"! sin sx dx 
у 0 
and Е(х”-1)- А x" cos sx dx 
0 


Ех" 71) e £F a7?) = | (cos вх + isin sx)x"-1 ах 


и УГ (200 


al Ll Рана а 007 Or 
| 5) fe tn dt = 3 — (n) = Tn) 


! 





UH) 


Uu) 
it) 


_ Madras, 2006) 


A 


E) 


[Where isx = — t] 


= (cos 5 + l Sin z) Г(п)/ s” = (eos = +2 sin m) Г (n)/ 8" 


Equating real and imaginary parts, we get 


Е(х"-1) = ТУЛ) од Л, and F, (x23) = ГО) sin BE 
s" 2 2 





Example 22.11. (a) Show that Fx fool = - = Еа) Е BFO Со "t 
b) Find, the Fourier sine and ¢osine transform of хе“ 





Solution. (a) (F.(s)) = T. IN f(x) cos sx de - | F(x) (х sin sx)dx 
=— J, x f(x)} sin sxdx = — F lx f 9] 
йн Bhar. р еа A 
AE [F (s)| = P If f(x) sin sx а) = 1 f(x) (x cos sx)dx 


= J, & f(x)] cos sxdx = F. [x f(x)] 


At) 


Хи) 





(5) We have 











р = 
Е (e 9") = |, e™ sin sx dx = “БТ 5 | -а sin sx — s cos sx |p 


8 
= = тв. ш} 
2 | шаг” gp" : 
and Fie а) = | e" cos sx dx = —— | -@ cos sx + s sin sx [у 
9 а s^ 
a . 
= .(iv) 


а? + s* 


| | d 
Now F(xe-**)z— di ЇР (єг) 


7. 8 9 NON. NN 
dsl a? +8? ) (а? +52)? 


(Е (e- 9*)) 


| d 
Е. (хе 7%) = 0, 
aes шэг -8(28) а? – 8? 


(а? + 82)? “(ад +82} ° 


[Бу (1) 
[by (£v) 
[by (ii) 


[by (iii) 





Solution. We have f (x) = inverse finite Fourier sine transform of F (n) 


n^n 


п =i n=] 


2 211-совлл| , 
=AL м | ал 


сорж 





Solution. We have 


Г гө) соз ов do = F(a) 


l- — 


i dtr 


By the inversion formula, we have 
г) = 2 [Г Е (о) cos o8 da == |, O- o) cos оё do 


-3| l- 55 
F(a) = || РӨ) cos о do = Г — cos oð 40 








Now 


* Refer to Chapter 26. 


At) 


[Integrating by parts] 


2(1 — cos 8) 


CM в) вее. д 
Е [ (1) in| 3 ; | E 





^. From (i) and (11), we have 


-1— | 1-0,0<=0=1 
2 | ict oos ao d=} v^ 


О ,a>1 
[ ө? 


(| 2822 ao = we 
I 


2 


п 


Now letting œ — 0, we get 


or 





= - 2 
о f£ 





PROBLEMS 22.1 





(V.T.U., 2008) 


[Put 6/2 = t, so that 40 = 2dt] 


і 11юЕ|х|51 [LU P TE | 
Express the function f (x) Р fori х|>1 as a Fourier integral. 
Hence evaluate Г Sin Noor А dà. (Kottayam, 2005) 
л | 
2. Find the Fourier integral representation for 
У ИИ о [e for x20, а>0 
G feeit 2 (Mumbai, 2008) ^ GDÜf(-1 . 
ИРЭН Д бте <0 
3. Using the Fourier integral representation, show that 
to gin хо a m > 
Ol тат. т т Чо e (x> 0) «a p - a dec === (x20) (U.P. T. U., 2008) 
Y. m 4 
sin по Sin 09 —msing,0sasm 
EXT sin © COS хоз а 1 : ЖТТ ЖОЕ” i= 1j | - 
(11) | ——— do => when 0 € x « 1, (iu) ad 1 o da f M 
4. Find the Fourier transforms of | 
в 1,|х| «са | 2 
(00:09 354 45 a: (W.B. T.U., 2006 ; Madras, 2003.; P.T.U., 2003) 





Hence evaluate | аш ar di (Mumbai; 2009). 
== ын 
(ii) fie) (595159 (S.V.T; 2008). 
| 0, | х | > а 
[29 20d | 
5. Find the Fourier transform of f(x) ^ 4^ ~~ еда (V.T,.U., 2007). 
0 for | x |» à 
Hence deduce that. f” шин шил м. (Алла, 2009) 
6. Given F(e-* )=Jne~* 75, find the Fourier transform of 
(фу e* 3 (iiy e 45787 
LO£re«2 UI LIA 
7. Find the Bourier sine and cosine iae v of djs: = ia к « (УТ, 2008). 
5 22 А Т о AT 
8. Using the Fourier sine transform of ~ (а > 0), show that 1, ЕЕ dx = Bea (h > 0), 
nd 
Hence obtain the Fourier sine transform of ха? + х2), (Rohtak, 2006 ; Madras, 2003 8) 
9. Find the Fourier cosine transform of e- 7. (Anna, 2009). 
Hence evaluate р. me dx. i (V. T. U., 2003 8) 


10. 


If the Fourier sine transform of f (x) is ет 99/5, find f (x). Hence obtain the inverse Fourier sine transform of 1/5. 


E224 





. Find the Fourier cosine transform of ЕТ” and hence evaluate Fourier sine transform of ee : 


11 
12. Find the Fourier cosine transform of 2” 5. for any a > 0 and hence prove that eX ag self-reciprocal under Fourier 
cosine transform. (Anna, 2009) 
| 1 
18. Find the Fourier sine transform of (i) dE DE. (Rohtak, 2006) 
(i) le" "*/x], a > 0 (U.P.T. С, 2008) 
14. Obtain Fourier sine transform of А 
аа [4х, forO<x<1 
(i) f(x) = | 5 ene (Madras, 2000) (Hfix)2 14—x, forl<x<4 (V.T.U., 2006) 
"rt 0, ‘for x >4 
15. Find the Fourier cosine transform of (1 — x/r)? iP.T.U 2008) 
16. Find the finite Fourier sine and cosine transforms of f (x) = 2x, 0 € x « 4. (V.T.U., 2011) 
17. Find the finite sine transform of f (x) = | С where 0 ст. 
R—r,x-c 
1B. Show that the inve erse finite Fourier sine transform of Fin) = i n + cos nx — 2 cos 7) is 
| 51 
sa [Lh O<x< mle M ieee ск э 
fix 2 oe ae (У,Т,/,, 2008) 
7 LOst«i 
19. ‘Solve the integral equation | f(x) sin tx dx = 1215150, (Kottayam, 2005) 
: ? 0, £22 
20. Solve the integral equation Ї f(x) cos ax dx = ег п. (S, V.T.U., 2009 ; Rohtak, 2004) 





| (1) CONVOLUTION 





The convolution of two functions f (x) and g(x) over the interval (— ее, ес) is defined as 


f*g- Г f(u) g(x —u)du = h(x). 


(2) Convolution theorem for Fourier transforms. The Fourier transform of the convolution of f (x) 


and g(x) is the product of their Fourier transforms, i.e., 


FIF (x) * g(x)) = FI (0) . Fletx)) 
We have FIF (x) * gix)] = ri Г Ки) g(x - шаш 


Г Ir. f(u) glx — 22 e dx = L flu) IE a(x – ш). е dx fau 
[Changing the order of integration] 


Г. ia | E е 5-4) gx — ц) dix — и) | ev du 


Г. е“ flu) | Г e git) at| du wherex-u-t 


= [е ran ди. Fig) - [^ ее f(x) dx. Flex} = F (GOV. Fie) 


Prem PARSEVAL'S IDENTITY FOR FOURIER TRANSFORMS 





If the Fourier transforms of f (x) and g(x) are F(s) and G(s) respectively, then 


8-1 r9 а а = „4 М а EU | 
(1) on [ FG (s)ds — [^ fog дах (1) 55 [uror ds = Г f(x) ах 





E " 


where bar implies the complex conjugate. 





(i) Г, Ро) в (dx) [^ foo [ac Г бе) gi de d [Using the inversion formula for Fourier transform] 
à E [ бо) | [roes 2 ав [Changing the order of integration] 
= x [ Go F(s)ds, by definition of F-transform. 

(ii) Taking g(x) = fix), we get 

x Г Fis) раз = |” roo Родах ог = Гео as- [роо ах 


TID! 












Solution, (i) Let f (x) = e and g(x) = ет. Then F (8) = 25228 G.(s)= В 
5 EE 


bp +s? 


Now using Parseval's identity for Fourier cosine transforms, i.e., 
2 wp ОР = | | 
= fo Fls)G(s)ds = |, fx) водах ер) 
We have 2[- ad ds = | e '^*"*g« 
n J (а? + s? Xb? + в?) р 
giat | 1 
|- @+5)| a+b 


ог САР... ОИ 
п "0 (42+ s? Xb? + s?) 


— 
— 





| а п 
Thus h (a* T" t Kb? + t?) 2ab(a + b) 


1133 fs) = x а [у . ua = R = 
(ii) Let f (x) 3 d so that F œ) 2° 


Now using Parseval's identity for sine transform, i.e., 
2 p... ^. ["*, 
= fo RAGIP ds = | ООР dx 


uw үй erm aN? . | der оја. ES M 
T bak) ё-2 (16) ё-3 6 54(-20-9-1 
ino Е и. 
— Ез ЫШ 


[1, O<x<a 


(iii) Let f (x) = е and g(x) M Desc 








. Then F (s) = > = >, G(s) = 
а +5 











. -— 
Now using (1) above, we have = Эх ds= | ae 1 х = 1-е 
0 s(a? 4- s?) ы a 
r= sin at т ов: 
Thus —; r dt = —~(1-e™ }. 
ын |. Ка? +1?) 2а? Жэ. 
A -1Х1, fer|x[«a . MT 
Example 22.15. Find. the Fourier transform of f (x) given. ю/ю= | pole T. uir o 
Hence show that L E y dt =< aid Г ЇЕ à dt = n/3. (Anna, 2008) 


Solution. Fourier transform of f (x) Le. FIF (x)] = pd f(x) е dx = Г. [a —| x | le^* dx 
= Р. [a – | х |] (cos x + i sin зх) ах 


. = [a- [x [| eos x in an even function 
-2[ (a — x) cos sx dx +0 2 [х [1 


“1а-1х1|8ш x is an odd function 




















2 fr аң, ъ 2 & 
| sin sx СОБ sx a 1— COS as sin” as/2 
4 2 (a — x) Б ыі = o — -— йы == — 4 — — ES — 
5 8 8 8 





(1) By inversion formula, 


х. 1 ee uo 1 geo Ча! uw 
f (x)= 2n Г. Fí(s)e dioe |. NEU иь ds 





To evaluate |” (sime) dt, put x = 0 anda = 2 so that 











f£(0)2 = i Sin ds ds = — bh E *J as Ё 2-5 is ап even function | 
Л --= n 
sin 
г | = 48 = 7 f= Ls fü mds 


(ii) Using Parseval's adis 


= [. Feas = |7 | fF 


1 р dem 0 de = Г. 1е-1х1 ах 














Qn 1-= 
Ра : 4 tooo | 
16 БН ав =2 [° тар тээ (a — x) 2 3 
к “0 5 0 -3 lo 3 
Putting t = as/2 and dt = ads/2 
16 (= (sint | 2 2 + 20? (= (sint 2 
—- dt=—a a t-—,° 
m °0 ak 3 OF uw ы | Ї | ыы 3^ 





: 4 ; 
Hence i; ЕЗ ==. 
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PROBLEMS 22:2 


I. Verify Convolution theorem for f(x) = g(x) = e. (V. T.U., 2000 S) 

7 0 

2. Use Convolution theorem to find the inverse Fourier transform of — AH р given that (Ls) is the Fourier 
| 8 (rs) | 

transform of e- 1. (V.T.U., 2010 S) 


3. Using Parseval's identity, show that 











(i) [ us Es (Hissar, 2007) (tz) К 3 80:19) (Rohtak; 2003) 
саар 4 | | C doart kos 10 Wi 
М му 7 22 (184 | х|«1 
4. Е | 2 i Г | =a 1 4 
. Find the Fourier transform of f (x) Ernie 
чин | \2 | 
Hence deduce that | (= 3 dt= 7. (Anna, 2009) 
^(1— cos =)? 
5. Evaluate | Ее ах, 
DNE 


RELATION BETWEEN FOURIER AND LAPLACE TRANSFORIVIS 





S _ је git), 1-0 x 
If (И = | " ren Su) 
then Fif (0) = Ligtt)). 
ээ z »i Р "== 8 
We have FIf (t)} = | е Раг = | e^ .0.dt+ | е‘! е p(t)dt 


= [e ваа [e бод. where p = х – із 
Hence the Fourier transform of f (t) [defined by (i)] is the Laplace transform of git). 





"2:2 FOURIER TRANSFORMS OF THE DERIVATIVES OF A FUNCTION 


The Fourier transform of the function u(x, t) is given by 
F[u(x, t)] = ‘i пе dx 


Then the Fourier transform of 29"u/ox^, i.e. 


|3 u ^ J'u на > ве OLE . Т „a2 [7 в 
r| |- pu dx =|е зу 54 ын + (18) f ue dx, 








ад 


d 
on applying the general rule of integration by parts (p. 398). If u and PS tend to zero as x tends to + ос, then 


ðu | 
F 2,2 ш s* F[u] ...(1) 
Similarly in the case of Fourier sine and cosine transforms, we have 
au | | 
Е, | 5х2 | = 909), =o- SF, [ul .48) 
J'u du ! | 
and ЭР =- 35) -srul d) 


In general, the Fourier transform of the nth derivative of f (x) is given by 





ағ 
Е E = (- is)" F[f(x)] ..4(4) 
provided the first п — 1 derivatives vanish as x — + оо, 
For F|f "(x)] = | са (x) e'** dx 
= |e* fr} - ise f"? + (is)? e fa —..|` «cis [^ f.e ах 


by the general rule of integration by parts, whence follows (4). 


РЕТ INVERSE LAPLACE TRANSFORMS BY METHOD OF RESIDUES _ 





Let the Laplace transform of f (x) be f (s) so that 


Ks [ fie at AA) 
Multiply both sides by е and integrate w.r.t. s within the limits a — ir and a + ir. Then 
a+ix | ее [T eut. NN" 
[е fas = (7 e" [^ fe" atas [Put s = a — iu] 


= .p gra iu) № f (t)e *-'"* dt (idu) = ie" | Сан [ te fOe"! аги 


= {ех Г gm Го (t) eit dt du 


Ее „у Је“ f(t) for t>0 
where ФИ) = | бог 0” 


Proceeding to limits as г — со, we get 
[Тет f(s)ds = іса. Олох), by (2) of § 22.4 = 2nie™.e-* f (x) for x > 0. 


Hence Ее) = [7e f(s)ds (x > 0) a2) 
MY 






which is called the complex inversion formula. It provides a direct means for ob- 
taining the inverse Laplace transform of a given function. 

The integration in (2) is performed along a line LM parallel to the 
imaginary axis in the complex plane z = x + iy such that all the singularities of 
f (в) lie to its left* (Fig. 22.1). Let us take a contour C which is composed of the 
line LM and the semi-circle C" (1.e., MNL). Then from (2) 


Mía + ir) 


1 Аж Т(хүд4 -l | “чу 21 | Fae 
Са Г(8) ds = 21 fe f(s) ds Oni [е f(s) dx 


The integral over С” tends to zero as г — œ (under certain conditions’). 
Therefore, 


fx)- Lt 2d |,е" fis) ах s 
= sum of the residues of e** f (s) at the poles of f (s) (3) T L(a — ir) 
[By $20.18] Fig. 22.1 








* This has been so assumed simply to ensure the convergence of the integral (1). 
t If positive constants A and А can be so found that | fis) |< Аг“ for every point on С”, then 
Lt E (46 (8) ds=0. (Jordan's Lemma) 


r—e ЭЛ 





amp 16. EvaluaL [^ meth 
1 


Solution. Since Е = 
(s 108“ +1) 














1 а H 
~|—| for |s| — =, therefore, 
s? 


1 xs 
Eo eae sum of Res Coren at the poles $ = 1, +1 














(= —1Xs* +1) 
N 'Res) Lt | &-n.e* | e [By $ 20.19 (1)] 
Wow es = Sa Km. E eer. L 2.1911) 
е шинээ (5-1Х5541)| 2 y 
(s -D.e e 1 е" 

Res zr [Dub | emen ae ee ТЭД im 

‘Resh = soi Я — 108° + 1 (i — 1Xi- 1) 2 1-1 
Changing i to —1, we get (Res), _ cm 

г | are ta e) (а. 8 cos x). 
= t€ In X -- Ох 
| (8 — ТЭ +1) 1-1 tI- co." s 


x dn 
Example 22.17. Prove that L^! (= 





jc " о А I eA AAN, 
у 2х j | 1 | | | 
Solution. Ву the complex inversion formula, 


| gt 1 few j^ 
i ї 5 ]*9 ШЕ = da. 


Since s = 0 is a branch point of the integrand, we take a contour LMNPQST as shown in Fig. 22.2, so that 








it doesn't include any singularity. Therefore, by Cauchy's theorem ($ 20.13), we have 


1 since Е is small. Therefore, 





А е n й 

{eae лс" Wwe l5 L.* [рее | Е аз = 0 TIT 

If ON = p and OP = Е, then along NP, s = Ве", therefore, 
іса 


Jo f e лаг “з Е = 1 Mia + ir) 


Similarly along ST, s = Ве n therefore, 


cx R 
= Р xR © 
ls | е R on 


Along the circle PQS, s ==е. Also e“ and e" ^ are both approximately 





TAS 1 D: : | 
| = | — „веі (ЧӨ = — 21i approximately. 


Fore > 0, | &***/s | < |s|. 





But [мм and fy both tend to zero as г — = — Lia — ir) 





Thus (1) takes the form 
Г IF p — es зүс fe xp pievR = eR AR я ол е 0 
ü-ir 5 Е Е 


Taking limits as Е — О and p > сс, we get 


r 
с ема æ _ TT 
| ds = 211 — 2i fe 2d: 





m= ie $ 


783 








| п foo dS СМЕ oe a Èi 3, Е | 
or E | ша. З-ы1-3 | ef sin (ct/ Vx) АГ”, where R = Ёх 
PTL du-i 8 m Jo t 
2 m C 
= 1— —.—erf|——— | whence follows the result. 
= (29) 





PROBLEMS 22,3 


бїк абы rei өн yr Laplace transform ofeach the lowing: 1 fi T 
d sh 242 AF, p S 23 | | 07.5227 i ARS 





л / i" Y І i -(8— 218 +1) | 8 (8 А ЭМ а ЯС 


Ч 4 у : - 1 гч AA і , . ИЖ р = ] " 
. [— = CT ЫГ ITI F І 5, CERE. $3 coe т vrü. ні 
(s-1PG*-D n +1) | Че 





APPLICATION OF TRANSFORMS ТО BOUNDARY VALUE PROBLEMS 





In one dimensional boundary value problems, the partial differential equation can easily be transformed 
into an ordinary differential equation by applying a suitable transform. The required solution is then obtained 
by solving this equation and inverting by means of the complex inversion formula or by any other method. In two 
dimensional problems, it is sometimes required to apply the transforms twice and the desired solution is 
obtained by double inversion. 

(i) If in a problem u(x, t), 6 is given then we use infinite sine transform to remove du*/dx* from the 
differential equation. 

In case [du(x, #/9х], _ |, is given then we employ infinite cosine transform to remove д^и/дх”. 

(11) [fin a problem u(0, t) and uti, t) are given, then we use finite sine transform to remove d*u/dx* from the 
differential equation. 

In case (du/dx), _ , and (du/dx), _, are given, then we employ finite cosine transform to remove J ш/дх". 

The method of solution is best explained through the following examples. 


Heat conduction 





Example 22.18. Determine the distribution of temperature in the semi-infinite medium к> rg when the 
end x = 0 is maintained at zero temperature and the initial distribution of temperature is fx). 


(Oemania, 2003) 
Solution. Let u(x, 6) be the temperature at any point x and at any time £. We have to solve the heat-flow 
equation ($ 18.5) 
ди _ ai du u 


(x-0,ft20) ^X) 

ot ә? 
subject to the initial condition u(x, 0) = f (x) A) 
and the boundary condition u(0, #) = 0 AUTE) 


Taking Fourier sine transform of (1) and denoting F ,Iutx, D] by us, we have 
dus 











dE c? [su(O, t) — s? us | [By (2) of § 22.9] 
* We know that [e cos 21 dt — 5 Vne [Example 20.44 
Integrating both sides w.r.t. m from 0 to c/24x. 

| 2 = | cf "NM 1 ale ; 
De" | TA m di = 1 n [^ e" dm 
ü 2 | 
4 / | 

ог Ге" ыны de zer). [By $ 7.18(1)] 








ог :3 + 0%s%us = 0 [By (їй) .. 00) 
Also the Fourier sine transform of (ii) is us = f (s) at t = 0. iu) 
Solving (iv) and using (v), we get us = f. (s)e-*** 

Hence taking its inverse Fourier sine transform, we obtain 


ши Lae йк. 
u(x, t)= mak Г.(вюе sin xs ds. 





Solution. Given. Qu/àt = = — n3 хэ» 0. t>0 A) 
with boundary conditions: ^ u(0,f)- 0, u(x, t) is bounded (ti) 
and initial condition u(x, 0) = е, х > 0 (UL) 


Since u(0, #) is given, we take oras sine transform of both sides of (i) so that 


(7 2 sin in px dx = il 24 sin pe ds 

















о of 
ог 2 |Гис Hsin px dx = 2 asm ~ [ 3 pcos pxdx (Integrating by parts) 
| ox i F 
dus ди ди "E Tu F 
or di --2р rz ay 008 рх dx, if — ac A: —-— 0 ав х — оо where us (р, Ё) = L u(x,t) sin px dx 
= — 2p[|u(x, t)cos рх — Г u(x, t) – (- p sin px) dx] [Again integrating by parts] 
= – 2р Ю- (0, t) p | ибх, О sin px ах] [^ ux, t) > 0 as x — = by Gi] 
= 2pu(0, t) - 2p? us 
or 3 к 2p^u. [By (#2) 
Integrating 128- loge — — 2р? [at or log us —loge = – 2p?t 
us(p, t) = ce 2?" (iv) 
Taking Fourier sine transform of both sides of (iii), we get 
[us 0) sin px dx = te sin px dx 
or us (р, 0) = | e (-sin px - pcos px)| — P (v) 
Uus Ww, = |1+ р? un p | 14 p? EN. 


Putting t = 0 in (iv) and using (v), we obtain p/(1 + p?) = c 
Thus (iv) becomes  us(p, t)= —2 5 o Pt 
lp 





Now taking inverse Fourier sine transform, we get 
ux, = — sin px ар. 
u(x, t) х л: ын sin px dp 
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Solution. Since u(0, t) = 0, we take Fourier sine transform of both sides of the given equation, we get 


NES СИ sin sx dx = [; 23 sin ox ds 


x [ и віп sx dx = —s? u(s) + в и (0) [^ и = 0, when x = 0] 
or 24-28 wr 98 ar =0 ог (D?+s")u =0 ie., D=+is 
at at 
Its solution is u(s, t) = &*' (1) 
Since u(s,t)- [7 u(x,t) sin sx dx 
^ и (в,0)- [7 u(x, O sin sx ах = [^ 1.sin sx dx [By (80) 
= 1-coss ..{2) 
5 
From (1) and (2), c= antes Se 
Thus (1) gives и (s, t) =e en st 


Now taking inverse Fourier sine transform, we get 
| p= l—coss 2, , 
us, t)= (r 15985 oe ш 
8 


whieh) is дан шашин solution. 


or 








Solution. Өв u(0, 0-0. we take finite тугаа; sine шк таш of both sides of thes given io Sa 
Г Өй din D e dis в ди лт х dx 











от 4 400 4 
А | (atu 
dt ба|) 
= — nn * ЛТ цо t)—(—1¥' u(4, 4) 
|. 16 a dl 
пт? — Misa 
== 08 [^ 4(0, 2) = 0, и (4, t) = 0.] 
dus 2 n^n? 
A e о 
"22 
Integrating both sides, log ц, == 16 t+c 
Е -n rt 
из (х, 0) = «e 18 249) 
Putting t = 0, a= и, (x, 0)= [| u(x, 0) sin 77. ах [^ шх, 0) = 2x] 


= [Гахе ТЭ dre D cos пл 
пт 








-0 8116 _ _ 82 үү e" rts 


Thus (1) gives, us (x, 0) = — нв cos nie 
nu nu 


Now taking inverse Fourier sine lanien, we get 


u(x, 0) = 2 2» 32,. yg nra us (7) 


nal 


(—1)"* 5 p rt /16 sin ЕЗ 
пт Е 


т 
Г at vi : | Ён! eS ih 
maris His ст oat m i L 
A M 
" 


1 


- ғ р ! 
Е b 


Fm r or|x | ne 
E = (0% ae hare a^ 


эю; үл "d i | С 


Ey "M р = J d жа, 
га ГА и Е 
па Я ғ у 
| y А 


d d 


ОЕ Жэ 











ae Pe: 
аж" e эх? (t > 0) (i) 
subject to the initial condition Ө (x, 0) = + 9 ин | 5 [sa D) 
0for|x|»a 
Taking Fourier transform of (i) and denoting Е(Ө(х, 01 by 6, we find 
2- - 2576 [by (1) of § 22.9] ...(éii) 
Also the Fourier transform of (2) 18 
008,0) = | 6,0) e dx= [ е, PE disi, 5 =" ug, OO (iv) 
=p 8-4 15 5 
Solving (iii) and using (iv), we get 0 = 20, sin as port 
5 
Hence taking its inverse Fourier transform, we get 
8x, t) = EI 200 SINGS sj, чы ас Өз (7 SINGS -ds (Gog xe —i sin xe) ds 
2л d-a 8 п d- s 
_ 20, ["sinas ap ds |The second integral vanishes as 
= ^ хий CES its integrand is an odd function 
- 8 ов sin (а + х) + sin(a—x)s „ 
5 
= ^V Lag (a+ x». sin (a — cum where v? = c?s?t 
a p {sin ct ct 
= wet La erf шь 2] : [See footnote on р. 783] 


LJ IN a 
P ПЕК ELE LEF LE 4 
^ x a uam га ЁС 
oF ong 
1 a 
E 





l | | b : | $ iu ig ste д Экс 4 is ТОТ, E E Жу Ё mm Кк iu 0 | tf y [ 1r LLL 
| | LAPS Fe Ч SDE aE Ah ЭЛ 
Бынан. E we lees to solve the differential € 


ди _ 23u 
2 а? 


(О <х<а, ѓ#> 0) 340) 


subject to the conditions 


u(x, 0)=0 ..GD; uf0,t)=0 (iii) and ula, t) = ug (Rohtak, 2005) ...{iv) 





The Laplace transform of (D, if L[u(x, D] = (х, $), is 


su —u(x,0)=c* #1 
2— 
Using (її), we get C 20 = 0 iU) 
Similarly the Laplace transform of (iii) and (iv) are 
п. (0, s) = 0 (vi) ; ü(a, s) = 2 vii) 


Solving (v), we have и = Су есч + Се” хум 
Using (vi), we find С, = C, so that 
u=C, (ev! + o7 80) — 2C, cosh (-/вх/с) 
ug cosh (exe) 
s cosh (а/с) 
By the inversion formula (3) $ 22.10, we get 


е“. uy cosh (4/вх/с) 


Now using (vii), we have П = 


u(x, t) = sum of the residues of | | at all the poles which occur at 5-0 


s cosh (./ва/с) 
and cosh (Vsa/c) = 0 ie., ats = 0, Jsa/c = [п п=0, +1, +2,.. 
= ee pa 
or at "a UN Sez арал. 
| 4a 
| В (/sx/e) 
Now (Res). = Lt иде“! cosh (уѕх/с) | _ = 
Tu и | s cosh (V‘sa/c) 
| sh (4/8х/с) 
(Res),_, =щ Lt {(s—s,). заг” cosh veel 
n чи | cosh (A/sa/c) | 
mE: NN | 
um ds s—s, | у, Je cosh (J/sx/c) Е | 
Bde ОЛ) | 5 | O шиг 
= Yi 1 т е” t cosh (-/вх/с) | 
d в, sinh (Ува/с). (a/2Vs/e) 8-5, 8 | 


_ 4щ(- 1" ол 1) еца“. (2n — I) mx 
| (2n – (2n- Dx шинж” 





ux, t) = E у Су? g^ 2n - Шта? eo (Zn SDr 


Thus we get é 
ge 2n —1 2a 


EL n "63 4. 


Vibrations of a Sern 
5 = Г ` | tthe nii 


4 4 I ge Jur 3 ^- | 1 Ti =: 1 
' gi. i } Mu 52 ‘a к M є гун UM у 4 ын энд gs a p? I TÉ A v. ДЇ зайн “ү | a! жа ыы " ын ү T 4 d 5 2 * | Г i 
p тиет "i ; 1 | i 4 ЖИН 4 


ий» e thè: glos 





—E Р P 


Solution. The equation for the vibration of the string is 
200 = c??? 87 
and the initial conditions are 
(dy/dt), о = 0 ; у(х, 0) = Ах) AE) 
Multiplying (2) by e^* and integrating w.r.t. x from — = to =, we get 





oc CENE 

0? Y/ at? = c?(— s?Y) provided y and ду/дх-э 0 as x — со 
= asolution of d?Y/dt? + c?s?Y = 0 іѕ Y =A, cos est + A, sin cst ii) 
Also Fourier transforms of (ii) are 

dy/dt = 0 and Y = F(s) when t = 0 
Applying these to (111), we get 

А,-0 апа А, = Р) 

Thus Ү = F(s) cos cst 
Now taking inverse Fourier transforms, we get 


у(х, t) = on Г F(s) cos cst . e^ “ах 


A ae ТЭР g^ + e dent — fee 
= = [Fe 2 .е “ах 


_ f" nesvscute-un — is(z + ety 
= = [ (куе + F(s)e- 96540) ds 


1 te | өс: Биг E 
= > f - ct) + Ах en] [ Ло) > [Fe ds 
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Solution. Let у(х, t) be the transverse displacement of any point х of the string at any time t. we 
have to solve the wave equation ($ 18.4) 


= iT. т! Жей i du 


р. 2 
of =o бе i) 


subject to the conditions у(х, 0) = 0, ух, 0) = 0, (0, t) = f(t) and the displacement у(х, t) is bounded. 
The Laplace transform of (i), writing L[y(x, t)] = у(х, s) is 

. n 2€ 

s? y — sy(x, 0) – DICTA 


дк? 
Using the first two conditions, we have 


ay E : ^ T 
BE ni 
Similarly the Laplace transforms of the third and fourth conditions are 

y(0,s)- f(s) at х-0 (iii) and УС, $) is bounded. (iv) 
Solving (ii), we get 

y (x, s) = C e*t + Сет = 


To satisfy condition (v), we must have C, = 0 
Using the condition (iri), we get С. = f (s). 
5 yx, в) = f (s)e- 9 


Using the complex inversion formula, we obtain 


= : Го e! 7 975 F(s) ds = f(t — xlc). 





2 | 
Solution. We have to solve the wave equation zl = с? ay (x >0,t> 0) 





subject to the conditions y»(0,¢)=0, y(7, 2) = 0 


and у(х, 0) = ux( — x), у(х, 0) = 0 
Now taking Laplace transform, writing L[y(x, Ð] = у(х, 8), we get 
ЗЭ 0 d*y | 
s*^y — sy(x, 0) – mE ue с“ Ex w(t) 
where У(0,8)-0, y, “= =0 .. i) 


; | y (sy. u sx — x) 


2. 
Its solution is y (x, s) = c, cosh (sx/c) + c, sinh (sx/c) + EE LES =e 
E 


Applying the conditions (ii), we get 





э 2 а ээн", 
су = 2c ws? and е, = MEE 


| 226 ЖЕН. tanh (8/20) 
s? 


s? | sinh (8/0) 
" шал cosh (8(2х – [У 2с] | их(-х) 2с 
Thus в) = ZEU | cosh (5(2х-1У20) | рх -х) 2ср 
x eade | cosh (51/2с) | 8 s 


Now using the inversion formula (3) § 22.10, we get 
у(х, В = sum of the residues of 
рези e st cosh {s (2х — [/2с] 
s? cosh (31/96) 
Proceeding exactly as in Example 22.23, we have, 


' a | p 
sum of the residues of 202p | £99 19 9 оос —— (5 (2х — [020] 
s” cosh si/2c 


нее {Ж ) <Б] 


_ 32с°н 3 Sf cn | [(2n—-10x(2x-1) (2n — 1) net 
лЗ Г X [aue 21 || I | 


м = 


олж АШ X 1 (2л-1лх | (2n — 1) net 
=c pe — р(х) + A Y [au po яаг ин =. | 


nal 


lence у(х, #) = i P Jar T sin — cos 20 


| at all the poles  ux(! — x) — с?р? 


| at all the poles 








Transmission lines 





Solution. Let v(x, t) and г(х, t) be the voltage and current at any point x and at any time t. ІЁ = 0 and 
С = 0, then the transmission line equations [(1) and (2) of § 18.10] become 


du d „дь. 975 _ „дь - 
— 25 --- = — = Es. = = FC. ee i 
d o More. a EE at ш 


The boundary conditions are и(0, t) = v} and i(x, £) is finite for all x and t. 
The initial conditions are v(x, 0) = 0, Их, 0) = 0. Ki) 





Laplace transforms of (i), are 
а? ат 


uu = С(50-0) or e — RCsvp = 0 (їн) 
Laplace transforms of the conditions in (i1), are 
0(0, 5) = ыы atx=0 . (EV) 
and v(x, в) remains finite as х — = .4(0) 
the solution of (111) is 


u(x, в) = Cue" "С ist. s C3 geese 


To satisfy condition (v), we must have C, = 0. 
Using the condition (10), we get С. = u,/s 








Thus v(x, s) = гай VRCs х 
Using the inversion formula, we obtain 
-JRC х. 4s Гре \ 
u(x, В = 0017! Эш = ug erfc| x - RC [By Ex. 22.17] 
| ZR "80 
5 2:2 [ u^ 92 pn (ВС? Ни) qu, 
| : 1 du E ЭГ? 
since = — E Эх” we obtain by differentiation, 


C аю (.RCx"4D 
Их, {у= cu at 32 (-RCx*/4t) 


са 


ме ra т E т aj , 436 E Ё I^ кү - хон ви. Г pv. 
| < t ich ^ 4 r - j 4 ЭЛ ! Б ій 4 1 ын Л 
(аса 1 it ders i MAN | id Cap. volte ge an 





Solution. Fora ии line vátio Ls Gx 0, the voltage U andi current i are given Es the equations 


95, du т. M 
=F = RCS and -- + Бї = 0 KE) 


The boundary conditions are (for t 0) 
v =vpatx=Oandi=  =0 atx-l t) 


The initial condition is v = О аё? = 0 (x > 0) 
Laplace transforms of (1) and (ii) are 


‘a . 
НЫ = RC(sv — 0) (iii) 
Е 3 PETTY. ; 
and U = vys at x = 0, T" Oatx-! 440) 


the solution of (iti) is 
б=С, cosh V(RCs) х + c, sinh VRCs x 
Applying conditions (iv), it gives 
о = су, 0 = c, sinh V(RCs) / + с, cosh МВС) l 


г. | б=20. cosh V(RCs)x — sinh V(RCs)l sinh v RC) 
5 cosh УДС)! 


FOURIER TRANSFORMS 791 


= 0 where p = J(RC)I апаа = (1 — xyl 
5 cosh pxs 
By the inversion formula (3) $ 22.10, we get 
u(x, t) = sum of the residues of (ер ) at all poles of e*v. iu) 
These poles are at s = 0 and p ys = + (2л – 1)п/2 = + ipk (say) 
Eb. wala 
Now  Res(e*v) у= Lt яв” wenlh pads 7 Ug 
8-0 — scosh pys 
| Le. t DERE, : i 
au яана... = pp t d тонн ад (о form 
EE-E я scosh ps ‚0 
И 


*>- cosh ps +s sinh ps . : ps? 


_ № e"! cosh (ра) +0 _ 20уе к cos ( pq) 
0 + 1/2 (ipk) sinh (ipk) — pk sin pk 
Adding up all the residues, (iv) gives 


4u C1 qon eua RCÉ | 
u(x, D - v, + — Y ( hw ! cos (2n — 1) nt — xY92I 
( д LE ге | | ] 


[7 pkz(2n-—1)32,-—sin pk = (- 1Y', pgk = 1(2n — 1) nil – x), 
k? = (2n — 1? r?/ARCE?] 


Also E LA [By (0) 


PROBLEMS 22.4 





| j | 
1, Solve the differential equation using Laplace transform method, 3 ray 
where y(1/2, t) = 0, (ду/дх), o = 0 апа у(х, 0) = 80 cos 5х. XU. P. T.U., 2005) 


ав, solve the differenti: S ,Üsxsmte0. 





where V(0, t)= 0 = Vin, t) and Vix, 0) = У, constant. 





2, |х|<1 


^ Ier 161611 гай 





3. The initial temperature along the length of an infinite bar is given by u(x, 0) = | 








айх, t) satisfies the equation’ jon 36. > „= € x cee, [> 0, find the temperature at any ‘pont ofthe bar at any dnd. 
a | ' (Rohtak, 2006) 
4. Use the complex form of the Fourier transform to show that 
5 7 | Г Fer (x - ur Ar) du 
is the solution of the boundary сана. woblem 
av av — xa co, 150; У= Ax) when t0. | (0.Р.ТАГ,, 2008) 


at д" 
5. A semi-infinite solid (x > 0) is initially at temperature zero. At time f =0, a constant temperature 9, > 016 applied | 
and maintained at the face x = 0, Show that the temperature at any point х and at any ия Bx, £) =), 


G erfe(/2c t ). 





6. хамшинж co! stant temperature Ө, ‚ while the ends x = n ond seme НН ned us Deu perator uer | 


ne the temperature at any ] I poin at of the solid at any later time t > 0. 


ing is initially at rest along the x-axis. Its one end which is at x = 0, is given a periodic transverse | 


displacement а, sin “ҮД vers 
ag sin ext — ©), Фэ хс 
" LS В = Em HARTE. <= 

where c in tbs Wave velocity. 4 ЖС 211017" 4 


ré 
Ч 


4 17 D 3 Lifts + eb. 3 Ж ей. 


that the displacement of any point of the string at any time is given Бу 


0. А semi-intinite transmission. line Бах qnie uctance and leakance per unit length. A voltage v is applied at 


2 arre ns Mid d i rv s it sta n Ё ә ЭЖ 4% 
| Ww Jw Peres M 


E cud that. the voltage. at any points > 0a 22 time t> 0 is суар. by 


“ул йн | EL > Г 5" j й 1 m * oF аны! "a 1 у p mt Ls ЭГ ГҮ E ry 1 E E cT "HN E 
ES! 1 1l r gp 2 E u | ] “ир || | ы. 
ол. ту IIF wer X ы Е 11313 


24.14 


BEE 


Fill in the blanks бг choose the correct а annue wie lack of the following problems 


1, Fourier cosine transfo: m off (0 is .. E 
2. Fourier sine trangform of Ux is ........ ane 
3. Convolution theorem for Fourier МЕРЕ ates th 
4. If Fourier transform of f (x) is Fis), then the inversion formula is.. Mies X 
5. Fix^fix) o... 
If Ir FU ОО) = F(s), then FIF œ -а) = =... 

. Fourier sine integral гергеве tation ofa function fii given by 

, If F, Ufa] = k F, (sla), Dine 

: vd. пач of second derivative of ule, йэ. m 


1, Osxsn 
: If fix) = ie хэл. 
Fourier sine transform of f’ (5i in the interv 1 (0, D) i& Acc: 
IKE F(A) is the Fourier transform of ft), then the Fourier айыра of flax) i 1$ need 


, then Fourier sine integral 222 et 


13. Inverse finite Fourier sine transform с ГЕ "dps | Ere. E for p = 1, 2,3,.... and 0 «x «mis ..... 
| таван Мн. 
3 If Fourier transform of ftx) = = F(s), ‘then ag | Т т Tran. form of Л х) 18 aen 

Б, Fourier cosine trang orm of e^ * ів. хүхэ, м, | | 
: fe = + 0. <x t vo edihriot be өргөнө iy a Fourier и зан 


18. "Aer transform is a linear | pera ic 
19. Ffo: =- £F, ROS 


79% Finite Fourler cosine transform of fix) = 1 in (0, шинэ: 


( " = : d i л 4 Ч | "Tn g "1 E! js " 7 
"T 9 =>. . 4 ^ ү a Л AJ 7; 2) ў i г. MATS A 


(True or False! 
(True өг False) | 
(Trae or False) | 
(True or False) 


(True or Fulse) 
(True or False) 








| 23.1 | INTRODUCTION | 


The development of communication branch is based on discrete analysis. Z-transform plays the same role 
in discrete analysis as Laplace transform in continuous systems. As such, Z-transform has many properties 
similar to those of the Laplace transform ($ 21.2). The main difference is that the Z-transform operates not on 
functions of continuous arguments but on sequences of the discrete integer-valued arguments, i.e. n = 0, x 1, + 2, 
заг The analogy of Laplace transform to Z-transform can be carried further. For every operational rule of 
Laplace transforms, there is a corresponding operational rule of Z-transforms and for every application of the 
Laplace transform, there is a corresponding application of Z-transform. А discrete system is expressible as a 
difference equation ($ 30.2) and its solutions are found using Z-transforms. 


TE DEFINITION 


If the function и, is defined for discrete values (n = 0, 1, 2, ... ) and и, = 0 for n < 0, then its Z-transform is 
defined to be 





Z(u,)=Ulz)= У u,z" whenever the infinite series converges. i) 
n=0 
The inverse Z-transform is written as 2-ЧЇЛ20 = и. 
If we insert a particular complex number z into the power series (i), the resulting value of Z (u,) will be a 
complex number. Thus the Z-transform U(z) is a complex valued function of a complex variable г. 


SOME STANDARD Z-TRANSFORMS 





The direct application of the definition gives the following results : 





(1) Za") = — (2) ZinP) =-= E Zn") ‚р being a +ve integer. 
z-a 


Proof. (1) By definition, Z (а^) = y az" 


н-0 


793 


794 | 





= 1+(а/г) + (а/г)% (4 Р-..-211 . 2 (Kottayam, 2005) 
1—(a/z) z-a 
(2) 20) = Y nP'z"-z V Pine ..(i) 
"ET л-0 
Changing p to p — 1, we get Z(n?-! Yo 
Differentiating it w.r.t. z, 
Zia? y = 2, wo? ne D 
м = 


Substituting (її) in (1), we obtain Z (л?) = — z— EZP )] 


which is the desired recurrence formula. 
In particular, we have the following formulae : 








(3) 2(1) = ——  ITakinga = 1 in (1) Wiss [Taking p = 1 in (2)] 
z—3 
| ЛЕ ТЕ 2? +2 НР ae 3 20442 +2 
(8) Zn?) = ~—— (V.T.U., 2006) (6) Z(n*) = ———— 
(2-1) (2-1) 


z* +112" +112? +2. 
(z— 1» 


(1) Z(n*) = 





EEEN LINEARITY PROPERTY 











If a, b, с be any constants and u,, v,, ш, be any discrete functions, then 
2 (au, + bv, — cw,) = aZ(u,) + bZ(v,) — cZ(w,) 


Proof. By definition, Z (au, + bv, —cw,) = У, (au, + bv, —cw,)z " 


п = 0 
=f ay и uz "ab y о" су шг 
-0 па 0 п = 0 


= aZ(u,) + bZ (v) — cZ (w,). 
DAMPING RULE Е 
If Z (и) = Ulz), then 2(аг" и) = U(az) 


Proof. By definition, 2 (a^" u,) = >, a. = VM u,.(az) " =U(az). (Madras, 2006) 


Cor. 7 (а"ц,) = U(z/a) 
"he ge шан | stric fi ЭР" у jr a vhi j 1 | a z | ашиг t le E 


Les ее ктуіз 2 we pius 








SOME STANDARD RESULTS 
The application of the damping rule leads to the following standard results : 
$24 
(1) 2(па”) =. А (2) 2(п?а") = Z +T z 
тэр! (z — a) 


т 14 2 
= —— 38 





(3) Z (cos n6) = Ww oos o - (4) Z(sin no) = 250 
2 — 22 соз Ө+ 1 2 — 22 со8@+1 
(5) Zla" cos n0) = - z(z — a cos 6) (6) Z(a" sin n8) =. az sin 8 


z^ — Заг cos 0+ a^ 2? — 2azcos@+a" 





Proofs. (1) We know that Z(n) = — ET: . Applying damping rule, we have 


(== 


=] m 
Zí(na") = (Ка) = ud. im = "ии (Маагав, 2000 8) 
a z- = — а, 


X i 
(2) We know that Z(n2) = -* 7 * . Applying damping rule, we have 





(z —1)° 
Z(n2a") = Ulaz) = (9 Уу +a 'z = alz” ran, 
(41:-17  (z-ař 
(3) and (4) We know that Z(1) = - = А we have 
гей 
Bie ne) = Fete 12.96 12-05 -2 z(z—e М. 


iĝ ið 


z =i 2-е (z — e *)(z — e?) 
_ Z(z-cos8)-izsinO 2(2 — cos Ө) — iz sin Ө | 
z = z(e фе‘) +1 2 -2:0080-1 
Equating real and imaginary parts, we get (3) and (4). (V.T.U., 2010 S; Anna, 2009) 
(5) We know that Z (cos n8) - ЗЕ 22-88 . Ву damping rule, we have 
2 92 cos 0 +1 
Zía^cosng)- . 9 z(a z-cos0) __ z(z-acos0) - (V.T.U., 2006) 
(а `2) —9(a!z)cos0-1 2 – 02 сов 0 +a” 

Similarly using (4) above, we ass (6). 


= E 
x E ў LE — m 1 8- Ра 2 
far РГЕ Fj 4 i LE 143144. i 


c хал 


rhe 





Solution. (i) Z(3n —4 sin — + 5a) = 3Z(n) - 42 (sin ^ пл) + 5a 2(1) [By Linearty property| 


Ж 








= 3... E xcu . zsinnn/4 — + Ба. * [Using formulae for Z(1), 2(п), Z(sin n8)] 
(2—1) 2? – 22 cos к/4 +1 2-1 
_ (3 - ба)г + баг? | 2 92 
(г; — 1)° z^-—42z41 
(ii) Zin + 1)? = Z(n? + 2n + 1) = Z(n*) + 2Z(n) + Z(1) 





2 
z +z z (2z+1 
с Е МИРИ РЕВ a+ 2) 
(2-1) (2—1) 2-1 (2-1 
(i)  Z[sin (Зп + 5)] = Z(sin Зп cos 5 + cos Зл sin 5) 
= cos 5.Z (sin Зп) + sin 5.Z (cos Зп) (using formulae for Z (sin n8), Z (cos пб) 
z sin 3 2 sin5. z(z — cos 3) x. M sin 2) 


= нэ... ЭЭ | П-- —————ÉÓ— 
22 —2zcos 341 2? — 22 сов3+1 z* өх F 





Solution. (i) Let u, = 1, e^" = (e*)" = & where k = e*. By damping rule Z(k^" u,) = U(kz), 

















Foon) = Z(b-^ 1) = Uike- "2 e ТЕН 
Дет) = Zik. 1) = Шы) = E | U(z)= 20 = 
2-1 ей 
(i) Let t, = П, е" = (e°) " = ko" where А = e~" 
By damping rule, Z (е . п) = Z(k™ . n) = [ДЕ z) where U(z) = а 17 
kz 02 2 __ ez 
(22-1)  hz—-1/k? (z-e*)? 
(iii) Let u, = п“, e?" = (e*)" = k^ where k = e? 
By damping rule, 


Zle™ . п?) = Z(k^ . n?) = U(kz) where U(z) = (п?) = z ET 


_ (hey «їг z(z*llk) ze'"(zte) 
(12-17 (z- на (2-е) 





=H 
Solution. (i) Z (cosh n0) = me 


= [zf ) 554 1} + z [ce* я 1} 


Apply damping rule to both terms, taking u, = 1. 


-8 8 
Zcosh no) = l| 2 ^, se . |: 1) = i 
Ч. кб" ze? -1 | мийн z -1 


-3| 222 — z(e? +e”) }- z^ - z cosh Ө 
2 |22 — z(e? фет) +1] 2-22 сов 0+1 
(ii) Z(a" cosh пб) = Z[(a-!)? . cosh n9] [Apply damping rule using (1) 


=. (a !zY —(а' z) cosh Ө ___az-acosh®) | 
(аа)? – Na mih BA z — 2az cosh 9 + a” 





Solution. (0) We know that 2 (sin 2t) = — — 4 8! 2 


Fa a E 
z'—2zcos24]1 

Z (e sin 2t) = Z [(e! * . sin 21] [Apply damping rule, using (A)] 

(e zy. -Ae х) cos 241 _ 22 — дег cos 2+ е? 
(ii)We know that Z (cos ka) = -222-0080) _ (B) 

z'"—2zcosu-41 
Zc" cos ka) = Z [(c-!y* . cos ka] [Apply damping rule, using (B)] 
2 (e'z)e'z-cosa] ^ ^ z(z-ccoso) 


(c! zy — Ac" 2)со5041 z^-92czcosQ + c^ 




















Niisi 4. (EE 3)] тонк sin ™ sin ®) 


ко (cos 77) -sinz (sin zz) [Using formulae бог 2 (sin na) and Z (cos по) | 


- + 2(2-008:/2) |. zsinm/2 | - if 2 2 ХА _ 22-1) 








2 |z? -22cosn/2+1 2 -2асовл/2-1| Vale +1 2541) 49541 
E Ex un е"!?+® ү g 7248] ira КО Ея 
(ii) 2| cosh (28, 9)|-2 M = ale? Ze") e'* Ze") | 
Since, Z(a")= —2_, 2. Ze?) = Z(e"?) = —2__ , Z(e n?) = — 
z-a z—e 2-6 
_ =| git ife z -ð 2 | 
Thus 2 cosh ( 27 9)1-3 | “Утай +e Lie 


- = | z(e? аа)» [e' (n/2-—8) Сэрж |" z cosh Ө — z cosh (7 a) 
2| че" 41 2? — 22 созһ(®)+1 





= = E - : Е - т -Д : i - 
Solution. () Z("C,)= У) ("C2") = 14 "С "Cn Cz e ziy 


р-0 


(i) 2 *2С,) = > “ig a? 


Е ЕЕ 
-le(na Dei. ПОМ 224 ТРЕСКИ 
(-n-D(-n-2) 
21! 
,Cna-DCn-20n0-9, 
3! 


=1+(-п- 1) (-2 + (272) 


(= 271) +... еә 


= (1-—271у"-1, 





Solution. (i) Zi&n) = У 5п)="=1+0+0+...=1 


п = 0 








(ti) Zlu(n)] = 2. uz" =1+271+272+23+..= 1 ТЫ 
л-0 and = 





1) SHIFTING U, ТО THE RIGHT 





If Z(u,) = Об), then Z (upp) = z* U(z) (k > 0) 
Proof. By definition, 


Zu, _,)= een = Ue +и Ft +. ext цал = 2* U(z) 
n= n= 





(2) Shifting и, to the left. If Z (u,) = Ut), then 
Zu, w= : 2*(U(z) — n Шу TR ; =u; 1270-71] 


Proof. Zu, ,,)= Y а mE юу йг 


л-0 


ES -F aa 
n=0 nz. 


Hence Zí(u,,,)-z"'[U(z) -ug- uz! —uggz? —...—u,. 27771) (J.N.T.U., 2002) 
In particular, we have the following standard results : 

(1) Хи, 4 y = z[U(z) - ugl; (2) Ziu,, , 9) = zt U) - us -ий Ч 

(3) Zu, , 9) =U) -ugu 17-12 





-1 -2 


Solution. We have 211 3-£ да аата р Apte se 


ting (1/n!) one unit to the left gives 


X 1.4 131 4| guit y 
zanl- | мийн 


ting (1/n!) two units to the left gives 





Sim ila rly shi 





zam Ын = ге!” 1-27). 





MULTIPLICATION BY 


: | dU 
If Z(u,) = ulz), then Z (nu,) = - z Ue) 





Proof. Zí(nu,) = У n.u, z" =- 29) u,(—n)z "^! =-z Y и, 4 (271 


па 0 n=O л = 0 


п= 0 п= 0 


sd dq ёе} эг “|н-е ло. 








DELL vun 
Z ple 23.4 Find the Z-iransform of) n sin ne (ii) n*e^ $ ER Ян) A. 
Solution. (i) We know that Z (пи ) = —z 0 and 2(5іп n8) = 5 г sin 6 
z -2:0050-1 
| ч anuo d ( z sin Ө | 
ZA(n sin 26) = —z — [Z (sin ле) 2 -z = 
dz dz [к тигишкен 22 cos Ө+ 1 
- sin 0 — z? sin 0 Е 2 (z^ — 1) эт Ө 
"i -9:008084-17  (z?—922zcos0- 1) 











(z-e) 


(и) We know that Ze"®) = : 
z-e 
2 ,n83 — d n6 d | d $ \ 
Z(n*e = [- i (Ze "grs 3 A 
= (- 21-2 Е (z-e^)0)- 2(1) e? 
dz (z — е} 2220 egy 
в) (2-е) (D-zlXz - е )1 еб)? (1) - z[2(z — e? | _ r-é -2г 28—92 деже? je? 
(z-e (ее) (г — еб} 





; TWO BASIC THEOREMS 
In applications, we often need the values of u, for n = 0 or as n — = without requiring complete knowledge 
of u,. We can find this as the behaviour of u, for small values of'n is related to the behaviour of U (z)asz — œ and 


vice-versa. The precise relationship is given by the following initial and final value theorems : 
(1) Initial value theorem. If Z(u,) = U(z), then и = Lt U(z) 
-2 


Proof. We know that U(z) = Z(u„) = ug + үг + иог» 
Taking limits as z — ~, we get Lt [U(2)]= Hp as required 
Е == 


Similarly additional initial values can be found successively, giving 
ui- Lt [zIU(z) -ugl] 5 чә = Lt f2? [U(z) - uy – иг | and so on 
(2) Final value theorem. If Z(u,) = U(z), then 
Lt (и) = 44. (z — 1) U(z) 


- Yu “41 7 


Proof. By definition, Z (u, 1417 
or (u, p- Zlu) У upg uz" 
n=0 
or 2002) - ug] — Utz) = У. (илаа и, )2" 
д = 0 
ог Uiz) (2-1) - це = У (и, ‚у-и, )2" 
п = 0 
Жэ (u, +i _ и) 


Taking limits of both sides as = — 1, we get 
Lt Ke-1) UG)l-uj- >) (и,,у-и,)= Lt Ku,—uj + (ug—u,) + 


п = (0 








Lt lu ]-u,-u -u 
Bt du, Ü 2 0 


Lt l(z-1)U(z)]. (Anna, 2005 S) 
-+1 


Непсе и 


Example 23.10. 7f U(z) = By ERES, evaluate и, and и, 


(z= 
-1 =@ 
U(z)- > i. 2+ 52 ubi: 
2 (1-2. y 


By initial value theorem, u,= Lt U(z)=0 


E + вә 


Similarly, и; = Lt (2 [U(z) — ug -0 


Solution. Writing 


Now u,- Lt (2° [О (2) -щ-иг}=2-0-0=2 


Z= æ 


and из = ДА 231002) -uy—u,z!-u,z?]- Lt lUl) – 00 – 22-2] 
зү z=- 


(z — 1)" 2? 


= Lt 2° 


z=) = 


аван. z|- 


мэ ЭГ дыша 
Lt и. 213 
z'(z — 1) 


2 =} oon 





PROBLEMS 23.1 Т А es 
ms of the following sequences ; i 





Э 0 2 (20. (&VTU. 2009) Ш (iii) (cos Ө +i sin Ө)", 
(141) 
3. Using he linearity property, find the Z- transforms of the following functions : у A 
(i) 2n + Ба лл/4 — 3a* GD Zm- Dfn +2) (S.V. T.U., 2007) 
(iri) (n + Y) (л + 2) (Anna, 2008) (10) (2n — 1)? (V.T.U., 2011 8) 


3. Showthatü)Z(sinhne)» — Sh? |. (уту, 2011) (8) Zía^ sinh n8) = SUMA i 
i 2 — 220050 +1 2“ = Заг cosh 6+ a 


4 | | Pn: gu) | a i 
4. Show that (i) Ze" cos n6) = En а : GiZ(e9^sinnd)s 2€ sin8 Р 
| 26 — 22e" cos 8 +1 2065 — 220" сов8-1 


Also evaluate Z(e™ sin 2n). — "«S.V.T.U., 2007) 


2 8.2 
5. Using Zin®) = 2_*2_, show that Z (n + IP= 2E, 
(2-17 (= — 1? 


6. Find the Z-transforms of (i) sin (n + 1) 8, (ii) cos (= R a) | (Marathwada, 2008) 


7. Find the Z-transform of cos n8 and hence find Z (л cos n8). (Anna, 2009) 
8. Find the Z-transform of cos (102) and a^ сов (1572). (Anna, 2008 S) 
9. Find the Z-transforms of the following 
(Den (ie (VTU, 20108) | (ie n*. 
10, Show that (0 Zí&n 41) «Je Gi (1/2 utn) = 25—. 
11, Show that Z^ * ^C ) = (1 — 1/2) *^* У. Using the damping rule, deduce that 
Zi" РС а" (i+ о) 


= ~, find the Z-transform of u, ‚у. (8.У.Т.07,, 2009) 
z +1 





12. If Z(u, 





227 432-12 


THES ‚ find the value of u, and иа. 


13. НЫ (z) = 


тула 


db oce 
Sah = “a 


1 


DTE e 


"Er КЧ 
| = i 1 wl 


mas tT 


4 


TL 

E . 7 
= 4 
кж 


a С ав 





E - " d i! ч 7 Ч, 21 
а і а ж бтз” | Мун? “уа, “Цин л Ч 
а Дое VP Де к сы: к= эы ят! 
ПЕЕЛЕ | LE" и ГТ ГЕ СТЕ T х т 
ee 8 мар баг” Жы TUER. PEUT M eae cer. RE zT. nal h 
LI 


du 
ETT 





ЕЁЕБЕВ CONVOLUTION THEOREM 





If Z? (123 = и, and Z-'[V(2)] = v,, then 
FAL Wa Tons 


т-0 





where the symbol * denotes the convolution 


roof. We have О(г) = У uz", Vi) У 0,2" 
л-0 n=O 


ш Оба) Viz) = (иу + цугі + и +... + и" +... ез) х (Ug Ug UE + + иг" +... ее) 





= У (цор, +щь, i gU, Lg tot иш)” = аще, + UW, y +... + ш) 


n=0 














” 2 lici 5-8 d [= : г vtm 


= Y а" в" > (81 which isa GP. 
E =, \b m 
m-ü т= 0 


„pn, A 
| afb-1 a-b 











803 





CONVERGENCE OF Z-TRANSFORMS 





Z-transform operation is performed on a sequence и which may exist іп the range of integers — со < n < оо, 
and we write 


U(z) = » uz x) 
jaci 
where u, represents a number in the sequence for n = an integer. The region of the z-plane in which (1) converges 
absolutely is known as the region of convergence (ROC) of U(z). 
We have so far discussed one-sided Z-transform only for which n 2 0. Here the sequence is always right- 
sided and the ROC is always outside a prescribed circle say | 2 | > |a | Fig. 23.2 (1). For a left-handed sequence, 
the ROC is always inside any prescribed contour | z | < | 5 |. [Fig. 23.2 (тг)]. 





| TWO-SIDED Z-TRANSFORM OF u, 15 DEFINED BY 


Uz)- У uz" (2) 
П = = 5 
In this case, the sequence is two-sided and the region of convergence for (2) is the annular region | b | < 
|2 |< |c | [Fig. 23.2 (iii)]. The inner circle bounds the terms in negative powers of z and the outer circle bounds 
the terms in positive powers of z. The shaded annulus of convergence ts necessary for the two sided sequence and 
its Z-transform to exist. 





1 21«15| lb] «121 «lel 

(ii) (iii) 

Fig. 23.1 
Example 23.12. Find the хүйн and region of convergence of | чу EA Ч ү y Е iA Ж 

n y - 14-11 ^ 
(a) un) = l^ is uid (8) Mi DR UR аай gi л 
в хуй fag ea ^ 13. T oh . T РХ 2. CK 
- -1 ГЭ 

Solution. By definition — Z[u()] = у uG)nZ " = У 4274 У zz" 


Putting — n = m in the first series, we get 


Zlu(n)] = Y Fox x 287 
1 


- it + (2) + £y + А + р + (2) + (2) + : Ai) 


z 1 1 D z 22 


me  ——-———— e e 20 C хо -= — ——. 


4"1-1:/4) i-a 4-2 2-2 (4-5)(2-2) 





Now the two series in (i) being С.Р. will be convergent if | 2/4 | «1 
and | 22 | <1lie.,if|z|<4and2<|2z|.ie2<z<4. 

Hence 4 [u(n)] is convergent if z lies between the annulus as shown 
shaded in Fig. 23.3. Hence ROC is 2 < = < 4. 


(b) By definition, Z[u(n)] = 2. CE Cos: > "С,2" at 
imis m= й 


To find the sum of this series, we replace n by & +r 


Z|u(n)] = > ыы: a им Х, ai >" 
г-0 -0 





= eR Як] 
=24(1— Dey “+1 
This series is convergence for | 1/2 | «1 ie, for | z | >1. 
Hence ROC is | г | > 1. 






Solution. (a) Assuming that f (n) = 0 for n = 0 we have 
се -1 = 
Z|f (n) = Уу fine” = * gh, "n- > "Aii n where т= – п 
— = П = == т = 1 
2 (2\2 (zy 2 2/2) + (2/22 
22-13. ut 
2 1-12/2) 2-2 


This series being а С.Р. is convergent if | 2/2 | «1 ie, | z | < 2. 
Hence ROC is | z | < 2. 


(b) By definition, Z[u(n)] = Y LM Y o eli (5) +3 rey parey — 
= 





п! 


The above series is convergent for all values of z. 
Hence ROC is the entire z-plane. 





We can obtain the inverse Z-transforms using any of the following three methods : 

1. Power series method. This is the simplest of all the methods of finding the inverse Z-transform. If 
U(z) is expressed as the ratio of two polynomials which cannot be factorized, we simply divide the numerator by 
the denominator and take the inverse Z-transform of each term in the quotient. 








Solution. Putting z= Ш U(z) = ы-ы | Uy ) = — юр (1+5) = -y+ lyg.ly,.. 
1/у + 2 3 


52 
"2 0 forn-0 
hus "п = Н 1"/n otherwise 


>. тү 5 # =й йш == ==. 2: = = 
MIS Ы а-ә б i oP 18 | EXT I1 A Я РЕ 
у 3 als dits FF 1 ? i racy i 


"ned 





1 гч кт Е7 E D mE 
а. Би. жа БЕР ый г | E] T Er a ' fR = a =. "Б. 
Fr. E rau Bs ae Тағ И A ET иг тын | i Р - | 
ү й 1 F МЭ 7-1 ee г Ti 37 d "y " or 5» г Е. T =. Ё In ^ л | ЁД. j ! n 1 Т | Fre trie ЛАЧ 
lp js ge li^ olg ele Ex i аа 15) ай ШК зит. Ял ч к Eod a nak іга Ача ауе. уг л aus Л Че aan 
4 Г г | ë 
E 3 E. f тзт Р”, = à Ls ! 


ee 
Solution. == = = E by actual division 
2° “ket z +22+1 
| 321 +92? o dd e 
нЕ ВИЗЕ а —— ng * = за: = = — 
"T Ferl 77 T = £a2z41 


Continuing this process of division, we get an infinite series i.e., 


Ое) = У C-0"'nz" 
п= 0 
Thus u =(1)"-їп. 
П. Partial fractions method. This method is similar to that of finding the inverse Laplace transforms 
using partial fractions. The method consists of decomposing U(z)/z into partial fractions, multiplying the 
resulting expansion by z and then inverting the same. 











| ыы С | 22? + 32 UG 2243 A B 
Solution. (D We write U(z) = ——————— as ———-———-—- 4 
чөп. ч) ын (2+2) (2-4) 2 (z-2)(2—4) 2+2 2-4 
where А = 1/6 and В = 11/6 


1 = 11 = 
U(z) = = ыы 
6:42 62- 





On inversion, we have 


и, = sca + Ч (ау [Using $ 23.10 (9) 
a 
(ii) We write Utz) = 4 — 202 


(г 9)? (2—4) 
Uíz 2-20 . A«Bz«*CZ ,D 











= 2 (z- 28(2—4) (2—9) 2—4 
Readily we get D = 1/2. Multiplying throughout by (2 — 2)? (2-4), we get 
— 20 = (A + Bz + Cz?) (z – 4) + D(z — 2). 
Putting z = 0, 1, — 1 successively and solving the resulting simultaneous equations, we get A = 6, B = 0, 
С = 1/2. 
| _ 1 12242 z _ 1z(z-2Y +422 +82 z 
Thus Uiz) = 2' (2—2 T EC m шан 





HIGHER ENGINEERING MATHEMATICS 


| 806 














On inversion, we get и. = = (2" -2.n?29) — 4^ [Using $ 23.10 (9) & (11)] 
= 27-14 122" — 4". 
Zxample 23.17. Find the inverse Z-transform of 
2(22 — 5г + 6.5) /[(z = 2) (2 - 3], for2«| z | < 
Solution. Splitting into partial fractions, we obtain 
Dus ЖЕ = Net 8H) A Е а Жү ВИ мҺеге А =В=С=1 
(2-9) (2-37 z- 2-2 2-3 (2 — 3) 
Liz) = - + А РШЕ NEM 
2-2 2-3 (2-3)? 
1 2ү! if. гү! 1 гҮ" 
-3 -3| -31-2) “1-2 so that 2/2 < 1 and 2/3 < 1 
2 2 d d 9! З 
1 2 4 8 1 z 2 2 | 1| 22 3 42° 
== — —+— +— +... | — =| 1+ = +— + — +... | + —| 1+ — + — 8 — +e. 
15255733 | | 8 9 27 Е 3 9 27 | 
where 2 < | z | <3. 
1.2.2 3 1 z 2 2 1 22 32: 423 
= | өч. a ey oh ee ae st St 90... — Sa ӨВ шагшиж 
ihe к.) E 327 33 94 + art ost oa + 35 +... 
nl "n2 
=}, ge г" У (5 | ze п+0(5 | 2" 
п-0 "al 
On inversion, we get и, = 2"-1 21 and u,-— (п + 2)3"-*. n <0. 
III. Inversion integral method. The inverse Z-transform of U(z) is given by the formula 
1 | 4 
Emu U(z)z" dz 
Un = Oni Jc 
= sum of residues of U(z) 2" ~' at the poles of U(z) which are inside the contour 
C drawn according to the ROC given. 
The following examples will illustrate the ic dies of this formula : 
>! тр i 2348. Using the inversion i. integ) 7 ‘method, find е, inverse ez transform of eu 





а | (V.T.U., 2010 8) 
(z—10(z-3) | | 
. Its poles are at z = 1 and z = 2. 


Solution. Let U(z) Зуршил, — 
(2-1) (2 —2) 


Using U(z) in the inversion integral, we have 
2 1 | п—1 
и, = 2i | U(z)" dz, 


where C is a circle large enough to enclose both the poles of Uiz). 
= sum of residues of U(z) z^- ! atz = 1 and z = 2. 


N Res [U(z) z^ - ] у= Lt йо =- 

OW es [U(z) z" - ^], ү at ) и 

and Res [U(2) 2^], 2-5 „46 - 9). — Z? |= шоё" 
| (2-1) (2-2) 


Thus the required inverse Z-transform и, = 2" — 1, n = 0, 1, 2, ... 
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Example 23.19. Find the inverse Z-transform of 22 /[(z — 1) (2? + DI. (Madras, 2000 S) 
Solution. Let U(z) = — — It has three poles atz = 1,2 = +1. 
(2—1) (2+1) (z-i) 


Using U(z) in the inversion integral, we have 
и, = =. [. Uiz). 2771 dz, where C is a circle large enough to enclose the poles of U(z2). 
= sum of residues of U(z) . 27-1 atz = 1,2 = i. 


Now | Res[U(2)z2"-!] үз Lt rdi E =1 
2—1 (z-—1)(2" +1) 








" "E on 22" | —(i)" 
$ [U н-1 = Lt 4(z—i)————————— E — 
Res 10а = ule шон 1-1 
| — 257 (- iy 
Res [U(z) z^] = Lt — == и m 
= S LN шэн :-1 
Непсе и ЁС ЭН. „=, 
Ы 1+1 l-i 





PROBLEMS 23.3 


Using convolution theorem, evaluate the inverse Z-transforms of the following : 











9 3 
= fie a ү, | а жо 
коз Баал. 2. | | (Madras, 2008) 4. (5) ^ 
(2-1) (2-3) (2-0 2-1, 
4. Show that (a) UN ap t | a ». (b^*1—g^*, (Anna, 2009) 
n! nl n! | (2 + а) (= + b) б-а | 
Find the inverse Z-transforms of the following : 
Aes .Iz|»]|a]|. (Kottayam, 2005) 6. Metu 2g (Madras, 1999) 
2-0 (2— 2)(32 — 1) 
TIL T EA B. SINE CAN (S.V. T. U., 2009) 
(z 19 (22— 1) (42 + 1) | 
9. 82-2. 10. 32-12186 8 182 + 26 3 (Anna, 2005 S) 
(4 — zy (z—2)(z—-3)(z-—4) 
429 6 d, 4 | 
nm c4 c Lo Нити 00319) Тины В (Алла, 2009) 
2-52 +82-4 (2-1) (2 + 1) 
13. d rece, 2M 
(2-1)(z-e™) | 
14. Obtain 27910 = 2) (2 – 3] for (H | = | <2; 0) 2< | | <3; 00) | 2 | > 3. (Marathwada, 2008) 
15. Evaluate Z-! ({2 —5) 3] for | z | > 5. (Mumbai, 2009) 
Using inversion integral, find the inverse Z-transform of the following functions : 
16.7: £8 __, {7 КЕШЕНЕ, 1. 
(z+1)(2—2} 2(z — 1) (z+ 0.5) 
.2 | 
В — —1- 4-2. TS V. TU. 2008) 9. 22032008 (Madras, 2003) 
z(z — 1) (z + 0,5) (z—1)(27 41) 


go, 2:67 - D. 
(22 4.1)" 





1) APPLICATION TO DIFFERENCE EQUATIONS 


Just as the Laplace transforms method is quite effective for solving linear differential equations (§ 21.15), 
the Z-transforms are quite useful for solving linear difference equations. 

The performance of discrete systems is expressed by suitable difference equations. Also Z-transform plays an 
important role in the analysis and representation of discrete-time systems. To determine the frequency response of 
such systems, the solution of difference equations is required for which Z-transform method proves useful. 

(2) Working procedure ѓо solve a linear difference equation with constant coefficients by Z-transforms : 

1. Take the Z-transform of both sides of the difference equations using the formulae of $ 26.16 and the given 
conditions. 

2. Transpose all terms without U(z) to the right. 

3. Divide by the coefficient of U(z), getting U(z) as a function of z. 

4. Express this function in terms of the Z- transforms of known functions and take the inverse Z-transform 
Ч both sides. This gives u, as a function of n which is the desired solution. 


E. 
Г | 1 | 
Е 


4 | 
і la». ш 
vem ss 
Wi re . 4 и 
+ г 181" t 
Ёл i 
F m 





P ACR, E и Чуй 
Solution. If Zu, )= Ule), then Z(u, = 20) - aL 

Z(u, , 9) = 222) - uy — иу] 
Also Z(2") = z/(z — 2) 
7 taking the Z-transforms of both sides, we get 

z?[U(z) — uy — uz") + 42 [U(z) — ug] + 3U(z) = z/(z — 3) 
Using the given conditions, it reduces to 
Ulz) {zf + 42 + 3) = 2 + z/(z — 3) 
U(z) _ 1 1 Q9 в 


2 15104243) (5-38 4614: 48) 8241 242-9 1258" 
on breaking into partial fractions. 











U (2) = z 8-8 
On inversion, we obtain 


ини: 2 +з ы! z J-a zil AP 3 (1 = 3" ^u -3 
^" 8^ (241/ 24^ (2-3) 124 y'a a 














Solution. If Z(y,) = Y(z), then Z(y, , ,) =z I(Y(2) — уд], Z(y, , 9) = Z71¥ (2) – ур y,2 l 
Also Z(2") = z/(z — 2). 
Taking Z-transforms of both sides, we get 
z?*[Y(z) – yy — y42 Ч + 62[Y(2) -yl + 9Y (2) = 2/02 — 2) 
Since уу = 0, and y, = 0, we have Ү(2) (2? + 62 + 9) = z/(z — 2) 


Yo). 1 1| 1 1 5 Е rae ere ee TERT eee 
or — -i ‚ on splitting into partial fractions. 
2  (z-9)(z43Y ыг 2 248 1 4 4 я 
| | z č um Н z __ 
SET y oe TE 2 2+3 m Э 


On taking inverse Z-transform of both sides, we obtain 


ae i af x Y,5523|.. 94 
-ajz (s ti- и ЕЗ zs) 


=; 1 Ho gi Boy а | Em 2. аг. = п 
= oe te (- SP + = nl 3)" : Ул е «^ 




















z^(Y(z) — yy — y,2) - 5z(Y(z) — yo) + BY(z) = —* 


z-1 
Substituting the values y, 0, y, = 1, it reduces to 


| 2 
(2? — 5z + 6) Ү(2) = —. 422.7 
2-1 2-1 








Е YO. 2. 
г (2-1)(2- 2) (2 – 3) 














= _А B , € vhere A= 1,B=-2, C= Ë 
2-1 2—2 3-3 шин 2° ve 2 
= 


so that Viz) = 12 _ 


2 
On inversion, we obtain У, = i — 2(2y + Sar 









Solution. Taking Z-transform of both sides-of the given equation, we get 
YG)* J2  Ye)=1+ 121 


| o «(defe (Зу) 


There being only one simple pole at z = — 1/4, consider the contour | z | > 1/4. 


ло НевЇҮ(2)27-Ч, ү,- Me + i) š (2 + 3) uic + 1) | 


| x ют 
= | 3 n-i — (-1 3) ey 1 = №: Г- іу | 
EGE 5 р SV 4 15:13 


Hence by inversion integral method, we have 






2-24 1 + Uu, o Sn B. 
Taking the Z-transforms of both sides, we get 


z'(U(z) — uy — uz] — 221002) — ug] + Uz) 3. —2 ,5,-2 
(2-1)? 2-1 


Solution. Given equation. is H. 











or U(z) (3 — 82-4 1)- 99 —9* LL 02 ие 
(2—1 
Ж ws Da | 
ог U(z) = ps = ИЕ „= Be кт _ 


бе "бы 





Er 

















On inversion, we obtain 
52—22 _ 9. 
em fes Ugh 12 cd 124—2 
| (2 = 1) 3 їЕ- 1)° (z m 1) 
Noting that 2(1) = — | 
2—1 Е “үр 
2 3 4,2 
Zí(n?) = a Zina) = 232 ТЕ 
(г — 1)° (2-1) 
2 ' T 2+ 
We write 522-22 2 AZ iiu, m ы Eyi d — 
(2-1) (z—1Y (z — 1) z-1 


(2-1 
Equating coefficients of like powers of z, we find 
; as | 3 
Aa = = — — = 
9 * B l, C z i D 0 
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2-1 | 
Also gale -= -zal а ар : sp =1-п 
(2-1) 2-1 (2-1) 
and 7-1 — ; =) 
(2-1) 


substituting these values in (1) above, we get 
и, = 5 nin = 1) п+3)+щ Ц -п)+ит 


1 nin -1)(п-43)-4 Cy + сүл. 


Example 23.25. Using residue method, salve y, + 5 Y,-27 УТ = h2 0. 





Solution. Taking Z-transform of both sides of the given equation, we get 





| 1 1 kn 
deseen 
0 Е 1 - z* 
or ¥(z) + 1, He) == “эрэн Г (1+1. ) Ү(2) = 
or ¥(z) = аи, 
2 1: 
ее. 


There are two poles of second order at = = i/3 and z = — 1/8 


= 5 Я |[ 2—1 212 
Residue at (е = И) = | [238] 22 
E Вл (8 “i 


Jaf 25 | [te «i3 (# 3 
dcus ||. | (reus 


| Ё = = | Й i (5) Те + JE J^ -3[£) 





‘Z- TRANSFORMS 





х k Ё a 
= Lear (if аза (2) (serere) -1вса() (ж йына) а 
Changing i to – г in (1), we have 
Residue at (2 = — 3) = l4 2) (1 ay (сов А7 _ i sin #7) (йш) 
4 2 2 
Adding (0) and (ii), we obtain y, = Lo + 2) (2 2 эт H, 
PROBLEMS 23.4 
Solve the following difference equations using Z-transforms (1-8): 
1. OY, 2 — Myo —M% = 0, given that y(0) = уб1) = 1. (Kottayam, 2005) 
2. y(n + 2) + 2y(n + 1) + y(n) = 0, given that y (0) = y(1) = 0. (V.T.U., 2008 S) 
3. oya- dy, = О given that y, = 0, y, =. (U.P.T.U., 2008) 
4. fin) + Зр (п — 1) - Afin -2) = 0, n > 2, given that f (0) = 8, f (1) = — 2. (Madras, 2003 8) 
5. yi, узу Зул» 1) + 2y(n) = 0, given that y(0) = 4, y(1) = 0 and у(2) = 8. (Anna, 2005 S) 
6. y, 57 5y,, 1+ бу, = 36, given that y(0) = y(1) = 0. (Anna, 2009) 
Ч. Ju сал бу, sif Эу, = 3", 
& у 4-4, + Sy, 251. 8. y Lacy =(2) (n 2 0), y =0. 
n+ п n n 4 n 4/ 
10. Чо Ти, = 5(25) given that ug 1, uy = D. (Marathwada, 2008) 
11. Уул + ne tn = 4 мэ Уус бу. = 1. (Madras, 2006) 


14. y, + 257к-35 a "T Us > 0). 


15. Find the response of the system given by y, + Зу, ,, = и, where и, is a unit step sequence and y, ,, = 1. 
18. Find the impulse response of a system described by Yu, gy + 2357 9, Уул 0. 


OBJECTIVE TYPE OF QUESTIONS 














PROBLEMS 23.5 
Choose the correct answer or fill up the blanks in each of the following problems : 

1, Zi) sz... 2. Ши, is defined for n = 0, 1, 2, ...... only, then Ziu, ) =... 
3. Z-transform of n =... (Anna, 2009) 4. па" =... | 

5. 2 (ain пб) = ...... 6. Z-transform of (1/n!) is 

Е | 8. Linear property of Z-traneform states that... 

9. zi L ) =.... 10. 73 Weed 

ж, [tel 
11. Initial value theorem on Z-transform states that ,..,... 
12. Z-transform islinear. (True or False) 13. If Z(u,)=ulz), then Lt (u)- Lt (z- Dui). 
11-26 E =} 
| (True or False) 
14. Z-transform of the sequence (2^, ё20152/2-2)., . | (True or False) 
15. Z-transform of (аА), k > 0 =e", (True or False) 
16. Z-transform of (^C ], (0 € r < n) is (1 +)". (True or False) 
17. Z-transform of unit impulse sequence (n) = Ч ыг : ‚ 13 2/2 — 1. (True or False) 
0, п<0,. 


18. Z-transform of unit step sequence (т) = IL A0 isl (True or False) 


а Жэн, ie el 7 | t E 4 САНГ 
had 8 | awe гэн иг 04 
ШОН, 3. Laws POLIT | 
pedes e Eme nt aee Tam e gra 
i1 dt pee ye = Гр 
1 ES x ET T. ®. | 143 





In many branches of applied mathematics, it is required to express a given data, obtained from 
observations, in the form of a Law connecting the two variables involved. Such a Law inferred by some scheme 
is known as Empirical Law. For example, it may be desired to obtain the law connecting the length and the 
temperature of a metal bar. At various temperatures, the length of the bar is measured, Then, by one of the 
methods explained below, a law is obtained that represents the relationship existing between temperature and 
length for the observed values. This relation can then be used to predict the length at an arbitrary temperature. 

(2) Scatter diagram. To find a relationship between the set of paired observations x and y (say), we plot 
their corresponding values on the graph taking one of the variables along the x-axis and other along the y-axis 
Le. (X1, Уу), (Хо, Vo), (x,, y,). The resulting diagram showing a collection of dots is called a scatter diagram. A 
smooth curve that approximates the above set of points is known as the approximating curve. 

(3) Curve fitting. Several equations of different types can be obtained to express the given data 
approximately. But the problem is to find the equation of the curve of ‘best fit’ which may be most suitable for 
predicting the unknown values. The process of finding such an equation of ‘best fit’ is known as curve-fitting. 

If there are n pairs of observed values then it is possible to fit the given data to an equation that contains 
n arbitrary constants for we can solve n simultaneous equations for n unknowns. If it were desired to obtain an 
equation representing these data but having less than n arbitrary constants, then we can have recourse to any 
of the four methods : Graphical method, Method of Least squares, Method of Group averages and Method of 
Moments. The graphical method fails to give the values of the unknowns uniquely and accurately while the other 
methods do. The method of Least squares is, probably, the best to fit a unique curve to a given data. It is widely 
used in applications and can be easily implemented on a computer. 


РОУ GRAPHICAL METHOD 





When the curve representing the given data is a linear law y = mx + c ; we proceed as follows : 

(1) Plot the given points on the graph paper taking a suitable scale. 

(tt) Draw the straight line of best fit such that the points are evenly distributed about the line. 
| (iii) Taking two suitable points (хү, уу) and (x,, Yẹ) on the line, calculate m, the slope of the line and c, its 
intercept on y-axis. 

When the points representing the observed values do not approximate to a straight line, a smooth curve is 
drawn through them. From the shape of the graph, we try to infer the law of the curve and then reduce it to the 
form y = mx + c. 

B12 
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EZEN LAWS REDUCIBLE TO THE LINEAR LAW 





We give below some of the laws in common use, indicating the way these can be reduced to the linear form 
by suitable substitutions : 

(1) When the law is y = mx" + c. 

Taking x” =X and y = Y the above law becomes Y = mX + с 

(2) When the law is y = ax". 

Taking logarithms of both sides, it becomes log,, y = log,,a + л Іор, ух 

Putting log,, x =X and log,, y = Y, it reduces to the form Y= nX + с, where с = log, a. 

(8) When the law is y = ax" + b log x. 








Й 
Writing it as- У -a— +b and taking x"/log x = Х and y/log x = Y, 
log x log x 


the given law becomes, Y = aX + b. 
(4) When the law is y = ае? 
Taking logarithms, it becomes log, y = (6 log,, e) x + log,, a 
Putting x = X and log, y = Y, it takes the form Y = mX + с where т = b log,, e and c = log,, a. 
(5) When the law is xy = ax + by. 


Dividing by x, we have y = ос Ў за, 
Putting y/x =X and y = Y, it reducea to the form Y = bX + а. 


Example 24.1. R is the resistance to maintain a train at speed V; find a law of the type R =a + БУ? 
connecting R and V, using the following d data : | 


V (nidis hour): 





R (Ib! ton) : 


Solution. Given law is А =a + БУ? S) y 
Taking У? =x and R = у, (i) becomes 
у=а+ bx ПАН) 
which is a /inear ѓаш. 
Table for the values of x and y is as follows : 


x 100 | 400 900 1600 2500 





y 8. [КИСЕ 2 21 30 
Plot these points. Draw the straight line of best fit Po | 
through these points (Fig. 24.1) (0, 0) 400 800 1200 1600 2000 2400 2800 X 
Slope of this line (= 6) Fig. 24.1 


MN 21-15 6 
С LM 1600-900 700 
Since L (900, 15) Нез on (її), 
5 15-2 a + 0.0085 х 900, 
whence a = 15 — 7.65 = 7.35 nearly. 


= 0.0085 nearly. 


Example 24.2. The following values of x and y are supposed to follow the law y = a * b log, x. Find 
"ЛУГ liv most EM values id the constants a and b. 
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Solution. Given law is y = ax? + b log, x 
2 
1.8. У =a 5 +b walt) 
Оо зох. login х 
Taking x*/log,, x = X and y/log,,x = Y 
(t) becomes V=aX +h И 


This is a linear law. Table for the values of X and Y is as follows : 





35 45 55 65 75 
Fig. 24.2 
MP, 73.65-52.50 _ 21.15 _ 
ВМ 53,75 – 32.49 21.26 
Since P, lies on (11), therefore, 52.50 = 0.99 х 32.49 + b whence b = 20.2 
Hence (i) becomes у = (0.99) х? + (20.2) Іор. x. 


Slope of this line (= a) = 





Example 24.8. The values ofze and y орле in ап experir 


Th MONG RT із у = TER Test Рг Шу the ‘accuracy mr this N and iif Тир law holder х | find the 
best values of the constants. 


Solution. Given law is y = ае?х A) 
Taking logarithms to base 10, we have log,, y = log,, a + (b log,, e) x 
Putting x = X and log,, y = Y, it becomes y = (b log,,e) X + log, a üt) 


Table for the values of X and Y is as under : 
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whence b= = 0.12 x 2.303 = 0.276 


0.12 x 4 + log,, a whence а = 17 nearly. 


Cu 


Plot these points and draw the line of best fit. As these 
points are lying almost along a straight line, the given law is 
nearly accurate (Fig. 24.3). 

Now slope of this line (= b log, €) 


Scale : 1 small division along x—axis = 0.1 Y 


10 small divisions along y—axis = 0.1. 


0.12 





овое 
Since the point L (4, 1.71) lies on (ii), therefore, 1.71 = 


Hence the curve of best fit is y = 17 e°*"™. 








PROBLEMS 24.1 | 


. fp is the pull required (0: НА the weight by means of a pulley block, find a linear law of the form p = а + bw, 


connecting p and w, using the following data: 
w (18): 50 10 100 120 
р (lb): 19 15 21 25 
Compute p, when tw = 150 Ib. 


. The resistance R of a carbon filament lamp was measured at various values of the voltage V and the following 


observations were made : 


Voltage V... 62 70 78 84 99 
Resistance R... 73 70.7 69.2 67.8 66.3 


Assuming а law of the form R = T * b, find by graphical method the best value of a and b. 


Verify if the values of x and y, related as shown in the following table, obey the law y =a + b ух. If so, find 


graphically the values of a and b. 
x 500 1,000 2,000 4,000 6,000 
у: 0.20 0,33 0.38 0.45 0.51 
. The following values of T and / follow the law T = а". Test if this is so and find the best values of a and n. 
T=10 15 2.0 2.5 
12:25 56.2 100 1.56 
. Find the best value of a and b if y = ax + b log,, x is the curve which represents most closely the observed values 
given below : 
x: 2 d 4 5 6 
y: 3.74. 5.99 7,47 8.92 9.86 
‚ Fit the curve y = ас! to the following data: 
х: 0 2 4 
у: 5.1 10 31.1 (Coimbatore, 1997) 


. The following are the results of an experiment on friction of bearings. The speed being constant, corresponding 


values of the coefficient of friction and the temperature are shown in the table : 


і: 120 110 100 90 80 70 60 
р: 0.0051 0.0059 0.0071 0.0085 0.00109 0.00124 0.00148 


If n and / are given by the law p = ae", find the values of a and b by plotting the graph for р and t. 





PRINCIPLE ОР LEAST SQUARES 


The graphical method has the obvious drawback of being unable to give a unique curve of fit. The principle 
of least squares, however, provides an elegant procedure for fitting a unique curve to a given data. 

Let the curve, y=a+x+cx*+...+ йх"-1 (1) 
be fitted to the set of n data points (х,, уц), (Xo, y;)...(x,, Yn) 

Now we have to determine the constants a, b, c,...k such that it 
represents the curve of best fit. In case n = m, on substituting the values 
(x, y,) in (1), we get n equations from which a unique set of n constants can 
be found. But when n > m, we obtain n equations which are more than the m 
constants and hence cannot be solved for these constants. So we try to 
determine those values of a, b, c,..k which satisfy all the equations as 
nearly as possible and thus may give the best fit. In such cases, we apply 
the principle of least squares. 

At x = x, the observed (or experimental) value of the ordinate is y, = 
P.L, and the corresponding value on the fitting curve (1) is a + bx, + cx; +... 
+ Ах" = ML, (= n, say) which is the expected (or calculated) value (Fig. 
24.4). The difference of the observed and the expected values i.e. y, — 1; (= e;) 
is called the error (or residual) at x = X;. Clearly some of the errors £15 ео, ... 
e, will be positive and others negative. Thus to give equal weightage to each 
error, we square each of these and form their sum i.e. E =e,? + e,? +... e,*. 

The curve of best fit ts that for which e's are as small ав poseibls i Le., E, the sum of the squares of the errors 
is a minimum. This 18 known as the principle of least squares and was suggested by Legendre* in 1806. 





(1) METHOD OF LEAST SQUARES 





For clarity, suppose it is required to fit the curve 
y=a+ bx + сх? a1) 
to a given set of observations (x,, y), (x4, Yoh ..., (x, У). For any x, the observed value is y, and the expected value 
is", =a + bx, + сх, so that the error e; 2 yj — 1; 
the sum of the squares of these errors is 
E=e,* +e," +... +e," 
= [у — (a + bx, + сх, 2)]? + [yy — (a + bx, чех) +... + ly; - (а + bx, + x,")|* [See $ 5.12 (3)] 
For E to be minimum, we have 


A = 0 = 2[y, – (a + bx, + ex,?)] - 2[у„— (a + bx, + сх,2)] - ... - 20у, – (a + bx, + сх?) L2) 
= = 0 = – 2х ly,- (а + bx, + cx,?)] — 2х, [у — (a + Бх, + сх„?)] 

/ —...— 2x, ly; — (а + bx, + ex,?)] ...(3) 
дЕ 
x" 0 = – 2x,? [y, — (a + bx, + ex,?)] — 2х, (у, — (a + bx, + сх,2)] 


—...— 2x? [у; – (a + bx, + cx,”)] ...(4) 
Equation (2) simplifies to 
Yit Уул. +; = ба + b(x, ex, ok xj) + c(x, x aor x) 
Le., Ly, = ba + БУХ, + с Ух? (5) 





* See footnote on р, 411, 





га $, 
—— 4 mx 





Equation (3) becomes 
XQy, + Ху) +... + Ху. = ala XS +... +.) + ++... + х2) + cix? + x2 Hart 33) 


Lë, Exy,- aXx, + Ух + сух? ...(6) 
Similarly (4) simplifies to Ух,бу, = aZx,? + БУх + сух/ (7) 


The equations (5), (6) and (7) are known as Normal equations and can be solved as simultaneous equa- 
tions in a, b, c. The values of these constants when substituted in (1) give the desired curve of best fit. 
(2) Working procedure 
(a) To fit the straight line y = a + bx 
(1) Substitute the observed set of n values in this equation. 
(11) Form normal equations for each constant 
Le., Ху =na + ЬУх, Уху = aEx + Ух? 
[The normal equation for the unknown a is obtained by multiplying the equations by the coefficient of a and adding. 
The normal equation for b is obtained by multiplying the equations by the coefficient of b (i.c., x) and adding.| 
(iii) Solve these normal equations as simultaneous equations for a and b. 
(iv) Substitute the values of a and b in y =a + bx, which is the required line of best fit. 
(b) To fit the parabola: y = a + bx + сх? 
(i) Form the normal equations Ey = па + bXx + cEx? 
Уху = aXx + БҮх? + cXx? 
and Xx?y = aXx? + bYx? + сўх! 
[The normal equation for c has been obtained by multiplying the equations by the coefficient of c (i.e., х2) and adding.| 
(ii) Solve these as simultaneous equations for a, b, c. 
(iti) Substitute the values of a, b, c in y = a + bx + cx?, which is the required parabola of best fit. 
(c) In general, the curve y = a + bx + cx? +... + kx" - 1 can be fitted to a given data by writing m normal 
equations. 
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Solution. The corresponding normal equations are 





УР = 46+ тум | (i) 
EWP =cEW + mxW?| i 
The values of EW etc. are calculated by means of the following table : 
The equations (1) becomes 73 = 4c + 340m and 6750 = 340c + 31800m 
Le., 2c 4 170m - 365 Kr) 
and 34c + 3180m = 675 iit) 


Multiplying (ii) by 17 and substracting from (iii), we get 
т = 0.1879 +. from (ii), ¢ = 2.2785 





Hence the line of best fit is 
Р = 2.2759 + 0.1879 W 
When W = 150 ке. P = 2.2785 + 0.1879 х 150 = 30.4635 Кр. 


| Obs. The calcu get simplified when the central пуна of. x de zero. It is therefore, advisable to make | 
Же baro, V Ht be nut ao. This is illustrated by the. I 








vnde nde ci ain i А pa ubola эмийг | E р | TERT CONT X y 





Solution. Let u = x — 2 and v = y so that the parabola of fit y = a + bx + сх? becomes 
v=A+Bu+ Си? vee) 
The normal equations are 
Ev = БА + BEu + CEu? ог 12.9 = БА + 10С 
Хир = Aru + ВУц? + СХи? or 11.3 = 108 
Хи?и = АХи? + BXu? + CXu* ог 33.5 = 10A + 34С 
Solving these as simultaneous equations, we get 
A = 1.48, B = 1.13, C = 0.55. 
(1) becomes, и = 1.48 + 1.13u + 0.55u? 
or у = 1.48 + 1.13 (x - 2) + 0.55 (x - 2)? 
Hence y = 1.42 — 1.07x  0.55x*. 


| oy aac mic second degree pt "abo to the f llou 











ттт We shift the origin to (2.5, 0) and take 0.5 as the new unit. This amounts to —— the 
variable x to X, by the relation X = Zx — 5. 


— TP =a + bX + сХ?, The values of EX etc., are calculated as below : 





The normal equations are 
Ta + 28c = 16.2: 28b - 14.3 ; 28a + 196c = 69.9 

Solving these as simultaneous equations, we get 

а = 2.07, b = 0.511, c = 0.061 

y = 2.07 + 0.511Х + 0.061X* 
Replacing X Бу 2х — 5 in the above equation, we get 

у = 2.07 + 0.511 (2х — 5) + 0.061 (2x — 5)? 
which simplifies to y = 1.04 — 0.198x + 0.244x*. This is the required parabola of best fit. 
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Solution. Taking. и =х- 1993 and v = y — 357, ', the diain у=а + bx + сх" — 


и =А + Ви + Си? ft} 





The normal equations are 
Ev = 9A + ВХи + СХи? or 11 = 9A + 60C 


Luv = АХи + BEu? + CXu? or 51= 608 or В= = 
Eu?*v = Aru? + BXu? + СХий ог ~ 9 = 60А + 708C 


247 
On solving these equations, we get A = ee B= нэ D=- 924 


(1) becomes v= 694,17 17 ц- 241 ц? 
231 20 994 


694 17 


gya Эё зова _ 1933 
y-998 9 t2 - ви ©- у 
694 39861 = 5 = 247x3866 | 247 , 
SUUS. Чез! AAL ogg кәк ЫГ жа 
у= 591750 $94 799 + tu^ 994 ` 924 
y = 3- 1643.05 — Bene ИЙ +357 + 0.85x + 1033:44х — 0.26742 
Heavies y = — 1000106.41 + 1034.29x — 0.267x2. 





x: 1 2 8 4 5 


820 


Higher ENGINEERING MATHEMATICS 


up 100 120 140 160 180 200 
Ys 0.45 0.55 0.60 0.70. 0.80 0.85 
Find a law of the form У =a + ӨР, 


» The results of measurement of electrie resistance Н of a copper bar at various temperatures t"C are listed below : 


bin: 19 25 30 36 40 45 50 
Н: 76 17 19 80 82 83 85 
Find a relation В = a + bt where a and b are constants to be determined by you. 


Б. Find the best possible curve of the form y =a + bx, using method of least squares for the data : 

Ie 1 3 4 6 Я 9 11 14 

y: 1 2 4 4 5 7 8 9 (V.T.U., 2011) 
6. Fit a straight line to the following data 

(a) х: 1 2 3 4 5 6 7 8 9 

y: 9 8 10 12 11 13 14 16 5 (Bhopal, 2008) 

(5) x: 6 7 7 3 В 5 9 9 10 | 

y: 5 5 4 5 4 3 4 3 3 (J.N.T.U., 2008) 
7. Find the parabola of the form y =a + bx + cx? which fits most closely with the observations: 

x: -48 —2 -1 0 1 2 a 

у: 4.63 2.11 0.67 0.09 0.68 2.15 4.58 (V.T.U., 2006 ; J.N.T.U., 2000 8) 
B. Fita parabola у= a + bx + ex? to the following data : 

xt 2 4 6 8 10 

уў: $07 1285 3147 5738 91.29 (V.T:U., 2003 8) 
9. Fita second degree parabola to the following data : 

д 1 2 3 4 5 6 T 8 9 10. 

у: 124 129 140 159 228 289 315 302 263 210 

(U.P.T.U., 2009) 


10, 


11. 


The following table gives the results of the measurements of train resistances ; V is the velocity in miles per hour, 
R is the resistance in pounds per ton : 


V: 20 40 B 80 100 120 
Ri 5.5 9.1 14.9 22.8 33.8 46.0 
ЇГН is related to V by the relation В =a + bV + cV?, find a, b, and c. (U.P.T.U., 2002) 


The-velocity V of a liquid is known to vary with temperature according to а quadratic law V =a + БТ «c7?. Find the 
best values of a, b апа e for the following table : 


1: 1 2 8 4 5 6 7 
v: 2:31 2,01 3.80 1.66 1.85 1.47 141 - (U.P.T.U., MCA, 2010) 





ЕТІ FITTING OF OTHER CURVES 


LË., 


(1) y = ах? 
Taking logarithms, log,, y = log,, a +  log,,x 
Y=A+bX where X = log,,x, У = log,, y and A = log,, a. (1) 
The normal equations for (i) are : EY = nA + БУХ, УХУ = AEX + БУХ? 


from which A and b can be determined. Then a can be calculated from A = log,, a. 


L. Е. т 


(2) y = ae™ (Exponential curve) 
Taking logarithms, log,, y = log,, a + bx log, € 

У =A + Bx where Y = log y, A = log,, a and B = Б log,, e 
Here the normal equations are : X Y = nA + Bix, ExY = AXx + BXx? | 


from which A, B can be found and consequently a, b can be calculated. 


(3) xy" = b (or pv! = k) (Gas equation) 


| | 1 
Taking logarithms, log,,x + а log,,y =log,,6 or log,,¥= = log, b — = log, x. 
a 





= — I 
This is of the form Y =A + BX 


where X = log, x, Y = log, y, А = = log, b, B=- 3, 
Here also the problem каша to finding a straight line of best fit through {Һе given data. 
Find the least de усны = of the form y =a, + ута to the foil wing data : 










| out Е (OP.T_U,, 2008 
Solution. Putting 2? = X, we have y = "ETT. 


the normal equations are : Ly = 4a + a,EX ; XY = a EX + a, EX*. 
The values of EX, УХ? etc. are calculated elem: 


soe So =. Tt 
фены 





| узб] 2-ю Bae 
the normal equations become 10 = 400 + ба, ; 5 = 600 + 18a, 
Solving these equations we get, a, = 4.167,a, =- 1.111. 
Hence the curve of best fit is у = 4.167 - 1.111Х ie, у-4.167-1.11142, 
Example 24.9. An. етен рр the. following values : | 
u(ftimin) : _ 400 500 





Solution. We have pes тө а eh log, t 
or y =A + 6X, where X = log o$ y = log,,v, A = log, a 
the normal equations are 
EY = 4А БҮХ xt) 
УХУ = АХХ + БҮХ? (LE) 
Now УХ ete. are calculated as in the following table : 








Equations (1) and (ii) become 
4A + 4.46 = 10.623 ; 4.46A + 6.0756 = 11.658 
Solving these, А = 2.845, b =- 0.1697 
а = antilog А = ап ор 2.845 = 699.8. 
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Solution, Let у = аб be the exponential curve. 
Then log; y = log,, a + x log,, b 
or Y =A + Bx where У = log, y, А = log,, a, В = log,, È 
the normal equations are 
ХУ = TA + B Ex ШАР) 
Ex Y = A Ух + В Ух? (LL) 


Now Ух etc. are calculated as follows : 





a 


equations (1) and (11) become 
11.295579 = 7A + 16980B 
29502.305 = 16980A + 72743400B 
Solving these equations, we get A = 1.4521015, B = 0.0000666289 
‚5 log,,y = Y = 1.4521015 + 0.0000666289x 
Heiss y (at x = 3000) = 44.874 i.e. 44.9 approx. 


ин The pressure and volume ис ое MARIA, 2 
constants. Fit this equation to the following set of ob ; 
р kg/ em?) : 05 





“25 





vilitres) : 162 1.00 0:75 +. Biss 250088 < 046 (WTU, 2011) 
Solution. We have log,, p Жү log,, v = log), Ё 
or черноты or У= А + ВХ 
where Х = Іов ор, Y = log, v, A = 1 logig k, В-- i; 
^ the normal equations аге 
LY = 6A + ВУХ wl) 
EXY = AEX + ВУХ? (ш) 


Now УХ etc. are calculated ав follows : 





0.1761 





10511) 


equations (i) and (ii) become 
6A + 1.0511B =- 0.7442 


EMPIRICAL Laws AND CURVE-FITTING 


1.0511А + 0.5981B =- 0.4214 
Solving these, we get А = 0.0132, В =- 0.7836. 
у =- VB = 1.1276 and k = ап ов (Ay) = ап ов (0.0168) = 1.039. 
Hence the equation of best fit is po! 276 = 1.039. 


` PROBLEMS 24.3 | 


1. ШУ (km/hr) and R (kg/ton) are related by a relation of the type R = а + bV?, find by the method of least squares a and 
В with the help of the following table : 





V: 10 20 80 40 50 

Н: 8 10 15 21 30 (Indore, 2008) 
2. Using the method of least squares fit the curve у = ах + bx? to following observations : 

х; 1 2 3 "M 5 

y: 18 5.1 8.9 - 14:1 19.8 
3. Fit the curve y= ax + b/x to the following data : 

Y 1 2 3 4 5 6 Т 8 

y: 5.4 6.3 8.2 10,3 12.6 14.9 17.3 19.5 


(Е.Р. Т.О, 2010) 
4. Estimate y at x = 2.25 by fitting the indifferente curve of the form xy = Ах + В to the following data : 


x: 1 2 3 4 

y: 3 1.5 8 7.5 (tN, T. LI, 2003) 
5. Find the least square curve» = ax + БА for the following data: 

Y: 1 2 3 4 

y 215 0.99 3.88 7.66 (Madras, 2003) 
6. Predict y atx = 3.75, by fitting a power curve у = ax" to the given data : 

x4 1 2 8 4 Б 6 

у: 298 4.26 5.21 6.10 6.80 7.50 N. T.U. 2003) 
7. Fit the curve of the form y = ae” to the following дав: 

xz 17 100. 185 239 285 

yi 24 34 70 111 19.6 (ИТ, 2011 8 ; J.N.T.U., 2006) 
B. Obtain the least squares fit of the form f (t) = ae ® + be^? for the data: 

Жо: 0,1 0.2 0.3 0.4 

fit): 0.76 0.58 0.44 0.35 R (U.P. T.U., 2008) 

“8. The voltage v across a capacitor at time t seconds is given by the following table : 
E 0 2 4 б B 
Р: 150 68 28 19 5.6 


Use the method of least squares to Йі а curve of the form v = ae" to this data, 
10. Using method of least squares, fit a relation of the form y =ab* to the following data : 


xt 2 3 4 5 6 
у: 144 172.8 207.4 248.8 298.5 








ТЕЙ METHOD OF GROUP AVERAGES 


Let the straight line, yra+bx .4(1) 
fit the set of n observations 
(x4, Уу), (хо, Ул), ..., (X У„) quite closely. (Fig. 24.5) 





р „К. 






When x = хү, the observed (or experimental) ү 
value of y = y, =L,P, and from (1), 
у=а + bx, =L M; 
which is known as the expected (or calculated) value 
of y at L,. 






Р(х, ys) 
е 








і 
Рүхү, уу 
hi 






M 


——— — 





Then e, = observed value at L, — expected value і P^ P arg Уз) 
at L, | l l 
= у,—(@ + бху) = М,Р,, | гг 
which is called the error (or residual) at x,. Similarly i t h L L Ж 
the errors for the other observations are Fig. 24.5 


£5 = Ус - (a + bx.) = М.Р, 


е нэ (а + бх.) - М,Р, 

Some of these errors may be positive and others negative. 

The method of group averages is based on the assumption that the sum of the residuals is zero. To find the 
constants а and 6 is (1), we require two equations. As such we divide the data into two groups : the first contain- 
ing k observations 

(Хү, Уу), (x5, Уз)... (ку); 
and the second group having the remaining n — k observations 
G5, Mag abe Uo Ук oo e Kar У„). 
Assuming that the sum of the errors in each group is zero, we get 
ly, — (a + bx,)) + ly, — (а + bx,)) +... ly, — (а + bx) = 0 
ly, -la+ bx, DE e 0y, (а + bx, +... + ly, - (a + bx ) = 0 
On simplification, we obtain 


usd XQ Xt 
TOU OA =a+b шсш .4(2) 
yaq + +...+ y, Хы tao uio X 
Ye+it Vase Ул s k+l Кате wild) 
n-k п = № 


In (2), Ё (x, +x,+... +x, ) and г (у, +у.+... y, ) are simply the average values of x's and ув of the first 


group. Hence the equations (2) and (3) are obtained from (1) by replacing x and y by their respective averages of 
the two groups. Solving (2) and (3), we get a and b. 


Obs. The main drawback of this method is that a different grouping of the observations will give different values of 
a and b. In practice, we divide the data in such a way that each group contains almost an equal number of observations. 


Example 24.12. The latent heat of vaporisation of steam. r, 18 given in the following table at different 
temperatures Г: 

t: 40 50 60 70 _ ‚80 90 100 110 

к: 10691 1063.6 10582 10527 10493 10418 1036.3 1030.8 

For this range of temperature, а relation of the form r= a + bt is known to fit the data. Find the values 
of a and b by the metliod of group averages. (Madras, 2003) 


Solution. Let us divide the data into two groups each containing four readings. Then we have 

















t am E 
60 | 100 
70 } 110 
tf = 220 Xr = 380 





Substituting the averages of t's and r's of the two groups in the given relation, we get 








82436 usb i.e., 1060.9 = а + 55b 00 
шээс sarb T i.e., 1039.55 = a + 95b -- di) 


Solving (1) and (ii), we obtain 
а = 1090.26, b = — 0.534. 


FITTING A PARABOLA 





We have applied the method of averages to /inear law involving two constants only. To fit the parabola 
у= а + Бх + сх? (1) 
which contains three constants, to a set of observations, we proceed as follows : 
Let (хү, y,) be a point on (1) satisfying the given data so that 
y,7a*bx, + ex,? 
Then у-уу = Б (кх) +0 (x? — 2,7) 
EOM 
х— Х| 
Putting x + x, =X and (y — y,V(x —x,) = Y, it takes the linear form 
Y-b-«cX. 
Now b and c can be found as before. 


=b +(x +x) 















"e x53 nid и TEN Зан 3 ын 4 к 1299 AAS ae у E Ч 
Solution. Taking x = 84, y = 283 as a particular point on y = a + bx + ex", 
we get 283 =a + b (84) + c (84)? v(t) 
y – 283 = (х- 84) + с [x* - (84)] 
у-283 , 
or : | =b+c(x + 84) 
x — 84 
LE, Ү=Б+сХ ww (EE) 
where X = x + 84, Y = (y — 283)/(x — 84). 
Now we have the following table of values : 
x y Х=х+ 84 Y=(y - 283) /(x - 84) 
87.5 292 171.5 2.071 
84.0 283 - is 
11.8 210 161.8 2.097 
EX = 333.3 ХҮ = 4.668 
63.7 235 147.7 2.364 
46.7 197 130.7 2.306 
36.9 181 120.9 2.166 
УХ = 399.3 _ LY = 6.836 


Substituting the averages of X and Y in (ii), we get 


4.668 


— =6+с 


вэ 


6.836 
3 





bec 


333.3 
2 
399.3 





1.6., 2.88 = b + 166.65 с 


ie., 2.28 =b + 131.1c 


A) 


(iu) 
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(10)-4111) gives с = 0.0014 
and (iii) gives b=2.0967 ^ ie,2.1 nearly 
From (i), we get a=96.9988 ге., 97 nearly. 
Hence the parabola of fit is 
y =97 + 2.1x + .0014x7. 





Example 24.14. The train resistance В (Ibs/ton) is measured for the follo ZR or Tello 
Vikmihr): wing. 





If Ris related to V by the formula R = а, find a, b, ana. 


Solution. To find a, we take the — three values of v which are in G.P. : 
у= 20, = 40, Оз = 80 
Then R =5, к. = 9, R, = 25 
Gt, — a) Gt, — a) = (В, - a 


шард, = RR- Е, = 3.67 
whence “ПЕ 28, | 
Thus R-3.67=6V" ог logy (R - 3.67) = log, b +n logy, V 
Le, Y=k+nX ii) 
where X = log,, V, Y = log,, (В — 3.67), k = log), 6. 
Now we have the following table of values : 


55 





Substituting the averages of X's and Y's in (1), we obtain 


De sban o ie., 0.6215 =k + 1.5604 n ii) 


28180 УБ мн i.e., 1.4193 = Б + 1.9516 n ii) 








Solving (ii) and (iii), we get n = 2.04, k = — 2.56 approx. 
b = antilog k = ап ор (- 2.56) = 0.0028. 





Weight: 525 587 650 702 754 81l. 872 $55 | 3022 1084 


Find a st 





4 rai zht i line of best fit. 





EMPiRICAL Laws ano Curve-rirtina 


3. Using the method of averages, fit à parabola y = ax? + bx +c to the following data ; 
Ёл 20 40 60 80 100 120 
у: 5.5 9.1 14.9 22.0 33.3 46.0 
4, While testing a centrifugal pump, the following data is obtained. Ii is assumed to fit the equation y =a + bx + cx, 
where x is the discharge in litre/sec and y, head in metres of water. Find the values of the constants a, b, c by the 
method of group averages. 


х: 2 2.5 d 3.5 4 4.5 5 5.5 6 
Уз 18 17.8 17.5 17 15.8 14.8 13.8 11.7 B 
5. By the method of averages, fit a curve of the form y = ае to the following data : 
x 5 15 20 30 35 40 
у: 10 14 25 40 50 62 (Madras, 2002) 





| METHOD OF MOMENTS 


Let (хү, у), (x,, Ya) ... (x,, Yp) be the set of n observations such that 
X,—X,-2X,—X,-2..-2x,—x, ,-h(say) 
We define the moments of the observed values of y as follows : 
тү, the Ist moment = Л Ху 
Mo, the 2nd moment = hixy 
ту, the 3rd moment = ЛУх?у and so оп. 
Let the curve fitting the given data be y = f (x). Then the moments of 
the calculated values of y are 


H, the Ist moment = [ра 





ро, the 204 moment = [xy ах 


Fig. 24.6 


Н, the 3rd moment = [xy dx and 50 on. 


This method ts based on the assumption that the moment of the observed values of y are respectively equal 
to the moments of the calculated values of y ie, түг р, Mo= Wo, m, = р. ete. These equations (known as observa- 
поп equations) are used to determine the constants in f (x). 

m's are calculated from the tabulated values of x and у while p's are computed as follows : 

In Fig. 24.6, y, the ordinate of P, (x = x,), can be taken as the value of y at the mid-point of the interval 
(x, —A/2, x, + ^/2). Similarly, y,, the ordinate of P, (x = х, ), can be taken as the value of y at the mid-point of the 
interval (x, — 1/2, х, + h/2). If A and B be the points such that 

ОА =x, - 1/2 and ОВ =x, +h/2, 
zr,*h/2 
then m= [уах= f. 2 гадах 
х„+А!2 


m= |", fn dex 


= E Р + #2 э dx 
zu m ari c 
Example 24.15. Fit a straight line y =a + bx to the following data by the method of moments : 
Үс 1 2 a 4 
y: 16 19 23 26 (Madras, 2001 S) 


Solution. Since only two constants a and b are to be found, it is sufficient to calculate the first two 
moments in each case. Here Л = 1. 
m,-hXy-21(16 + 19 + 23 + 26) = 84 
т. = hixy = 1(1х16+2х 19 +3х 22 + 4% 26) = 227 


826 HIGHER ENGINEERING MATHEMATICS 


To compute the moments of calculated values of y = а + bx, the limits of integration will be 1 — 1/2 and 
4+ h/2 Le., 0.5 to 4.5 
45 
= 4a + 10b 


9 
ax + Б = 
0.5 


4.5 
№ =2[ (a+ bx) dx = 








45 | 91 
p= |, xa + bx) dx = 10a  —-b. 


91 
Thus, the observation equations m_=1,(r = 1, 2) are 4a + 106 = 84 ; 10а + ГҮ b = 227 


Solving these, а = 13.02 and b = 3.19. 
Hence the required equation is y = 13.02 + 3.19x. 


Example 24.18. Given the following data : 


ХТ 0 1 2 d 4 
y: 1 5 10 28 38 


find the parabola of best fit by the method of moments. 


Solution. Let the parabola of best fit be y = a + bx + сх? wld) 
Since three constants are to be found, we calculate the first three moments in each case. Here A = 1. 
т, = Уу =1(1+5 + 10 + 22 + 38) = 76 
т. = һУху = 1(0+5+ 20 + 66 + 152) = 243 
Ma = hXx?y = 1 (0 +5 + 40 + 198 + 608) = 851 
For computing the moments of calculated values of (1), the limits of integration will be 0 — 4/2 and 4 + 2/2 
i.e., — 0.5 and 4.5. 


4.5 
p= | (a+ bx + с?) ах = ба + 10b + 30.4c 

= 0.5 

4.5 2 А 
р, = [оха + bx + ex ) dx = 10а + 30.4b + 102.5¢ 


4.5 
из = | JY (a+ bx + сх?) ах = 80.4а + 102.56 + 369.1c 


Thus the observation equations m, = р, (г = 1, 2, 3) are 

Ба + 105  30.4c = 76 ; 10a + 30.4  102.5c = 243 ; 30.40 + 102.56 + 369.1е = 851 
Solving these equations, we get a = 0.4, b = 3.15,c = 1.4. 
Hence the parabola of best fit is y = 0.4 + 3.15x + 1.4x*. 





| PROBLEMS 24.5 
1. Use the method of moments to ht the straight line y =a bx to the data : 
zr: l 2 З 4 
y: 0.17 0.18 0.28 0.82 
9, Fit a straight line to the following data, using the method of moments: 
x 1 3 5 7 8 
х: 1.5 2.8 4.0 4.7 6.0 (Madras, 2001) 
8. Fit a parabola of the form у =a + bx + сх? to the data : 
х: 1 2 3 4 
Y: 1.7 1.8 2.3 8.2 
by the method of moments. 
4, By using the method of moments, fit a parabola to the following data : 
Ж? 1 2 8 4 


yz 0.30 0,64 1.32 5.40 (Madras, 2000 8) 





OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 24.6 





Fill up the blanks or choose the correct answer in the fallguing problems : 
1. The law y = ах? + bx converted to linear form is ......... 
3, 4 o)ace ares =k i wa be "pris ed =a + bx whi 












bservations, the normal equations are 


(i) Sy = х + Bem, хуу = zoI eo BL 
(ii) Ey = т Ex + ne, xy = т Xx* +e Ex. 

(її) у= с Lx + mEn, Ў xy =c Ха + т Ex. 

To fit y = авт by least square method, ‘normal equati 





The observation equations for fitting а straight line by method of moments Bre д. 
The method of group averages is based on the assumption that the sum of the residuals i: 
y =ах? + b log x reduced to linear law takes the form ......... 


10. Given |7 0 1 E 








e 22.9, = 


0 11:21 
11, The method of moments is based on the assumption that .... 

12, Iny =a + bx, Хх = 50, Ey = 80, Ery = = 1030, Xx? = 750 Sdn ОНИ e y Г] NE E 
13. y 2 xax + b) in linear form ів... 

14. Ify=a tx + ert алд 


[inen the straight line of best fitis.. 





x 0. 1 2 8 4 
y: 1 18 13 25 73 
then the first normal equation is : 
(e) 15 = Ба +106 + 29¢, (B) 15 = ба + 105+ 31с 
(ү) 12.9 = Ба + 10b + 30е (8) 34 = ба + 106 + 27е. 





15. Ify = 2x +5 is the best fit for 8 pairs of values (x, y) by the method of least squares and Ly = 120, then 
(а) 36 (b) 40 | (c) 45 (4) 30, 








INTRODUCTION 


Statistics deals with the methods for collection, classification and analysis of numerial data for drawing 
valid conclusions and making reasonable decisions. It has meaningful applications in production engineering, in 
the analysis of experimental data, etc. The importance of statistical methods in engineering is on the increase. 
As such we shall now introduce the student to this interesting field. 





(1) COLLECTION OF DATA 


The collection of data constitutes the starting point of any statistical investigation. Data may be 
collected for each and every unit of the whole lot (population), for it would ensure greater accuracy. But 
complete enumeration is prohibitively expensive and time consuming. As such out of a very large number of 
items, a few of them (a sample) are selected and conclusions drawn on the basis of this sample are taken to 
hold for the population. 

(2) Classification of data. The data collected in the course of an inquiry is not in an easily assimilable 
form. As such, its proper classification is necessary for making intelligent inferences. The classification is done 
by dividing the raw data into a convenient number of groups according to the values of the variable and finding 
the frequency of the variable in each group. 

Let us, for example, consider the raw data relating to marks obtained in Mechanics by a group of 64 
students : 


79 88 75 60 93 71 59 85 
84 75 82 68 90 62 88 76 
65 75 87 74 62 95 78 63 
78 82 75 91 77 69 74 68 
67 73 81 72 63 76 15 85 
80 78 57 88 78 62 76 53 
62 67 97 18 85 76 65 71 
78 89 61 75 95 60 79 83 
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This data can conveniently be grouped and shown in a tabular form as follows : 





‘Class Frequency Cumulative frequency 
50—54 1 1 
55—59 2 3 
7 19 
8 27 
17 44 
6 50 
8 58 
3 61 
3 64 
Total = 64 4 


It would be seen from the above table that there is one student getting marks between 50--54, two 
students getting marks between 55—59, nine students getting marks between 60—64 and so on. Thus the 64 
figure have been put into only 10 groups, called the classes. The width of the class is called the class interval 
and the number in that interval is called the frequency. The mid-point or the mid-value of the class is called the 
class mark. The above table showing the classes and the corresponding frequencies is called a frequency table. 
Thus a set of raw data summarised by distributing it into a number of classes alongwith their frequencies is 
known as a frequency distribution. 

While forming a frequency distribution, the number of classes should not ordinarily exceed 20, and should 
not, in general, be less than 10. As far as possible, the class intervals should be of equal width. 

(3) Cumulative frequency. In some investigations, we require the number of items less than a certain 
value. We add up the frequencies of the classes upto that value and call this number as the cumulative 
frequency. In the above table, the third column shows the cumulative frequencies, i.e., the number of students, 
getting less than 54 marks, less than 59 marks and so on. 


GRAPHICAL REPRESENTATION 





А convenient way of representing a sample frequency 
distribution is by means of graphs. It gives to the eyes the general 151 
run of the observations and at the same time makes the raw data 
readily intelligible. We give below the important types of graphs 
in use : 

(1 Histogram. A histogram is drawn by erecting 
rectangles over the class intervals, such tliat the areas of the | 
rectangles are proportional to the class frequencies. If the class 5 

Ч 
È 






Frequency curve 


n — 


intervals are of equal size, the height of the rectangles will be 
proportional to the class frequencies themselves (Fig. 25.1). 

(2) Frequency polygon. A frequency polygon for an 
ungrouped data can be obtained by joining points plotted with the 
variable values as the abscissae and the frequencies as the 
ordinates. For a grouped distribution, the abscissae of the points 
will be the mid-values of the class intervals. In vase the intervals 
are equal, the frequency polygon can be obtained by joining the 
middle points of the upper sides of the rectangles of the histogram 
by straight lines (shown by dotted lines in Fig. 25.1). If the class Fig, 25.1 
intervals become very very small, the frequency polygon takes the 
form of a smooth curve called the frequency curve. 

(3) Cumulative frequency curve-Ogive. Very often, it is desired to show in a diagrammatic form, not 
the relative frequencies in the various intervals, but the cumulative frequencies above or below a given value. 
For example, we may wish to read off from a diagram the number or proportions of people whose income is not 
less than any given amount, or proportion of people whose height does not exceed any stated value. Diagrams of 
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this type are known as cumulative frequency curves or ogives. These are of two kinds ‘more than’ or ‘less than’ 
and typically they look somewhat like a long drawn S (Fig. 25.2). 


. More than 


Cumulative frequency ——- 
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Fig. 25.2 


Example 25.1. Draw the histogram, frequency polygon, frequency curve dnd the ogive ‘less than’ and 
‘more than’ ‘from the following distribution of marks obtained: бу 49 students : 


Class Frequency | | | Cumulative frequency - | 
(Marks group) | (No. of students) (Less than) | (More than) 





Solution. In Fig. 25.1, the rectangles show the histogram; the dotted polygon represents the frequency 
polygon and the smooth curve is the frequency curve. 
The ogives 'less than' and “шоге than' are shown in Fig. 25.2. 





ЕТУ COMPARISON OF FREQUENCY DISTRIBUTIONS = 


The condensation of data in the form of a frequency distribution is very useful as far as it brings a long 
series of observations into a compact form. But in practice, we are generally interested in comparing two or more 
series. The inherent inability of the human mind to grasp in its entirety even the data in the form of a frequency 
distribution compels us to seek for certain constants which could concisely give an insight into the important 
characteristics of the series. The chief constants which summarise the fundamental characteristics of the 
frequency distributions are (1) Measures of central tendency, (ii) Measures of dispersion and (и) Measures of 
skewness. 





| MEASURES OF CENTRAL TENDENCY 


A frequency distribution in general, shows clustering of the data around some central value. Finding of 
this central value or the average is of importance, as it gives a most representative value of the whole group. 





Different methods give different averages which are known ав the measures of central tendency. The commonly 
used measures of central value are Mean, Median, Mode, Geometric mean and Harmonic mean. 
(1) Mean. If x,, Xa x4, ..., x, are a set ofn values of a variate, then the arithmetic mean (or simply mean) 
is given by 
= 2 2 + х, s Tec. Eu Ээ _(1) 
In a frequency distribution, if x,, x, ..., x, be the mid-values of the class-intervals having frequencies f, fa 
...,f, respectively, we have | 
_ Am + хо +...+ 1,5, _ Хбх; A2) 
ht ftf, If 
Calculation of mean. Direct method of computing MEEA when applied to grouped data involves 
heavy calculations and in order to avoid these, the following formulae are generally used : 


I. Short-cut method =А+ ЭГ (3) 
(A) 





П. Step-deviation method x =A+h 


where d =x — А and u = (x —A)/h, A being an ит origin and л the equal class interval. 
Proof. If x,, x, ..., x, are the mid-values of the classes with frequencies fj, fa ..., fna we have 
цал Ef (A +d,) = ALf, + Га, 
z = Хүү 
Ч i 
Furtheru,-d/h ог d,-hu, Substituting this value in (3), we get (4). 





Cor. If Хү, Хэ be the means of two samples of size n, and na, then the mean x of the combined sample of size n, + n, 


is given by 
€X2—131 23 
n + Dy 
For пух] = sum of all observations of the first sample, 
and n, Xa = sum of all observations of the second sample. 


sum of the observations of the combined sample = љу ху +n, хо. 
Also number of the observations in the combined sample = n, + ny. 


mean of the combined sample = nat + пох 2. 





Solution. The ealoiitntions are ини in the Минск te table. The шинэ origin is generally taken as 
the value corresponding to the maximum frequency. 


By direct method, we have 





By step-deviation method, we have 


E АА өв 295 
ани. = 25 +2х со 


= 25 + 1.16 = 26.16, which is same as found above. 





=) 


rl 4 | t i " j 
(nO RUNG © кою © о ч 


10 
15 
42 
79 
55 
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(2) Median. If the values of a variable are arranged in the ascending order of magnitude, the median is the 
middle item if the number is odd and is the mean of the two middle items tf the number is even. Thus the median 
is equal to the mid-value, i.e., the value which divides the total frequency into two equal parts. 

For the grouped data, 


Median = L + qd xh 
where Г, = lower limit of the median class, N- ^ frequency, 
f = frequency of the median class, A = width of the median class, 


and C = cumulative frequency upto the class preceding the median class. 


Quartiles. Quartiles are those values which divide the frequency into four equal parts, when the vitiis are 
arranged in the ascending order of magnitude. The lower quartile (Q,) is mid-way between the lower extreme and the 
median. The upper quartile (Qj i is midway between the median the upper extreme. 


For the grouped data, these are calculated by the formulae : 


IN_C) 
Q, = a Эв 
ээрээ 
and д,-1-35-9,. 


where L = lower limit of the class in which Q, ог Q, lies, f = frequency of this class, л = width of the class 
and C=cumulative frequency upto the class preceding the class in which Q, or ©. lies. 
The s iid between the upper and lower i mini ie., Q4—0Q, 18 called the ——— range. 

















(3) Mode. The mode is defined as that value of the даат which occurs most frequently, i.e., the value of 
the maximum frequency. 


For a grouped distribution, it is given by the formula 
A 
A, AS 
where Г, = lower limit of the class containing the mode, 


Mode = L + h 








STATISTICAL METHODS 


A, = excess of modal frequency over frequency of preceding class, 
A, = excess of modal frequency over following class, 
and h = size of modal class. 
For a frequency curve (Fig. 25.1), the abscissa of the highest ordinate determines the value of the mode. 
There may be one or more modes in a frequency curve. Curves having a single mode are termed as unimodal, 
those having two modes as bi-modal and those having more than two modes as multi-modal. 


Obs. In a symmetrical distribution, the mean, median and mode coincide. For other distributions, however, they 
are different and are known to be connected by the empirical relationship : 
Mean - Mode = З(Меап - Median). 


Example 25.3. Calculate median and the lower and upper quartiles from the distribution of marks 
obtained by 49 students of example 25.1. Find also the semi-interquartile range and the mode. 


Solution. Median (or 49/2) falls in the class (15—20) and is given by 


15 + ea x5 = 15+ U = 19.5 marks. 
Lower quartile Q} (ог 49/4) = 12.25) also falls in the class 15—20. 


49/4) –11 Г 
©, =15+ aa х5-15-4 128 = 15.4 marks 


Upper quartile (or $ x 49 = 36.75) falls in the class 25—30. 


©. = 25 + 21-38 x5 = 25.75 marks. 
| 3 25.15-15.4 103 
Semi-interquartile range = 4(0,-0),)- 515-154 е xdi - 5.175. 
Mode. It is seen that the mode value falls in the class 15—20. Employing the formula for the grouped 
distribution, we have 





| 15-6 
т. ————— KL 5 = : Ч. 
Mode = 15 + (15—6) 4 5 — 10) 18.2 marks 
Obs. In Fig. 25.2, the ogives meet at a point whose abscissa is 19.5 which is the median of the distribution. The 
values for the lower and upper quartiles are similarly seen to be 15.4 (for frequency 12.25) and 25.7 (for frequency 36.75). 


Example 25.4. Given below are the marks obtained by а batch of 20 students in a certain class test in 
Physics and Chemistry. 


Roll No. of Marks in Marks in Roll No. of Marks tn Marks in 
students | | Physics Chemistry students Physics Chernistry 





А E 4 
In which subject is the level of knowledge of the students higher ? 


Solution. The subject for which the value of the median is higher will be the subject in which the level of 
knowledge of the students is higher. To find the median in each case, we arrange the marks in ascending order 
of magnitude : 
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Median marks іп їйл = A.M. of жайша of 10th and 11th terms 


Ш. ы 5» adii 


Median marks in Chemistry = A.M. of marks of 10th and 11th items. 


m : M stb 


Since the median marks in Physics is greater than the median marks in Chemistry; the level of knowledge 
Physics is higher. 








банн. Let tf. f, bx be Wien missing ВЫ of thé — 30—40 аша 50—60 анана. 
Since the median lies in the class 40—50, 


46 = 40 + занг US Oe ад 


which p f, = 33.5 which can be taken ав 34. 
Г, = 229 – (12 + 30 + 34 + 65 + 25 + 18) = 
(4) Geometric mean. If x,, x,, ...,x, are а set of n observations, аа the geometric mean 18 given by 
С.М. = (x, x, ... x hi 
or log G.M. - 1 (log x, + logx, +... + log x,,) 441) 


In a frequency distribution, let хү, х,, ..., x, be the central values with corresponding frequencies f}, f,, ..., 
f,, we have 


Р " = Ин 
G.M. = (x, . (х, уг EN. х, | where n = Lf. 


ог log G.M. = E If, log x, + f; log x, +... + f, log х, | -44(2) 


Hence (1) and (2) show that logarithm of G.M. = A.M. of logarithms of the values. 
(5) Harmonic mean. If x,, x, ... x, be a set of n observations, then the harmonic mean ts defined as the 
reciprocal of the (arithmetic) mean of the reciprocals of the quantities. Thus 


HM. = ҮҮТ ГӨР | 


In a frequency distribution, Н.М. = 





Exam ple 25.6. Three cities A, B, C are equidistant from each other. A motorist travels from A to B at 30. 


km/hr, from B to C at 40 hm ! hr, from C to A at 50 km/hr, Determine the average speed. 


Solution. Let АВ = ВС = СА = = km 

Time taken to travel from A to В = 5/30 
Time taken to travel from B to C = s/40 
Time taken to travel from C to A = 5/50 


average time taken zi dE: - б + 5) 
Thus the average speed = 1 
TID 
30 40 50 


In other words, the average speed ts the harmonic mean of 30, 40, 50 km / hr. 
Hence the average speed = мн = 38.3 km/hr. 
3130 40" 8) 


Obs. Of the various measures of central tendency, the. mean is the most important for it can be computed easily. The 


тиг, пенал more easily calculable, cannot be applied with ease to theoretical analysis. Median is of advantage AS 





which are small in numbers or highly u 


nally large and small values at the ends of the distribution. 


The nad: though most easily calculated, has the least significance. It is particularly misleading in distributions 
- у mmetrical 


The geometrical mean though difficult ip feng finds application in cases like populations where we are 





concerned with a quantity whose changes tend to be directly proportional to the quantity itself. 


в 


1 


The harmonic mean is useful in limited situations where time and rate or prices are involved. 





| PROBLEMS 25.1 | 


Draw the histogram and frequency polygon for the following distribution. Also calculate the arithmetic mean : 
Class interval : 0—99 100—199 200—299 300—399 400—499 500—599  600-—89! 





Frequency ; 10 54 184 264 246 40 
The following marks were given to a batch of candidates : | 

66. + 62 45 ТӘ 32 51 B6 60 51 49 
25:005 40 54 54 58 70 43 58 ‘50 52 
88 67 БО 59 48 65 71 30 46 55 
82 51 83 45 53 40 85 56 70 58. 
67 “Ви, ler): BF 30 63 42 14 58 44 B5: 


Draw a cumulative frequency curve. 
Hence find the proportion of candidates securing more than 50 marks. Also mark off the median; the first and third | 


quartiles. 

‚ Find the mean, median and mode for the following : 
Mid Value : 15 20 „26 30 45 40 45 50 55 E 
Frequency : 2 22 19 14. 3 4 6 1 1 (Kerala, 1990). 


Calculate mean, median and mode of the following data relating to weight of 120 articles : 
Weight (in gm): -0—10 10--20 20—30 30—40 40—50 50—60 


№. of articles: 14 17 22 26 28 18 
. The population of a country was 300 million in 1971. It became 520 million in. 1989. Calculate the percentage | 


compound rate of growth per annum. 
[Hint. Use P, = P,(41 +r)", r being the growth rate.] 
The number of divorces per 1000 marriages in the United Hs чу increased from 84 in 1970 to 108 in 1990, Find the 


annual increase of the divorce rate for the period 1970 to 1990. 


An aeroplane flies along the four sides of a square at speeds of 100, 200, 300 and 400 km/hr. respectively. What is 
the average speed of the plane in its flight around the square. 
А man having to drive 90 km. wishes to achieve an average speed of 30 km/hr. For the first half of the journey, he 


averages only 20 km/hr. What must be hig average speed for the second half of the journey if his overall average is 


to be 40 km/hr. 
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9. Following table gives the cumulative frequency of the age of a group of 199 teachers. Find the mean a 





of the group. 
Agein years: 20—25 25—30 30—35 35—40 40—45 45—50 5055 55-60 60-65 t ) 
Cum. frequ. : 21 40 90 130 146 166 176 186 195 199 
10. ey the СИИ cumulative table in the form of an ordinary frequency distribution and т шефап 
and the т 


No. of 
days absent 
| Less than 80 
Less than 10 24 Less than 85 
Less than 15 | Less than 40 
Less than 20 $ Less than 45 
Less than 25 | 





| MEASURES OF DISPERSION 





Although measures of central tendency do exhibit one of the 
important characteristics of a distribution, vet they fail to give any idea AD 
as to how the individual values differ from the central value, i.e., i | 
whether they are closely packed around the central value or widely 
scattered away from it. Two distributions may have the same mean and  - = | 2 ! 
the same total frequency, yet they may differ in the extent to which the Same mean different dispersion 
individual values may be spread about the average (See Fig. 25.3). The Fig. 25.3 
magnitude of such a variation is called dispersion. The important 
measures of dispersion are given below : 

(1) Range. This is the simplest measure of dispersion and is given by the difference between the greatest 
and the least values in the distribution. If the weekly wages of a group of labourers are 

+ 21 28 28 25 35 42 39 48 

then range = Max. value — Min. value = 48 — 21=$ 27. 

(2) Quartile deviation or semi-interquartile range. One half of the interquartile range is called 
quartile deviation, or semi-interquartile range. If Q, and ©. are the first and third quartiles, the semi- 
interquartile range 





Q = i (©. EE QA). 
(3) Mean deviation. The mean deviation is the mean of the absolute differences of the values from the 
mean, median or mode. Thus mean deviation (M.D.) 
1 | 
= Р" Ef, |a; -Å | 
where А is either the mean or the median or the mode. As the positive and negative differences have equal 
effects, only the absolute value of differences is taken into account. 

(4) Standard deviation. The most important and the most powerful measure of dispersion is the stan- 
dard deviation (5.0. ) : generally denoted by o. It is computed as the square root of the mean of the squares of the 
differences of the variate values from their mean. 

Thus standard deviation (S.D.) 

If(x-£ 
g= рът d) 
where N is the total frequency ХХ. 

If however, the deviations are measured from any other value, say A, instead of x , it is called the root- 
mean-square deviation. 

The square of the standard deviation is known as the variance. 


Calculation of S.D. The change of origin and the change of scale considerably reduces the labour in the 
calculation of standard deviation. The formulae for the computation of c are as follows : 





I. Short-cut method 





П. Step-deviation method 


С = nee d) 


ifa" -(Зий 

ҮГ 

where d; = x, – А and d"; = (x, - A)/h, being the assumed mean and л the equal class interval. 
Proof. We know that x, - x = (x, - А) - (x — A) 


Yi; - х) = fd,- (х M Ура? + (Хх -АРХД-2(х – А) Хра, 
= Даг – | v жәй ШЫ 
.. түс Fm The. 2 
Непсе e. et (Ha) 
Further d’, =(x,-AVh=d/h or а = Ла", then substituting this value in (2), we get (3). 


Obs. The root mean square deviation is least when measured from the mean, 
"The root mean square deviation is given by 





Е в e Ч, a M 
$e. MEE ца! A*SDLILAX-A 
NS А Ч + 57 А =х | 

4 бош (2), ме һауе  s?= 07 + (E -AP | | | Em 
This shows that s? is always > c? and the least value of s? = o°. This occurs when A = x . 


(1) COEFFICIENT OF VARIATION 





The ratio of the standard deviation to the mean, is known as the coefficient of variation. As this 1s a ratio 
having no dimension, it is used for comparing the variations between the two groups with different means. It is 
often expressed as a percentage. 


Coefficient of variation = = х 100 


(2) Relations between measures of dispersion 
(1) Quartile deviation = 2/3 (standard deviation) 
(it) Mean deviation = 4/5 (standard deviation) 





г 2: STANDARD DEVIATION OF THE COMBINATION OF TWO GROUPS 


If m,, c, be the mean and S.D. of a sample of size n, and ть, с, be those for a sample of size na, then the S.D. 
c of the combined sample of size n, + п. is given by 
(n, + nj)o* = n,o? + n,07 + n D? + n,D? 
where D, = m, — m, m being the mean of combined sample. 
From (4), we have ns* = nc? + n(x — А)” where n is the size of the sample. 
i.e. sum of the squares of the deviations from A = no? + n(x — AY. 
Now let us apply this result to the first given sample taking A at m. Then, sum of the squares of the 


deviations of п, items from m = njof + n,(m,—m)? ...(5) 
Similarly for the second given sample taking A at т, sum of the squares of the deviations of n, items бас 
m = n402 + nm, — т) ...(6) 


Adding (5) and (6), sum of the squares of the deviations of n, + n, items from m 
Sin Or + naoi +n,(m,—m)* +n (m, — т)? 
(n, n,) ot = = пус? + n05 +101 + nD 
This result can be extended to the combination of any number of samples, giving a result of the form 
(En) o? = Un,0,") + Iin D $). 
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Solution. The calculations are arranged in the table below : 











52-17 


36 | -431.35 


-325-8|-ө, 
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Solution. Let x denote score of A and y that of B. 
Taking 51 as the origin, we prepare the following table : 








29 
10 
S.D. o, = ү 6. 42 | V (1750.8 - (- 1} = 41.8 


‚ т 
| 2 21,490. 418 
5 coefficient of variation x x100- 50 x100 = 83.6% 
For B, А.М. y y = 51+22 =51 - 240 = 
(18 
5.0. в, = qu -(® 5) }- Ч(930.2-(-24/ | = 18.8 


coefficient of variation = = x 100 = B x100 = 69.6% 


Since the A.M. of > A.M. of B, it follows that А is a better score getter (i.e., more efficient) than B. 


Since the coefficient of variation of B < the coefficient of variation of A, it means that В is more consistent 
than А. Thus even though А is a better player, he is less consistent. 


dy Gn * 
4 га 8 
MP А | 
Фа 5 | 





Solution, We have п. = 50, 3 x, = - 113, o,=6 


ng = 60, x, = 120,6, = 7 
п. = 90, x, = 115, с, = 8. 
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If x is the mean of the entire data, 
пуху + Хх, +MgX, 50х113-00х120-90х115 23200 


T^ ажљ ла | 50+60+90 200 = 116% 


ЇГ o is the S.D. of the entire data, 
No* =n of + n405 + n405 + пр +n D5 + naD] 
where N=n,+n,+n,= 200, D= х -х =—3,D,=x,-x =4andD,= x,-x =-1. 
2006? = 50 x 36 + 60 49 + 90 64 + 50 х 9 + 60 х 16 + 90 х 1 
= 1800 + 2940 + 5760 + 450 + 960 + 90 
з 12000 


с? = 559 ^90. Hence c= 460 = 7.746 lb. 





PROBLEMS 25.2 





1. The crushing strength of 8 cement concrete experimental blocks, in metric tonnes per sq. cm., was 4.8, 4.2, 5.1, 3.8, 
4.4, 4.7, 4.1 and 4.5. Find the mean crushing strength P the standard deviation. 


2. Show that the variance of the first n positive integers is 15 (n? — 1). (V.T.U., 2003) 
3. The mean of five items of an observation is 4 and the variance is 5.2. If three of the items are 1, 2 and 6, then find 

the other two. (V.T.U., 2002) 
4. Forthe distribution 

x: 5 б 7 8 9 10 11 12 13 14 15 

f: 18 15 34 47 68 90 80 62 35 27 11 


find the mean, median and lower and upper quartiles, variance and the standard deviation. | 
Б. The following table shows the marks obtained Бу 100 candidates in an examination. Calculate the mean, median and 


standard deviation : 
Marks obtained : 1—10 11—20 21—30 31—40 41--50 51—60 
No, of candidates : X 16 26 31 16 R 
6. Compute the quartile deviation and standard deviation for the following : 
х? 100—109 110—119 120—129 130—139 140—149 150—159 160—169 170—179 
я: 15: 44 133 150 125 B2 85 16 
7. Calculate (i) mean deviation about the mean, (ii) mean deviation about the median for the following distribution : 
Class : 3—49 5—6.8 Т--8.9 9—10.9 11—12.9 13—14.9 15—16. 9 
f : 5 8 30 82 45 24 6 (Madras, 2002) 
8. Two observers bring the following two sets of data which représent measurements of the same quantity : 
Г. 105.1 103.4 104.2 104.7 104.8 105.0 104.9. | 
II. 105.3 105.1 104.8 105.2 106.7 102.9 103.1 


Calculate the standard deviation in each case. Which set of data is more reliable ? Can the same conclusion be 
reached by calculating the mean deviation ?: 
Obs. The smaller the coefficient of variation, the greater is the reliability or consistency in the data. 

9. The heights and weights of the 10 armymen are given below. In which characteristics are they more variable ? 
Height in cm. 170 172 168 177 179 171 173 178. 173. 179 


Weight in kg. 15 74 75 76 77 73 76 75 14. 75 — 
10, The index number of prices of two articles A and В for six consecutive weeks are given below * $ (Ё 

А: 814 326 336 868. 404 412 | 

у 330 331 320 318 321 330 


Find which Ваз a more variable price ? 
11. The scores of two golfers A and B in 12 rounds are given below, Who is the better player in who is the more 
consistent player ? 1 1 | dn 
A: 74 75 78 13 78 TI 79 81 79. 176 72 71 
В: 87 BA 80 88 89 85 86. 82 82 79 86 80 
12. The scores obtained by two batsmen A and B in 10 matches are given below ; 
А: 80 44 66 62 60 34 80 46 20, 38. 
В: 84 46 70 38 58 48 60 34 45 30 
Calculating mean, 5.0. and coefficient of variation for each batsman, determine who is more efficient and who is 
more consistent, 
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13. Find the mean and standard deviation of the following two samples put together : 


Sample No. Size | Меап S.D. 
1 50 -158 51 
2 60 164 4.6 


14. A distribution consists of three components with frequencies 200, 250 and 300 having means 25, 10 and 15 and 
5.08. 3, 4 and 5 respectively. Show that the mean of the combined distribution is 16 and its S.D. is 7.2 


approximately. 


ЕЕЕ (1) MOMENTS | 


The rth moment about the mean X of a distribution is denoted by p, and is given бу 


и, = x Mas -zy (1) 
The corresponding moment about any point a is defined as 
= 0-а) (9) 
In particular, we have jj, 2 ц = 1 (8) 
= Fy Yin; - 2)=05 py’ = y Mi-a) = x -а=4, say (4) 
из = Fp И -E = ot. AB) 
(2) Moments about the mean in terms of moments about any point. 


We have 
i 1 = у — Fr — 1 | (x ғ 
H, = w His = X) = ap M; _@)—(® — a)l] 


лу Ef (X, - dy where Хрэх,-а,4- Ж--0. 


x D7,X[ - "Сауу Xr! + "Саур Х -. 


egt = "баш „зо s... ..(6) 
In particular, 
B, = pu^ — nu? Ui) 
Ша =H’, — Зан": 291 (8) 
Hy 7 p^, — Ap 4n, + борт — Зи] (9) 


These three results should be committed to memory. It should be noted that in each of these relations, the 
sum of the coefficients of the various terms on the right side is zero. Also each term on the right side is of the 
same dimension as the term on the left. 





"EET SKEWNESS 





+ vely skewed — vely skewed 





Skewness measures the degree of asymmetry or the 
departure from symmetry. If the frequency curve has a 
longer ‘tail’ to the right, ie., the mean is to the right of the 
mode [as in Fig. 25.4 (a)], then the distribution is said to 
have positive skewness. If the curve is more elongated to the 
left, then it is said to have negative skewness [Fig. 25.4 (b)]. 

The following three measures of skewness deserve 
mention : 





Mode 


= 
Е 
х З 
= 


(b) 


mean — mode 
(81 


(1) Pearson's* coefficient of skewness = 
Fig. 25.4 


* After the English statistician and biologist Kar! Pearson (1857-1986) who did pioneering work and found the English 
school of statistics. 





F “= 2-2 | 





(11) Quartile coefficient of skewness = s 

Its value always lies between — 1 and + 1. | 

(иг) Coefficient of skewness based оп third moment үү = JB. ; 
where В, = нн? 

Thus ү, = VB gives the simplest measure of skewness. 


| KURTOSIS 





Kurtosis measures the degree of peakedness of a distribution and is given by “= uua. 





(a) Leptokurtic (b) Platykurtic (c) Mesokurtic 
Fig. 25.5 
Yo = By – 3 gives the excess of Kurtosis. The curves with В, > З are called Leptokurtic and those with 
Bo < < Зав "RS RITE. The normal curve for which p, = 3, is called цаашилж [Fig. 25.5]. 


Ета E CN В 1 ad Ё Р z Я oux d 
$ D ЭГ oe a mF LS k A, И = г теп 6 " Zz 28 А-7 m3 1 E. r АТ, “ALE 
= 28 | LIA d 4! : 


3 
| # | Er Е. Л! 


gk i eerie iiw tat By dem 


599 oft T distribu dion ni jg d NA by Їр ии 5 ЗУРАГ K oe vu MAS WET 
14 Ff T = MN DET 4.1 1 | 


Solution: The first four шинийн Бой iba adiens) origin 28. © аген”, = -0. 294, us. 144, | pW, = 42. 409, 
u^, = 454.98. 
A и, = У fila; -28.5) = xX fix, -28.5 = X — 28.5 = 0.294 or X = 28.794 
ро = 7 — Ш = 7.144 - (0. rd - 7.058 
Jia = u^, — Зи", + 20? = 42.409 — 3(7.144)(0.294) + 2(0.294) = 36.151. 
My =W- 473", + бр”? – Зи" | 
= 454.98 — 4(42.409) x (0.294) + 6(7.144)(0.294)? — 3(0.294)! = 408.738 
Now ` B, = u2/n3 = (36.151)? 7.058)3 = 3.717 
B, = p/u? = 408.738/(7.058)? = 8.205. 
ү, = В = 1.928, which indicates considerable skewness of the distribution. 
Yo = В, — 3 = 5.205 which shows that the distribution is leptokurtic. 








| Solution. Here total frequency N = Xf, = 280. 
The cummulative frequency table is | 
Weight (Ibs) : 70-80 80-90 90-100 100-110 110-120 120-130 130-140 140-150 


f: 12 18 35 42 50 45 20 8 
cum. f. : 12 30 65 107 157 202 222 230 
Now N/2 = 230/2 = 115th item which lies in 110-120 group. 
median or Q, = + лид = 110+ 2197 x10 =111.6 


Also N/4 = 230/4 = 57.5 i.e. ©, is 57.5th or 58th item which lies in 90-100 group. 


Sransnca. MerTHOOS 845 





N/A-C 57.9 — 30 
= L-4————— xh = 90 + ———— x 10 = 97.85 
©, Ї 35 
similarly, 3N/4 = 172.5 i.e. ©). is 173га item which lies in 120-130 group. 
бле Б re pig абы 
f 45 
Hence quartile coefficient of skewness = 9, t Gy — 265 
Q4 —Q, 
_ 97. 85 + 123.44 — 2х 111 6 _ 
———————— =-— 0.07 (approx.). 
123.44 — 97.85 
PROBLEMS 25.3 | 
1. Calculate the first four moments of the following distribution about the mean ; 
x: 0 1 2 8 4 5 6 7 8 
Г: 1 8 28 56 70 56 2H 8 1 
Also evaluate В, and fy. (V.T-U., 2004 ; Madras, 2003) 
2. The following table gives the monthly wages of 72 workers in a factory. Campute the standard deviation, quartile 
deviation, = of variation and skewness. (V.T;U., 2001) 


Monthly wages | Мо. оГ workers | Monthly wages No. of workers | 
fe | (in X) 


12.5—17.5 | 37.5—42.5 


17.5—22.5 | 42 5—47.5 
22.5--421.5 | | 47.5—52.5 


275—325 4 52.5--57.5 
32.5 37.5 3 





3. Find Pearson's coefficient of skewness for the following data : 


Class ‚ 10-10 20-29 43049 40-49 50-59 60-69 170-79 80-89 

Frequency : Б ti 14 20 25 15 8 4 (V.T.U., 2000 S) м 
4. Compute the quartile coefficient of skewness for the following distribution : 

x: 3-7 8—12 13-17  :18-22 23-27 1 28-82 . 33-37. 38-42 

Г: 2 108 580 175 80 32 18 5 


(Madras, 2002: "ТАМ, 2000) 
Also compute the measure of skewness based on the third moment: 
5, The first three moments of a distribution about the value 2 of the variable are 1, 16 and — 40, Show that the mean 


= 3, the variance = 15 and р, =— 86. (V. 7:U., 2003 S) 
6. Compute skewness and kurtosis, if the first four moments of a frequency distribution Ро) about the value x = 4 are 
respectively 1, 4, 10 and 45. (Coimbatore, 1999) . 


7. In a certain distribution, the first four moments about a point are — 1.5, 17, — 30 and 108. Calculate the moments 
about the mean, D, arid B, ; and state whether the distribution is leptokurtie or platykurtic ? 





"хн? CORRELATION 


So far we have confined our attention to the analysis of observations on a single variable. There are, 
however, many phenomenae where the changes in one variable are related to the changes in the other variable. 
For instance, the yield of a crop varies with the amount of rainfall, the price of a commodity increases with the 
reduction in its supply and so on. Such a simultaneous variation, i.e. when the changes in one variable are 
associated or followed by changes in the other, is called correlation. Such a data connecting two variables is 
called bivariate population. 

If an increase (or decrease) in the values of one variable corresponds to an increase (or decrease) in the 
other, the correlation is said to be positive. If the increase (or decrease) in one corresponds to the decrease (or 
increase) in the other, the correlation is said to be negative. If there is no relationship indicated between the 
variables, they are said to be independent or uncorrelated. 
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To obtain a measure of relationship between the two variables, 
we plot their corresponding values on the graph, taking one of the 
variables along the x-axis and the other along the y-axis. (Fig. 25.6). 

Let the origin be shifted to (x, y), where x, y are the means of x's 
and y’s that the new co-ordinates are given by 

X ==, Y= y-j. 

Now the points (X, Y) are so distributed over the four quadrants 
of XY-plane that the product XY is positive in the first and third 
quadrants but negative in the second and fourth quadrants. The 
algebraic sum of the products can be taken as describing the trend of 
the dots in all the quadrants. 

(1) НУХУ is positive, the trend of the dots is through the first 
and third quadrants, Fig. 25.6 

(i1) if EXY is negative the trend of the dots is in the second and fourth quadrants, and 

(її) if УХУ is zero, the points indicate no trend i.e. the points are evenly distributed over the four 
quadrants. 





т. 
The УХУ or better still net: i.e., the average of n products may be taken as a measure of correlation. If 


we put X and Y in their units, i.e., taking c, as the unit for x and с, for y, then 





is the measure of correlation. 


"LTEM COEFFICIENT OF CORRELATION 





The numerical measure of correlation is called the coefficient of correlation and is defined by the relation 


LAY 
пб,б, 


r = 





where X = deviation from the mean x =x- х, Y = deviation from the mean у = y — y, 
о, = S.D. of x-series, о, = S.D. of y-series and п = number of values of the two variables. 


Methods of calculation : 
(a) Direct method. Substituting the value of c, and с, in the above formula, we get 


puo AE (1) 
V(EX? EY?) T 
Another form of the formula (1) which is quite handy for calculation is 
| - Ух} 
m Uy _ (2) 


VHnZx? – (ух)? | x (nEy? — (Ху)? }] 

(5) Step-deviation method. The direct method becomes very lengthy and tedious if the means of the two 
series are not integers. In such cases, use 1s made of assumed means. На, and Ч, are step-deviations from the 
assumed means, then | 

_ nid,d, = Ed,Xd, 
— N[InZd? - (Ed, Y | x InEd? — (Xd, Y |] 
where d, = (x — aYh and d, = (y — БМ. 


d) 


Obs. The change of origin and units do not alter the value of the correlation coefficient since r is a pure number. 


(c) Co-efficient of correlation for grouped data. When x and y series are both given as frequency 
distributions, these can be represented by a two-way table known as the correlation-table. It is double-entry 
table with one series along the horizontal and the other along the vertical as shown on page 848. The co-efficient 
of correlation for such a bivariate frequency distribution is calculated by the formula. 





E: 


па, а, ) – (а, а) 
© Nlinzfd,? — fü, үх nsf? - (Sf, * ll 
where d, = deviation of the central values from the assumed mean of x-series, 
d, = deviation of the central values from the assumed mean of y-series, 
fis the frequency corresponding to the pair (x, y) 
and n(= Lf) is the total number of frequencies. 


LE t 3955 rc ho, qo іса 
тї of cc relation. 


...(4) 







tests of intelligence and of engineering ability were applied to 10 students. 
data showing ina lligence ratio (Т.В.) and engineering ratio dori Calculate the 





Vd rpg F С М РЧ 
108 101 100 99 98 96 эз 





IR 


E P 100 7.98) . 95/96 5108"; :98 ^97 
Solution. We« construct the following table 





Qw Dowe 








Eos 


From this table, mean of x, i.e., x = 990/10 = 99 and mean of y, i.e. y = 980/10 = 98. 
EX“ = 170, ХУ? = 140 and УХУ = 92. 
Substituting these values in the formula (1) p. 744, we have 


.  IXY 4 9 199/543- 0.9. 
== Wr 4(170 х 140) 


Exam ple 25.14. The torrelation table given below shows that the ages of husband and wife of 53 married 
ouples living together on the census night of 1991. Calculate the coefficient of correlation between the age of the 
husband and that of the. wife. I.N. T.U., PHOS) 


| Аве of wife 








Solution. 


With the help of the above correlation table, we have 
n(Zfd,d,) — (xfd, (fd. ) 
rx ӘЗ а. 
Vlinzfa? — (fd, Y | x linzfd, — fa, n 
53x 86 — 10 x 16 4398 _ 4398 = 0. 91 (approx. ). 


Ge x 98 — 100) x (53 x 92 — 256)) V(5094 х 4620) 4850 


LINES OF REGRESSION 


It frequently happens that the dots of the scatter diagram даланы, tend to cluster along а well defined 
direction which suggests a linear relationship between the variables x and y. Such a line of best-fit for the given 
distribution of dots is called the line of regression (Fig. 25.6). In fact there are two such lines, one giving the best 
possible mean values of y for each specified value of x and the other giving the best possible mean values of x for 
given values of y. The former is known as the line of regression of y on x and the latter as the line of regression of 
x on y. 








Consider first the line of regression of y on x. Let the straight line satisfying the general trend of n dots in 

a scatter diagram be 
y=a+ bx I) 
We have to determine the constants a and b so that (1) gives for each value of x, the best estimate for the 





erage value of y in accordance with the principle of least squares (page 816), therefore, the normal equations 
for a and b are 
Ху = па + bIx ...(2) 
and Үху - аҮх 4 bXx? .4(8) 
(2) gives 15у =a+b. 15 Le, у =а + бх. 


This shows that (X, y), i.e., the means of x and y, lie оп (1). 
Shifting the origin to (x, y), (3) takes the form 
Xx-XXy-y)- aXix – х)+ Бх – х), but aX(x — x) = 0, 





| ucc ааг ЭР... БА i o | ма 2 

| у(х х) УХ? пс? о, | пс,С, 
” 

Thus the line of best fit becomes y— y = i (х-3) (4) 


which is the equation of the line of regression of y on x. Its slope is called the regression coefficient of y on х. 
Interchanging x and y, we find that the line of regression of x on y is 


x x= „Ж, y) 5) 
“х 
Thus the regression coefficient of y on x = го,/в, ...(6) 
and the regression coefficient of x on y = ro,/o, (7) 
Cor. The correlation coefficient г is the geometric mean between the two regression co-efficients. 
For paw х pox =p", 
бу сб, 


i. 
*d A ї Ч i т 
C] al FE |: 


УУ e ati 





алийн Since тарна mean of x's and the mean of y's EEG on хїн two regression Bes: we sieve 

x =19.13—0.87у 440) 

у=11.64 - 0.50х (i) 
Multiplying (її) by 0.87 and subtracting from (1), we have 

[1 — (0.87)(0.50)] x = 19.13 — (11.64XY0.87) or 0.57 x = 9.00 or x = 15.79 
25 y = 11.64 —(0.50)(15.79) = 3.74 
г. regression coefficient of y on x is — 0.50 and that of x on y is — 0.87. 
"a since the coefficient of correlation is the geometric mean between the two regression coefficients. 
х г = N[(— 0.50)(— 0.87)] = \(0.43) = — 0.66. 
[- ve sign is taken | since both the ровен enditicienie are — ve] 








850. 
Solution. With the help of the table below, we have 
x = mean of x (test scores) = 60 + 0/10 = 60 
y = mean of y (sales) = 4.5 + (— 4.5)/10 = 4.05. 
Regression line of sales (y) on scores (x) is given by 
y-y = r(o,/o,Xx-x) 














where LEE Sa E cd ПЕ - (d, /n| 
с, 0,0, б, (c, )* n jf! | 
0 x (—4.5) 
140— p MM „ш 


2400-07/10 2400 
the required regression line is 
у – 4.05 = 0.06(х —60) or у=0.06х + 0.45. 
For х = 70, у = 0.06 x 70 + 0.45 = 4.65. 
Thus the most probable weekly sales volume for a score of 70 is 4,65. 





248. Deviation of x from 
(= 60) 
d 


Өвөл ЗЕ a 





: РТИ, 2007; VTU, 2007 


Solution. The йор to the line of r regression of y on x cand x on y are 





y-ysr2:(x жуап x-F=r Ч У-9 
У-У Tie ) x-X ^e, y) 
^ their slopes are m, = ro,/o, and т. = 0,/гс, 
My — m шинэс ro, /o, LA r* 6,0 
1+ тут: | TEIE r o +9? 
When r = 0, tan Ө — œ or Ө = w2 i.e. when the variables are independent, the two lines of regression are 
perpendicular to each other. 
When r=+1, tan 0 = 0 ie., Ө = 0 or n. Thus the lines of regression coincide i.e., there is perfect correlation 
between the two variables. 


Thus , tan 0 = 


851. 








Example 25.18. In a partially deptrovet labératory record, only the lines of r regression. of: y on x and x on 
Y Srt AES a fer by + 33 = 0 and 20x — Эу = 107г rely. Caleulate X, y нарс ин t of co- 
relati een x and y. | (БУТ. и, 2009 ; U.P.T. Us 2009 ; V.T.U., 2005) 








Solution. Since the — lines pass through (х, y ), therefore, 
4x -5y +33 = 0, 20x -9y - 107. 
Solving these equations, we get x = 13, y = 17. 


| 4 33 
Rewriting the line of regression of y on x as y = БХ +—, we get 


5 
i me bai : 
by. = ra == ..) 
9 107 

Rewriting the line of regression of x on y as x = 207 * 3^ we get 
бу 9 m 
85 Oy 20 t) 

Multiplying (:) and (1), we get 
4 9 


rs 5720 = 0.36 .. г-0.6 






І 


84 100 92 418 135 (U.P. T.U. ., 20 


aM 





Solution. (a): Letz-2x-—yso diit z #=Х-уУ. 
5 z-z-(x-X)-(y-y) 
or (2-2) -(x—XxY + (у - у) - 20х - XY y – y) 
Summing up for n terms, we have 
Xiz-zY = хх)? + (у у) — 2У(х – xXy- y) 
2-2) _ х-9) Xy-y! ,Xx-xXy-) 


or 


п Е п | n n 
LC.» ос =o; + o; - 276,6, - PE Хх-ХХУ-У) 
| | п,б, 
which is the required result. 


(b) To fine r, we have to calculate с, o, and c, ,. We make the following table : 


— 








e 288 i 


9 


——- 
” 


IDEE 


a 
b 





Г | | эн 
3133 





Г ,- 2 
МЕ озын -15| = 593.6 —9 = 584.6 
(10 


m а uA 
S (2) = 532.8 — 64 = 468.8 





| 2 
| Xx- y” L(x — y) — | 
“ТИ” = 1359.6 — 1225 = 134.6 
a or 5 -{ N | 


From the above formula, 


p= E +9; буу _ 584.6 + 468.8 — 134.6 _ вте 
26,6, 2x 24.18 x 23.85 шин 


da een 25.20. While calculating correlation coefficient between two variables X and y from 25 pairs o 
777 » the following results were e obidingd : п = 25, Xx = 125, EC - barn = 100, (4 = 460, 273 508. 








38 Gy 2011 8184. ти, 2009): 


Solution. To get the correct results, we subtract the incorrect values and add the corresponding correct 
values, 


VEND is rere value ботан oeffici 





The correct results would be 
Ул = 25, Er = 125-6-8+8 +6 = 125, Xx? = 650 — 6? — 82 + 8? + 6? = 650 
Xy = 100 — 14— 6 + 12 + 8 = 100, Xy? = 460 — 14? — 6? + 12? + 8? = 436 
Уху -508—6x14—8x6-48x1246x8- 520 


_ nYxy -(ҮхХУУ) "—- 25 x 520 — 125 x 100 
— M[InZx? — (хх) (пху? - (Xy?)]  V[[25 x 650 — (125)*) (25 x 436 — (100) ] 


- 20 2 
4(25х 36) 3 


STANDARD ERROR OF ESTIMATE 





The sum of the squares of the deviations of the points from the line of regression of y on x is 
L(y —a — bx)? = TY —bX}*, where Х=х-х,У=у-у 


! 


2 
Ў; [ - rex | = ҮҮ?- 21(0,/в,) ҮХҮ- r? (02/02) EX? 


|| 


no, — 2r(a,/o,) г. па, с, +r? (с/с) no = no, (1 —r*). 


Denoting this sum of squares by nS*, we have 5, = 6, Ja- -r 2) 441) 


Since S, is the root mean square deviation of the points from the regression line of y on x, it is called the 
standard error of estimate of y. Similarly the standard error of estimate of x is given by 


S, - o, 4 - r^) (2) 


Since the sum of the squares of deviations cannot be negative, it follows that 
r'$1 or -lsrszl. 
г.е., correlation coefficient lies between — Тапа 1. (J.N.T.U., 2006) 
Ifr=1or—1, the sum ofthe squares of deviations from either line of regression is zero. Consequently each 
deviation 1s zero and all the points lie on both the lines of regression. These two lines coincide and we say that 
the correlation between the variables is perfect. The nearer r* is to unity the closer are the points to the lines of 






agression. Thus the а of т? from unity is a measure of departure from linearity of the rslationship 
девон the variables. 





RANK CORRELATION — 





A group of n individuals may be нии order to merit with respect to some characteristic. The same 
group would give different orders for different characteristics. Considering the orders corresponding to two 
characteristics A and B, the correlation between these n pairs of ranks is called the rank correlation in the 
characteristics А and B for that group of individuals. 

Let x, у, be the ranks of the ith individuals in A and B respectively. Assuming that no two individuals are 
bracketed ёсон! in either case, each of the variables taking the values 1, 2, 3, ..., п, we have 


z-y- 1+2+38+..+п n(n*l n*l 
y n 2n 2 
If X, Y be the deviations of x, y from their means, then 





n(n +1)" n+l 


2 ‚їп 





LX? -X(x,— xy- Ex? «и(Ху-2Хїх,-Үлд + 


4 ^2 
_ пп + л 41) пп +12 п(п +1)? E 
& — id mee Um i n^—n 
Similarly LY, = 2. (п –п) 
Now let d,-x,-y, sothat d,-(x,- x)-(y,- y) - X; - Y, 
Г. Ха? = УХ? + ZY? – 2УХ,Ү; 
ог ҮХ,Ү,- 1GX? + ZY7- 2d?) = 2 (п) - 5542. 


Hence the correlation coefficient between these variables is 


1 
- XY, P п) - 5547 _1_ Bide 
es L- п-п 


This is called the rank лин стае кюй 15 аы by p. 





Solution. If 8-а d idc =—5, 2, -4,2,2,0,1,-1,2,1 





5 ха = 25+4+16+4+4+0+1+1+4+1=60 
| 6345 | 6x60 
Непсе p= 1- а= =1- 990 = 0.6 nearly. 








Solution. Негел = 10. 





A(=x) 


в. , | | C ны 
we Tür. . е. 1-55 ; = нд. . : 
(o mora Oo OO e N 








2 
5 page c MEE га уу 
it 





рт 21-08 
ni ' 


(63d; 6х60 
nn—-1) 10x99 ~ 


Since р (2, x) is maximum, the pair of judges A and C have the nearest common approach. 


| PROBLEMS 25.4 № 





Exports (in crore tons) 


4. Ten people of various heigl 
. of letters correctly read is f dw Байт: 


‘Height (in feet) : 51 5.3 peti VET 58 © 59 510 511 60 61 
| No. of letters, ^ A M 11371717 19 14,7 1igu'sie 7 Un rod Lag Л ra 
_ Is there any correlation between heights and visual power ? { y | 








еба цаг (9/8), PE a, 3 i. ) A : 15 | Ар bath ba: | (V.T,U., 2004). 


9. For two random variables x and y vith on TERA E a s he two regre ЭЛ Ой, +В and x = ay + p. Show 
| mr | “УУ? | «ОР, 2010) 


Two random variables have the regression lines with е oun — 26 and 6e +y 231. Find the mean values 
ond the correlation coef icient Бери х po рс и (Madras, 2002) 

. The regression eq | уро variab es x and y агех = ол + 52, «03e 28 ее ee Г ү 
апа d the coefficient of correlation wee pem Å 


AR г и 


üd: yj pre ү ofa group o£ 101 men: 


16. Find the rank corrélation far tha following data : 3 zum 
x3' | B& «42. 72 | 86^ 63 5, 47, 55. 
у: 147 125 160 118 149 198 150 145 


ЕГЕҮД OBJEC 


4 PROBLEMS 25 25.5 


Select the yw answer or m. up the blanks tn each of the isque questions : 
bers 11, 10, 18, 13,915 





(а) = х 100. (b) 2 | 


703-8 Scores of three dd B, С are respectiv 

Which batsman is more consistent ? : 

(a) A * di ФВ Ti | | (e) С. 

5. The equations of regression. lines are y = 0.5х +aand x = 0.4у + b: The correlation coefficient is 


| (b) 0.45 /0.2 .. 
1 Ifthe correlation coefficient i is 9 the two regression Байн are 7 | 
а) r pendicular (е) coincident (d) inclined T 45° to each other. 
8. Mr, andr, e MC UU BOE DONE RUE s of r, and гу depend on. | 
. Regression coe! ficient ofy on xis 0 7 and th at of x on y is 3. 2, Is the correlation coeiicient г congistent 7 
andard devis Ера че, 64, 86, 53 ів... ЖА" 
'egression: then т = Я154 =. КУ, uuu ва re ... 
37 df the two regression lines s are perpendicular to each other, then their ex dh ient. tof velition d IBA: 
| | Ё nn. Р ТЛА ^4 


“16. IX and Y are ИРИНЕ then the correlati 


17. The point of intersection. of the two 0 regression. lines is в. Е 
8. үне smaller the ае icient of: va | er is 


n . Correlation. ee ей ent is 5 thei geomet trici cal тэрээ 
indep "ndent, the two lines of | 


ithm iis" mean of the puma ients of Dt ete is. өөө . than the coefficient of correlation. 
28. If two regression lines coincide then the cos or nis 
- The rank coefficient is given by ........ 


30. The ratio of the standard deviation t to the mean is known as. 


4 
ї 


. The value of f(x = х)=....... | 
зене of copfiicient of а lies between neos ап@..... 
regression FERN are — F da aad юэ. AME the со om | spies сайр салс: 
(True or False) 


(True or False) 


True or Falsel 








Probability and Distributions 





1) INTRODUCTION 


We often hear such statements : ‘Tt is likely to rain today’, 1 have a fair chance of getting admission’, and 
‘There is an even chance that in tossing a coin the head may come up’. In each case, we are not certain of the 
outcome, but we wish to assess the chances of our predictions coming true. The study of probability provides a 
mathematical framework for such assertions and is essential in every decision making process. Before defining 
probability, let us explain a few terms : 

(2) Principle of counting. If an event can happen in n, ways and thereafter for each of these events a 
second event can happen in п, ways, and for each of these first and second events a third event can happen for 
п. Ways and so on, then the number of ways these т event can happen is given by the product n, . n, . (4 ... Л. 

(3) Permutations. A permutation of a number of objects is their arrangement in some definite order. 
Given three letters a, b, c, we can permute them two at a time as “bc, cb ; ca, ac; ab, ba” yielding 6 permutations. 
The combinations or groupings are only 3, i.e., bc, ca, ab. Here the order is immetrial. 

The number of permutations of n different thing taken r at a time ts 

n (n — 1) (п — 2)... (n —г + 1), which is denoted by "Р. 
1 
Thus "P =ni(n—1)(n—2)...(n—r+ j=. 
E (n —r) 
Permutations with repetitions. The number of permutations of n objects of which n, are alike, n, are alike 


! 
andi, are.alila ig — И. 
Ty! По! па! 
(4) Combinations. The number of combinations of n different objects taken г at a time ts denoted by "С. 
If we take any one of the combinations, its r objects can be arranged in r! ways. So the total number of 
arrangements which can be obtained from all the combinations is"P, = "C, . rl. 


Н "р п! 
ар ПТ gp =E g m— 
он C, ri rlín-r)! 
Also "С ="C. 
eg., 5р = 25 x 24 x 23 x 22; 5С, = 20, = ЕЕ 


857 





858 HicHER ENGINEERING MATHE 





Example 26.1. In how many ways can one make a first, second, third and fourth choice among 12 firms 
leasing construction equipment. (JNT U.. 2003) 


Solution. First choice can be made from any of the 12 firms. Thereafter the second choice can be made 
from among the remaining 11 firms, Then the third choice can be made from the remaining 10 firms and the 
fourth choice can be made from the 9 firms. 

Thus from the principle of counting, the number of ways in which first, second, third and fourth choice can 
be affected = 12 x 11 x 10 x = 11880. 





Example 26,2, Find the number of permutations of all the letters of the word (i) Committee (ii) Engineer- 


Solution. (i) n=9,n,(m,m)= 2, n, (t, t) = 2, n4 (е, е) = 2 


! ! 
no. of permutations = _ 00209 - 45860. 
пі!.по!. па! 21.21.021 
(iz) п = 11, n,(e's) = 3, п, (g,g) = 2, na (i, i) = 2, n, (ns) = 
5 | 11! 
no. of permutations = 3121213! = : 277200. 





Example 26.3. From six engineers and five architects a committee is to be formec ng ti 
and two architects. How many different committees can be formed if (i) there is no restriction. (ii) 








lar engineers must be included. (tii) one particular architect must be excluded, | С # ДАШ | uu A 
Solution. (i) Number of committees °C, x °C, = чө: „Ий. t _ 200. 
3.2.1 2.1 

(11) Неге we have to choose one engineer from the remaining four engineers. 

no. of committees = *C, x °C, = 4 x v - 40 
(111) Here we have to choose two architects from the remaining four architects. 

no. of committees = °C, x *C, = e278 x = 120. 

8.2.1 2. 










_PROBLEMS 26.1 № | i 

1. Ifa test consists of 12 true-false questions, M many different уйу. ae est. а er with 
answer to each question. 

2. How many 4-digit numbers can be formed from the m eae 2, 3, 5, 6, ‘Wand 9, with zi it reps 


thipa kse leas vene ОО Т | 





4. How mady car number To Nut С dub. itia plate аан iud different Terier. oll їй! Л! ДА iree different 
digits ? Solve the problem (a) with repetitions and (b) without repetitions. 401 





(1) BASIC TERMINOLOGY __ 


(i) Exhaustive events. A set of events is said to be exhaustive, if it includes all the possible events. For 
example, in tossing a coin there are two exhaustive cases either head or tail and there is no third possibility. 
(ii) Mutually exclusive events. If the occurrence of one of the events procludes the occurrence of all other, 
then such a set of events is said to be mutually exclusive. Just as tossing a coin, either head comes up or the tail 
and both can't happen at the same time, i.e., these are two mutually exclusive cases. 
(iii) Equally likely events. If one of the events cannot be expected to happen in preference to another then 
such events are said to be equally likely. For instance, in tossing a coin, the coming of the head or the tail 18 
equally likely. 


ET 





Thus when a die* is thrown, the turning up of the six different faces of the die are exhaustive, mutually 
exclusive and equally likely. 
(10) Odds in favour of an event. If the number of ways favourable to an event А is m and the number of 
ways not favourable to A is n then odds in favour of A = т/п and odds against А = n/m. 
(2) Definition of probability. If there are n exhaustive, mutually exclusive and equally likely cases of 
which m are favourable to an event A, then probability (p) of the happening of A is 
P(A) = m/n 
As there are n — т cases in which A will not happen (denoted by A’), the chance of A not happening is g or 
Р (А?) so that 
п-т _ 
g — ты 
п 
Le., P(A") =1- P(A) so that P(A) + P(A’) = 1, 
i€., if an event is certain to happen then its probability is unity, while if it is certain not to happen, its probability 
is zero. 





I a4 -р 
м 






(3) Statistical (or Empirical) ‹ definition of тиит ті in n trials, an event A happens т times, 
then the probability (p) of happening of A is given by 


р-Р(А)- Lt = 


ne n 
Example 26.4. Find the chance of throwing (a) four, (b) an even number with an ordinary six faced die; 
Solution. (а) There are six possible ways in which the die can fall and of these there is only one way of 
throwing 4. Thus the required chance = : 
(5) There are six possible ways in which the die can fall. Of these there are only 3 ways of getting 2, 4 or 6. 
Thus the required chance = 3/6 = 3 
Example 26.5. What is the chance that a leap year selected at random will contain 58 Sundays t ? 31 
| | (Madras, 2003) 


Solution. A leap year consists of 366 days, so that there are 52 full weeks (and hence 52 Sundays) and 
two extra days. These two days сап be (1) Monday, Tuesday (it) Tuesday, Wednesday, (iii) Wednesday, Thursday 
(iv) Thursday, Friday (v) Friday, Saturday (vi) Saturday, Sunday (vii) Sunday, Monday. 


Of these 7 cases, the last two are favourable and hence the required probability = Ч 





fi; e number is formed by the digits 0 1, 2, 3, 4 without бури: Find the 
probability that the ihe) formed t is divisible by 4. ; apum 


Solution. The five digits can be arranged in 5! ways, out of which 4! will begin with zero. 
total number of 5-figure numbers formed = 5! — 4! = 96. 
Those numbers formed will be divisible by 4 which will have two extreme right digits divisible by 4, Le., 
numbers ending in 04, 12, 20, 24, 32, 40. 
Now numbers ending in 04 = 3! = 6, numbers ending in 12 = 3! — = =4, 
numbers ending in 20 = 3! = 6, numbers ending їп 24 = 3! — 2! = 4, 
numbers ending in 32 = 3! — 2! = 4, and numbers ending in is 81 = 6. 
[The numbers having 12, 24, 32 in the extreme right are (3! — 2!) since the numbers having zero on the extreme left 
are to excluded.] 


* Die is a small cat: Dots 1,2, 3, 4, 5, 6 are marked on its six faces. The outcome of throwing a die is the number of dots on 
its upper face. 








^ total number of favourable ways =6+4+6+4+4+6=30. 


Hence the requir ‘obability = — =—- 
required probability am" uu 


23 in n asc A piss foi Е. f< <& АЕ = 
Solution. Here анана number of cases = «с, 
If t, = 25, then the tickets /, and t, must come out of 24 tickets numbered 1 to 24. This can be done т ис, 
ways. 
Then ¢, must come out of the 15 tickets (numbering 25 to 40) which can be done іп С, ways. 
^ favourable number of cases = 2С, x °C, 





Solution. The number of ways in which 8 balls can be deis out of 15i is ise 
The number of ways of drawing 2 red balls is °C, and corresponding to each of these °С, ways of drawing 
a red ball, there are °C, ways of drawing 6 black balls. 


^ the total number of ways in which 2 red and 6 black balls can be drawn is °C, x С. 
5C, х C. 140 
5C, 429 





г. the required probability = 


я | 5 К 2 
latis. (i) The total хамг of ways of аман 3 шинээ out of 9 is 5 ЭС ‚ Le., 84. 
А student can be removed from 1st year students in 2 ways, from 2nd year in 3 ways and from 3rd year in 
4 ways, so that the total number of ways of removing three students, one from each group is 2 x 3 x 4. 
Hence the required chance x XXE ж ш 
С. 84 7 
(11) The number of ways of removing two from 1st year students and one from others 
= Wu. 
The number of ways of removing two from 2nd year students and one from others 





Cx C 
The number of ways of removing 2 from 3rd year students and one from others 
= С.х ӘС, 
^ the total number of ways in which two students of the same class and third from the others may Бе 
removed 
= Сүх 1C +30, x90 440, x 50 T + 18 + 30 = B5. 
Hence, the required chance = =. 


(iii) Three students can be removed from 2nd year group in С, i.e. 1 way and from 3rd year group in ‘C,, 
i.e., 4 ways. 
^ the total number of ways in which three students belong to the same class = 1 + 4 = Б. 


Hence the required chance = E 






ded o бос ore 9 prises ond E агора E S UR ha ps ын B's-s c n 


Solution. A can draw a ticket in °C, = 3 ways. 
The number of cases in which A can get a prize is clearly 1. 








the probability of A's success = = 
9-8-7 | 
Again B can draw a ticket in °C, = Oc das 84 ways. 
— | & 6-5-4 ! 
The number of ways in which В gets all blanks = °С. = E = 20 


the number of ways of getting a prize = 84 — 20 = 64. 
Thus the probability of B’s success = 64/84 = 16/21. 


Hence A's probability of success : B's probability of success = i B = 7:16. 


| PROBABILITY AND SET NOTATIONS 





(1) Random experiment. Experiments which are performed essentially under the same conditions and 
whose results cannot be predicted are known as random experiments. e.g., Tossing a coin or rolling a die are 
random experiments. 

(2) Sample space. The set of all possible outcomes of a random experiment is called sample space for that 
experiment and is denoted by S. 

The elements of the sample space S are called the sample points. 

e.g, On tossing a coin, the possible outcomes аге the head (Н) and the tail (7). Thus S = (H, Т). 

(3) Event. The outcome of a random experiment is called an event. Thus every subset of a sample space $ 
15 an event. 

The null set ф 18 also an event and is called an impossible event. Probability of an impossible event is zero 
ie., P (ġ) = 

(4) Axioms 

(г) The numerical value of probability lies between 0 and 1. 
Le., for any event A of Sj 0 < P (A) x 1. 
(ii) The sum of probabilities of all sample events is unity i.e., Р (S) = I. 
(iii) Probability of an event made of two or more sample events is the sum of their probabilities. 
(5) Notations 
(i) Probability of happening of events А or В is written as P (A + B) or P (A u B). 
(it) Probability of happening of both the events А and В is written as P (AB) or P (A г B). 
(iit) ‘Event A implies (=) event B' is expressed as A c B. 
(iv) ‘Events А and B are mutually exclusive’ is expressed as A ^ В = 6. 

(6) For any two events A and B, 

P (Am B’) =P (A)-P (А n В) 

Proof. From Fig. 26.1, 

(ANB) Ш (А В) = А 

| PU(A гэ ВЭ u (A e B)] = Р (А) 
or P(AnmB')- Р(А г В) = P(A) 
or Р(А г В") = Р(А) ~ Р (А г В) 

Similarly, P (A' m В) = P(B) — Р (А ec B) 








BB ADDITION LAW OF PROBABILITY or THEOREM OF TOTAL PROBABILITY 


(1) If the probability of an event A happening as a result of a trial is P(A) and the probability of a mutually 
exclusive event B happening is P(B), then the probability of either of the events happening as a result of the trial 
is P(A + B) or P(A à B) = P(A) + P(B). 

Proof. Let n be the total number of equally likely cases and let m, be favourable to the event A and m, be 
favourable to the event B. Then the number of cases favourable to A or B is m, + т„. Hence the probability of A 
or B happening as a result of the trial 

-atm m +2 = P(A) + P(B). 
n n 
(2) If A, B, are any two events (not NM exclusive), then 
Р (А + B) = P (A) + P (B) - P (АВ) 
or P (A В) = P (A) + Р (B) -P (А г В) 

Ifthe events A and B are any two events then, there are some outcomes which favour both A and B. If ma 
be their number, then these are included in both m, and m,. Hence the total number of outcomes favouring 
either A or B or both is 











Fm" 1 ын mi — ma. 
Thus the probability of occurrence of A or B or both 
sd Hn TIE ‚БИ. a E. Ms 


"n п n n 


Hence P(A + B) = P(A) + PUB) - P(AB) 
or P(A U B) = КА} + ДВ) - P(A г В) 
Obs. When A and B are mutually exclusive PAB) or PIA c B) = 0 Жам We get . qi! anoi аг dE eet tat, 
P(A + В) or P(A w В) = РА) + РВ). (D ин? T1 


In general, for a number of mutus y exclusive events A,, A,, .. „Ap we have MEE eh pM t 
ХА, A, + a FA Jor (A, S AU... WA, Ji РА) + PlA,) +... + РА). LOPPI 
(3) If A, B, C are any three events, then 
P (A + B + C) =P (A) + P (B) + P (C) - P (AB) - P (BC) - P (CA) + P (ABC). 
or P(AUBUC)=P (A)+ P (B)+P(C)-P(AnB)-P(BOC)-P(CNA)+P(ANBOC) 
Proof. Using the above result for any two events, we have 
Р(А 2 ВС) = РКА OB) С] 
= Р(А В) + Р(С) –- Р ЦА o B8) rc] 
-|1РСАА)-Р(В)-Р(АсчВЛ-Р(С)-Р [Ап Оч (В су С)] (Distributive Law) 
= P(A) + P(B)+P(C)—-P(ANB)-(P(AnNC)+P(BAC)-P(ANBOC)) 
[- (Аг С) л (ВС) = А т Вс С] 
=P(A)+P(B)+P(C)-—-P(AnB)-—P(BAC)-—-P(CAA)+P(AN BNC) [w Асетин 


Example 26.11. In a гасе, the odds in favour of the four horses Hp Hp H, oH, are 1:4,1:5 5,1: 
respectively. Assuming that a dead heat i is not possible, find the chance that one of them wins. the гасе. 








Solution. Since it is not possible for all the horses to cover the same distance іп the same time (а dead 
heat), the events are mutually exclusive. 
If Pis Po, Pa p, be the probabilities of winning of the horses H,, Ha, Н., Н, respectively, then 


I [- Odds in favour of H, are 1: 4] 
1-4 5 
| 1 1 1 
and nel gei uai. 
27 67737 7 Ва 8 


1 1 1 1 533 
= — + +=: 





Example 26.12. A bag contains 8 white and 6 red байв. Find the probabili ity of d rawing two balls of the. 
same colour. 
Solution. Two balls out of 14 can be drawn in ‘С, ways which is the total number of outcomes. 
Two white balls out of 8 can be drawn in *C, ways. Thus the probability of drawing 2 white balls 
„ #бь 28 
мс, 91 
Similarly 2 red balls out of 6 can be drawn in °C, ways. Thus the probability of drawing 2 red balls 
°C, 15 
14 С, 91 1 
Hence the probability of drawing 2 balls of the same colour (either both white or both red) 
_ 28 15 _ 43. 
(81 .91 91. 


Example 26.13. Find the probability of drawing an ace or a. spade or both froma deck of cards* ? 








Solution. The probability of drawing an ace from a deck of 52 cards = 4/52. 
Similarly the probability of drawing a card of spades - 13/52, and the probability of drawing an ace of 
spades = 1/52. 
Since the two events (Le., а card being an ace and a card being of spades) аге not mutually exclusive, 
therefore, the probability of drawing an ace or a spade 
4 29 1 _ 4 





(1) INDEPENDENT EVENTS 


Two events are said to be independent, if happening or failure of one does not affect the happening or 
failure of the other. Otherwise the events are said to be dependent. 

For two dependent events A and B, the symbol P(B/A) denotes the probability of occurrence of B, when A 
has already occurred. It is known as the conditional probability and is read as a ‘probability of B given A’. 

(2) Multiplication law of probability or Theorem of compound probability. Ifthe probability of an 
event A happening as a result of trial is P(A) and after A has happened the probability of an event B happening as 
a result of another trial (i.e., conditional probability of B given A) is P(B/A), then the probability of both the 
events А and B happening as a result of two trials is P(AB) or P(A п B) = P(A) . P(B/A). 

Proof. Let n be the total number of outcomes in the first trial and m be favourable to the event А so that 
P(A) = тт. 

Let n, be the total number of outcomes in the second trial of which m, are favourable to the event В so that 
P(B/A) = m,/n,. 

Now each of the n outcomes can be associated with each of the n, outcomes. So the total number of 
outcomes in the combined trial is nn,. Of these mm, are favourable to both the events A and B. Hence 


P(AB) or P(A ^ B) = 775. = P(A). P(B/A). 
nn, 


€. the conditional probability of A given B is Р(А/В). 

EA P(AB) or РА п B) = P(B). Р(А/В) 

Thus P(A п В) = PILA) . АВА) = РІВ). Р(А/В). 

(3) If the events A and B are independent, i.e., if the happening of B does not depend on whether А has 
"um ог not, then P(B/A) = P(B) and P(A/B) = P(A). 


P(AB) or P(A п B) = P(A). P(B). 
In general, P(A,A,...A, ) or P(A; ПА, г... n A, ) = PA) . P(Ag)... . P(A,). 
е * Cards : А pack of eda consists of four suits ie., Hearts, Diamonds, Spades and Clubs. Each suit has 13 cards : an Ace, а 
King, a Queen, a Jack and nine cards numbered 2, 9, 4,..., 10. Hearts and Diamonds are red while Spades and Clubs are 
black. 





Cor. If p,, p, be the probabilities of happening of two independent events, then 
(i) the probability that the first event happens and the second fails is p,(1 р,). 
(ii) the probability that both events fail to happen is (1 — p) (1 — p,). 
(ii) the probability that at least one of the events happens is 
1-(1-р,) (1— p,). This is commonly known as their cumulative probability. 
In general, Гру, Po, Da, --. p, be the chances of happening of n independent events, then their cumulative probability 
(i.e. the chance that at least one of the events will happen) is 
1-(1-р,} (1-р.) ( — p)... (1 — p,). 





_ Example Two cards are drawn in succession from a рас 
first is a king an the second c a queen if the first card is (i) replaced 
Solution. (1) The probability of drawing a king = E = u 
Ifthe card is replaced, the pack will again have 52 cards so that the probability of drawing a queen is 1/13. 
The two events being independent, the probability of drawing both cards in succession = =" uc - 
(ii) The probability of drawing a king = = 
If the card is not replaced, the pack will have 51 cards only so that the chance of drawing a queen is 4/51. 
Hence the probability of drawing both cards = ES x E = _* 
13 51 663 


15. je s me Find the, probabi bu 





[2 А. 


Solution. In — toss of two авж: the sum 7 can be — as (1, 6), (2, 5) (3, 4) (4, d), 6, 2), (6, 1) 
i€., in 6 ways, so that the probability of getting 7 = 6/36 = 1/6. 

Also the probability of not getting 7 = 1 — 1/6 = 5/6. 

(a) The probability of getting 7 in the first toss and not getting 7 in the second toss = 1/6 x 5/6 = 5/36. 

similarly, the probability of not getting 7 in the first toss and getting 7 in the second toss = 5/6 x 1/6 = 5/36. 

Since these are mutually exclusive events, addition law of probability applies. 


5 5 5 
required probability = — + — = —: 
“ч Р у= 36 36 18 
5 5 26 
(b) The probability of not getting 7 in either toss = 6 х Е = = 
25 11 
the probability of getting 7 at least once = 1 — 238 38 
- - 1.1. 1 
(c) The probability of getting 7 twice — 5 х 5 = 773 


5 J = "m, a 


there are two groups of objects : one of which consists of 5 science and 3 engineering 
ЖЧ аы адр бту ists of 3 science and 5 peius ab resti pin S б, lie is cast, If the number 
3 or number 8 turns up, a subject is selected at random fromthe lyst aroun p herwise the subject is selected ai 
random from the second group. Find the probability that an engineering subject is se 














Solution. Prob. of turning up 3 or 5 = = = = - 


Prob. of selecting an engg. subject from first group - = 


Prob of selecting ап engg. subject from first group on turning up 3 or 5 
1 z3 1 Р 
=x 5-8 E) 





Now prob. of not turning 3 or 5 = 1 — 3 22. 


Prob, of selecting an engg. subject from second group = 3 
г. prob. of selecting an engg. subject from second group on turning up З or 5 


2. 1.9.13 |From (ғ) апа (2) 


| хү н, pn “гн 





| УР. в faf to the b ; 
| ud Tn T ds uh | | uut 
Solution. The probability of ттге a white ball from box B will дёрана: on whether the дит" ball 

is black or white. 
If a black ball is transferred, its probability is 4/6. There are now 5 white and 8 black balls in the box B. 


Then the probability of drawing white ball from box B is — за” 


Thus the probability of drawing a white ball from urn В, if the transferred ball is black 
4 5 10 
=== —. 
6 13 39 
Similarly the probability of drawing a white ball from urn B, И the transferred Бай is white 





22,8. 8. 
6 13 13 
Х и 10 , 2 16 
Hence required probability = — =. 
iis Р i 39^ 13 9 
Я 1714 aS 56, ape FR E d rA СЭНГЭ | ү "e ч orn nan, 





Solution. (a) Let p be the БАБА of getting а Бава ап4 9 the probability of setting a tail i in à v 
toss, so that p +4 = 1. 
Then probability of getting head on an odd toss 
= Probability of getting head in the 1st toss 
+ Probability of getting head in the 3rd toss 
+ Probability of getting head in the 5th toss + ... = 
=р + дар + 9999р +... = 
=p(l+q?+q'+..J=p. woh, byw dj 
1-4" 
Se ee ae 
Р.1-д444) ^ pü«q) 1+9 
(b) Probability of getting a head = 1/2. Then A can win in 1st, 3rd, 5th, ... throws. 
Zo ox mo Ж ТӨРЧ [шү [айа 
the chances of A’s winning = 241) 21) 5513) at 
12 14 2 


“1-0/28 23 3 
Hence the chance of B's winning = 1 — 2/3 = 1/3. 





| 866 | 





Example 26.19. Two cards are selected at random ош 10 сайак numbered 4 to 10. Find tlie probability 


p that the sum is odd, if 


(i) the two cards are drawn together. 
E the two cards are drawn one after the other шиш replacement. 
| (ий) the two cards are dru wn one after the other with replacement. 





(NTU, 2003) 


Solution. (i) Two cards out of 10 can be selected in C, = 45 ways. The sum is odd if one number is odd 


and the other number is even. There being 5 odd numbers (1, 3, 5, ,, 9) and 5 even numbers (2, 4,6, 8, 10), an odd 
and an even number is chosen in 5 x 5 = 25 ways. 


and Р 2 | 





_ 25 _ 9. 

С 45 9 

(i1) Two cards out of 10 can be selected one after the other without replacement in 10 x 9 = 90 ways. 
An odd number is selected in 5 x 5 = 25 ways and an even number in 5 x 5 = 25 ways 


Thus 


25425 5 
яам P= 90 7$ 


(iii) Two cards can be selected one after the other with replacement in 10 x 10 = 100 ways. 
An odd number in selected in 5 x 5 = 25 ways and an even number in 5 x 5 = 25 ways. 











Thus - 25-25 1. 
100 2 
| Example 26.20. Given P(A) = 1/4, P (B) - 1/3 and. PA UB) = 1/2, evaluate P (А/В), P(BIA),P (A OB), 
Solution. itin Php PAYS PUE PAR ec 
E 1 

EUG | eee à 
ны PA= раву Ma а 

: Р(А г В) 1/12 1 

1 А Se 
(11) Р(В/А) Р (А) 174 s 
ва) РАВ РАСА (Bye L— Lal. 
ш | нийг ООЛО ЕТ а; 12 6 

P(A т В) _ 1/6 1/6 





rud ай F — P —M xb. 
(iv) Pep. P(B) 1_Р(В) 1-1/3 4 


21. The odds that a book will be reviewed favourably by three independent critics ares tes 

















5.4 3 60 
Finally, prob. that all the thre fi able = — — = —— 
у, рго а е е are favourable vai iar 515 


Since they are mutually exclusive events, the required prob. 
80 ї 45 45 , 24 24 , 90 .209 
— 843 ' 343 343. зав шан 





Solution. Prob. of A hitting the target = 3/5, prob. of B hitting the target = 2/5 
Prob. of C hitting the target = 3/4. 
(1) In order that two shots may hit the target, the following cases must be considered : 


p, = Chance that A and B hit and C fails to hit = 221 -3| d. 


4) 100 
р, = Chance that B and C hit and A fails to hit = 2х “2510-21-16 
5 4 5/ 100 
8 3 21 27 
= Ch that С and A hit and B fails to hit = —x —x| 1 - = | =—— 
ance that C an it an ails i 12| z) T 
Since these are mutually exclusive events, the probability that any 2 shots hit 
6 12 21 
=p + Pot —— =0.45. 
Pi *P2*P3s~ 1007 100 100 


(11) In order that at least two shots may hit the target, we must also consider the case of all A, B, C hitting 
the target [in addition to the three cases of (i)] for which 


3 2 3 18 
р. = chance that А, B, C all hit = Par 4 100 


Since all these are mutually exclusive events, the probability of atleast two shots hit 
6 12 27 18 


—+—+—+— =0:63. 
100 109 300 100 


= Pi + Pot Py t Py = 





4 1 Е - Е. 4 Ni 
pr A Lr P Ет Y "| = 11 7-4 7: - -Ma 1 58 = os Н 
m. № "Pu р iB = Ч жин E-H ч. k Т 
i . Ё ТЕР ПЫ р Сг Ру ТИ № ИЕ ор 11! à L| a 
k rs =o Cam amc ET ar ues „ Mn E ЈА Р Ат |! mr PI LE . 
wi E Ў 3 ! Е 
Rn | ғ 
ү а= p", 
r t 1 i 
t 1 D ET :] ї 
э 
= 


ТТ = ү, А ` 


Solution. The probability that A can solve the — is 1/2. 
The probability that A cannot solve the problem is 1 — > 


Similarly the probabilities that B and C cannot solve the problem are 1 — : and 1- T 


л the probability that А, B and C cannot solve the problem is E -3) E -3) E - 1) | 


Hence the probability that the problem will be solved, i.e., at least one student will solve it 


iE л. 
p d 3/\ 4) 4 





© Solution. (i) As iere are 7 ааа in the class, the first — — be a boy. 





x nob that Srettea boys t 


Then the prob. that the second is a girl = 


sis 


г. prob. of the next boy = = 


Similarly the prob. that the fourth is a girl = 2 


д." 
the prob. that the fifth is а boy = 2 
the prob. that the sixth is a girl = 5 
and the last is a boy = Ч 
4 


Thus „= 4.33 2211 : 


(it) The first student is a boy and the first student is a girl are two mutually exclusive cases. If the first 
student is a boy, then the probability р, that the students alternate is 


= 6543.21 2 


If the first student is a girl, then the probability p, that the students alternate is 


| 882211. 1 
Вэ st SS sexs 


`7 «ЕІ ү 
vi n: 
s TT a ^ ar i 





0 


булшин The sum 6 can Чи dain as она а, 5), (2, 4), B 3, 4, 2), (5, 1 i.e., Ш 5 ways. 


| | 5 
The probability of A's throwing 6 with 2 dice is 36 
г. the probability of A's not throwing 6 is 31/36. 


Similarly the probability of B's throwing 7 is 6/36, Le., 3 
the probability of B's not throwing 7 is 5/6. 
Now A can win if he throws 6 in the first, third, filth, seventh etc. throws. 
^ the chance of A's wining 
5 GARE RES 5 31 5 31.5 5, 














“36 36 6 36 36 6 36 6 36. 


ey Е 5) (BB) + 31. 8] чэн. 
36 | 36 6) 136 6 E 6/- 





м ы LOC 
- 86 1-(31/38)x(5/6) _ -36 G1 61 





2 Ina single throw 1 with two dice, һа! їв I | ih. 
Ж” (a) two aces? wr 7? Ts this pro abili org ling 7 in two throws ofa UE die jj 
3. C | їе chabces throwing 4 with ne din, В with ivo diceiand 12 with three dice. 
| а Find the probability that a non-leap year should have 53 Saturda | 4 
* When a coin is to: aed four times, find. the рды ity of getting (i) exactly one head, (iz) ‘at, most, three heads : 
(fii) atleast. two heads т" | | | E TU , 206 
4 в. "Ten eins. are th уу ‘simultaneously. Find the р iro ability of get ing at eae saben Байн, | RT. U, 2 „ 2003) 
! А а of word: NOUS be written at random, what is the probabi lity that all the latters E are found 
. together, 
| 8. A ten digit. number i is formed: king. the digits bos zero to nine, every digit being spat ly once, Fina the 
probability that the number is divisible by 4. ML 
9. Poa cards are drawn from а ‘packi of 52 cards. What is the Ohunre thats) Ал УУ 17 | j 
! . 00 two cards: ате of equal value? (ii) each belongs to a different suit? . FES EXEAT 
19. Suppose 5 ca ards are dra: n atra ой; АБ үн of 52 cards. аң eards sare red what is the probability that! all 4 
then are hearts? | y РИ 4 n s(Mumbai 20051 
ал Жи 9090 rare books p of * vhieh. are expecially valuable, 8 nre stolen at pandor by a thief f. What is the м 
Ч Ж “Жуз үт, REL А. 
ву Hone of the 3 is include ed? red (5) 2 of thes are included ? "y ? WM Mud ET 
ги T men ina ро үүн ura graduates. 1f З men are fa out YF at ‘andem, se ual probability, 
aya | | | * Ї | iid 
ET they are all Nnm fex. (18 dp) at коо is gra А; | | 
ag From 20 ti kets “ир from Д б050,006. 2 26) is dej bs 7 Fandom. Find the probability that it is mare with a 
o[3 or 5. | Г 
“ч, Five БАЙХЫГ dra By Fron a bas containing 8 white and 4 black balle. iat is the алд that 3 white пазва 
Neu yir незак ў | | 


Ён | 


L М. | 


at 


16, Find the probability, Ri aig 4 we me ed 2 black bales without төтен froma bág containing: 1 СИ! 
| болое white bals. 1° dd 
T hag Liv ‘Ad whi e n e pi bi bility that one of 
l them is black and the other гох | UL 
purs sient 2 silver ahd 4 copper Joins and à ERU purse финал а silver and 4 copper x opins Ia cóin is: 
lecie ndom. from 164 at: the two purses, what is the. probability that i itis a silver coin ! } C (Osmania. : 2002) 
ball | ы ag ›а ls; Another box 11 contains 6 white balls and үзэ с balls; A box is: 
ted а mand then a ball is drawn from it : y what is the probability that the ball drawn will be white 1 
4$ (qi Given that на ball dran is white, what is the | probability that it came früm box i HA? 11722 2006) 
1 3. А. party айл CET their seats at tandog at a round table find the. ЭСЭЭ that t two bre per 3078 ga 
mot sit и VES De: г; | 


probat siya ap ide ху si he solved by (ab нэн fth ba 


3 
2 be aleve at бол із 0.83 pue the РЕ that a45 уг i old: | re s nw 
bility that а таап whois 50 and hig w ife whois 45 will hoth be AM 


bi ih in 803 на шах of twins) what ta shite АА that there will нь at юан one case ft wins. 
spi ital on'a day Меат occur 2 2 AD UN 
2 йе Mann “күс ita target independi es ! 
100 target, Find the probability (hat the target is de Ma МЛ 
i 2. А and Н уфбацонйину with a рай adm The one who the очув 9 first wins. ‘Show that the chaneus 4 
annin Are 9 : 28. И EM ла ""^' 


Г.28 83:13 « l 








РТ BAYE'S THEOREM 





An event A corresponds to a number of exhaustive events В|, B.,..., B,. IT PIB) and P(A/ B.) are given, then 


Р(В,) PLA / В,) 
DA Ale 1422-52-38 ee 
xx XP(B,)PLA/! В,) 
Proof. By the multiplication law of probability, 
Р(АВ,) = P(A) P(B/A) = РВ.) Р(А/В,) AL) 
RE ЈА) FOR EVA PD (2) 
i Р(А) 
Since the event A corresponds to B,, Ba, ..., B,, we have by the addition law of probability, 
P(A) = P(AB,) + РАВ.) +... + РАВ, ) = УР(АВ ) = ZP(B ) РСА/В,) [By (1) 
| | Р(В,) PIAI В,) 
ence from (2), we have P(B, XP(B) Р(А/В) 


which is known as the theorem of inverse probability. 


Obs. The probabilities AB), i = 1. 2, ..., n are called apriori probabilities because these exist before we get any 
information from the experiment. 

The probabilities P(A /H.), = 1, 2, ..., n are called posteriori probabilities, because these are found after the experi- 
ment results are known. 


Example 26.26. Three machines М, M, and M, produce identical items. Of their respective output 5%, 
4% and 3% of items are faulty. On a certain day, M, has produced 25% of the total output, M, has produced 
30% and М. the remainder. An item selected at йир i is found to be faulty, What are the hanet that it was 
produced by the machine with the highest output? 


Solution. Let the event of drawing a faulty item from any of the machines be A, and the event that an 
item drawn at random was produced by M, be В. We have to find P(B,/ A) for which we proceed as follows : 


M, М; NET I Remarks 
P(B) 0.25 0.30 = 645: “sum 1 
РАВ) . 0.05 0.04 (0069. 
P(B) РВ) |. 0.0125 0.012 0.0135 — sum = 0.38 
12! 0:012 | ' 
P(BJA) 0.038 by Baye's theorem 





The highest output being from М,, e required probability = 0. 0135/0.038 = 0.355. 


Example 26.27. There are three bags : first containing I white, 2 red, 3 green balls ; second 2 white, 3 red, 
1 green balls and third 3 white, 1 red, 2 green balls. Two balls are drawn from a bag chosen at random. These | 
are found to be one white and one red. Find the probability that the balls so drawn came from the second bag. 


(J.N.T.U., 2003) 
Solution. Let B,, B., B, pertain to the first, second, third bags chosen and A : the two balls are white and red. 
Now P(B)- P(B,) = Р(В,) = : 
Р (A/B) = Р (a white and a red ball are drawn from first bag) 
-0С, x 2C,)6C, = 2 
1 1 2 15 
Similarly P(AIB,) = °C, x C, = =, P(A/B,) = CC, x СүС, = = 
| шт Р (By) Р(А/ By) 
Ву Baye’s theorem, P(BJA)- ———-———_~ 2" кити; 
у Bayes theorem, PUJA -= EPA BOT PB) P(AB)4 POS) PAIR) 
1,2 
ие H 
3 15 3 5 3 5 
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PROBLEMS 26.3. 


1, Ina certain college, 4% of the boys and 1% of girls are taller than 1.8 m. Further more 60% of the students are girls, 
If a student is selected at random and is found to be taller than 1.8 m., what is the probability that the student is a 
girl 7 | | 

2. Ina bolt factory, machines A, В and C manufacture 25%, 35% and 4077 of the total, Of their output 6%, 4% and 2% 
are defective bolts. A bolt ia drawn at random from the product and is found to be defective. What are the 
probabilities that it was manufactured by machines A, Hor C ? (VTU 2006: Rohtak, 2005 ; Madras, 2000:8) 


3. In a bolt factory, there are four machines А, B, С, D manufacturing 20%, 15%, 25% and 40% of the total output 
respectively. Of their outputs 5%, 4%, 3% and 2% in the same order are defective bolts. A bolt is chosen at random 
from the factory's production and is found defective. What is the probability that the bolt was manufactured by 
machine А or machine D ? (Hissar, 2007 ; J.N.T.U., 2003) 

4. The contents of three urns are : 1 white, 2 red, 3 green balls ; 2 white, 1 red, 1 green balls and 4 white, ñ red, 3 green 
balls. Two balls are drawn from an urn chosen at random. These are found to be one white and one green. Find the 
probability that the balls so drawn came from the third urn. (Kurukshetra, 2007) 











Ж RANDOM VARIABLE 


If a real variable X be associated with the outcome of a random experiment, then since the values which X 
takes depend on chance, it is called a random variable or a stochastic variable or simply a variate. For instance, 
if a random experiment E consists of tossing a pair of dice, the sum X of the two numbers which turn up have the 
value 8, 3, 4, ..., 12 depending on chance. Then X is the random variable. It is a function whose values are real 
numbers and depend on chance. 

Ifin a random experiment, the event corresponding to a number a occurs, then the corresponding random 
variable X is said to assume the value a and the probability of the event is denoted by P(X = a). Similarly the 
probability of the event X assuming any value in the interval a < X < b is denoted by Pia < X < Б). The probability 
of the event X € c is written as Р(Х < c). 

If a random variable takes a finite set of values, it is called a discrete vartate. On the other hand, if it 
assumes an infinite number of uncountable values, it is called a continuous variate. 


BIW (1)DISCRETE PROBABILITY DISTRIBUTION 





Suppose a discrete variate X is the outcome of some experiment. If the probability that X takes the values 

x, is p, then 
P(X = х) =p, or р(х) for: = 1, 2,... 

where (1) р(х.) 2 0 for ай values ofi, (iz) Үр(х,)-1 

The set of values x, with their probabilities р, constitute a discrete probability distribution of the 
discrete variate X. 

For example, the discrete probability distribution for X, the sum of the numbers which turn on tossing a 
pair of dice is given by the following table : 


Иа ED SENT 6 7 8 ЖЕКЕ КЕШЕ n 
р(х) 136 2/36 3/36 4/36 5/36 686 536 4/36 336 2836 1886. 


|: There are 6 x 6 = 36 equally likely outcomes and therefore, each has 
the probability 1/36. We have X = 2 for one outcome, i.e. (1, 1); X = 3 for two 
outcomes (1, 2) and (2, 1); X = 4 for three outcomes (1, 3), (2, 2) and (3, 1) and so 
on.| 

(2) Distribution function. The distribution function F (x) of the discrete 
variate X is defined by 


л 
Е(х) =РАХ 5х) = * pix) where x is any integer. The graph of F(x) will be 
i21 
stair step form (Fig. 26.2). The distribution function is also sometimes called 
cumulative distribution function. 








872 


IM 2 Example 26.28. A die is tossed thrice А success is: ‘getting lor B on a #255. Find the méan and variance 
| of the number of successes. | л VTU., E 8: Rohtak, 2004) 





Solution. Probability of a success = < = 5 , Probability of failures = 1 — 


prob. of no success = Prob. of all 3 failures = Ч” 2375-2221 
ili na ЭР 122 4 
Probability of one successes and 2 failures = 3c, x = x — х 3 = Е 


s ' | : Ebo Ж ай 
Probability of two successes and one failure = Зс, x х = х = 


Probability of three successes = 1 х 1 х I - 1 
3 3 3 27 
Now x, = 0 1 2 3 


р, = 8/27 4/9 2/9 1/27 


И 
e | bo 


4 4 
mean |i-Epx-0-—4—« 
Also Ypix?-20-4 
variance c^-Xp,x?-—wuw-—-1-—-. 


Example 26.29. The probability density function of a variate X is | Ys 
Ж РУ 0 1 2 3 4 2 8 ore | m 
pO: k 3k 5h 7h 98. 118: 2477 ak f | Ар 
(i) Find P(X < 4), РОХ 251, P(3 e X < 6. ® (V.T.U., 8010) 
(11) What will be the minimum value of k so that P(X <2) > 4. | 


Solution. (1) If X is a random variable, then 


B 
У po) = Lie. k + Bk + БЕ + Th + 9k + 11k + 18k = 1 or k = 1/49. 
r=0 
Р(Х < 4) =k + ЗА + БЕ + Tk = 16k = 16/49, 
P(X > 5) = 11k + 18k = 24k = 24/49. 
P(3 < X <6) = 9k + 115 13k = 33k = 33/49. 
(ii) P(X <2)=h + 3k 5k = 9k > 0.3 or k > 1/30 
Thus minimum value of = 1/30. 


Example 26.30. A random variable X has the following probability function : 


Pw oat р: 1 2 4 4 5 - 6 7 
р(х): 0 k 2k 2k 35, k” OR VS + А 
(i) Find the value of the k (if) Evaluate P CX = 6), Р(Х > 8) 

(iti) P(O\< X < 5). (W.B.T.U., 2005; INT, 2003) 


Solution. (1) If X is a random variable, then 


: 
У р(х) = Lie. O+k + 2h + Qh + Bk + А? + 2E? + Th? +h = 


1=0 
i.e., Th? + 9k - 12 0 Le. (10 А) (k + D = 0 ie, k = T 
(и) P(X «6)/-Р(Х-0)-Р(Х-1)-Р(Х-2)-Р(Х-3)-Р(Х-4)-Р(Х-5) 
=О+ А+ 2k + 2k + ЗА + А2 = ВА +h? = Sali 51 


10 100 100 





ect: 19 
( - = 242 + TE +h = 
Р(Х >6)-= P(X — 6) + P(X = 7) = 2А + ТЕ +k = ion * 16 = 106 
(ii) Р(0 = Хе 5) = P(X-1)4 P(X =2)4+ P(X =3)+ P(X — 4) 
=k+ 2k + 2k + ЗА = ee 5. 
10 5 





TE CONTINUOUS PROBASIN ET DISTESUNON 


When a variate X takes every value in an interval, it gives rise to continuous distribution of X. The 
distributions defined by the variates like heights or weights are continuous distributions. 

A major conceptual difference, however, exists between discrete and continuous probabilities. When 
thinking in discrete terms, the probability associated with an event is meaningful. With continuous events, 
however, where the number of events is infinitely large, the probability that a specific event will occur is practi- 
cally zero. For this reason, continuous probability statements must be worded somewhat differently from 
discrete ones. Instead of finding the probability that x equals some value, we find the probability of x falling ша 
small interval. 

Thus the probability distribution of a continuous variate x is defined by a function f (x) such that the 


probability of the variate x falling in the small interval x — = ds to x + зах is f (x) dx. Symbolically it can be 


expressed as P я - 5 хє х«х 2 ds | = f (x! dx. Then f (x) is called the probability density function and the 


continuous curve y = f (x) is called the probability curve. 

The range of the variable may be finite or infinite. But even when the range is finite, it 15 convenient to 
consider it as infinite by supposing the density function to be zero outside the given range. Thus if f (x) = ф(х) be 
the density function denoted for the variate x in the interval (a, b), then it can be written as 


f (x)2 0, хаа 
= ф(х), a=x<b 
= 0, x > ЁБ. 


The density function f (x) is always positive and [ f (x)dx = 1 (Le., the total area under the probability 


curve and the x-axis is unity which corresponds to the requirements that the total probability of happening of an 
event is unity). 
(2) Distribution function 


If F (x) = PX <x)= Г f(x) ах, 


then F (x) is defined as the cumulative distribution function or simply the distribution function of the 
continuous variate X. It is the probability that the value of the variate X will be € x. The graph of F(x) in this case 
is as shown in Fig. 26.3(6). 

The distribution function F (x) has the following properties : 

GF" (x) =F à > 0,0 that F (x) is a non-decreasing function. 

G)F(—--)20; (111) F (=) = 1 


LL ЦЭ f (x) dx - ын F(x) dx =F (b) —F (a). 


"-—(j. 
a үй g И = — р 
FA i ‘ad. Nae, | L Tx ! : M 
LI E ] 4 
i 4 rh | Pr га! [1 
EM г ¥ = = E ГЭЖ ! =] | | 1 
LI а 
| | Tä b. Л Лаг for es M 5 ДЕ tee F гж 
7 Т, аге л GUERE ЁТ 
И ЕТШ TC = Тл дё 


» fA JT AOT A ^ A ES тр. ' y 
DEES ни 4 JI * ы (d = bd PE “prob 
А ар }, М 
Е RUP y ive БЖ ilies f Ч 
(^ { bo тэ! 


ALSO [nd "ума JURA JE 





Solution. (i) fai is — 20 bs every x in л (1, 2) and 
| годах- [ 0-dx+ [o ахь1 


| 874 


Hence the function f (x) satisfies the requirements for a density function. 





2 
(т) Required probability = P(1Zxz2)- | е * dx =e 1~—e-* = 0.368 —0.135 = 0.233. 


This probability 1s equal to the shaded area in Fig. 26.3 (a). 
(iii) Cumulative probability function F(2) 


9 | 0 2 > | 
| Ро) ах = | O-dx+ | е*4х=1-е*=1-0.135 = 0.865 
= жш = ёк} 0 


which is shown in Fig. 26.3 (6). 





Fig. 26.3 








| (1) EXPECTATION 


The mean value (u) of the probability distribution of a variate X is commonly known as its expectation 
and is denoted by ELX). If f(x) is the probability density function of the variate X, then 


У x Fo) 


or E(X) = [ xf (x) dx 


In general, expectation of any function ф(х) is given by 


Ех] = У Ф) f(x) 


or Elp) = [ x) f (x) dx 
(2) Variance of a distribution is given by 


с^ = У (х, = py Ї (х,) 


or g= | (х= Ш f (x) dx 


where o is the standard deviation of the distribution. 
(3) The rth moment about the mean (denoted by ц.) is defined by 
и. = Xx, — И) f Gc) 


or = [ (х Ш" f (x) dx 


(4) Mean deviation from the mean is given by 


E|x,—-u|fix) 


or by | _Ix-uIf ах 





cted value o, "the sum. of the num E ers on. the tickets аа I 


3 Ina lottery, т TUNER are drawn at d time out n ne 


(discrete distribution) 


(continuous distribution) 


(discrete distribution) 


(continuous distribution) 


(discrete distribution) 


(continuous distribution) 


(discrete distribution) 


(continuous distribution) 


(discrete distribution! 


(continuous distribution) 
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Solution. Let dios ic. be the variables representing the numbers on the first, second, ..., nth ticket. 
The probability of drawing a ticket out of n tickets being in each case 1/п, we have 


Elx) = ку Ж взу. Жын шэр ыш (n +1) 
п п п n 2 


expected value of the sum of the numbers on the tickets drawn 
= E(x, + Хх, +... + X,,) = Elx) + E(x,) +... E(x,) 


= mE(x,) = т (n 4 1). 


Example 26.33. X is а continuous random variable with probability density function given by 
fix) = kx (0 € x <2) 
=2k (2 sx < 4) 
= - Ах + 6h (dex <6) 
Find k and mean value of X. GI.N.T.U., 2003) 


Solution. Since the total probability is unity 
5 
[ f(x) dx = 1 


2 à 6 | 
ie., | вхах» | 2kdx+ Í C kx 61) dx = 1 
ü = 4 
ог k |22 e 2h| x (ло 6х), =1 
0 | 4 
ог Oh + АЁ + (— 10b + 12k) = 1 Le., k = 1/8. 


eG 
Mean of X = | х х) ах 
О 


= [= dx + [ 2bx dx + [s (— kx + 6h)dx 

41) 2 4 
= &|х®/з| e 28 | х2/2| «[- | x°/3 | em 
= k (8/3) + k (12) — k (152/3) + ЗА (20) = ~ (24) = 3. 


Example 26.34. A variate X has the probability distribution 
x У – З 6 9 
P(X =2) : 1/6 1/2 1/3 
Find E (X) and Е (X°). Hence evaluate E (2X + IF. 


Solution. Е(Х)--3х бо +9Ж = 11/2. 


E(XP = 9 x І 436¢x1481x+ = 93/2 
6 2 3 
Е (2X + 1)? = Е (4х? + AX + 1) = AE (X?) + 4E (X) +1 
= 4 (93/2) + 4 (11/2) + 1 = 209. 


Example 26.35. The frequency distribution ofa measurable characteristic varying between 0 and 2 yg 
under p" g" yum 
Ее) = x, 0=х=1 
= (2-х. 15х52, 
Calculate the standard deviation and also the mean deviation about the mean. 





YN J 1 d 2 3 1 1 1 
Solution. Total frequency N = ЇЕ dx + | (2—xY dx ats = 


мэ) ae X [РЕ а г oa uw 
I," (about the origin) = xh Xex dx + | x(2 — x) dx 


: 


| 1 
Hy (about the origin) = => | 


‚ @ 
| (2 — xy 


4 








== 


—X 
































N | 40 
в |! ЇР 
-2 2 41-24 (2 a =f x (2 — x)! a 
E 1 JF Ji 16 
= 9 + |+ — он 
6 4 215 30) 15 
1 
Непсе of =u. =u,’ (ы. = — 
ence Hs = py’ — (py = 


1 
У15 


Mean deviation about the mean 


_ ГЕ 8 2 з i 
= 24 [ii ца? dx | х-110--а) а) 


i.e., standard deviation 6 =. 


A p2 | 
-9 | 1 — xx ах- | (x- 12 - x? dx} 
0 1 | 


= (1-115408551-1 
1 5 20) 5 




















(1) The moment generating function (т.р. Е) of the discrete probability distribution of the variate X about 
the value x = a is defined as the expected value ое"! and is denoted by М (f). Thus 
M At) = Ep, of!'* - = 
which is a function of the parameter / only. 
Expanding the exponential in (1), we get 


r 


2 
M (t) = эр, + 15р (x, - a) + - ХрАх, фа +... + E ix (x -aY +. 


Ё t 
-144 | tp Batt Ht AZ) 


where р’, is the moment of order r about a. Thus M (f) generates moments and that is why it is called the 
moment generating function. From (2), we find 
ц”. = coefficient of f/r! in the expansion of M (1). 
Otherwise differentiating (2) r times with respect to t and then putting # = 0, we get 


je ы 22 т 
: № =0 


Thus the moment about any point x = а can be found from (2) ог more conveniently from the formula (3). 
Rewriting (1) as 

M (t) 2e" Ур," or М ®=е-" Му wf 4) 
Thus the m.g.f. about the point a = e^ "' (m.g.f. about the origin). 


йаа и LS Rr m л 
i 


К - n АЙ | гэ ич А 
| ч (1214, "ME LE IF ee ЈИ РНИИ Г ГРИ. "^ F: [4 AE 1a І ЕТИ Ey П hiv Fa 14-14 oo, РЁ 
i шт Үн Тт ocu WT) fi иж, T LES MI ЫР 8, PEE D ii “п "o RT WC PI == E nd Кл НА 5 Въ ль ТЕ РР А „Гы к" ms E. 
= a аа т #2 > == — a =. = — B = жт = LES = _ 





МЕР 
— = 


(2) If f (х) is the density function of a continuous variate X, then the moment generating function of this 
continuous probability distribution about x = a is given by 


М,0)- | ef (x) dx. 








Solution. The moment generating function about the origin is 


= | e" 1 p tt it—1/ex - l 
MD = A dx=} [Ге dx Ї ЦЭН 
el^ eve 
= - 2(1- etl 1 2 14 et + 6222 + cp +... 
c ant 1/е) | 


м’, = E Mo = (с + 2c*t + 36° +...) үс 
ОЧ t-0 
; d". | й ок | | 
= FLZ = 2c?, and p, = р", – (р) = 262 - c? = сї. 
Lp 1-0 
Hence the mean is c and S.D. is also с. 


PROBABILITY GENERATING FUNCTION 





The probability generating function (p-f) P(t) for a random variable x which takes integral values 0, 1, 
2, 3, ... only, is defined by 


РА = py + p,t + pot? +... = 2 р, =E (t) 


л-0 
The coefficient of /" in the expansion of P (1) in powers of t gives P(t), _,, 
2 ий жээ. пр" ог (Z) = Enp,, = ц 
a= at 1-1 
се -2 д°Р 1 "ИМ 
= Dp ог: |= -Enin-lp,-yu-pu 
= ilo + ps = i" and so on 
- 4 
Also | 24 -nhlp,k-1,2,..n 
i at E 


For integral valued variates, we have 
P, (e!) = E (ед) = m.g.f. for x. 





Solution. We have F (t) = У; p, t^ 


Ё-0 


10. А function’ is defined as vei SA 


“Нёня ENGINEERING MATHEMATICS. 


А random variable x has the fol it 1 ing probability function : 
Valüesofxi: 1-8 = vong LN IA 
pin : 04 KA 72:405:8 ур iS) 
Find the value ofk and calculate mean and variance. (УТИ, 2007 ; Ути, 2004: Madras, 2003) 
. Find the standard deviation for the following discrete distribution : 
8). A5. 16 2420 484 
iT 216 23/8 204. 1/12" 
- Obtain the distribution function of the total number ‹ of heads occurring in three tosses oran unbiased coin. 
4. Show that for any discrete distribution B, 1. 


From an urm containing. з red and 2 white balls, a man is to draw 2 balls at HRE without replacement, being. 
promised Rs. 20 for each red ball he draws and Rs. 10 for each white one. Find his expectation. | 


. Four coins are tossed. What is the expectation of the number. of heads ` ? 
7. The diameter of an elect ic cable i is assumed to bea continuous. variate with på m fix) = x (1-х), 0€ x€1.Verify 
that БОГ isa pdf. Also find the mean and variance. | | 
, lom variable gives m sents X d ilit | Madii: 


e EN 4) and ii 12: IP. V/A 


Ли 


(J.N.T:U., 2003) 


! ? 


Жей average power received bythe radar, оо | 
(т) What.is the probability that the radar will receive. power larger “бал the power received on the average ? (i). 
| What is the probability that the | radar will receive power less than the power received on the average ? 

Eg vA uL HE ne Л AN ORC IN e (Mumbai, 2006) 


T? Д 


Show that it is a density function, Find the probability that A: variate нийн! this density will fall in the 
interval 25х53? n 


11. A continuous distribution of a variable rin the ne (3 3,8)i is defined ғ as 


i = — d = E owe 
fix) 4 х, Е 


mor 2 ; 
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Verify that the area-under the curve is unity, Show that the mean is zero. (Kurukshetra, 2005) 
12. The frequency function of a continuous random variable is given by | 
fix) = yox (2 х), 0$ x S 2. 
Find the value of y,, mean and variance of x. (Kerala, 2005 ; J N: TL... 2003) 
13. The probability density pix) of a continuous random variable is given by 
pix)-yge !* l oe cx «c. 
Prove that у, = 1/2. Find the mean and variance of the distribution, 
(S, V. T.U., 2008 ; Kurukshetra, 2007 VEU; 2004) 
14. IF fx) 4 = (x 41, -1«х«1 
0, elsewhere 
represents the density of a random variable X, find ЕСО and Var (X). 
15. A function is defined as under : | 
Г(х) Wk, x, tx x. 
= 0, elsewhere: 
Find the cumulative distribution of the variate x when & satisfies the requirements for f/ (x) to bea density function. 





ЖЕЙ REPEATED TRIALS 


We know that the probability of getting a head or a tail on tossing a coin is 5 . If the coin is tossed thrice, 
the probability of getting one head and two tails can be combined as H—T—T, T—H—T, T—T—H. The probabil- 


‚3 
ity of each опе of these being ых : х 5 , Le, 2) ‚ their total probability shall be 3(1/2)*. 


Similarly if a trial is repeated n times and if p is the probability of a success and д that of a failure, then 
the probability of r successes and n — r failures is given Бур” g"~". 
But these г successes and n — г failures can occur in any of the "С ways in each of which the probability is 
чате, 
Thus the probability of r successes is "C, р", 
Cor. The probabilities of at least г successes ат n trials 
= the sum of the probabilities ofr, ғ + 1, ..., n successes 
- aC. р’ q" “Fa ^C. f (ЭР 1 д" -r-1 dusk "C p". 





ЕГЕЙ (1) BINOMIAL DISTRIBUTION" 


It is concerned with trials of a repetitive nature in which only the occurrence or non-occurrence, success or 
failure, acceptance or rejection, yes or no of a particular event ts of interest. 

If we perform a series of independent trials such that for each trial p is the probability of a success and g 
that of a failure, then the probability of r successes іп a series of n trials is given by "C, р” q" ^", where r takes any 
integral value from 0 to n. The probabilities of 0, 1, 2, ... r, ..., п successes are, therefore, given by 

q", nC pq" - І. "С.р" -2 -— "С. p'q" -F з р". 
The probability of the number of successes so obtained is called the binomial distribution for the simple 
reason that the probabilities are the successive terms in the expansion of the binomial (9 + р)". 
the sum of the probabilities 
= 4" + "Сура" + "Сор?" +... + р" = (9 +р)"= 1. 
(2) Constants of the binomial distribution. The moment generating function about the origin is 
M,(t) = Ele™) = У "С, pg" ^* e? [Ву (1) $ 26.11] 
= E "C, {реф д" = = (9 + ре" 








* It was discovered by a Swiss mathematician Jacob Bernoulli and was published posthumously in 1713. 


Differentiating with respect to Г and putting ¢ = 0 and using (3) $ 26.11, we get the mean 
Ly = лр. 
Since M (t) = e^" MG), the m.g.f. of the binomial distribution about its mean (т) = пр, is given by 
М (t) =е "М (д + pe^Y' = (де? — 





L n 
inte -р ЦЭН? + р ЭДЭЭ 


р? | Ё, 
or lut р, — тае 
Ну H2 Из — 31 На гү 4! 
=l+npgq — + про – р) — + npg [1 +3 (п – 2) pg] — +... 
Ра зү + пр949-Р) = рч | Ра! а. 
Equating the coefficients of like powers of t on either side, we have 
Hy = pq, р = npg(q — p), Wy = пра [1 + З(п — 2)pq]. 


Hy npg пра Нэ npg 


Thus mean = np, standard deviation = (про) - 
skewness = (1 – 2р)/ (пра), kurtosis = Ba. 











(3) Binomial frequency distribution. If n independent trials constitute one experiment and this 
experiment be repeated N times, then the frequency of r successes is N "C, p" q"-". The possible number of 
successes together with these expected frequencies constitute the binomial frequency distribution. 

(4) Applications of Binomial distribution. This distribution is applied to problems concerning : 
(1) Number of defectives in a sample from production line, 

(ii) Estimation of reliability of systems, 

(iii) Number of rounds fired from a gun hitting a target, 
(iii) Radar detection. 


ү ЕЛҮ" ЖЕ He T a Be di Е] x: =. ЖЭ pH 
Solution. The má ofa diae HAN is — 0. " 
^ The probability of a non-defective pen is 1 — 0.1 = 0.9 
(a) The probability that exactly two will be defective 
= C, (0.1)? (0.9)? = 0.2301 
(5) The probability that at least two will be defective 
= 1 - (prob. that either none or one is non-defective) 
= 1—-["C,(0.9)* + 1*C,(0.1) (0.9)!!] = 0.3412 
(с) The probability that none will be defective 
2C, (0.9)? = 0.2833. 





r TEX. | DEE "m E аа Е. "IT e onn ie " 22 = 


a) Ч T 08. 22 
JEN — E І ы - 
| ЇЕ T | г. Fy T 43 4. 
o Зуу, 1 Vi sig вэ! 





VA E 
Solution. P(head) - : and P (tail) = 


iile эн 8 





By binomial distribution, probability of 8 heads and 4 tails in 12 trials is 
WES mE 1ү(1ү 121 1 495 
сав 812) (2) 84! 22 4096 
the expected number of such cases in 256 sets 


495 
= 256 x Р = 956 — -30.9- l 
x Р(Х = 8) = 256 1096 30.9 = 31 (say) 


Example 26.40. In sampling a large number of parts manufactured by a machine, the mean number of 
defectives in a sample of 20 is 2. Out of 1000 such samples, how many would be joe) to contain at least 3 
defective parts. | - (X. EU. ‚ 2004) 


Solution. Mean number of defectives = 2 = np = 20p. 
The probability of a defective part is p = 2/20 = 0.1. 
and the probability of a non-defective part = 0.9 
The probability of at least three defectives in a sample of 20. 
= 1—(prob. that either none, or one, or two are non-defective parts) 
=1- [C (0.9) + ?9C (0.1) (0.9):9 + 2C, (0.1)? (0.9)15] 
= 1— (0.9) x 4.51 = 0, 323. 
Thus the number of samples having at least three defective parts out of 1000 samples 
= 1000 x 0.323 = 323. 


Example 26.41. The following data are the number of seeds germinating out of 10 on damp filter paper 
for 80 sets of seeds. Fit a binomial distribution to these data : 

21749 1 2 By ap o st 7 8 9, 10 

f: 6 20 28 12 8+ 6 0 0 0 0 0 


Solution. Here л = 10 and N - X f, = 80 
E fixi _ 20 + 56 + 36 + 32 + 30 174 


mean = =—— = 2.175 
If 80 80 
Now the mean of a binomial distribution = np 
i.e., np-10p-2.175 -.. p-02175,q4-1-p- 0.7825 


Hence the binomial distribution to be fitted is 
М (а + py" = 80 (0.7825 + 0.2175)" 
= 80.1°C, (0.7825)" + 80.%C, (0.7825)? (0.2175)! + C, (0.7825) (0.2175)? + 
+ 500, (0.7825)! (0.2175) + 30C |, (0.2175) 
= 6.885 + 19.13 + 23.94 +... + 0.0007 + 0.00002 
the successive terms in the expansion give the expected or theoretical frequencies which are 
х: 0 1 2 3 4 5 6 7 8 9 10 
Г: 6.9 19.1 24.0 17.8 8.6 2.9 0.7 0.1 0 0 0 





” PROBLEMS 26.5 | 
1. Determine the binomial distribution for which mean = 2 (variance) and mean + variance = 3.. о; о: 





2. An ordinary six-faced die is thrown four timed What are the probabilities of obtaining 4, 3, 2, 1 and 0 t 9n. 


3. If the chance that one of the ten telephone lines is busy at an instant is 0.2. | E th 
(a) What is the chance that 5 of the lines are busy ? | ) 31.5279 4! 
(b) What is the most probable number of busy lines and what is the probability of this number ? фа ur j f и, | р 
(с) What is the probability that all the lines are busy ? nih. (VETU, 26 025). 





4. If the probability that a new-born child i is a male is 0.6, find the probability that in à family a£. 5: h ildre л there: 
exactly 3 boys. ‘urukshet, 





Б. Гоп an average 1 vessel in every 10 is wrecked, find the probability that out of 5 vessels expected to arrive, | 
4 will arrive safely. | 

6. The probability that a bomb dropped from a plane will strike the target is- 1/5. If six bombs are dr 

probability that (i) exactly two will strike the target, (i) at least two will strike the target. 

А sortie of 20 aeroplanes is sent on an operational flight. The chances that an aeroplane fails to return is 5%. Find. 

the probability that (1) one plane does not return (й) at the most 5 planes do not. return, and (ii) what is the most. 

probable number of returns ? (Hissar, 2007) 

B. The probability that an entering student will graduate is 0.4. Determine the probability that out of 5 students | 

(a) none (b) one and (c) at least one will graduate. 

9. Out of 800 families with 5 children each, how many would you expect to have (a) 3 boys, (В) Pedo: e 2or3 | 
| 
| 
| 
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boys ? Assume equal probabilities for boys and girls. T-U., 2004) 


10. If 10 per cent of the rivets produced by a machine are defective, find the probability that out of 5 e chosen at 
random (i) none will be defective, (ii) one will be defective, and (ii) at least two will be defective. 


11. In a bombing action there is 50% chance that any bomb will strike the target. Two direct hits are needed to bond | 
the target completely. How many bombs are required to be dropped to give a € 99% chance ог. y 
destroying the target. ЧУ; = U, 2003 S) 

12. Aproduct is 0.5% defective and is packed in cartons of 100. What percentage. contains not more than 3 defectives ? 

13. If in alot of 500 solenoids 25 are defective, find the probability of 0, 1, 2, 3 defective solenoids in a random sample | 
of 20 solenoids. 

14. 500 articles were selected at random out of a batch containing 10,000 articles, and 30 w were found to be defective. | 








How many defectives articles would you reasonably-expect to have in the whole batch 7: (J.N.T.U., 2008) | 
15. Fita binomial distribution for the following data and compare the theoretical frequencies with the actual ones: — 
v ii, 0 T. Ж 3 4 5 | | | | | 
Г: 2 _ 14 20 34 | Влора 2006) | 
18. Fit а binomial distribution to the following frequency di : | 
х: 0 г 2 3 6 | | 

f: 13 25 52 58 4 (Kurukshetra, 2009 ; S.V. T.U., 2007) 





ИЖЕ (1) POISSON DISTRIBUTION* 


It is a distribution related to the probabilities of events which are extremely rare, but which have a large 


number of independent opportunities for occurrence. The number of persons born blind per year in a large city 
and the number of deaths by horse kick in an army corps are some of the phenomena, in which this law 15 
followed. 


This distribution can be derived as a limiting case of the binomial distribution by making n very large and 


p very small, keeping np fixed (2 m, say). 


The probability of r successes in a binomial-distribution is 
n(n—1)(n-2)--.(n-r- 5 


p ii = Р 
r! Р Ч 


Р(г) = "Ср "= 

= npínp — p) (пр — ЭР, «(пр = г – 1р) (1—р)"—” 
171 

As n — a, p —> 0 (np = m), we have 


пі пә (1- т/п) r! 





so that the probabilities of 0, 1, 2..., r,... successes in a Poisson distribution are given by 


g^ те" те" з, са» 
i 1 т ' 
2! 


The sum of these probabilities is unity as it should be. 








... 
+ 


г! 





5 П. was discovered by a French mathematician S.D. Poisson in 1887. 





ш 





(2) Constants of the Poisson distribution. These constants can easily be derived from the 
corresponding constants of the binomial distribution simply by making n э =, p — 0, (q — 1) and noting that 
np-m 

Mean = Lt (np) = т 
р, = Lt (npq) =m Lt (9) = т 


Standard deviation = ут 
Also p, = m, py =m + 3m* 
Skewness (= , В, )= 1/т, Kurtosis (= В.) = З + Шт. 
Since р. is positive, Poisson distribution is positively skewed and since fi, > 3, it is Leptokurtic. 
| (3) Applications of Poisson distribution. This distribution is applied to problems concerning : 
(1) Arrival pattern of ‘defective vehicles in a workshop’, ‘patients in a hospital’ or ‘telephone calls’. 
(it) Demand pattern for certain spare parts. 
(iii) Number of fragments from a shell hitting a target. 
(iv) iom distribution of bomb hits. 





Банш аа: It follows a Poisson distribution as the probability ао occurrence is very small. 
Mean т = пр = 2000(0.001) = 2 
Probability that more than 2 will get a bad reaction 
= 1- [prob. that no one gets a bad reaction + prob. that one gets 
a bad reaction + prob. that two get bad reaction] 





1 т | 
| т 1. 2. 2 | 
=j- je" pes "„те” adi v 9-2 
| 1! 21 2252 [ m=2] 
-1-4 «082. [^ e¢=2.718] 
e 





Solution. We know that т = пр = 10 x 0.002 = 0.02 
(0.027 _ 
91 


е 909221— 0.02 + 





... = 0.9802 approximately 


Probability of no defective blade is e- " = e- 9? = 0.9802 
г. no. of packets containing no defective blade is 
10,000 x 0.9802 = 9802 
Similarly the number of packets containing one defective blade = 10,000 x тет 
= 10,000 x (0.02) x 0.9802 = 196 
Finally the number of packets containing two defective blades 
mie" . (0.02)? 


*  _ 10,000 
21 * 8! 





- 10,000 х х 0.9802 = 2 approximately. 








604364644 _ 
= у 200 





- mean of Poisson distribution i.e., т = 0.5. 
Hence the theoretical frequency for r successes is 
Ne "(mY 200е-95(.57 
r! i r! 
^ the theoretical frequencies are 
x: 0 1 2 
F: 121 61 15 


where r = 0, 1, 2,3,4 


Now we consider a continuous distribution of fundamental importance, namely the normal distribution. 
Any quantity whose variation depends on random causes is distributed according to the normal law. Its 
importance lies in the fact that a large number of distributions approximate to the normal distribution. 


* In 1924, Karl Pearson found this distribution which Abraham De Moivre had discovered as early ав 1733. See footnote 
р. 843 and 647. 








х пр 
(пра) 
where x 15 a binomial variate with mean лр апа 5.0. \(пра) so that z is a variate with mean zero and variance unity. 
In the limit as м tends to infinity, the distribution of z becomes a continuous distribution extending from — == to =. 


It can be shown that the limiting form of the binomial distribution (1) for large values of n when neither р 
nor g is very small, is the normal distribution. The normal curve is of the form 


Let us define a variate z = 





at) 


угаа e tia Ii) 
cy (Zn) 
where p and o are the mean and standard deviation respectively. 
(2) Properties of the normal distribution 
I. The normal curve (2) is bell-shaped and is symmetrical about its mean. It is unimodal with ordinates 





decreasing rapidly on both sides of the mean (Fig. 26.3). The maximum ordinate is 1/6-/(2х) , found by putting 
х= ріп (2). 
As it is symmetrical, its mean, median and mode аге the same. Its points of inflexion (found Бу putting 


d*y/dx* = 0 and verifying that at these points (Зу / dx? #0) are given by x = p t o, Le., these points are equidistant 
from the mean on either side. 


II. Mean deviation from the mean р 


! 


a [Put = (x — pol 


o (21) 
"a /2 dz 


- T9 | lel 
__ 8 Г - ze de (e "de | e — |, 26 ег 2 dz 


= Jal ger! Dine me 
л) 


Ш. Moments about the mean 


ти [^ _, j2n+1 1 -(x-py (7207. | 
Honi = Го Ш olen dx 








n*l an : 
| o | 22" +1672 12 dz where = = (x – uo 


7 Jn) -- 
= 0, since the integral is ап odd function. 
Thus all odd order moments about the mean vanish. 





= | =p" g o e a. 
Мон B -p m 
en bn HL 
= К. ий | 277-10-21? ode [Integrate by parts] 
- g^" | gen-1,-2 i +f (2n — 22" - -4 e 7^ del 
4(2л) 
on" 





(0-0) + (2л — 1) с?р, , 


Ую 
Repeated application of this reduction formula, gives 
ро, = (2n - 1) (2n -3)...3. lo?" 
In particular, р. = 6*, р, = 86%. 


ГЕ MM _ из _ да - 04 _ 
Непсе В, = = =Оапа В, = — =3 


Нә H2 





ië., the coefficient of skewness is zero (i.e. the curve is symmetrical) and the Kurtosis is 3. This is the basis for 
the choice of the value 3 in the definitions of platykurtic and leptokurtic (page 844). 

IV. The probability of x lying between x, and x, is given by the area under the normal curve from х, to x5, 
ie., P хх 


E 2 
-[x-nuY/2c cix 


_ 1 Г 
i o (21) *i : 


-2°12 dz where г = (x — nYo, dz = dx/o and гү = (x, — PNG, z, = (x, — pio. 


= ur ЇГ 
Jn) 45 


21 a air 9 ЇГ 2/2 Dn TE 
= qms ih dz | её dz} = P,(2)—P, (2 

The values of each of the above integrals can be found from the table III-Appendix 2, which gives the 
values of 


Р(2) = : - [ет dz 
(Эх) 40 
for various values of z. This integral is called the probability integral or the error function due to its use in the 
theory of sampling and the theory of errors. 
Using this table, we see that the area under the normal curve from z = 0 to z = 1, Le. from x = p to p + 6 is 
0.3413. 





(Г) The area under the normal curve between the ordinates x = р — c and x = р + с is 0.6826, ~ 68% 
nearly. Thus approximately 2/3 of the values lie within these limits. 
(11) The area under the normal curve between x = р — 26 and x = р + 26 is 0.9544 ~ 95.5%, which implies 


that about T % of the values lie outside these limits. 


(ti) 99. 73% of the values lie between x = р – Зс and x = 
р + За ie., only a quarter % of the whole lies outside these 
limits. 

(1v) 95% of the values lie between x =р- 1.966 and x = 
р + 1.96 c i.e., only 5% of the values lie outside these limits. 

(v) 99% of the values lie between x = р - 2.586 and x = 
р + 2.580 ie., only 1% of the values lie outside these limits. 

(vi) 99.9% of the values lie between x = p — 3.290 and 
х= р + 3.290. 

In other words, a value that deviates more than o 
from р occurs about once in 3 trials. A value that deviates 
more than 26 or 3c from р occurs about once in 20 or 400 
trials. Almost all values he within Зо of the mean. 

The shape of the standardised normal curve is 





aues : г”? !? where 2 = (x — р/с 948) 


\2л) 
and the respective areas are shown in Fig. 26.4. ‘z’ is called a normal variate. 
(3) Normal frequency distribution. We can fit a normal curve to any distribution. If N be the total 
frequency, p the mean and o the standard deviation of the given distribution then the curve 
= N e (5-и аа IA) 
o« (Zn) 
will fit the given distribution as best as the data will permit. The frequency of the variate between x, and х, as 
given by the fitted curve, will be the area under (1) from х, to x,. 
(4) Applications of normal distribution. This distribution is applied to problems concerning : 
(1) Calculation of errors made by chance in experimental measurements. 
(ii) Computation of hit probability of a shot. 
(iii) Statistical inference in almost every branch of science. 

















ATE PROBABLE ERROR 


Any lot of articles manufactured to certain specifications is subject to small errors. In fact, measurement 
of any physical quantity shows slight error. In general, these errors of manufacture or experiment are of random 
nature and therefore, follow a normal distribution. While quoting a specification of an experimental result, we 
usually mention the probable error (А). It is such that the probability of an error falling within the limits p — А 
and p + А is exactly equal to the chance of an error falling outside these limits, i.e. the chance of an error lying 


ій адб iis >. 


1 аи ас = 1 








oyan) Ju- 2 
1 filo ajg, 1 | B 
or —— е dz == же—— | 
158 | z 


The table V, (Appendix 2) gives Ас = 0.6745 


Hence the probable error А = 0.67456 ~ =o. 





Solution. We have п = 30 апа с = 5 
sa Eu Х-80 
с 5 
(1) When X = 26,2 = – 0.8; when X = 40,2 = 2 
: Р (26 < X < 40) = Р (- 0.8 <z £ 2) 
=Р(-0.8 <= <0)+P(0<z<2) [Using Table ИП 
=P(0<2<0.8)+ 0.4772 
= 0.2881 + 0.4772 = 0.7653 
(11) When X= 46,2= 8 
2, Р(Х > 45) =Р(2>3)=0.5-Р(0<233) 
= 0.5 — 0.4986 = 0.0014 
(иг) Р|Х- 30 | = 5 = Р [25 <=Х < 35] 
=P(—-1l<z<1)=2P(0<z<1) 
= 2x 0.3413 = 0.6826 
P[| X-30 | >5)=1-—P[| X —30| < 5] 
= 1—0.6826 = 0.3174. 
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Now 60% of the articles have the characteristic below 50, 35% between 50 and 60 апа only 5% greater 

Let the area to the left of the ordinate PQ be 60% and that between the ordinates PQ and ST be 35% so 
that the areas to the left of PQ (2 =z,) and ST (2 =2.) are 0.6 and 0.95 respectively, i.e., the area OPQR = 0.6 — 
0.5 = 0.1 and the area OSTR = 0.45. 








area corresponding to z, |= аан | 0.1 
с 








and that corresponding to 2, = a 2) =0.45 
с 
From the table ПІ, we have Rude: 
(50 – р/с = 0.2533 and (60—p)/o = 1.645 - 0) 0 Ре) 8 Ste,) 
whence с = 7.543 and p = 48.092. Fig. 26.5 





Solution: Let Thet the mean and athe A D. 31% —" items are under 45 means area to the left of the 
ordinate x = 45. (Fig. 26.6) 


X 








When x = 45, let 2 = 2, so that 2, = ын AE) 
г | | ü 
4 _ ф(2) 02= 0.31 ог Г ф(2)4г- | ф (=) dz = 0.31 
н өр м 
Непсе f'o (z) dz = Г ф (2) dz — 0.31 = 0.5 — 0.31 = 0.19 
ži J= ва 
From table Ш, 2, = - 0.5 (it) 
When x = 64, let z = z, so that z, = (64 — x Ус UT) 
л [642-008 ог [Го dz- ["e(2) dz - 0.08 
2 = | | 
Непсе | ф(2) dz = Ї (z)dz—0.08 = 0.5 – 0.08 = 0.42 
From table III, 2, = 1.4 ...(їр) 


From (i) and (п), 45 — x =—0.5с 
From (и) and (iv), 64 — x = 1.46 
Solving these equations, we get x = 50 and o = 10. 





Solution. вр р = : 2040 T and c= - 60 Eon 





(а) Еогх = 2150, z= - E = 1.833. 





PDimüBUnioNS 0000 Тлар Е 
“area against z = 1.83 in the table Ш = 0.4664. 
We, however, require the area to the right of the ordinate at z = 1.83. This area = 0.5 — 0.4664 = 0.0336. 
Thus the number of bulbs expected to burn for more than 2150 hours 

= 0.0336 x 2000 = 67 approximately. 








(Б) For x = 1950, z = ~ -E s-185 


The area required in this case is to the left of z = 1.33 
Le, = 0.5 — 0.4082 (table value for z = 1.33) 
= 0.0918. 
the number of bulbs expected to burn for less than 1950 hours 
= 0.0918 x 2000 = 184 approximately. 
1920-2040 
z= = =] 
60 
When x = 2160, 2- 2100-2040 = 2. 
The number of bulbs expected to burn for more than 1920 hours but less than 2160 hours will be 
represented by the area between z = — 2 and 2 = 2. This is twice the area from the table for z = 2, i.e., = 2 x 0.4772 
= 0.9544. 
Thus the required number of bulbs = 0.9544 x = 1909 nearly. 


d +o Г ан? ж ee 


(с) When x = 1920, 





се DPOU 





1 


ui [(0.007)? + (0.003)? + (0.003)? + (0.012? + (0.02)? + (0.023)? 


+ (0.015)? + (0.009)? + (0.002)? + (0.012)? | 
= 0.0001594 whence o = 0.0126. 


^ probable error = o= 0.0084 approx. 





Solution. Mean = мм -6 





Taking р = 6, с = 2 and М = 16, the equation of the normal curve is 











ya 1 (х-н эс" ату зе 1 p` (7-6/8 E 
ow Zr 2 2T 
Area under (i) in (xi, хо) or (z,, 25) 
1 ч e “/2 а е1 /2 x—6 
uy ee dz— X dz where z = 
J2n INE x |е 9 


To evaluate these integrals, we refer to ке ITT. 
Calculations : 








Mid x (хул (г =») Expected 
2 11, 8) (-25,—15) ` 6 4938 ЗЭ, 16 x 0.606 = 0.97 
4 (3, 5) (— 1.5, — 0.5) 0.4332 – 0.1915 | 16 x 0.2417 = 3.9 
5 (Б, 7) (- 0.5, 0.5) 0.1915 + 0.1915 16 x 0.383 = 6,1 
8 (7,9) (0.5, 1.5) 0.4332 — 0.1915 16 x 0.2417 = 3.9 
10 ШВ (1.5, 2.5) 0.4938 — 0.4332 16 х 0,606 = 0.97 


Hence the expected (theoretical) frequencies corrected to nearest integer are 1, 4, 6, 4, 1 which agree with 
the observed frequencies. This shows that the normal curve (i) is a proper fit to the given distribution. 


PROBLEMS 26.7 | 
1. Show that the standard deviation for a normal distribution is approximately 25% more than the mean deviation. 
2. For a normally distributed variate with mean 1 and 5.0. 3, find the probabilities that 





(1) 3.43 «х <6. 19 (iz) — 143 Srs 6.19. 
3. Ifzis normally distributed with mean 0 and variance 1, find 
ШУР, {2 «— 1.64}; (ii) z, if Plz > гү} = 0.84. 


4. In a certain examination, the percentage of candidates passing and getting distinctions were 45 and 9 respectively. 
Estimate the average marks obtained by the candidates, the minimum pass and distinction marks being 40 and 75 
respectively. (Assume the distribution of marks to be normal). (Kottayam, 2005) 

5. A manufacturer of air-mail envelopes knows from experience that the weight of the envelopes is normally 
distributed with mean 1.95 gm and standard deviation 0.05 gm. About how many envelopes weighing (1) 2 gm or. 
more ; (її) 2.05 gm or more can be expected in a given packet of 100 envelopes. 

6. The mean height of 500 students is 151 ст. and the standard deviation is 15 em. Assuming that the heights are 
normally distributed, find how many students’ heights lie between 120 and 155 cm. (Burdwan, 2003) 

1, The mean and standard deviation of the marks obtained by 1000 students in an examination are respectively 34.4 
and 16.5. Assuming the normality of the distribution, find the approximate number of students expected to obtain 
marks between 30 and 60. 

8. In an examination taken by 500 candidates, the average and the standard deviation of marks obtained (normally 
distributed) are 40% and 10%. Find approximately 

(1) how:many will pass, if 50% is fixed as a minimum ? 
(10) what should be the minimum if 350 candidates are to pass ? 
(i) how many have scored marks above 60% ? 

9. The mean inside diameter of a sample of 200 washers produced by a machine is 5.02 mm and the standard deviation 
is 0.05 mm. The purpose for which these washers are intended allows a maximum tolerance in the diameter of 4.96 
Lo 5.08 mm, otherwise the washers are considered defective. Determine the percentage of defective washers 
produced by the machine, assuming the diameters are normally distributed. 
(Hint. 4.96 in standard units = (4.96 — 5.02)/0.05 =— 1.2 

5,08 in standard units = (5.08 — 5.02)/0.05 = L2 
Proportion of non-defective washers = 2 (area between z = 0 and z = 1.2) 
= 0.7698 or 77% nearly. 
percentage of defective washers = 100 — 77 = 23%.] 
10. Assuming that the diameters of 1000 brass plugs taken consecutively from a machine, form a normal distribution 

with mean 0.7515 ст: and standard deviation 0.0020 cm., how many of the plugs are likely to be rejected if the 
approved diameter is 0.752 0.004 cm. ? (Bhopal, 2002) 
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11. [tis given that the age of thermostats of a particular make follow the normal law with mean 5 years and S.D. 2 
years. 1000 units are &old out every month. How many of them will have to be replaced at the end of the second year. 
12. The income of a group of 10,000 persons was found to be normally distributed with mean Rs. 750 p.m., and standard 
deviation of Rs. 50. Show that, of this group, about 95% had income exceeding Rs. 668 and only 5% had income 


exceeding Rs, 832. Also find the lowest income among the richest 100. (РТИ, 2004 $) 
13. Find the equation of the best fitting normal curve to the following distribution : 

x1 0 1 2 a 4 b 

y: 13 28 34 15 1 4 





14, Obtain the equation of the normal probability curve that may be fitted to the following data : 
мү 284 6 N 10 12 14 16 18 20 22 24 
[uency : l 7 15 22 35 43 38 20 13 5 1 


15. А хан turns out an article by mass production and it is found that 10% of the product is rejected. Find the 5.0. of 
the number of rejects and the equation Lo the normal curve to represent the number of rejects, 


[Hint. p = 0.1, q = 0.9, n = 100. 
binomial distribution of rejects gives mean = np = 10, S.D. = J(npg) = З 
If this binomial distribution is approximated by а normal distribution, then the equation to the normal curve is 
| 100 ^n (x— wr / ont 
6 Jm * 
16. Given that the probability of committing an error of magnitude x is 


y= = е” hex? , Shaw that the probable error is 0.4 769/h. 





y= where и = 10, c = 3.] 





EBEN NORMAL APPROXIMATION TO BINOMIAL DISTRIBUTION 


If the number of successes in a Binomial distribution range from x, to x,, then the probability of getting 


these successes 
= Y "C nq 


Pom х) 

As the number of trials increases, the Binomial distribution becomes approximated to the Normal 
distribution. The mean np and the variance пра of the binomial distribution will be quite close to the mean and 
standard deviation of the approximated normal distribution. Thus for n sufficiently large (> 30), the binomial 
distribution with probability of success р, is approximated by the normal distribution with р = np, © = пра. 


We must however, be careful to get the correct values of z. For any success x, real class interval is (x — 
1/2, x + 1/2). Hence 


га ср жое = Е 
жы a M ш acl ОЙ Р 
z = ———— = ——6——; 


с ї [пра 


50 that Р (x, <x <x,) =P (z, <2 «z,) -Ї Q(z)dz which сап be calculated by using table Ш-Аррепах 2. 


Example 26.51. In a referendum 60% of voters voted in favour. A random sample of 200 voters was 
selected. What is the probability that in the sample 

(a) more than 130 voted in favour ? 

(b) between 105 and 130 inclusive voted in favour ? 

(c) 120 voted in favour ? 


Solution. Here л = 200, p = 0.6, q = 0.4 
Ии-пр-200х0.6-120,/0- Jnpq = 448 = 6.928 
130.5 — 120 


Ja 


(a) P (x > 130) = P (x > 130.5) = P [s ” | = P (z > 1.516) = 0.0648 





(b) P (105 <x < 130) = Р (105.5 < x < 129.5) 
195 -120 129.5 – 120 
= F | — pC < E a 
\ v48 448 
(с) P (x = 120) =Р (119.5 <х < 120.5) 
=Р(- 0.072 <z < 0.072) = 0.0575. 


| = P (- 2.09 < z <1.37) = 0.8964 


PROBLEMS 26.8 





Discrete distributions 
| (1) Geometric distribution. If p be the probability of success and k be the numbers of failures preceding 
the first success then this distribution is 
Р(А)-4"р,  k-20,1,2,.,09 - 1—p. 


Obviously VW P(k)=p У 4 - p. — = 
k=0 k=0 1-4 


It can easily be shown that mean = q/p, and variance = q/p*. 

(2) Negative binomial distribution. This distribution gives the probability that the event occurs for the 
kth time on the rth trial (г = А). If p be the probability of occurrence of an event then 

Р(Ё,т)-7-10,. үр" аг" 

It contains two parameters р and k. If k = 1, the Negative binomial distribution reduces to the geometric 
distribution. 

(3) Hypergeometric distribution. Suppose a bag contains m white and n black balls. If r balls are 
drawn one at a time (with replacement), then the probability that & of them will be white is 

P(R)z"C,^C., /U"*"C,kz0,l,...r,rs&m,rsn. 
This distribution is known as Hypergeometric distribution. 


For У Puis у) "С, "Cp n C; 
Ё-0 k=O 
This can be proved by equating the coefficient of t” in 
(1+ #1)" (2+ 1)" z(14-t*^ 
Continuous distributions 
(4) Uniform (or Rectangular) distribution. A random variable X is said to be uniformly distributed 
over the interval — со < а < b < ос, if its density is given by 
1 
x)= 
4 b-a 
The distribution given by (i) is called a uniform distribution. In this distribution, X takes the values with 
the same probability. 


,üQexeb E) 
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(5) Gamma distribution. This continuous distribution is given by f(x) = = (Ax) -! e -^* for all x 2, 0, 
r 


where г and A (both > 0) are called the parameters of the gamma distribution. Its mean = r/À and variance = r/A?. 
Gamma distribution tends to normal distribution as the parameter r tends to infinity. 
(6) Exponential distribution. This distribution is a special case of gamma distribution when r = 1 so 
that f (x) = Ает ^ for > 0, where A is a parameter. 
It can be seen that mean = А, standard deviation = МА. 
This distribution plays an important role in the reliability and queuing theory. 
(7) Weibull distribution*. This distribution is given by 


Г(х)- = x*-lg7* € х» 0, с> 0 


where с is a scale parameter and с a shape parameter. 
Initially this distribution was used to describe experimentally observed variation in the fatigue resistance of steel 
and its elastic limits. But it has also been employed to study the variation of length of service of radio service equipment. 


Example 26.52. die is cast until 6 appears. What is the probability that it must be cast more than б times ? 


Solution. Here probability of getting 6 is p = = . Then q = > | 


НХ is the number of tosses required for the first success, then 
Р(Х =x)=0" -1p for x= 1, 2.3... 
required probability = P(X > 5) =1- Р(Х < 5) 


- EG] (дэн): 


x=] 


LA Example 26.53. A random variable ^ Лав: а МЭ? distribution over (-3, 3), find h for which 





P(X >) ==. | 
Also evaluate P (X <2) and P || X-2| <2). 
Solution. (0) Density of Xem = Ее 
ын | UNE b-a 3-(-3) 6 
k 
P(X»k)-1-P(X&k)-1— [| год dx 
1 [^ и тет d Эн 
=1-= Гдс-1-20843)-- (given) 
This gives k = 1. 
А "эрэн: E ЇГ guum. 
(ii) Р(Х < 2) = [fo de = Е [ „= 
ин Р. ЦХ-2| «2|«РЇ2-22Хг242|-Рї(0хїє 41. [уа ГПГась! 
ЇН) 1Х-2| < 2] = -2eXe242]- («х = [ft 7x]. 27: 
PROBLEMS 26.9 © 4) 
| JT | „БАМ А 
| n | ТАР , “л”. 3 | j UN eh My (Ал 
1. Show that the mode of the geometric distribution P(x) = 6] (х:51,2,8..,18 unity. №, 7 474 
2. Show that for the rectangular distribution f(x) = 1,0<x<1, УТУЕ, 
"Л 0, t m Ч 1 MT. в ы. 
mean 57 ‚ variance 12 and mean deviation 7 к 


* Жж was first used t by Swedish scientist Weibull in 1951. 
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(Mumbai, 2005) 


. Fii di | the moment pocius function’ for the triangular di 
fx, === 1 
=2-х 15х52, 


ERP COSA ШИГ, 194 ГАРУ, rw] 


he moment generating function of the батут Fay 65x72 0, at the origin. 


Bia that е the банта distributar fla = 


FA ve NGA deh чў 0 МТО, 2006 ; Madras, 2000'S) 
shev's inequality*. If x is а continuous random variable with mean р and variance 08, then for any 
sodio sal, paramoter Е | | 
| © Р(|х—2| ЭРЭЭ) х- u 1 2 1- M 
This: result is known as Chebys ev's ineqt ali ity. 1t gives limits ю the probability: that the value of the variate chosen - 
atr random will differ from mean by more | 
| By praet rical die, prove зэх сузе» inequality gives. 
Аат Ч И ma 


Ё 
| 
i 


i | Les р 
Ки d нү: х= itle dia АУ, 


while че actual probability is is 15/16, 


5 л a шил did d E и: gE ee ы ш лах шэн 
] E 1 a] | = | " | 1 / - | k" в | L i VE = [ Г] | | | LC | ii 1 К! c 
LT e, ЛЕМ. SS SY LL Ши G М Ха АР, = a g iTi mi 


Select the correct. answer or fi д. ир the Мал ks 1n each ef the following х N «Мета 
1. The eee that A ops 1/3. The odds jet inst happer 
( a) 2:1 | 


| Jv Ba n riba an \ 24 Tru IA NU | DES cu 
M ё as ris 3 | DEUM тив, | 
which Цэ nei 2 of "winning! is 1/10; B has a ticket in which his chance of winning is 1/20. 


Ф 170/200. 


i. The probability of getting 2 or 3o ord би ael pd | | 
7. The mean of the Binomial distribution with n observations and probability of success pis 
(a) pq. | (b) np (e пр. / 
If the mean of a Poisson dist ribution is m, then 8.0. of this distribution is- 
@т т @т dy none 0 these 
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nb (c) пра Ad) po 
= 1) = Р(х = 2), then ше varia: ce 18 ZEN 
ttin > a ten Бу one shot bep = =0. 8, then the probability that out of ten shots, seven will hit 


2. Fora Poisson variate x : Pix = 1) = Pix = 2), then dig meen disci ia. 


WP (А) = -0. 35, Р(В) = 0. 73 and PA mB) = 0. 14, then Р (А A В” = 

IFA and B are independent, P (В) = 0.14 and P (А/В) = 0.24, then PAS =... 

The probability distribution of the number of ке, when two coins are оха is .. 
The multiplication law of probability states that .. | 


. The area under the standard normal curve which Hes between 2 = 0.90 and z =- 185 is .. 


18. 
19. 
20. 
21. 


[Given P (0 « z < 1.85) = 0.4678, P(0«2«0.9) = 03159]. 
‘The mean, median and mode of a normal distribution are 
The mean and variance of a Poisson distribution are .. 


1А and В аге two mutually exclusive events, then Р Ve ee Ж. 


For a normal distribu ition B, = . and В, =... 


22. The number of ways in which five people cate lined. up to get on a bus are 


|. A shipment of 10 television sets болд ns 3 defective sets. The number oan in which one can purchase 4 of these. 
sets and receive 2 defective sets are... — 


‘The probability of getting a total of 59 shen a pair of dice is tossed ів... 


. If P(B) = 0.81 and Р(А еВ) = = 0. 18, then Р (А/В) =... 
26 ai two ek savas are thrown simultaneously, the probability that the sum of the numbers on them is at least 10, 


; их: ii a Poisson variate such that P (X = 2) - P. (X= 8), then 


iased die i is tossed twice, then the probabüity of obtaining d the de sum n 6, i8 
їе variance of Poisson distribution with parameter À = 2 is ... 
The distribution i in which mean, median, mot e are equal is... 


. For the Poisson variate, probability of getting at least one success is .. 


Total numk Бег of events in rolling of an ideal die 18... 


L If X be normal with mean 10 and уг riance 4, then РАХ < 1) = "Ж 


ТЕХ ва binomial variate with onrameters ; n and p, then its: mg £ about the origin is: 


a | ‚ In à normal distribution, mean deviation : ‘standard deviation = .. | 
36. МА and B are independent and P (A) = 1/2, P (B) = 1/3 then Р (Ar n `В) = E 
7. If X is the random variable representing the outcome of the roll of an ideal die, then E (X) =.. 


It X isa binomial variate with p = 1/5 for the experiment of 50 trials, then the standard deviation i їй... 


. The area under the whole normal curve is .. 
Ч Given X = B (n, p), then the conditions diu! which X tends toa Poisson distribution, are. 
КА and В are mutually exclusive events then P(A чш B) =. 


m a bag ‘containing y. white a dz red balls із... 


48: The mean of the LE дайн ia^. . 
. НА and B are mutually exclusive events, P (A) = 0.29, РВ) = 0.43, then P(A о B) - .. and P(A ^ B') =... 


if the mean and variance of a binomial variate are 12 and 4, then the distribution is- 
Mx i is a Poisson variable such that P (x = 2) =9 P (x = 4)» 90 P (x = 6), алида С Эс 
n^ . the rth moment about the rig inin erms ofthe m efi ig. 


48, chance of throwing 7 іп a single throw with two dice i is. 

19. 1А and В are any two events with P (A) = 1/2, P (B) = 1/3 ака Р(АЛВ) = 3/4: then P A/B) = ... 
. In the roll of an ideal die, the probability of getting a prime number ів. 

“51, If A and В are mutually exclusive events, P (A v B) = 0.6, P (B) = 0. 4, then P(A) = 

. B2. The probability that a leap year should have 53 Sundays 1 18... 

85 The probability density function of a binomial distribution i is. 

54. The probable error is ... times S.D. approximately. 

55, To fit a normal distribution, the parameters required аге... 





6. Acard їв drawn from a well-shuffled pack of 52 cards, then the probabilit 
. ИР(1)-Р (2), then the mean of the Poisson disi ribution is AL 
. Baye's theorem states that... 
. Ifx is a Poisson variate аав that Pix = 1) = 0. 3: and P (x 52) = 0.2, then Pix =0)=. 
60. If A and В are events such that P(A UB) s 8/4, Р(А ^B) = 1/4, and P(A) = 2/3, then 7 РА) = 
1. The chance of throwing Tina single throw with two dice i is the same as that of getting 7 in two di ofa pE эбе; 


2. If the mean of a Poisson distribution is 5, then its variance is 10. 
НХ is normal with mean 3 and variance 1, then Х – 3 isa variate with mean f and унал» Ч: 
| ИХ іва binomial variable with 1 parameters n = 10, p = 1/4, then its standard deviation is 2.25. . 
„ The mean of a binomial distribution is. B and S.D. is 3. 
3, The mean and variance of Poisson distribution are equal. AM 
1. The graph c of t the normal distribution is symmetric with respect to the line y = x. 
6 fo) з ri in 10 <х < lisa valid probability Jens fit m 
0. If Vx) = 2, then Vi2x + 8)-.. 
_ ТЫ The p.d.f. of an exponential distrik | 
72. If X is uniformly distributed in (— 2, 3), then its variance is .. 
73. The и dues n distribution with parameter Az2is. 
_ 74. In Gamma distribution with parameter 1, the variance is .. 
15, ела Ба O<x < 1апд 0 Seid is a. p.d.f., then Ё =.. 
- The m.g.f. of a random variable X is (1— 2t)-+, then ЕС ae | 
А random variable Xhas F-distribution with (т, n) degróes of freedom, then 1/Х has the same distribution st: Зл 


ГВ, WX is іва неа random ялыг having the pdf feo, then the mgt about the origin is given 113 * 
| ИА = Х + Qik, X = 1, de 3, 4, Sd the probability. distr ributi variable, 
The pdf of Gamma | 
fX is uniformly distributed in in a; bl, then BO) =... 4 202 2 
; The märks obtained by students were found normally пища with mean 75 and vari 
of students who scored more than 75 marks is... — — p^ А11 
E When four unbiased coins are tossed, the probability of getting two heads is .. 


1йхе" ^, х>0 
2210, elsewhere, is the р, Л. of x, then А = 


Ч Ix is a uniform distribution defined in the interval (4, 3), then its variance i: 
The p.d.f. of a continuous random variable is f(x) = &/x*, 5 € x € 10; 0. аы, then the value of & is 
(a) 1 (6) 50_ fe) 200/38 (d) 200, | | 
. The relation between prob i | "density function and cumulative MS function ofa random реа 
i. If X has Poisson distribution with ан then BOG is even) =. т 
. Range of t- distribution is . 
. Ifthe p.d.f. оёх is fix) = ха = х), Gere 1, then k= =, 


fje, 0=х<3 | 
0, otherwise, is a probability functi à i ке k=. 


. Ifthe random variable is uniformly distributed 1 in 0; 3], then its ра is f(x) = = 3,0 <x <3; 0, elsewhere. 
(True or False) 


3. Exponential distribution f(x) is defined by f(x) = ae, 0 <х <», thena =... 
34. The p.d.f. of Beta distribution with a= 1, B4 is fix) =... | 
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(1) INTRODUCTION 


We know that a small section selected from the population is called a sample and the process of drawing 
a sample is called sampling. It is essential that а sample must be a random selection so that each member of the 
population has the same chance of being included in the sample. Thus the fundamental assumption underlying 
theory of sampling is Random sampling. 

A special case of random sampling in which each event has the same probability p of success and the 
chance of success of different events are independent whether previous trials have been made or not, is known as 
simple sampling. 

The statistical constants of the population such as mean (u), standard deviation (с) etc. are called the 
parameters. Similarly, constants for the sample drawn from the given population i.e., mean ( x ), standard devia- 
tion (S) etc. are called the statistic. The population parameters are in general, not known and their estimates 
given by the corresponding sample statistic are used. We use the Greek letters to denote the population param- 
eters and Roman letters for sample statistic. 

(2) Objectives of sampling. Sampling aims at gathering the maximum information about the popula- 
tion with the minimum effort, cost and time. The object of sampling studies is to obtain the best possible values 
of the parameters under specific conditions. Sampling determines the reliability of these estimates. The logic of 
the sampling theory is the logic of induction in which we pass from a particular (sample) to general ( population). 
Such a generalisation from sample to population is called Statistical Inference. 









SAMPLING DISTRIBUTION 


Consider all possible samples of size n which can be drawn from a given population at random. For each 
sample, we can compute the mean. The means of the samples will not be identical. If we group these different 
means according to their frequencies, the frequency distribution so formed 18 known as sampling distributian of 
the mean. Similarly we can have sampling distribution of the standard deviation etc. 

While drawing each sample, we put back the previous sample so that the parent population remains the 
same, This is called sampling with replacement and all the subsequent formulae will pertain to sampling with 
replacement. 
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(2) Standard error. The standard deviation of the sampling distribution is called the standard error 
(S.E.). Thus the standard error of the sampling distribution of means is called standard error of means. The 
standard error is used to assess the difference between the expected and observed values. The reciprocal of the 
standard error is called precision. 

If п > 30, a sample is called large otherwise small. The sampling distribution of large samples is assumed 
to be normal. 


898 





(1) TESTING A HYPOTHESIS* 


To reach decisions about populations on the basis of sample information, we make certain assumptions 
about the populations involved. Such assumptions, which may or may not be true, are called statistical hypoth- 
esis. By testing a hypothesis is meant a process for deciding whether to accept or reject the hypothesis. The 
method consists in assuming the hypothesis as correct and then computing the probability of getting the 
observed sample. If this probability is less than a certain preassigned value the hypothesis is rejected. 

(2) Errors. If a hypothesis is rejected while it should have been accepted, we say that a Туре I error has 
been committed. On the other hand, if a hypothesis is accepted while it should have been rejected, we say that a 
Type II error has been made. The statistical testing of hypothesis aims at limiting the Type I error to а preas- 
signed value (say : 5% or 1%) and to minimize the Type II error. The only way to reduce both types of errors is to 
increase the sample size, if possible. 

(3) Null hypothesis. The hypothesis formulated for the sake of rejecting it, under the assumption that it 
is true, is called the null hypothesis and is denoted by H,. To test whether one procedure is better than another, 
we assume that there is no difference between the procedures. Similarly to test whether there is a relationship 
between two variates, we take H, that there is no relationship. By accepting a null hypothesis, we mean that on 
the basis of the statistic calculated from the sample, we do not reject the hypothesis. It however, does not imply 
that the hypothesis is proved to be true. Nor its rejection implies that it is disproved. 


(1) LEVEL OF SIGNIFICANCE 





The probability level below which we reject the hypothesis 18 
known as the level of significance. The region in which a sample value 







falling is rejected, is known as the critical region. We generally take E S BE 
two critical regions which cover 5% and 1% areas of the normal curve. Ё Р, I. ч 
The shaded portion in the figure corresponds to 5% level of signifi- i g | Та 


cance. Thus the probability of the value of the vartate falling tn the 
eritical region ts the level of significance. AW 

Depending on the nature of the problem, we use a single-tail test —1.96 a H 1.96 a 
or double-tail test to estimate the significance of a result. In a double- Fig. 27.1 
tail test, the areas of both the tails of the curve representing the 
sampling distribution are taken into account whereas in the single tail test, only the area on the right of an 
ordinate is taken into consideration. For instance, to test whether a coin 1s biased or not, double-tail test should 
be used, since a biased coin gives either more number of heads than tails (which corresponds to right tail), or 
more number of tails than heads (which corresponds to left tail only). 

(2) Tests of significance. The procedure which enables us to decide whether to accept or reject the 
hypothesis is called the fest of significance. Here we test whether the differences between the sample values and 
the population values (or the values given by two samples) are so large that they signify evidence against the 
hypothesis or these differences are so small as to account for fluctuations of sampling. 





"AX CONFIDENCE LIMITS** 


Suppose that the sampling distribution of a statistic 5 is normal with mean p and standard deviation o. 
As in the Fig. 27.1 the sample statistic S can be expected to lie in the interval (и — 1.966, ц + 1.966) for 95% times 
i.e., we can be confident of finding р in the interval (S — 1.966, S + 1.966) in 95% cases. Because of this, we call 


"The American statistician J. Neyman (1894—1981) and the English statistician £.5. Pearson (1895--1980)-воп of Karl 
Pearson (See footnote p. 843), developed a systematic theory of tests around 1930. 
**J. Neyman developed the modern theory and terminology of confidence limits. 





(5 — 1.960, 5 + 1.960) the 95% confidence interval for estimation of u. The ends of this interval (i.e. 5 + 1.96с) are 
called 95% confidence limits (or fiducial limits) for S. Similarly S + 2.586 are 99% confidence limits. The 
numbers 1.96, 2.58 etc. are called confidence coeffictents. The values of confidence coefficients corresponding to 
various levels of significance can be found from the normal curve area table VI — Appendix 2. 





ZH SIMPLE SAMPLING OF ATTRIBUTES 


The sampling of attributes may be regarded as the selection of samples from a population whose members 
possess the attribute K or not K. The presence of K may be called a success and its absence a failure. 

Suppose we draw a simple sample of n items. Clearly it is same as a series of n independent trials with the 
same probability p of success. The probabilities of 0, 1, 2, ..., п successes are the terms in the binomial expansion 
of (q + д)" where д = 1— p. 

We know that the mean of this distribution is np and standard deviation is J(npq) Le., the expected value 


of success in a sample of size п is np and the standard error 18 (пра) | 
If we consider the proportion of successes, then 
(i) mean proportion of successes = npin = p. 
(11) standard error of the proportion of successes 


[eg 


and (iii) precision of the proportion of successes = J(n/pg), which varies as Jn, since p and g are constants. 





TEST OF SIGNIFICANCE FOR LARGE SAMPLES 


We know that the binomial distribution tends to normal for large n. Suppose we wish to test the hypoth- 
esis that the probability of success in such trial is p. Assuming it to be true, the mean p and the standard 
deviation с of the sampling distribution of number of successes are np and ,/(npq) respectively. 

For a normal distribution, only 5% of the members lie outside р + 1.966 while only 1% of the members lie 
outside ц + 2.580. 

If x be the observed number of successes in the sample and z is the standard normal variate then 
2 = (х – ЦМС. 

Thus we have the following test of significance : 

(i) If |z| < 1.96, difference between the observed and expected number of successes ts not significant. 

(г) If |z| > 1.96, difference is significant at 5% level of significance. 

(ui) If |z| > 2.58, difference is significant at 1% level of significance. 


Example 27.1. A coin was tossed 400 times and the head. turned up 216 times. Test the hypothesis that; 
the. coin. is unbiased at 5% level of significance, p 0, УШ зай у Ta P ol) > VTU, 2002) - 






Solution. Suppose the coin is unbiased. 


Then the probability of getting the head in a toss = 5 


expected number of successes = 5 х 400 = 200 


and the observed value of successes = 216 
Thus the excess of observed value over expected value = 216 — 200 = 16 





Also S.D. of simple sampling = пра = 


A -18 216 


Hence z = 
Упра) 10 


Авг « 1.96, the шилжин is accepted at 5% level of significance i.e., we conclude that the coin is unbiased 
at 5% level of significance. 








Solution. Suppose the die is unbiased. 


Then the probability of throwing 5 or 6 with one die = 5 


The expected number of successes = - х 9000 = 3000 


and the observed value of successes = 3240 
Thus the excess of observed value over expected value 3240 — 3000 = 240 





Also 5.0. of simple sampling =, тра = Пе 


x—np 240 


Hence z = = — 

J(npq) 44.72 

As 2 > 2.58, the hypothesis has to be rejected at 1% level of significance and we conclude that the die is 
biased. 





= 5.4 nearly. 









е LE In a locality containing 18000 families, a sample of 840 fami 
ami ви 2 Ба found to have a monthly income of 





206 103 _ 317 
= — =— and g = — 
840 420 420 
standard error of the population of families having а monthly income of € 250 or less 


Solution. Here 





e" A uc] = 015 = 1.5% 
| 420 420 840 






Hence taking = (or 24.59%) to be the estimate of families having a monthly income of 250 or less in the 


locality, the limits are р +3 х 1.5)% Le., 20% and 29% approximately. 


COMPARISON OF LARGE SAMPLES 





Two large samples of sizes n,, n, are taken from two populations giving proportions of attributes A's as 
ру, p, respectively. 

(a) On the hypothesis that the populations are similar as regards the attribute A, we combine the two 
samples to find an estimate of the common value of proportion of A's in the populations which is given by 


_ ПР + поро 
hy + л» 

If e4, e; be the standard errors in the two samples then 

еў = Dg and es = Pq 

| n; 

If e be the standard error of the difference between p, and p., then 

e? = еў + е5 = pal = +=) a g= nP 

л п) | E 


If z > 3, the difference between p, and р. is real one. 

ЇГ < 2, the difference may be due to fluctuations of simple sampling. 

But if z lies between 2 and 3, then the difference is significant at 5% level of significance. 

(b) If the proportions of A's are not the same in the two populations from which the samples are drawn, 
but p, and p, are the true values of proportions then S.E. e of the difference p, ~ p, is given by 











Ifz= РР < 3, the difference could have arisen due to fluctuations of simple sampling. 
Ё 





Example 27.4. In a city A 20% of a random sample of $00 school boys had a certain slight physical defect. 
In another city B, 18.5% of a random sample of 1600 school boys hud the same defect. Is the difference between’ 


the proportions significant ? (V.T.U., 2003 S). 
Solution. We have n, = 900, n, = 1600 
and s -——Ü 
| Pi~ 100 5°? 100 


" турү + поро _ 180 + 296 





= 0.19 
т + Ny 900 + 1600 
and Я = 1—0.19-2 0.81 
| 4 2. – 1 1 
Thus e? = pq| —+— | = 0.19 x 0.81 = жик À = 0.0017 
ny Ihe 900 1600 

giving e = ().04 nearly. 

1.5 — ру .015 

Also -p,2 L— =0.015 ~ z=- ЁР 22-9 297 

Pi “Ра” 100 " e M 


As z < 1, the difference between the proportions is not significant. 


Example 27.5. In two large populations there are 30% and 25 % respectively of fair haired people. Is this 
difference likely to be hidden in samples of 1200 and 900 respectively from the two populations ? 








(Coimbatore, 2001) 

Solution. Here p, = 0.3, p, = 0.25 so that p, — р. = 0.05. 

oz = Pit , Poe _ 0.3 х 0.7 " 0.25 x 0.75 

ny п» 1200 900 
so that е = 0.0195 
ga Е 008 ов пеа у 
е 0.0195 
Hence it is unlikely that the real difference will be hidden. 
| PROBLEMS 27.1 

. Adie is tossed 960 times and it falls with 6 upwards 184 times. Is the die biased ? (V.T.U., 2006) 


K 12 dice are thrown 3086 times anda throw of 2, 3, 4 is reckoned as a success. Suppose that 19142 throws of2,3,4 
have been made out. Do you think that this observed value deviates from the expected value ? If so, can the - 
deviation from the expected value be due to fluctuations of simple sampling ? 

‚ Balls are drawn from a bag containing equal number of black and white balls, each ball being replaced before 
цэгийн another. In 2250 drawings 1018 black and 1232 white balls have been drawn. Do you suspect some bias on 
the part af the drawer ? 

4. A sample of 1000 days is taken from meteorological records of a certain district and 120 of them are found to be 
foggy: What are the probable limits to the percentage of foggy days in the district ? 

5. In a group of 50 first cousines there were found to be 27 males and 23 females. Asc 
are inconsistent with the hypothesis that the sexes should be in equal. proportion. 

_ в. A random sample of 500 apples was taken from a large consignment and 65 were found to be bad. Estimi : 
proportion of the bad apples in the consignment as dt us the standard eror c UR ik миний | 
percentage of bad apples in the consignment almost certainly lies between 8.5 and 17.5. | 

7. 400 children : are chosen in an industrial town and 150 are found to be under weight. Assuming the conditions of 
simple sampling, estimate the percentage of children who are under weight in the industrial t ма лэ zn limits 
within which the percentage probably lies ? 








in if the observed proportions 
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(1) SAMPLING OF VARIABLES 





We now consider sampling of a variable such as weight, height, etc. Each member of the population gives 
a value of the variable and the population is a frequency distribution of the variable. Thus a random sample of 
size п from the population is same as selecting л values of the variables from those of the distribution. 

(2) Sampling distribution of the mean. If a population is distributed normally with mean и and 
standard deviation o, then the means of all positive random samples of size n, are also distributed normally with 
mean y and standard error o/ Jn. This result shows how the precision of a sample mean increases as the sample 
size increases. 


CENTRAL LIMIT THEOREM 





This 18 a very important theorem regarding the distribution of the mean of a sample if the parent popula- 
tion is non-normal and the sample size ts large. 

If the variable X has a non-normal distribution with mean у and standard deviation в, then the limiting 
distribution of 





2 a as n — co, is the standard normal distribution (i.e., with mean 0 and unit S.D.) 
сул 
There is по restriction upon the distribution of X except that it has a finite mean and variance. This 
theorem holds well for a sample of 25 or more which is regarded as large. 
Thus if the population is normal, the sampling distribution of the mean is also normal with mean u and 


z= 


S.E. oln, while for large samples the same result holds even if the distribution of the population is non-normal. 
This property is of universal use and throws light on the importance of normal distribution in statistical theory. 





CONFIDENCE LIMITS FOR UNKNOWN MEAN 


Let the population from which a random sample of size п is drawn, have mean и and 5:0. c. Ни is not 
known, there will be a range of values of u for which observed mean x of the sample is not significant at апу 
assigned level of probability. The relative deviation of X from үи is (x — uo. 

If x is not significant at 5% level of probability, then 

| G -в)Уп/ | «1.96 Le. х-1960//п «yu « X + 1.960//n 

Thus 95% confidence or fiducial limits for the mean of the population corresponding to given sample are 
X + 1.966/ 4n. 

— 99% а limits for и are x +2.580/ Jn. 

Exan ple 2 17 B.A amp. e F90 ) members. s f fot nd. to о hai ho 2. nE | in of. 1 
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Solution. Here x = 3.4 cm, n = 900, u = 3.25 and с = 1.61 cm 
_ x-n 3.4—3.25 


MT Zim 
"el. 1.61/30 











As г > 1.96, the deviation of the sample mean from the mean of the population is significant at 5% level of 
iii Hence it cannot be еке a as а random — 


44 





Solution. If u be the mean and с the s. D. of the disteibation; Фед. 


21 
= B.E. of the sample means = 
Р B ds" 


Also for a sample of size 25, we have z = 





T E n а 


a 


Since X is negative, 2 <— +. 
the probability that a normal variate 2 < — 2 





Eb 


Solution. S.E. of the proportion of heads - N- = я; тт т. 
| n 


9096 of confidence = 45% or .45 of the total area under the diss curve on each side of the mean. 
^ the corresponding value of = 1.645, from the tables. 





Thus p F 1.6450 = 0.49 or 0.51. 
| 1 | 1 
Le., 0.5 === 1.645 к = 0.49 and 0,5 T 1.645 >. ~ = 0.51 
2/n 2/n 
whence wots = 0.01 or yn 2229 or п = 6765 approximately. 
2n 4 


"ETE TEST OF SIGNIFICANCE FOR MEANS OF TWO LARGE SAMPLES 





(a) Suppose two random samples of sizes n, and n, have been drawn from the same population with S.D. 
c. We wish to test whether the difference between the sample means x, and x, is significant or is merely due to 
fluctuations of sampling. 

If the samples are independent, then the standard error e of the difference of their means is given by 


е = е? + е? 


where e, = o/[n, , €, = o//n, are the S.E.s of the means of the two samples. 





is normally distributed with mean zero and 5.0. 1. 

Test of significance (n,, n, being large) : 

If z > 1.96, then the difference is significant at 5% level of significance. 

If > 3,1t15 highly probable that either the samples have not been drawn from the same population or the 
sampling is not simple. 
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(b) If the samples are known to be drawn from different populations with means p, H, and standard 
deviations c, and o,. Then the standard error e of their means is given by 





Assuming that the two populations have the same mean (i.e., н, = Ho), the difference of the means of the 
samples will be normally distributed with mean zero and S.D. e. Now the same procedure of test of significance 
is applied. 





| Example 27.9. The means of simple samples of sizes 1000 and 2000 are 67.5 and 68.0 cm respectively. | 
Can the samples be regarded as drawn from the same population of 8. D. 2.5 ст... (Madras, 2002). 


Solution. We have x; = 67.5, x, = 68.0 
n, = 1000, n, = 2000. 
On the hypothesis, that the samples are drawn from the same population of S.D. c = 2.5, we get 


Is й. 1 1 
c + о 
0.5 . 09 Бү 


 2.5x0.0387 0.09675 
Hence the difference between the sample means i.e., 5.1 is very much greater than 1.96 and is therefore 
— Thus, the samples cannot be regarded as drawn from the same population. 





deviation of 2. 52 inches: ‘Do the liata dicat that € are on be average taller than soldiers? 


- 


Solution. Here ху = 67.85, с, = 2.56, n, = 6400 
х, = 68.55, с, = 2.52, п, = 1600. 
S.E. of the difference of the mean heights is 





— +F -—---— 
6400 1600 





(2.56) (2.52)? pa 


_ р 001024 + .003969] = 0.005 nearly. 


Also difference between the means = x — x, = 0.7, which > 10e. This is highly significant. Hence the data 
indicates that the sailors are on the average taller than the soldiers. 


_ PROBLEMS 27.2 _ | 

1. A sample of 400 items is taken from a normal. population whose mean is 4 arid variance 4. " бев mea nis 

4.45, can the samples be regarded as a simple sample ? T 

2, To know the mean weights of all 10-year old boys in Delhi, a sample of 225 is taken. The mean weight of the sam ple | 
is found to be 67 pounds witha S.D. of 12 pounds, Can yon draw any inference ке, about the, чор ене of the: 

population ? T 

З. Anormal population has a mean 0.1 and a 8.0: of 2.1. Find the probability that thé mean of simple sample van | 

members will be negative. VH 

4. If the mean breaking strength bf lopber wire is 575 lbs. with а standard deviation of 8.3 Ibs., hao. large-a sam he 4 
breaking strength of the ея = nan 


















must be used in order that there be one chance in 100 that the mean b 
572 lbs. ? 
i (Hint. Jz} = cu a |= Fon 





bi don table IV, гэж 2.33. Aide п = 42 nearly.] 
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EEEN SAMPLING OF VARIABLES—SMALL SAMPLES 


In case of large samples, sampling distribution approaches a normal distribution and values of sample 
statistic are considered best estimates of the parameters in a population. It will no longer be possible to assume 
that statistics computed from small samples are normally distributed. As such, a new technique has been devised 
for small samples which involves the concept of 'degrees of freedom' which we explain below. 

Number of degrees of freedom is the number of values in a set which may be assigned arbitrarily. For 
instance, ifx, +x, +x, = 15 and we assign any values of two of the variables (say : x,, хо), then the values of x, will 
be known. The two variables are therefore, free and independent choices for finding the third. Hence these are 
the degrees of freedom. If there are n observations, the degrees of freedom (d.f.) are (n — 1). In other words, while 
finding the mean of a small sample, one degree of freedom is used up and (n — 1) d.f. are left to estimate the 
population variance. 





(1) STUDENT'S t-DISTRIBUTION 


Consider a small sample of size n, drawn from a normal population with mean p and s.d. c. If x and c, be 
the sample mean and s.d., then the statistic, ‘t’ is defined as 


t- 8 Jn ог == ит, 


where v = п — 1 denotes the df. of t. If we calculate t for each sample, we obtain the sampling distribution for f. 
This distribution known as Student's t-distribution*, is given by 












| Ус | 
У (1+ ГУ" +12 ) 
where у, is constant such that the area under the curve is unity. Ү| 


[-Curve 


(2) Properties of t-distribution. 

I. This curve is symmetrical about the line t = 0, like the 
normal curve, since only even powers of ¢ appear in (1). But it is 
more peaked than the normal curve with the same S.D. The t- 
curve approaches the horizontal axis less rapidly than the normal 
curve. Also t-curve attains its maximum value at f = 0 so that its 
mode coincides with the mean. (Fig. 27.2) 


Normal curve 


Fig. 27.2 


*This distribution was first found by the English statistician W.S. Gosset in 1908 who wrote under the pen-name of 
‘Student’, В.А. Fisher defined t correctly and found its distribution in 1926, 
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Ий 
П. The limiting form of t-distribution when v — с is given by y = ype ^ which is a normal curve. This 
shows that t is normally distributed for large samples. 
Ш. The probability P that the value of ¢ will exceed t, is given by 


P- ИХ: 


The values of t, have been tabulated for various values of P for various values of v from 1 to 30 (Table IV 
— Appendix 2). 

IV. Moments about the mean 

All the moments of odd order about the mean are zero, due to its symmetry about the line t = 0. 

Even order moments about the mean are 


QUE. Зу? 
Ва = -a "4 w-9(v-4)" 


The ¢-distribution is often used in tests of hypothesis about the mean when the population standard 
deviation o is unknown. 


SIGNIFICANCE TEST OF A SAMPLE MEAN 





Given a random small sample хү, Xa, хз... x, from a normal population, we have to test the hypothesis that 
mean of the population is р. For this, we first calculate ¢ = (x — и) n/a, 


co ҮЗЭХ. 5 1 «үс ай 
where х=— У Xj O; =— У (х - 9) 
: | 


Then find the value of P for the given df from the table. 

If the calculated value of t > t, үд, the difference between x and y is said to be significant at 5% level of 
significance. 

If t > ty ол, the difference is said to be significant at 1% level of significance. 

Aft € to o5, the data is said to be consistent wi the Mes ica that we is the mean 554 the populativ. 


P 7 rM 2 
we i TREE Dy € Peace rr ы a Í 
"= s ж 4 4 
1 4 = f к= П j 1 = 
i p те Г 1 "T. F Fa P i і FT ^ 1 1 Р ў 1 18 1 
à LI = ' à 





rar Ae AVAL 
Sohition. reti us assume that hë ялаа administered to all the 12 байбыз will i increase ihe B. P. 
Taking the population to be normal with mean и = 0 and 5.0. с, 


а4=5+2+8-1+3+0-2+1+5+0+4+6 ,... 


12 
2 ха? 2 1 9, 02 2 2 2 9. 42 2 2 2, 22 
a ийг ин E [5? + 22 + 8? + (- 1?) + 32 + 0? + (- 2)2 + 1? + 5? + 0° + 4? + 62] - (2.583)? 


= 8.744. - с= 2.9571 


24- 5 - Vn ee тас ET - 2.897 


2.9571 





Now 





Here d.f. y= 12- -1= 11. 
For y= 11, f, = 2.2, from table IV. 
Since the Ш. > fo. os, OUr завин 18 — i.e., the stimulus does not increase the B.P. 


— т H 

д - _— T өн 
= гу | = Ч 

, cd ' d МР ү 
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Solution. We find the mean and standard deviation of the езашре as follows : 


"s 


ж” 


ЭТТ 
3 "T © ёё ut 


Непсе iz 


Here df.v29-1-28 

For v = 8, we get from table IV, é, = 2.31. 

As calculated value of < tọ pẹ, the value oft is not significant at 5% level of significance which implies that 
there is no significant difference between x and u. Thus the test provides no evidence against the population 
mean seing 47.5. 








Solution. Here we have р = 0. 700. = 0.742, c, = 0.040, n = 10. 
Taking the аи" that the аан is not inferior i.e., there is no — difference between x and p. 





0.040 
Degrees of freedom p = ae 19. 
For p = 9, we get from table IV, tj os = 2.262. 
As the calculated value of t > t, үд, the value oft is significant at 5% level of significance. This implies that 
x differs significantly from и and the hypothesis is rejected. Hence the work is inferior. In fact, the work is 
inferior even at 2% level of significance. 








Example ын Show that 95% confidence limits for the mean y of the (27 | 


биир | tah 135 inches? bv dou normal элсэн, 9596 о tonfideh 23 УА its for the mean of 
a JD'* NEM 









the population are 39.9 апа 43.1 inches: , Y E NA 
Solution. (a) The probability P that t < ЭМ ів 0. 95. Henée the 954% confidence limits for и: аге ртуеп Бу 
= 58 в 
"mH 








б G 
Or Х-115-4-| or Х--44,с ИХ 
|5 – | E^ 0.05 Tn 005 H Jn 005 





+ Os 


t 


We can, therefore, say with a confidence coefficient 0.95 that the confidence interval х foo, contains 


the population mean p. 


(b) Here, п = 16, v =n – 1 = 15,0, = = = 8 


Also from table IV, t, үд (for = 15) = 2.13 


С, Зв. 
— h ns =— x 2.13 = 1.6 approx. 
" to os 4 pp 
Hence the required confidence limits are 41.5 + 1.6 i.e., 39.9 and 43.1 inches. 


SIGNIFICANCE TEST OF DIFFERENCE BETWEEN SAMPLE MEANS 





Given two independent samples x,, Ха» x, ..., Xn, and уу, yo, -.., Уһ, with means x and ¥ and standard 
deviations c, and c, from a normal population with the same variance, we have to test the hypothesis that the 
population means jt, and p, are the same. 


For this, we calculate t= WE OMM wh) 





| _ 1х _ Ын 
where Щи У. 
А Е ї т А л, | 
ane o? -— — — [(n - 0d + (nz — 002) -----4У (x - 2° «Y 0 -) 
"Ty + Ng — „йн | шалан »| "pow | 2,0, 7 


It can be shown that the variate t defined by (1) follows the ¢-distribution with n, + n, — 2 degrees of 
freedom. 

If the calculated value of t > tj үд, the difference between the sample means is said to be significant at 5% 
level of significance. 

If t > дү, the difference is said to be significant at 1% level of significance. 

If t < t, 4,, the data is said to be consistent with the hypothesis, that Н, = Ls. 

Cor. If the two samples are of the same size and the data are paired, then £ is defined by 


4-0 1х 
= - Ч | = > - == d 
СУЛ where с тол (d; — d) 


d, — difference of the ith members of the samples ; 
d - mean of the differences - £d /n ; and the number of d.f. = п — 1. 













"ple 21.15. Eleven students were given a test in stat istics. They were given a month's furt 
equal difficulty wa 1 of it, Do the marks give evidence that the 
Bava СҮЙ г Г 22210 
| Marks Test 0: | 15 120 2129, $2. аа, A re Vf DIMUS 


Marks test $: 24° 19 (32 18 20 (32 320 20 


WU, 3011 8 8) 


Solution. . We compute the mean and the 5.0. of Gia difference between the marks of the two tests as 


Ж. ie.” 


under : 
т | ^ ay 
d =mean of d's = u =] got eer 88 =5 Le, в, = 2.24 
11 п-1 10 


Assuming that the students have not been benefited by extra coaching, it implies that the mean of the 
difference between the marks of the two tests is zero ie., р = 0. 





Then t= E n= ONT = 1.48 nearly and df v = 11 — 1 = 10. 


т + за. 
{ "пиз. 
2 в s ш 
Ё Ци 
= J - гч 
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From table IV, we find that t, o5 mm 10) = 2.228. As the calculated value of t < t, 5, the value of t is not 
significant at 5% level of significance ie., the test provides no evidence that the students have benefited by extra 
coaching. 

Example 27.16. From a random sample of 10 pigs fed on diet A, the increases in weight in a certain period 
were 10, 6, 16, 17, 13, 12, 8, 14, 15, 9 lbs. For another random sample of 12 pigs fed on diet B, the increases in the 
same period were 7, 13, 22, 15, 12, 14, 18, 8, 21, 23, 10, 17 lbs. Test whether diets A and B differ significantly as 
regards their effect on increases in weight ? 

Solution. We calculate the means and standard deviations ofthe samples as follows : 


Би 





Fi 22 2 2! ^ 1 


02 1 ea | 
a era, ES bs 


ii ine 








ree pare VP ores 
120 180 
аа Gee 18 а 
шит: рв, =. 


0,2 = [Z(x, – x  * (y, – yYMn, + n4— 2) 
_ = (120 + 314)(10 + 12 — 2) = (434/20) = 21.1 
л с, = 4.65 
- Assuming that the sampled do not differ in weight so far as the two diets are concerned ie., Ш, — H = 0. 


| | (y-x)-0 15-12 2 p= 
= m —————— 6 
Hence | T 4651 =1.6 nearly 








Here d.fiv=n,+n,—2= 10+ 12-2 = 20. 
For v = 20, we find ¢, үд = 2.09 [From table ТУ 
the calculated value of х t, „=. 
Hence the difference between the sample means is not significant i.e., the two diets do not differ signifi- 
cantly as regards their effect on increase in weight. 
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BOLA 060041 з " PROBLEMS 27.3 a е AE ЧЭ, 
Find ‘this аин ИИ the following variable values in a sample T E 2.0, 2 2, idis ta kis a ther 
. of the universe to be zero. Wo | г’ 
L 2 A random sample of 10 boys had the flowing. nue Uto op ДЕК 6 
№ 70, 120, 110, 101, 88, 83, 95, 98, 107, 100. 5 wy L 
Do these data support the: assumption of a population mean 1.Q. of 100 (at 5% level of si nificance) 
| (V.T:U., 2006: Coimbatore, 2001 
3. А oM of 10 measurements of the diameter of a sphere gave а mean of 12 em and a standard deviation 0. 15 c cm, 
Find 955€ confidence limits for the actual diameter. : Л 
4 A random sample of size 25 from a normal population has the mean x =47.5 and s.d. 8 = 8.4. Does this informat 
refute the claim that the mean of the population is н — 42.1. СМТ. Ü., 2003) 


B. A process for making certain bearings is under control if the diameter of the bearings have the mean ( 0.5 cm: What 
can Ч say about this process if a sample of 10 of these bearings has а: mean diameter of ü E un ands 4. of 0. 004. 
cm | 
6, А machine is supposed to produce washers of mean thickness 0. 12 ст. A sample of 10 washers was found обе 
mean thickness of 0.128 cm and standard deviation 0.008. Test whether the aching i is УЕ! пар order at 
5% level of significance. 
7. Find out the reliability of the sample mean of the followi ng data : Breaking strength of 10 specimens: of L04 c cms. 
diameter hard-drawn copper wire : | 
Specimen Ци | гүз 4 5 6 7 8 M ir Ww 
Breaking Strength (kgs): 578 572 570 568 572 570 570 . 572 526 БЯ: 
B. Test runs with б models of an experiment. ; engine showed that they operated for 24, 28, 21, 23, 32 and 29 ялгааг 


with a gallon of fuel. Ifthe probability of a Type I error is at the most 0.01, is this evidence against а hypothesis that. 
on the average this kind of engine will operate for atleast 29 minutes per gallon of the same fuel. Assume normality. 








(J-N. T.U., 2008). 
9: үй) horses A and В were tested according to the time (in seconds) to run a Pera race with the following 
results ; 
Horse А : 28 30 32 33 33 . 29 and 34 
Horse В: 29 30 30 24 27 'andi29- 
Test whether you can discriminate between two horses ? (Rohtak, 2005; Coimbatore: 2001) 
10, A group of 10 rats fed on a diet A and another group of 8 rats fed on a different diet B, recorded the following 
increase in weights : 
Diet A  : 5 6 8 1 18 4 Ў 3 9. @ 25-18 gm 
DietB : 2 3 6 8 10 1 2 8 —— gn. 
Does it show that superiority of diet A over that of R ? (Madras, 2003) 
11. A ise of boys and girls were given an intelligence test. The mean score, S.D.s and numbers in each group are- ав? 
ollows : ! 
Boys Girls 
Mean 124  . 121 
SD, 12 10 
n 18 14 


Is the mean score of boys significantly different from that of girls ? 

12, The means of two random samples of sizes 9 and 7 are 196.42 and 198.82 respectively, The sum of the squares of th 
‚ deviations from the mean are 26.94 and 18.73 respectively. Can the sample be considered to have been drawn fro 
the same normal population ? (М ioniad 2004) 








When a fair coin is tossed 80 times, we expect from theoretical considerations that heads will appear 40 
times and tail 40 times. But this never happens in practice г.е., the results obtained in an experiment do not 
agree exactly with the theoretical results. The magnitude of discrepancy between observation and theory is given 
hy the quantity у? (pronounced as chi-square). If у? = 0, the observed and theoretical frequencies completely 
agree. As the value of y? increases, the discrepancy between the observed and theoretical frequencies increases. 

(1) Definition. Jf O,, O,, ..., О, be a set of observed (experimental) frequencies and Е, E, ..., E, be the 
corresponding set of expected (theoretical) frequencies, then y? is defined by the relation 


2 2 Ж: 
(0, - E? (0-Е, (0,-Е,} 
E, E, E, 
(0; - EY -BY 


х? = 


KU) 


with n — 1 degrees of freedom. [ZO, = LE. = п the total frequency] 

(2) Chi-square distribution* 

If x, x, ..., x, be n independent normal variates with mean zero and s.d. unity, then it can be shown that 
xi + xp +... + х“, is a random variate having y?-distribution with ла]. 

The equation of the y?-curve is 

у- Yo e X “2 ya al 1002 ...(2) 

where v = n — 1 (Fig. 27.3). 

(3) Properties of y*-distribution 

I. Ну = 1, the y*-curve-(2) reduces to у = У, eX? , which is the 
exponential distribution. 

П. If v >1, this curve is tangential to x-axis at the origin and is 
positively skewed as the mean is at v and mode at v — 2. 

Ш. The probability P that the value of y^ from a random sample 
will exceed X5 is given by 


P- Е y dx. 





The values of yh have been tabulated for various values of P and for Fig. 27.3 
values of v from 1 to 30. (Table-V-Appendix 2) 

For v > 30, the y*-curve approximates to the normal curve and we should refer to normal distribution 
tables for significant values of x”. 

IV. Since the equation of y^-curve does not involve any parameters of the population, this distribution 
does not depend on the form of the population and 1s therefore, very useful in a large number of problems. 

V. Mean = у and variance = 2). 


"УЖЕШ GOODNESS OF FIT 





























The value of y? is used to test whether the deviations of the observed frequencies from the expected 
frequencies are significant or not. It is also used to test how will a set of observations fit a given distribution, x? 
therefore, provides a test of goodness of fit and may be used to examine the validity of some hypothesis about an 
observed frequency distribution. Ав a test of goodness of fit, it can be used to study the correspondence between 
theory and fact. 

This is a non-parametric distribution-free test since in this we make no assumption about the distribution 
of the parent population. 


*Hamlet discovered this distribution in 1875. Karl Pearson rediscovered it independently in 1900 and applied it to test 
'goodness of fit’. 





Procedure to test significance and goodness of fit. 
(1) Set up a ‘null hypothesis’ and calculate 


^ (0; – EY 
2. MA н)” 
=> Е 
(ii) Find the df and read the corresponding values of y? at a prescribed significance level from Table V. 
(iii) From x?-table, we can also find the probability P corresponding to the calculated values of y? for the 
given d.f. 
(iv) If P « 0.05, the observed value of y? is significant at 5% level of significance. 
If P « 0.01, the value is significant at 196 level. 
If P > 0.05, it is a good fit and the value is not ара, 
ERES E ыб енна dn най гайг Le O AT 
Mini vi ane ER Sol! ps 
inkled and _ во undand і Уу 
Si me И 


T 
4 
"IPs mL 
А " 





йшй, Тһе corresponding палят аге 


3 
3 x 556, 15556, = се, 1 5556 3 0 3 
18 та = i.e., 313, 104, 104, 35. 
‚ (315-313) Di. S , (108 - 104)? ‚ 82- 35)? 
Hence à. зело Od МЕ ИА UO I ee 0 
4 Х 813104 104 35 


EE RUE 5 + E 4-5 eii and dfv=4-1=3. 
313 104 * 104 35 
For v = 3, we have Х a = 7.815 [From Table V 
Since the calculated value of y? is much less than у? ‚с, there is a very high degree of agreement between 
nisi and мн 


! эд = ^f 
"T ^h m ^ da- 
Ы mia VM а 4; V 





Solution. For v = 5, we have Хос = 11.07. 
p, probability of getting a head = i ; а, probability of getting a tail = i | 
Hence the theoretical frequencies of getting 0, 1, 2, 3, 4, 5 heads are the successive terms of the binomial 
expansion 320 (р + q)® 
= 320 [p? + 5p*g + 10p?g? + 10p7q" + 5ра* + qël 


1 5. 10 10 5.1 | | 
- 820 —+— + = 10+ 50 | | 
РЕ 32 32 32 32 |= 10 + 50 + 100 + 100 + 50 + 10 
Thus the theoretical frequencies are 10, 50, 100, 100, 50, 10. 
Hence 
„_ (6-10) (87-50/ _ (72-100) (112—100) (71-50) , (32— 10)" 
х 10 50 100 100 50 10 
7868 
= -l (160 + 1058 + 784 + 144 + 882 + 4840) = —— = 78.68 
100 100 


and аГу-6-1-5. 


Since the calculated value of y? is much greater than y? gs, the hypothesis that the data follow hs bino- 
mial law is rejected. 


1 Examp le 27.19. Fit a Poisson i etri 
significance 0.05. . | 44 


9 | 
154 56 49 








,. 6-413? (18 – 20.68) (42-3892/ _ (27 -27.71 | (8- 7.43)" 
|. 4.13 20.68 8892 || 27171 7.43 
= 0.1833 + 0.3473 + 0.2437 + 0.0182 + 0.0437 = 0.8362 
As regards the number of degrees of freedom (ү), there are three constraints (1) discrepancy between total 
observed and total estimated frequencies (ii) and (ип) mean (т) and standard deviation (с) have been estimated 
from the sample data. ~. r=5-—3= 2. 


For y= 2, 605 = 0.103 from table V. 
Since у? = 0.8362 > 0.103. Hence the fit is not good. 





PROBLEMS 274. 


1. Five dice were thrown 96 times and the number of times 4, 5 or 6 were thrown were : 

No. of dice showing 4, 5 or 6 : 5 4 3 2 1 
Frequency. 1 8 18 35 24 10 1 
Find the probability of getting this result by chance ? 

2. Genetic theory states that children having one parent of blood type M and other blood type N will always be one of 
the three types M, MN, М and that the proportions of these types will on average be 1:2:1.А report states that out 
of 300 children having one M parent and one N parent, 30% were found to be of type М, 45% of type MN and 
remainder of type №. Test the hypothesis by 7? test. 

3. A die was thrown 60 times and the following frequency distribution was observed : 

Faces : 1 2 4 5 6 
fy ЧД 35 6 4 7 11 17 
‘Test whether the die is unbiased ? 

4. The following table gives the number of aircraft accidents that occurred during the various days of the week. Find 

whether the ито are uniformly distributed over the week ? 


Days Sun Mon Tue Wed Thu Fri Sat Total 

No. of accidents : 14 16 8 12 11 9 14. 84 (Hissar, 2005) 
5. Fita binomial distribution tothe data : 

£s 0 1 9 4 4 5 

ls 38 144 342 287 164 25 


and test for goodness of fit, at the level of significance 0.05. 


6. In 1000 extensive sets of trials for an event of small probability, the frequencies fof the number x of successes 
proved to be : 
x: 0 1 2 a 4 5 6 "T 
К: 305 366 210 80 (28. 9 2 1 


Fit a Poisson distribution to the data and test the goodness of fit. 
7. The frequencies of localities according to the number of deaths due to cholera during eight years in 1000 localities 


is as follows: 
No. ofdeaths  : 0 1 2 8 4 5 6 7 
No. of localities : 314 855 204 B6 20 (009 8 Ü 


Fit a suitable distribution to the data and test the goodness of fit. 
8, Obtain the equation of the normal cürve that may be fitted to the data and test the goodness of fit. i 
x: 4 6 8 10 12 14 16 18 20 29 24 Total 
18): 1 7 15 22 35 43 38 20) 13 5 1 200 





1 (1) F-DISTRIBUTION* 


Let x,, €, ... Fic and y,, Уу -- Ул, be the values of two independent random samples drawn from the 
normal populations c? having equal variances. 


* This distribution was introduced by the English statistician Prof. R.A. Fisher (1890-1962) who had greatlv influenced the 
development of modern statistics. 


915. 








n Fi. 

Let x, and x, be the sample means and 8° = 1 y (x; — Ж), а? -—— Y (y; – у) be the sample 
"n^ Bo x 

variances. 


Then we define F by the relation 


52 
F= + (s? > 82) 
82 

This gives F-distribution (also known as variance ratio distribution) with y, = n, — 1 and y, =n — 2 degrees 
of freedom. The larger of the variances is placed in the numerator. 

(2) Properties. I. The F-distribution curve lies entirely in the first quadrant and is unimodal. 

II. The F-distribution is independent of the population variance с? and depends on ү, and ү, only. 

Ш. F (Yp Yọ) is the value of F for y, and y, of such that the area to the right Y 
of F is a. 
IV. It can be shown that the mode of F-distribution is less than unity. 

(3) Significance test. Snedecor's F-tables give 5% and 1% points of sig- 
nificance for F. (Table VI — Appendix 2). 595 points of F mean that area under 
the F-curve to the right of the ordinate at a value of F, is 0.05. Clearly value of F 
at 5% significance is lower than that at 1%. F-distribution is very useful for 
testing the equality of population means by comparing sample variances. Ав 
such it forms the basis of analysis of variance. 


Example 27.21. Two samples of sizes 9 and 8 give the Sum бу squar 


means equal. to 160 inches? and 91 inches? токчу: Can these be. be reg wded as drawn from the sa пе! orm 3 
population ? ! | T4 m 200€ 



















Solution. We have Хх — x) = 160 and X(y – у} = 91 
з? 160 20 
8 
апа 82 ш 91 = 13. 


Hence Е------ - 1.54 nearly. 
s; 18 
For y, = 8, y, 7, we have Fy, үд = 3.73. [From Table УП 
Since the calculated value of F < Fp (г, the population variances are not significantly different. Thus the 
two samples can be regarded as drawn from two normal populations with the same variance. If the two popula- 
tions are to be same, their means should also be the same which can be verified by applying t-test provided the 
sample means are known. 


7 
st 20 
pL i 
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its qn sha ао a dipperiire Кен юлиан Ч 










rements (тт) : “1838, 12.95, 11.86, 12.13, 12.44, 12.78, 18.7, 1190. 18.47. — 
гете! оо): _ 1239, 12.46, 12.34, 12.22, 11.98, 12.46, 12.98, 1206. ^. 


Test whether B's а тет is ‘are more accurate than A's. on readings taken in both cases { bei ng 











Solution. Readings in both cases being unbiased, B's measurements will be taken more accurate if its 
population variance is less than that of A’s measurements. 


Under the hypothesis that the two populations have the same variance (i.e. сї = 02), we have 


with y =n, –- 1 = 8апӣ ү, = л, – 1 = 7. 


916 | Ненея ENGINEERING MATHEMATICS. 


We calculate the s.d.'s of the two series as follows : 

















2200 Als meusurements B's measurements 
x и = 100% — 12) и? y u= 100(у — 12) 0 
12:29 29 841 12.39 39 1521. 
12.25 25 625 12.46 46 2116 
11,86 -14 196 12.34 34 1156 
12.13 13 169 12.22 22 484 
12.44 44 1986 11.98 =2 4 
12.78 78 6084 12:46 46 2116 
12.77 Ti 5929 12.23 23 529 
11.90 -10 100 12.06 6 36: 
12:47 47 2309 
289 18089 | | 214 7962 
9 
- 1 118089 — 2997 |- 1 (18089 — 9280) = 1101.1 
п —1 п | 8 
1432 
ёр : С „УН |- 1 (7962 — 5724) = 319.7 
No — 1 5 7 
= uk. 11011 





83 _ 819.7 
For y, = 8 and y, = 7, from table VI, F,,. = 3.73 and Fy дү = 6.84. 
Since the calculated value of F is less than both Ё ,. and Е, op the result is insignificant at both 5% and 
156 level. 
Hence there is no reason to say that B's measurements are more accurate than those of A's. 


(1) FISHER'S z-DISTRIBUTION 





— = ныны 


Changing the variable F to z by the substitution z = 5 log, F or F = e” in the F-distribution, we get the 
Fisher's z-distribution. | 

It is more nearly symmetrical than F-distribution. Table showing the values ofz that will be exceeded in 
simple sampling with probabilities 0.05 and 0.01 have been prepared for various values of v, and v. 

(2) Significance test. As z-table give only critical values corresponding to right hand tail areas, there- 
fore 5% (or 1%) points ofz imply that the area to the right of the ordinate at г is 0.05 (or 0.01). In other words, 5% 
and 1*6 points ofz correspond to 10% and 2% levels of stenificance respectively. 


Example 27.23. Two gauge operations are tested for precision in making measurements. One operator 
completes a set of 26 readings with a standard deviations of 1.34 and the other does 34 readings with a 
standard deviations of 0.98. What is the level of significance of this difference. 

(Given that for v, 2.25 and v, = 33, 2,4, = 0.305, 2,4, = 0.432) 


Solution. We have n, = 26, o, = 1.34 ; n, = 34, с, = 0.98 








SaM gt = 760 342 (уздун and sf =—2~.6? = 24 (0.98) = (0.98) 
пу —1 25 nj-1 ° 33 
| 134Y 1 ям : - 
Hence ЕР= |) -18696 and 2= > log, = 1.1513 logy, 1.8696 = 0.3129 


Since the calculated value of г is just greater than =, үү, and less than гү, the difference between the 
standard deviation is just significant at 5% level and insignificant at 1% level. 


917 | 


| 1idividua riance 4. and Si rdafoctivey Ù avais эв deny role 
than the variance 4.6 7 - меб. А , ИЛ el № 


2, Test for breaking. strength were. parce out on two, ids of. 8402 9 steel wires. ‘Phewarlance of one lot was 240 and. 


that of other was 492. Is there a significant difference in their variability? 


3, Show how you would use Fisher's 2-test to oe Whether the two sets of observations 17, 27, 18, 25, 27, 29, 27, 23, ! 


1. 


17 ана 116,16, 20, 16, 20, 17, 15, 21, indicate sa m 


1556544530. 
8, 5, 7, 8, 52229 547. 


" calle had a variance of 8. possel әр, 


lo n samples from two normal ав s si 


mples bee з drawn. from normal population having dhe dae variance 4 ?. 
(Given that the values ив ato | level for (6. 5) af 4.95 and for (5, 6) d + ìs 4.391. 


TYPE OF QUESTION! 


PROBLE EMS 27. 


Select the correct. answer or fill up the blanks ite each of the following с qüestions : 


The*nullhypothesis' impliesthnt...... ^^ 2, ‘The uses of «distribution are su 


Туре / and (уре ГГ errors are such sd s 4. A single-tailed test i is used when .. 
Control limit theorem states that .....,... | | 


| A hypothesis 1 is true; but ibn ected Din iis is an тоате: 


he standard deviation of a "yo алж is 10, ‘Cape ite йе; ree m 'eedom is E e 
апре of F-distribution i IS eoe » ыг. a x 
cepted, |, then there i is an serra С. i 


"The test statistic Р = ИТ, is used when T Be whet SING КАИН а. 


7 LI E = 4 4 2-4 - 1 à а 4 
- 1 rv ч в. [ 3 i = 1 т 


Wik See _ i ву esp ОР GPs + УН Дүүлэн: of thee, 7-2 Une 
А $ = 4 j Г А ` 4 : ч гу a Р = 


3. The ttestis applicable to samples for which n i TS 
The two main uses of y?- test are .. 222 е Оч, 
:15, Range of t-di&tributión is... QU NH ST | 4, | їс 
16. If two samples. ate taken f зай two. Vice day of oneal variances, we ean кайы Hitt tet the lif 


means. | 7 ү | Ай 3 1 crea ан аг | 


"i 8-1") = Е А 4 ЖА, 2 ка а | 
(7. The Chi-square: dis ribution is continuous. — WEFTO у А5 Tt (True or Pelse), | 








The limitations of analytical methods have led the engineers and scientists to evolve graphical and 
numerical methods. As seen in § 1.8, the graphical methods, though simple, give results to a low degree of 
accuracy. Numerical methods can, however, be derived which are more accurate. With the advent of high speed 
digital computers and increasing demand for numerical answers to various problems, numerical techniques 
have become indispensible tool in the hands of engineers. 

Numerical methods are often, of a repetitive nature. These consist in repeated execution of the same 
process where at each step the result of the preceding step is used. This is known as iteration process and is 
repeated till the result is obtained to a desired degree of accuracy. 

In this chapter, we shall discuss some numerical methods for the solution of algebraic and transcendental 
equations and simultaneous linear and non-linear equations. We shall close the chapter by describing an itera- 
tive method for the solution of eigen-value problem. For a detailed study of these topics, the reader should refer 
to author's book ‘Numerical Methods in Engineering & Science’. 


У SOLUTION OF ALGEBRAIC AND TRANSCENDENTAL EQUATIONS 





To find the roots of an equation f (x) = 0, we start with a known 
approximate solution and apply any of the following methods : 

(1) Bisection method. This method consists in locating the 
root of the equation f (x) = 0 between a and b. If f (x) is continuous 
between a and b, and f(a) and f (b) are of opposite signs then there is 
a root between a and b. For definiteness, let f (a) be negative and f(b) 


be positive. Then the first approximation to the root is x, — 5 (@ +6). 











gm ТУТ 


If f (x,) = 0, then x, is a root of f(x) = 0. Otherwise, the root lies 
between a and x, or x, and b according as f(x) is positive or negative. 
Then we bisect the interval as before and continue the process until 
the root is found to desired accuracy. Fig. 28.1 
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In the Fig. 28.1, f (x,) is +ve, so that the root lies between a and x,. Then the second approximation to the 
root is x, = 1 (a +x). Iff (хо) 1s — ve, the root lies between х, and Xo. Then the third approximation to the root is 


x, = 1(х, + х„) and so on. 





Solution. (a) Let f (x) = x? - 4x – 9 
Since f (2) is -ve and f (3) is +ve, a root lies between 2 and 3 
first approximate to the root is 


1 ! 
-2(2-3)-25 
2 


Thus f(x,) = (2.5) – 4(2.5) – 9 = – 3.375 ie, —ve 
the root lies between x, апа 3. Thus the second approximation to the root is 


Xp = z +3)=2.75 
Then f(x) = (2.75) — 4(2.75) – 9 = 0.7969 Le, +ve 
the root lies between x, and x,. Thus the third approximation to the root is 
- = Se, + х„) = 2.625 


Then rad = 2. 625)! -4(2.625)—9 = — 1.4121 Le.,— ve 
the root lies between х, and х.. Thus the fourth approximation to the root is 


x, = z% +х.) = 2.6875 


Repeating this process, the successive approximations are 


x, = 2.71875, x, = 2.70313, x, = 2.71094 
x, = 2.70703, xg = 2.70508, хуу = 2.70605 
x,, = 2.70654, х. = 2.70642 


Hence the root is 2.7064 
(b) If œ, B, y are the roots of the given equation, then — o, — B, — y are the roots of (- х)? — 4(-х) + 9 = 0 
the negative root of the given equation is the positive root of x? — 4x — 9 = 0 which we have found above to be 
2.7064. 


Hence the negative root for the given equation is — 2.7064. 





Solution. Let t f(x) = x sin x — 1. We pa that 1" = 57.8". 
Since f(1)21xsin(1) - 1 = sin (57.37) — 1 = — 0.15849 
and f (1.5) = 1.5 x sin "aps 1 = 1.5 х sin (85.95) — 1 = 0.49625; 
a root lies between 1 and 1.5. 
first approximation to the root is x, — 5 (1+ 1.5) = 1.25. 
Then f (хү) = (1.25) sin (1.25) — 1 = 1.25 sin (71.625°) — 1 = 0.18627 and f (1) < 0. 
‚. aroot Нез between 1 and x, = 1.25. 
Thus the second approximation to the root is x, = 5 1 + 1.25) = 1.125. 
Then f (х,) = 1.125 sin (1.125) — 1 = 1.125 sin (64. jej — 1 = 0.01509 and f (1) < 0. 


- aroot lies between 1 and x, = 1.125. 


Thus the third approximation to the root is x, = за + 1.125) = 1.0625 





Then f(x.) = 1.0625 sin (1.0625) — 1 = 1.0625 sin (60.88) – 1 = 0.0718 < 0 
and [ (x4) > 0, Le. now the root lies between x, = 1.0625 and x, — 1.125. 


fourth approximation to the root is x, = 5 (1.0625 + 1.125) = 1.09375 


Then  fix,)-2 — 0.02836 < 0 and f(x,) > 0, 
Le., the root lies between x, = 1.09375 and х, = 1.125. 


fifth approximation to the root is x, = 5 (1.09375 + 1.125) = 1.10937 


Then f(x.)=—0.00664<0 апа fíx,)» 0. 
the root lies between х, = 1.10937 and х, = 1.125. 
Thus the sixth approximation to the root 15 


= 1 1 (1.10987 + 1.125) = 1.11719 


Then Ї (х, j= 04804810 But f(x.) < 0. 
the root TN between x. = 1.10937 and x, = 1.11719. 


Thus the seventh approximation to the root is х. = : (1.10937 + 1.11719) = 1.11328 


Hence the desired approximation to the root is 1.11328. 

(2)Method of false position or Regula-falsi у. 
method. This is the oldest method of finding the real 
root of an equation f (x) = 0 and closely resembles the 
bisection method, Here we choose two points x, and x, 
such that f (x4) and f (x,) are of opposite signs i.e., the 
graph of y = f (x) crosses the x-axis between these points 
(Fig. 28,2). This indicates that a root lies between x, and 
x, consequently f (хү) f (x,) < 0. 

Equation of the chord joining the points Alx,, 
f and B[x,, f (,)] 18 





A [ко Лху! 


-—— — "чын ныш c c эы: o c c зэв c c шин НБЫ e НЫ НЫ эмн. шив йш: 


-f (x= А Шай ы Е 20) О 
ay — №0 
The method consists in replacing the curve АВ Бу 


means of the chord AB and taking the point of Fig. 28.2 Blo Гү) 
intersection of the chord with the x-axis as an шин 
approximation to the root. So the abscissa of the point 
where the chord cuts the x-axis (у = 0) is given by 
" X c 
Xy ce TRIAL f xy a) 


which is an approximation to the root, 

If now f (x) and f (x) are of opposite signs, then the root lies between x, and x,. So replacing x, by x, in (2), 
we obtain the next approximation x,. (The root could as well lie between x, and x, and we would obtain X4 
accordingly), This procedure is repeated till the root is found to desired accuracy. The iteration process based on 
(1) is known as the method of false position. 





Solution. Let Г(х)-42-2х-5 
so that f(2)=-1land/f(3)=16 Le, A root lies between 2 and 3. 


taking x, = 2,x,-2 3, f(x) 2 - L, f (x4) = 16, in the method of false position, we get 


Apc 1 _ А 
E fi) fag) Дэг жин inu: 


Now fx, = f(2.0588) = —0,3908 г.е., the root lies between 2.0588 and 3. 


X3—X 





г. taking x, = 2.0588, x, = 3, / (x4) = — 0.3908, / (х, ) = 16, in (1), we get 


0.9412 ! 0813 
x, = 2.0588-єаоод ( 0.3908) = 2.0813 


Repeating this process, the successive approximations are 
‚ = 2.0862, х. = 2.0915, x, = 2.0934, x, = 2.0941, x, = 2.0943 etc. 
Hence the root is 2.094 correct to 3 decimal — 


БА ‘egiati 10) I 4, A. 


|J t їп d ouch sl | 1 "T 5 А | 4 AP. | Я Ч vr TUE i А: 00. 
Solution. Let f(x) = соѕ х – CS 0 
So that f(0) = 1, /(1) = cos 1 -e = – 2.17798 

Le., the root lies between 0 and 1. 

х taking x) = 0,x, = 1, f(x) = 1 and f (x) = — 2.17798 in the regula-falsi method, we get 





MEE c. MENS NN цасаа ” 
X2 7397 уу f(x, 70975095 уров * 1 = 0.81467 NU 


Now f (0.31467) = 0.51987 

ie., the root lies between 0.31467 and 1. 
taking x, = 0.31467, x, = 1, f (x4) = 0.51987, f (x,) = — 2.17798 in (i), we get 

0.68533 


9 69785 х 0.51987 = 0.44673 


ху = 0.31467 + 
Мом f (0.44673) = 0.20356 
Le., the root lies between 0.44673 апа 1. 
ло taking x, = 0.44673, x, = 1, f (xp) = 0.20356, f(x,) = — 2.17798 in (i), we get 


0.55327 
4 =9.44673 + ——— 9 38154 х 0.20356 = 0.49402 


Repeating this process, the successive approximations are 
х. = 0.50995, х. = 0.51520, х. = 0.51692 
хр = 0.51748, х. = 0.51767, х = 0.51775 etc. 
Hence the root 1s 0.5177 correct to 4 decimal pace 
гай RO Gem 7! c I of | 7 1 
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Solution. Let f (i) i= =х ору х- 211 2 
so that Е (1) = — ve, f(2) = = ve and f(3) = + ve. 

л, aA root lies between 2 and 3. 

Taking x, = 2 and x, = 3, f (x) = — 0.59794 and f (x,) = 0.23136, in the method of false position, we get 


Xp = Xp — жы f (xq) = 2.72102 (i) 
Now f (xq) = f (2.72102) =- 0.01709 
Le., the root lies between 2.72102 and 8. 
л taking X = 2.72102, x, = 3, f (x) = — 0.01709 
and /fíx,) = 0.23136 in (1), we get 
x,-2.721024. . 0-277598 ^ 001709. 2.74021 
0.23136 + 0.01709 


Repeating this — the successive approximations are 
= 2.74024, x. = 2.74063 etc. 
Hence the root is 2. хамт correct to 4 decimal siesta 





Solution. abs - гаарч 1 so that x1 – 32 = 0 


922 HiGHER ENGINEERING MATHEMATICS ATICS 


Take f (x) = x* — 32. Then f (2) = — 16 and f (3) = 49, i.e., a root lies between 2 and 3. 
taking x, = 2, x, = 3, f (xj) =- 16, f (x,) = 49 in the method of false position, we get 


16 


2 f(x) = 2 + => = 2.2462 449) 


27797 FA - f хо) 
Now f (x4) = f (2.2462) = — 6.5438 ie. the root lies between 2.2462 and 3. 
. taking x, = 2.2462, x, = 3, f(x,) = – 6.5438, f (x,) = 49 
З – 2.2462 
49 + 6.5438 
Now f (x.) = f (2.335) = — 2.2732 i.e. the root lies between 2.335 and 3. 
taking x, = 2.335 and x, = 3, f (x,) = — 2.2732 and f (x,) = 49 in (i), we obtain 
З — 2.335 
x, = 2.335 — 19 1 22738 (— 2.2732) = 2.3645 
Repeating this process, the successive approximations are x, = 2.3770, x, = 2.3779 etc. 
Since x, =x, upto З decimal places, we take (32)"4 = 2.378. 
(3) чере Кири method*. Let x, be an approximate root of the equation f (x) = 0. If x, =x, + A be 
the exact root, then f (x,) = 
expanding f (x, + г by Taylor's series 


in (2), we get = 2.2462 — (— 6.5438) = 2.335 





2 
f (xg) + hf '(x,) + 5 Р" (х)... =0 
Since Л is small, neglecting h* and higher powers of А, we get 
, Иж) 
f (xy) + hf (x4) 2-0 or h=- fx) Ul] 
a closer approximation to the root is given by 
Гоо) 
х, = х 
БЭЭ Fux 
Similarly, starting with x,, а still better approximation x, is given by 
fx) 
а. 
rx c. (x4) 
In general, х =x fex.) ...(?) 


nel п — fx.) 
which is known as the Newton-Raphson formula or Newton's iteration formula. 


Ghad Newton's method is useful in cases of large values of f(x) i.e. when the graph of f (x) while crossing the x-axis 
is nearly vertical. 

Os. 2. Newton's method has a second order of quadratic convergence. Suppose x, differs from the root a by 
a small quantity є, so that x, — c& +€ and x,,,— 66, үүр 
Га +E) 
Flate) 


Каже). f(a) + £, f(a) + 3. е п f(a) +. 
gas Иа fag). п Ране CES 


_ Enf (+3 £2 f" (a) +... Ae Le ae 

7n f(a) +e, f" (o) +... гс fase 

? Мета) LE f ^o) neglecting third and] 

AP ote fo 2 fte higher powers of £,.. | 

This shows that the subsequent error at each step, is proportional to the square of the previous error and as such 

the convergence is quadratic. (P. T.U., 2008) 

Uh. 3. Geometrical interpretation. Let x, be a point near the root о of the equation f(x) = 0 (Fig. 28.3), Then the 
equation of the tangent at A, [xy, f (x,)] is y — f (xy) =f" (x) (x — x4). 


Then (2) becomes & + £, үл (&  £, — 


[By Taylor's expansion.] 





*See footnote p. 466. Named after the English mathematician Joseph Raphson (1648-1715) who suggested a method similar 
to Newton's method. 





It cuts the x-axis at x, = x,— e À ) which 15 a first approximation 






to the root a. If A, is the point corresponding to x, on the curve, then the ари Ару Ах] 
tangent at A, will cut the x-axis of x, which is nearer to œ and is, мэ 
therefore, a second approximation to the root. Repeating this process, we 
approach to the root a quite rapidly. Hence the method consists in 
replacing the part of the curve between the point A, and the x-axis by 
means of the tangent to the curve at Apl 








Solution. Let  f£(x)-x*—x—10 


50 that Г(1)--10--үуе,/(21-16-2-10-4-4чүуе 
a root of f(x) -0 lies between 1 and 2. Let us take x, = 2 
Also f(x) = 4х3 – 1 
Newton-Raphson’s formula is 
x = -- fo) (E) 


n+] n f'x,) 
Putting n = 0, the first approximation x, is given by 

















s x FG) „ FU |. 4 4 | 
Xi = х f) ^^^ f: — “tee ag B9 
Putting п = 1 in (1), the second approximation is 
n FQ) aan f(.87D 
eet a e вт) 
_, (1871) - (1.871) - 10 0.3835 
= LEM =- — HCCC LRT LE = 1.85 
4(1.871)° —1 = 25.199 = 858 
Putting n = 2 in (D, the third approximation is 
4 мин 
— сэр _ | вв _ 1850“ — (1-856) - 
fx, 4(1.856)° —1 
_ 0.010 
= 1.856 24 514 - 1.856 
Here x, = x,. Hence the desired is 1.856 correct to three decimal places. 
ample ОЛЛО s method, о аны идэн py aes val ) 
| | T 220902 (TU, 2009 ; S.V.T.U., 2007) 


Solution. Let f(x) = Зк —cosx- 1 
f(0) =— 2 =— ve, f(1) = 3 — 0.5403 – 1 = 1.4597 = + ve. 
So a root of f (x) = 0 lies between 0 and 1. It is nearer to 1. Let us take x, = 0.6. 


Also f'(x)-3--sinx 
Newton's iteration formula gives 
fox) ) й _ 8х,-08х,-1 
Заал ~*~ Ух) > 3+sinx, = 


x, sin x, +cos x, +1 | 
= ^ S-sinx Оо a) 
Putting n = 0, the first approximation x, is given by 
хо Sin ху + COS x, +1 _ (0.6) вш (0.6) + cos (0.6) + 1 


p 3 + sin x, 3 sin (0.6) 





„җы ОЖ Т, у T AP 
Solution. Ба. Ї (х): =% T х-1.2 
f(1) = - 1.2 = -ve, f (2) = 2log,, 2— 1.2 = 0.59794 = - ve 
f(3)231og,,3 — 1.2 = 1.4314 — 1.2 = 0.23136 = + ve 
So a root of f (x) = 0 lies between 2 and 3. Let us take x, = 2 


and 





ELES USEFUL DEDUCTIONS FROM THE NEWTON-RAPHSON FORMULA 





_ 0.6 x 0.5729 + 0.82533 +1 _ 06071 
3 + 0.5729 
Putting n = 1 in (2), the second approximation is 


. „ ху біп x + сов ху +1 _ 0.6071 sin (0.6071) + cos (0.6071) + 1 
TE ac oar а ЫЫ ЫЧ ice ааа адр 


3 + sin x, 3 + sin (0.6071) 
a SOO ORS TS 8401 Clearly scu: 


3 + 0.57049 
Hence the desired root is 0.6071 correct to four decimal places. 


1 A. t ”Ч r Ar 2201 a a Fi - ТАВ 


Us sing М eut DF 


№ 
"i 4 1 y 5. 





Also fa) = log, x +x. 1 logo € = log) x + 0.43429 
Newton's iteration formula ved 
fx) 0.43429 х, + 1.2 
2173,47 F^ Toga x, + 0.43429 
Putting п = 0, the first approximation is 
" 0.43429 x xj +1.2 0.43429 x 24 1.2 _ 086858412 _ 281 
1 logo xy + 0.43429  log,, 24 0.43429 0.30103 + 0.43429 
Similarly putting n = 1, 2, 3, 4 in (i), we get 
_ 0.43429 x 2.81 + 1.2 
log), 2.81 + 0.43429 
0.49429 x 2.741 + 1.2 _ о 74064 
logy) 2.81 + 0.43429 
эн 0.43429 + 2.74064 +1.2 = 9 74065 
log,, 2.74064 + 0.43429 
_ 0.48429 х 2.74065 + 1.2 = 2 74065 
— logo 2.74065 + 0.43429 


40) 





X 


= 2.741 


Clearly x, = x.. 
Hence the required root is 2.74065 correct to five decimal places. 





(1) Iterative formula to find 11 М is X41 =X, (2-Nx,) 


(2) Iterative formula to find JN is Xoji e, + Мх,) 


! 


(3) Iterative formula to find 1/ JN is х 


56, + Nx) 


(4) Iterative formula to find УМ is E a 


Proofs. (1) Letx= УМ or l1/x-N-0 
Taking f (x) = l/x — №, we have f '(x) = — x^? 
Then Newton's formula gives 


x [(k — 1)x, + №819] 


f(x.) (1/x, = М) 1 " шт | 











(2)Letx= /N or x*—-N=0 

Taking f (x) = x? — №, we have f' (x) = 2x 
Then Newton's formula gives 

f(x,) -N 1 


Pisa) ax, - 7 m cg te 


(3Letx- l. or x?- 4 2g 

JN N 
Taking f (x) = x? — VN, we have f (x) = 2x 
Then Newton's formula gives 


X 





п+1 — 








2 
x um ER Ma n ж = 
Ха que y а Be X77 Nx.) 


(4)Letx= УМ or x*-N=0 
Taking f (x) = x^ — №, we have f'(x) = Ак! 
Then Newton's formula gives 


F "m di T © РЕ 
" 4 А AE. "E 1 
i "Wa A а ў 4 





Solution. (1) Taking Е =e сэн om form ula (1) Resumes: 


х,у =x, (2 — 31х, ) 
Since an approximate value of 1/31 = 0.03, we take x, = 0.03 
Then x, =Xx,(2 – 31x,) = 0.03 (2 — 31 x 0.03) = 0.0321 


x, 2x,(2— З1х,) = 0.0321(2 — 31 x 0.0321) = 0.032257 
x, = x (2 — 31x) = 0.032257 (2 — 31 x 0.032257) = 0.03226 
Since x, =x, upto 4 decimal places, we have 1/31 = 0. ше 


(ii) Taking N = 5, the above formula (2), becomes x, , , = = +(x, + 57х,) 


Since an approximate value of 45 = 2, we take x, = 2 
Then x, = > Хо + 5x) = Le + 5/2) = 2.25 
х, = 5 (x, + 5/x,) = 2.2361 
1 *1 
Xy = 2 (х, + 5/x,) = 2.2361 
Since x, = x, upto 4 decimal places, we have {/5 = 2.2361. 
(iii) Taking М = 14, the above formula (3), becomes x, , , = 2 Ix, + 1/(14х )] 
Since an approximate value of 1/414 =1//16 = 1 = 0.25, we take x, = 0.25 
Then x, = > о + (14%) = 2 [0.25 + (14 х 0.25)-1] = 0.26785 
x, = 5 lx, + (14хү) = i [0.26785 + (14 x 0.26785):1| = 0.2672618 
xa = о + (14x, = 2 10.2672618 + (14 x 0.2672618)-"] = 0.2672612 
Since x, = x, upto 4 decimal places, we take 1/ J14 = 0.2673. 
(iv) Taking N = 24 and Ё = 3, the above formula (4) becomes x 


n+l” 


n [2х + 24/x?] 


(Madras, 2006) 
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. Find a root of the following equations correct to three significant figures us 


. Find the negative root of the equation x? — 21x + 3500 - = -0 correct to two decimal places by Мете method, | 
. Using Newton-Raphson method, find a root of the following equations correct to the three decimal plac 1 





Since an approximate value of (24)'5 = (27)! = 3, we take x, = 3. 
Then х= 1 2x, + 24/х2 у= > (6 + 24/9) = 2.88889 
ху = 1 (2x, + 24/2] ) = 5 (2 x 2.88889) + 24/(2.88889)"] = 2.88451 


хз = 2 (2x, + 24/5 ) = = [2 x 2.88451 + 24/(2.88451)°] = 2.8845 
Since x, = x, upto 4 decimal places, we take (24)'* = 2.8845 
(0) Taking М = 30 and & = — 5, the above formula (4) becomes 


Ха. 


= C 6x, + 30,6) = 52. (6 — 30x8) 
Since an approximate value of (30) - !® = (32)? = 1/2, we take x, = 1/2 
Then x, = 50 (6-30) = i (6 — 30/25) — 0.50625 


x, = (6 - 301) = 9:90929 [6 — 30(0.50625)5] = 0.506495 


хз = 22 (6 — 30x3) = 090749? (6. 30(0.506495)*] = 0.506496. 


Since x, = x, upto 4 decimal places, we take (30) 15 = 0.5065. 





ELCOKOUCHE аа 

Find а root of the following equations, using the bisection method |} correct to three decim М places: 1 Dun 1) 

()x*—2x—5-0 (P.T.U. 2005) К (8) wed 1-0 | gard 2009) 
(iit) x8 ~x — 11 = 0 which lies between 2and З (й) 2x* + x? — 20x + 12 = 0. | 

Using the bisection method, find a real root of the following equations correct to three decimal places : 

(i) cos x = хе (Mumbai, 2004) Gi). x 10g их = 1.2 lying between 2 and 8 ' 














liii) e* — x = 2 lying between 1 and 1.4 (10) e* = 4 sin x- | 

Find a real root of the following equations correct to three decimal places by the method of false. position : 
()53-х-1-0 (Н)х7-4х-9-0 I.U., 2 

(11) 3 +х—1=0 пеагх-1 (iu) —-x*-x33—120. | (Nagarjuna, 2001) 

Using regula-falsi method, compute the real root of the following equations correct to three decimal places: | 
(i)xe*=2 (SV.TU., 2007) | (ii) cosx =3x-— 1 (шухїапх-1-0 

(0) 2x-logx=7  (J.N.T.U., 2006) Kv) хех = sin x, 22 ФЛ.,2005) 

у 


Find the fourth root of 12 correct to three decimal places using the method of false Fohe Mg. 

Find by Newton's method, a root of the following equations correct to 3 decimal places : 
(33-34 1-0 (Bhopal, 2009) (ii) 3 – 2x -5 =0 

(i) 29 Бх+3=0 Ч 

(iv) 8x* — 9x? + 8 = 0 lying between 1 and 2. 


(i) at +x? — 733 x + 5 = 0 lying between 2 and 3 
(i) х5 — ба? + 3 = 0. 
















()ze*—220 (V.T.U., 2005) (OD х2 + 4 sinx =0 2009). 
(itt) x tanx + 1 = О whichis пеагх =n (J. N. T.U., 2006 ; УТ. U., 2006) 
(йг) ё* = x? + cos 25x which is near = 4.5. (V.T.U., 2007) 


Find by Newton's method, the root of the equations : 
(1) сов) хє" (.М.ТАЛ,2009,УМ.ТА/., 2003) (ii) х logg x = 12:34 





(iii) 10 +х-4=0 (iu) х + 106,2 = 3.375 (Rohtak, 2003) 
Develop a recurrence formula for finding УМ, using N owton: Rapheon method and Байоо compute to three decimal : 
places l 


Gi) 413 (ОРТО, 2008) (и) 410 | | (J.N.T. U., 2008) 





_ 12, Find the cube root ‘i 41, using Newton-Raphson method.. | Е: 
18. Develop ап algorithm using N-R method, to find the fourth root of a роь number N and hence find и 
IM. (W.B.T.U., 2005) 
14. Evaluate the following (correct to 3 decimal places) by using the divise Sali dip dio: 
(0118. J.N.TU, 2004) | (i) VJB (iii) (28. 









X APPROXIMATE SOLUTION OF EQUATIONS—HORNER'S METHOD 


This is the best method of finding approximate values of both rational and irrational roots of a numerical 
equation. Horner's method consists in diminution of the root of an equation by successive digits occurring in the 
roots. 
If the root of an equation lies between a and a + 1, then the value of this root will be a . bed ..., where b, c, 
d ... are digits in its decimal part. To obtain these, we proceed as follows : 
(i) Diminish the roots of the given equation by a so that the root of the new equation is 0 . bed ... 
(и) Then multiply the roots of the transformed equation by 10 so that the root of the new equation is 
b . ed... 

(iii) Now diminish the root by b and multiply the roots of the resulting equation by 10 so that the root is 
є.а... 

(10) Next diminish the гоо! by с and so on. By continuing this process, the root may be evaluated to any 
desired degree of accuracy digit by digit. The method will be clear from the машы example. 


. Example 28.11. Find by Horner's method, the positive root d the "oed * ж: +x- 100+ 0 cor 


ЕГЕ 


Solution. Step Г. Let F(x) = x? + x* 4 x — 100 
By Descartes’ rule of signs, there is only one positive root. Also f (4) = — ve and f (5) = + ve, therefore, the 
root lies between 4 and 5. 
Step II. Diminish the roots of given equation by 4 so that the transformed equation is 
x? + 13x* + 57x – 16 = 0 a) 
Its root lies between 0 and 1. (We draw a zig-zag line above the set of figures 18, 57, 
— 16 which are the coefficients of the terms in (7) as shown below. Now multiply the roots of (i) by 10 for which 
multiply the second term by 10, the third term by 100 and the fourth term by 1000 (i.e.attach one zero to the 
second term, two zeros to the third term and three zeros to the fourth term). Then we get the equation 
f, = х + 130x? + 5700x — 16000 = 0 ii) 
1 -100 (4.264 
B4 
— 16000 
11928 
— 4072000 
_ 264 _ 3788376 | 
5964 - 283624000 
_ 268 
623200 
_ 8196 
631396 
__ 8232 























Its root lies between 0 and 10. 
Clearly f,(2) = – ve, A) = + ve 
the root of (iz) lies between 2 and 3 ie., first figure after decimal is 2. 
Step III. Diminish the roots of f(x) = 0 by 2 so that the next transformed equation is 
x? + 136x* + 6232x — 4072 = 0 iu) 
Its root lies between 0 and 1. (We draw the second zig-zag line above the set of figures 136, 6232, — 4072). 
Multiply the roots of (iii), by 10, i.e. attach one zero to second term, two zeros to third term and three zeros to the 
fourth term. Then the new equation 18 
fx) = x? + 1360x? + 623200x — 4072000 = 0 
“ЛЭГ” | ys. 4072000 _ 
Its root lies between 0 and 10, which is nearly = 7623200 = 6 
Hence second figure after decimal place 15 6. 
Step IV. Diminish the roots of fatx) = 0 by 6, so that the transformed equation is 
x? + 1378x? + 639628x — 283624 = 0. 
Its root lies between 0 and 1, (We draw the third zig-zag line above the set of figures 1378, 639628, 
- 283624.) As before multiply its roots by 10, i.e.attach one zero to the second term, two zeros to the third term 
and three zeros to the fourth term. Then the equation becomes 
f(x) = x? + 13780x* + 63962800х — 283624000 = 0 


Its root lies between 0 and 10, which is nearly = к = 4. Thus the roots of f(x) = 0 are to be 
diminished by 4 i.e. the third figure after decimal place is 4. But there is no need to proceed further as the root 
is required correct to three decimal places only. Hence the root is 4.264. 









ЕЕ тан = г} * ї ay ГА Fed Dem Fm z- аа Кордо p ААА E г: 13 i си чан не ктт PM. Eos ы 
Solution. Step I. Letx = 480 ie f(x)2x?—30-0 
Now f(3)=—3(-—ve), fí(412- 34 (+ ve) 


the root lies between 3 and 4. 
Step П. Diminish the roots of the given equation by З so that the transformed equation is 
x? 9х2 + 27x -3.2 0 NI 
Its roots lies between 0 and 1. (We draw a zig-zag line above the set of numbers 9, 27, — 3 which are the 
coefficients of the terms in (1). Now multiply the roots of (2) by 10 for which attach one zero to the second term, 
two zeros to the third term and three zeros to the fourth term. Then we get the equation 


fix) = x? + 90x* + 2700x — 3000 = 0 EROS 
Its roots lies between 0 and 10. 
Clearly Г(О)--уев, /,2)-4 ve 


the root of (ii) lies between 1 and 2 i.e., first figure after decimal place is 1. 
Step Ш. Diminish the roots of f(x) = 0 by 1, so that the next transformed equation is 
x? + 93x? + 2883x — 209 = 0 (HEE) 

Its root lies between 0 and 1. (We draw a second zig-zag line above the set of figures 93, 2883, — 209). 
Multiply the roots of (iii) by 10 i.e., attach one zero to second term, two zeros to third term and three zeros to the 
fourth term. Then the new equation is 

fatx) = x? + 930x? + 288300x — 209000 = 0 
Its root lies between 0 and 10, which is nearly 
= 209000/288300 = 0.724 > 0 and < 1. 
Hence second figure after decimal place is 0. 
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Step IV. Diminish the root of f(x) = 0 by 0 and then multiply its roots by 10 so that 

f(x) = x? + 9300x? + 28830000x — 209000000 = 0. 

Its root lies between 0 and 10, which is nearly = 209000000/28830000 = 7.2 > 7 and < 8. Thus the roots of 
f,(x) = 0 are to be diminished by 7 i.e., the third figure after decimal is 7. Hence the required root is 3.107. 


SOLUTION OF LINEAR SIMULTANEOUS EQUATIONS 


Simultaneous linear equations occur in various engineering problems. The student knows that a given 
system of linear equations can be solved by Cramer's rule or by Matrix method (5 2.10). But these methods 
become tedious for large systems. However, there exist other numerical methods of solution which are well- 
suited for computing machines. We now explain some direct and iterative methods of solution. 





DIRECT METHODS OF SOLUTION 





(1) Gauss elimination method". In this method, the unknowns are eliminated successively and the 
system is reduced to an upper triangular system from which the unknowns are found by back substitution. The 
method is quite general and is well-adapted for computer operations. Here we shall explain it by considering a 
system of three equations for the sake of clarity. 

Consider the equations 


ах + by + с12 = а; 
азх + boy + суг = d3 (1) 
азх + bay + c2 = d, 
Step I. To eliminate x from second and third equations. 
Assuming a, # 0, we eliminate x from the second equation by subtracting (а,/а,) times the first equation 
from the second equation, Similarly we eliminate x from the third equation by eliminating (а,/а,) times the first 
equation from the third equation. We thus, get the new system 


*See footnote p. 37. 








a,x + by с2 = di 
Бу + суг = d; | 449) 
bay + ez = dy 
Here the first equation is called the pivotal equation and a, is called the first pivot. 
Step П. To eliminate у from third equation in (2). 
Assuming b; # 0, we eliminate y from the third equation of (2), by subtracting (b;/b;) times the second 
equation from the third equation. We thus, get the new system 


аүх+Ьу + сүг = d, 
boy + coz = d; 3) 
cz d. 
Here the second equation is the pivotal equation and b; is the new pivot. 
Step III. To evaluate the unknowns. 
The values of x, y, z are found from the reduced system (3) by back substitution. 


| фу ww [bx d, | 
Obs. 1. On writing the given equations as E : al zl- H Lė, AX =D, this method consists in fransform- 
аз ©з аз. 

ing the coefficient matrix A to upper triangular matrix by elementary row transformations only. 

Obs. 2. Clearly the method will fail if any one of the pivots а, b; or c; becomes zero. In such case 
equations in a different order so that the pivots are non-zero. 

s 3. Partial and complete pivoting. In the first step, the numeric ly largest coefficient of is chosen from all the 

otis: and brought as the first pivot by interchanging the first equation with the equasion: bey one wien 


3. we rewrite the 











dd урла not ; appreciably i improve the accuracy. 





Example 28.13. Apply Gauss elimination method to solve the equations x + dy ~2 =-5 {x y -62 =~ 12; 
Зх-у-2я4. 7 | | | (Mumbai, 2009) 
Check sum 
Solution. We have х+4у –2 = – 5 – 1 S) 
x*y—622—12 — 16 tt) 
Step I. Operate (п) — (i) and (iii) — 3(2) to eliminate х: 
Check sum 
– 8у – Бе = – 7 — 15 Itu) 
— 13y + 22 = 19 8 Av) 
Step II. Operate (v) — = (iv) to eliminate y : 
Check sum 
Ч тэн IN 73 vi) 
Step III. By back-substitution, we get 
From (vi) : == мэ = 2.0845 
Fram (iv): = T 5/148) __ 81 - — 1.1408 
Fam ца?) 773 3.71 71 





From (i): =-5-4 (-81) , 148_ 117 - 1.6479 
кош) i 7 * 71 171 


Hence x = 1.6479, у = — 1.1408, 2 = 2.0845 
Note. A useful check is provided by noting the sum of the coefficients and terms on the right, operating on those 
numbers as on the equations and checking that the derived equations have the correct sum. 


1 4-1|х – 5 
Otherwise: We Һауе |1 1 -6/||y|-2|- 12 
| 


3 -1 -1 4 
(1 4 -11|х -5 
Operate R,—R, and R,- 3R |0 -3 -5||y|2|-7 
О -13 212 19 


13 1 4 - x —b | 
Operate Ra- > д К» 0 -3 - у|=| -7T | 
0 0 71/3 || ғ 148/3 


Thus, we have 2 = 148/71 = 2.0845, 
Зу = 7 — 5z = 7 – 10.4225 =—3.4225 Le, у=- 1.1408 
and x=-5-—4y+z=-—5+ 4 (1.1408) + 2.0845 = 1.6479 
Hence x = 1.6479, y = — 1.1408, z = 2.0845. 


е 28.14. Solve 10 “эв FU pee cadum Зх 4 
elimination тећой 00010000 


Chock:oum 





Solution, We have 10x — 7y + 32 + би = 6 17 A) 
— бх + 8у – 2 – 4и = 5 2 KE) 
Зх + у + 42 + 1ш = 2 21 (iii) 
5х — 9y – 22 + 4и = 7 5 UU) 


Step I. To eliminate x, operate СЕ Ё 6) 2 jin - 3 | СЕ i5: 


Check sum 
3.Ву + 0.82 —и = 8.6 12.2 KU) 
3.1y + 3.12 + 9.5u = 0.2 15.9 400) 
— 5.5y — 3.52 + 1.5ы = 4 — 3.5 . (vt) 


Step П. To eliminate у, operate @ - з, wit - E £j ш | 


2.44736842 + 10.315789и =- 6.8157895 Uii) 
— 2.34210532 + 0.0526315u = 16.447368 Kx) 
- A js | 
—— | (viti) | : 
2.4473684 
9.9249319и = 9.9245977 
Step ГУ. Ву back-substitution, we get 

u=1,2=-7,y =4 апа х = 5. 

(2) Gauss-Jordan method*. This is a modification of the Gauss elimination method. In this method, 
elimination of unknowns is performed not in the equations below but in the equations above also, ultimately 
reducing the system to a diagonal matrix form Le., each equation involving only one unknown. From these 
equations the unknowns x, y, z can be obtained readily. 

Thus in this method, the labour of back-substitution for finding the unknowns is saved at the cost of 
additional calculations. 


Step Ш. To eliminate z, operate С - | 


*See footnote p. 37. 








Example 28.15. Apply Gauss-Jordan method to solve the equations. ог 
reves ma y +2 = 9; 2х — Зу + 42 = 13; 3х +4у+52 = 40. One, 2009 АРАТ. U., 2008 | 
Solution. We have х+у+2=9 .44(1) 
2x — Зу + 4г = 13 .. (и) 
Зх + 4у + 5z = 40 uii) 

Step I. Operate (ii) — 2(1) and (iii) — 3(i) to eliminate x from (ii) and (iii). 
х+у+2=9 iu) 
—by4222-5 Ku) 
у + 22 = 13 (UÈ) 


Step II. Operate (iv) + : ап ; (v) to eliininate-y fom бара ыб: 
x+ € =8 . (ULL) 
– бу + 22 = – 5 ‚..(ойї) 


12__ Ри 
2 = 12 Ux) 


Step III. Operate (vii) — 12 x) and (viii) — 2 (ix) to eliminate z from (vii) and (viii) : 


xl 


Hence the solution is x = 1, у = 3,z = 5. 


co - 
Нь Со н 
сл жа ы 
Б 
= TE 
— — Й 
ll 
нь ER 
e 


мызы 


Otherwise : Rewriting the equations as Е – $ 


Now R 


acm camcn. ————-ыы 
! ! 

г Wu um 
| 


i E j 


1 11 
Operate R, — 2R,, R, – 3R,, 0 -5 2 


X 
| d 
2 


Ro cn tD co tn tD 


1 1 1 
Operate В, + 1 &,, 0-5 2 
9 0 0 12/5 


ae 


сє U © 
ий 


мн 


11 1 

Орегаёе-Н,, 5R, 05 -2 
12 

1 

0 

1 


el 
T 

| eee ==. 
= D 


1 1 
Operate R, + = Ry Rg ‹ : 


1 1 
Operate 5 R, 0 


1 
1 
0 ] 
1 O Olfx | 
Operate Б, — R,- R, Ото у |= 
00 


Hence, x = 1,y =3,2z= 6. 


[ae bs | 
| 
== 
| Кари aE! | 


сл ш e 
ЕС] 


Obs. Неге the process of elimination of variables amounts to reducing the given coefficient metric to a diagonal 


яадаг by elem» 





tions only. 
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Example 28.16. Solve the equations of example 


Solution. We have 10x — Ту + 32 + Би = 6 440) 
—6x + Ву – 2 – 4и = 5 (ш) 
Зх+у+42+ 11и = 2 . (iL) 
5х – 9у — 22 + 4и = 7 (40) 
Step I. To eliminate x, operate С - ЕЗ 2 ; Gi Ex (2) ‘| : С M E «| А 
10х — 7у + 32 + Би = 6 AU) 
3.8y + 0.82 — u = 8.6 (UE) 
3.ly + 3.12 + 9.5u = 0.2 ...(vit) 
_ 5.5y — 3.52 + 1.5u =4 ...(viii) 
Step IT. To eliminate y, operate С - pa | , [ - (3:1) wi) | LZ = (55) 2) : 
mg) ^. 3.8 А 38 
10x + 4.47368422 + 3.1578947u = 21.842105 Ux) 
3.8y + 0.82 —u = 8.6 ..(x) 
2.44736842 + 10.315789и = — 6.8157895 x) 
— 2.3421053x + 0.0526315u = 16.447368 .„Ххи) 


4.473684 ] Ce) | 
2.4473684 | 


е А ain - (=) sel 
е (24475684 21 aii 24473684 ) і | ` 


10x — 15.698923u = 34.301075 
3.Ву — 4.3720429u = 10.827957 
2.44736842 + 10.315789u = — 6.8157895 
9.9247309и = 9.9245975 
Step IV. From the last equation u = 1 nearly. 
Substitution of u = 1 in the above three equations gives x = 5, y = 4, z = — 7. 
(3) Factorization method*. This method is based on the fact that every matrix A can be expressed as 
the product of a lower triangular matrix and an upper triangular matrix, provided all the principal minors of A 
are non-singular, i.e., if A = [a,,], then 


Step Ш. To eliminate z, operate [Z -| 











а cu So ià 
a,, +0, di às. | * 0, |а, боо а | #0, ete. 
c OM аз 039. О 
Also such a factorization if it exists, is unique. 
Now consider the equations 
arti + аүух„ + ах. = b, 
арх + арох, + 54X4 = b, 
азух, + азох. 44x. = b. 
which can be written as AX=B 203) 
% “їе Фа Е 
where А = |а, Gop Gə |= |х, | and В = |Б, 
азр @32 (зї Ха b, 
Let A=LU, (2) 
1 0 0 шу the щз | 
where L-|L, 1 O|andU-|0 ы, ис 
|131 5%» 1 0 0 из 


*Another name given to this discomposition is Doolittle’s method. 


! —— ВШ бээ шинжин 
b = “ 





Then (1) becomes LUX = В .4448) 
Writing UX =V, ...(4) 
(3) becomes LV = B which is equivalent to the equations 


Uy = 61; 15101 + Ug = б»; (3101 + Dp + Ug = b; 
Solving these for v,, Vo, v4, we know У. Then, (4) becomes 
| Uie EDI Айлы и mU, Лк ш. Ай л Ж Ug Egg SM 
from which х., x, and x, can be found by back-substitution. 
To compute the matrices L and U, we write (2) as 


Г 0 1 Uy, Ug =| Ё ао s 
Ll, 1 0 4 : 
Ly ba 0 | 





О Ugg Ugg ау Gog Ta 
0 0 ug аз @32 33 
Multiplying the matrices on the left and equating corresponding elements from both sides, we obtain 
(1) yy бүүр иу = Guo U13 = 943 
(ii) 15,4, = бар ог loy = g/t 
ba ly) = 03i ог Му = @,,/a,, 
(111) іи; + Hs = 055 or Moy = Gog — x Ч үр 
11013 + Ugg = 993 or Ugg = 054 — Эн 8 14 
011 | 
(iv) laittaa + Lus, = a. Or l =H Су, | 
31412 * *33 29 — “go 32 7m 39 а айо 


(0) Lo tye + {зди + Ugg = Gg, Which gives и... 
Thus we compute the elements of L and U in the following set order : 


(1) First row of U, (11) First column of L, 
(iii) Second row of U, (10) Second column of L, (v) Third row of U. 


This procedure can easily be generalised. 









Solution. Let р х : 
һы һә 1 341 
so that 
(1) u,, = 3, Uy. = 2, Ugg =T. 
(ti) ди, = 2, ^o = 213 
[1411 = 3, г. &,=1,. 
(ш) [и о + Ugo = 3, ^ Uggs = 5/3, 
Ї5( үл + Из = 1, ^ Ugg =— 11/8. 
(v) үй» + [ри = 4, 7, Мо = 6/5. 
(о) ш, + (ри + Ugg = 1 
2 изз = — 8/5 


1 о оз 2 7 
Thus A=|2/3 1 00 5/3 -11/3 
1 6/5 110 0 -8/5 





Lê., 





"1 о olfa] [4 
Writing UX = V, the given system becomes | 213 1 01|5,|-15 
1 6/5 1|1| 
Solving this system, we have v, = 4, 
fv жр, = Б or = 1 
бүж бозо = 7 or = = 


Hence the original system becomes 


3 2 71|х 4 
О 5/3 -11/31|у|-17/3 
оо —8/5 ||z| 11/5 


9 11 7 8 
такан 5? 34-3 5^ 


em 


so that 


Le. , 


p : с a ^ Wyo Шз Щз 10 
Solution. Let i, 5 Мөр Mag dye] S 
a Ч аз 1] 0 0 O wy, 5 
Gi) C, of L : 14, =—0.6,1,, = 0.3, 1,, = 0.5 
(iti) R, of U : ug, = 3.8, ugg = 0.8, и = – 1 
(iv) С. of L : 1,4 = 0.81579, Lo = — 1.44737 
(v) R4, of U : u4, = 2.44737, ua, = 10.31579 
(vi) C4 of L : L, = — 0.95699 
(vii) R, of U : u,, = 9.92474 
Thus 
1 0 0 01110 -7 3 
A= .— 0.6 1 0 0110 3.8 0.8 
= |03 0.81579 1 0 
05 -1.44737 -0.95699 10 0 0 
Writing UX = V, the given system becomes 
1 0 0 01| t, 6 
- 0.6 1 0 Оа |5 
0.3 0.81579 1 jju, | |2 
0.5 -1.44737 -0.95699 1||и, 7 


Solving this system, we get 
оу = 6, 0. = 8.6, v, = — 6.81579, v, = 9.92474. 
Hence the original system becomes 


10 -7 3 5 || x 6 

0 3.8 0.8 -1 yl. 86 | 
0 2.44737 10.31579||z| |- 6.81579 
оо 0 9.92474 | и 9.92474 


10x — Ту + 32 + би = 6, 3.8у + 0.82 – и = 8.6, 
2.447872 + 10.31579и = — 6.81579, и = 1. 
By back-substitution, we get u = 1,2 = – 7, у = 4, х = 5. 


5 
-1 


О QO 244737 19.31579 


9.92474 





PROBLEMS 28.3 





Solve the following equations by Gauss elimination method : 


1. 2x -y «2 210; 3x + 2y + dz = 18; x + 4y + 92 = 16. (P.T.U., 2005) 
2. Зе By 42212: Sx +2у + 92 = В бх + 10y 82 = 10. (W.B.T.U., 2004) 
d. 2х-у+8г=9;х+у+==б;х-у+г=. (Bhopal, 2009) 
4. 2x, + 4x5 ях: = 3; Bx, + 2х,— 2xg == 25x, — x4 + x4 = б. (Marathwada, 2008) 


5. бх, + =4; <, + TX) X. Ex. 12: 
хүжх. + 6x, tr =h 4+x, +x, + 4x, = — 6. 
Solve the following equations by Gauss-Jordan method : 


В. 2x «By + 722 62; 27 4qy -z &Ü0;x 4+ y 42 = 9, (ТО. 2010) 
Т. 2x- Sy 2 ——1;x dy 52 = 25 29x —4y 42 = 2. (Kerala, 2003) 
B. х+3у + 32 = 16; 24+ dy + 32 — 18; x + By + 42 = 19. (Anna, 2005) 
9. 2х ну +2= 10; Зх + 2у + 32 = 18 ; x4 Ay + 92 = 16. | (VTU, 2008). 


10. 2х, 4х. + 54,+%,=5;x, +х, - За. + 4х, =-1; 
Зх, + 61,— 2, 4 x, — 8; 2x, + 2x, + 2x, — 8x, = 2. 
Solve the following equations by factorization method : 
11. 10x 4y *2-12;2x10y 42-13; 2x + Zy + 102 = 14. CAndhra, 2004 ; P.T.U., 2003) 
12. x + 2y + 32 = 14; 2x + By + 42 = 20; dx + Ay чъг = 14, 
13. 2х «dy +2] 9; х + 2у + 22 = 6; ar (y + 22 = 8. 
14, 2x) —X, + X= — 1), Se, —x, +2, = 1 5 a, + 2x, — 2, = — 15 x, cx, + 23, = 5. 


1--11| 
15. Find the inverse of the matrix | -2 : by Crout's method. 
1*2 7 





ITERATIVE METHODS OF SOLUTION 


The preceding methods of solving simultaneous linear equations are known as direct methods as they 
yield exact solutions. On the other hand, an iterative method is that in which we start from an approximation to 
the true solution and obtain better and better approximations from a computation cycle repeated as often as may 
їе necessary for achieving a desired accuracy. 

Simple iteration methods can be devised for systems in which the coefficients of the leading diagonal are 
large compared to others. We now explain three such methods : 

(1) Jacobi's iteration method*. Consider the equations 


ax+by+e,2z=d, | 
ах + уу + Coz = dy 444) 
ах + bsy + 62 = da 
If a,, b,, c, are large as compared to other coefficients, then solving these for х, у, z respectively, the 
system can be written in the form 


x= k -hy -mz 
y= № – х – тог ...(2) 
= -Lx- | 
Let us start with the initial approximations Хо» Jor 2 (each = 0) for the values of x, у, z. Substituting these 
on the right, we get the first approximations x, =k,, y, = Ry, 2, = Fg. 
Substituting these on the right-hand sides of (2), the second approximations are given by 
x, =k, -—ly,—m,z2, 
Ya = ko — lox, — mag, 
D а he — [501 — may, 
This procera is repeater till the difference between two consecutive approximations is negligible. 














*See footnote p. 215. 
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Solution. Rewriting the given saudo as 


zd - ! _ _1 onagga -r 4 №195 61 aye 
х= Чы у+2), у 10 (28.08-х-2),2 1g (85:61 +х-у) 
We start from an approximation, x, = y, = 2, = 0. 





First iteration ху = 1119 = 1.119, у, = 2808 = 2.008, 2, = 2107 = 3.561 
Second iteration — x,- т (11.19 —y, +2,)= 1.19 


Yo = 16 (28.08 —x,—2,)- 2.24 

2, = E (35.61 +x, — y,) = 3.39 

Third iteration хз = i5 (11.19 — y, + z,) = 1.22 
Уз = 1 (28.03 — x, —z,) = 2.35 

г. = is (35.61 +x, —y,) = 3.45 

Fourth iteration x,7 qg (11.19 -уз + 23) = 1.23 
У; = 1g (28.03 —x4—24)- 2.34 
2, = 15 (35.61 4 x4— 3) = 3.45 

Fifth iteration x; = 16 (11.19 y, +24) = 1.23 
Ys = i6 (28.08 —x,—2,) = 2.34 


z,- с (35.61 *X,—)4) = 3.45 


Hence x = 1.23, у = 2.34, z = 3.45. 





Solution. We write the given в in the form 
-20 (17-у-4 22) | 
"i (- 18 — 3x +2) sufi) 
3 = 55 (25 - 2x + 35) 





We start from an approximation x, = y, = 2, = 0. 
Substituting these on the right sides of the equations (i), we get 


17 v __ 18 _ 25 
х= gg = 085391 =- от =-0.9;2; = 25 = 1.25 


Putting these values on the -— of the equations (i), we obtain 
х, = 26 (17 — y, + 22,) = 1.02 





уул 35 (- 18 — 3x, + гу) = – 0.965 


2,7 Jc (25 - 2x, + Зу) = 1.1515 
Substituting these values in the right sides of the equations (i), we have 


хз = 25 (17 — y, + 22,) = 1.0134 


Уус 1. (- 18 — 8, + гу) = — 0.9954 


ЭР za (25 — 2x, + Зу,) = 1.0032 
Substituting these values, we get 
x,= + (17 - y, + 22,) = 1.0009 
20 
y= 1 (C 18— 3x, +2.) = — 1.0018 
20 
ЭР 50 (25 — 2х. + Зу.) = 0.9993 
Putting these values, we have 
х= ЕЯ (17 -Уу? 22,) = 1.0000 
20 
ys = + (- 18 — 3x, + z,) = — 1.0002 


= 
г; = 36 (25 — 2х, + 3y,) = 0.9996 


Again substituting these values, we get 
х= 87 (17 -Ys + 2z.) = 1.0000 


Y= 208 18 — 3x, +2,) = — 1.0000 


гв = 2 (25 — 2x, + Зу,) = 1.0000 


The values in the 5th and 6th iterations being practically the same, we can stop. 

Hence the solutionis х-1,у--1,2-1. 

(2) Gauss-Seidel iteration method*. This is a modification of the Jacobi's iteration method. As before, 
we start with initial approximations хү, Ур, z, (each = 0) for x, y, z respectively. Substituting y = yy, 2 =z, in the 
first of the equations (2) on page 837, we get 

х= К 
Then putting x = x,, 2 = гү, in the second of the equations (2) on page 837, we have 
уу = ky — lox, — my, 
Next substituting x = x,, y = y, in the third of the equations (2) on page 837, we obtain 
21 = А. – lx, may] 
and so on, ie., as soon as new approximation for an unknown is found, it is immediately used in the next step. 
This process of iteration is continued till convergency to the desired degree of accuracy 18 obtained. 





*See footnote p. 37. After Philipp Ludwig Von Seidel (1821-1896) who also suggested a similar method. 
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Salatton. We write the — шаш! in the form 





1 (17-у+22);у= a; C 18— Зх +2); z= J (25- 2х + 3y) ai) 


We start from the кии ху = Yo 72, = 0. Substituting у = p =z, in the right side of the first of 
equations (1), we get 


x = d (17 — уе + 2z) = 0.8500 
Putting x = ху, z =z, in the second of the equations (i), we have 
Уул dz C 18 - Bx, + 29) = — 1.0275 
Putting x = ху, y = y} in the last of the equations (i), we obtain 
г, = do (25 — 2x, + Зуу) = 1.0109 
For the second iteration, we have 
x7 эр (17 —y, +22) = 1.0025 
Уз = A (— 18 — 3x, + 2,) = — 0.9998. 
247 50 (25 — 2х, + Зу,) = 0.9998 
For the third iteration, we get 
хз = ag 17 — ys + 22.) = 1.0000 
Ya = dL (- 18— 31, + г) = — 1.0000 
z, = 2ü (25 — Зк, + 2у„) = 1.0000 


The values in the 2nd and 3rd iterations being practically the same, we can stop. 
Hence the solution is x = 1, у = – 1,2 = 1. 





Solution. Rewriting the given equations as 


x, = 0.3 + 0.2x, + 0.1x, + 0.1х, 40) 
x = 1.5 + 0.2x, + 0. 1x, + O.1x, tt) 
ху = 2.7  0.1x, + 0.1х„ + 0.2x, Ui) 


First iteration 

Putting x, = 0, x, = 0, x, = 0 in (i), we get x, = 0.3 

Putting x, = 0.3, x, = 0, x, = 0 in (it), we obtain x, = 1.56 
Putting x, = 0.3, x, = 1.56, x, = 0 in (iii), we obtain x, = 2.886 
Putting x, = 0.3, x, = 1.56, x, = 2.886 in (iv), we get x, = — 0.1368 





Second iteration 

Putting x, = 1.56, x, = 2.886, x, = — 0.1368 in (1), we obtain 
x, = 0.8869 

Putting x, = 0.8869, x, = 2.886, x, = — 0.1368 in (ii), we obtain 
х„ = 1.9523 

Putting x, = 0.8869, x, = 1.9523, x, = — 0.1368 in (iii), we have 
х. 2.9566 

Putting x, = 0.8869, x, = 1.9523, x, = 2.9566 in (iv), we get 
x, =— 0.0248. 

Third iteration 

Putting x, = 1.9523, x, = 2.9566, x, = — 0.0248 in (i), we obtain 
x, = 0.9836 


Putting x, = 0.9836, x, = 2.9566, x, = — 0.0248 in (ii), we obtain 
Хо = 1.9899 
Putting x, = 0.9836, x, = 1.9899, x, = — 0.0248 in (iii), we get 
x4 = 2.9924 
Putting x, = 0.9836, x, = 1.9899, х, = 2.9924 in (iv), we get 
x, = — 0.0042, 
Fourth iteration. Proceeding as above 
x, = 0.9968, x, = 1.9982, х. = 2.9987, x, = — 0.0008. 
Fifth iteration ts 
x, = 0.9994, x, = 1.9997, x, = 2.9997, x, = — 0.0001. 
Sixth iteration ts 
x, = 0.9999, x, = 1.9999, x, = 2.9999, x, = — 0.0001. 
Hence the solution is x, = 1, x, = 2, х, = 3, х, = 0. 
(3) Relaxation method*. Consider the equations 
ajx + Буу + сүг TU ;a,x+6,y+c,z=d,;a,x+b,y +€,z=d, 
We define the residuals R,, R, R, by the relations 
В,-4,-а,- гэв ов; R,2d,-a,x—-b,y-c,2; R, -2d,-a4x—-b,y-ez „ЕЗ 
То start with we assume x = у =z = 0 and calculate the initial w ИР. Then the residuals are reduced 
step by step by giving increments to the variables. For this purpose, we construct the following operation table : 





We note from the equations (1) that if x is increased by 1 (keeping y and z constant), Ё p E, and А, decrease 
by a, бо, ад respectively. This is shown in the above table alongwith the effects on the residuals when y and г are 
given unit increments. (The table is the transpose of the coefficient matrix). 

At each step, the numerically largest residual is reduced to almost zero. To reduce a particular residual, 
the value of the corresponding variable is changed ; e.g., to reduce R, by p, x should be increased by p/a,. 

When all the residuals have been reduced to almost zero, the increments in x, y, z are added separately to 
give the desired solution. 


"eh № 
D 
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*This method was originally developed by R.V. Southwell in 1935, for application to structural engineering problems. 
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Solution. The residuals are given by 
Е, = 50 – Эх + 2y -z ; R, = 18 – х – 5y + 32; В, = 19 + 2x — 2y – Tz 
The operations table is 


| бу=1 | 
&m-1 | | 


The relaxation table is 


Kt) 
A) 
Kit) 
Itu) 
449) 
(UL) 
(ий) 
Хой) 
Kx) 
Ax) 


х=у=2=0 | 





Убх = 6.13, Ey = 4.31, Léz = 3.23 

Thus x = 6.13, у = 4.31, z = 3.23. 

[Explanation. In (1), the largest residual is 50. To reduce it, we give an increment dx = 5 and the resulting residuals 
are shown in (и). Of these R, = 29 is the largest and we given an increment бг = 4 to get the results in (itt). In (vr), Е, =—4 
is the (numerically) largest and we give an increment бу = — 4/5 = — 0.8 to obtain the results in (vii). Similarly the other steps 
have been carried out.] 
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ӨВ. The шилний are given = 
В, = 205 — 10x + 2y + 32; К, = 154 + 2x — 10у + 22 ; R, = 120 + 2x + у — 102. 
The operations table is 








&-1 
бу-1 
5-1 


The relaxation table 18: 











2 


_ ж=у=т=0 
| | ёк 20 
| by | 





обла, ЕЕ 


Хбх = 32, Ху = 26, Zz = 21. 
Непсе х=32, y = 26,2 = 21. 








| PROBLEMS 28.4 
i. Solve by Jacobi's method, the equations: 5x —y +z 210; 2x + dy = 12; x + y+ Sz = 1. Start with the solution: 
(2, 3, 0). 
2. Solve the equations 27x + бу —z=85 ;х + y + 542 = 110 ; 6х + 15y + 22 = 72. 
Бу (a) Jacobi's method — (b) Gauss-Seidel method. (Anna, 2006) 


Solve the following equations by Gauss-Seidel method : | 


3. 2x +y 462259; 8х + Зу + 22 = 13; x e Dy - z ЕТ, | 
4. 280+ 4у- гъ 32; x + By +102 = 24 ; 2x + 17у + 42 = 35. (Mumbai, 2009) 
5. 10x 4y 42-212; 2x + 10у +2 = 13; 2x + By + 102 = 104. (TU, МСА, 2007). 
6. B3x + 11у 42 = 96; 7x + 52y + 182 = 104 ; 3x + Ву + 292 = 71. (Hazaribagh, 2009) 
T. Sx, - 0-1x, — 0.2x, = 7.85 ; O.1x, + 7x4 - 0.8x, =— 19.3 ; 0.3x, — 0.2x, + 10x, = 71.4 (Mumbai, 2004) 
8. 12x42.1y 44.22 2 9.0; 5.3x + 6.1y + 4.72 = 21.0; 9.2x + 8,3y +2 = 15.2, | 


2-1 07-41 3410 
g |-#® 2-1 0) »|:10 
T 0-1 2 -1||z 
0 0-1 0421ш1 15 
Solve by Relaxation method, the following sets of equations : 


10. Зх + 9у —22— 11; dx € By + 132 = 24 ; 4x — 4y + 32 = – B. (Bhopal, 2002). 
11. 10х – 2y- 22 =6;- х + 10у – 22 = 7; х — y+ 10е = 8. | 
12. — 9х + Зу + 42 + 100 = 0; х — Ty + 3z 4 80 = 0; 2x + 3y – 5z 4 60 = 0. | 
13. Bix +у+ 2 = 110 ; 2% + 15у + Ge = 72 :— x + бу + 272 = B5. (Bhopal, 2003) | 


"LX: SOLUTION OF NON-LINEAR SIMULTANEOUS EQUATIONS—NEWTON-RAPHSON METHOD 





Consider the equations 
f (x, y) = 0, g(x, y) = 0 ..(1) 
If an initial approximation (хү, Yọ) to a solution has been found by graphical method or otherwise, then a 
better approximation (ху, y,) can be obtained as follows : 


Let Хх = XQ Л, Ут = Уз + k, so that f (х, +h, yo + Б) = 0, a(x, + h, Ус + А) = 0 Ka) 
Expanding each of the functions in (2) by Taylor's series to first degree terms, we get approximately 
of of 
fa + 48 --2-0 
udi Е Zo (3) 
+ h= + k= 0 
Bo Ox, ду, 


where = Р(х, Yoh 2 “5, etc. 
x 


solving the equations (3) tr М зай k, we get a new approximation to the root as 
ху =ху+ Һһ,уу=у,+Ё 
This process is repeated till we get the values to the desired accuracy. 


Example 28.25. Solve the system of non-linear equations: 
x? + у= 11, y* +a =7. (Pune, 2000) | 


Solution. An initial approximation to the solution is obtained from a rough graph of the given equations, 
as x, = 3.5 and у, = — 1.8. 


We have f-x*4*y-1lland g=y* + х – 7 во that 
of =o Of = og -1 ЧЕ - 
2x, 1 and 1, 2 
Фу а "Әу 


Then Newton-Raphson's equations (3) above will be 
Th + k = 0.55, А — 3.6k = 0.26 
Solving these, we get А = 0.0855, А = — 0.0485 





the better approximation to the root is 
x, =X, +h = 3.5855, у, = у, + = – 1.8485 
Repeating the above process, replacing (ху, Yo) by (хү, y,), we obtain x, = 3.5844, y, = — 1.8482. 


PROBLEMS 28.5 
A? E Я 





In $ 2.14, we came across equations of the type 


(a, — Ух, + ata + ах; =0 


051X4 + (dog — А)х + GggXq = 0 mU 
азүХү + азох. + (аз; — Аха = 0 
which in matrix form, may be written as [A - M] X 20 or АХ-АХ ...(2) 


where A= la, and X is the column matrix [x,]. 
Equation (1) will have a non-trivial solution if the coefficient matrix vanishes e.g., 


а -^ ар aig | 
а Q-A аз |=0 
031 а) | a4 – А 

This gives a cubic in À whose roots are eigen values of (2) and corresponding to each eigen value, we have 
a non-zero solution X = [x,, x,, x4] which is called an eigen vector. Such an equation can ordinarily be solved 
easily. 

In some applications, it is required to compute the numerically largest eigen value and the corresponding 
eigen vector. In such cases, the following iterative method is more convenient which is also well-suited for 
computing machines. 

If Xp Xp X, be the eigen vectors corresponding to the eigen values A,, Ao Аз, then an arbitrary column 
vector can be written as X = kX, + А.Х, + А.Х. 


Then AX =k AX, + ААХ, + ВАХ, = АХ, + ko X, + ВАХ. 
Similarly A?X = k AX] + k,2X, + ВАХ. 
and A'X =k, МХ + RAG, + Е.Х. 


If | A, | > | A» | > | X4 |, then the contribution of the term А, АХ, to the sum on the right increases with 
r and therefore, every time we multiply a column vector by A, it becomes nearer to the eigen vector X,. Then we 
make the largest component of the resulting column vector unity to avoid the factor £,. 

Thus we start with a column vector X which is as near the solution as possible and evaluate AX which is 
written as A ХУ! after normalisation. This gives the first approximation A to the eigen value and X” to eigen 
vector. Similarly we evaluate АХ'!) = A?! X?) which gives the second approximation. We repeat this process till 
[Xi — Xr - V] becomes negligible. Then № will be the largest eigen value of (1) and Х'", the corresponding eigen 
vector. 

This iterative procedure for finding the dominant eigen value of a matrix is known as Rayleigh's power 
method.* 


*After the English mathematician and physicist John William Strut known as Lord Rayleigh (1842-1919) who made 
important contributions to the theory of waves, elasticity and hydrodynamics. He was professor at Cambridge and London. 





Solution. (1) Let the initial inca ит а. to the eigen ia Wes ase. Eon to the (жазам a eigen m-— of 


лых- [1 1 
яр | [Б 41111 [5 [m 
Then AX- 1 | В = HE 5 | 0. ‚| = (их 
So the first approximation to the eigen value is A! = 5 and the corresponding eigen vector is X” = м 
5 411 5.8 1 : 
á AX) = = = 5. | 240 x 
Now АХ b d м h 4 5.8 n 8 лох 


1 
0.241 |’ 


Thus the second approximation to the eigen-value is А?) = 5.8 and the corresponding eigen-vector is Х' = 


| repeating the above process, we get 

Now АХФ = Ё Ч ls M - 5.966 la за | = = АЭ) X19) 
ах = [5 5 1] =5994 [0.250] = 4x 
Axe E 2| Et = 5:999 оде | = he 
АХ? = h | nmt “6 fa E d 


Clearly А) = А6! and X = X® upto 3 decimal places. Hence the largest eigen-value is 6 and the corre- 


sponding eigen vector is la A : 
(ii) Let the initial approximation to the required eigen vector be X = [1, 0, 01. 
2 -1 olf 2] " 4 
Then АХ-1-1 2 -1||0|=|-1| =2|-0.5| =a xo). 
0 -1 210 0 0 


So the first approximation to the eigen value is А1 = 2 and the corresponding eigen vector 
XP = [1, — 0.5, 0]. 


2-1 olf 1] [2.5 1 | 
Hence AXD=/-1 2 -1[|-05|2|-2|22.5|-0.8| =X? X”, 
0 -1 2 0 0.5 0:2 
Repeating the above process, we get 
1 0.87 
АХ?) =2.8| 1|2A9?X9:AX9-343| -1| = МХ 
0.43 0.54 
| 0.80 0.76. | El 
AX*92341| -1 = А X9:AX9-341| -1| 2 A9 XO, AMO = 3.41| —1| = ARM 
0.61 0.65 0.67 


Clearly 4/9 = 2!” and X® = X" approximately. 
Hence the largest eigen value is 3.41 and the corresponding eigen vector is [0.74, — 1, 0.67]'. 


(2- Spanien =x, + (2— Dx, xy = 0; arene (2—x, = 0 
о 9 Quotient method. 
- Find the dominant eigen value and the corresponding eigen vector of the following matrices using the power 


ji 
- № 
| 


Я С, у зера VT | X META 
: va (V.T.U., 2011) tb) | 3 p EAE" К P^ ( 1 WTU, 20118) 
largest eige n-value and the corres ponding ei a E of the matrices : 


Ey aes. Pan IF ih | 
ла, 2005) — в] 12 0| T2 | | 
А S Аа 


| xi | ation [1, 1, ot 4 e 


яар тан m n элээнэ?! нэ 
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P PR OBLEMS 28. 


Fill up the blanks or select the correct answer to eac Hi of the following problems < 
: ‘Out of Regula-falsi method and Newton-Rephson method, thie rate NUR ORE is faster for .. 
- Их, is the nth iterate, then the Newton-Raphson formula is ... 
4 In ёс Regula-falsi method of finding the real root оѓап equatii 
4. Newton's iterative formula to find the value 1755. - 4. 
5. Newton-Raphson formula converges when ... ) | 


_6. In solving simultaneous equations by башке Jerdan Way з coefficien 
D 7. piri gees gd т. ЕИ rerit 


. The Newiton-Raphson algorithm for finding the cube root of N 50. pen PA MUR 
du The bisection method for finding the root of an нөрацөй/0) 0 о в НЫ mex 


| 32. ‘The order of convergente in онот Rape meted IE. | MAU OE 
x ХУЛ Я | Ч, “ӨӨ ib dem 23 | (d) none. 
. 13. The iterative formula for finding the reciprocal of Nis, |, sss. | | 
m As soon as a new value of a variable is found by iteration, i is is sed immediately in the following equations this 
method is called | 
(а) Gauss-Jordan method | | (5) Gauss-Seidal method 
(с) Jacobi's method (d) Relaxation method. 
_ 15. Out of Regula- -falsi п method and Newton-Raphson method, the rate of convergence i is faster for iuus: 
16. The difference between direct and iterative п nods of solving ‚ simultaneous linear equations is ..... gie 
17. To which form Les Бин р шарк is transtotmea When AX = Bis solved bx Gauss elimination met sth E. is 
718, Jacobi's iteration method can be used to solve a system of non-linear equatio ‚У (True or False) 
19. The convergence in the Gauss-Seidal method is thrice as fast as in Јанга method. НЭГД (True or False) 
99 By Өвөө) elimination кешыр, edic заа an ac +2) 6, | (Anna, 2007) 








Suppose we are given the following values of y = f (x) for a set of values of x : 
as Хү X1 Xo — € 
у: Jp Уу Mo Ур 

Then the process of finding the values of y corresponding to any value of x = x, between x, and x, is called 
interpolation. Thus interpolation is the technique of estimating the value of a function for any intermediate value 
of the independent variable while the process of computing the value of the function outside the given range 18 
called extrapolation. The study of the interpolation is based on the concept of differences of a function which we 
proceed to discuss. For a detailed study, the reader should refer to author's book ‘Numerical Methods in 
Engineering and Science", 

Suppose that the function y = f (x) is tabulated for the equally spaced values x = ху, x, + А, x, + 2h, . 
хр + nh giving y = yg, Yp Уо У: To determine the values of f (x) or f х) for some intermediate values of x, the 
following three types of differences are found useful : 

(1) Forward differences. The differences y, — Ур, y — Yp ч У, — У, _1 when denoted by Ау, Ау. ... 
Ay, _ q respectively are called the first forward differences where А is the forward difference operator. Thus the 
first forward differences are Ay, = y, , у —y,. 

similarly, the second forward differences are defined by 

Ay, = Ay, p17 AY, — 

In general, wy, = АР-1 уу Arty, 
defines the pth forward differences. 

These differences are systematically set out as follows in what is called a Forward Difference Table. 

In a difference table, x is called the argument and y the function or the entry Уз» the first entry is called the 
leading term and Ayp, A*y,, Л?уџ etc. are called the leading differences. 


Obs. Any higher order forward difference can be expressed in terms of the entries. г 
нээнэ” A oi i aI Or aE En ~ d 
Ag zy Абу, - = бз — Дур e y) – (уу 2y, 9) Уд -ayt Зууг-Уу, | 13 

аур = А, — Ау = (7 + 39457 — ©з — Зу; + By, - 9) = у= Фуз + @у—4уү ул -н 
ficients occurring on the right hand side being the binomial coefficient, we have in general, — 
Муу = у, = ее Т „ез. # c Fyi es 
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(2) Backward differences. The differences Уг-УуУг- den 9 », = when denoted by Vy, Уу, .. «УУ, 
respectively, are called the first backward differences where V is the backward difference operator. Similarly we 
define higher order backward differences. Thus we have 

Vy, 89, 735.5 МУ Му 
Vey, = V?y, — V*y, , ete. 

The differences are exhibited in the following : 

Backward Difference Table 


(3) Central differences. Sometimes is convenient to employ another system of differences known as 
central differences. In this system, the central difference operator 6 18 defined by the relations : 

У1 — Уо = By Yo 7 Y4 = буур нэ Уи 74-3 = би 1 
Similarly, higher order central differences are defined as 

Yeap — u- Yis бу» — було = бу» . ‘ony 

^y, — беу, = бу» and so on. 
These differences are shown in the following : 
Central Difference Table 














We see from this table that the central differences on the same horizontal line have the same suffix. Also 


the differences of odd order are known only for half values of the suffix and those of even order for only integral 
values of the suffix. 


It is often required to find the mean of adjacent values in the same column of differences. We denote this 


mean by p. Thus 


бу, = $ (бу + буз). HO Yay = 5 (бу, + бу) etc. 





Solution. (1) А — x= прег уч (8: + №. - 233 х 


= { n^ |xth-x. = tan! 4. _A 
i I а 1-Ах-х" 
oH A(e* log 2x) = e* *^ log 2(x + Л) — e log 2x 
= ех *^ log 2(x +h) — e* +" log 2x + е" *^ log 2x — ех log 2x 
zt 





=e +" log + (e**^ — ex) log 2x 


se |e TX b) аке 1) log 2x | 


e x E х? )- (x + А) x? — (x +h)? cos 2x — х? cos Ax + Л) 
(нг) \ соз 2(x + А) cos2x о cos 2(x + А) cos 2x 


_ К+ AY - х2] cos 2x + x” [cos 2x — cos 2(x + А] 
cos 2(x + А) cos 2x 


_ (2hx + h”) cos 2x + 2x^ sin (h) sin (2x + A) 
cos 2(x + A) cos 2x 
(iv) A? cos 2x = Alcos 2 (x + Л) — cos 2x] 
= А сов 2 (х + Л) – A cos 2x 
= [cos 2(х + 2h) — cos 2 (x + A)] - [cos 2 (x + А) — cos 2x] 
= —2 sin (2x + ЗЛ) sin Л + 2 sin (2х + h) sinh 








= — 2 sin A [sin (2x + ЗА) — sin (2x + A)] 
-—2 sin А [2 cos (2x + 2h) sin A] = — 4 sin? Л cos (2х + 2A). 





Ч - E za o4 я ia AC tsa 
ч 1 | жш = re "з —. i = (Ни, i ia E 
ч | tl) lad ч FR- i 1 = 2] Xd | 4. d 
T „жота: ЯЛ л Ti бк : ay’ 
щи S A. | pF d 
л a н if ү; P d iN 4: T 2 р M. я 1 i 
- ў c 4 4 4 Y Ta т Ч| -Y ”, | й " " 
Г | | T " Ч А F. b 
G к EE, | 


Solution. (i) A? (ван, -41 5х +12 E FE РА 3 | 








(x^ 5x46 (x + 2)(x +3) х+2 x8 


e) ва) аа) 52-53) 


Ad 1 КИЕ 1 
гэ] aa | eat 














т. т 1... [ciuem Grae 
(х+3)(х+4) (x +2)(x+3)] (x+4)(x+5) (x+3)(x+4) 








-—— c HE AE =. И 
(x2) 3)(x44)" (х+3) (х+4)(х+5)  (x-&2)(x--3)(x 4) (x 5) 
(11) A(ab*) = a A(b*) = a(b* * 1 — b*) = ab*(b — 1) 


A*(ab*) = A[Aab*] = alb — 1) A(b*) 
=a(b — 1) (b7 +  — b*) = a(b — 17 — Б, 
(it) Дех zgX*l.ptz(e—1),* 
A?e* = A(Ae*) = Alte — 1) ех] 
= (е — 1) Ае“ = (e — 1) (e — 1) æ = (e - 1? ех 
Similarly АЗе*=(е— 1)%е”, Ae = (е – 1)%е*,.. and A"e*-(e-1)e*. 





_DIFFERENCES OF A POLYNOMIAL 


The nth differences of a polynomial of the nth degree are constant and all higher order differences are zero. 
Let the polynomial of the nth degree in x, be 
f(x) = ax” + bx" ~! + ex"? + 0. + kOe + А) +1 
Af (x) = f(x +h) —f (x) 
=al(x + A)" —x^] + bix + hy! 1 —x^-1] +... + kh 
= anhx"-! + бе. ^x +l (1) 
where б”, с’, ..., / are new constant coefficients. 
Thus the first differences of a polynomial of the nth degree is a polynomial of degree 
(n — 1). 
Similarly А? f (x) = Alf (x + h) — f ()] = Af (x + В) — Af (x) 
-anhl(x + h -1 x^-!] +b [(x + hy - 2—x^-7?] h 
=an(n — 1) hA?x^ -? + b"3^ p e" xP 4 + k”, [by (1)] 
the second differences represent a polynomial of degree (n — 2). 
Continuing this process, for the nth differences we get a polynomial of degree zero i.e. 
A" f (x) = an(n - 1) (n – 2)... . h^ =ап\ h" .4(3) 
which is a constant. Hence the (п + 1)th and ши... differences of a — w nth imm вы = be zero. 











Solution. А = m (1- bx?) (1- зуд - — ттт " + 4 у 49 + у ) x8 ... + 1] 
= арса АП (x19) [s A!9 (x^) -0 for « 10] 
= abcd (10 !). [by (2) above] 


ES (1) FACTORIAL NOTATION 





A product of the form x(x — 1) (x - 2)... (x - г + 1) is denoted by |x|" and is called a factorial. 


In particular Ix] = x, [x]? = x(x - 1) 
[x]? 2 x(x — 1) (x — 2), etc. 
In general [x]" = x(x — 1) (x — 2)..(x — n + 1) 


In case, the interval of differencing is h, then 


Ix]" = x(x — A) (x — 21)..(х-п- Ш) 
which is called a Factorial polynomial or function. 
The factorial notation is of special utility in the theory of finite differences. It helps in finding the successive 
differences of a polynomial directly by simple rule of differentiation. 
The result of differencing [x] is analogous to that of differentiating x’. 





(2) To express a polynomial in the factorial notation 

(i) arrange the coefficients of the powers of x in descending order, replacing missing powers by zeros ; 
(ii) using detached coefficients divide by x, x — 1, x — 2, etc. successively. 

Obs. Every polynomial of degree n can be expressed as a factorial polynomial of the same degree and vice versa. 


у ч 
Ч zr d o m" 


ME AA cir Ern n. XX He DU CL 4 o ча. = TU NEL 
"OR C 2) ын | 7 à Г | Ы г 
n 1 












Solution. First method : Let) = Ali)" + BEP + Clg] 4 D. 
Then 


—102 р 





=. Ay 22x 3[x]* + 3 x 2[x] +2 
A*y = 6 x 2[x] +6 | 
АЗу = 12, which shows that the third differences of y are constant, as they should be. 









Second method (Direct method) : 
Let у = 2x? — 3x? + 3x — 10 
= 2x(x - 1) (x —2) + Bxix —1) + Cx + D 
Putting х-0,-10-0 
Putting х=12-3+3-10=С+0 
& C2—8-D--8410-2 
Putting x -2,16-1246—10- 2B + 2C + D 


E B- zc 20-D)- 24+ 10) = 3. 


Непсе y = 2x (x 1) (x - 2) + 3x(x — 1) + 2x — 10 = 2lIx]? + З&Р + 2[x] — 10 
x Ay = 2 x 8IxI? + 3 x 2[x] + 2, A*y = 6 x 2[x] + 6, Ay = 12. 













Solution. The difference table is as follows : 
x y Ay B А?у АЗу 
45 yg73 





Ав кошу three entries ур, Yp y, are given, the function y can be represented by a second degree халин. 
АЗу,-0 
LE., Зу, + у. 45 9: 


and 


Азу =0 


Solving these, we get y, = 2.925, y, = 0.225. 


Otherwise : As only three entries y, = 3, y, = 2, y, =- 2.4 are given, the function y can be represented by 


a second degree polynomial. 


5 Азу = 0 

Le., -1Уу,-0 
ie., (E? — „быз 1)у„=0 
Ee, Уз — Зу; + Зу 7 yo 7 0 
У,— ЗУ; + dy, —y, = 0 

Le., Уз + Зу, = 9; 3y, y, = 3.6 


and 
and 
and 


Solving these, we get y, = 2.925, яа” = 0.225. 


2 Ё is "wm - 
old p тр p uj mex 





e. e bo ee 
1 ч, etl r ged ET аст ad srl p " QUT d 
Жтт I | L| mg A Ц 
Ё. rA. 3 Е ЧГ, 4 | 2 Lb if и иг P a. 
x i Ir " ^ " T EX p- т rg LE uM Үл Иен а n + 1 
ч т Нэг “ир, , й 
‹ ї АГ ЫН. Pi EM 
л E 1 . Te ial ч 
ТУ ! ЫГ аач ha bå $ 
ў ў Жо? = F t 
i } LI | 


y, + 3y4 = 3.6 


Ay, =0 
(Е — pit а» 
(E? — ЗЕ? + ЗЕ — -aa 


Е. 


3 


= Н | , 
i L AA d Lo. j 4 
È - 3 d Е I 4 в 


4 T a Е 7 » T а Б - 
Ч PE M^ Ш qm Qt ke; 2 ian 
i 


А7 ра as PF = сү 2 1 aM up 7 15 үс y m va c 7 
Ё л Г a ДЭ te Seer. ee fa и a М. г 
ги ==. mS daa da PES i 4 


Solution. We байгаа the тр m table f from the given data : 


х 


0 


1 


7 


Aty = 


¥ 
yg71 


y,--1 


Уу 


Ay 


-2 


3 


Aye 


АЗу 


Ary, 
AY, 


.. The other fourth order differences must also be 16. Thus 


i Ё. т 


and 


Aty, = 16 = Ay, — АЗу, 


Азу, = Азу + Aly, = 8 + 16 = 24 
A*y, = А®у„ + АЗу„ = 4 + 24 = 28 
Ay, = Ay, + А?у, = 2 + 25 = 30 
Ys =Y, + Ay, = 1 + 30 = 31 
Similarly starting with Ду, = 16, we get 


Ay = 


Starting with Aty, = 16, we obtain 


124, Ay, = 222, y, = 


40, Аду, = 68, Ду; = 98, y, = 129. 


851. 


Aty 


16 
16 
16 


16 


Since the values of y belong to a polynomial of degree 4, the fourth differences must be constant. But 
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PROBLEMS 29.1 
1. Construct the table of differences for the data below : 
































CJR: 0 1 2 3 4 
Ero): 1.0 1.5 22 3.1 4.6 
Evaluate АЗУ (2). 
з, Hu, 7 3, м, = 12, и, 718, u, = 2000, u, = 100, calculate Ди. 4! 
3. Show that A! y, 2 y, , 3— Зур, 2+3, У. «il 
4. Form the table of backward differences of the function < 
fix) = x3 —83x* —5x - T for x = — 1,0, 1, 2, 3, 4, 5. у 
5. Form a table of differences for the function ^ | 
Го) =o + Ba —7 for x =— 1,0, 1, 2/3, 4,5 | 
Continue the table to obtain f (6). | 
в. Extend the following table to two more terms on either side by constructing the difference table : Hi 
221: - 2 0.0 0.2 0.4 0.6 0.8 1.0 | 
у: 2.6 30. 34 4.28 7.08 14.2 29.0 | M 
7. Show that | 
1 = А/(х) ч бу-у ИР o ses AfGÓ | 
A — 2 5 (Raina | ):А108 f (&) «log ESL 
(i) Peale AG ha ri^ (Raipur, 2005) (1) A log f (x) = log [ dd l | | 
8, Evaluate : | 
(i) A (e+ 2055) (it) A tan! (352 — n (iit) A Ms» OPE (Madras, 2001) 
n хіх + 4) (x +6) 1 ! 
| | | 
Gv) A* pA | (P.T.U., 2001) 
2 +Бх+6 ci. ИЙ 
9, Evaluate: 
(0) A(e** log 2x) Gi) А(25/х 1) (iit) АМа”) (Burdwan, 2003) (iv) A^ (2) 
10. Iff (x) =e +0, show that its leading differences form a geometric progression. (Mumbai, 2003). 
11. Provethat 
(0) уул yo Ay, + А, + Ay, (8) Уу, = Ya — 29; + Yg s 0 Ys = Ya — 2s * Y, 


19, Evaluate: 
(0 АЗ (1-х) (1 - 2x) (1 — Зх) | 
(it) AW- x) (1 — 2x7) (1 — 3x9) (1 — 4x*)], if the interval of differencing is 2. | 
13. Express х3 — 2x* + x — 1 into factorial polynomial. Hence show that A* f(x) - 0 (P.T.U., 2001). 
14, Erpress и = <* — 1023 + 24x* — 30x + 9 and its successive differences in factorial notation. Hence show that АТи = 0. 
15. Find the first and second differences of x‘ — 6x? + 11x? — бх + B with A = 1, Show that the fourth difference is 
constant. 
16. Obtain the function whose first difference is 2x! + 3x? — 5x + 4. | | 
17. Fin‘ the first term of the series whose second and subsequent terms are 8, 3, 0, — 1, 0. 
18, If.) and v(x) be two functions of x, prove that 
их) Au(x) — 225, Aux) 


(i) Mule) ых) = ux) Au) + щх + 1) Aux). (DA | EM " 
u(x), "x +1) 


x) 








ЕЕ (1) OTHER DIFFERENCE OPERATORS 


We have already introduced the operators A, V and 6. Besides these, there are the operators E and ц, 
which we define below : 
(1) Shift operator E is the operation of increasing the argument х by h so that 
Ef (x) = f (x + A), Е? f (x) = f (x + 2h), ЕЗ f(x) = f (x + ЗА) etc. 
The inverse operator E-! is defined by E~! Дх) = fx- А) 
If y, is the function f (x), then Ey, = y, , Еу, 2 y, ,, ВУ, = y, , ayy 
where n may be any real number. 





(ii) Averaging operator | is defined by the equation Цу, = 4(y, о +, һә) 


Obs. In the difference calculus, ^ and E are regarded as the fundamental operators and V, 6, и can be expressed in 


terms of these. 
(2) Relations between the operators. We shall now establish the following identities : 
ПА=Е-1 (п) У=1-Е-1 
(iii) 5 = Е -Е-№ (iv) и = 4 (Е + Е-12) 
(0) А = EV = УЕ = 5E!? (vi) E =e", 


Proofs. (i) БУ, Уу CN Y Ey, “Ут (E — 1) y,. 
This shows that the operators ^ and E are connected by the symbolic relation 


(ii) 


(iii) 


(iv) 


(в) 


Непсе 
(vi) 


Сог, L 
4, 


. Note. А table showing the Loo relations between the various operators is given below for ready reference. To prove 
such relations between the operators, always express each operator in terms of the fundamental operator E. 
(3) Relations between the various operators 


A=E-1 or Е-14А 
Уу ууу kT IE y= 1-Е, 
V=1-E" or E-(1-Vy! 
бу, =, „һо - Jy yg = Ey, – EM y, = (EV? — E y, 
&= ЕЧ? — Е-1, 
ЦУ, = i ама Руй) = (EM у + Е Vy уш {(Е!# + B- V2) у, 
к. IU? + Е – 1%). 
= Е(у, -YF = By, —Ey, 473,44 3,7 ÀJ, л ЕУ=А 
vi. Уз + и = = Уу.) n л УЕ=А 
bey, = y, ‚вр = Ve ул мал чью "Ус л Уул Ay, 
SEV = A 
A=EV = VE = БЕЧ", 
Ef (x) = f (x + h) 


2 
=f (x) + Ао) f") + o 


2 3 
= f (x) + ВОГ + 5 A pf (x) +. (reap Р ERE 
E = eD 
—— 
Lm. ЧЕ: 
D- 1 jog (1 +A) = L(a A-A +443... 





[By Taylor’s series] 


+ = f (x) =e" р(х) 


(Burdwan, 2003) 
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Example 29.7. Prove that 





Up x 
є* = iS et. т —, the interval of differencing being h. (Bhopal, 2009) 
| е 


2 
Solution. Since ра ех = А2, Е- le = Ate fh = Д?ех рт! = g-hAPex 


Y AX 
R.HS. = e- "Aet. же 2 Бех = gh ex th = ох, 


A*e* 
Example 29.8. Prove with the usual notations, that 
(i) AD = log (14 A) = — log (1 — V) = sinh? (n8). (Rohtak, 2005) 
(10) (HT? + E7172) (1 + АРА (Bhopal, 2009 ; U.P.T.U., 2009) 





(iii) A= 18 840-6 /4) (iu) A®y, = УЗУ, 


Solution. (1) We know thate""=E=1+A ~ AD=Ilog(1 +A) 
Also AD = log Е = - log (E ` t) = – log (1— V) [: E-!2z1-V] 
We have proved that ix (Е? +Е- 17) and б= Е Е - 12 

нё = 1(Е!# + Е - 1) (EY -Е-\№) = A(E- E^ = 1 (ей — e ^P) sinh (AD) 


i.e. AD = sinh! (nó). 
Hence hD = log (1 + ^) =— log (1— V) = sinh“! (pô) 
(it) (EY? + E-V27) (14. AP? = (E1? + Е -1?) BM =Е+1=1+А+1=2+А. 


(iii) £8? + &J( + 67/4) 





= 1(Е!? -E-P 4 (Е Е 2) I a (EU? — Е 1/2) 14] 





-1(Е-Е-1-2)4(ЕМ-Е-315) JE + E™ +2)/4] 
-1(Е-Е-1-2)441(ЕМ-Е-19)(Е! + E - V2) 
-1(Е4«Е-1-2)4(Е-Е-1)-14(2Е-2)-Е-1-4А 


(iv) АЗу, = (E — 15; [> A-E-1] 
= (ЕЗ – ЗЕ? + ЗЕ – 1) у, = у, — Зу, + Зу, — у, (1) 

VY; = (1 — Е-1)%у„ [^ А=1-Е-1] 

-(1-8E- 4-3E-?-E-3) y, 2 y, — Зу, + Зу, -Yə (2) 


From (1) and (2), Ay, = УЗу.. 


| TO FIND ONE OR MORE MISSING TERMS 




















When one or more values of y = f (x) corresponding to the equidistant values of x are missing, we can find 
these using any of the following two methods : 

First method : We assume the missing term or terms as a, 6 etc. and form the difference table. Assuming 
the last difference as zero, we solve these equations for a, b. These give the missing term/terms. 

Second method : If n entries of y are given, f(x) can be represented by a(n — 1)th degree polynomial i.e., A*y 
= 0. Since A= Е — 1, therefore (E — 1)" y = 0. Now expanding (E — 1)" and substituting the given values, we obtain 
the missing term/terms. 


Example 29.9. Find the missing term in the table: | : 
s cr 2 2 4 5 6 : 
» 7 45.0 49,2 54.1 61 67.4 








Solution. Let the missing term be a. Then the difference table is as follows : 


x y Ay А?у АЗу Aty 
2 45.0 (= Yp) 
4.2 
3 49.2 (= у,) 0.7 
49.9 а — 59.7 
4 54.1 (= у,) а – 59.0 240.2 — 4а 
a — 54.1 180.5 — da 
5 al = уз) 1215—a 
67.4—a 
6 67.4 (= у,) 


We know that A'y 20 Le, 240.2 – 4а = 0. 
Непсе a = 60.05. 
Otherwise: As only four entries ур, уу, Vo, Ул are given, therefore у = f (x) can be represented by a third 
degree polynomial. 
— or AÍy-0 ie, (Е — 1) = 0 


Lë., (E* — AE? + 6E? —AE - 1) 20 ог у; — Ау + бу — Ay, Уус 0 
Let the missing entry у. be a so that 
67.4 — 4а + 654.1) — 4(49.2) + 45 = 0 or — da = — 240.2 


Hence а = 60.05, 





. 


Solution. Let the missing value be a, 6. Then the difference table is as follows : 





x y Ay A*y АЗу 
45 J(= yg) 

п — 3 
80 а(= у,) 5 — 2a 

2- За-5-39 
58 2(= у.) b+a-—4 

b-2 4.6—a-—36 
60 biz уу) -04-25 

-34-b 

65 — 2.4 (=y,) 


As only three entries yp Ya y, are given, у can be represented Бу a second degree polynomial having third 
differences as zero. 

х АЗу, = О and A3y, = 0 
Le., За +b=9,a+3b=3.6 

Solving these, we get a = 2.925, b + 0.0225. 

Otherwise. As only three entries y, = 3, у, = 2, y, = — 2.4 are given, y can be represented by a second 
degree pelyeonaal having third differences as zero. 

АЗу„=0 and 4%, =0 


LE., (Е-- 17 y; = 0 and (E — Ivy, = 0 

bë (Е — 3E? + ЗЕ — 1) y, 20; (Е - ЗЕ? + ЗЕ – 1). у= 0 
or Уз — ЗУ» + Зуу - У = 0; у – Sg + Зу – уу = 0 

or Уз + By, = 9 dy, +у, = 3.6 


Solving three, we get y, = 2.925, y, = 0.225. 





Solution. iia Si as ир, We are gut to find 4д Le.,u 494. Then the difference table is 


x и Au A*u 
Xa Ую = 4 = З 
3 
5 0 
7 0 
9 
Xp Ум = us = 27 
Then уди (Е ТФУ иу-(1- yo ид 
10.9 2 10.9.8 4 
1-1 dn miis —— Ұ +... |, 
-| А "188 -Ja "o 


= м, — 10Vu, + a - 120УЗи, 
= 27 — 10 x 9 + 45 x 2-120 х 0 = 27. 








5i o гаг: р with, inate Хэ... we note that Абу, = =0 m С [^ Ay, is constant. 
i.e., Ба 1 y, = (Eê — 6E® + 15E* — 20Е3 + 15E? — 6E + 1) y, =0 

e 7 — ye + 15y, – 20y, + 15y,- бу, t317 0 
or vegies + yg) + 15%, + y) — 20у, = 0 
Le. Уул E (бу +52) — 605 + yg) + 150g + у„)] 


ы 5 [- 784 — 6(686) + 15(1088)] = 571. 





ing sum of infinite С.Р. 











, Wd 
xA x i 
х 1- | и = 2, 1 EZ ход Яалаа, и, 
-x 1-х 1-х| 1-х (1-х) 
= w щ + x -" -— = A* * „= R.H.S. 
1-x a -x7 | @- a | 








11. Find the missing values in the following table : 


| x" 0 1 2 3 4 Б 6 
ys 5 11 22 40 4 140 i (V.T.U., 2006) 
(13: Wu, =1, u,,-7—3, м: =— 1, үг 13 find uy (Mumbai, 2004) 
13. Evaluate y, from the following data (stating the assumptions you make) : i 
| | Yo +g = 19243, y, + у, = 1.9590, y, +у; = 1.9823, y, + y, = 1.9956. (Mumbai, 2003) 
14, Using the method of separation of symbols, prove that 
Us и ини, =" МЮ ш mtt Nu ce рО) Шу 
(8), 3, CAY, E ү CUM, 1— e (DP cAMP TE үл, 


15. Using the method of finite differences, sum the following series : 
(1) 2,5 4 5.8 + 8.11+ 11.14 +... to n terms. 
(n) 1.2.3 + 2.3.4 + 3.4.5 +... to n terms. 
ш, XA x^^^ us 
1—47 1-9) sy 
Hence sum the series 1.2 + 2.3x + 3.4x* +...... Ф, 





16. Prove that u, + u,x + их + м. Фо = 


КЖ NEWTON'S INTERPOLATION FORMULAE* 


We now derive two important interpolation formulae by means of the forward and backward differences of 
a function. These formulae are often employed in engineering and scientific problems. 

(1) Newton's forward interpolation formula, Let the function у = f (x) take the values yg, Yp Yo = 
corresponding to the values x,, x, + A, x, + 2h, ... of x. Suppose it is required to evaluate f (x) for x =x, + ph, where 
p is any real number. 

For any real number p, we have defined E such that 





ЕР f ix) = f (x + ph) 
y, = f (xy + ph) = EP f (xj) = (1 + AY? y, |: Е-1-4 
- t + рА + Bp A” + п АЗ + «| Yo [Using Binomial theorem] 
Bp-i) ,., pp-Lbíp-2 a | 
Le., Yp = Уо + PAY, + 91 А5у, + — —M AS, +... (1) 


It is called Newton's forward interpolation formula as (1) contains y, and the forward differences of y,. 
Obs. This formula is used for interpelating the values of y near the beginning of a set of tabulated values and 
extrapolating values of y a little backward (Le. to the left) of Yy 
(2) Newton's backward interpolation formula. Let the function y = f (x) take the values ys, Уц, У, --- 
corresponding to the values x, x, + A, Xg + 2h, ... of x. Suppose it is required to evaluate f (x) for x =x, + ph, where 
pis any real number. Then we have 


y,7f(x, + ph) = EPf(x ) = (1- Vy? y, | E-'z1-V] 
= a rp ирээ У? + ppt pt у? + | У, [Using Binomial theorem] 

| h i O plp+1)(p+2) _ | 
Le., У, =Y, + DVy, + шэн Vey, + ЕЕ: VSy +... 2) 


It is called Newton's backward interpolation formula as (2) contains y, and backward differences of y,. 
Obs. This formula is used for interpolating the values of y near the end of a set of tabulated values and also for 
extrapolating values of y a little ahead (to the right) of y, 


Example 28.14. The table gives the distances in nautical miles of the visible horizon for the given heights 
In feet above the earth's surface : 


x= height: 100 150 200 250 300 350 400 
y=distance: 10.63 13.03 15.04 16.81 18.42 19:90 81.97 
Find the values of y when (11 x = 218 ft (Madras, 2003 S) (ii) 410 ft. (V. T.U., 2002) 


*See foot note p.466. 





Solution. The difference table is as under : 


x y A АР At АЯ 
100 10.63 
| 2.40 
150 13.03 — 0.39 
2.01 0.15 | 
200 15.04 — 0.24 й — 0.07 
| 1.77 0.08 
250 16.81 — 0.16 — 0.05 
| 1.61 0.03 
300 18.42 — 0.13 - 0.01 
1.48 0.02 
350 19.90 — 0.11 
1.37 
400 21.27 


(i) If we take x, = 200, then у, = 15.04, ys - E 77, Ау, = 0.16, АЗу, = 0.03 etc. 
Since x -218andÀh = 50, .. p= *_% =— 8 -036 


Using Newton's forward interpolation formula, we get 


р(р-1) pp-nDp-2) , 





6.0.64) 0.64) — 1.64 
f (218) = 15.04 + 0.36(1.77) + 058-0206. 0.16) + —e 104 0. 03) + 


= 15.04 + 0.637 + 0.018 + 0.001 +... = 15.696 ie., 15.7 nautical miles 
(ii) Since x = 410 is near the end of the table, we use Newton's backward interpolation formula. 





taking x, = 400, p = “үс == - 0.2 


Using the line of backward differences 
у, = 21.27, Vy, = 1.37, V?y, =- 0.11, Vy, = 0.02 ete. 
г. newton's backward formula gives 





spro +1) (p+ 1)(p +2) 
Удо = У400 + PV 400 + — 5 — У Уе + Bad Vy gay e 
0.2(1.2| 
= 21.27 + 0.2(1.37) + юм (— 0.11) +... = 21.53 nautical miles. 





Solution. First we prepare the eem а: а frequency table, as follows : 


Marks less than (х): 40 50 60 70 80 
No. of Students (y) : ol 73 124 159 190 
Now the difference table is 

х y Ay, Ау, Ay Aty. 

40 81 

50 73 9 

| 51 =- 25 
60 124 - 16 37 
70 159 -4 
31 























We shall find y, i.e. number of students with marks less than 45. 








Taking x, = 40, x = 45, we have p = -үс -10 = 0.5 1: А = 10] 
- using Newton's forward "c иргэн we get 
| " pp.D —1)(р-2) 
Уур = Удо + РАУ + D шуух — AT yag + + 
| 5-0. 0.5(0.5) (— 1.5) | 0.5(- 0.5) (- 1.5) (- 2.5 
= 31+ 0.5 x 42 + ascos x 9+ a х (— 25) + ос Oe seen , 37 


= 47.87, оп simplification. 


л the number of students with marks less than 45 is 47.87 ie., 48. 
But the number of students with marks less than 40 is 31. 
Hence the number of students amg marks between 40 and 45 = ei 31 = 13 











iei ui AF D x 
у se A n. 
ME “i 
биш, The difference table i is 
x fx Af (x) Af (x) / А? (x) 
0 1 
1 
1 2 - 2 
со 12 
2 1 10 
a 10 
М | | x ох-0 | 
We take x, = 0 and p = i = х Г: 0.1 


- using Newton's forward interpolation — we get 








f (x) = f (0) + - Т Af (0) + ке D AFO) eae ы, (0) 
алиа m 2) + о) 


= 2x7 — ry 1, which is the required polynomial. 





To compute Д4), we take x, = 3,x =4 so that p = “ГЭ =t [^ 3-1 

Using Newton's backward Е ты we get 
+1)(pt+2 

f(4) = (3) + pVf (3) + |= Ret” D vf) puce Dre 


1.2.3 V3f (3) 


mida vi 10.412441. 

















Solution. The difference table is 





FA 





o 0 -3 Oo UO &à со 





To find the first term, use Newton's forward interpolation formula with x,28,x-1,h- landp--2. We 


у(1) = 4.84 
This gives 


| 


Ань a - "i а ' 4 
- a мы А =! 4 [m 
TEE Li —— FTT omm : "T E 1: | 
J| ї tae 4 d 
лын эн, r ae. - 
ай: E us “за. Sy, S r и 
EM | Nos TM =, Т = D їдл- 


73.9 


CE x 
To obtain the tenth term, use Newton" 


15211422 


Ay 


3.6 
6.1 
9.1 
12.6 


16.6 
21.1 


(- 2)(- 3) _ 
eae 





х 4.5 + 


-(-2)(-3)(-4) 


| interpolation formula with х, 
1 (2) (3) 
3 


x 0.5 = 100. 





х 0.5 = 3.1 


F ah? Aper: T 
don a e D 









er of men getting wages below Rs. 15 from the following data : Рр TUM ру] 












e 0—10 10—20 ` 20—30 © 30—40 
т, 35 | 42 
Тах оаа Newton’ 8 forward interpolation polynomial for the Gillewing data : 
| 2215 14. 6. 8 10 | 
ОА НЕ" 3 8 16 " £4 
| Henie evaluate у for x = 5. 
- Construct the difference table for the following data : | 
Г Ж, 0.1 08 0:5 0.7 0.9 11 13 
(s f03:.:0003. . 0067. . Ql48 000248 . 0370 . 0208 . 0697 уу 
TH Evaluate (10.6) f | 
. 13, Estimate from following table f (3.8) to three significant ах using биед Newton ieu wits inte 
5 formula: | Ж” A 
Zoe #0 n 2 E 4 ^k: | i mE V. y 4 34 
ft) 2217, 1.5 2.9 3.1 46 | ЕН: А л 
14. The following table gives the ‘population of a town during the Fiat's six censuses. Estimate th i the 


population during the pario from 1976 to 1978 : 


zm 75) 





Year 1941 1951 1961: 19717 1981 4991 |. Р 
Роба бо fin ьа: 12 15 ГҮ 7201 27. 39 B2 1, 4: орто 


015, In the following table, the values of y are consecutive terms of a series of which 12.5 is the th term. Find the f 
— and tenth terms of the series. 





x: 3 (4 б 6 г. By x y | M 
ty: эл 6A  '125| 216. 348 512 . 729 EOS. eT 2 001) 
.16. Given ц, ='40, y= 45, Шүлс 54, find и, and u,. | | ) wei | бан па, 2003'S), 
17. If w_,=10, н, = 8, u,= 10, и, = 60, find и, and и. | eee PY но 
18, СУ ХЭ ye у = 12, у, = 81, y, = 200, y, = 100, y, = 8, without forming the differens tabled Ay 2 E 





ЕСЕ CENTRAL DIFFERENCE INTERPOLATION FORMULAE 


In the preceding section, we derived Newton's forward and backward interpolation formulae which are 
applicable for interpolation near the beginning and end of tabulated values. Now we shall develop central differ- 
ence formulae which are best suited for interpolation near the middle of the table. 

If x takes the values x, — 2h, x, — h, ху, x, + ^, x, + 2h and the corresponding values of y = fix) are y „у, 
Yo Y p Ус, then we can write the difference table in the two notations as follows : 


x ¥ Ist diff: 2nd dif. Зга diff. 4th diff. 
Ху,-2Л У. 
Ay „(= бу з) 
ху й ya Ay „(= 8*y 1) 
Ay (= бу 19) AM „(= Oy 1) 
ху уд Aly ү (y) Aty (= 856) 
Ауу (= Oy yo) АЗу_‚ (= бу) 
Xo + Л Уу A*y (= бу, ) 
ду, (= буа) 
Xp + 2h Ya 


(1) Gauss's forward interpolation formula. The Newton's forward interpolation formula is 


Kp-1) , pip-Díip-2) 
Yp = Уо + РАУ, + 3.9 — 2 Алу, + | 1.2.3 АЗу, +... I1) 








We have T. ду. = АЗу_, 


Le., да: = = Д?у ,+A*y_, ...(2) 
Similarly Aty, = АЗу + Aty_, -A3) 
Aty, = Aty_, + Д5у , etc. 44) 
Also ДЗу ,—A*y_,=Aty_» 
Le, Абу ys АЗу „+ AY , 
Similarly Aty ,=Aty_,+ Ау , etc. (B) 
Substituting for A*y,, A*y,, mar . from (2), (3), (4) ... in (1), we get 
1) (p—2) 


n 





Ур = Уд + DAYS + D ahy + АЗу 1) + А, + А?у 1) 


р№р- 0 (р - 2) (р - 3) | 
+ 1934 (A*y , + А5у_ү)+.... 


р(р-1) , 1 
st Ау + + Pee reo” лу, 





Hence у, =p + PAY, + 
(р-Юрр-3(р-2) , = 
+ p ethers Doom Aty_, +... [Using (5) 
which is called Gauss’s forward interpolation formula. 
Cor. In the central differences notation, this formula will be 


(р-1) (p*Dpí(p-D _, (p +1) p(p-1)(p- 2) 
Ур = у + Pip + PE 6 ys | буур + 4! буу, + 











(2) Gauss’s backward interpolation formula. The Newton's forward interpolation formula is 


Ур “Уу +РАУ + " P 27 Ao + ЖЭ Азу, +... e] 

We have Ayg— Ду = My 4, 
l.e., Ху, = Ay 4 + АЗу_, 02) 
Similarly A*y, = A*y_, + Азу, .448) 
ДЗу = Азу, + Aty_, ete. (4) 

Also AS – АЗу = Ay 
Le., АЗу , = А?у „+ Ny .45) 
Similarly Aty үл Ay. + Абу , etc. AG) 

Substituting for Аус, A*y,, A*y,, ... from (2), (3), (4) in (1), we get 


| -D(p- 2) 
Vp Уул PlAy_, + 42) + 2 BID D (A*y_, + Ay D Kp Du (АЗу + Aty_,) 


pp-2up-2(p-3). 
— 1.2.8.4 (АУА) +... 





о (р+1)р a (р+1)р(р-1) з (р+1)р(р-1)(р-2) 
= 30 бшсш. 123 м 1.2.3.4 Муд 


píp-D(p-2(p-3 5 
PAP EXB БУХ 5 аланы, 
ы 1.2.3.4 Ул + 











DP 1) =Ï) 
= у + PAy_, + ATy у + prO P (Азу a + Atya) 
(p +1) A -Dop-2. | i 
| (p UP (р-1р(р-1) . (р+ 2) (р+ 1) р(р- 1) 
Непсе У» +0 + рлу , + Ау, + ‚ветре АЗу , > Aty a + 


which is called Gauss's backward AL formula. 
Cor. In the central differences notation, this formula will be 


( 1 (р-1) ир-1) . (p+2)(p+1) р(р--1) 
y, 7 Yo + ply an + 2 Ups SR PED PAD gy „,!Р+ ЮРУ Pipa” ge, 





(3) Stirling's formula.* Gauss's forward interpolation formula is 





(p-1) (p+1) p(p — 1) (p+1) p(p—1)(p— 2) яр 
Ур =o + рАуџ + EH бшш im АВу. 1+2 — a АЗ 4 Ж 0 Ор 000 Aty_» +... sl) 
Gauss's backward „И formula is 
gione (p+) pp-1 (p+ 2)(p* 1) p(p —1) 
yp =o + DAY + Ny у + 31 Kyat — — 13 Де s 


Taking the mean of (1) mi (2), we obtain 


9 „г? ГАЗ, ao T 
Ay, + Ay 4 | (p? —1) A ya tA Yoa p (р? 1) x 
Yp7 Yo + р Би 9 5587294). tE A*y_,+ E M 511 х -023-ы-5 2 "| ие тя Aty „+... .4448) 


which is called Stirling's 2. 
Cor. In the central differences notation, (3) takes the form 


(94-12) (87:17) | 
P pu cns Pip +? ца» pu = Sty, + (4) 


9 
Ур 7 Jp + p Hyg + 219907 
for 5 (№ + Ду y- 5 Oe + V4) = noy, 


1 
о (My + A¥y 3) = i (83у + 53у уь) = ёзу, ete. 





(4) Bessel's formula.** Gauss's forward interpolation formula is 


(р+1)р\р-1) | |! Dpp-D(-2) ,, 
„=> + pay « PO D ay, PEDERE ary у Lt MP ay ,. 40) 


“Мапи after the Scolish mathematicians James Stirling (1692-1770). 
**See footnote p. 550. 





We have А, - АМ. рт : 
ге, АЖУ 1 = Ayo — Азу 4 (2) 
Similarly mad = Aty ,— Абу сес. ata) 


Now (1) can be written as 
р(р-1) (1 1,2 m cn M 
Yp = Ур + pAyy + 9! (22° Ут + 94 ул)! AM 4 
ET. -1)/(р- ш 1 
4! Ya + Аа) + 


1 -1 A йа. 
= Уо + РАУ + = PERO A y + 555 S i (дуо А?у 1) gp — = ya 





| -1 2 | 
+ ыы. 0002 дау РР РИ = 1 ли ШУ ду V4 a. Пааа (2; Т. 








4! A! 
р(р –1) "S 22-0 [psa 
= Уу +РАуу+ “oy © a ^g Aya 
, Р -1)(р-2) Atya кау o 
4! шин: 
| | (p-D А?у у + А?уу (р-1/2)р(р-1) 
Непсе Ур = Уу + PAV, + Р BL 205 А Ay, 


, (P+) p(p-D(p-2) Ауу + А Ya | 


41 2 «(1 


which is known as the Bessel's formula. 
Cor. In the central differences notation, (4) becornes 


(p- 1) Жон (р-1) „РУОР DO m | 
Yp = Yo + Pip + Ё 91 UEY з + Р 2 By АН pOty et... ...(5) 


for i (А2у , + А2у,) = убу Е (Aty „+ Aty_,) = бу etc. 





( 5) Everett's formula. Gaussa forward interpolation formula is 
Kp 1) Эр” (p* D pp D My ca: eee eS Aly 


"o -— ИР 


У, Уст pAy, + 
(p+ 2) (р+ 1 pl oa 2) 2 
Е ш иын Абу „+ ЛЭН" (1) 
We eliminate the odd difference in (1) by using the relations 
Ау, 7 Y1 — Yo; ASy 1 = Ay, = A*y т, Ау o = АМ 1 E A'Y , ete. 
Then (1) becomes 
(p —1) (р+1)р(р-1) 
Yp = Ус + pU, — Уо) + Р a Муу» ар | Ус A*y 4) 


(p +1) p(p—1)(p-2) (p+ 2)(p+) p(p-Dí(p- 2) 
+ 4l “vat 51 


р(р-1(р-2) (р+1) р(р-1) . 
= (1-2) 75+ рур —a31 Ayat al — Ау 


x (Aty_, = Aty -9) +... 





966 Hienen Есма A 


Е (р+ 10) р(р- 10 (р - 2) (р 3) " (р + 2)(p+1) p(p—1)(p-2) 


5! A*y o 5! Aty — ii 
To change the terms with negative sign, putting р = 1 — 9, we obtain 
8 42 2 49.5.2 42 2 49 
g(q —-Y) , gig“ -1 )(q^ – 27) pip" - 1^) 

У, = Wor —sr 4*4 + a — AS „+ ...... +ру, + — 3T АРУ, 

2: 42.5.2 042 

pip“ -Y»o(p, -2^) 

р Aty gt- 


This is known as Everett's formula. 
Obs. This formula is extensively used and involves only even differences on and below the central line as shown below : 
| Абу. Абу. Central line 


ГЫ к= == 8 $ 





ЕЕЕ CHOICE OF AN INTERPOLATION FORMULA 


The coefficients in the central difference formulae are smaller and converge faster than those in Newton's 
formulae. After a few terms, the coefficients in the Stirling's formula decrease more rapidly than those of the 
Bessel's formula and the coefficients of Bessel's formula decrease more rapidly than those of Newton's formula. 
As much, whenever possible, central difference formulae should be used in preference to Newton’s formulae. 

The right choice of an interpolation formula however, depends on the position of the interpolated value in 
the given data. 

The following rules will be found useful : 

1. To find a tabulated value near the beginning of the table, use Newton's forward formula. 

2. To find a value near the end of the table, use Newton's backward formula. 

З. To find an interpolated value near the centre of the table, use either Stirling's or Bessel's or Everett's 

formula. 

If interpolation is required for p lying between —1/4 and 1/4, prefer Stirling's formula. 

If interpolation is desired for p lying between 1/4 and 3/4, use Bessel's or Everett's formula. 


Example 29.18. Find f(22) from the Gauss forward formula : 

Зэ, у! 126 25 30 35 40 45 

f(x): 354 332 291 260 2831 204 GLN.T.U., 2007) 
Solution. Taking x, 25, h = 5, we have to find the value of f (x) for x = 22. 

х-Хр 22-25 








Le., for =- h 5 --0.6 
The difference table is as follows : 
x р Ys Ay; Ay, ЖУ, 45, Ay, 
20 -1 854 (=y_,) | | 
— 22 
25 0 332 (= y) —19 
; -41 20 
30 1 291(- y) 10 -041 
– 31 = 8 45 
35 2 260 (= y4) 2 8 
- 29 0 
40 ee: 231 (= у.) 2 
-27 





Gauss forward formula is 


| pp-2. (p +1) 1) 
у = 99+ DAyg + Lo ду + ED POT у, 


ip Dm Муж (р + (p-1)(p-2)(p2) Ay , 


(-0.0 (- 0.6 0 (06 D(-0.9)(- 06 -D , 
2! (7 Mire 3! 
| (- 0.6 - 1) (- 0.6) (- 0.6 — 1) (- 0.6 — 2) 
FORMES ordo ooo NÉ MU sU NU 
, C 06* DC 0. 6) 06- D(-0.6-2)(—0.642) 
5! ! 


f (22) = 332 + (0.6) (C 41) + 


-8) 


(45) 


= 332 + 24.6 — 9.12 + 1.5392 — 0.5241 
мг, f (22) = 347.983. 





ing x, = 1969, л = 10, the population of the town is to be found for p = 1978-3868 = 0.5. 


й 10 
The central difference table is 








Gauss's backward formula is 
(p+1) (p*Dpí(p-1, (р+1)(р+1)р(р-1) 

Yp Уу + РДУ у + a POOP y id — шини oe BUB PP м Ж 
,U*2(pt*1píp- -10р-2),8 

5! A 3s 

(2.5) (1.5) (-.5) 
24 


*. ти 


(- 7) 


, (2. .5) (1.5) (.5) (-.5) (- 1.5) 
t чин (— 10) 


= 27 + 3.5 + 1.875 — 0.1875 + 0.2743 — 0.1172 = 32.345 thousands approx. 


Le., ys = 27 + (0.5)(7) + (5) + 


Li aa 


(0.5) C5) 7.5) 
6 





| | | | 6-15 | TT 
Solution. Taking the origin at 6° = 15*, h = 5° and p = — p we have the following central difference 


- — get ——— 


| 


At 0 = 16°, p= 


Stirling’s formula is 


5 


Лу. + Ду 2. (021) A y. + Ay. Pint =) 


ay = Р PE M 
ae аш: 21 38r ^ 3 


Yoz = 0.2679 + (0.2) Е 


+ mar (0.0045) + ... 


= 0.2679 + 0.01877 + 0.00009 + ... = 0.28676 
Hence tan 16° = 0.28676. 


2°, һ= апа dim х— 12, we have the following central table : 


Solution. Taking the origin at Xp 1 


e e ————— — —— >. + —— = 


At x = 12.2, р = 0.2. (As p Нез between — 1/4 and 1/4, the use of Stirling's formula will be quite suitable.) 











Stirling’s formula is 


| Ay) + Kp. 2-3 Ay, +A Y pp -1) 
Ny ае сэсэн РМ „+. 


When р = 0.2, we have 


0.03728 + 0.03421), (0.2)? a ( —0:00807) 


5 Yo. = 0.31788 + 0.2 | 2 


, ©: 2) [(0.2)° — 1] 0.00058 – 0.00045" 0.2)" [(0.2)? — 1 нээ 


- ini SETRS + 0.00715 — 0. 00006 — 0. 000002 + 0.0000002 = 0.32497. 


5 к eee e FE i {= Е T.— а . = ] ' E : Р BRE. + x | 
Г з a Ч ї ERES ammi 57 v А 3 = ' xc = Е P yE 4 Я ь oz ў = Д к. Tt : T. ! (31 Р” E 4 
: a | Е 27 1 Е ТЭР њї sls и зн Ин. Г ee Ша Ш ны иг я T rd ee Ч E Ж. ur PM A OA. Ч SEES LZ 4 
s Р d : ү: = ї i Г. А j! De A ар Е п м 1 ба = E Р, 8 d E j ! p F 1 гг r 
: e У 





d й! 
н 
j 






= Е = - 3 84 X "2t m 
ы = 2 B] ` RP э Чи.” 1, ї - L J D ” = E 
7 TA "UN T ve = 
á = ' | » | — E i 3 
wt io "eT Ё Аа 
ь _ ы 
| EX d^ LN TEE, i 
J i Bm. і ‘x РА 


ing i Por is VICES 19, Ж) 


Solution. Taking the origin at xọ = 24, h = 4, we have p = EN 24). 
^ The central difference table is | 





Atx=25,p= = (25 24)A = VA. (Ав p lies between 1/4 and 3/4, the use of Bessel's furmadacwiil yield accurate 
esult.) 


Bessel's formula is 


| шт 1) А?у, +A (p-12píp-D. й 
у = Уу? pAy, + + Med i Awa ho (p VD p(- D АЗУ 4 sce .4(1) 


When p = 0.25, we have 
у, = 3162 + 0.25 х 382 + =» : 66) NC NE. 0.75) 


= 3162 + 95.5 - ё 5625 — 0.0625 = 3250.875 арргох. 


(- 8) 





^ № i C- Фу à MET i lie tu m FI ‘ch А99. F 
Solution. Taking ilio: origin Сабан = 27, һ = 1, ме тд p=x- -27 
The central difference table is 




















een 1/4 and 3/4, the use of Bessel's formula will yield accurate result) 





At x = 27.5, p = 0.5 (As p lies betw 
Bessel's formula is 


Au 
| р-1) + д?у, ) (8-2 pip - 1) 
Yp = Уо + PAYg + pepe БОЛЬ У 


me ERA 


, P+D pp- ооа азак - н 
41 2 u 


When р=0.5, we have 
yaana 2ӨӨЮВ-Э/Өмтдн! ,, 
(0.5 + 1) (0.5) (0.5 — 1) (0.5 — 2) ( — 0.001 — 0.004 | 
Яо L————————— | ; ron ard, 
24 2 3 
= 3.704 — 0.11875 — 0.00006 = 3.585 
Hence f (27. ын = 3.585. 








A ps И м ТӨВД 





Solution. Taking the origin at x, = 330 and A = 10, we have p = 280 


The central difference table is 








To evaluate log 337.5 i.e. for x = 337.5, p = 
(As p > 0.5 and = 0.75, Everett's formula will be quite suitable) 
Everett's formula is 


1) -r 
Ур = Yo + ЩА 





рер? - 1) 
Ау +... + руу + ar Ar 


pp'-1Y-2» 1 
в ар CA pe 


= 0.25 x 2.51851 + oe 09028 — D x (- 0.00039) + =o 


x (~ 0.00003) + 0.75 х 2.53148 + 9-15 (0.5628 — 1) os =) 


+ eee eee 4) x (0.00001) 


= 0.62963 + 0.00002 — 0.0000002 + 1.89861 + 0.00002 + 0.0000001 = 2.52828 nearly. 


aq —1?)(4° - 2?) 
5! 


x (— 0.00038) 
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PROBLEMS 29.4 | tA 
1. Using Gauss’s forward formula, evaluate f (3.75) from the table : APY Brg yet 
х: 2.5 3.0 35.^ 94.0 / 45 5.0 ЧАА, NT 
у: 24.145 22:043 20.225 18.644 17.262 16.047 (Bhopal, 2002 ; Madras, 2000 
2. Using Gauss's backward difference formula, find y(8) from the following table : | 
zs 0 B 10 15 20 25 
у: 7 11 14 18 24 32 NTU. ‚ 2007) | 
3. Using Gauss's backward formula, estimate the number of persons earning wages between Rs; 60 and Rs. 70 кош 
the following data : | 
Wages(@) 5 Below 40 40-60 60-80 80-100 100-120 мал 
No.of persons : (т thousands) 250 120 100 70 50 - «Madras. 2000) 
4. From the following table : ie d 
abus 1.00 1.05 1.10 1.15 1.20 1.25 1.30 7 / 
ёХ: 27183 2,8577 30042 31582 23901 © 3.4903 3,6693 | (U.P.T.U.; 2006). 
Finde", using Gauss forward formula. , 


Б. The pressure p of wind corresponding to velocity vis given by the following data. Estimate p wheny = 25. 


и: 10 20. 30 40 
ор: 1.1 2 44 7.9 
6. Using Stirling's formula find ул, given yo, = 512, ya, = 439, уд = 346, ye, = 243, 
where y, represents the number of persons at age x years in a life table. (Nagarjuna, 2003.8) 
T. Employ Bessel's formula to find the value of F at x = 1.95, given that | 
xc 1.7 1.8 1.9 20 f 4-Y «924 22 2.3 w 
F: 2.979- 3.144 3.283 3.391 3.463 - 3.997 4.491 | ГА, 
Which other interpolation formula can be used here ? Which is more appropriate ? Give reasons. y Lt. 
Я. Calculate the value o£ f (1.5) using Bessel's interpolation formula, from the following table - 
x x 0 1 2 8 | 
fiy: 13 6 12: 15 (U.P.T.U., 2008) 
9. Apply Everett's formula to obtain м, given и, = 854, из = 3162, илд = 3544, ug, = 3992. (S. V.qdmu.. 2007). 


10. Using Everett's formula, evaluate f (30), if f (20) = 2854, / (28) = 3162, / (36) = 7088, f (44) = 7984 1,4 
(E.P. T. U., 2006 





11. Given the table Р 


“зүй i 310. . 320 330 340 350 360 | 
log x : 24914 2.5052 2.5185 2.5315 2.5441 2:5563 m" 
Find the value of log 337.5 by Gauss's, Stirling's and Ressel's formulae. А | 





[ INTERPOLATION WITH UNEQUAL INTERVALS 


The various interpolation formulae derived so far possess the disadvantages of being applicable only to 
equally spaced values of the argument. It is, therefore, desirable to develop interpolation formulae for unequally 
spaced values of x. Now we shall study two such formulae : 

(1) Lagrange’s interpolation formula 

(и) Newton’s general interpolation formula with divided differences. 


LAGRANGE'S INTERPOLATION FORMULA 





If y = f (x) takes the value yq, Уу, ..., y, corresponding to х = Xp, Хү, ..., x,, then 
f(x) = (x — x, ) (x — x3)... (a — x) a Xo) (x — x4)... (x — x.) 
(xo — x1) (x4 — x5)...(3; —x,) ^ = x х)... (5, — x.) 
( . f 
x-— шин =. (x — x, 4) T AD 
"|, = У) — х4) 


This is known as Lagrange's interpolation formula for unequal intervals. 


972 





Proof. Let y = f(x) be a function which takes the values (хү, уу), (х,у), ..., (x, У„). Since there are n + 1 pairs 
of values of x and y, we can represent f (x) by a polynomial in x of degree л. Let this polynomial be of the form 
zfí(x)-ajx-xJ)(x-xJ...(x—-x, )*a,(x-—xj(x—x)...(x—-x,) 
+ a(x — Xp) (хх) (x — xa) (хех) +... + а„(х— XQ) (х—х,)... (x—x,_ 1) ..(2) 

Putting x = x), = Yp in (2), we get 

yg = ag, — x4) (xy — x4)...(xg — x,) 

a = yy Mx — ху) (x, —x5)...(x5 — x,)] 
Similarly putting x = ху, y = y, in (2), we have a, =y,/[(x, — xg) (x, — x4)...(x, — x, J] 
Proceeding the same way, we find My, аз...а,„ 
Substituting the values of ap, à,,..., a, in (2), we get (1). 


... Obs. Lagranges interpolation formula (1) for n points is a polynomial of degree (n — 1) which is known as- 
7 з polynomial and is very simple to implement on a computer. l 


"This formula can also be used to split tha given function inte partial Füctions. 
For on dividing both sides of (1) by (x —xq) (x — x) ... (x — x,), we get’ 



























(xg —x9) xg р). (ко — x,) — (xg — xi) xg —x9).. (5 — x,) x — xg | 
A Yo TE АЖ Ч Ул TON Je Rm. 
(xi žo) (t — 25)... —x,) 2-2: 7 ба) — xj, — x4 3) X— = 
| Example 29.25. Given the values E (29:40: rue ИРУЛ 
iz - ЕФЕ ЖЕ = - Щщ = ш ВЕ ЛЫ à à - Ё ы А a "ULT "4 
evaluate f (9), using (i) Lagrande’ formula. f | Кыр m (Arina, 2006) 06) 
Solution. (i) Here x;25,x,-27,x,- 11, х, = 13, x, — 17 
and Yo = 150, y, = 392, y, = 1452, y, = 2366, y, = 5202. 
Putting x = 9 and substituting the above values in Lagrange's formula, we get 
(9—7) (9 – 11) (9 – 13) (9 — 17) = (9—-5)(9- 11) (9 - 13) (9 – 17) 
(9) us ES 0055 19095544) х 3BQ o e а 
Г) = 6-0»6-106-196-17» "9 * v-sm-100-190-17 "99? 
(9 —5)(9 — 7) (9 — 13) (9 — 17) (9-5)(9-7)(9-11)(9-17) sana 
(11-5) (11-7) (11 – 13) (11 — 17) шалан (13-5)(13-7)(13-11)(13-17) анин 
(9 - 5) (9—7) (9 - 11) (9 — 13) 50 3136 3872 2366 578 _ 
07-5)07-7) 07-10) 07-19) ERA хаг шиг чин лаа 


Example 29.26. Find the polynomial f(x) by. using: Lagr 





nge's finita did Penke find E AT б i, ү 





Solution, Here х= 0, 51,5. = 2,5. = 5 
and Уус 2,5, = 5,9, = 12, у. = 147 
Lagrange's formula is 
- (x — ху) (x — х)... (x — x4) T (x — xg) (x — x9)...(x — x3) " 
(xy х) (xg — x5)...(xg — ха) (x, — х0) (ху — x5 ..(x, — х)! 
(x — xa) (x — x )...(x — x4) (x — xy) (x —x5)..(x — xg) 
x—1)(x-2)(x—5) , (x — 0) (х- 2) (x 5) n 
-60-00-26-9 695 0-98-30-5 © 
(х-0)(х-1)(х-5) (12) + (x — 0) (x — 1) (x — 2) 


ooe- Deag (12) * poene g 14" 
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Г(х)-314-321-х-2 
л /(3) = 27+9-3 + 2 = 35. 


Example 29.27. A curve passes through the point (0, 18), (1, 10), (3,— 18) and (6, 90). Find the slope of the 
curve at x = 2. | (G-N.T-U.. 2009) 

анин: Here x, = 0, x, = 1, хул, x, = 6 and у, = 18, y, = 10, y, = – 18, y, = 90 
Since the values of x are unequally spaced, we use the Lagrange's formula : 

_ _(x- x)(x- x)(x- xg) - (x — xg) (x — xa) (x — x4) 

(xy, — x, (мо —x,)(x4 —x4) 9 (x, — x9) (x, — x) (x, — x4) 
(x—x)x-x)x-x) . (x — xg) (x — ху) (x — XQ) 
_ (œ-1)(x-3) (x-6) 22) («®—0)(х—3)(х—6) 
= @-1)0—2)(0-6) 8) a-o9a-2a-e "9 


| (x -0)(x-D(x-6 , a («-0)(х®-1)(х-38) 
+ -0G-nDnG-6 -19*:(6-9(6-0(6-3 C” 
= (—хЗ + l0x?— 27x + 18) + (x? — 9x? + 18x) + (x? — 7x? + бх) + (x? — Ax? + Зх) 
Le., у = 2x? — 10»? + 18 


Thus the slope of the curve at (x = 2) = (2) 
"xm2 
= (6х? — 20x), ,--16. 








y Example 29.28. 22 agrange's formula, express the function ЗА Га NEM. as a sum of partial 
ge i Aa oe | | (x — 1) (x = 2) (x = 3) | 





Solution. Let us evaluate у = Зх? + x + 1Югх = 1, х = 2 апі х = З 
These values are 


Xi i зах 3 wee x, =3 
зода OE em Cow 15 — » = 81 
Lagrünge'sformulais | | 
у=; (x — х) (x — хь) жер ет, — xg) (x — x4) 
ху = ху) (x4 —3,) 9 (х) (хх) ^! me xo) (хо — 24) Уг 
ee 1) (x – 2) (5) (x —1)(x -3) (x —1)(x — 2) 


(0-1)(0-2))) (2110223) Pt @-ne-D "P 
Substituting the above values, we get 
_ (x-2)(x—-3) (x — 1) (x — 3) (x —1)(x—2) , 
“4-241-3) EDE- 3) a+ ope- 99 
= 2.5% — 2) (x 3) – 15 (x — 1) (2 — 3) + 15.5 (x — 1) (x- 2) 


Th Вх? +х+1  — 25(x-2)(x-3)- 15 (х - D (x - 3) + 15.5 (x — 1) (x - 2) 
es (x — 1) (x – 2)(x-3) — (x — 1) (x — 2) (x — 3) 


чин 








2.5 15 , 154 15.5 
x-1 x-2 x-3 


Example 29.29. Find the distante moved by a е уы and its acceleration at the end. of 4 seco, 
time verses y^ xb data is as as follows : : 








Solution. Since the values of t are not equispaced, we use Lagrange's formula : 





ж | 


1. 


2. Given log,, 654 = 2.8156, log,, 658 = 2.8182, logy, 659 = 2.8189, Іор, „1661 = 2.8202, find by using 


9, Using Lagrange’s formula, express the function — 





LELEH * ч, ый ый | 


* (t в 2*1. == BN "3 
(¢@-1D(t-3)(t-4).... t(t-3-4,.. &t-1t-4 -3-3 
_ | | уар Эй л ай 
Cega “t @Meaca 9 *-"agocnp a2 + Gia (10) 


iis iC БЇЗ + 38t? — 105t + 252) 








Distance moved s = [ vdt = i [ (— Bt? + 381° — 105: + 252) dt Ё ps A 
_ 1Íí 58 3g? 1058 \" 
= 12| 4 + = 3 2 шил | 
zi +(- 2432 _ ) = 54 
12 320 + 3 840 + 1008 4.9 


Also acceleration = а 21 = (—15f* + 76t- 105 + 0) 


Hence acceleration at (t = 4) = 15 (— 15(16) + 76(4) — 105) = — 3.4. 





= PROBLEMS 29.5 № | 
Use Lagrange's interpolation formula to find the value of y when х = 10, ifthe 2 vans 
Ту 5 6 9 11 

iat + 5 ч 16 Р.Т, 2009 ; INT. U., 2008 








ӯ | T" Ww ї 








formula, the value of log,, 656. Hazaribagh 2009) 


8. The following are the measurements T made on à curve recorded by oscilograph representing a change of current J 
due to a change in the conditions of un electric current. | a + | 
T. 1.2 2.0 2.5 3.0 
I: 1.36 0.58 0.34 0.20 
Using Lagrange's formula, find Г at Т = 16. | (INT. U., 2009) 
4. Using Lagrange's interpolation, calculate the ‘ogee in the year 2000 from the following Чата; 
Үеаг : 1987 1999 2001 2002 
Profit in Lakhs of €  : 43 65. 159 248 (Anna, 2004) 
5, Use Lagrange's formula to find the form of f (x), given 
x : Ü 2 3 у | 
s 648 704 729 792 (Madras, 2003.8) 
6. If (1) =- 3, y(3) = 9, y(4) = 30, y(6) = 132, find the Lagrange's interpolation polynomial that takes the same yalues 
as y at the given points. (V.T.U., 2006) 
7. Given / (0) = — 18, £(1) = 0, f (3) = 0, f (5) = — 248, f (8) — 0, f (9) = 13104, find f (x). Nagarjuna, 2003) 
8, Find the missing term in the following table using interpolation 
x: 1 2 4 5 6 
у: 14 15 5 1. 9 


2 
Б ЛЕ as sum of partial fractions. 


Xx oy? хо 





РЕЖЕМ DIVIDED DIFFERENCES 


The Lagrange's formula has the drawback that if another interpolation value were inserted, then the 


interpolation coefficients are required to be recalculated. The labour of recomputing the interpolation 


coefficients is saved by using Newton's general interpolation formula which employs what are called ‘divided 
differences’. Before deriving this formula, we shall first define these differences. 
If (xs, Уз), Ga, Yih (о, Yo), ... be given points, then the first divided difference for the arguments, Xo, X, 18 





defined by the relation (ху, x,] = и 2—58. 
UP 








Similarly [x,, хо] = 22—21 and [x xg] = 23—22 ete. 
хү Ха — Xp 
The second divided difference for ху, хү, х, is defined ав [x,, Хү, Xa] = Sa eI Th 
Xo —Xq 
The third divided difference for Хүр Хү, Хо, X4 is defined as 
| Хү, X5, X41 — [xo x1, x4] 
ха = Хү 


хо, Хү, Ха, x] = and so on. 














, Yy =- ‚У, be the values of y = fix) ханшид to the arguments Хү, Хү, ..., x,. Then from the 
definition md divided differences, we have 


Ix, ху) = У Уо 


so that yzygtG— x) ix, Xp! att) 
À a: f [x, Eua] = [х, xol- [Хоз x, | 
which gives [x, xo] = Ixy, x] + (х)  G — ху) bx, xo; xjl 
Substituting this value of х, хо] in (1), we get 
y= Jo * x — х0) Ix; xil + (x = Xg) (х —x,) Ix, Хү, xil I2) 
Also i xs x = eor rox ж] 


which gives |х, Хр» xyl == іх Хү, х. * (x, х.) [x, Xu Хү ха 
Substituting this value of |x, x), x,] in (2), we obtain 
y 2g + (x — xo) xy, x4] (x — x9) (x — x) ху» x4, xo] Ge — x9) G— x4) (x — XQ) [x, ху, Хү, Ха! 





Proceeding in this manner, we get 
y= f ix) =У + (x — хү) | Хо» xil * (x мж Xo) (x —x4) Ix») Хү, Xo) 
+ (x — xg) (x —x,) (x — x3) [x x, 15, ху] +... 
(x — x) (x x) ... (x — хл) [x, xo Fy, x,] 
which is called Newton's general interpolation formula with divided differences. 


^m а 6 


» Г P ы: Е F 4 ї aa Ги Р d gj 1 
4 ааг f Б mis a^ ай, эы! кы 7 ца? hs 


Solution. The divided difference table is 
































Taking x = 9 in the Newton’s divided difference formula, we obtain 
f (9) = 150 + (9 – 5) x 121 + (9-5) (9 – 7) x 24 + (9 – 5) (9 – 7) (9-11) x 1 
= 150 + 484 + 192 — 16 = 810. 


за Jt" = ч Br Jd 
, Шыл: - 
„ г | Же 


LI 


ution. The divided differences table is | 








Applying Newton's divided difference formula 
f (x) = Р(х) + (х — x Ixg, x,] + (x x) (х — х,) Dx. x4, х. +... 
= 1245 + (x + 4) (- 404) + (x + 4) (x + 1) (94) 
+ (x + 4) (x + 1) (x — 0) (— 14) + (x + A) (x + D x (x — 2) (3) 
= 324 — 5х3 + 6x? — 14x + 5. 














PROBLEMS 29.6 
1. Find the third divided difference with arguments 2, 4, 9, 10 of the function f (x) = x*— 2x. (UPT. U.. 2005) 
о. Use Newton's divided difference method to compute f (5.5) from the following data : 
x ў о 1 4 5 5 
E (№): 1 14 (15 6 3 (ИРТЫ, 2010) 
3. Using Newton's divided difference formula, evaluate f (B) and / (15) given : 
x - 4 5 sa 11 13 
fix): 48 100 94 30€ 1210 2028 (U.P.T.U:, MCA, 2009, V.T.U., 2008) 
4, Obtain the Newton's divided difference interpolation polynomial and hence find f (6): 
х : d V rs AR 10 | | 
Г): 168 120 72 63 (UP.T.U., 2007) 
5. Using Newton's divided difference interpolation, find the polynomial of the given data : 
x ЭР =i 0 1 3 
Ec NOR 1 0 *1 (Anna, 2007) 
в. For the following table, find f (x) as a polynomial in х using Newton's divided difference formula: | 
x Е 5 6 9 I. 
Kx) 12 13 14 16 
7. Using the following table, find f(x) as a polynomial in 
x -1 0 3 6 7 
| 26 39 “822 1611 (U.P. T.U., 2009) 
8. z term in the following table using Newton's divided difference formula 
1 2 3 4 
y: 1 Jg B 3 81 





So far, given a set of values of x and y, we have been finding the values of y cintemonding to a certain 
value of x. On the other hand, the process of estimating the value of x for a value of y (which is not in the table) 
is called the inverse interpolation. 

Lagrange’s formula is merely a relation between two variables either of which may be taken as the 
independent variable. Therefore, on inter-changing x and y in the Lagrange's formula, we obtain 
_ ly - 1) - y). y - У) (y — yg) Cy — Уз)..-(У — Ул) 

Ei eg EET БЕТЕГЕ ee ш 
(yo — Xi (Уо — X9). yg — Ул) (у, — Уо) n — Yu), Yn) 
(у — Уо) Uy — Y). — y, 1) ! 
SHINE Errare DC CPCNEREEGICUTOURETU WERE MENT. ©.” UL) 
(У, = Уу) СУ, -У )...Cy,, Увы 
which is used for inverse interpolation. 


Example 29.32, The following table gives the values of x and y : 


E 1.2 2.1 8.8 4.1 4.9 6.2 
y: 4.2 68 | 9.8 13.4 15.5 19,6 | | 
Find the value of x corresponding to y = 12, using Lagrange's technique. (V.T.U., 2009) 


Solution, Here x, = 1.2, x, = 2.1, x; = 2.8, x, = 4.1, x, = 4.9, x, = 6.2 
and yg = 4.2, у, = 6.8, у. = 9.8, у. 13.4, y, = 15.5, y, = 19.6 
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Taking y = 12, the above formula (1) gives 
(12 - 6.8) (12 - 9.8) (12 - 13.4) (12 - 15.5) (12 - 19.6) „у 
(4.2 — 6.8) (4.2 — 9.8) (4.2 - 13.4) (4.2 -15.5) (42-196) ` 
, (42 - 4.2) (12 - 9.8) (12 — 13.4) (12 - 15.5) (12 — 19.6) 
(6.8 — 4.2) (6.8 — 8.8) (6.8 2 13.4) (6.8 — 15.5) (6.8 — 19.6) 
,. (12 ~ 4.2) 12 — 6.8) (12 - 13.4) (12 - 15.5) (12 - 19.60 og 
’ (9.8—4.2)(9.8—6.8)(9.8—13.4)(9.8—15.5)(9.8—19.6) ~ 
о (12— 4.2) (12 6.8) (12 — 9.8) (12 — 15.5) (12 — 19.6) x dii 
(13.4 — 4.2) (13.4 — 6.8) (13.4 —9.8)(13.4 15.5) (134 —19.6) ~” 
М (12 — 4.2) (12 — 6.8) (12 — 9.8) (12 — 13.4) (12 — 19.6) 248 
(15.5 — 4.2) (15.5 – 6.8) (15.5 — 9.8) (15.5 -13.4)(15.5-19.6) 
A (12 — 4.2) (12 — 6.8) (12 - 9.8) (12 — 13.4) (12 — 15.5) ven 
(19.6 — 4.2) (19.6 — 6.8) (19.6 — 9.8) (19.6 — 13.4) (19.6 — 15.5) 
= 0.022 — 0.234 + 1.252 + 3.419 — 0.964 + 0.055 = 3.55. 


х = 


х 2.1 


Example 29.33. Apply Lagrange’s formula inversely to obtain с á root of the equation f (x) = 0, given that 
f (80) =- 30, f (34) = — 18, f (38) = 3, and f (42) = 18. | (V.T.U., 2009 8). 


Solution. Here x, = 30, x, = 34, x, = 38, x, = 42 
and у, =- 30, у, = – 13, у, = 3, у. = 18 

It is required to find х corresponding to y = f (x) = 0 

Taking у = 0, the Lagrange's formula gives, 


m Uy — X,JCy — 74) Cy — 93) m (y — Yolly- ¥o) (yY — уз) 
(Уу - Уу) (Уо — Ya) (Уо — Уз) о (yi — Уо) (Y — Ya) (У — Уз) Ч 
(у = »iy- yx) EG -») x Yo) Gy-x)(»-» . 
(уз — ур) (Ve — Y) Org — Уз) 72" (ya — yo) (уз - 9) (9 — 99). ? 
13(-3)(-18) аа, 30-3)(-18) .. — 303)(-3) | ,5 
^ [17 33) 48) о * s C16 03D "7 * 3396)С 15) 79 * 48005) ** 


=— 0.782 + 6.532 + 33.682 — 2.202 = 37.23 
Hence the desired root of f (x) = 0 is 37.23. 








PROBLEMS 29.7 
L Apply Lagrange's method to find the value of x when f (x) = 15 the given data : 
x 5 6 Sr 11 
им: 12 13 14 16 (Madrus, 2000) 
2, Obtain the value of ¢ when А = 85 from the following table, using Lagr: | 
PM 2 5 8 14 


As: 94.8 87.9 81.3 68.7 


OBJECTIVE ТУРЕ OF QUESTIONS 





PROBLEMS 29.8 | 
Select the correct answer аг fill up the МапЁв in the following problems : 
1. Newton's backward interpolation formula is ...... 
2. Bessel's formula is most appropriate when p lies between 
(a) — 0.25 and 0.25 (b) 0.25 and 0.75 (c) 0.75 and 1.00. 


К 


жо" 
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It is the process of calculating the value of the derivative of a function at some assigned value of x from the 
given set of values (x, у,). To compute dy/dx, we first replace the latter as many times as we desire. The choice of 
the interpolation formula to be used, will depend on the assigned value of x at which dy/dx, is desired. 

If the values of x are equi-spaced and dy/dx, is required near the beginning of the table, we employ 
Newton's forward formula. If it is required near the end of the table, we use Newton's backward formula. For 
values near the middle of the table, dy/dx, is calculated by means of Stirling's or Bessel's formula. If the values 


of x are not equi-spaced, we use Newton's divided difference formula to represent the function. 





EUM FORMULAE FOR DERIVATIVES | 
Consider the function y = f(x) which is tabulated for the values x, (=x, + ih), i = 0, 1,2, ... n. 











(1) Derivatives using forward difference formula. Newton's forward interpolation formula (p. 958) is 
| р(р-1 3(р-1)ї(р-2 
у = ур + PAY, + p А?у,, + DOLI АЗу, + u 

Differentiating both sides w.r.t. p, we have 

шу... 4D—l , agp" -Gp+2 , 

dp = А90 + оү ^» a Soto 
Since p = (x ~ у) ,therefore s. 

ах Л 
dy dy dp 1 Zp-1 2 Зр? —Gp+2 
М —— = еа 4 =— | 
ЭМ di dn de Ар up Со) 3! у, 


" Ap? — 18p* + 22p – 6 


Ах = хр = 0. Hence putting р = 0, 


2) 3l 1.2 аа Ёс Е. И | 
=| = А —— А, 4-48 N d mu as A " | 
esl А Ау таоло тен атут I) 


980 





Again differentiating (1) w.r.t. x, we get 








d'y _ d (dy) dp 
ах" dp\dp) dx 
1| 2 6p-6 .. 12p* - 36p + 22 1 
= iai toe Sec tay + PEP HP „ ‚л 
Putting p = 0, we obtain 
d* 1 11 5.6 137 6 
Ха : үзэн J 
d? i f.: 3 
similarly Ej = |А - 5 4*n e A) 
Otherwise : We know that 1 + А = E =e"? 
БРА eal 2А Load. 
2 3 á 
| ilo doe Iys Ёз | 
or D= HA- А+ А – = А +e 
Al 2 3 4 
2 
and p= a-za eia- Eate Ай + | 
17 | ‘ | | 
апа D3- нА Ga 
h 2 
Now applying the above identities to уд, we get 
А dy 1 1 о 1 3 1 | 1 5 1 4 | 
"Жень 2), |o 7 5 ^ € 5 -* ва +-- 
а?у 1 9 2 1 4 5 5 137 5 
ЕЛ az | A^ - A +1; Ama % + F555 %- 
ЕЗ 1 Б З ү4 
dx ЫН чи! 2 


which are the same as (2), (3) and (4) respectively. 
(2) Derivatives using backward difference formula. Newton's backward interpolation formula 
(p. 958) is 
(p +1). (p +1) (p+ 2) 
рыр) уа, рр Dts vs, 











у=, + руу, += 3! = 
Differentiating both sides w.r.t. р, we get 
dy 2p+1 s Зр? +6р+2 3 
— = Vy, + V 4------М +- 
dp ^" oo 3! 28 
ч х-х dp 1 
Since р = п therefore — =—. 
лан: dx h 
" dy dy dp 1 2р+1.з Зр? +6р+2, з | 
Nox — 2 ——.—z—|Vy — V Му +... ши 
Atx-x,,p = 0. Hence putting p = 0, we get 
dy 1 ls 1,3 lcu 1.5 1,6 | 
--| = | Му, + Му, + Му, + Уу, + Му, + Му, +... ...(8) 


Again differentiating (5) w.r.t. x, we have 


ау dí(dy|dp 1 |, 6p+6 бр? +18p +11 4 
паннен | 





dx? — ар 





Putting p = 0, we obtain 
| а?у 1 9 
E =|" 


ЖЕ | d^y 3 4 | 
Similarly, d), - 2; М у +— 29 Yn + ..{8) 





Otherwise : We know that 1- V = E~! = e^? 


- Ар = log а-9)--| “4897 „ўз „1р“ e 
2 à 4 
or р-3ҮҮ ҮЭ vet + 
h 2 3 4 
| 2 
D? = ava pi ys | = У. ++ Пу“ + | 
h 2 h 
Similarly рз = xlv -3ү + - 
Applying these identities to y,, we get 
ae ау | 11 1 1 1 los 1 
Ру w» г.е., (2) NE Vy, + 2 V?" +з Vy, + 4 үу, tr у? у, + 6 Уу, + «| 
а?у 5 137 
FUE EE) z V^». * У? у, E a" = Vy, ques 6 Уу, + 180 137 в, 4 2 
| (43, X Га B od 
- (не 


which are the same as (6), (7) and (8). 
(3) Derivatives using central difference formulae. Stirling's formula (p. 964) is 








| Ў ЗУ. jd | " 2 
Дуо + Ау. 1 s (р^ – 12) | А" -Ay. 2 (p =I) 
| да: р(р-1)|5 тёуУ-з рї(р-1).,, 
20—98 al 2 р g У-1* 7g 2 Ub gm 
Differentiating both sides w.r.t. p., we get 
dy _(Avot+Ay-1) 2p», ,3p'-1 Айу у + Ау. | 4р? - 2p 
— | 2-2 9. 4————||——————- хэлжээ ди Ж 
ар 2 2! 3! 2 4! #-2 
Since p = Wo. dp 1l 
ах Л 
Avg + Ау у \ | = +A’ pp : 
Now dy dy ар 1 НЫ, Иа + pA*y_, + Зр? 4 | Ay -1 +A’ уз rss * vp E Ay зын: 
dx dp dx h 0 6 2 12 
Atx = xp P = 0. Hence putting p = 0, we get 
(2) 21 Ху + Ау_1 А+“, 1 АЗу _ 2 + Ary. 3 р... (9) 
dx), h 2 6 2 * 80 2 34 
Similarl у | == 4% ай. +— Ady -| (10) 
У (ак) td oc az 27557907 








and 


and 


Solution. (а) The difference table is : 


o y A AT A At АР АВ 
1.0 7.989 
| 0.414 
1.1 8.403 — 0.036 
0.378 | | 0.006 
1.2 8.781 — 0.030 — 0.002 
0.348 0.004 0.001 
1.3 9.129 — 0.026 — 0.001 0.002 
0.322 0.003 0.008 
1.4 9.451 — 0.023 0,002 
0.299 0.005 
1.5 9.750 — 0.018 
0.281 
1.6 10.031 
We have 
dy 1 1, 1 3 1 4 1 5 l,s | 
—| =—| ду —=A Vp + — At yg —— Alyy + А — — AP a He 
eal Ч |i 5^ Jota 8 977, A oct eA Xo SA Mo 
‘d?y) A [a За. Б «] 
RI db Ae ДР eS AS LAS 
| di? |. ыг Yo — À Yo 12 Ур 6 Уо — 
Here Р = 0.1, x, = 1.1, Ay, = 0.378, A?y, = — 0.03 etc. 
Substituting these values in (i) and (її), we r 
(2), a Ч 9 878-1 ;C 0.03) 1 (0.004) - 1 2 (- 0.001) += =. 003)| = 3.952 
а?у 1 | " хос P 5 | 
— = ——~ | – 0.03 - (0.004) + — (— 0.001) - — (0.003) | =- 3.74 
E 1 ‚ лу 12 6 
(5) We use the above difference table and the backward difference operator У instead of A. 
‘dy l 1-4 1 3 loa duo 3... | 
—| =—/ Vy + Viy,4— Vey, + Му +— Vy, +— Voy, +... 


[а?у ' 1 [oe = 11-24 5 
221 -5v Ул ҮЭ, i18" Mn tg 3 tias убу, + | 
Here h = 0.1, x, = 1.6, Vy, = 0.281, У?у = – 0.018 etc. 
Putting these values in (i) and i'i we get 

| dy 1 
dx jg; 0.1 


5 
6 





а?у 1 
—| тосож -0.018 + 0.005 + 77 (0.002) + 2 
dx" jhe (0.1) 


=—0,715. 


(0.003) m =. ST (0.002) 


2 =— ын 281+ — zc 0.018) + — = (0. 005) + 2 (0.002) + — - (0. 003) Е 1 (o, 002) = 2.15 


t) 


KE) 


UD 


i) 








Solution. The difference table is : 


і U Au Дїр Avy Afu 
0 О 
3 

5 3 8 

11 36 
10 14 44 24 
15 69 104 

159 
20 228 


An initial acceleration (ie 





Ej 
dt Л -0 

dv iL. 1 12-21 1 
1 hazak : 5 (8) + = (36) 120] = : (3—4+12—6)=1 


Hence the initial acceleration is 1 m/sec”. 





3 таглаа FEES с. 
= ж А ИГ б NT ЭРЭ гт? М im БА ` 
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Ц 
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alte = ЕН Е 


DRA 0 
muy f. 


* Үү, бэ b Шү: ae 


“ИЛ ҮЛ 25: Sore vr] 


B 


Solution. he difference table i is: 


ali ДАГА 
== күз. 


t x A д2 A? Ad АВ AS 
0 30.13 1 
1.49 
0.1 31.62 — 0.24 
1.25 — 0.24 
0.2 32.87 — 0.48 0.26 
0.77 0.02 ~ 0.27 
0.3 33.64 — 0.46 — 0.01 0.29 
0.31 0.01 0.02 
0.4 33.95 — 0.45 0.01 
— 0.14 0.02 
0.5 33.81 — 0.43 
-0.57 
0.6 33. 24 


As the derivatives are e required near the middle of the table, we use Stirling’ s formulae : 





6 2 30 2 


dx) _1(4%+Ax,) 1 АА. 11 [АА к. 1 
= =>] Eos шс ere | ыш == ш и (i) 
^ | 








d*x 1 1 1 4. 
FIR “ур [Ama nist tag a 
Putting these values in (i) and (11), we get 
0.02 — 0.27 
= | EE See) a ae 
зеш 


La 0.1 2 


dt 
ах) 20. 
dt |, (0.1) 
Hence the required velocity is 5.33 cm/sec and acceleration 1 is — 45.6 cm/sec. 


"үтү 


а. 


6\ 


nle : 30.4. 1 Using. 

cre А 

ig 1747 ие 
БАЙ X B гн 


x! й 7.193 
Ах): 0. К 


ee 
Ey 


p n үн 


(=) 1 Би 0.77 1 Ч :01-0.02 


y ке: man y 
477: 53 23 E 


EO 


2 


Moy" 


t 


|- 0.46 -Z (-0.01) + = (0.29) е = — 45.6 


Г ЁО 
+ a. К pug й 





Solution. Taking x, = 7.50, А = 0.1, we have p = 


The difference table 18: 


х р Jp A 

1.47 -8 0.193 

0.002 
7.48 -2 0.195 

0.003 
7.49 -1 0,198 

0.008 
7.50 0 0.201 

0.002 
1.51 1 0.208 

0.003 
7.52 2 0.206 

0.002 
1.58 3 


0.208 


Bessel’s formula (р. 550) is 


= Уг + DAY) + 21 


ur Ur + Ж D | 
PO 
4 Е" ect: Eg 
a Xo _ 
h 
АР 
0,001 
0,000 
- 0.001 


2 





E: | 
р(р-1) А?у у + А?у, MAN 
2 


0.01 
АЗ АЗ АР дб 
— 0.001 
0.000 
— 0.001 0.003 
0.003 — 0.01 
— 0.004 
- 0.002 
3! 9a 
ЖУ M 


5! 


‚ (P+2) pip*Dp(p-D(p-2(p-3) Абу a + AP y. S ; 


4! 
6! 
Since p= TX n an 


Differentiating (i) w.r.t. p and putting p = 0, we get 


— 
m = 


h 


БАЙГ 51 „а 
dx jys dp j -0 h | 


2 


dy dy ар 14Фу 
dx dp dx Пар 


1, 1 1 
Е TR (A*y_, «АТ + = Ay -1 +5, 5 yo + A*y 4) 


_ 1 45 - 3 E 
55 4%- -2 vs 


САР 


Lg AP y. | 








23 1 | | 3b son Ин | 1 
-5| =— | 0.002-- (-0.001+0.001) + — (0.002) 
2 35 0.01 a‘ ) Th 


1 1 al 
+ — (— 0.004 + 0.003) —— (- 0.007) —— (0.010+ 0 
24 | + ) 120 | эл0 ] 


[> Ay 5-0] 
= 0.2 + 0 + 0.01666 — 0:00859 0.00415 = 0.223. 


> Ў D 5*3 

3" ee № .. AE. | s ү 2307 

Solution. As the Чин of x are not equi-spaced, we shall use Newton's divided ерее а The 
divided difference table is 


Є 
a 








x fix) Ist dw. diff. 2nd div. diff. 3rd div. diff. 4th div. diff. 
З - 13 
18 
5 23 16 
146 0.998 
11 899 39.96 0.0002 
1025 1.008 
21 17815 69.04 
2613 
34 35606 


Fifth difference being zero, Newton's divided difference formula is 
f(x) = Гү) + (x — x9) Их — x,) + (x — x) (x — x4) Рк, x, XQ) 
+ (х xa) (х — ху) (х — х„) S (ху, x1, Хээ XQ) + (X— XQ) (x—2x) 
x (x — хь) (x — ха) f igs x4. X5 X4, x4) 
Differentiating it w.r.t. x, we get 
f'(x) = Их, хү) (2x — x4 — x,) f(x, x,, x.) 

+ [3x? — 2x(x, + x4 + х„) + (хх + xx) + X5X9)] x FG Хү» Хэ. Ха) 

»|Мх"-Зх“ху + xy + Xo X4) + 20 rx, + хүх, + Хх + Хо +X Xg + дус) 

— Хоть + KpNoNXy + XX Xo HAE al ГХү, Хү, Ху, д, Xy) 
Putting x, =3,x,=5,x,=11,x,= 27 and x = 10, we obtain 

F (х) = 18 + 12 x 16 + 23 x 0.998 — 426 x 0.0002 = 232.869. 


MAXIMA AND MINIMA OF A TABULATED FUNCTION 





Newton's forward interpolation formula is 


(p-1) p(p-1)(p-2). 
у = Уд + PAY, + =. + А+ 


Differentiating it w.r.t. р, we get 





dy 2р-1 2, 3р -6p*? . 
— = A ————————— | == вав 
db Лу + 2 Yo 6 АЗу, + (1) 
For maxima or minima, dy/dp = 0. Hence equating the right hand side of (1) to zero and retaining only 


upto third differences, we obtain 





2р-1 Зр" -бр+ 2 
Дуо + E AT yo + кориа a Муу = 0 


1 ГЕ E = 1 1 | 
Lé, 3 A | р? + (A*y, — Ау) p + (avo -5 АЗ», + 3 А) = 0 








Substituting the values of Лус, Ab Ay, from the difference table, we solve this quadratic for p. Then the 






rresponding values of x = x, + ph Өлөн Даа ааа ор HEREDES, 





Le, 


Solution. The différence table 18: 


x y Ay Ay АЗу Aty 
-2 2 нэ 
— 2.25 
-Ï -0.25 2.5 
0.25 =S 
0 0 — 0.5 6 
— 0.25 a 
1 -0.25 2.5 6 
0.25 9 
2 2 11.5 6 
13.75 | 15 
3 15.75 26.5 
40.25 
4 56 


Taking x, = 0, we have y, = 0, Ay, = — 0.25, "— 2.5, АЗу = 9, Afy, = 6. 
Newton's forward difference formula for the first derivative gives 








dy 1|, 2p-1, 3p? -6p*2, 4р? -18p? + 22p- 6 4 | 

— iliam |, — == Е \ A” — rs 

dx JE 9! A’ ys + 3! A3 yg 41 Yo | 
-i- 0.25 + 2% (2.5) +2 (3x? -6х + 2)(9) + — (442 - 18x? + 22x ~6)(6)| 
is 0.25 + 2.5x — 1.25 + 4.5х? - 9x + 3 + x? — 4.5x? + 5.5x — 1.5] = x? -x 


For y to be maximum or minimum, zv -0Le,x!-x-0 
x=0,1,-1 
Now Фу = 3х2 – 1 = – уе forx=0 
аз? 


= + ve forx=1 
= + уе Югх = – 1 


= -» 





Since у = У, + ХДУ + АЗу, +... У(0) = 0 


Thus у is maximum for x = 0, a: value = y (0) = 0. 
Also у is minimum for x = 1 and minimum value = y (0) = — 0.25. 


"у 











з. Find the first dd Уну Gerivatiees of the Sidon мн Tos. at the Bota xti. 11: 
ыч 3107 1.2 qu р. Se А 20. 
y 0“ 0.128 0. 544 1.296 2.432 4.000 | (4U.P.T.U., 2010; Bhopal, 201 
4. kr a te table of values of x and у | 
PT M NET. 105.. 110 145. 120. .' 125 130 — 
x РҮ "xo 1025 1049 | 1072 1095 1118 |. 1140 


1 
2 


“бла & ло and A Mo. bos @)x = 1.950) = ld. 


5 à following values of x and, >, find the "i derivative atx = 4, 
| na ap T 1 m 4 (JINTU, 2009) 

d = ns 2 sai ай апа d?y/dx? edd | 

202 . 5 | 1 | | 

de edes 3 185) | (Anna, 2005) 


(G.N.T.U., 2009) 


Time (sec) P. E “hy | n 
Ошон (metre) : o А: В, Jee 165 24.5 
rmine the speed of t еам е att = 5 sec. correct to two decimals. = 
follo vu gives s corresponding Tags of pressure and ПЕ ол оёа superheated н WE 
253 . 367. гу 13 M 
WwW pressure with respect to volume when uu 22, 
(ii) volume: ^ ith respect to pressure when p = - 105; 
The table below reveals the velocity ù of a body luring the specific time s Find its ‘acceleration att = 1.1? 
e. 157 10 aM yr VES 1. 3 | d “Ч | 
enu Exi E EN. eu 28 80.8 1 e + ЮР РИ ТЫКЕ!) 2009). 


32. À rodis е абда ina A plane The f: 
various values of the time t seco ndi | P2 2 
£23 0 uis Me 0.6 -408 b IUD. s 12 у 
gio ran | 112 202 320 . 467 | | 
Calculate the angul ar МӨР and the angular acceleration of the rod, when в = 0.6 second. _ УЛ, 2004) 
- Find the value of f (x) atx = = 0.4 from the following table using Bessel's formul P 
E RERE: AE 902. | 0.03 nr 0:04: 00:8 7 ^ 
fx): 01028. 0.1047 _ 01071 01098 | 01122 
. ify = le) алау, dnote nh, prove that, if powers ath above A be neglected 


(9 Alor. yi "is зоож i 987 x] | um (LU. P. T.U., 2006) 
[Hint: Differe: atiate Sürlings formula w.r.t. х, and pute =0] 

. Find the value of f* (8) from the table given below : 
хоо 6 T 213 12 | | 
fxd: 15556 1.690 1908  . 2158 | | (Anna, 2007) 
Find the f” (6) from the following data : | | 1657) 
о АЯ hep . Фф Eu 4 Чи | | | 
fix): 4 26) BB 112." 466 2 INIT. U., 2009; U.P.T:0.,.2008). 
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NUMERICAL INTEGRATION 





The process of evaluating a definite integral from a set of tabulated values of the integrand f(x) is called 
numerical integration. This process when applied to a function of a single variable, is known as quadrature. 

The problem of numerical integration, like that of numerical differentiation, is solved by representing f(x) 
by an interpolation formula and then integrating it between the given limits. In this way, we can derive quadra- 
ture formula for approximate integration of a function defined by a set of numerical values only. 


NEWTON-COTES QUADRATURE FORMULA 





| b 
Let I= | Р) ах 


where f(x) takes the values yy, Yis У ... y, for x = xo, X4, 
Xo, ++ X,. (Fig. 30.1) 

Let us divide the interval (a, b) into n sub-in- 
tervals of width А so that x, = a, x, = xy + A, x, =X, + 
2h, ... x, 2 xy nh = b. Then 























"m E f(x)dx =h Ї fg + rh) dr, шог ск GE 
putting x = ху + rh, dx = hdr Fig. 30.1 
rir- 1. r(r—1)(r—2) 
=a f |» РР 2! A* у, а 4% 
oo - rír — DT 3) (7 – = 98 
" е =. Абу, ejr 
[By Newton's forward interpolation formula] 
Integrating term by, we obtain 
x93 n(2n—- 3) , n(n-2) 4 
Ї КЕЕ t— А 3 do CRDI у 
4 АЕ: 12 4 5 q 
" “Эв... ыш -3n A Yo ү п? эд. 357" _ 50n* +1n Ayo 
5 2 З 4! б 4 d ОБГ 
(пе 1518 a 022582 274п? Абу, 
„| ET Eni | — 60n - 
Ч a +1Tn ee т | (A) 


This is known as Newton-Cotes quadrature formula. From this general formula, we deduce the following 
important quadrature rules by taking n = 1, 2, 3 ... 





TRAPEZOIDAL RULE 


Putting n = 1 in (A) $ 30.5 and taking the curve through (хү, yy) and (хү, yp) as a straight line i.e. а 
polynomial of first order so that differences of order higher than first become zero, we get 


m — иг Эн 
* > 1 i 1 


pU f(x х) ах = ^(ж + 4% |= 5 ож) 
Хү 





Similarly L^ fix)dx=h к" += 54 )=5 5 (у, +5) 
ЁС f(x) dx = 20 +y) 
xy +in— lh (1-4) " 


Adding these n —— we obtain 
p fix ) dx = = ly + X, + 20 +Y +m +n- 1! 
zh 18 known as the час rule. 


SIMPSON’S ONE-THIRD RULE 


Putting л = 2 in (A) above and taking the curve through (ху, Уу), (Хү, y,) and (x,, у.) as a parabola i.e., a 
polynomial of second order so that differences of order higher than second vanish, we get 


хоё 2h | Eg. v 
ЇГ а= 2л оо + Ay, * 5^ XJ (уо + 4y, + у) 











— xy nh Unda 
Similarly, 19 АТ hee (Уу + Ay + Ya when 


SERCO 


EQ 
С n f(x) ах = а, - 2 + dy 1 * 34^ "n being even. 


Adding all these integrals, we have аша п is even) 


“tnh h 
р. f(x) = [Gg  y,) + AY, луу) + one + у, ot 2075 + у, +... + Y, _„)] 


This is known as the ВОО" 5 т rule or tid ео rule and is most mer used. 






SIMPSON'S THREE-EIGHTH RULE 





Putting n = З in (A) above and taking the curve through (x, y,): = 0, 1, 2, 3 as a polynomial of third order 
so that differences above the third order vanish, we get 


PX, +3A эхэл 3 3 1 |: 
| fix) ds - 3h [ ж +5 Avo +—A* ys 22 
9 2 4 8 =" 


ЗА Sz 
= = Оо? Зу. + Bye + Ya) 
Similarly, 
my tah ЗА | | | 
a f(x) dx = = (уз + Зу, + Зу, + yg) and so on. 
Adding all such expressions from x, to x, + nh, where n is a multiple of 3, we obtain 
хо * nh 3h | 
| "o fo) dx EX» +y) + IOa + Ya tyg +Y tty, 1) + 204 t yg t ot y, gl 


which is known as Si ирон `5 ima rule. 


iT 83 31 18 Ti In "22; T» 


rat FR- Т ee 
w h ru. Г | Л i. ayy fa Ti Fr id all =h, P 4 T] I i DE 
£ 4 
ns ЕХЭ Ap = T WP 4 -i rs B Я ы 
-— = 





30.9 BOOLE'S RULE | | 
Putting л = 4 in (A) above and neglecting all differences above the fourth, we obtain 


ЁС ? 
[^ f@) de =an E + 2Ayo © A2yy + 7 Ady) + 7. А » | 
" 3 3 90 





2h 
= 45 (15% + 32y, + 12у, + 32y4 + Tya) 
Similarly 
Bh 
[o,f de = = (ту, + 32y, + 12у„ + 32у, + Ту,) and во on. 
& + 
Adding all Зан integrals from x, to x, + nh, where n is a multiple of 4, we get 
Xa € nh 2h и ” | 
|. f(x) ах =~ (Tyg + 32y, + 12y, + 32y, + 14у, + 32, + 12у, + 329, + 14у, +... 
This is known аз Boole's rule. 


Obs. While applying Boole's rule, the number of sub-in 





Е WEDDLE'S RULE 





Putting n = 6 in (A) above and neglecting all differences above the sixth, we obtain 
123 


хо + 6h | 9 s 3 4 11 1 41 ,g | 
| A(x) dx = | ya +3ЗАу, + — A^ yg + 4A — А — ie, а MA 
f. f(x) Я Ayo +5 ^ Xo Yo 57605 "^ + 99 ^ № *6 14020 


If we replace E AË yo БУУ — Л the error made will be negligible. 


хо + 6л d | | ' 
L fo ех = з Ug + буу + уз + бух + y, + Sys + yg) 
Similarly 
хо +121 Л | 
БЕ 4 (x) de = = 10 “8 + 9i + Yat 670 +710 + буу, + Fi) and se on. 
Adding all these integrals ний Хү tox, + nh, where n is a multiple of 6, we get 
Xp nh ah. | - | 
А f(x) ах =-ү (Уо + бу, + у, + бу. + у, + Бу, + 2y, + Зу, + Vg +...) 
This is known as Weddle's rule. 


Obs. pplying Weddle's rule the number of sub- intervals should be taken as a multiple of 6. Weddle's rule is 
1 \ дичи ТИ any of the others. Of the two S Simpson. rules, the 1/3 rule is better. 










— Бу using (i) Trapezoidal rule, 





Example 30.7. аі [25 


(1) Simpson's 1/3 rule, 
(i) Simpson's 3/8 rule, 
(iii) Weddle's rule and compare the results with its actual value. 








Solution. Divide the interval (0, 6) into six parts each of width Л = 1. The values of f(x) = z : 5 are given 
itz 


below : 
де тиса cro EE 
f(x) ЖЕЛ: 05 ол: oa 588. 





ag vide er ур o ODER в с зү = 


(i) By Trapezoidal rule, 


1 h, | | | 
Je 1552 g Ко *X9 + 20, +92 +s +. * ygl 





= | | 
= 5 101 + 0.027) + 2(0.5 + 0.2 + 0.1 + 0.0588 + 0.0385)] = 1.4108. 


(ii) By Simpson's 1/3 гше, 
> 1 h | -— | 
IL 3 Io + ув) + AQ, + Ya +55) + 20. +y) 
= 3 [(1 + 0.027) + 4(0.5 + 0.1 + 0.0385) + 2(0.2 + 0.0588)] = 1.3662. 
(iii) By Simpson's 3/8 rule, 


[ T = = Ку + Ув) + З(у, + ys YG + уу) + 254] 





= = а + 0.027) + 3(0.5 + 0.2 + 0.0588 + 0.0385) + 2(0.1)] = 1.3571. 
(tv) Ву Weddle’s rule, 
AES 3A — ” | 
Е ia = 10. Ур Sy, t ys + буз t Y, Sys + Yel 
= 0.3[1 + 5(0.5) + 0.2 + 6(0.1) + 0.0588 + 50.0385) + 0.027] = 1.3735. 


dx = [tan Х, = 1.4056 





Also, 


lo 1+ x" 








DOC RS Ninos АСИ BaD 
Solution. Let y = e? ,h = 0.2 апа п = 10. 
The values of x and y are as follows : 


| (Л, = : a 2 | . 11 Р Е "E 
1 ^ = Ё 
1, т, | L ut. т 1 Гү” i S 4 Е 1 T 
L Ё =. . = 5 1 | 
+ - : 
= Р s а 1 | 
— 2 “ыы жш Р E = = т ате ч — = - He " eS eee m 
i . эж == E { > [ ? qe MM M 
4 - 
- á : ы ы 5 mi] 7 - r9] = 4 P L — ЯГ, “явья! Ч — шалан 2 1 1 | | 
Ё k a i co ! | ё I = 1 ü Pa "i ! | = = JP. - : 1 | ч 
Y = = 1 ^ p нэ лс 1 ! # = d a г = 
ri Ге 9 | Y Гы Ия E г: z 14 г л ын 1 x . a E "hU 71:11 j ть arr 
1 ^ | 
а Ч - A 
i 1 1 | i fe) i M 
г. = 
| | i Ё 7 
| el ' [ à a 
| 


By Trapezoidal rule, we have 











| ede =; Ус + Уз) + 20 + Ya t Ya + Y4 + у t Yg Уу + Ya + Ygll 
= Ja + 54.5981) + 2(1.0408 + 1.1735 + 1.4333 + 1.8964 
+ 2.178 + 4.2206 + 7.0993 + 12.9358 + 25.5837)| 
м: EU 
Hence | е dx = 17.0621. 




















тай ) Е = ed a Ad T 
a ү ЭКЕ i « CET. Е с И f i п Р Е ИСИ | 
Pes. SUL im aee eee nd cry Aedes! места: Mor at na ы BT 
= zi |. 


№ с ВЕТ, № зж’ 


the interval (0, 0.6) into six parts each of 





Solution. Divide 
given below : 


width A = 0.1. The values of y = f(x) = e&* are 











Бред“ ЙН үй we have 
M | а-к bim + Уз + Ys + 205 + у„)] 


= “= (1 + 0.6977) + 4(0.99 + 0.9139 + 0.7788 + 2(0.9608 + 0.8521] 


и Шш (1.6977 + 10.7308 + 3.6258] = Č} (16.0543) = 0.5351. 


И [e Е dem (y p 
gi УЗУ a itj V PUE SEN IE 

Solution. Let y = sin x — log, x + e and h = 0.2, n = 6. 

The values of y are as given below : 











By Simpson's гав rule, we have 


4 Sh нээ 
4 в (0-2) [7.7336 + 2(3.1660) + 3 (13.3247)| = 4.053 


i m log, x +e") dx = 4.053. 





"р vdt s IX «4.0 * 2E], by Simpson's rule 








Hence h = 2, и, = 0, Mm Vy = 18, v, = 25 etc. 
E: Х= +0, = 0+0 = 0 





Е=й,+0,+ + 0, = 18 + 29 + 20 + 5 = 72 
Hence the required distance = | 5 | -2(044 x 80 + 2 x 72) 
(1-0 
= 309.33 km. 








Elton. If t sec be the time ——— (m) then а 4 =U 





dt 
or 4.21 ly (say) 
ds v ^ ? 
№ i 
. then t ш 
“0 0 
Here A=2.5andn=8 
1 1 1 1 34. 1 1 2 1 
Also | =—— Иң = эт. pem Fe | сагай 11" E 
Jg 1e' ^*^ 19'?? 1773 207757 20 Уул 17 Yg = 13 J = Ув 9 


>. by Boole's Rules, we have 


= 20 
| -Г yds == [Tyo + B2y, + 12у„ + З2у, + 14у, + 32y; + 12у, + 32y, + 14уз] 
8-0 : 

ep) m) заа) (ш) (ш) 
45 16 19 2} J. 29 20 17 ) 


О MEER EL 
+ 1215) 3411) +14 ($) 
= = 2. 11776) = 1.35 
Hence the required time = 1.35 sec. 








Solution. Here к- 0.25, Уо = т У; = 0 9896, у, = 0. 9580, ete 
Required volume of the solid generated 


1, | 
= fim? de =n: 0 XD 401 + уф) + 2941 


- 0.25 5 11 + (0.8415)?] + 4((0.9896)? --(0.908992)  2(0.0589)] 


= 0-25 “21110 [1.7081 + 7.2216 + 1.839] = 0.2618 (10.7687) = 2.8192. 


PROBLEMS 30.2 ММ 
1, Evaluate. [= —-— — applying 


(i) Trapezoidal r Pes | dar U.,2009) (i) Simpson's 1/8rd rule | 4 


4.М.ТА/., 2008) 

kin з) | 6 (U.P.T.U, 2010 ; V.T.U., 2007) 

(iu) Weddle's rule taking А = | | (Bhopal, 2009) 
Hence compute an рт of min each case | | | 


« Find an approximate value of log, 5 by calculating to 4 decimal places, by Simpson's 1/3 rule, | 2, dividing 
the range into 10 equal parts. | Foe (Anna., 2008) 

3 p Jn ЭЛ Үй | | 

4. Evaluate | ховс х dx using eight intervals Бу Trapezoidal rule. | РТИ, 2009) 


ig Simpson's заа rule (0) [sce (ULP.T.U., 2006) 
З 40 l+ à | 


Ч : TONS YR Ce | 

(ii) [ee пеше, bh Le ipaa Ve ela c E ur | MENU TUUS REIR 

3 Evaluate using Simpson's L/&rd rule в [= 24153 | бок ster > length Ur т 1:77 (РТИ, 2009) 
Е" Хо Wen. E ro | 


Evaluate using Simpson's 1/3rd rule, (1) [= sinz dr х using 1 11 ordinates. | 


т 


-55 (U.P.T.U., M: Tech., 2010) I E б bil О (U.P.T.U., 2007) 


A ex? 

_ 9. Given dat ttu 
Е: 40 42 144, 
loga : 1.8868. 14351 14816. 


T 
evaluate [бете >y 
| 


(a) Trapezoidal ru 


| d | 


_ the following table : 
85 4 
26 91 
| _= 4. 














ті er is 80 ft wide, The depth d in feet ata distance x ft. from one bank i is given by the following table: 
211390 3» 19^ £2 30 40 50 60 70 80 
yt Di i4 7 9 iz i yi8 14 8 3 
Find approximately the area of the cross-section, - (Rohtak, 2005) 
| Sees drawn to pass through the points given i by following table : 
EE i 1.5 2 25.) 8^ ME 4 
у: g 24 27 28 8! 8.6 ал 
Using Weddle’s rule, estimate the area bounded by the curve, the x-axis and the lines х х= х= 4. (ит. U,, 2011 8) 
. A body is in the form of a solid of revolution. The diameter D in cms of its section im the or 
- end are given below, Estimate th: volume of the solid. 
‚№: 0 2.5 5.0 wf 10. 0.0 
D: 5 65 60. $675 6.25 
6. The velocity v of a particle at di Etar пева sfroma 
REN 18211, 525 9 
v Вес: ST) | 257 - ot 


E as 


table iov Uia Bn mps e, find the цай ity of the rocket at ¢ = 80 seconds. 

tee —: 10 ту | ae 30. 40 во 60. 70 80 

f(cm/se*): 80 8168 8834 3547 8775 (4033 (4325 (4668 5067 0-6 
3, T J pes hat | (Mumbai, 2004). 

хэн water through sluices at a depth h below the water surface has a surface area A for various. 

WX C v30 ke QI PASSE 24855 24 87407 

А (вай: . 950 1070 1200 1850 1580 

Ife denotes time in minutes, the rate of fall of the surface is given. by аша = == -ABJA IA. 

Estimate the time taken \ for the water level to fall from 14 to d 10 ft. above the sluiees. 


| PROBLEMS 30.3. 
Select the correct answer or fill up the hlanks:in the following questions. : 
1. The value of | Sarn jy Simpson's rule is 
(а) 0.96315 ® оча, 
ў In application of инээн: v3 rule, the interval ^ for closer а proxi 
4. fix) is given by 


x 


fi tx) 


rapezoidal rule, the value of | f(x) dxis.. _ 
E d | ыг "ў | д ! 4 








10. 


11. 


12. 
13. 


14. 


15, 


16 


11. 
18. 


19. 


20. 


b). 
. The value of | — by Simpson's 1/3rd rule (taki 
- +х 





WO S 0 0.5 1 1.5 2 
fix) : 0 0.25 1 9.95 4 


` p2 | | 
then the value of | f(x) dx by Simpson's 1/3rd rule is ... 
0 


ЧАД УВ 6 9 12 


“12 E 1 
the value of | y(t) dt when computed by Simpson's jd rule 18 
3 3 | 
(a) 15 (b) 10 (с) 0 | (d) 5. 


. While evaluating a definite integral Бу Trapezoidal rule, the accuracy can be increased by taking ... 





Љ 


For the data: | | 
x 3$ 02 4 $5 u^ vee 


х) 3 DR T 6 Ҹу 


8 ! | | | | 
р f(x) dx when found by the Trapezoidal rule is 
(a) 18 (b) 25 (c) 18 (d) 32. 


The expression for (2) using backward differences is ... 
i AER 
The number of strips required in Weddle's rule is ... | 
The number of strips required in Simpson's 3/8th rule is a multiple of 
fa) 1 (b) 2 (c) 4 (d).6. 


Г, | I. » 0 | (3. 
4; уз = 25 а = zand h= 17 then using Trapezoidal rule, [эа =... 


| | 16 
Ну = Ту, = ——,. y, B 25 


17 


ing n = 4). 





AERE. b „Тах | 
Using Simpson's "rd rule, | ex di 
11 d 40 x. 
4 
If y4 = 1, y, 2 0,5, y, = 0.2, y4 = 0.1, y, = 0.06, y, = 0.04 and y, = 0.03, then | уйх by Simpson's = th, rule ip =... 


If /(0) 1, f(1) = 2:7, f(2) = 7.4, f= 20.1, f(4) = 54.6 and A = 1, then [го dx by Simpson's 2 rd rule =... 

Simpson's 1/Srd rule and direct integration give the same result if ... 

То evaluate [^ yax by Знарво уз 1/3rd rule ав well as Simpson's 3/8th rule, the number of intervals should be ....... 
х0 | | | | 


and ....... respectively. | 
Whenever Trapezoidal rule is applicable, Simpsor 





Үе 173га rule can also be applied. (True or False) 





Difference Equations 





EEJ INTRODUCTION | 


Difference calculus also forms the basis of Difference equations. These equations arise in all situations in 
which sequential relation exists at various discrete values of the independent variable. The need to work with 
discrete functions arises because there are physical phenomena which are inherently of a discrete nature, In 
control engineering, it often happens that the input is in the form of discrete pulses of short duration. The radar 
tracking devices receive such discrete pulses from the target which is being tracked. As such differences equations 
arise in the study of electrical networks, in the theory of probability, in statistical problems and many other fields. 

Just as the subject of Differential equations grew out Differential calculus to become one of the most 
powerful instruments in the hands of a practical mathematician when dealing with continuous processes in 
nature, so the subject of Difference equations is forcing its way to the fore for the treatment of discrete processes. 
Thus the difference equations may be thought of as the discrete counterparts of the differential equations. 


ЕЯ DEFINITION 





(1) A difference equation is a relation between the differences of an unknown function at one or more 
general values of the argument. 
Thus Ayi 41) * Уул 2 KL) and Ming yt 954-571 .) 


are difference equations. 
An alternative way of writing a difference equation is as under : 
Since Ay, , 1, = Yin 4 2) Yin + 1» therefore (1) may be written as 


j | Ji 42) 7 Jin «1 Эй 2 | 3) 
Also since, А®у, ү,5 Yina р — Zim + Yin- 1p therefore (2) takes the form : 
Yin -2)7 2¥ in) ТЗУл-ан” 1 (4) 


Quite often, difference equations are met under the name of recurrence relations. 

(2) Order of a difference equation is the difference between the largest and the smallest arguments 
occuring tn the difference equation divided by the unit of increment. 

Thus (3) above is the second order, for 


largest argument — smallest argument _ (n + 2)—n 


— =. —— 1075 
and Gd of the thind aiios dor ara” - 8. 


998 


“ОүррЕнЕМсЕ Equations | 





Obs. While finding the order of a difference equation, it must always be expressed in a form free of As, for the highest 
power of A does not give order of the difference equation. 
(3) Solution of a difference equation is an expression for y, „which satisfies the given difference equation. 
The general solution of a difference equation is that in which the number of arbitrary constants is equal to 
the order of the difference equation. 


A particular solution or particular integral is that solution which is obtained from the general solution 
by giving particular values to the constants. 





ERN FORMATION OF DIFFERENCE EQUATIONS 


The following examples illustrate the way in which difference equations arise and are formed. 


Example 31.1. Form the difference equation corresponding to the family of curves 


у = ах + bx Si) 
Solution. We have Ay = aA(x) + bA(x?) = a (x + 1 — x) + b[(x + 1)? — x?] 
=a + b(2x + 1) d) 
and A*y = 2b[(x + 1) — x] = 2b LLL) 


To eliminate a and b, we have from (iit), 6 = Zay 


and form (ii), а = Ay — b (2x + 1) = Ay — z ^y (2x 4 1) 
Substituting these values of a and b in (i), we get 


= [a -34 Qx 1|: + zb ox? 


or (x? + x) A*y — 2x Ay + 2y = 0 
This is the desired difference equation which may equally well be written in terms of E as 
or (x? + х) у, — (2х? + Ax)y, у + (x? + Bx  2)y, = 0. 


Example 31.2. From y, = А?" + В(- 3)", derive a difference equation by eliminating the constants. 


Solution. We have у, =A.2" + B(- 3)", у, у = 24.2" - 3B(- Зу 
and У„ „э = 4А.2" + 9B(— 3)", 
Eliminating A and В, we get 
y, 1i 1 
Yn+1 2 -3|=0 or Уп .2 + У, . 1-6, = 0 


Уп+2 4 9 
which is the desired difference equation. 





PROBLEMS 31.1 
1. Write the difference equation A*y, + A*y, + Ay, +у, = Oin the subscript notation. 





4, Assuming EL ЕЕ ys +... 0,2", suus, find the difference equations satisfied byy. 
3. Form a difference equation by eliminating arbitrary constant from и = a2^ * 1. (Anna, 2008) 
4. Find the difference equation satisfied by 
(Пузах-В —(Tiruchirapalli 2001) (D) y = ах? — bx. 
5. Derive the difference equations in each of the following cases : 
(i) y, = A.B" + В.5" (ii) y, = (A + Bx) F. (Madras, 2001) 


6. Form the difference equations generated by 
(i) y, = ax +62 (tt) y, = a2" 4. b(- 2p (НӨ y, = ай 4 b3* +c. 


У LINEAR DIFFERENCE EQUATIONS 








(1) Def. A linear difference equation is that in which y, , p y, „ ete. occur to the first degree only and 


are not multiplied together. 
A linear difference equation with constant coefficient ts of the form 
Улуу биз -1 Т бУУдаг-а лс + ay, = fin) (1) 


where а,,а„,... а, are constants. 

Now we shall deal with linear difference equations with constant coefficients only. Their properties are 
analogous to those of linear differential equations with constant co-efficients. 

(2) Elementary properties. If u (n), u(n), ..., и (л) be г independent solution of the equation 

Vaart Уд р 1 + --- tay, = 0 (2) 

then its complete solution is U, =¢,u,(n) +... + сш (п) 
where Сү, Co, ..., c, are arbitrary constants. 

If V, is a particular solution of (1), then the complete solution of (1) is y, = С + V,. The part U, ts called 
the complementary function (C.F.) and the part V, is called the particular integral (P.I.) of (1). 

Thus the complete solution (C.S.) of (1) is y, = С.Е. + P.I. 


| RULES FOR FINDING THE COMPLEMENTARY FUNCTION 





iie., rules to solve a linear difference equation with constant coefficients having right hand side zero). 
(1) To begin with, consider the first order linear equation y, , , — Ay, = 0, where A is a constant. 
a - = чэн = 0, we have A 2 | = 0, which gives y,/A" = c, a constant. 
Thus the solution of (E — А y, = 0 is y, =е.№. 
(2) Now consider the second order linear equation y, s+ ay, ‚у + by, 0 which in symbolic form ts 
(E? + аЕ + Б)у = 0 . (1) 
Its symbolic co-efficient equated to zero i.e., E^ - aE + b = 0 
is called the auxiliary equation, Let its roots be Л, А... 
Case I. Jf these roots are real and distinct, then (1) is to equivalent to 
(Е —A,)(E-A,) y 20 .44(2) 
(E — А.) (Ё—А,)у„=0 3) 
If y, satisfies the subsidiary equation (E — А )у, = 0, then it will also satisfy (3). 
similarly, if y, satisfies the subsidiary equation (Е — A,)y,, = 0, then it will also satisfy (2). 
it follows that we can derive two independent solutions of (1), by solving the two subsidiary equations 
(Е-А,) у =0 and (E-2X4y,-0 
Their solutions are respectively, y, = с (А) апа у, =c,(A,)" 
where с, and с. are arbitrary constants. 
Thus the general solution of (1) is y, = ¢,(A," + Calha)" 
Case П. If the roots are real and equal (t.e., № = As), then (2) becomes 
(Е А)? у, =0 (4) 
Let y, = (Q2, 
where 2 is a new dependent variable. Then (4) takes the form 
(Уг ВА СА) + Ez A7. (A) z. = 0 
Or Я 6-22. ¿tz =0 Le, Ағ = 0 
2. = су + с, п, Where c,, c, are arbitrary constants. 
Thus the solution ‘of (1) becomes y, = (c, + сл )(А.)". 
Case Ш. If the roots are imaginary, (i.e. X, = а + ip, 4, =а- iB) then the solution of (1) is 
y, = c(a + tp)" + ela- iBy [Put a = r cos 6 and D =r sin Ө] 
= r" [e (cos n8 + i sin n8) + с, (cos n8 — i sin n8)] 





Rewriting it as 


ae али |1001 
= r^ |A, cos n8 + A, sin n9] 
where А,, A, are arbitrary constants are r — Ja + p* ), Ө = tan` ! (a). 
(3) In general, to solve the equation y, ,, * ау, ,, s +... +а y, = 0 where a's are constants : 
(i) Write the equation in the symbolic form (Е! + a ,E" ^! +... + a,)y, = 0. 
(ii) Write down the auxiliary equation i.e., E" + a,E' +... + a, = 0 and solve it for E. 
(111) Write the solution as follows : 


Roots of А.Е. N 
1. А, Xy Ay, ss (real and distinet roots) гоол Ас з Мосс 
2. Aye Ags Ap (2 real and equal roots) сот" са) ees 


3. yi Ag Agi Ss JUS конг and equal vaata) | 
4. aif. o —ifl ...... (a pair of imaginary ri 




















Example 31.3. Solve the dif) т —®и„,е—б5и„,ү+ би, =0. 





Solution. Given equation in symbolic form is (E? — 2E? — БЕ + 6)u, = 0 
its auxiliary equation is E? - 2E* —5E +6=0 
or (E - 1XE + 2XE - 3) = 0. 2:-4-:51,-3,8 
Thus the complete solution is и, = c,(1)" + с„(— 2)" + ¢,(3)". 





Solution. Given difference equation in symbolic form is (Е? — 2E 1) и = 0. 
^ its auxiliary equation is Е? —2E + 1-0 

or (E — 1)°= 0. г: aby 
Thus the required solution is и, = НЬ +eon\1)", i.e., и — c, + con. 


Example 81.5. Solve y, , , — 2y, cos a Y, 120.. | Ё NT 4 


Solution. This is a second order difference equation in y,  , ; which in symbolic form is 
(E? — 2E cos a + 1) y, = 0 
The auxiliary equation is E? – 2E cos a +1 = 0 


+,/ : 
Е = 2 cos a + (4 cos” а – 4) Ч 2-9 = cos a t i sin @ 
Thus the solution is y, ,=(1)"~! [e] cos (n — Па + с, sin (п — 10] 
or y, = 6€, C08 Па + с„вїп по. 


рр 31.6. The The integers 0, L 1, 2, 8, 5, 8, 13, 21, are said fo form a Fibonacci м 
ona« cei difference equation and solve i | 

Solution. In this sequence, вайн number beyond the second, is the sum of its two previous amber Ну, 
be the nth number then y, = у, ,-*»y, forn > 2. 





NY 











Or Jn427 Yn 417 X4 = О (for n > 0) 
or (Е? — E — 1)у, = 0 is the difference equation. 
Its A.E. is E? — E - 1- 0 which gives E = 5(1+ V5). 
2 n 
| | (1-45 | 
Thus the solution is y, 7€; Ё 35 * «| 2 ,forn > 0 





When п = 1, у = 0 








Меп п = 2, у, = 0 











2 
е, E «| z* -0 ii) 
Solving (i) and (ii), we get | 
5-45 „ 6+5 
бүсээр, айй qa 


Hence the complete solution is 


5- ян, „а-а 

















Ул 710 2 E 2 
PROBLEMS 31.2 
Solve the following difference equations : 
1. и мө»? — Gu, sit SU, = 0. 2. Yarat Ynet t 2Y, =0. 
3. Au, оди, +u, = 0. 4. (A? — ЗА + 2)у, = 0; 
5. dy. уга 20 given that», = 0, y, =2. 6. Ur 4798, 5+ Au, = = 0. 


7. f(x: 8) - 3 fix + 1) — 276) = 0. 


8. es 3u,,,*2u, =0, givenu, = 0, и, 8 and и, = – 2. 
9. ~ 6E? + ЗЕ — 4)y,, = 0, given that y, —3, y, = 2, y4 = 22. 
10. u er *2u, 20. H.x,,4*16y, 120, 


Hint. Е“ = — 16 = 16 [cos (2n + 1m + i sin (2n + Ид]; use De Moivre's theorem.] 

12. Show that the difference equation I, į; — (2 +r fr) I -- 1. у= 0 has the solution. 
I, 541, sinh (n —m) o/sinh (n — По, iff =f, and Г. =0, a being = 2 sinh” : i (rr, 

13, A series of values of y, satisfy the relation, y, л ay, „ү + БУ, 

Given that y, = 0, Vp = 1,Уул уз = 2, Show that y, = 2? sin nn/4. 7 
14. A plant is such that each of its seeds when one year old produces 8-fold. and produces 18-fold when two years old ог. 

more. A seed is planted and as soon asa new seed is produced it is planted. Taking y, to be the number of :eeds- 

produced at the end of the nth year, show that y, , , = 8у, + 18y, + ya +... УУ, | 


Hence show that y, ,4— ун 10У, = 0 and find y. 





EIU RULES FOR FINDING THE PARTICULAR INTEGRAL 





Consider the equation y, „+4, ,,_1+...+а, y, = Дл) 
which in symbolic form is ф(Е)у, = f(n) (1) 
where ФЕ) = Е" +а|Е 1+... +а 


ғ 


Then the particular integral is given by P.I. = fin). 


_ Жї. 
(Е) 
Case I. When f(n) = а” 


РІ. = 48 С, put E=a 
5 45 a^, provided ба) « 0 
If фа) = 0, then for the equation 





1 = пүү = ай РТ = 1 п = n-1 
(1) (E — ay, =a", Р.І, Б = = "а 
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5 2 n 1 nín—-1) , ; 
(ii) (Е — aY y, = a", Fh (E — аў 2! : 
ey n—1Xn-2) . 


and so on. 
Example 31.7. Solve y, = 4y, уу + Зу, = B^. 


Solution. Given equation in symbolic form is (E* — АЕ + Зуу, = 5" 
The auxiliary equation is E^ — 4E + 32 0 


or (E — 1XE – 8) = 0. 5 pala 
C.F. = cu ( 1Y + c4" =C] +C. j^ 
and Élw-——— ff [Put E = 5] 
Е? —4E +3 
1 —Ó | 
= ын = 2 5A 
25-4.5-3 9 8 
Thus the complete solution is Ya = Cy + Cy. 8° + 57/8. 
Example 31.8. Solve u, g- 4u, , , + 4u, = 2". P 


Solution. Given equation in symbolic form is (E? — AE + 4)u, = 2". 
The auxiliary equation is £^—4E - 420. ~. E-2,2. 
С.Е. = (c, + c,n)2" 
2.1. |. n(n — 1) 
| Qe-2 Ш 
Hence the complete solution is и, = (c, + сол) 2" + n(n — 1) 2" - 3 
Case II. When fin) = sin kn. 


ikn = ikn 
c Wh apes 3. [EE 4 [R4 1 3 
BES QE шш bn | 2i | 2i EL "T1706 | 
where a =e and b = е‘. 
Now proceed as in case I. 


,25-? = nin — 1) 28-3 


ihn = Ел 
(2) When fin) = cos kn P.I. OE) cos kn (Е | | 


-34 д. d 


= = ТЕЛ teu? | as before 


Now proceed as in case 1. 


Example 31:9. Solve y,,,-2 008,4, +у„=бвол. 02000 2020 





Solution. Given equation in symbolic form is (Е? — 2 cos с. E + 1)у = cos an. 
The auxiliary equation is E^ — 2 сова. E 4 1- 0. 


E- 2cos Q t Ja cos* 0 – 4) 


о = сов Q ESIN 


С.Е. = (1)" [c] cos ол + с, sin an] i.e., сү cos an + c, sin an 


H 


P.I. =o cos ол 
E" —2E сова +1 


Е? - (ед pe ™j+i 2 
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2 1 1 іл 1 — ЁЛ 
= | 
- |= Є“ХЕ-е 9) (Е-е“ХЕ-е 9) | 
[Put E = e'*] [Put E =e" 
21|3 . 1 Je, 1 . м 
2 r I F 1 AI т ' їг = ME е!“ 


(Е—е® у e" =e Жее <= 








1 | 1 _ 1 m m __ X In, etn — 1). p px iain — 1] 





4isina| Eg. о Ее! 4i sin a 
_ р “зэмийг” эмийн _nesin (1-1)а 
© Эта 21 2 sin О 


Hence the complete solution is 


— — п віп (п – 1)а@ 
y = č, cos an +c, sin an + ——————— 
Vara 2 2 sin а 


= = 171. 1 р 1 
Case Ш. When fin) = n^. P.I. ( Бу" 81 ү” 


(1) Expand [6 (1 + AF ! in ascending powers of A by the Binomial theorem as far as the term in A’. 
©) у Караой n? in the factorial form di p. 950) and operate on it with each term of the карар, 


яаж ТЕРРИТО Л ооа 
y a. Яң“ 7 At P lw. А | () 4 1 ч B 999 т 
МЫ А ПР i y TT LI л 1 {3 I A s E TER d Jy de ‘a. ose T Fa 


Solution. Given equation is (Е? - 4)у, = m *n-1. 
The auxiliary equation is E^ —4- 0, «. E=+2. 
C.F. = e, (2% + e, C- 2. 






к 








PL. = = —— (n?+n—-1)= трі" 0 +2п — 11. 
= Fue 2/[]-D2- = 1-(14 ]T Hn] + 21n] — 1) 
== si (55): (dae (Ш + 2[n] — 1] 
== ihe «ЗАХ TAE: . tha? + 218] - t=- 5 [Inf + ain} -1+ Zain) + 2« 2«2] 
Цин" Ty 17 


| п? Р 
| O—4——— ЕЛА 7 17 
Hence the complete solution is y, = c,2" +e- 2)" — -z — 97757" 


Case ГУ. When fin) = а" Е(л), F(n), being a m of finite degree in n. 
= n] ши! 1 | 

ФСЕ) “ Ё(п)-а Е) Fia) 

Now Ел) being a polynomial іп n, proceed as in case III. 


— ^ TT п 
“Бйн ан: toan: опа би is (E? — 2E + 1», шид. oe. 
Its С.Е. -c,*c,n 
PI = —+_ 9 п2= 9" i 242g. 1l la 

(E — 1) (2E —1) (1 + 2A) 








and 
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= 2" (1 + 2A)-2 n(n —1) +n = 2" (1 -4А+ 12A?—...) ([п]? + п] 
= 2" ln]? + [n] — 4(2[n] + 1) + 12 x 2} 
= 2^ ({n]?-— 7[n] + 20) = 2" (n? — 8n + 20) 

Hence the complete solution is y, = c, + сп + 2" (n? — 8n + 20). 


PROBLEMS 31.3 





Solve the following difference equations : 


1. ур. 25У, 61 бу, = Уул 0, y, 1. (Madras, 2003) 
2. ¥ pot 85,,5* By, = 2^, y, y =0. (УР, 2009) 
3. Fira ЗУ, ул Урал zy, zl. | | (Kottayam, 2005) 
А.у 9-29, ,) + 4y, = 6, given that y, = 0 and y, = 2. 

n. (it — AE + Зуу = 85, 6. Уут” Ay. eat Ay. = 3.2 (5,4. 

7. Uag u = соя n/2. | (Madras, 2001 S) Ва [2 cos ) Yoo it Уул Sin p/2. 

9. (E? - 4)у, — x?— 1. 10. Y, 4 Уул n^* Ug =P yp y, O. (Tirchirapalli, 2001) 
11. y,,3475y,,4* ЗУ, уу + 9y, = 2" 3n. Wagpur, 2009) 
12. (4E? —4E 4-1)y = 2^ +2", (Madras, 2001) 13. Y, 45 * By, tO, En e. (Nagpur, 2006) 
14. Uy, 9+ Gu, , + Эй, = х2 81 4 T. 15. у. з + 8, = (2n + 3) 2^ (Nagpur, 2005) 
16. и, ,45—4u, , ,4u, = n?2^. 17. (E? — BE + G)y, = 4* (hk? — k + 5). 


18. (E? —2E 4 A)y, = — 2" [6 сов 12 + 24/8 sin ^7 Е 


19. А beam о length /, supported at points carries a uniform load w per unit length. The bending moments M, M, ..... 
M, at the supports satisfy the Clapeyron's equation : 


1 
M, sgt 4M, у tM, == 5 wh 


г 


Ifa beam weighing 30 kg is supported at its ends and at two other supports dividing the beam into three equal parts 
of 1 metre length, show that the bending moment at each of the two middle supports is 1 kg metre. 


ЕТЕД SIMULTANEOUS DIFFERENCE EQUATIONS WITH CONSTANT COEFFICIENTS __ 





The method used for solving simultaneous differential equations with constant coefficients also applies to 
simultaneous difference equations with constants coefficients. The following example illustrates the technique. 


Example 31.12. Solve the simultaneous difference equations 
и, ‚+0, -Зц, =x, du, +u,,,-Su,= № 
subject to the conditions и, = 2, v, = 0. 


Solution. Given equation in symbolic form, are 
(E—3)u,*v,-x AE) 
Зи, + (E —5)v, = 4 i) 
Operating the first equation with E — 5 and subtracting the second from it, we get 
(Е – 5) (Е – 3) - 3lu, = (Е – 5) — 4 
ог (Е? - ЗЕ + 12)и = 1— 4x — 4* 
Its solution is u —02'40,0—— x———-— i) 
Substituting the value of и, from (ii) in (i), we get 
3х 34 4 
126. de а = lx 7 iu) 
Taking и, = 2, v, = 0, in (її) са (iv), we obtain 
| 14 
2c, + беу = oe ‚ 2c, — 18с, = ЭБ 
when с, = 1.33, c, =- 0.0167 





Непсе и, = 1.33.2* — 0.0167.6* — 0.8x — 0.76 + 4*7! 
и, = 1.33.2* — 0.05.6* — 0.6x — 1.36 — 4" - 1, 





PROBLEMS 37.4 


‘Solve the following simultaneous difference equations : 


22 Ут 2 = 205 + 1), = Е У у; =— 2x +1). 5 ч 257 и 245712: 
Улад Уул 22412 924447 =n — 2, ae | и | / "x Кут v íi EIOZ 

a Шуу = =u +t wpU, gns = ц ou ч. ыу", „=. HA. Py PU gi. dus > 

анн ғо. +w =l, u to, py tw, хи, +0. Fw, ‚у= 2x. | | 4 Ta dal. NEC 





| APPLICATION TO DEFLECTION OF A LOADED STRING 








Consider a light string of length / stretched tightly between A and B. Let the forces P, be acting at its 
equispaced points x, (Е = 1, 2, ..., n — 1) and perpendicular to AB resulting in small transverse displacements y, at 
these points (Fig. 31.1). Assuming the angle 0, made by the portion between x, and x, , , with the horizontal, to be 
small, we have 


sin 8, = tan 6, = 6, and cos Ө, = 1 






= 
+ 


Fig. 31.1 


If T be the tension of the string at x,, then T cos 0, = T 
i.e., the tension may be taken as uniform, 


Taking x, , у — x; = А, we have 
à ‚1-У = А tan Ө, = A8, (1) 
| -y -Atan6, =й, (2) 
Also resolving the forces ja equilibrium at (х, y,) 1 to AB, we get 
T sin 0, —Tsin0, ,-Р,- = Oe. T (8, — -0, )-P,-0 ...(8) 
Eliminating 8, and 0, , from (1), (2) and (3), we obtain 
Yi 1^ 2У; Miam 1 (4) 


which is a difference equation and its solution gives the displacements y,. To obtain the arbitrary constants in 
the solution, we take y, = y, = 0 as the boundary conditions, since the ends A and B of the string are fixed. 


Example 31.13. A light string stretched between two fixed nails 120 cm apart, carries 11 loads of weight. 
5 gm each at equal intervals and the resulting tension is 500 gm weight, Show that the sag at the mic d 
1.8 cm. 


Solution. Taking А = 10 cm, P, = b gm and Т = 500 gm wt., 
—2y,* y, у= — 1/10 





the above equation (4) becomes y 


i*1 
ке, Уг, л Visit; =- 10 
Its А.Е, is (Ё—1#=0е.Е=1,1. « С.Е. =с +ся 


and Р.) г --i A tee 
Thus the C.S. is у= су +С, + 5 (i — 12) 
Since yg70, г сү,-0 

and Ут 0. 2. c= D ; 
Hence y= soit as @-#) 


At the mid-point i = 6, we get y, = 1.8 cm. 


PROBLEMS 31.5 
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1. A light string of length (n + 1)/ is stretched between two fixed points with a force Р, It is loaded with n equal masses. 
m at Фебе с If the system starts rotating with angular velocity œ, find is воен yy of the ith mass. | 


| | OBJECTIVE TYPE OF QUESTIONS - 








PROBLEMS 31.6 - 





Select the correct answer or fill up the blanks in the following questions : 
1. y, =A 2" + B 3", is the solution da a nn equation ...... . 
2. The solution of (E — 1? u, = 0 ів... 
3. The solution of the. difference equation ш.а 7254, ,2- 50, 1 + би, 048...... 
4. The solution of y, , , - y, = 2^ is... 
5. The dilference equation y, , , сард =n has у, =... as its solution. | 


6. The difference equation corresponding to the family of curves y = ax? + bx is ...... . 


7. The particular integral of the equation (E — 2) y, = 1. 
B. The solution of 4y, = y, „о such that y, = 0, y, = 2, is ...... 


9. Theequation A^ u, ,, * 5 4° и, = 0 is of order ....... 


10. The difference equation satisfied by y =a + b/x is .. 

11. The order of the difference equation у, ИГ PIA P у Eos Эр 

12. The solution of y, 437 ne 1 *4y, = 018. 

18: Те particular integral ofu, |, - 60, |, + 98 = S1... 

14. The difference equation РЕ by u, = (а + bn) 8" is... 

15. Solution of &y, , , + бу, үг бу„ = 2" is y, = AQ/SY + B(- 3/2)" + 2/28. 


(True or False) 





Numerical Solution of 
Ordinary Differential Equations 





INTRODUCTION - 





The methods of solution so far presented are applicable to a limited class of differential equations. Fre- 
quently differential equations appearing in physical problems do not belong to any of these familiar types and 
one is obliged to resort to numerical methods. These methods are of even greater importance when we realise 
that computing machines are now available which reduce numerical work considerably. 

A number of numerical methods are available for the solution of first order differential equations of the 
form : 

dy . | 
d" f (x, y), given y(x,) = yg d) 

These methods yield solutions either as a power series in x from which the values of y can be found by 
direct substitution, or as a set of values of x and y. The methods of Picard and Taylor series belong to the former 
class of solutions whereas those of Euler, Runge-Kutta, Milne, Adams-Bashforth etc. belong to the latter class. 
In these later methods, the values of y are calculated in short steps for equal intervals of x and are therefore, 
termed as step-by-step methods. 

Euler and Runge-Kutta methods are used for computing y over a limited range of x-values whereas Milne 
and Adams-Bashforth methods may be applied for finding y over a wider range of x-values. These later methods 
require starting values which are found by Picard's or Taylor series or Runge-Kutta methods. 

The initial condition in (1) is specified at the point x,. Such problems in which all the initial conditions are 
given ut the initial point only are called initial value problems. But there are problems involving second and 
higher order differential equations in which the conditions may be given at two or more points. These are known 
as boundary value problems. In this chapter, we shall first explain methods for solving initial value problems 
and then give a method of solving boundary value problems. 





| PICARD'S METHOD* 


Consider the first order equation dy/dx = f (x, y) (1) 


* Called after the French mathematician Emile Picard (1856—1941) who was professor іп Paris since 1881 and is famous for 
his researches in the theory of functions. 
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It is required to find that particular solution of (1) which assumes the value y, when x = x,. Integrating (1) 
between limits, we get 


y x Fz 
dy = | f(x,y)dx ог y=y¥,+ | Ї (х, у) dx AZ) 
Nu Xn n 


This is an integral equation equivalent to (1), for it contains the unknown y under the integral sign. 
As a first approximation y, to the solution, we put y = y, in f(x, y) and integrate (2), giving 


x 
For a second approximation у», we put y = y, in f(x, y) and integrate (2), giving 
fX 
Уз = Уу + | f (x, уу) dx. 
Xo 


X 
Similarly, a third approximation 18 y4 = yg + | f (х, yo) dx. 
27 


Continuing this process, a sequence of functions of x, i.e., y,. Уу» Уз ... is obtained each giving a better 
approximation of the desired solution than the pen one. 





: 
Solution. (a) We have y = 14 [ (y +x) dx. 


First approximation. Put y = 1, in y + x, giving 
Уус 1- [ (1+ х) dx=1+x+x7/2. 

Second approximation. Put y = 1 + x + x?/2 in y + x, giving 
у= l+ L (1+ 2х -x*/2) dx 21 x  x*  x*/6. 


Third approximation. Put y = 1 +x x?4 x?/6 in y + x, giving 
з 4 


уус 1+ [ (1+ 2x4 x7 + х /6) dx=1+x4+22 + xi. 


Fourth approximation. Put y = y, in y + x, giving 


3 4 ` 3 4 5 

5 à x x 3 X x x 
= 1+ 1+2х+х®°+——+— |ах=1+х+х —+—+—. 
s [| 3 3 3 12 120 

Fifth approximation. Put y = y, in y + x, giving 

E з „4 5 ` з „и 5 „6 
у. = l4 1-2х-324-2-432-432-14йх-1 + i 
1 | 5 3 12 A ны 3 12 60 720 "à 


(b) Given equation : 


n — y = x i8 a Leibnitz's linear in x. 
Its I.F. being e^ *, the solution is 
ve*- | авг dx + с = – хе * – [c e *)dx*ce-2-xe*—-e*4c [Integrate by parts] 
yzce*-x-l. | 


Since = l, мһепх= 0, .. c=2. 
Thus the desired particular solution is y = 2e*—x — 1 vel EE) 





‚2 m 4 


; : w^ NU o. 
Or using the series : e —-la-x4 — + —+ — +... о 
ЗОВ 21 3! 4! 
3 4 5 6 
we ре! rep р фона „Кий 
get x= 3 12 60 360 


Comparing (i) and (iii), it is clear that (1) approximates to the exact particular solution (ii) upto the term 


in 








z y- dx 
0 у+х — 
First approximation, Put у = 1 in the —— giving 


solution. We have y = 1+ 








pei 15: 59 
0 i Lex 


albae rera -1-х42108 (1 +x) w(t) 
Second approximation. Put y = 1—x + 2 log (1 + x) in the integrand, giving 


x Е фон. [ 1- 2x 
о 1—x+2log(l+x)4+x 0 1+2 log (1+ x) 





у= l+ 


which is very difficult to integrate. 
Hence we use the first approximation and taking x = 0.1 in (7) we obtain 
у(0.1) 21— (.1) + 2 log 1.1 = 0.9828. 





| TAYLOR'S SERIES METHOD* 
Consider the first order equation dy/dx = fix, y) A) 
Differentiating (1), we have 
d*y m m of dy Lë., y" = fe ЕЯ fy Г .4(8) 


dx! Әх "Эр dx 
Differentiating this successively, we can get у”, y™ etc. Putting x =x, and y = 0, the values of (y, (y^), 
(7), can be obtained. Hence the Taylor's series 


(x— E y — ("h (== а (у) + „.(3) 


у(х) = yg +(x- x (У), + 

gives the values of y for every value of x for шин (8) converges. 
On finding the value y, for x = x, from (3), y’, y" can be evaluated at x = х, by means of (1), (2) etc. Then y can 
be — about x pra In this way, the solution can be extended ont the range of Fonnvergenee of series zi 





Solution. | Here ih, -1,у ый, 1,(УЭ, =-1 
Differentiating successively and substituting, we get 


y" = 2ху + ху", | (y^) = 
y” = 2у + 4ху' + зу", GUT 
у! = Gy’ + бху” + ху”, (y), = — 6 etc. 


*See footnote p. 145. 











Putting these values in the Taylor’s series, 


2 x? E 
yx) = yq + xy'(0) + — yO) or 370) кет (0) +. 
| : à 
we have ye)-lex-D* 24 Po. Sm. ai 9 21-x« "TN 


Hence у(0.1) = 0.90033 and «Ae = 0.80227. 





Solution. (а) We have у’ = 2у + Зе" у (0) = 200) + Зе? = 3. 
Differentiating successively and substituting x = 0, y = 0, we get 

y" = 2y' + 3e*, y"(0) -2у(0)-3-9 

y" = 2у” + Зе, у”(0) = 2y"(0) + 3 = 21 

y" = 2y" + Зе", yit(O) = 2y"(0) + 3 = 45 etc. 


Putting these values in the Taylor's series, we have 


у(х) = у(0) + xy'(0) + a y'(O) + Z yro + х yo) +. 


-043x4 352+ "LE 45 OEE ЈЕ EM 
2 24 “ 8 
Hence у(0.2) = 3(0.2) + ы. + 3.5(0.2)% + 1.875(0.4)% +... = 23 1U At) 
(b) Now < - — 2y = 3e* is a Leibnitz's linear in x. 


Its I.F. being e~ 2°, the solution is 
ye = | Je" .e “ах+е=- Зе +с or у=—Зе*+се® 
Since у = 0 when x = 0, .. с= 8. 
Thus the exact solution is y = 3(e** — ех) 
When x = 0.2, y = 3 (e? 1 — e°?) = 0.8112 KU) 
Comparing (i) and (ii), it is clear that (i) approximates to the exact value upto З decimal places. 


11452 ГА e piv DU. эн qe mr АР E NIS > 
T n ‘hee ln ES di lcs 4m et. Lod d ^ 
ООЛ von p o 
jv wane CANA ae d F. 


Solution. We have у’ = log x + чи у; у 1) = 1082 
Differentiating w.r.t. x and substituting x = 1, у = 2, we get 


у” = 1+1; у) 1+ Lig? 
x у 2 


р 1.1 | 1 | ič. 1 1. : 

= ++" | уу" (1) = - 14 —| 14+ = log 2 | — — (log 2) 

y "gemi: У| дун Al ; log 2) - 2 dog 27 
Substituting these values in the Taylor's series about x = 1, we have 


(х — 17 (x — 1)? 
21 у") + 31 








у(х) = y(1) + (x — 1) у'(1) + y") +. 


=2+(х- 1) 052+ 5-17 (161168 2) * Ta- 1} [idis 2 dog 20| 





ae (ts |+ Ou [5+1 X |- eis 
y(1.1) = 2 + (0.1) log 2 + + 5 log 2 = a +2 log 2 (log 2)” = 2.036 








mmn aad 
y(1.2) = 2 + (0.2) log 2 + ын 1 + 5 log 2) 4. (0.2) 


1 1 
== н - 1 2-2 сү? д | * 
т | 5 +108 (log | = 92 081 


PROBLEMS 32. 1 


2 Ер ploy ^ aga Боа to гай и РС to буй TU of decimal, авд of ray liffere 
xy! d for x = тоно жуса я = Owhen = 0. | 


` T: СУ ЫН 
(4 ‹ ат “ЕЭ 


i 
















e Маты aco ifie Шуа T if dy/dx os id yi aix =0, using r J 
| ҳа) Picard's method (b) Taylor's series. [2 (V.T.U., 2010 ; 0; Maa ras, 2t 06) 
E Solve y' =x + y given y(1) = 0, Find (1,1) and y(1.2) by Taylor’s method. Compare the result with its erect Т 
— МТО, 2008 ; Anna, 200. 
6. Evaluate y(0.1) correct to six places of decimals by Taylor's series method if y(x) satisfies 
y = ху + 1,у(0) = 1. ис | | / | 
7. Solve у’ = 3x +y", (0) = 1 using Taylor's series method and computer y(0.1). (Mumbai, 2007) 
8. Using Taylor series method, find y(0.1) correct to 3-decimal places given that 
dy /dx = e* — y*, y(0) = 1. 





У EULER'S METHOD* 


Consider the equation = f(x, y) a) У 
2 Р 
| | Error 


Approx. 
value of y 


given that y(x,) = y,. Its curve of solution through 
Р(х, Yo) is shown dotted in Fig. 32.1. Now we have to 
find the ordinate of any other point Q on this curve. 

Let us divide LM into п sub-intervals each of 
width Л at L,, La, ... so that А is quite small. In the 
interval LL,, we approximate the curve by the 
tangent at P. If the ordinate through L, meets this 
tangent in P,(x, +A, y,), then 

y =L Р, -1Р-ЕР, 0 





L Li L | M 
-yy* PR,tan8 - y,  h (2) ху Хо! xo + 2h Xo+ nh 
| ах /р Fig. 32.1 
= ур + Л Ах, yo) 
Let P,Q, be the curve of solution of (1) through P, and let its tangent at P, meet the ordinate through L, 
in Р (х, + 9h. ‚ у»). Then 
Ya = Уур + h хул A, yy) ...(2) 
Repeating this process п times, we finally reach an approximation MP, of MQ given by 
y,7 Y, 4* Af xy n—1AÀ,y,. |) 
This is Euler's method of finding an approximate solution of (1). 


Obs. In Euler's method, we approximate the curve of solution by the tangent in each interval, i.e. bY а sequence of 
short lines. Unless А is small, the error is bound to be quite significant. This sequence of lines may also Fei consider. 
ably from the curve of solution. Hence there is a modification of this method which is given in the next section. 








Example 32.6. Using Euler's method, find an approximate value of y corresponding to x = 1, given that 
dy/dx 2 x + y and y= 1 when x = 0). (Mumbai, 2005 ; Rohtak, 2003) 


*See footnote p. 302. 
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Solution. We take n = 10 апал = 0.1 which is sufficiently small. The various calculations are arranged as 
follows : 


(Р. TU, 2001) 


Solution. We divide the чеге (0. 0.1) into five steps i.e. we take п = 5 and л = 0.02. The various 
calculations are arranged as follows : 


[ООУ ОО (xi x) dyldx 





Hence the required approximate value of y = 1.0928. 


| MODIFIED EULER'S METHOD 





In the Euler's method, the curve of solution in the interval LL, is approximated by the tangent at P 
(Fig. 32.1) such that at P,, we have 


Уу = Yo + Л F(X. yo) (1) 
Then the slope of the curve of solution through Р, [i.e. (dy/dx)p = f(x, + А, y,)] is computed and the 
tangent at P, to P,Q, is drawn meeting the ordinate through L, in Р(х, + 2h, Y9). 
Now we find a better approximation у of y(x} + А) by taking the slope of the curve as the mean of the 
slopes of the tangents at P and P, i.e. 
y, = + a о (ко, 50) + Их +В, у, ...(2) 


As the slope of the tangent at Р, is ын known, we take y, as found in (1) by Euler's method and insert it on 
R.H.S. of (2) to obtain the first modified value уу). The equation (1) is therefore, called the predictor while (2) 
serves as the corrector of y p 





Again the corrector is applied and we find a still better value у, corresponding to L, ав 


ууд yot 2 Meg у) + fex, i y 
We repeat this step, till two consecutive values of y agree. This is then taken as the starting point for the 
Once y, is obtained to desired degree of accuracy, y corresponding to L, is found from the predictor 
Уус У + Af (xq +h, yy) 
and a better approximation y,/!' is obtained from the corrector 
у=; + 5 If x, + h, Уу + f(x, * 2h, уо). 
We repeat this step until y, becomes stationary, Then we proceed to calculate у. as above and во on. 
This) is the алайга Euler's method Which isa рейн арна на ш method. 














Solution. Taking A h= 0. 1, аз? various сайндаа are е arranged a as follows : 


а a d MES LJ 





m | 
a. поела 
i EL ec = 











Solution. We have у =у+е = nd ж nim: ПИ 0.2 
‘The various calculations are arranged 
To calculate y(0.2) : 











Since the last two values of y are equal, we take y(0.2) - 0.2468. 
To calculate y(0.4). 











Since the last two value of y are equal, we take y(0.4) = 0.6031. 
Hence y(0.2) = 0.2468 and y(0.4) = 0.6031 approximately. 
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x Mean slepe ‘Old y + .2 (mean slope) = new y 
0:6 2 (1.635 + 1.961) = 1.798 1.5253 + 0.2 (1.798) = 1.8849 | 
0.6 2 (1.685 + 1.9729) = 1.8040 1.52534 0.2 (1.804) = 1.8861 
0.6 2 





a 0-895 + 1.9734) = 1.8042 


Hence y(0.6) = 1.8861 approximately. 





PROBLEMS 32.2 _ 


1. Apply Euler's method to solve y' 2 x + y, у(0) = 0, choosing the step length = 0.2. (Carry out 6 steps). 
(Kottayam, 2005) 
2. Using simple Euler's method solve for y at x = 0.1 from dy/dx = x 4 y 4 xy, y(0) = 1, taking step size Л = 0.025. 
З. Using Eulers method, find the approximate value of y when dy/dx = x? + y? and y(0) = 1 in five steps (i.e. A = 0.2). 
(Mumbai, 2006) 





4. Salve у’ = 1— y, у(0) = 0 by modified Euler's method and obtain y at x = 0.1, 0.2, 0.3. (Anna, 2005) 
8. Given у’ =x + sin y, y(0) = 1. Compute y(0.2) and y(0.4) with A = 0:2 using Euler's modified method. 
(J.N.T-U., 2007) 
6. Given that dy/dx = x? + y and у(0) = 1. Find an approximate value of y(0.1) taking Л = 0.05 by modified Euler's 
method. (VIT. U., 2010) 
7. Given 2y -2-5 with boundary conditions y = 1 when x = 0, find approximately y for x = 0.1, by Euler's modified 
Г x i 
method (5 steps), (V.T:U., 2007) 
В. Given that dy/dx=2+ /Їху) andy = 1 when x = 1. Find approximate value of y at x = 2 in steps of 0.2, using Euler's 
modified method. (Anne, 2004) 


RUNGE’S METHOD* 





Consider the differential equation, 


су = fix, у), yx) Ур (1) 
Clearly the slope of the curve through P(x,, Yo) is 
f ху yo) (Fig. 32.2). 
Integrate both sides of (1) from (х, Yo) to (x, + A, 
Ya + №), we have 


жад | xy + А | 
[^ а= |" гоу dx «dii 
ЫГ Хү 

To evaluate the integral on the right, we take N as 
the mid-point of LM and find the values of f(x, y) (i.e. 
dy/dx) at the points хү, x, + А/2, x, + A. For this purpose, we 
first determine the values of y at these points. 

Let the ordinate through N cut the curve PQ in 5 
and the tangent РТ in S,. The value of y, is given by the point $}. 

y," NS =LP+ HS, =y,+ PH tan Ө 





Fig. 32.2 


* Called after the German mathematician Carl Runge (1856-1927) who was professor at Gottingen. 
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=> + = dido), o yy + 2 fü yo) (3) 


Also У= МТ = Pep d = Уу? hf (хү, yg). 


Now the value of ур at x, + А is given by the point 7” where the line through P drawn with slope at 
(x, +h, Уу! meets МО. 


Slope at Т = tan 0° = (х + л, ул) = f ieg + А, yg + hf(xg, Уо) 
Уо = МЕ + ЕТ = y, + PT tan Ө = yo + hfIxg + А, уо + hf(xo, уу)! ...(4) 
Thus the value of f(x, y) at P = f(xy Vo); 
the value of f(x, y) at S = f(x, + h/2, y,) 
and the value of f(x, y) at Q = f(x, + л, yg) 
where y, and yg are given by (3) and (4). 
Hence from (2), we obtain 


k= (A foy ds Лу [By Simpsons’ rule (р. 1106) 


= = Uy yo) + Af (xq + 1/2, ys) + Го + hy уу) (n) 


which gives a sufficiently accurate value of $ and also of y = y, + А. 
The repeated application of (5) gives the values of y for equispaced points. 
Working rule fo solve (1) by Runge's method : 
Calculate successively 
ky = hf (xo. yo) 
hk, = hf (ху + 1h, уул Л) 
ki =hf(x,+ hs Yot Ё,) 
and ka= Арх + h, yg * А") 
Finally compute, k= = (k; + 4h, + k,). 


(Note that k is the weighted mean of К, k,and ky) 


papis үрэх Арын red aia Pitino Vad Ses ques iu 


м 





Solution. Here we have x, = 0, y, = 1, h = 0.2, f(x,, "TET 


2, k= hf(x,, уу) = 0.2 (1) = 0.200 
hy = hf (xo +4h, yọ +4k,) —0.2f(0.1, 1.1) = 0.240 
k’ = hf (xo + h, yg k,) = 0.2 f(0.2, 1.2) = 0.280 
and k, = hf(x, + h, yy + А”) = 0.2 f(0.1, 1.28) = 0.296 
k= i(k, + dk, + ka) 
= 1(0.200 + 0.960 + 0.296) = 0.2426 


Hence the required approximate value of y is 1.2426. 


Eža RUNGE-KUTTA METHOD* 


The Taylor's series method of solving differential equations numerically is restricted by the labour 
involved in finding the higher order derivatives. However there is a class of methods known as Runge-Kutta 
methods which do not require the calculations of higher order derivatives. These methods agree with Taylor's 
series solution upto the terms in А”, where г differs from method to method and is called the order of that method. 


Euler's method, Modified Euler's method and Runge's method are the Runge-Kutta methods of the first, second 
and third order respectively. 


* See footnote р. 1017. Named after Wilhelm Kutta (1867—1944). 








The fourth-order j Rune КАНО method is most commonly used and is often referred to as 'Runge-Kutta 


method’ only. 
Working rule for finding the increment k of y corresponding to an increment h of x by Runge-Kutta 
A fix, y), у(х) = yy is as follows : 
Calculate successively | 
Ё, = hf (xp, Yo) 
k =hf (xo +32. уо +) 
ka= hf (xa +5, y + $5) 
and ki = hf (х, +h, Yot k.) 
Finally compute k= i(k, + 2k, + 2k, +k) 


which gives the required approximate value y, = y, + Ё. 
(Note that k is the et mean n" i k and inia 





| | | n : y = : when х = = 0. 8 ед ч f M | hs ( ХУУ i 1 E 200 9 Ч i Л, ч gj 22 r 7: ў / : ^ 1 
Solution. Here xy = 0, У = 1, he 0.2, /(хо, Уу = 1 
a М = А gs Уо) = =0:2x1 = 0.2000 


k, = hf (м + 4h, yolk) = 0.9 x f(0.1, 1.1) = 0.2400 
ka= hf (xo + Lh, yo + tka) = 0.2 x f(0.1, 1.12) = 0.2440 
and k, =hf(xy+h, yg k4) = 0.2 x [ (0.2, 1.244) = 0.2888 
A k= }(k, + 2h, + 2h, + hu) 
= 1(0.2000 + 0.4800 + 0.4880 + 0.2888) = 1 x (1.4568) = 0.2468. 
Hence the required approximate value of y is 1.2428. 


p d 





p-e 





Solution. We have f(x, y) = р 
y +x 
To find у(0.2): 
Here x, = 0, y, = 1, = 0.2 
ki =A fixo, yg) = 0.2 f(0, 1) = 0.2000 
k= he x 232 yo + 5№) = 0.2 (0.1, 1.1) = 0.19672 


ka =hf С +5, Yo + hy) = 0.2 f(0.1, 1.09836) = 0.1967 
k = hf(xy + Ay Yo + Лү) = 0.2 00.2, 1.1967) = 0.1891 
k= = (ky + 2k, + 2k, + А) = : [0.2 + 2(0.19672) + 2(0.1967) + 0.1891] 


= 0.19599 
Hence у(0.2) = y, + k = 1.196. 





To find у(0.4): 


Here x, = 0.2, y, =1.196,4 = 0.2 
k =A f(x, y) = (0.1891 
k, = he x + sh yp + j^) = 0.2 f(0.3, 1.2906) = 0.1795 
k= ht | х +h, yı + 1 = 0.2 f(0.3, 1.2858) = 0.1793 
kh, =hf(x,+ h, y, + ka) = 0.2 f(0.4, 1.3753) = 0.1688 


1 | | 
k= g Art Zkt 2k; RU) 


1 
ий”: [0.1891 + 2(0.1795) + 2(0.1793) + 0.1685] = 0.1792 
Непсе y(0.4) = y, + Л = 1.196 + 0,1792 = 1.3752. 


Example 32.15. Apply Runge-Kutta method to find an approximate value of y for x = 0.2 


Solution. Here we take л = 0.1 and carry out the calculations in two steps. 
Өөр E s; -0,y»,-1,h = 0.1 


к, = М (xp, yo) = 0.1700, 1) = 0.1000 
ko = hf (хо +h, yo * 1) = 0.1 £(0.05, 1.1) = 0.1152 
ka = hf (xy +4h, yy + ЪЁ) = 0.1/(0.05, 1.1152) = 0.1168 
hk, = hf (x, + h, yg Rg) = 0.1 (0.1, 1.1168) = 0.1347 
k= (А, + 2h, + 2Ё + h,) 
= 2 (0.1000 + 0.2304 + 0.2336 + 0.1347) = 0.1165 
giving y(0.1) = у, + = 1.1165. 
PX. IL x, 2x4 А = 0. Pt = 1.1165, k = 0.1 
= hf(x,, y,) = 0.1 f(0.1, 1.1165) - 0.1347 
" = hf (xy + ih, yı + 144) = 0.1/(0.15, 1.1838) - 0.1551 
k, = hf (xı +4h, yy +k) = 0.1/(0.15, 1.194) = 0.1576 
k, = hf(x,+ h, ys ky) = 0.1 f(0.2, 1.1576) = 0.1823 
4 k= 4(k, + 2h, + 2k, + К) = 0.1571 
Hence y(0.2) = У; + Ё = 1.2736. 





in steps of 0.1, 
if dy /dx =x +y", given that у = 1, where х = 0. (V. T. U., 2009 ; Osmania, 2007 ; Madras, 2000) 


Example 32.16. Using Runge-Kutta method of fourth order, solve for y at x = 1.2, 1.4 from © 


given x, = 1, y, — 0. 
| x 
Solution. We have f(x, у) = m ed 
x^ + xe 
To find y(1.2) : 
Here Xo = l, Yo = 0, A = 0.2 


О+е 
1+е 


hk, =h хуу 0.2 = 0.1462 





be Mf (s e +] =! 201 + 0.1)(0 + 0.073) + e! * ^! 
2 | 2977 халил е (14 0.1 - (1 - 0.) e! "77 





| = 0.1402 


Numerical SOLUTION of Oncinany DIFFERENTIAL EQUATIONS 


and 


10. 





РЯ PREDICTOR-CORRECTOR METHODS 





Э сайн | 2(14- 0.100 0.07) +e! 


= =0.1399 
2 (1+ 0.17 +(1+0.1 eH | 


ky = ht (xo v җиз 


2(1.2)(0.1399) + ег? 


by = hf ly + k, Yo №) = 0.2 "rr 


| = 0.1348 


1 1 
k = в (hy + 2Ё„ + 2kg + А) = | [0.1462 + 0.2804 + 0.2798 + 0.1348] 
= 0.1402. 
Hence y(1.2) = y, + = 0 + 0.1402 = 0.1402. 
To find y(1.4) : 


Here x, = 1.2, y, = 0.1402, h=0.2 
kh, = hfGx,, Уу) = 0.2 f(1.2, 0) = 0.1348 
ky = hf(x,  h/2, y, + k,/2) = 0.2 f(1.3, 0.2076) = 0.1303 
ka = hf(x, + 1/2, y, + k,/2) = 0.2 f(1.3, 0.2053) = 0.1301 
ky = hf(x, + h, y, + ka) = 0.2 (1.3, 0.2703) = 0.1260 


k= 50, + 2h, + 2k, + В.) = ; [0.1348 + 0.2606 + 0.2602 + 0.1260] = 0.1303 
Hence y(1.4) = y, + k = 0.1402 + 0.1303 = 0.2705. 





PROBLEMS 32.3 


. Use Runge’s method to approximate y when x = 1.1, given that y = 1.2 when x = 1 and dy/dx = Эх + y*. 
. Using Runge-Kutta method of order 4, find y(0.2) given that dy/dx = Зх + Ту, y(0) = 1, taking A = 0.1. 


(V.T.U., 2004) 
Using Runge-Kutta method of order 4, compute y(.2) and (.4) from 10 2 = х? +4", у (0) = 1, taking ^ = 0.1. 
x 
(Rohtak, 2003 ; Bhopal, 2002) 


. Use Runge-Kutta method to find y when x = 1.2 in steps of 0.1, given that: 


dyldx = х? + у? and y(1)= 1.5. (Mumbai, 2007) 
Find (0.1) and y(0.2) using Runge-Kutta 4th order formula, given that у’ = x*— y and у(0) 2 1.  (J.N. T. U., 2006) 
Using 4th order Runge-Kutta method, solve the following equation, taking each step of k = 0.1, given у(0) = 3, dy/dx 
= (4x Гу — xy). Calculate y for x = 0.1 and 0.2. (Anna, 2007) 


Use fourth order Runge-Kutta method to find y at x = 0.1, given that a = Зе* + Жу, y(0) = 0 and A = 0.1. 

(V.T.U., 2006) 
Find by Runge-Kutta method an approximate value of y for x = 0.8, given that y = 0.41 when x = 0.4 and dy/dx 
= I. | (S. V.T.U., 2007 S) 


| dy у- | | 
Using Runge-Kutta method of order 4, find (0.2) for the equation 2 - es ‚ (0) = 1. Take Л = 0.2. 


(V.T.U., 2011 S) 
Given that dy/dx = (y? —92xW* -x)andy-1lstx-0;find y for x = 0.1, 0.2, 0,3, 0.4 and 0.5. (Delhi, 2002) 














If x; _, and x, be two consecutive mesh points, we havex,=x,_, + А. In the Euler's method ($ 32.4), we have 


у, ФАРО E-15. y; iiS 1,2, 8,... (1) 





The modified Euler’s method (5 32.5), gives 


h 
Y;= Yit 9 VU p Ji 1) + fix yl (2) 


The value of y, is first estimated Ч. using (1), then this value is inserted on the right side of (2), giving a 
better approximation of y;. This value of y, is again substituted in (2) to find a still better approximation of y, 
This step 18 repeated till two consecutive values of y. agree. This technique of refining an initially crude estimate 
of y; by means of a more accurate formula is known as predictor-corrector method. The equation (1) is there- 
fore called the predictor while (2) serves as a corrector of y,. 

In the methods so far explained, to solve a differential equation over an interval (x.. x,  ,) only the value of 
y at the beginning of the interval was required. In the predictor-corrector methods, four prior values are required 
for finding the value of y at x, , ү. A predictor formula is used to predict the value of y at x, , , and then a corrector 
formula is applied to improve this value. 

We now describe two such methods, namely : Milne's method and Adams-Bashforth method. 


ЕЛСИ мнмЕ’$ METHOD 


Given dy ах = fi x,y and y = yy, x = ху; to find an approximate value of y for x =x, + nh by Milne's method, 
we proceed as fu. : 
The value y, = y(x,) being given, we compute 
У = yix, + Л), y, = у(х„+ 2h), у. = у(х, + ЗА), 
Бу Picard’s or Taylor’s series method. 
Next we calculate, 
fo = Гу Yoh f, = fixg + А, y fa = Иж + 2h, yah fa ГО, + Sh, ул) 
Then to find y, = у(х, + 4л), we substitute Newton's forward interpolation formula 








піп — 1) n(n-1lXn-2) a. 
f(x, y) s fo + nM. шк ш д А+... 
| | х, * 4h 
in the relation y, = Уул | f(x, y) dx 
+n 
+ 4h 
У = Ур + |” С + пАј + а= D Ар 4 ») ёс [Put x =x, + nh, dx = hdn] 
x 


syth f fy + naf, + 5-7 ARE + ЯГ 


= уу + А 4% + BAfy + PA fo * SA fo + = 


Neglecting fourth and higher order differences and expressing Af,, АТ, and АТ, in terms of the function 
values, we get 


AR | 
Уу” = Ny + 3 (2f, — f, + 2f,) which is called a predictor. 
Having found y, we obtain a first approximation to f, = f(x, + 4h, y,). 
Then a better value of y, is found by Simpson’s rule (р. 1106) as 
Ур =Not (fa + 4f, + fi) which is called a corrector. 


Then an improved value of f, is computed and again the corrector is applied to find a still better value of 
y, We repeat this step until y, remains unchanged. 
Once y, and f, are obtained to desired degree of accuracy, у; = y(x, + 5л) is found from the predictor as 


Lp 4h 
ул! =у, + а (2 – Га + fa 


and f; = f(x, + 5h, y.) is calculated. Then а better approximation to the value of y, is obtained from the corrector 
as 





ЇГ Л 
ys Уу? z з + Af, + fo). 


We repeat this step till у„ becomes stationary and we, then proceed to calculate у, as before. 





This is Milne's predictor-corrector method. To ensure greater accuracy, we must first improve the accu- 


racy of the starting values and then sub-divide the intervals. 





Solution. Using Picard’s method, we have 


= y(0) + [ f(x, у) dx, where f(x, y) = x – y*. 


To get the first approximation, we put у = 0 in f(x, y), 
2 


х Ж. 
ivint =0+ хах=-— 
giving У! i 5 
To find the second approximation, we put у = x*/2 in fix, y), 
ivin „= [ Мн dx E 
DE 727 4) 2 20 


similarly, the third approximation is 


| о „в\? 2 .5 2 11 
Е X x x x x x 
y= |, | Ё 2 | 2 20 160 4400 





Now let us determine the starting values of the Milne’s method from (i), by choosing А = 0.2. 


xy = 0.0, Ya = 0.0000, f, = 0.0000 

x, = 0.2, y, = 0.020, f, = 0.1996 

x, = 0.4, y, = 0.0795, Ё, = 0.3937 

x, = 0.6, Уз = 0. 1762, Ѓ = 0.5689 

: | : 4h 
Using the predictor, уу -y ез (Afi - fa +21.) 

х = 0.8, yP = 0.3049, f; = 0.7070 

and the corrector, yr Е = у, + = (fe + Af. + fa) yields 
yf = 0.3046, Г, = 0.7072 


Again using the corrector, y^ = 0.3046, which is same as in (ii) 


Now using the predictor, yj," =y, + ад (2f, — f, + 27.) 


к=, yz" = 0.4554, f, = 0.7926 
and the corrector, ye’ Зуу» И (f, + Af, + f), gives 
ук = 0.4555, f; = 0.7925 


Again using the corrector, 
yz" = 0.4555, a value which is the same as before. 
х 1) = 0.4555. 





И УЕ и, МАЕ ВИ УХРЛ ДҮ 
Ў Т Ж | т, Lem. » ЛУУ у. Lv А 
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hie y(0) = 1. Continue the solution at x = 0.4. using Milne's method. 





Solution. Given у(0) =1 and A=0.1 


We have у(х) = x (х2 + у?) е *; y'(0) 20 
y" (x) = [(x3 + xy?) (—e7*) + 3x? + y?  x(2y) уе * 

-e*[-x?-— ху? + Зх? + y?  2xyy'] ; y"(0)=1 

y"(x) = —e^* [- x3 — xy? + 8х? + у? + 2хуу' + Зх? + y* + 2xyy' — Өх — 2уу' — 2xy'* — 2xyy'] y^(0) 2 -2 


Substitute these values in the Taylor's series, 
3 


x* 
~_ (0) + — yi (0) +. 


убх) = y(0)  — у(0) + 21 


У(0.1)-1-410.110)- = (0.1 (1) + lans (— 2)+... 


= 1 + 0.005 - 0.0003 = 1.0047 ie, 1.005 
Now taking x = 0.1, y(0.1) = 1.005, A = 0.1 
y'(0.1) = 0.092, y"(0.1) = 0.849, y"'(0.1) = — 1.247 
Substituting these values in the Taylor's series about x = 0.1, 


1\2 
EK 0.1) 4. 237 ЫГ y" (0.1) + 


| | 0.1 
= 1.005 + (0.1)(0.092) + ——— S a ——— (0.849) + д » —— — (- 1.247) +. 
= 1.018 
Now taking x = 0.2, (0.2) = 1.018, л = 0.1 
y'(0.2) = 0.176, y"(0.2) = 0.77, y" (0.2) = 0.819 
Substituting these values in the Taylor's series 





y(0.2) = y(0.1) + SZ (0.1) + 


0.1 (0.1)° (0.1) 
0.3) = y(0.2) + — v0.2 3"(0.2) + ——y'""(0.2 
(0.3) = yi + TEM ) + 21 (0.2) + 31 (0.2) + 
= 1.018 + 0.0176 + 0.0039 + 0.0001 = 1.04 


Thus the starting values of the Milne's method with А = 0.1 are 





ху 0.0 yg71 = y20 
x, = 0.1 у, = 1.005 f, = 0.092 
x, = 0.2 у» = 1.018 f, = 0.176 
x, = 0.3 у. = 1.04 f, = 0.26 
Using the predictor, у?! =У + РА -fa + 27.) 
4(0.1) 


= 14+ бз [2(0.092) – (0.176) + 2(0.26)] = 1.09 
х= 0.4 y” = 1.09 f, y'(0.4) = 0.362 
Using the corrector, yt = у, + 2 f+ dfa +) 
yi? = 0.018 + гн (0.176 + 4(0.26) + 0.362) = 1.071 
Hence у(0.4) = 1.071. | 


Example 32.19. Using Runge-Kutta method of order 4, find y for x = 0.1, 0.2, 0. 3 given. that vl dix T 






(V.T.U., 2008 ; S.V.T.U., 2007 ; Madr 


Solution. We have f(x, y) = xy + у?, 
To find y(0. 1) : 
Here ху = 0, y= 1, h = 0.1. 





ki =h fs, Yo) = (0.1) f (0.1) - 0.1000 


k, = ht (x +h, % + 28 | = (0.1) (0.05, 1.05) -0.1155 


k, = ЦЕ + ZA, Ур 21) = (0.1) f(0.05, 1.0577) = 0.1172 


k, = hf(x, + h, Yo + ka) = (0.1) f(0.1, 1.1172) - 0.13598 


мо 


= = (0-1 + 0.231 + 0.2348 + 0.13598) = 0.11687 
Thus y(0.1) = y, = yy + Ё = 1.1169. 
To find (0.2) : 
Here x, = 0.1, y, = 1.1169, л = 0.1. 
k, =A f(x,, уу) = (0.1) f(0.1, 1.1169) = 0.1359 


ky = ИЕ + zh * j^ | = (0.1) f(0.15, 1.1848) = 0.1581 


Е. = 26 232 У + ah] = (0.1) f(0.15, 1.1959) = 0.1609 
k, = hf (x, +h, у + ka) = (0.1) f(0.2, 1.2778) = 0.1888 
k= = (ky + 2k, + 2k, + k,) = 0.1605 


Thus y(0.2) = y, = y, + = 1.2778. 
To find y(0.3) : 
Here x, = 0.2, y, = 1.2773, A = 0.1. 


k, = hf(x,, Ya) = (0.1) (0.2, 1.2773) = 0.1887 
Ё = ИЕ + h, -— oh | = (0.1) f(0.25, 1.3716) = 0.2224 
k= hf [s +51, yo + 38| = (0.1) f(0.25, 1.3885) = 0.2275 
k, = hf(x, + h, у, + ka) = (0.1) f(0.3, 1.5048) = 0.2716 
k = = (hy + 2k, + 2k, + hy) = 0.2267 


Thus y(0.3) = у. = у, + k = 1.504. 
Now the starting values of the Milne's method are : 


x, = 0.0 у 1.0000 fy = 1.0000 
x, = 0.1 y, = 1.1169 f, = 1.3591 
x, = 0.2 ў, = 1.2778 fa = 1.8869 
x, = 0.3 Уз = 1.5049 f, = 2.7182 
Using the predictor, 
4h | 
Xp? ууж та Л - f; + fa) 
x, = 0.4 ур! = 1.8344 f, = 4.0988 


and the corrector, 
| А | 
у = у + a (f, + 4f, + f,) yields 
уд = 1.2773 + = [1.8869 + 4 (2.7132) + 4.098] 
= 1.8386 | f, = 4.1159 
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Again using the corrector, 
yr = 1.2773 + [1.8869 + 4 (2.7132) + 4.1159] 
= 1.8391 f, = 4.1182 ail) 
Again using the corrector 
y? = 1.2773 + — ың. 8869 + 4 (2.7132) + 4.1182] 


= 1.8392 ем 18 same as (1). 
Непсе у (0.4) = 1.8392. 





1. Given m = х® + у, y(0) = 2. The value of (0.2) = 2.073, y(0.4) = 2.452, and у(0:6) = 3,023 are got by R.K. Method of 





4th order. Find y(0.8) by Milne's predictor-corrector method taking h = 0.2. (Anna, 2004) 
2. Given 2 dy/dx = (1 + x?)y? and y(0) = 1, y(0.1) = 1.06, y(0.2) = 1.12, y(0.3) = 1.21, evaluate y(0.4) by Milne's predicto 
corrector method. (УТАП, 2011 8 ; - Madras, 2003) 
3. From the data given below, find y at x = 1.4, using Milne's predictor-corrector formula : 
dy о y 
dx 79 
xt 1 1.1 1.2 1.3 | 
у: 2 22156 — 24549 27514 (УТ, 2007) 
4. Using Milne's method, find y(4.5) given 5xy' + y? — 2 = 0 given y(4) = 1, у(4.1)-1 0049, y(4.2) = 1.0097, yit. 3) 
= 1.0148, у(4.4) = 1.0187. (Anna, 2007). 


5. цэ? = = 22" — y, y(0) = 2, y(0.1) = 2.010, y(0.2) = 2.04 and y(0.3) = 2.09 ; find (0.4) using Milne’s predictor-corrector 
PA (V.T.U., 2010). 





6. Using Runge-Kutta method, calculate (0.1), (0.2), and y(0.3) given that > = Е = 1, (0) = 0, Taking these 
| ges | 
values as starting values, find 5(0.4) by Milne's method. | 





ЕП ДД ADAMS-BASHFORTH METHOD 


Given 2 = f (x, y) and y, = убху), we compute 


-y(x,—h)y ,-2y(xyj—2h), y 4-7 у(х, — ЗА) 
by Taylor's series of эн ‘method or Runge-Kutta method. 
Next we calculate f_,=/f(x,—h,y_,),f_9 =f (%)— 24,9 _») fg =f (xq — ЗА, у 3). 
Then to find y,, we substitute N енбеп 8 backward interpolation formula 





Fox. y) = f, +n Vf, mul 1) V?f, pnt Dit?) сар, + 
. ex, + 
mn Уз = Уо + Ї f(x, у) dx (1) 
a. | n(n +1) 9 , | us 
ve Dime Vf, «Jas [Put x =x, + nh, dx = hdn] 
syth fn envi + mn Уф +) dn 


=» [5+5 Vf, + Vf += = Vf + «] 





Neglecting fourth and higher order differences and expressing УД, V'h and h in terms of function 
values, we get 


Ур суух a (55/,-89/ ,* 37f ,—9f a) ...(2) 


This is called Adams-Bashforth predictor formula. 

Having found y,, we find f, =f (x, + һу, y). 

Then to find a better value of y,, we derive a corrector formula by substituting Newton's backward 
formula at f, i.e., 


n(n +1) 


Р(х,у) =, + aVA + == VE + 


иза +® en +- їп (1). 


n i apt T [s + ПУЛ LE Vig +] dx [Риёх= х, + пл, ах = hdn] 


аг 4-1) 


= V+ [lf tnVf,*—— — V°f + jan 


=» +A (1-378-1 Нэн -EVR -) 
Neglecting fourth and higher order differences and expressing Уд, v? | and V?f, in terms of function 
values, we obtain 
y? = + 2 (Of, + 197-5? 1+7.) 448) 


which is called a Adams-Moulton corrector formula. 
Then an improved value оЁ/, 18 calculated and again the corrector (3) is applied to find a still better value 
of y,. This step is repeated till y; remains unchanged and then proceed to calculate y, as above. 





Solution. Here f (x, y) = x? (1 + y). 
Starting values of the Adams-Bashforth method with А = 0.1, are 
x = 1.0, y 4 = 1.000, f, = (1.0)* (1 + 1.000) = 2.000 
"211,y,21.33,f,- 2.702 
-12,y,- L548,f , = 3.669 
= 1.3, y, = 1.979, f, = 5.035 


Using th 
! (55f, —59f ,* 37f. — 9f.) 
73, f, = 7.004 
U: 
Sf +82) 


19 x 5.035 — 5 x 3.669 + 2.702) = 2.575 


Hence , a. 
















E 


SEAE ET 


32.21 238 чаг, 22 =O. fed у@ using. dar ата pr 


Solution. We have Р(х,у) = 2e*y. 
To find 0.1: 








Е. aa р 


c wc be И b г E. -2 1 XR cl - 
кл рээ m1 M Ни "sm Sa 
1 a = ы г - т-у” | =>. Д “Мн (! 2 Р к. a " - 
5 (7.643 + 10.956) = 9. 3.129.+ 0.1 (t 86 
2 - Pid a ZEN Е тоо el a uem -Ï zi e sno ов 
AUM 8 за Ч мг | F + 47 J ЕЕ ч deas 


To find y(0.4) by Adam's method, the starting values with A = 0.1 are 
x = 0.0 уз=2.4 f,=4 
& = 0.1 У. = 2.473 f, = 5.467 
х= 0.2 Уу = 3.129 ЕЁ. = 7.643 
х= 0.3 Yo = 4.059 Го = 10.956 
Using the predictor formula 


У = уо + у; (9/,-59Г + BT a- fa) 





= 4.059 + = (55 x 10.957 — 59 x 7.643 + 37 x 5.467 — 9 x 4) 


Now x = 0.4 у, = 5.383 Д, = 2e°* (5.383) = 16.061 





Using the corrector — 


yr! zygt— y (f 195, — 5f_, + fo) 


= 4.0586 + ЯГ (9 х 6.061 + 19 x 10.956 — 5 x 7.643 + 5.467) = 


Hence жу? 4) = 5.392. 


5.392 








Solution: We ums (x,y)2x— A 

To find y (0.1): 

Here x, = 0, уу = 1, A = 0.1 

А 2 Адо 1) f (0, 1) 


ky = hf ЁС tim +t 13 - (0.1) f (0.05, 0.95) 


ka = hf (xo + : h, yo + 5 8 | = (0.1) (0.05, 0.9574) 
k, = hf (ху + h, уу + ka) = (0.1) f (0.1, 0.9137) 
k= = (k; + 2k, + 2k, + ky) 


Thus У(0.1) =y; =, + & = 1 — 0.0883 

To find y(0.2) : 

Here x, = 0. 1,y, = 0.9117, А = 0.1. 

i k, = hf(x,, уу) = (0.1) f (0.1, 0.9117) 


Ё. = hf Ё +5 һ, у += 28 | = (0.1) f (0.15, 0.8751) 


= hf Ё + 5 А, y, + 2 3 = (0.1) f (0.15, 0.8809) 
ky = hf (x, + h, y, + k,) = (0.1) f (0.2, 0.8491) 
k= = (hy + 2k, + 2k, + k,) 


Thus У(0. а) = = y, = y] + Ё = 0.8494. 
To find у (0.3): 
Here x, = 0.2, у. = 0.8494, y = 0.1 

k, = hf (х, у.) = (0.1) f (0.2, 0.8494) 


ky = hf Ё Е h, уо + 5 3 = (0.1) f (0.25, 0.8233) 
k = hf (s +! Л, ys +5 2 = (0.1) f (0.25, 0.828) 


k, = hf (x, h, y, + kg) = (0.1) f (0.3, 0.8058) 
k= = (ky + 2y, + 2k. +А,) 


Thus y (0. M = Уз = у, + Е = 0.8061 

Now the starting values of Adam’s method with А = 0.1 аге: 
х = 0.0 уз= 1.0000 Ез=0.0 - (1.07 

х = 0.1 y.» = 0.9117 Ё. = 0.1 — (0.9117)? 


= 0.2 y_, = 0.8494 
х= 0.8 Уз = 0.8061 


f, = 0.3 — (0.8061)? 


— 0.1000 


= 0.08525 


И 


! 


И 


— 0.0867 
— 0.07341 
- 0.0883 
0.9117 


Ненея Е 


Using the predictor, 


y? -ууж E (55f, — 597, + 37f., — fa) 





x = 0.4 yi? = 0.8061 + 21 [55 (— 0.3498) — 59 (— 0.5215) + 37 (- 0.7312) – 9 (- 1)] 


= 0.7789 fı = – 0.2067 
Using the corrector, 


5 Л 
УГ уу? 94 (9f, + 19% — 5f, f.) 


y = 0.8061 + Ён [9 (— 0.2067) + 19 (— 0.3498) — 5 (— 0.5215) — 0.7312] = 0.7785 


















Hence y (0.4) 2 0.7785. 
— d | 7 
| PROBLEMS 32.5 м, | 
1. Using Adams-Bashforth method, obtain the solution of dy/dx =x — y? atx 058, given the values | 
х: о 70 3402 0.4 0.6 a Му 
y: 0 0.0200 0.0785 0.1762. | (Bhopal, 20021 
2. Using Adams-Bashforth formulae, determine y(0, 4) given the differential equation dy / dx = xy and the data 
ж? 0 0.1 0.2 0.3 | " 
y: 1 1.0025 1.0101 1.0228 1 
3. Given y= =- —¥, (0) = -1 and the starting values y(0.1) = 0.90516, y(0.2) = 0. 82127, y(0.3) = 0.74918, evaluate (0,4) 
ng Adams-Bashforth method, (S. V.T.U., 2000 
4. Using Adams-Bashforth method, find y(4:4) given Bxy' + y? = 2, y(4) = 1, y(4, 1) = 1.0048, yit, 2)-1. 0097 а dyis 
= 1.0143. и 
B. Given the differential equation dy/dx = x?y + х! and the data : 
x 1 El 1.2 l8 | Lr 
y: 1 1.238 1.548488 1.978991 | (Indore, 200338] 





6. Using Adams-Bashforth method, evaluate y (1.4), if y satisfies dy/dx + у/ = Ш? and y(1) = 1, y (1:1) = 0.996, y (0 2 
= 0.986, y (1. 3) = 0.972. (Маагав, 20081 


Ри SIMULTANEOUS FIRST ORDER DIFFERENTIAL EQUATIONS 





The simultaneous differential equations of the type 


Фу 
dx ^I 2) „ХШ 
апа а = ф(х, у, 2) A) 


with initial conditions y(x,) = y, and z(x,) =z, can be solved by the methods discussed in the preceding sections, 
especially by Picard's or Runge-Kutta methods. 
(1) Picard's method gives 


y mx. ff ooo 20) dx, z = а) + fo (x, yos zo) dx 

Ya = т ЇГ бэ», 21) dx, 2, = гу + [0 (х, уз, а) а 

Уз = Ур + | (х, Уо» 29) dx, 23 = Za + fo (х, Ус, Za) dx 
and so on. 


(it) Taylor's series method is used as follows : 
If h be the step-size, Уз = У (xy + A) and гү =z (x, + A). Then Taylor's algorithm for (1) and (2) gives 





д? Ah? 

Утур t 2130 жату + (3) 
h? 3 

гү =2) + ha, ийг гэ + 81 .г, + (4) 


Differentiating (1) and (2) successively, we get y^, z^, etc. So the values y, ур”, yo"... and zg’, 2)", 25"... are 
known. Substituting these in (3) and (4), we obtain уу, 2, for the next step. | 
Similarly, we have the algorithms 


2 x 


‚‚ В LI | 

yo2y,* hy, + * 9 | agp 3! Jia + ...(5) 
нм. 

2. ==] + hz, + 91 Waar} #1 d ams ...{6) 


Since y, and 2, are known, we can calculate y,', y,", ... and z,’,z,” .... Substituting these in (5) and (6), we 
get у, and z,. 

Proceeding further, we can calculate the other values of y and z step by step. 

(ii) Runge-Kutta method is applied as follows : 

Starting at (ху, Yp 20) and taking the step-sizes for x, y, z to be Л, k, / respectively, the Runge-Kutta method 
gives, 


| i 1 1 1 1 1a 
koe Af [x0 5 0 +5 №, 20 +54) [, = ho НТ уюу) 
e 1 1 1, 1 1, 
Е = hf 2+5 hta № мов. [3 = ho эя» tien rh) 
ky = hf (xg + h, yg + hs 20 + L) 1, = ho (xy + Ay yg + А, zo + 1.) 
Hence у,=у,+ = (hy + 2k, + Zk, + ky) and z= 2) cs 2l, + 21, + L) 


To compute y, and 12 we — replace хү, Ур» Zo by Хү, Yp z, in the above formulae. 


ч a E 
- Yd ЕЁ be " a a 
"уй = Ё ir UE бж? y Р нг 
"ТЕТЕ Fh у ЇЇ? n : 
: А Аг = nae ES 
--. 


| яван 


) a 
а" 
] 0) = -1 


mk АЕ REY 
s - WENT | 





Solution. Here x, = 0,5 Уус 2,247 1, 


dy | | аг 
or =f (x,y,zZ)=x4+2z; and чу = Ф, у, 2) =х-у? 
Уу? [ foy 2) ах and z=2Z,+ f 06,» 2 dx 
хү 4% 


First approximations y, =¥,+ Г ф(х, yg, 29) ах=2+ [е +1) ах= 2+ х + =x" 
— x | | Е pr эн — 1 2 
2|-2,9 Ї $6.20 2) 4х =1+ | а 4)dx=1 4х tx 


Second approximations у, = у, + f. f (х, у, =) dx = 2+ |, х+1- -4x+ a? Jas 


-24r— a += 


х 
2,7294 | ф(х, Уу, 21) dx 
"хо 


” =| foaral 41 | ж... 3. х“ х5 





11032. инж 
Third approximations Уу, = уџ + f. f (x, yo, 25) dx 
a_l a 1 s_ 6 


=24e-3,2-1, =y =y 
| 2 39 4 20 120 


х | 
8 2 5 4 7 4 Sl 5. 1 Pa 1 


and so on. 
When x= 0.1, 
у, = 2.105, y, = 2.08517, у. = 2.08447 
z, = 0.605, z, = 0.58397, 2. = 0.58672. 
Непсе (0.1) = 2.0845, =(0.1) = 0.5867 
correct to four decimal places. 






Solution. Here fix, у, 2) = 1 + xz, ф (x, у, 2) = —xy 
хо = 0, уу = 0, 2, = 1. Let us take A = 0.3. 
ki =h f (xy У» 20) = 0.3 ДО, 0, 1) = 0.3 (1 + 0) = 0.3 
1, =h ф (х0, У, 20) = 0.3 (- 0х0) = 0 


1 i, 1 
к=п (x tamo +d hz ez) 





2 
= (0.3) 0.15, 0.15, 1) = 0.3 (1 + 0.15) = 0.345 
| ü 1 1 (1 
1. = ћ ф Ё ZI 
= 0.3 [- (0.15) (0.15)] = — 0.00675. 
" h Ёс ly | 
= А +, Ул +, 25 + 
ke f [s "IE iar +. 
= (0.3) 0.15, 0.1725, 0.996625) 
= 0.3 [1 + 0.996625 x 0.15] = 0.34485 


| Й A 
L,=ho |х +5, € as +2) 


= 0.3 [- (0.15) (0.1725)] =- 0.007762 
k, =h fixy + R, Yo + gs Zo + l) 

= (0.3) f (0.3, 0.34485, 0.99224) = 0.3893 
L= h o (хо + В, Yo + ka 20 + la) 

= 0.3 [- (0.3) (0.34485)] = — 0.03104 


| 1 | | 
Le, y(0.3)=0 + : (0.3 + 2 (0.345) + 2 (0.34485) + 0.3893] = 0.34483 
and z (tg +h) = 29 + = (ly + 2l, + 20, + L) 


TA 2(0.3) 2 14 Е [0 + 2 + (— 0.00675) + 2 (— 0.0077625) + (— 0.03104) = 0.98999 





Consider the second order differential equation Z- = 3-4 х, у, == dy | 


ах, 
Ву writing dy/dx = 2, it can be reduced to two first ай» simultaneous differential equations 
dy d. | 
die^ T = fix, y, 2) 


These equations can be solved as explained above. 






Solution. Let dili = zu fix, у, 4. Then deldx =x — ye = iin, y; 2) 
We have x, = 0, y; = 1, 2, = 0, h 0:2. 
Using Лү, Е. ... for fix, y, z) and li; L, ... for ф(х, у, 2), Runge-Kutta formulae become 


ki = Afi уу» » 1| = ф(х. yo, Zo) 
= 0.2 (0) = 0 = 0.2(— 1) 2 — 0.2 

В, = hfix, + h, yy + 3h, 20+ + 1,) „= фо + $h yo + $5, 20+ $1) 
= 0.2 (- 0.1) = ~ 0.02 | = 0.2(- 0.999) = — 0.1998 

Ёз = Ах + dh yo du zo Flo) Ly = hé + $h ys Tho zoe Fle) 
= 0.2 (- 0.0999) = — 0.02 = 0.2(- 0.9791) = – 0.1958 

k= hfix, + h, yo + Ry 29 +15) 1, = hix, + h, Yo + ka, 29 + Ly) 
= 0.2 (— 0.1958) = — 0.0392 = 0.2(0.9527) = — 0.1905 

k= <(k, + 2k, + 2k, + ky) [= i, + 21, + 21. + 21,) 
= — 0.0199 = 0.1970 

Hence at x = 0.2, 


у =y + k = 1— 0.0199 = 0.9801 
апа ў =2 = + 0 0.1970 = — 0.1970. 


Р з, аги 


x = Olt 0.1) 0: 14 8 Буган i ; 


“йи X О, Эр. Ш АУ 000). = 1 = 6 21 b " Ёс ЭГ? г = 
ёл: Ї T * E 3: hg P od.ta Өр p N лал t [е ЕЁ werd M 
5 met lcu) Bu); Т 1 AR CH 


( 


i тї. 211 1: T7 17 р j F Я ГА т. ге ЫЫ 
n ars ха? us Wy Ro WM |! ИТ xs » x г Ye =, 
ay a T 4 A P Е, [ Ч ч 3 E ^s 8: A | 3, E ғ y Ta 





Solution. Putting уг, the given equation шилж to ү simultaneous equations 

2жх жу-0,у-г n) 
We employ Taylor's series method to find y. 
Differentiating the given equation л times, we get 

Yara Ж У К Y, т, = 0 


it y(0) = 1, gives у„(0) =- 1, a өн, ida (0)=—5х3,. 
апа y,(0) = 0 yields y4(0) = у; (0) = 


Expanding у(х) by Taylor's series, we have 
2 х3 
y) = (0) + xy, (0) + Sy 00) + = ат (0) + 


x? pM 4 5x3 





Xosi-q td а A= nd 
1 1 
and 20) = у(х) =-х+ 2 ж “gr =...=— ху ц) 


From (ii), we have 


eT 2? 
(0.1) = 1— е1 (0.1)! — ... = 0.995 





and 


and 


= 


6. Using Runge-Kutta method of order four, solve y" = y + xy’, y(0) = 1, y'(0) = 0 to find 3(0.2) and y'(0.2). 





НюнЕв ENGINEERING MATHEMATICS | 


суү? 4 
(0.2) j (0.2) 














yx0o.2=1-— g —. = 0.9802 
0.3 5 (03) (0.3) 
$0302 т.541 x M +... = 0.956 


From (її), we have 

2(0.1) = — 0.0995, 2(0.2) = — 0.196, z (0.3) = — 0.2863. 
Also from (i), z'(x) 2—(xz + y) -. 270.1) = 0.985,2'(.2) =- 0.941, 210.3) = — 0.87. 
Applying Milne's predictor formula, first to z and then to y, we obtain 


2(0.4) = 2(0) + 5 (0.1){22"(0.1) — 2(0.2) + 22'(0.3)} 


_ [0.4 
-0+ Í д 


4 
y(0.4) = y(0) + 3 (0.1) (2y" (0.1) — y"(0.2) + 2y (0.3) 





Ji- 1.79 + 0.941 — 1.74] = — 0.3692 


0.4 
=0+ ЕЭ [- 0.199 + 0.196 — 0.5736] = 0.9231 [- y =z] 


Also z'(0.4) = — [x(0.4)z (0.4) + y (0.4)] = [0.4(— 0.3692) + 0.9231} = — 0.7754. 
Now applying Milne's corrector formula, we get 


z(0.4) =z (0.2) + : [2' (0.2) + 42° (0.3) + 2° (0.4) 
= — 0.196 + Г | | 0,941 - 3.48 — 0.7754} = — 0.3692 
(0.4) = y (0.2) + 5 700.2) + Ay" (0.3) + у (040) 


= 0.9802 + |I | {— 0.196 — 1.1452 — 0.3692] = 0.9232 
Hence y(0.4) = 0.9232 and 2(0.4) = — 0.3692. 


| PROBLEMS 32.6 | 





. Apply Picard’s method to find the third approximation to the values of y and z, given that dy/dx = z, аг/ах 





1 
шХ (у +z), given y =1, z= 5 when x = 0. | 
. Solve the рее differential equations using Taylor series method of the 4th order, for x = 0.1 and оз, 


2 “ээл, лу 190) = 0 and (0) = 1 1 
Find у(0.1), 2(0.1), у(0.2) and z(0.2) from the system of equations y' =x + 2,2’ = x — y? шШувпу(0)-0,200)- 1 using! 
Runge-Kutta of 4th order. МТА, 2009) 
Using Picard's method, obtain the second approximation to the solution of 

а?у | 


_ зау 2 TEST E Ei Rh | 
БЕЛТ as + x*y so that y(0) = 1, y'(0) = Л, 


Use Ficard's method to approximate y when x =,0.1, given that узе + у =Oandy = 0.5, A = 0.1, when: 


х= 0. 


7. Consider the second order value problem y" — 2y' + Ду = e” sin t with (0) =—0.4 and y'(0) = — 0.6, Using the fourth 





order Runge-Kutta method, find (0.2). (Anna, 2003) 





where / = 98 cm and g = 980 cm/sec*. If 8 = 0 and (0/2 = 4.472 at t — 0, Зиг Ronge Kates method to find 6 and 20/2 
when / = 0.2 sec. 


BOUNDARY VALUE PROBLEMS 





Such a problem requires the solution of a differential equation in a region А subject to the various condi- 
tions on the boundary of R. Practical applications give rise to many such problems. We shall discuss two-point 
linear boundary value -— of the following types : 


а?у 


(i) —— FE * Mx) © — + pGx)y = Их) with the conditions y(x,) =a, у(х, ) 


4 
(11) а + A(x)y = р(х) with the conditions y(x,) = y(x) = a апа y(x,) = у'(х„) = b. 
7 Г 


While there exist many numerical methods for solving such boundary value problems, the method of 
finite-differences is most commonly used. We shall explain this method in the next section. 


ЕЖЕ FINITE-DIFFERENCE METHOD 





In this method, the derivatives appearing in the differential equation and the boundary conditions are 
replaced by their finite-difference approximations and the resulting linear system of equations are solved by any 
standard procedure. These roots are the values of the required solution at the pivotal points. 

The finite-difference approximations to the vartous derivatives are derived as under : 

If y(x) and its derivatives are single-valued continuous functions of x then by Taylor's expansion, we have 


h? д? 
у(х + А) = у(х) + Ay’ (x) + 21 (x) 4 зу” (х) +... I1) 
3 a 
and у(х — А) = у(х) - Ау'(х) + — гу "(х) – 31 ту” (х) +. | ...(2) 


Equation (1) gives у(х) = i [у(х + A) — y(x)] — Zya) _... 


| 1 | | = 
i.e., у) = h [у(х + Л) — y(x)] + OCA) 
which is the forward difference approximation of y'(x) with an error of the order h. 
Similarly (2) gives y'(x) = - [y(x) — ух — À)] + О(А) 


which is the backward difference approximation of y'(x) with an error of the order Л. 
Subtracting (2) from (1), we obtain 


y'(x) = x [убх + А) — у(х — №) + O(h?) 


which is the central-difference approximation of y'(x) with an error of the order А“, Clearly this central difference 
approximation to y'(x) is better than the forward or backward difference approximations and hence should be 
preferred. 

Adding (1) and (2), we get 


| 1 | 
y" (x) = 12 (у(х + A) — 2y(x) + у(х — А)] + OCA") 


which is the central difference approximation of y"(x). Similarly we can derive central difference approximations 
to higher derivatives. 





Hence the working expressions for the central difference approximations to the first four derivatives of у, 
are as under : 


! 1 
Y;7 gp Ui 173-9 (3) 
1 | | 
Улс he Yiri Di t Y; (A) 


"E | 
у= 213 и +2 2у ар + 2,1-5,2) (б) 


У = 53 Vise Зул + 6y;— 49; 1 Yj 9) ... (6) 










3 ый * | — Мы UT M "uw en hada «I5. - ах fs. 
rm 3 J 2 UE E A 





Solution. We divide the interval (0, 1) into four sub-intervals so that h = 1/4 and the pivot points are 
xy = 0,x, = 1/4, x, = 1/2, x, = 3/4 and x, = 1. 
The differential equation is approximated as 
13 Wii- 23, * y, . 1] =x tY; 
Using Уул y, = 0, we get the system of equations 


| 1 
16у, – 33у; = 22 


y, = — 0.03488, у, =- 0.05632, у. = — 0.05003. 













m Fa =z | 





= Сэ» -J той аг Fw 





ч 
ЕЭ - 


| Solution. Here A = 1/3 and the pivotal points are x, = 0, x, = 1/3, x, = 2/3, x, = 1. The corresponding y- 
values аге у, (= 0), y, ys, Уз (= 0). 


Replacing y” by its central difference approximation, the differential equation becomes 
1 i : 
ma 2 4yi, 1+ бу; p Ay; 4 * y; 9) * Sly, = 81x? 


e Уаз Visit 79,749, .,* 3,97 эр, 1,2 
Аїг= 2, У4— Wo + Туз — 49, + Hy = 4/9 
Using y, = y, = 0, we get —4y, + Ту, +у үл 1/9 li) 


Уз + ТУ, — Ay, = 4/9 ШИН) 





Regarding the conditions y^, = y", = 0, we know that 
x -- 6, уу) 
А11-0, уб = 9, - 2% +У_1) нэ 
or y.17—34 [^ у= Уу" 20] ..Gii) 
Ati = 3, уз” = 904-25: + Ур) 
Уу = — Уз [^ Уз = уз = 0] ...(0) 
Using (iii), the equation (i) becomes 
- 4у, + бу, = 1/9 40) 
Using (iv), the equation (Zi) reduces to 
бу, — 4у = 4/9 vi) 
Solving (v) and (vi), we obtain 
y, = 11/90 and y, = 7/45. 
Hence у(1/3) = 0.1222 and у(2/3) = 0.1556. 
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Solution. Here A = 1/3 and the pivotal points are x, = 0, x, = 1/3, х, = 2/3, x, = 1. The corresponding 
y-values are у, (= 0), y4, yo, Уз. 
The given differential equation is approximated to 


1 4 | 
“үе Uieg7 Wisa + Dim Wia 8 2) + Bly; = фо) 


Ati= 1, Ya— 4y + Tyi- 4yo * y ;71 ‚..(ї) 
Ati= 2, у. — 4Уз + Ту — 49, Уул 2 ‚..(її) 
Ati= 3, Ys = 4y, + Ty, – 499 Уулс 3 AL) 
We have ygz0 (iv) 


n : 3 
Since y= 2n +1791 24) 


г. for i =0, 0= уб = T (уу-у 1) еу 17» v) 


Since Yi E (Ур 2, * Xj.) 


т 


х fori =3, 07 Уз = 04 — Wg +55), te y, = 233 У vi) 
эж: d oy. ” 
Also У; 738 ite Wiri 211—012) 


л fori=3, 0- ys "s (5 – 2y, + 2у, - Yi) 
Ys = 2y,—2y * y, iuit) 
Using (iv) and (v), the equation (i) reduces to | 
Уз — 4y, + Ву, =$ Avi) 
Using (iv) and (vi), the equation (ii) becomes 
— Уз + ЗУ. – 2у, = 1 wf EX) 





Using (vi) and (vii), the equation (иг) reduces to 

3y4— 4y, + 2y, = З e) 
Solving (viti), (ix) and (х), we get 

yı = 8/13, y, = 22/18, у, = 37/13. 








Hence y( 1/3) = 0.6154, у (2/3) = 1.6923, y(1) = 2.8462. 
_PROBLEMS 32.7 _ 
1. Solve the boundary value problem for x = 0.5 : 
а?у | TM HL 
A *oy1-0,y(0)5 y(1) =0. (Take n = 4) 
2. Find an approximate solution of the boundary value problem : 
y" +8 (sin? yy = 0, 0€ x € 1, y(0) 2 y(I) = 1. (Take n ='4) 
3. Solve the boundary value problem | 
ху" y =0, y(1) = 1, y(2) = 2. (Take n = 4) 


4. Solve the equation | | 
y" — 4у' + dy =e", with the conditions y(0) = 0, у(1) =- 2, taking п = 4. 


5. Solve the boundary value problem y" — 64у + 10 — 0 with y(0) = y(1) = 0 by the finite difference method. Compute the. | 
value of y(0.5) and compare with the true value. 


6. Solve the boundary value problem 
y" + xy' ty = З + 2, y(0) = 0, y( 1) = 1. 

7. "The boundary value problem governing the deflection of a beam of length 3 metres is given by 
Фу 
ах! 

The beam is built-in at the left end (x = 0) and simply supported at the right end (x = 3). Determine y at the ivanell 
points x = 1 and x = 2. 
В. Solve the boundary value problem, 


+2у= += x4 4,910) = = 0) =4(3) = (8) = 0. 








T | 
"ur + Bly = 72922,00) = y(0) = 9") =y"(1) = 0. (Use n =3) л 
9. Solve the equation у — y" + y = х2 subject to the boundary conditions 4 
yi) = у' (0) = O and у(1) = 2, y'(1) = 0. (Take n = 5) р 


УЖЕ OBJECTIVE TYPE OF QUESTIONS 





PROBLEMS 32.8 


Select the correct answer or fill up the blanks in the following questions ; 
1. Which of the following is a step by step method : 


(a) Taylor’ s (b) Adams-Bashforth (c) Picard's (d) None. 

2. The finite difference scheme for the equation Zy" + у =5 is ...... . 

A. Ну" =x + у,у(0) = 1and ух) = 1x +.2°/2, then by Picard's method, the value of y'*’(x) is ...... 

4. The iterative formula of Euler's method for solving у’ = Дх, y) with у(х) = Yoy is ...... . 

5. Taylor's series for solution of first order ordinary differential equations is ...... . 

6. Using Runge-Kutta method of order four, the value of y(0.1) for y’ =x — 2y, y(0) = 1 taking В = 0.1 is 
(a) 0.813 (b) 0.825 (c) 0.0825 (d) none. 


7. Given yp, Yi Ух Ya Milne's corrector formula to find » for dy/dx.- f(x, y), is- 
8, The second order Runge-Kutta formula is .. 
4. Adams-Bashforth predictor formula to iba yes = fx, y) given yy = yog i is 
(0. The multi-step methods available for solving ordinary differential PRES are .. 
11. To predict Adam's method atleast ....., values of y, prior to the desired value, are rebated. 
18, Taylor's series solution of y’ = — xy, (0) = 1 upto х is . 
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There аге many boundary value problems which involve partial differential equations. Only а few of these 
equations can be solved by analytical methods. In most cases, we depend on the numerical solution of such 
partial differential equations. Of the various numerical methods available for solving these equations, the 
method of finite differences is most commonly used. 

In this method, the derivatives appearing in the equation and the boundary conditions are replaced by 
their finite-difference approximations. Then the given equation is changed to a difference equation which is 
solved by iterative procedures. This process is slow but gives good results of boundary value problems. An added 
advantage of this method is that the computation can be done by electronic computer. Here we shall apply this 
method to the solution of important applied partial differential equations. For a detailed study, the reader 
should refer to author's book ‘Numerical Methods in Engineering and Science’. 


CLASSIFICATION OF SECOND ORDER EQUATIONS 





The general linear partial differential equation of the second order in two independent variables is of the 
form. 


dx’ dy 


д?и 
A(x, y) — + Bix, pa + C(x, уи + Ех jM, — 
dx? дхду 7 ду? ý 


Such a partial differential equation ts said to be 
(i) elliptic, if B^ — 4AC < 0, 
(ii) parabolic, if В? — ЧАС = 0, 
and (ii) hyperbolic, if В? — 4AC > 0. 


T 29v. зди hs PU. Au. A 


du =] 0 





Numerical SOLUTION or PARTIAL DIFFERENTIAL Equations (1041 


Solution. (1) Comparing this equation with (1) above, we find that 
ÀAÀA21,H24,C24 
В? – ДАС = (4) -4х1х4 = 0 
So the equation is parabolic. 
use A=x",B=0,C=1-y? 
В? — 4AC = 0 — 4x? (1— у?) = 4x? (y? — 
Por all x between — с and со, x* is — 
For all y between – 1 апа 1, y? « 1 «. —4AC < 0 
Hence the equation is elliptic. 
Рава “амс B=6+2x?,C=4+x? 
-4АС = (5 + 2х2)? —4 (1427) (44 x7) = 9те. > 0 
So the een is hyperbolic. 





_ PROBLEMS 33.1 _ 


1. What is the classification of the equation f.. E + f= 0. 
2, Determine whether the following equation is a aa or D ETE ? 
(x + Du. -2(x2)w. + (x 3) и, 





3. НЭЭ RAI C (Дубы), - 2xy u,, MUN + 2ш ien Ü | (Madras, 2000 S) 
122, | | 
(ii) 429-4 te i (P.7.U., 2009 S) 
ЗӘ?ш  , d"u TR о ди ды 3 T: ТН 
(iu) a EON м = 2X Ov и = 0. (Anna, 2008) 


4. In which parts of the M y) plane is the following equation elliptic ? 
Ә?ш/ dx? + 3u /дхду T tay d u fay? = 2 sin (xy). 





FINITE-DIFFERENCE APPROXIMATIONS TO DERIVATIVES 


Consider a rectangular region К in the x-y plane. Divide this region into a rectangular network of sides 
Ах = А and Ay = k as shown in Fig. 33.1. The points of intersection of the dividing lines are called mesh points, 


nodal points or grid points. 





Axzh X 
Fig. 33.1 
Then we have the finite difference approximations for the partial derivatives in x-direction (5 32.12) : 
du  u(x-h, y) — u(x, y) 
== A + Olh) 





_ u(x, у) шх — Л, y) u(x + h, y) - ux — h, y) + О?) 


+ O11) = 


Л 2h 
32), u(x – А, y) - Зи +p Л, " 
and ын и(х y) E y) u(x + hy, y) + О?) 
Writing u(x, y) = ulih, jk) as simply u; р the above approximations become 
и, = ты) + Olh) (1) 
1 
Н,:-414-1) | 
= О 09) 
tij 5 Uj-1,j | 
e: «ааа + ОСА?) 43) 
шт. P tUa; 
апа 128 ян ЗЭ гы + ОКА?) (4) 
Similarly we have the approximations for the derivatives w.r.t. у: 
Ц; p1 — yj | 
цы +0 (5) 
и, -Ы, i 
= а + OG) 446) 
ijel Mj- | | 
= а За ору (7) 
апа Uy = REESE EE + Ok?) ‚..(В) 


Replacing the derivatives in any partial differential equation by their corresponding difference approxi- 
mations (1) to (8), we obtain the finite-difference analogues of the given equations. 







Boundary conditions 





prescribed 
and the Poisson's equation \ at each 
| | “ point of C 
ou dui. 4 (shaded) 
A33 ay! = Р(х, у) 
are examples of elliptic partial differential equations. Laplace’s equation 
arises in steady-state flow and potential problems. Poisson's equation 0 Х 
arises in fluid mechanics, electricity and magnetism and torsion Fig. 33.2 


problems. 

The solution of these equations is a function u (x, y) which is satisfied at every point of a region А subject 
to certain boundary conditions specified on the closed curve C (Fig. 33.2). 

In general, problems concerning steady viscous flow, equilibrium stresses in elastic structures etc., lead to 
elliptic type of equations. 


SOLUTION OF LAPLACE'S EQUATION* 





* See p. 619 





Consider a rectangular region A for which и (x, y) is known 
at the boundary. Divide this region into a network of square mesh 
of side A, as shown in Fig. 33.3 (assuming that an exact sub-divi- 
sion of R is possible). Replacing the derivatives in (1) by their 
difference approximations, we have 


n3 (и, -1,/7 2и, үзээ 1l 


h jai 2 ржи.) =O 


1 | 
or “Li | [u; et ръце защ з 


(2) 


This shows that the value of u; F at any interior mesh point 
is the average of its values at four neighbouring points to the left, 
right, above and below. (2) is called the standard 5-point 
formula which is exhibited in Fig. 33.4. 








i=-lj+l И: ijet 
ui.) 
|j ja ot oe a es | | 8041,/-1 
Fig. 33.4 Fig. 33.5 
Sometimes a formula similar to (2) is used which is given by 
1 | | 
буу? 4 Cr 1,у 417 Ч nj-1t Шъ paa t 04,5. 1 (8) 


This shows that the value оЁи, /18 the average of its values at the four neighbouring diagonal mesh points. 
(3) 1s called the diagonal 5-point formula which is represented in Fig. 33.5. Although (3) is less accurate than 
(2), yet it serves as a reasonably good approximation for obtaining the starting values at the mesh points. 

Now to find the initial values of u at the interior mesh points, we first use diagonal five point formula (3) 
and compute Из gs Uy gs Ug 43 Uy o and Uy os in this order. Thus we get, 


1 1 
"RT qoii bs 1 tb stb, ius 4= х сэх ug a Mat b, 3) 
| 1 ! | 1 | 
647 4 65. 5+ 05 a tb stus iu, „= 4 (us a bs + 63+ 65 3) 


Hag = : (b, 3+ ӧз, 1+ U3 9+ 5, 1) 


The values at the remaining interior points i.e. Uy 4, из q» Ug, g and u, „аге computed by the standard five- 
point formula (2). Thus, we obtain 


==. № | эн ёс ae 
Ч 3 = А (bi 4 Ug gt Us gt Ug gh Ug 4 = Pi (tto 4 + И at bs 5 +4; 3) 


из = Z (изз + зш 4 * Ча 2), Ug ә = n (Uo g + Uy p tUg a + Us 4) 
Having found all the nine values of u, j once, their accuracy is improved by repeated ágplisstion of (2) in 
the form 
un + 1! ..2 1 | 4!” + 1) T + yt) 4 Lj + ui" + ыг - + ит Е J 


tJ E Г-1,/ і 





This formula utilises the latest iterative value available and scans the mesh points symmetrically from 


left to right along successive rows. This process is repeated till the difference of values in one round and the next 
becomes negligible. 
This is known as Liebmann’s iteration process. 





1 Ж. r 
wv Fw 
ї 


Solution. Let Us, Uy -ep Ма be the valce of u at the interior mer Since the <a values of 7 
аге тшшш about AB. 
E Ug Mo He Hg = ig 
Alim the values of u being symmetrical about CD, ид = u,, 0 
Ug = gs By — Hy 
Thus it is sufficient to find the values u,, tg, и, and и.. 
Now we find their initial value in the following order : 1000 


„= = (2000 + 2000 + 1000 + 1000) = 1500 (Std. sula) 

иу = - lio + 1500 + 1000 + 2000) = 1125 (Diag. formula) 

HN. са ESAE T 1000 
и. = 20228 + 1125 + 1000 + 1500) = 1188 (Std. formula) 


и, = = (2000 + 1500 + 1125 + 1125) = 1438 (Std. formula) 


We carry out the iteration process using the formulae : 





1 
(m1). — Aan м Г (n1 
и, ыг | 11000 + u, ™ + 500 + и, ] 
ЫГ ийг? H1 is | 5 
(n 4 1) le | (41 (п +1) (л) 
ugn* = т [2000 + ид” u, 417) 


. 4 | 2 
ug адаг 7 Очи, eu "ил 
First iteration : (put n = 0) 


u = — (1000 + 1188 + 500 + 1438) = 1032 


н | 


un) = 4 (1032 + 1032 + 1000 + 1500) = 1141 
иш. 4 (2000 + 1500 + 1032 + 1032) = 1391 


us = = (1391 + 1391 + 1141 + 1141) = 1266 
Second iteration : (put n = 1) 


иү® = 4 (1000 + 1141 + 500 + 1391) = 1008 
14 - р (1008 + 1008 + 1000 + 1266) = 1069 
u,® = = (2000 + 1266 + 1008 + 1008) = 1321 


u = (1321 + 1321 + 1069 + 1069) = 1195 





Third iteration : 


и! = = (1000 + 1069 + 500 + 1321) = 973 
и; = 2 (973 + 973 + 1000 + 1195) = 1035 


u4® = 2 (2000 + 1195 + 973 + 973) = 1288 
Шк) = 4 (1288 + 1288 + 1035 + 1035) = 1162 
Fourth iteration : 


u,/* = = (1000 + 1135 + 500 + 1288) = 956 
u® = — (956 + 956 + 1000 + 1162) = 1019 


и = 4 (2000 + 1162 + 956 + 956) = 1269 


ue) = 4 (1269 + 1269 + 1019 + 1019) = 1144 


Fifth iteration : 
и ®= 4 (1000 + 1019 + 500 + 1269) = 947 


и 9 = = (947 + 947 + 1000 + 1144) = 1010 
u) = 4 (2000 + 1144 + 947 + 947) = 1260 
шен? = = (1260 + 1260 + 1010 + 1010) = 1135 


Similarly, u,® = 942, u,© = 1005, и.® = 1255, и.®) = 1130 
и 1) = 940, u," = 1003, и?) = 1253, и.) = 1128 

ши = 939, и, "© = 1002, и, (8) = 1259, u,®) = = 1127 

uim 939, 1,6 = 1001, Эл 1251, и, 9? = 1126 





Thus there is negligible difference between the values obtained i in the eighth and ninth iterations. 


Hence u, = 939, шин = 1001, = = 1251 and ‚вы 1126. 


+ P ны = Es. ar sc m Ё Y a. 
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Solution. To get the initial values ои, Uy, из, Шү, We assume u, = 0. Then 


u, = (1000 + 0 + 1000 + 2000) = 1000 (Diag. formula) 


Uy = 4 (1000 + 500 + 1000 + 0) = 625 (Std. formula) 
u, = 4 (2000 +0+1000+500)=875 (Std. formula) 
и, = Š (875 + 0 + 625 + 0) = 375 (Std. formula) 


We carry out the successive iterations, using the formulae 


ig tt = > [2000 + u, ™ + 1000 + и." 


una Я [u +21 + 500 + 1000 + м," 





апа 


yu; +1) i [2000 4 и" + цу!" +1) + 500] 


it's D И “л” D... irr 4- 0] 
First iteration : (put n = 0) 
gu, - 2 (2000 + 625 + 1000 + 875) = 1125 


1 


и = 4 (1125 + 500 + 1000 + 375) = 750 


u; M! - = (2000 + 375 + 1125 + 500) = 1000 


uJ) = 4 (1000 +0 + 750 + 0) = 438 
Second iteration : (put n = 1) 


и = Š (2000 + 750 + 1000 + 1000) = 1188 


uj? = 4 (1188 + 500 + 1000 + 438) - 782 


и. = ~ (2000 + 438 + 1188 + 500) = 1032 


u, = 4 (1032 +0+ 782 + 0) = 454 


: (put n = 2) 


4 (2000 + 782 + 1000 + 1032) = 1204 


Third iteration 
и ® = 
ur = = (1204 + 500 + 1000 + 454) = 789 

u49 = 4 (2000 + 454 + 1204 + 500) = 1040 


и: 8 = 4 (1040 + 0+ 789 + 0) = 458 


Similarly, 








uj = 1907 и„%) = 791, и. ® = 1041, и. = 458 


и = = 1208, и, (в) = 791.5, и.” = 1041.5, u,'9! = 458.25 


Thus there is no significant difference between the fourth and fifth iteration values. 


1 


и, = —(12.5 +0 0 + 12.1) = 6.15 


. Mm 


ug = —(12.5 + 9 + 21 + 12.1) = 13.65 


и, = —(17 + 12.5 + 7.4 + 17.3) = 13.55 


=> 


и: = —(7.4 + 6.2 + 0 + 12.5) = 6.52 


(Diag. formula) 
(Diag. formula) 


(Std. formula) 








Hence uw - 3208, Uy = 792, is = 1084 and m - 59. 

Solution. We first find the initial leaned in га dieit md: 1 
и. = =(0 +17 +21 + 12.1) = 12.5 (Std. formula) 
иу = 20 + 12.5 +0 + 17) = 7.4 (Diag. formula) 
и. = 2 (12.6 + 18.6 + 17 + 21) = 17.28 (Diag. formula) 





(Std. formula) 





2017.3 + 13.7 + 12.5 + 21) = 16.12 (Std. formula) 


= 
су 
! 


ti, = = (12.5 + 12.1 + 6.2 + 13.7) = 11.12 (Std. formula) 


Now we carry out the iteration process using the Standard formula : 


(1141) 
1 


49 


ath 


їп + 1) 


lig, 


ut” +11 = 


Boag all ef Нь | = | RM e | | 


Үр +11. L+uy? eu) 
(141) +17 + ug") + ug") 
ueri" 19.7 4 + 21.9) | 


(и {п +1) +19.7+щ"' +") 


| 4 

С 

4144 

[cule хийл хар хир 
ош eu? +21 | 
044777 8.7 + uf] 
С 


1 
fined у unt) 41234 us”) | 


| Ls tD + ug? +12.8+17)| 


First iteration (put n = 0, in the above results) 


(1) 


1, 43 | | 
E £11. 4 uf? +”) = (0 + 11.1 + 6.52 + 13.55) = 7.79 


ui 
ul = == (7.79 + 17 + 12.5 + 17.28) = 13.64 
1 
uz = = (13.64 + 19.7 + 16.12 + 21.9) = 12.84 
(1) 1 
щ = (0+ 7.79 + 6.15 + 12.5) = 6.61 
1 
us => (6.61 + 13.64 + 11.12 + 16.12) = 11.88 
1 
шы! +з = = (11.88 + 17.84 + 13.65 + 21) = 16.09 
T _ 1 
uj = 2 (0 + 6.61 +8.7 + 11.12) = 6.61 
с a 
ug? = = = (6.61 + 11.88 + 12.1 + 13.65) = 11.06 
aj. 1 


ш =— (11.06 + 16.09 + 12.8 + 17) = 12.238 


д 


Second iteration (put n = 1) 


ний а 
=. 
— 


ир =— (0+ 11.1 + 6.61 + 13.64) = 7.84 


(7.84 + 17 + 11.88 + 17.84) = 16.64 


(13.64 + 19.7 + 16.09 + 21.9) = 17.83 


{0 + 7.84 + 6.61 + 11.88) = 


ni 
LAN M alc He 





us = i (6.58 + 13.64 + 11.06 + 16.09) = 11.84 


ш? == (11.84 + 17.83 + 14.24 + 21) = 16.23 
ut? Memmi 

и = 4 (6.58 + 11.84 + 12.1 + 14.24) = 11.19 
us? =— = aL 19 + 16.23 + 12.8 + 17) = 14.30 


Third iteration (put n = » 
uy) =— = (0 + 11.1 + 6.58 + 13.64) = 7.83 
и» = seine nays ne 
ub = == (13.63 + 19.7 + 16.23 + 21.9) = 17.86 


1 
uj —— (0 + 7.83 + 6.58 + 11.84) = 6.56 


4 
s Ч | 
и = 4 (6.56 + 13.63 + 11.19 + 16.23) = 11.90 
1 
ui = (11.90 + 17.86 + 14.30 + 21) = 16.27 
(з) 1 
ит = 7 (0 + 6.56 + 8.7 + 11.19) = 6.61 
y à 
up = E (6.61 + 11.90 + 12.1 + 14.30) = 11.23 
T -2 = (11.23 + 16.27 + 12.8 + 17) = 14.32 
Similarly, =7. ший (9) = 13.65, шу” = 17.88, и) = 6.58, и = 11.94, и = 16.28, 


p = 6.63, u 211.25, uf = 14.33 
ui? = 7.83, uf? = 13.66, ш! =17.89, ш! = 6.50, ш! = 11.95, щ' = 16.29, 
и) — 6.64, uf? =11.25, ш — 14.34 


ЕД SOLUTION OF POISSON'S EQUATION* 





u 3u 

ман а) 
This is an elliptic equation which сап be solved numerically at the interior mesh points of a square net- 

work when the boundary values are known. The standard 5-point formula for (1) takes the form 

иіру Uia М je ty j 1 49, = PF jh) ...(2) 
By applying (2) at each mesh-point, we arrive at linear equations in the pivotal values i, j. These equa- 

tions can be solved 3 Бу Gauss-Seidal iteration method (р. 938). 





j- 1 j (Fig. 33.9) 


peere Here h = ШЗи, 


* Зее р. 882. 





The standard 5-point formula for the given equation is 
Шыу Цар Ц рв 4 174,7 h? füh, jh) = h? [- 81 (ih . ЈА) = h* (- 81) ij = —1]...(ї) 
For u, (i = 1,/2 2), (i) gives 0 + u, + и. + 100 — 4и = – 2 








i.e., —4u, + us, + u,=— 102 i) 
For u, (i = 2, j = 2), (i) gives и, + 100 + u, + 100—4u,- – 4 
i.e., | u,—4u,* и, =- 204 (bi) 
For u, (i = 1,7 = 1), @ gives O +u,+0+u,-—4u,=-1 
Ее, u,—4u,*u,-—1 (шш) 
For u, (i = 2,7 = 1), gives u, + 100 + u, – 4и = – 2 
и» + и —4и, =- 102 Av) 
Subtracting (v) from (ii), — 4u, + 4u, = 0 i.e. uu =u, 
Then (iii) becomes 2и, — 4и, = — 204 (и) 
and (iv) becomes 2и, — 4и. =— 1 oii) 
Now (4) x (ii) + (vi) gives — 14u, + 4u, = — 612 (uiii) 
(vit) + (viii) gives — 12u, =— 613 
Thus и, = 613/12 = 51.0833 = и. 
From (vi), Uy = 5 (и, + 102) = 76.5477 
| ти. .4 
From (vii), из= 5 (а т ij = 25.7916. 






Solution. Here Л = 1 (Fig. 33.10). 
л The standard 5-point formula for the given equation is 
Uj p jt Up uu jt Ui jua itu ja 4 J 
=— 10(i* + j* + 10) w(t) 
For u,( = 1,j = 2), (i) gives 
O +u, +0 + и – 4и, = —10(1 4 + 10) 





Le, u= n + u, + 150) (ii) 
For ui = 2, j = 2), (i) gives и, = FIL. + и, + 180) i) 
For usi = 1,j = 1), we have и. = i. + и, + 120) (iv) 
For u,(i = 2, j = 1), we have и, = Н2 + и. + 150) Iu) Fig. 33.10 
Equations (ii) and (v) show that u, = u,. Thus the above equations reduce to 
и] = i (и, + Ha + 150) (UE) 
1 " 
Ч 52 (u, + 90) ii) 
1 А — 
из = 5 (и, + 60) (иш) 


Now let us solve these equations by Gauss-Seidal iteration method. 
First iteration : Starting from the approximations и. = 0, и, = 0, we obtain 


и. = 37.5. Then u,” = 587.5 + 90) = 64 ; uj! = 3 (37.5 + 60) = 49 





Second iteration : 

ug? : (64 + 49 + 150) = 66 ; иш?! = = (66 + 90) = 78 ; u,” = > (66 + 60) = 
Third iteration : 

w= : (78 + 63 + 150) = 73; и, = > (73 + 90) = 82; u,” = > (73 + 60) = 67 
Fourth iteration : 

ue я (82 + 67 + 150) = 75 ; u, "= 5 (75 + 90) = 82.5; и! = = (15 + 60) = 67.5 
Fifth iteration : 

абы i (82.5 + 67.5 + 150) = 75 ; и. = : (75 + 90) = 82.5; u,'5) = = (75 + 60) = 67.5 


Since these values are the same as those of fourth iteration, we have 
иу = 75, из = 82.5, и. = 67.5 and и, = 75. 





PROBLEMS 33.2 _ 
1. Solve the equation ии, =0 for the following square mesh with boundary values as shown in Fig. 33.11. Iterate 


until the maximum difference between the successive values at any point is less than 0.001. (Delhi, 2002) 
2. Solve у? = 0 under the conditions (А = 1, k= 1), u(O, y) 20, u(4, y) = 124 y for OS y 54; u(x, 0) — 3a, u(x, 4) =2* for 
OA (Cusat, 2008). 


3. Solve the elliptie equation и, + u, = 0 for the square mesh with boundary values as shown in Fig. 33:12, a 
until the maximum difference between successive values at any point is less than 0.005. 





Fig. 33.11 | Fig. 33.12 


4. Using central-difference approximation solve V*u = 0 at the nodal points of the square grid of Fig. 33.13 using t 
boundary values indicated. (V.T. U., 2000) 








Fig. 33.13 Fig. 33.14 
5. Solve n, + u,, = О for the square mesh with boundary values as shown in Fig. 33.14. Iterate till the: mesh values are 





eorrect to two decimal places. 





Nuwence: SoturioN or Pantat DIFFERENTIAL- EQUATIONS 


6. Solve the Laplace's equation ш + и. = Ола the domain of Fig. 48.15. 





0.8 2 4.5 | 
Fig. 33.15 Fig. 33.16 





7. Solve the Poisson's equation V*u = 8х2у? for the square mash of Fig. 33.16 with u(x, y) = 0 on the boundary and 
mesh length — 1. (J.N. T.U., 2004 5) 
Note. Solution of elliptic equations by Relaxation method is given in author's book: "Numerical. Methods in 
Engineering and Science’. 





PARABOLIC EQUATIONS 










The one-dimensional heat conduction equation foo] 

ди _ Е du Sol. Advances 

dt ox 
is a well-known example of parabolic partial differential Boundary; Boundary 
equations. The solution of this equation is a temperature хи | conditions 
function u(x, #) which is defined for values of x from 0 to l prescribed Siue prescribed 
and for values of time t from 0 to =. The solution is not along this TA along this 
defined in a closed domain but advances in an open-ended line = | line 


region from initial values, satisfying the prescribed 
boundary conditions. (Fig. 33.17). 

In general, the study of pressure waves in a fluid, 
propagation of heat and unsteady state problems lead to nitial conditions 
parabolic type of equations. prescribed along this line 

Fig. 33.17 





ЕЕ SOLUTION OF HEAT EQUATION 





ди д: 
>, = c? om el 


where c? = k/sp is the diffusivity of the substance (cm*/sec.) 
Consider a rectangular mesh in the x-£ plane with spacing й along х direction and ё along time £ direction. 
Denoting a mesh point (x, t) = (ih, jk) as simply i, J, we have 


дш №, +1; 


^i REDE [By (5) $ 33.3] 
" ij A lij * Ue, j 
and Нь : VILI аты [By (4) § 33.3] 


Substituting these in (1), we obtain 


О "jT he i-lj LJ d 1,J 


1052 





or U; j1 = 04; jt 20) и; j Om; , | | ...(2) 
where о. = ke?/h? is the mesh ratio parameter. у 
This formula enables us to determine the value of и at the | 

| О + 1)th level 





(i, / + 1)th mesh point in terms of the known function values at the 
points x, ,,x, and x; , , at the instant ѓ. It is a relation between the 


function values at the two time levels j j+ landj j and is therefore, called 
a 2-level formula. In schematic form (2) 18 shown in Fig. 33.18 which is 
called the Schmidt explicit formula which is valid only for 0 < а < 3 G-1j 

Fig. 33.18 


Obs. In particular when @ = =, (2) reduces to 


152 | 
Оо ЫГ", 48) 


which shows that the value of u at x, at time t, , , is the mean of the u-valuesatx,_,andx, , at time t. Те ан, Би 
ав Bendre-Schmidt recurrence relation, gives the values of u at the internal mesh points with the help of be ndary 
conditions. 


Note. The other formulae (i.e. Crank-Nicolson formula and Du Fort-Frankel formula) are given in author's book 
‘Numerical Methods in Engineering and Science’. 


Example 33.7. Solve P = Lu in 0 «x« 5, t z0given that u(x, 0) = 20, u(0, И = 0, u(5, t) 2100. ‘Compute 
| х? 
и for the time-step with А = 1 by Orne N IKO NANA, | (Аппа, 2006) 


Solution. Here c* = 1 and A = 1. 
Taking a (i.e., c*k/h) = 1, we get k = 1 





Also we have 
| к 3 5 
J 
0 20 100 
из 100 
Then Crank-Nicholson formula becomes 
+: - 5 Es | * Шуу Ч, -l,j pt Ча] 
и, =0 + 20 + Очи. i.e. 4u, — u, = 20 .(1) 
=. =20+20+u,+u, te 4u,—4u,*u4--—40 (2) 
4u,=20+20+u,+u, te и, – du, +и, = – 40 ...(3) 
4u, = 20 + 100 + и, + 100 їе. du, — 4u, + = – 220 44) 
Now (1) — 4(2) gives 15и, — 4и, = 180 45) 
4(3) + (4) gives 4и, — 15и. = — 380 8) 
Then 15(5) — 4(6) gives 209и, = 4220 Le. и, = 20.2 
From (5), we get du, = 15 х 20.2— 180 їе. и, = 30.75 
From (1), 4u, = 20 + 20.2 Le. u= 10.05 
From (4), 4u, = 220 + 30.75 Le. и, = 62.69 


Thus the required values are 10.05, 20.2, 30.75 and 62.68. 


Example 33.8. Solve the boundary value problem и, = ш... under the conditions u(0, t) =u, 0-20 and. 
u(x, 0) = віп пх, 0x < 1 using Schmidt method (Take h = 0.2 and «= 112) (Rohtak, 2003) 


Solution. Since й =0.2 and a=1/2 


ME аж ee Буд 
с = P gives k = 0.02 





Since a = 1/2, we use Bendre-Schmidt relation 


Ui jel == G,; 4 jt ьа) wild) 
We have u(0, 0) = 0, u(0.2, 0) = sin 1/5 = 0.5875 
u(0.4, 0) = sin 2л/5 = 0.95111, u(0.6, 0) = sin 3n/5 = 0.9511 
u(0.8, 0) = sin 47/5 = 0.5875, u(1, 0) = sin rn =0 


The value of u at the mesh points can be obtained by using the recurrence relation (:) as shown in table 
below : 













t 

1 

0 
0.02 
0.04 
0.06 
0.08 

0.1 








a 
Ё 


EU 


Splution. — c=4,h=1 ава Ё = 1/8. Then a= c2k/h? = 1/2. 
г. we have Bendre-Schmidt’s recurrence relation 
иј ЗОНЫ", 440) 


Now since u(0, t) = 0 = u(8, t) 
Со uy, = 0 and ug, ‚= 0 for all values of J, i.e., the entries in the first and last column are zero. 


Since u(x, 0) = 4x — — d 


2 u, om 4i - Li 0, 3.5, 6, 7.5, 8, 7.5, 6, 3.5 


for 1z0,1,2,9,4,5,6, 7 att —O 
These are the entries of the first row. 





> =: = ояз 
| 8 H i 

1. Ч | 

"a 
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Putting у = 0 in (2), we have 


Б 


1, -. 1, 
а. 1 2 i407 1,0 


Taking i = 1, 2, ..., 7 successively, we get 
Е. 1 т 
y= 9 (Чор + 020) = 2 *6)- 


us у= Z (yg + Uy 9) = 5 (3.5 + 7.5) = 5.5 


1 
Ма: 9 Uo, 0+ 44,0) = 208 +8) = 7 


и, у= 7.5, Ug 4,2 T, Ug 4,27 5.5, и, у= 3. 
These are the entries in the second row. 
Putting j = 1 in (i), the entries of the third row are given by 


| 1. 
Ч, = о Ш. 117 И; зал) 


Similarly putting j = 2, 3, 4 successively in (1), the entries of the fourth, fifth and sixth rows are obtained. 
Hence the values of u, jare as given in the above table. 











Example 33.10. Solve the equation t 
ви au ) 
Ot ах? 
subject to the conditions u(x, 0) = sin nx, 0 €x <1; u(0, t) = u(1, t) = 0. Carry out computations for two Levels, 1 
taking Л - 1/3, k = 1/36. (У.Т... 2005) ] 





Solution. Here c? = 1, = 1/3, k = 1/36 so that 
a= hc*/h? = 1/4. 
Alsou, 9 = sin 7/3 = apo И о = Sin 27/8 -43/9 
and all other boundary values are zero as shown in Fig. 33.19. 
Schmidt's formula |(2) of § 33.8] 
ош +(1—20)u. ‚+ au 





Е +” t—10,J "he ll CEU 
1 i 
becomes Mij £17 4 lu, -1,/ + ги, + Ч,, Л 
НҮоү1:1,2:1-:0: (3/9 J3 0 x 


иу у= д Mo, о + 2u, gt Uy 0 = 10 -2х./3/9 + 43/2) = 0.65 Fig. 33.19 


t317 4 u, g+ 2u o + s ol = 4 (872 +2х 43/2 +0) = 0.65 
Fori 1,2 ГЕ. 


Uy o= = (Uo, 1 + 2u, p+ us 1) = 0.49 


Us o= n 1+ 2u$ 1+ Ug 1) = 0.49. 









PROBLEMS 33. 3 


1. Find the solution of the parabolic equation и. = Zu, when u(0, t) = u(4, t) = О and u(x, 0) = х(4 —х); TAM: he d 25. Find: id 
the values upto ¢ = 5. (Mi dras, 20¢ n 


2, Solve FEET Ac a E with the conditions шо, 0) = 0, u(x, 0) —xt1 —x) and u( 1,7) = 0. Assume А = 0,1. Гайлна! в. 
u for t = А, 2k and ЗА choosing an appropriate value of А. (Anna; 2008) 





ESSE Gait noe 1055 


3. Given 2E - Ч =0;/(0,¢) =f (6, t)= 0, F (x, 0) = x7 (25 - x?) ; find the values of f for x = ih(i = 0,1, =, 5) and 


t = Ју 50,1, .., 6) with h = Land k = 3 using the explicit method. 








Replacing the derivatives in (1) Бу their above approximations, we obtain 


ёк 
U; j.4—72uj j* Uj j, = (u; ,;—-2u, j* uj j, )) 
or ці уат = 201 — oc?) ям” (u; ,j*Uj a j7 uj -..(4) 
where a=k/h. 
Now replacing the derivative in (2) by its central difference approximation, we get 
Ща Ма _ Ou _ Зее (7) р. 1042] 
z} E g(x) [ р. | 
or Чора = uj j + 2k g(x) att=0 ie. и у= и, үж 2kg(x) юг] = 0 iB) 
Also initial condition и = f (x) at t = 0 becomes и, , = f (x) ...(6) 
Combining (5) and (6), we have и, i, 1 =f (x) + 25 (х) SU) 
Also (3) gives Uy з= Ot) and u, = w(t) 


Hence (4) gives the values of u, |, , at the (j + 1)th level when the nodal values at (j — 1)th and jth levels 
are known from (6) and (7) as shown in u fig. 32.20. Thus (4) gives an implicit scheme for the solution of the wave 
equation. 

A special case : The coefficient of и, j in (4) will vanish if a = 1/c or k = h/c. Then (4) reduces to the simple 
form | 


Mjet Wnt V 1,47 Чу 1 d 
This result аргон" ап Банш scheme = the solution «ft the wave кашан. 





| ВЕН ЭГ =e T in 
à 1 3 у 


Li | А 0, ; ) uli Л : Р! T vem ТИ 


Solution: Here "s = 16. 
г. The difference equation for the given equation is 





јал = 20 — 160?) м, ‚+ 160?(u, у uj. )—u;,; , Wherea=k/h 440) 
Taking A = 1 and choosing k so that tie coefficient of и; у Vanishes, we have 160? = 1, Le., А = h/4, = 1/4. 
(t) reduces to Usp Щр y Wu gH и, 1 I) 
which gives a convergent solution (since k/h < 1). Its solution coincides with the solution of the given differential 
equation. 
Now since u(0, t) 2 u(5, t) = 
л Uo, j кайан, сайн es 
Le. the entries in the first and last columns are zero. 
Since Uy, 9) = X15 —x) 


и; = P – й) = 4, 12, 18, 16 fori = 1, 2, 3, 4 att = 0. 
— d entries of the first row. 
Finally the initial condition и, (x, 0) = 0, becomes 
Uj 7+1 7 Ui j-1 
2k 
Putting j = 0 in (ii),  uj,,-u; ,g*Uuj,19—Uj 4 
=U; j,9*U;,,9—HU,;, using (iii) 


= 0, whenj = 0, giving u; у= uU, , D 


BE | Uri 5 (4, тоъ Ui v1.9) v) 
Taking i = 1, 2, 3, 4 successively, we obtain 
1 1 | 
u,,= — мы. - = (0+12)=6 
179 090 "20775 





(4 + 18) = 11 


(12 4 16) = 14 





| | 
ЯГ pole pole 


u, у= ; (из o + шь) = = (18+0)=9 


These are the entries of the second row. 
Putting j = 1 in (ii), we get 
uU 27 4117 Зул Чо 
Taking i = 1, 2, 3, 4 scccessively, we obtain 
yg = Ug 4; *U5 47uU4470*11—-4- 7 
Uy o = Uy + Ug у-и о =6+ 14 – 12 = 8 
Us p= Uy |+ Uy y—-Ug p= 11+9- 18 =2 
Ugo = Ug tls -u o= 14+ 0 16 = – 2 
These are the entries of the third row. 
Similarly putting j = 2, 3, 4 successively in (ii), the entries of the fourth, fifth and sixth rows are obtained. 
Hence the values of u, , are as shown in the table below : 







ч | 


Ё pes 
л T 4 Е 

ae 

Ян E 

ша 


| 


ane à Me 
c o0o0o000 а 


ЕРЕ AUS Datt 0,0 мэл Solve this 
ie d of авон taking b= Land ke 1/2: А Дл А 


Solution. Неге, h/kz2zc. 
the difference equation for the given equation is 





иј wiaj t isj "Lg (т) 
which gives a convergent solution (since А < А). 
Now since u(0,t)-u(4,t) = 0, 
Ы ug ,7 0 and и, ,-0 for all values of j. 
Le., the ши first and last columns are zero. 
Since Ux oy = (4 —x), 
5 и 97 1(4—i1) = 3, 4,3 fori 1,2, Заё t = 0. 
These are the entries of the first row. 
Also u, (x, 0) = 0 becomes 
p41 Hi j- 1 
2k 
Putting j = 0 in (), u, j=; iot ц 41,07 м, 1 
=U; -1,0+ Uii, 97 U; p Using (И) 


=0 when j= 0, giving ш, ү=ш_ү = ~) 


ог и = zu. 1,0 * И; + 1,0) ii) 





Taking i = 1, 2, 3 successively, we obtain 


1 Lig: 
Чүл” 5 do * = 25$ ре а iij Tagus 


us 17 5 (и gt Uy 72 


These are the entries of the 2nd row. 
Putting j= l in (i), u, 9= Uj 11 ур ед 
Taking г = 1, 2, 3, successively, we get 
Uy g= цуз t+ Ug рц 9 =0+3-3=0 
Us og = Шу q1 tUg р p= 2+ 2-4=0 
Ugo = Ug 1 tU, —Ug =3+0-3=0 
These are the entries of the 3rd row and so on. 
Now the equation of the vibrating string of length / is и, = с? t 
Its period of vibration = = 251 = 4 вес. [> i-4andes 9] 
5 


This shows that we have to compute и, p upto £ = 2. 


ie., similarly we obtain the values of ш, , (4th row) and и, з (5th row). 





Hence the values of и; į are as sbowni in the table below : 












3 
J = 
0 3 
1 2 
3 —2 
Fu d'u eae ye ee | 
Ut 33.13. Find the solution of the initial boundary value problem ; Eve “ыг ‚05х51 subject to | 
the initial conditions u(x, 0) = sin mx, 0<x < 1 and the bou litions u(0 t)= 0, u(1, 9-0, t> 0; by using 
in the (аў the explieit scheme. 
(b) the implicit scheme. 7096 1 2007) 
Solution. (a) Explicit scheme 
Take h = 0.2, k = 5 -0.2 [5 dz] 
^ We use the formula, и, j,,—-U; ,j*Uj,,;—U, j 1 S) 


Since u(0, t) = 0, u(1, t) = 0, uy j= 0, и, j= 0 for all values of j 


te., the entries in the first and last columns are zero. 


Since u(x, 0) = sin tx, и; g = sin rx 
и, o= 0, Uy g= sin (0.21) = 0.5878, и. , = sin (0.47) = 0.9511, м, g = sin (0.67) = 0.5878. 
These are the entries of - first row. 


Since u,(x, 0) = 0 we have — 2 Ui у+1- и, з. = 0, whens = 0 
un Ui 1 UL 
Putting j = 0 in (1), My = Ui 1,05 ГЕ 4-1 
— 1 
Using (i) бууд бгаа Чу йо) 


aking i = 1, 2, 3, 4 successively, we obtain the entries of the second row. 
Putting j = lin (č), u; o= U; ,4,*Uj,,,—Ujp 





. Now taking i = 1, 2, 3, 4 successively, we get the entries of the third row. 








Similarly taking j = 2, j = 3, j = 4 successively, we obtain the entries of the fourth, fifth and sixth rows 


respectively. 





lnc № | 
|" ! 
ОЛ 
(5) Implicit scheme 
We have the formula: 
и, ,,4,7 2(1- o? c?) uj jc a? с2(и , ju; р) щур Whereas k/h 4) 
Here с? = 1. Take A = 0.25 and № = 0.5 so that о = АА = 2. 
л. (D reduces to 
и; iyi - би, jt 4 Qj tuj, - Uz jy 1) 
Since "se о = sin rex 
There are the entries of the first row. 
Since u, (x, 0) = 0, we have 5 Oi jaiii- 1) = О, where j = 0 
УУ, -1 Aii) 


Put j = О and using (iii), (11) reduces to 
и, 4177939 o + 2(u, -1, o * 24, о) 


Now taking i= e н s dii eoe 


i-3. Uy 1 =—3 Us 0+ 2 (и, p + и. 0) = 0.1213 
These аге the entries of the second row. 
Putting j = 1, (it) reduces to 
U; g=— Gu; + A (uj , ot Uj 44,1) 
Now taking i-1,u,5,-7—6u,,*4(u, + u, ,) = 0.414 


i-2,u,54-7—6u, ,* 4(u, , + us ү) = 0.0592 
i-3,u4,,-7—6u4 ,+4 (uy учи, 1) = 0.414 
These are the entries of the third row. 
Putting J = 2, (и) reduces to 
поз = —6u; 9 A(uj 19+ uj, ро) — uj, 
Now taking i21,u,472—60U, 2+4 (щ очи, 5) —u, , = 0.1097 
i22,u,,2-6u, g+ 4(u, 9 + us )) — us у = 0.1476 
i =3, из 47 —6us p + 4 (Ug g + Uy 9) —u, g= 0.1097 
These are the entries of the third row. 
Hence the value of и, ; are as tabulated below : 





PROBLEMS 33.4 


‘Solve the boundary value problemu, = и, with the conditions u(0, 1) = u(1, t) 20, u(x, 0) = 5202 -xand цу, 0)=0, 


taking Л = == 0.1 бог ost < 0.4. ‘Compare your solution with the exact solution atr- 0.5 and = 0,3. 
VTU., 2000) 


2. The transverse diaplacement и ofa point at a distance x from one end and at any timet ofa vibrating string satisfies 


the area tee ula? = 95 92шйх2, with the boundary conditions и (0, = и (5, t) = 0 and the initial conditions 


55-х) for 1<х<Б 
taking h = Lk= 0.2. 


и (х, о = 20x бг 0<х<1 and ú, (x, 0) = 0. Solve this equation numerically for one half period of vibration, 


3. Solve: Уу Ул upto t кор with a späcing of 0.1 subject. to y(0, f) = 0, y( 1, f£) = 0, y, (4, 0) = 0, and y s By. 


=104+x(1 LA 


4. The function и satisfies the equation f 
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PROBLEMS 33.5 _ 


Fill up the blanks or select the correct answer from each of the following questions . 


i. 


TEY 
2. ну " (и; + 1, 


Which of the following equations is parabolic : 
(0f, -f, 20 bfa + Ms * boy = -0 (c) ha + 95, +4), = 0 


jah) + Шуя j+ vis Leibmann's f ve point formula. (True or False) 


Ч. ға ти. = 0 is classified as... 


The simplest formula to solve u,, = a* fl ae 545, ei 6. 
Schmidt's finite Air oa scheme to solve u, = Pg i ^d 
The- pues dig 01 nd ance, RU 3 
ion (x + 1 i Б. erm, ie 23 Зы, = Ois classified ав. 


Ут ре | pis called... эзе Бан i 


. Interms of difference quotients du., = uy is .. 


ence 2 relation for one dimensional didus ХЭНИЙ Е 


ion и, + и, = 0 is... 


. In the parabolic ое uj - = аи. if А = keh, whack = At, and h = Ax, then vis A method is stable if A = 21. 


Su usu 


15, TUS хөв dase as... fe ol | 2222 TU. 2007) 


дуду 


The boundary conditions of. one-dimensional wave cquadtn grè s 
| cit formula for one-dimensional wave equation wi t= Qand A = АУА iS ...... 


j 


4 


| The general form of Poisson’ s equation in partial derivations і ів, 


. M u satisf ies Laplace equation and и = 100 on the boundary алины the value ofu at an interior grid point is..... 
baer Йок КЫ * и, ie у nce quotients iS... | 


| 



























































Linear programming deals with the optimization (maximization or minimization) of linear functions 
subject to linear constraints. This technique has found its applications to important areas of product mix, 
blending problems and diet problems. Oil refineries, chemical industries, steel industries and food processing 
industry are also using linear programming with considerable success. 

In this chapter, our purpose is to present the principles of linear programming and the techniques of its 
application in a manner that will suit the engineering students. Beginning with the graphical method which 
provides a great deal of insight into the basic concepts, the simplex method of solving linear programming 
problems is developed. Then the reader is introduced to the Duality concept. Finally a special class of linear 
programming problems namely : Transportation and Assignment problems, is taken up. For a detailed study, 
the student should refer to author's book ‘Numerical Methods in Engineering and Science’. 





| | FORMULATION OF THE PROBLEM 


To begin with, a problem is to be presented in a linear programming form which яамдын ТРЕЕ е 
variables involved, establishing relationships between them and formulating the objective function and the 
constraints. We illustrate this through a few examples. 














Exemple 34.1. A manufacturer pr 





solution. Let x, be the аваг of M, аван: and Xy the sabes of M, ele produsa per ele Then 
the weekly profit (in *) is 


й = ax, + 4х. lE) 


1061 
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To produce these number of models, the total number of grinding hours needed per week 


= 4x, 2x, 


and the total number of polishing hours required per week 


be used in the optimal mix at minimum cost. 


Since the number of grinding hours available is not more than 80 and the number of polishing hours 18 not 
more than 180, therefore, 


4x, + 2x, < 80 
ЭХ, + 5х. < 180 

Also since the negative number of models are not produced, obviously we must have 
x, > Оапах, > 0 

Hence this allocation problem is, to find х,, x, which 

maximize Z = Зх, + 4x, 

subject to 4x, + 2х, < 80, 2x, + 5x, < 180, x,, x, 2 0. 


Obs. The variables that enter into the problem are called decision variables. 


и) 
in) 


iu) 


The expression (1) showing the relationship between the manufacturer's goal and the decision variables, is called the. 
objective function. 


The inequalities (ti), (iit) and (iv) are called the constraints 


The objective function and the constraints being all linear, itis a linear programming problem (L.P.P), This is an 
example of a real situation from industry. 


Example 34.2. A firm making castings uses electric furnace to melt iron with the following specifications : 


Minimum Maximum 
Carbon 3.2045 3.40% 
| Silteon 2.259 2.3995 
Specifications and costs of various raw materials used for this purpose are given below: 
Material Carbon % Silicon % Cost (90 
Steel scrap 0.4 0.15 850 / tonne 
Cast iron scrap 3.80 2.40 900/ tonne 
Remelt from foundry 3.50 2.30 500 ! tonne 


If the total charge of iron metal required is 4 tonnes, find the weight in kg of each raw material that must 


(JN. T.U., 1999 5) 


Solution. Let x,, x;, x4 be the amounts (in kg) of these raw materials. The objective is to minimize the cost t.e., 


_ 850 | , 900. , 500 , 
1000 ' 1000 1000 °° 
For iron melt to have a minimum of 3.246 carbon, 
0.4х,  3.8x, + 3.5x, 2 3.2 x 4,000 
For iron melt to have a maximum of 3.4% carbon, 
0.4x, + 3.8x, + 3.5x4 < 3.4 x 4,000 
For iron melt to have a minimum of 2.25% silicon, 
0.15x, + 2.41x, + 2.35x, 2 2.25 x 4,000 
For iron melt to have a maximum of 2.35% silicon, 
0.15x, + 2.41x, + 2.35х, € 2.35 x 4,000 


minimize 


AN, since the materials added up must be equal to the full charge weight of 4 tonnes. 


х + XQ X4 = 4,000 
Finally since the amounts of raw material cannot be negative 
хү20,Хх,20,х,20 
Thus the linear programming problem is to find Xs 3s a which 
minimize Z = 0.85x, + 0.9x, + 0.5х, 
subject to 0.4x, + 3.8x, + 3.5x, > 12,800 
0.4х, + 8.8х, + 3.5х. < 13.600 


Aii 


S) 
D 
tu) 

440) 
Kui) 


(DEL) 
. (011) 








0.15x, + 2.41x, + 2.35х. > 9,000 
0.15x, + 2.41x, + 2.35х. < 9,400 
хү + хо +x, = 4,000 

X,,X5,X42 0. 





| PROBLEMS 34.1 


1. A firm manufactures two items. It purchases castings which are then machined, bored and polished Castings for 
items A and В cost 3 and 4 each and are sold at * 6 and $ 7 each respectively. Running costs of these machines 
are $ 20, € 14 and $ 17.50 per hour respectively. Formulate the problem so that the product mix maximizes the 
profit? Capacities of the machines are 





Раг А Part В 
Machining capacity 25 per hr. 40 per hr. 
Boring capacity 28 per hr. 35 per hr. 
Lustig capacity 85 per hr. 25 per hr. 


2. A firm manufactures 3 products A, B and C. The profits are * 3, $ 2 and $ 4 respectively. The firmi has two machines 
M, and М, and below 18 the required processing time in. minutes for each machine on each product. 





Product 
А B С 
Ам M a 3 5 
Machine | M, 5 9 i 
Machines M, and M, have 2000 and 2500 machine-minutes respectively, The firm must таа. ufacture 100 A's, 200 
B’s and 50 C's but not more than 160 A's. Set vp an L.P.P. to maximize profit, (дамыла, 2009 8) 


З. Three products are processed t three different operations. The time (in minutes) required per x 
product, the daily capacity of the осно (in minutes рег day) and the profit per unit sold юэ each pr 
(in гирен are as follows: 





-unit of each 





Time | per unit _ 
Operation | 





The zero time indicates that the puduit d does not require d diss given operations The рыі is to шинж, the 
optimum daily production for three products that maximize the profit. Formulate this production planning problem 
as a linear programming problem assuming that all units produced are sold. 

4. An хананд cu carry а maximum of 200 passengers. A profit of 400 is made on each first class ticket and a profit 
of 300 is made on each economy class ticket. The airline reserves at least 20 seats for first class. However, at least 
4 times as many passengers prefer to travel by economy class than by the first class. How many tickets of each class 
must be sold in order to maximize profit for the airline? Formulate the problem as an L.P. model. 








(Rohtak, 2006), 


5. A firm енто headache pills i in two sizes A and B. Sues contains 2 grains ог: as prin, 5. grains. of ров 





аен it Ё цайн at least 12 grains. hof aspirin, 74 grains ын bicarbonate aud 24 grains of codeine firm ЭГ 
immediate effect. It is required to determine the least number of pills a patient should take to get хен угт) 
Formulate the problem as a standard L.P.P. 

6. Consider the following problem faced by a production planner in a soft-drink plant. He has two bottling machines J 
and B. A is designed for 8-ounce bottles and B for 16-ounce bottles. However, each be can used on both. ypes witk 
some loss of efficiency. The following data is available: 











Machine 8-ounce battles 16-ounce bottles. 
A 100/minute 40/minute 
B 60/minute T5/minute 


The machines can be run 8 hour per day, 5 days per week. Profit on a 8-ounce bottle is 15 paise and on a 16-cunce 
bottle is 25 paise. Weekly production of the drink cannot exceed 300,000 ounces and the market can absorb 25,000 
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8-ounce bottles and 7,000 16-ounce bottles per week. The planner wishes to maximise his profit subject, of course, 
to all the production and marketing restrictions. Formulate this as a L.P.P. | 

7. А dairy feed company may purchase and mix опе or more of three types of grains containing different amounts of 
nutritional elements. The data is given in the table below. The production manager specifies that any feed mix for his 
live stock must meet at least minimum nutritional requirements and seeks the least costly among all three mixes. 


One unit weight of 


Ш HE = й Pom. Mintmum 
Grain 2 requirement 


Nutritional 
ingredients 


Formulate the problem as a L.P. model. 

8. A firm produces an alloy with the following specifications: 
(1) specific gravity = 0.97; (ii) chromium content > 15%; (11) melting temperature > 494°C 
The alloy requires three raw materials A, В and C whose properties are as follows: 





Property Properties of raw material 

А В E 
Sp. gravity 0.94 1.00 1.05 
Chromium 10% 1590 17% 
Melting: рї. 470°C 600°C 520°C 


Find the values of A, B, C to be used to make 1 tonne of alloy of desired properties, keeping the raw material costs 
ut the minimum when they are $ 105/tonne for A, * 245/tonne for В and $ 165/tonne for C. Formulate an L.P. model 
for the problem. 





БЕЙ GRAPHICAL METHOD 


Linear programming problems involving only two variables can be effectively solved by a graphical 
technique which provides a pictorial representation of the solution and one gets insight into the basic concepts 
used in solving large L.P.P. 

Working procedure ѓо solve a linear programming problem graphically: 

Step 1. Formulate the given problem as a linear programming problem. 

Step 2. Plot the given constraints as equalities on x, — x, coordinate plane and determine the convex 
region* formed by them. 

Step 3. Determine the vertices of the convex region and find the value of the objective function at each 
vertex. The vertex which gives the optimal (maximum or minimum) value of the objective function gives the 
desired optimal solution to the problem. 

Otherwise. Draw the dotted line through the origin representing the objective function with Z = 0. As Z is 
increased from zero, this line moves to the right remaining parallel to itself. We go on sliding this line (parallel 
to itself), till it is farthest away from the origin and passes through only one vertex of the convex region. This is 
the vertex where the maximum value of Z is attained. 


* A region or a set of points is said to be convex if the line joining any two of its points lies completely in the region (or the 
set). Figs. 34.1 and 34.2 represent convex regione while Figs. 34.3 and 34.4 do not form convex sets. 





Fig. 34.1 Fig. 34.2 Fig. 34.3 Fig. 34.4 


When it is required to minimize Z, value of Z is increased till the dotted line passes through the nearest 


vertex of the convex region. 


Example 84.3. Solve the L.P.P.of Ex, 34.1 graphically. (Т, 2003). 


= ! 4 


Solution. The problem is: 


Maximize 7 = 3x, + 4x, E) 
subject to 4х, + 2x, < 80 S) 
2x, + 5x, < 180 i) 

Хү,х,20 Iu) 


Consider x, — х, coordinate system as shown in 
Fig. 34.5. The non-negativity restrictions (iv) imply that 
the values of x,, x, lie in the first quadrant only. 

We plot the lines 4x, + 2x, = 80 and 2x, + 5x, = 180. 

Then any point on or below 4x, + 2x. = 80 satisfies 
(ii) and any point on or below 2х, + 5x, = 180 satisfies 
(iii). This shows that the desired point n x,) must be 
somewhere in the shaded convex region OABC. This 
region is called the solution space or region of feasible solutions for the given problem. Its vertices are O(0, 0), 
А(20, 0) B(2.5, 35) and C(0, 36). 

The values of the objective function (i) at these points are 

Z(O) = 0, Z(A) = 60, Z(B) = 147.5, Z(C) = 144. 
Thus the maximum value of Z is 147.5 and it occurs at B. Hence the optimal solution to the problem is 
x, = 2.5, x, = 35 and Z = 147.5. 

Otherwise. Our aim is to find the point (or points) in the solution space which maximizes the profit 
function 2. To do this, we observe that on making Z = 0, (i) becomes 3x, + 4x, = 0 which is represented by the 
dotted line LM through O. As the value of Z is increased, the line LM starts moving parallel to itself towards the 
right. Larger the value of Z, more will be the company's profit. In this way, we go on sliding LM till it is farthest 
away from the origin and passes through one of the corners of the convex region. This is the point where the 
maximum value of Z is attained. Just possible, such a line may be one of the edges of the solution space. In that 
case every point on that edge gives the same maximum value of Z. 

Неге Z „a is attained at B(2.5, 35). Hence the optical solution is x, = 2.5, х, 35 and Z naas = 147.5. 


Example 34.4. Find the maximum luf ne yuo to ecran +50 ae SEE 
x-y20 and 0 <x < 20, | | | , 2006) 


Solution. Any point (х, у) satisfying the 
conditions x > 0, y = 0 lies in the first quadrant only. Also 
since x + у $30, у23, у < 12, x z y and x < 20, the desired 
point (x, y) lies within the convex region ABCDE (shown 
shaded in Fig. 34.6). Its vertices are A(3, 3), B(20, 3), 
C(20, 10), D(18, 12), and Е(12, 12). 

The values of Z at these five vertices are Z(A) - 15, 
Z(B) = 49, Z(C) = 70, Z(D) = 72, and Z(E) = 60. 

Since the maximum value of Z is 72 which occurs 
at the vertex D, the solution to the L.P.P. is x = 18, y = 12 
and maximum Z - 72. 





Fig. 34.5 
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make a profit of * 5 on AU def Doe Ret bad €3 be one yard of type B cl "ind the best combination. 
(кру Antici of type A and type B cloth which gives him maximum profit by solving the „Р.Р. атар сайу 
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Solution. Let the manufacturer decide to produce x, yards of type A cloth and x, yards of type B cloth. 
Then the total income in rupees, from these units of cloth 15 given by 
Z = 5х, + 3x, i) 
To produce these units of two types of cloth, he requires 
red wool = 4x, + бх, 02, 
green wool = 5x, + 2х. 02, 
and yellow wool = 3x, + 8х, oz. 
Since the manufacturer does not have more than 1000 oz of red 
wool, 1000 oz of green wool and 1200 oz of yellow wool, therefore 


4x, + Бх, < 1000 UE) 

5x, + 2х. < 1000 D) 

Зх, + 8х. < 1200 ..(їр) 

А1во x, 20,x,2 0. 440) 

Thus the given problem is to maximize Z subject to the constraints 

(11) to (0). (V.T.U., 2004) 


Any point satisfying the condition (v) lies in the first quadrant 
only. Also the desired point satisfying the constraints (ii) to (iv) lies in the 
convex region OABCD (Fig. 34.7). Its vertices are O(0, 0) A(200, 0), 
B(3000/17, 1000/17), C(2000/17, 1800/17) and D(0, 150). 

The values of Z at these vertices are given by (О) = 0, Z(A) = 1000, | 
Z(B) = 1057.6, Z(C) = 805.8 and Z(D) = 450. "MS 39.7 

Since the maximum value of Z 1s 1058.8 which occurs at the vertex B, the solution to the given problem is 
x, = 3000/17, x, = 1000/17 and max. 2 = 1058.8. 

Hence the manufacturer should produce 176.5 yards of type A cloth, 58.8 yards of type B cloth, so as to get 
the maximum profit of * 1058.8. 








Example 34.6. A company making cold drinks has two bottling plants located at towns T, an 


d T, Each 
plant produces three drinks A, B and C and their production. capacity per day is shown Betonu 





The Pm ачин i the c company ааа а БОНД of 80: 000 bottles of A 22.000 boliles of B. 
and 40,000 bottles of C during the month of June. The operating costs per day of plants at T,and T, are £6,000 
and X 4,000 respectively. Find (graphically) the number of days for which each plant must be run in June 30 as 
to minimize the operating costs while meeting the market demand. 


Solution. Let the plants at T, and T, be run for x, and x, days. Then the objective is to minimize the 
operation costs i.e., 


min. Æ = 6000x, + 4000х, dt) 
Constraints on the demand for the three cold drinks are: 
for A, 6,000x, + 2,000x, > 80,000 or 3x, + x, > 40 i) 
for B,1 000x, + 2,500х, > 22,000 or x, + 2.5x, > 22 IL) 
for C, 3,000x, + 3,000х, > 40,000 or x, + x, > 40/3 Att) 
Also Хү,,Х,20 XU) 
Thus the L.P.P. is to minimize (1) subject to constraints (її) to (v). (V.T.U., 2000 S) 


The solution space satisfying the constraints (ii) to (v) is shown shaded in Fig. 34.8. As seen from the 
direction of the arrows, the solution space is unbounded. The constraint (iv) is dominated by the constraints 
(її) and (111) and hence does not affect the solution space. Such a constraint as (iv) is called the redundant 
constraint. 


The vertices of the convex region ABC are A(22, 0), B(12, 4) 
and C(O, 40). 

Values of the objective function (г) at these vertices are 

Z(A) = 132,000, Z(B) = 88,000, Z(C) = 160,000. 

Thus the minimum value of Z is $ 88,000 and it occurs at В. 
Hence the solution to the problem is x, = 12 days, x, = 4 days, Z nin 
= + 88,000. 

Otherwise. Making Z = 0, (i) becomes 3x, + 2x, = 0 which is 
represented by the dotted line LM through O. As Z is increased, 
the line LM moves parallel to itself, to the right. Since we are 
interested in finding the minimum value of Z, value of Z is 
increased till LM passes through the vertex nearest to the origin of 
the shaded region, i.e. B(12, 4). 

Thus the operating cost will be minimum for x, = 12 days, x, 
= 4 days and 

Z nin = 9000 x 12 + 4000 x 4 =$ 88,000. 


Obs The dote ie paral! thie LA le the ос 





ЕЛЕ SOME EXCEPTIONAL CASES 





The constraints generally, give region of feasible solution which may be bounded or unbounded. In 
problems involving two variables and having a finite solution, we observed that the optimal solution existed at 
a vertex of the feasible region. In fact, this is true for all L.P. problems for which solutions exist. Thus it may be 
stated that if there exists an optimal solution of an L.P.P., it will be at one of the vertices of the solution space. 

In each of the above exmples, the optimal solution was unique. But it is not always so. In fact, L.P.P. may 
have 

(i) a unique optimal solution, or (ii) an infinite number of optimal solutions, ог (iii)an unbounded solution, 
or (iv) no solution. 

We now give below a few examples to illustrate the exceptional cases (ii) to (iv). 


_ Example 34.7. A firm uses milling machines, grinding machines and lathes to produce two motor parts. 
The machining times required for each part, the machining times available on different machines and the 
profit on each motor part. are given below: 


Machining time réqd. for the matr part 
(mts) _ 





Max. time available . 


Grinding machines 3 A | 900 | 
Lathes: 5 12 . | 3, 000 Pu 
_ Profit! unit (2) | | 0 | TW. 
Determine. the number of parts I and П to be RAE T Л per week to eu the profit. 





Solution. Let x,, x, be the number of parts I and II manufactured per week. Then objective being to 


maximize the profit, we have maximize Z = 100x, + 40x, 240) 
Constraints being on the time available on each machine, we obtain 
for milling machines, 10x, + 4x, < 2,000 (и) 


for grinding machines, 3x, + 2x, < 900 Ki) 


for lathes, 6x, + 12x, < 3,000 iv) 

Also X,,X,20 Ku) 

Thus the problem is to determine x,, x, which maximize 
(1) subject to the constraints (її) to (v). 

The solution space satisfying (i), (ii), (iv) and meeting 
the non-negativity restrictions (v) is shown shaded in Fig. 34.9. 

Note that (iii) is a redundant constraint as it does not 
affect the solution space. The vertices of the convex region 
OABC are 

O(0, 0), A(200, 0), B(125, 187.5), С(0, 250). 

Values of the objective function (i) at these vertices are 
Z(O) = 0, Z(A) = 20,000, АВ) = 20,000 and Z(C) = 10,000. 

Thus the maximum value of Z occurs at two vertices А 
and B. 

г. Any point on the line joining A and B will also give 
the same maximum value of Z i.e., there are infinite number of 
feasible solutions which yield the same maximum value of Z. 








Thus there is no unique optimal solution to the problem and any point on the line AB can be taken to give 


the profit of * 20,000. 








_ Solution. Сапаны x, — х, coordinate ivan. "- potuit (х,, " наибин the restrictions (iv) lies in FE 
first quadrant only. The solution: space satisfying the constraints (ii) and (iii) is the convex region shown shaded 


in Fig. 34.10. 





Fig. 34.10 


Fig. 34.11 


Here the solution space is unbounded. The vertices of the feasible region (in the finite plane) are A(3, 1) 


and B(0, 4). 


Values of the objective function (1) at these vertices are Z(A) -9 and Z(B) - 12. 
But there are points in this convex region for which Z will have much higher values. For instance, the 
point (5, 5) lies in the shaded region and the value of Z thereat is 25. In fact, the maximum value of Z occurs at 


infinity. Thus the problem has an unbounded solution. 


Example 34.9.Solve graphically the fo 
Maximize Z= 4x, 1 * Зх, 
subject to = == 1; 
-Х,ЖХ55 0 | 
xyx,20 





(bs. The above донж: had no solution because the constraints were incompatible. There may be cases in which | 
the constraints are compatible but the problem may still have no feasible solution. 


f PROBLEMS 34.2 


Using graphical method, solve the following LP. problems: 
1. Мах. Z =3х, + бх, 
subject to x, + 2x, « 200, x, +x < 160, 2, «60, x, x, 20 
2. Max.Z = бх,» 7х, | | | 
subject lox, +x, 54, 5x, + Вх, 5 24,10x, + Тху «экш 2.322 0. 
3. Min. Z= 20x, + 80x, 
subject to x, + 2x, « 40, ‘Bx, + x, 2 30, 4x, + 3x, > 60, x,, x, 2 0. 
(Kurukshetra, 2009 8: Mumbai, 2004; Ут, 2004) 
4. Max. г = x + 5x, subject to хү + 2x, 5 2000, x, + x, < 1500, x, 4 600 and x, 2 0, x, 20. Rohtak, 20 
ear ned per unit are € 3 and € 4 respectively, Eac 
pod one minute dent pue on M, and 2 


| mi 


7 hone рн 
products А and В to be manuf: 


6. Two spare parts X and Y are to be pro uced i in a Ба ch. Each one has to go through two processes A and B. The time 
required i in hours per unit and total time ; väi lable are given. below: ын! 
| | | VE SH etu Petal hows available 
07 Орине В he РА | 
| койш per unit of X ay Y are? 5 and 6n Sper tively- Find how many st of spare р аг “ls ох апа Ү аге {о be: 


r imate jets M, i is ava available for 10 hours during any S ect: div. Find the number. of units of | 


Set-up times are negligible; For the coming period machine A ba 100 hrs, and В has 80 hrs. The contribution for 

prodi ct Ti is M 10 per 100 units and for product П is 7 Б per 100 units. The manufacturer is in a market which can 

absorb both products as much as he car produce for the immediate period ahead. Determine graphically, how much 
f products 1 and II, he should produce to maximize his contribution. 

A production manager wants (0 determine the quantity to be produced per month of products A and B 

manufac rA red dy his firm. The data on resources | required and gs: of М are given DOW: 


| t material 223 , 
"Mach : 
С man (ак 
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Formulate the problem as a standard L.P.P. Find product mix that would give maximum profit by graphi 
technique. 

9. A pineapple firm produces two products: canned pineapple and canned juice. The specific amounts of material, 
labour and equipment required to produce each product and the availability of each of these resources are shown in 
the table given below: 


Labour (man hrs) | 2. | | 
Equipment (m/c hrs) 
Material (unit) 





Assuming one unit each of canned juice and canned pineapple has profit margins of * 2 and е 1 respectively, 
Formulate this as Г.Р. problem and solve it graphically. D 


Solve the following L.P. problems graphically: 





10. Maximize Æ = бу + 4y subject to 2x - y 2 1, Зх + 4y 2 1.5 and x, y 20. (Bombay, 2004) 

11. Minimize Z = 8х, + 12x, subject to GOx, + 30x, > 240, 30x, + 60x, 2 300, 30x, + 180x, > 540. | 
and X4, X4 2 0. 

12. GJ. Breweries Ltd. have two bottling plants one located at 'G' and other at “Л. Each plant produces three drinks; 
whiskey, beer and brandy. The number of bottles produced per day are as follows: | 


Plant at G | Plant at J 





А market survey indicates that dus hd RUM of July, there will be a demand of 20,000 bottles of whiskey, 

40,000 bottles of beer and 44,000 bottles of brandy. The operating. cost per day for plants at G and J are T 600 and. 
1 400. For how many days each plant be run in July so as to minimize the production cost, while still meeting the 
market demand. Solve graphically. 





ЕД0 GENERAL LINEAR PROGRAMMING PROBLEM 


Any L.P.P. problem involving more than two variables may be expressed as follows: 
Find the values of the variables хү, x,, ..., x, which maximize (or minimize) the objective function 
Ё = суху +С, +... CX, AU) 


subject to the constraints 
2115) + 5X, +..+ах, SO, 
OX, ах. +... üs X 5 b. 8448) 
aniti t 0. xta, x SD, 
and meet the non-negativity restrictions 
i Magny d, mU. AU) 

Def. 1. A set of values хү, Xy ..., x, which satisfies the constraints of the L.P.P. is called its solution. 

Def. 2. Any solution to a L.P.P. which satisfies the non-negativity restrictions of the problem is called its 
feasible solution. 

Def. 3. Any feasible solution which maximizes (or minimizes) the objective function of the L.P.P. is called 
its optimal solution. 

Some of the constraints in (4) may be equalities, some others may be inequalities of (€) type and 
remaining ones inequalities of (2) type. The inequality constraints are changed to equalities by adding (or 
subtracting) non-negative variables to (from) the left hand side of such constraints. 

Def. 4. If the constraints of a general L.P.P. be 


У a,x, Si (i = 1, 2, ... k) then the non-negative variables s, which satisfy 
jal 





a,x, +8; = b; (1-1 , 2, ... №), are called slack variables. 
j*1 
Def. 5. If the constraints of a general L.P.P. be 


3, а,х, 2 b,, (=, k +1, ...) then the non-negative variables s; which satisfy 
j=l 


У ах, — в =b, = k, k + 1, ...), are called surplus variables. 
j=l 


ЕГА: CANONICAL AND STANDARD FORMS OF L.P.P. 





After the formulation of L.P.P., the next step 18 to obtain its solution. But before any method is used to 
find its solution, the problem must be presented in a suitable form. As such, we explain its following two forms: 
(1) Canonical form. The general L.P.P. can always be expressed in the following form: 
Maximize Z = суху + Cot) +... + с.х, 
subject to the constraints Хү + а.х, +... 4Жа,Х, £63 = 
Nan, oS cef 
by making some elementary transformations. This form of the L.P.P. is called its canonical form and has the 
following characteristics: 
(1) Objective function is of maximization type, 
(11) All constraints are of (<) type, 
(iii) All variables х, are non-negative. 
The canonical form is a format for a L.P.P. which finds its use in the Duality theory. 
(2) Standard form. The general L.P.P. can also be put in the following form: 
Maximize Z = сүх, + Сх, +... €,X, 
subject to the constraints а.х, + aX, +.. +a x, =6;t=1,2,..m 
XX. ¥, 29, 
This form of the L.P.P. is called its standard form and has the following characteristics: 
(1) Objective function is of maximization type; 
(ii) All constraints are expressed as equations; 
(iii) Right hand side of each constraint is non-negative; 
(iv) All variables are non-negative. 
Obs. Any L.P.P. can be expressed in the standard form. 
As minimize Z = сүхү cox, +... жа, 
is equivalent to maximize Z'(- — Z) SO My са. 6,2, 
the objective function can always be expressed in the maximization form. 
The inequality constraints can always be converted to equalities by adding (or substrac 
variables to the left hand sides of such constraints. 
So far, the decision variab es Хү, X5 4X, have been assume 
униар хан sero or negative, На variable is negative, it can always be expres 
var ‚ а Var Е а 
дүзэ 33) wherex/ 20, x," >0. 


ng) the slack (or surplus) 








med to Ls pc qnc In actual practice, these 
pressed as the difference of two non- 








Example 34.10. Convert the following L.P.P. to the standard form: 
Maximize Z- 3x, + 5х. + 7x 
subject to 6x, — 4х, < 5, de, 4 Big + Bg o LU, 4x, + 3x5 $2, x, 25 2 0. 


Solution. As x, is unrestricted, let x, = x,’ — x4" where х, x," > 0. Now the given constraints can be 
expressed as 
бх, — 4х, < 5, 


8x, + 2x, + 5x, — 5x, >11 





4x, + Зх, – Зх," €2 
Хү, Хо» Ха, Хү 20. 
Introducing the slack/surplus variables, the problem in standard form becomes: 
Maximize Z = 3x, + 5x, + Tx,’ — x," 
subject to 6x, — 4x, +8, = 5, 
3x, + 2x, + bx, — Бх," — 8, = 11, 
4x, 3x, — 3x," + 84, = 2, 
Xi Хун Ха» Ха Sys бо, 84 2 0. 


Example 84.11, Express the following problem in the standard f r С 
Minimize Z- 3x, dx; | { ea ан, Br er aC AS | 
subject to 2-х, — dx, — 4, Зх, + 5x; +x, = 10, Ххү-4х 2= 12, x, xs 228 





Solution. Here X4, X, are the slack/surplus variables and x,, x, are the decision variables. As x, 15 
unrestricted, let x, = х, — x," where x,', x," 2 0. 
^. The problem in standard form is 
Maximize 2'(=- Ё) = – Зх, – 4x, + 4x," 
subject to -2x X —3X + 3x,=4 
Зх + Ox, — 5x,” +x, = 10 
Xi = Ax, — 4х.” = 12 
Xir Xz X9 4 X34, X4 2 0. 


ЕСМ SIMPLEX METHOD 





(1) While solving an L.P.P. graphically, the region of feasible solutions was found to be convex, bounded 
by vertices and edges joining them. The optimal solution occurred at some vertex. If the optimal solution was not 
unique, the optimal points were on an edge. These observations also hold true for the general L.P.P. Essentially 
the problem is that of finding the particular vertex of the convex region which corresponds to the optimal 
solution. The most commonly used method for locating the optimal vertex is the simplex method. This method 
consists in moving step by step from one vertex to the adjacent one. Of all the adjacent vertices, the one giving 
better value of the objective function over that of the preceding vertex, is chosen. This method of jumping from 
one vertex to the other is then repeated. Since the number of vertices is finite, the simplex method leads to an 
optimal vertex in a finite number of steps. 

(2) In simplex method, an infinite number of solutions is reduced to a finite number of promising solutions 
by using the following facts: 

(1) When there are m constraints and (m + п) variables (m being < n), the starting solution is found by 
setting п variables equal to zero and then solving the remaining т equations, provided the solution exists and is 
unique. The n zero variables are known as non-basic variables while the remaining m variables are called 
basic variables and they form a basic solution. 

(ii) In an L.P.P., the variables must always be non-negative. Some of the basic solutions may contain 
negative variables. Such solutions are called basic infeasible solutions and should not be considered. To achieve 
this, we start with a basic solution which is non-negative. The next basic solution must always be non-negative. 
This is ensured by feasibility condition. Such a solution is known as basic feasible solution. 

If all the variables in the basic feasible solution are positive, then it is called non-degenerate solution 
and if some of the variables are zero, it is called degenerate solution. 

(111) A new basic feasible solution may be obtained from the previous one by equating one of the basic 
variables to zero and replacing it by a new non-basic variable. The eliminated variable is called the outgoing 
variable while the new variable is known as the incoming variable. 

The incoming variable must improve the value of the objective function which is ensured by the optimality 
condition. T'his process is repeated till no further improvement is possible. The resulting solution is called the 
optimal basic feasible solution or simply optimal solution. 





LiNEAR PROGRAMMING 


(3) The simplex method is, therefore, based on the following two conditions: 

I. Feasibility condition. It ensures that if the starting solution is basic feasible, the subsequent will also 
be basic feasible. 

Il. Optimality condition. It ensures that only improved solutions will be obtained. 

(4) Now, we shall elaborate the above terms tn relation to the general linear programming problem in 
standard form, i.e., 


Maximize Z =c + CX. us CX, dl) 
n 
subject to ^ ax, +3, 75 ,i -1,2,... m 2) 
j=l 
and x, 2 0, 5,20,721,2,...n d) 


(i) Solution. Хү, Хо, ... x, is a solution of the general L.P.P. if it satisfies the constraints (2). 

(ii) Feasible solution, Хү, Xo .. x, is a feasible solution of the general L.P.P. if it satisfies both the 
constraints (2) and the non-negativity restrictions (3). The set S of all feasible solutions is called the 
feasible region. A linear programme is said to be infeasible when the set 8 is empty. 

(iii) Basic solution is the solution of the m basic variables when each of the n non-basic variables is equated 
to zero. 

(iv) Basic feasible solution is that basic solution which also satisfies the non-negativity restrictions (3). 

(v) Optimal solution is that basic feasible solution which also optimizes the objective function (1) while 
satisfying the conditions (2) and (3). 

(vi) Non-degenerate basic feasible solution is that basic feasible solution which contains exactly m non-zero 
basic variables. If any of the basic variables becomes zero, it is called a degenerate basic feasible solution. 


Example 34.12. Find all the basic solutions of the following system of equations identifying in. each case 
the basic and non-basic variables; 2х, + x, + 4x, = 11, 3x, + x, + 5х, = 14d. (Mumbai, 2004 ; V.T.U., 2003 S) 


Investigate whether the basic solutions are degenerate basic solutions or not. Hence find the basic-feasible 
solution of the system. 

Solution. Since there are m +n = 3 variables and there are т = 2 constraints in this problem, a basic 
solution can be obtained by setting any one variable equal to zero and then solving the resulting equations. Also 
the total number of basic solutions = ™ +” С, = 3C, = 3. 

The characteristics of the various basic solutions are as given below: 





No. of Nonbusic Values of basic Is the sol. feasible ? Is the sol. 
basic | variables variables (Are all x, » 0 2) _ degenerate ? 
sol; 
1 Xy Xs Ws 2r +х,= 11 
ax, x, = 14 
до м5 — Yes ^ № 
4 Xa X3 х хуу 
ig бх, = 14 eee PUR 
"e 2 =I a=] No Yes 
| | $x, + bx, = 14 | 
= xim xe Yes No 


The basic feasible solutions are: 
()x,23,x,—5,x4- 0; (it) x, = 1/2, х, = 0, x, = 5/2 
which are also non-degenerate basic solutions. 


Example 34.13. Find an optimal solution to the following L.P.P. by computing all basic solutions and 
then finding one that maximizes the objective function: 
2x, + 3x, —X, +4x, = 8, X; — 2x, 6x, - 7x ,— — 3, x, ху x, 20, 
Max. 2 22x, + Jx, + 4x, + їх. 








Solution. Since there are four variables and two constraints, a basic solution can be obtained by setting 


any two variables equal to zero and then solving the resulting equations. Also the total number of basic solutions 
= *C, = 6. 
2 
The characteristics of the various basic solutions are as given below: 


= 
Ё E 


Hence the optimal basic feasible solution is 
x, =0,x,=0,x, = 44/17, x, = 45/17 and the maximum value of Z = 28.9. 
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TX WORKING PROCEDURE OF THE SIMPLEX METHOD 


Assuming the existence of an initial basic feasible solution, an optimal solution to any L.P.P. by simplex 
method is found as follows: 

Step 1. (i) Check whether the objective function is to be maximized or minimized. 

If #=сүхү +055. +6555 +... t CX, 
is to be minimized, then convert it into a problem of maximization, by writing 

Minimize Z = Maximize (— Z) 

(it) Check whether all b's are positive. 

If any of the ,'s is negative, multiply both sides of that constraint by —1 so as to make its right hand side 
positive. 

Step 2. Express the problem in the standard form. 

Convert all inequalities of constraints into equations by introducings slack/surplus variables in the 
constraints giving equations of the form 

G,,X, + @ хо + а 3х + ... +8; + OS, + 05. +... = b,. 

Step 3. Find an initial basic feasible solution. 

If there are т equations involving n unknowns, then assign zero values to any (n — т) of the variables for 
finding a solution. Starting with a basic solution for which x; :J 7 1,2, ..., (n — m) are each zero, find all s;. If all 
s, are > 0, the basic solution is feasible and non-degenerate. If one or more of the s; values are zero, then the 
solution 1s degenerate. 

The above information is conveniently expressed in the following simplex table: 


C; C C, Ca- О 0 0... 
Сд Basis x х, X3 ... 81 8, lis n b 
0 8, а а |2 tjg 1 0 0... b, 
0 85 Qo, 055 аа -- О 1 0... b, 
0 83 44 УРТ (44 ... О 0 I. ba 
Body matrix Unit matrix 


[The variables s,, $5, s4 etc. are called basic variables and variables хү, хо, x, etc. are called non-basic 
variables. Basis refers to the basic variables s}, $5, $4 ... c; row denotes the coefficients of the variables in the 
objective function, while c,-column denotes the coefficients of the basic variables only in the objective function. 
b-column denotes the values of the basic variables while remaining variables will always be zero. The 
coefficients of x's (decision variables) in the constraint equations constitute the body matrix while coefficients of 
slack variables constitute the unit matrix]. 

Step 4. Apply optimality test. 

Compute С, = с, – 2, ; where Z, = E cpa; 

[C -row is called net evaluation row and indicates the per unit increase in the objective function if the 
variable heading the column is brought into the solution.] 

If all C; are negative, then the initial basic feasible solution is optimal. 

If even one С, is positive, then the current feasible solution is not optimal (i.e., can be improved) and 
proceed to the next step. 

Step 5. (1) Identify the incoming and outgoing variables. 

If there are more than one positive C., then the incoming variable is the one that heads the column 
containing maximum С. The column containing it is known as the key column which is shown marked with an 





arrow at the bottom. If more than one variable has the same maximum С. » any of these variables may be selected 
arbitrarily as the incoming variable. 

Now divide the elements under b-column Бу the corresponding elements of key column and choose the row 
containing the minimum positive ratio 0. Then replace the corresponding basic variable (by making its value 
zero). Itis termed as the outgoing variable. The corresponding row is called the bey row which is shown marked 
with an arrow on its right end. The element at the intersection of the key row and key column is called the key 
element which is shown bracketted. If all these ratios are < 0, the incoming variable can be made as large as we 
please without violating the feasibility condition. Hence the problem has an unbounded solution and no further 
iteration is required. 

(ii) Iterate towards an optimal solution. 

Drop the outgoing variable and introduce the incoming variable alongwith its associated value under c, 
column. Convert the key element to unity by dividing the key row by the key element. Then make all other 
elements of the key column zero by subtracting proper multiples of key row from the other rows. 

[This is nothing but the sweep-out process used to solve the linear equations. The operations performed are called 
elementary row operations.] 

Step 6. Go to step 4 and repeat the computational procedure until either an optimal (or an unbounded) 
solution is obtained. 


_ Example 34.14. Using simplex method Ag 
Maximize | 4 : Z= 6x, + 3x, : № ТД 4% л 





Ec 
= 


y 


X, +5, 52, 52, + ®х, < 10, dx, T: Ж, в 20, S 





Solution. Consists of the following steps : 

Step 1. Check whether the objective function ts to be maximized and all b’s are positive. 
The problem being of maximization type and all b’s being 2 0, this step is not necessary. 
Step 2. Express the problem in the standard form. 

By introducing the slack variables s,, 55, 53, the problem in standard form becomes 
Max. Z = Dx, + dx, + Os, + Os, + Os, 


subject to X, +X, + 8. + 08, + 05, = 2 „А 
Ox, + 2х. + Os, +8. + Os, = 10 A) 
dx, + Вх, + Os, + 0s, + 8. = 12 Itt) 


Хү: Хр» 81, 858420. 

Step 3. Find an initial basic feasible solution. 

There are three equations involving five unknowns and for obtaining a solution, we assign zero values to 
any two of the variables. We start with a basic solution for which we set x, = 0 and x, = 0. (This basic solution 
corresponds to the origin in the graphical method). Substituting x, = x, = 0 in (0), (И) and (iii), we get the basic 
solution 

$,= 2,8 = 10, 3. = 12 
Since all s,, s,, 8. are positive, the basic solution is also feasible and non-degenerate. 
The basic feasible solution is 
ху = х, = 0 (non-basic) and s, = 2, $, = 10, s, = 12 (basic) 
Initial basic feasible solution is given by the following table : 








с, Б 3 1 0 0 
Ср Basis хү х. 81 5, 84 b 8 
0 8, (1) 1 1 0 0 2 2/1— 
Ü 8, 5 2 0 1 0 10 10/5 
0 Sa 3 8 0 0 1 12 12/3 
Z =Хева, 0 0 0 0 0 0 
C = С) n и, ч 3 0 0 0 





[For x,-column (/ = 1), 2,- Lec, a,, = 0(1) + 0(5) + 0(3) = 0 
and for x,-column (у = 2), Z = = У ср a; = (01) + 0(2) + 0(8) = 

Similarly 206) = 0(2) - + 0(10) + 0(12) = 0.] 

Step 4. Apply optimality test. 

As С, is positive under some columns, the initial basic feasible solution is not optimal (i.e. can be 
improved) and we proceed to the next step. 

Step 5. (i) Identify the incoming and outgoing variables. 

The above table shows that x, is the incoming variable as its incremental contribution С, (= 5) is 
maximum and the column in which it appears is the key column (shown marked by an arrow at the bottom). 

Dividing the elements under b-column by the corresponding elements of key-column, we find minimum 
positive ratio 0 is 2 in two rows. We, therefore, arbitrarily choose the row containing s, as the key row (shown 
marked by an arrow on its right end). The element at the intersection of key row and the key column i.e., (1), is 
the key element. s, is therefore, the outgoing basic variable which will now become non-basic. 

Having decided that x, is to enter the solution, we have tried to find as to what maximum value x, could 
have without violating the constraints. So removing s}, the new basis will contain хү, s, and s, as the basic 
variables. 

(i1) Iterate towards the optimal solution. 

To transform the initial set of equations with a basic feasible solution into an equivalent set of equations 
with a different basic feasible solution, we make the key element unity. Here the key element being unity, we 
retain the key row as it is. Then to make all other elements in key column zero, we subtract proper multiples of 
key row from the other rows. Here we subtract 5 times the elements of key row from the second row and 3 times 
the elements of key row from the third row. These become the second and the third rows of the next table. We 
also change the corresponding value under c, column from 0 to 5, while replacing s, by x, under the basis. Thus 
the second basic feasible solution is given by the following table : 


C, 5 9 0 0 0 
Cn Basis Xi Xa 81 85 8, b 8 
5 х, 1 1 1 0 0 2 
0 85 0 -3 -5 1 0 0 
0 84 0 5 _3 0 1 6 
2, = Cg а, 5 5 5 0 0 10 
С, эс, =£; 0 -2 -5 0 0 


As С.18 either zero ог negative under ай columns, the above table gives the optimal basic feasible solution. 
This optimal solution is x, = 2, x, = 0 and maximum Ё = 10. 


хє ав) ole "b A firm progie Was Рек p are done. on ИЕ yp The relet 


4 -€ 






The profit per Buts AP аин 0) B, апа C is € 4, їз тай z 6 Ai 6164 1, Deter шеме шу numb: 
of units to be manufactured for each product. Assume that ай the units produced are con din the market. 


Solution. Let the firm decide to produce x,, x,, x, units of products A, B, C, respectively. Then the L.P. 
model for this problem is : 
Max. 4 = 4х, + Зх, + бх, 
subject to 2x, + 3x, + 2х. < 440, 4х, + 3x, < 470, 2x, + 5х, € 430, х, x4, x4 2 0. (V.T.U., 2004) 
Step 1. Check whether the objective function is to be maximized and all b's are non-negative. 
The problem being of maximization type and b's being > 0, this step is not necessary. 





Step 2. Express the problem in the standard form. 
By introducing the slack variables s}, 5», s4, the problem in standard form becomes : 
Мах. Z= 4x; + Зх, + 6x, + Os, + Os, + Os, 
subject to 2x, + 3x, + 2х. + 8, + Os, + Os, = 440 
4x, + Ox, + Зх. + Os, +s, + 08. = 470 
2x, + Sx, + Ox, + Os, + Os, + $. = 430 
X1, X55 Ха» Sys 85, 820. 
Step 3. Find an initial basic feasible solution. 
The basic (non-degenerate) feasible solution is 
ху = х„ =x, = 0 (non-basic) 
8, = 440, s, = 470, s, = 430 (basic) 
Initial basic feasible solution is given by the following table : 





C, 4 d 6 Ü 0 0 
Cy Basis * хо Ха 8, 85 53 b ü 
0 8, 2 3 2 1 0 0 440 440/2 
0 So 4 0 (3) О 1 0 470 470/3— 
0 84 2 5 0 0 0 1 480 430/0 
4,=E¢ pty 0 0 G 0 0 0 
С. = 6, — 2, 4 3 6 0 0 0 


Step 4. Apply optimality test. 

As С, is positive under some columns, the initial basic feasible solution is not optimal and we proceed to 
the next step. 

Step 5. (t) Identify the incoming and outgoing vartables. 

The above table shows that x, is the incoming variable while s, is the outgoing variable and (3) is the key 
element. 

(и) Пегаёе towards the optimal solution. 

Drop s, and introduce x, with its associated value 6 under c, column. Convert the key element to unity 
and make all other elements of key column zero. Then the second feasible solution is given by the table below : 











C, 4 3 6 0 0 0 
ёл Basis хо ын 8, 85 5. b Ө 
0 5, - 2/3 (3) 0 1 - 2/3 0 3880/3 380/9.— 
6 8; 4/3 0 1 0 1/3 0 470/3 оо 
0 54 2 5 0 0 0 1 430 86 
2, 8 0 6 0 2 0 940 
C, -4 3 0 0 -2 0 
T 


Step 6. As С, is positive under the second column, the solution is not optimal and we proceed further. Now 
x, is the incoming variable and s, is the outgoing variable and (3) is the key element for the next iteration. 

Drop s, and introduce x, with its associated value 3 under с; column. Convert the key element to unity 
and make all other elements of the key column zero. Then the third basic feasible solution is given by the 
following table : 


C, 4 3 6 0 0 0 
Cp Basis х, X5 ха 51 85 83 b ü 
d Xo — 2/0 1 0 1/3 — 2/9 0 380/9 
6 X4 4/3 0 1 0 1/3 0 470/3 
ü 84 28/9 0 0 5/3 10/9 1 1970/9 
Z i 22/3 d 6 1 4/3 0 3200/3 
С, — 10/3 0 0 -1 — 4/3 0 





Now since each С, < 0, therefore it gives the optimal solution 
x, = 0, x, = 380/9, x, = 470/3 and Z „a = 3200/3 i.e., 1066.67 rupees. 


Example : 34.16. Solve the following L.P.P. by [n Mop et о | te; y^ рр »^ , 
Mininise = =, - 9+3, | (CY Lr 2 
subjectto ` 8x,—x, + 2x, <7, Зуу буг - -48,-4х, j'y Pes < 10, 222 т "y 





solution. Consists of the following steps : 
Step 1. Check whether objective function is to be maximized and all b’s are non-negative. 
As the problem is that of minimizing the objective function, converting it to the maximization type, we 
have Мах. Z' 2 — x, + Зх, — 3x4. 
As the right hand side of the second constraint is negative, we write it as 
— 2x, — 4x, < 12 
Step 2. Express the problem in the standard forrn. 
By introducing the slack variables 5,, Sa, Są, the problem in the standard form becomes 
Мах.  Z'-—x,-3x,— Зх, + 08, + Os, + 03. 
subject to dx, — хо + 2х4 + 5, + 05, + Os, = 7 
— 2x, — 4x, + Ox, + Os, +5, + 08, = 12 
— 4x, + dx, + Bx, + 08, + Os, + 5,= 10 
ху, Х., X4, 84,85, 84 2 О. 
Step 3. Find initial basic feasible solution. 
The basic (non-degenerate) feasible solution is 
ху =X, = ха = 0 (non-basic) ; s} = 7,5; = 12, s4 = 10 (basic) 
Initial basic feasible solution is given by the table below : 


t; -1 3 —3 0 0 0 
C5 Basis х, х, Z3 8i 85 S, b Ө 
0 8, 3 -1 2 1 0 0 7 TA- 1) 
0 85 -2 -4 0 0 1 0 12 12/(— 4) 
0 8, -4 (8) 8 0 0 1 10 10/3«- 
2, = У сна, 0 0 0 0 0 0 0 
С,=с,-7, -1 х -3 0 0 0 


Step 4. Apply optimality test. 

As C, is positive under second column, the initial basic feasible solution is not optimal and we proceed 
further. 

Step 5. (i) Identify the incoming and outgoing variables. 

The above table shows that x, is the incoming variable, s, is the outgoing variable and (3) is the key 
element. 

(i1) Гёегайе towards the optimal solution. 

Drop 8, and introduce x, with its associated value 3 under c, column. Convert the key element to 

unity and make all other elements of the key column zero. Then the second basic feasible solution is given by the 
following table : 


C; -1 3 -8 0 0 0 
бр Basis хү х, Xa E 85 84 b 8 
0 5; (5/3) 0 14/3 1 0 L/3 31/3 81/Бє- 
0 85 — 22/3 0 32/3 0 1 4/3 76/3 — 38/11 
3 Xy — 4/3 1 8.3 0 0 1/3 10/3 — 5/2 
2, — 4 3 5 0 0 1 10 
С З 0 — 11 0 0 -1 
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Step 6. Ав C, is positive under first column, the solution is not optimal and we proceed further x, is the 
incoming variable, s, is the outgoing variable and (5/3) is the key element. 

- Drop =, and introduce x, with its associated value — 1 under cp column. Convert the key element to 
unity and make all other elements of the key column zero. Then the third basic feasible solution is given by the 


table below : 
C, -1 3 -3 0 0 0 
Cr Basis Xi х, X4 8, 85 84 b 
-1 хү 1 0 14/5 3/5 0 1/5 31/5 
0 85 0 0 156/5 22/5 1 14/5 354/5 
3 х, 0 1 32/5 4/5 Ü 3/5 58/5 
2, -1 a 82/5 9/5 0 8/5 143/5 
С, 0 0 - 97/5 — 9/5 0 — 8/5 


Now since each C; 50, therefore it gives the optimal solution 





x, = 31/5, x, = 58/5, x, = 0 (non-basic) and Ж! nax = 143/5 


Hence Z = - 143/5. 

D xample 34.17. Maximize Z - 107x, tXo 2x, И” | K i A an VU | dd. т: ҮГ 

subject ta the constraints : ii en 6x, + 8x,=7, = 3: Ё ар 
ph Я | З 15947525 17 


Solution. Consists of the following steps : 
Step 1. Check whether objective function ts to be maximized and ай b's are non-negative. 
This step is not necessary. 


Step 2. Express the problem in the standard form. 
Here x, is a slack variable. By introducing other slack variables s, and s, the problem in standard form 


becomes 


Max. Z = 107x, + x, + 2х. + Ox, + 0s, + Os, 


subject to 


14 1 7 
— x, += X4 — Эх. +x, +05, +08. =- 


1 
16x, + 2 х, — бх. + 0х, +3, + 05, = 5 
8Х)-Х,-ХайЖ0Х,9085,48,-0 


Хү, Xas Xar X4; 84, 8, 20. 


Step 3. Find tnitial basic feasible nélution. | 
The basic feasible solution is 


хү =X» =x, = 0 (non-basic) ; x, = 7/3, 5, = 5, 5, = 0 (basic) 


Initial basic feasible solution is given in the table below : 


С; 
Сд Basis 
0 х, 
0 8, 
0 So 
Z,= Sega, 
С, = c,— 2; 


107 1 2 0 о. 0 

х, хо х, х, 8, So b 9 

14 1 7 7 14 

15 1 = | E LA ышы 

3 3 5 1 9 0 3 3 3 
1 

16 = -6 0 1 0 5 5/16 

(8) -1 -1 0 0 1 0 0/3— 

0 0 0 0 0 0 0 

107 1 ? 0 0 0 

Т 





ebuzzpro.blogspot.com 


LINEAR PROGRAMMING 1081 | 


Step 4. Apply optimality test. 

Ав С, is positive under some columns, the initial basic feasible solution is not optimal and we proceed 
further. 

Step 5. (1) Identify the incoming and outgoing variables. 

The above table shows that x, is the incoming variable, s, is the outgoing variable and (3) is the key 
element. 

(it) Iterate towards the optimal solution. 

Drop s, and introduce x, with its associated value 107 under ср column. Convert key element to unity and 
make all other elements of the key column zeros. Then the second basie feasible solution is given by the following 
table : 


C, 107 1 2 0 0 0 
Сд Basis х, хә Xy хо 8, 85 b 8 
0 x. 0 17/9 — 4/9 1 0 14/9 7/3 — 21/4 
0 8, 0 35/6 - 2/3 0 1 - 16/3 5 — 15/2 
107 х, 1 — 1/3 — 1/3 0 0 1/3 0 0 
2, 107 — 107/4 - 107/3 0 0 107/3 
С, 0 110/3 113/3 0 0 — 107/3 
Т 


Ав C, is positive under some columns, the solution is not „йй Here 113/8 being the largest positive 
value of С,: x, is the incoming variable. But all the values of 0 being < 0, x, will not enter the basis. This indicates 
that the solution to the problem is unbounded. 

[Remember that (i) fhe incoming variable ts the non-basic variable corresponding to the largest positive value of C f 
апа 

(ii) the outgoing variable is the basic-variable corresponding to the least positive ratio 6, obtained by dividing the b- 
column elements by the corresponding key-column elements. | 





‚ PROBLEMS 34.4 | 
Using simplex method, solve the following L. FP: P. (1-8): 
1, Maximize 2 =x, + 3x, 


subject tox, + 2x, $10, 0 =х, = 5,0 5х, < 4. (Kurushetra, 2009 ; VEU, 2003) 
2. Maximize Z = 4x, + 10x, 
subject to 2x, 4 x, < 50, 2x, + Gx, < 100, 2x, + 3x, $ 90, ху,х„ > 0. ‘(Kurushetra, 2006) 


3. Maximize 2 = 4x, + 5x,, 
subject tox, — 2x, $ 2, 2, - x, $ 6,31 4 2x, $5, x, + x, $2, x4,x, 2 0. 
4. Maximize Z = 10x, +x, + 2x, 
subject Lo x, + X5— 2x4 5 10, 4x, + y+ x4 = 20, Nis хх, = 0. 
5. Maximize Z = 3x, + 2x, + 5x, subject to x, + 2x, +x, $ 430, 3x, + 2x, € 460, x, + 4x, € 420, Xs X X42 0, 


(Mumbai, 2004) 
6. Minimize Z = 3x, + bx, + 4x, 
"subject to 2x, 3x; 58, 2x, + 5x4 < 10, 3x, + 2x, + 4x4 $ 15, x, x4,4 20, (Mumbai, 2004 8) 
7. Мана Z x; 1-3 нах. uw | 
subject to 8х,-х,4 2r, $7, —2x, + 4х, < 12,—4х, + 3x, + Вх. < 10, x,, x, 2, = 0. (Madras, 2006) 


8. Maximize 2 = 4x, + 3x, + dx, + 6х, 
subject to x, + 2x, + 2x, + 4х, < 80, 2х, + 2x, c x, € 60, dx, + 9x, 4%, 42, S BO, x,, x, X4 x, 20. 

9. A firm produces басы д. апа В eM sells them at а profit of * 2 and * 3 each respectively. Each product is 
processed on machines Gand Н. Product A requires 1 minute on С and 2 minutes on Н whereas product, В requires 
1 minute on each of the machines. Machine G is not available for more than 6 hrs. 40 min/day whereas the time 
constraint for machine H is 10 hrs. Solve this problem via simplex method for maximizing the profit. 

10. A company makes two types of products. Each product of the first type requires twice as much labour time as the 

second type. If all products are of second type only, the company can produce a total of 500 units a day. The market 
limits daily sales of the first and the second type to 150 and 250 units respectively. Assuming that the profits per 
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unit are Y 8 for type Тапа * 5 for type IT, determine the number of units of each type to be produced to maximize 
profit ? 

11. The owner of a dairy is trying to determine the correct blend of two types of feed. Both contain various percentages 
of four essential ingredients. With the following data determine the least cost blend 3 ? 


et kg of feed 


I ngredient 


1 
2 
з 


4 
Cost (kg. ) 


12, Aman ufscturing firm has disconti айва огей 7. of: a certain а т product line. This created condidefable | 
excess production capacity. Management is considering to devote their excess capacity to. one or more of three 
product 1, 2, and 3. The available capacity on machines and the number of niachine-hours required for each unit of 
the respective product, is given below : 





Machine Type | Available Time | || Productivity (hrs/unit) | 
(hrs / meek) TUA ——————— 
Milling machine | к" 
Lathe 
Grinder . 





The unit profit would be $ 20, $ 6 and € в ИСЗ: for: products 1,2 add: 8. Find how ино} кн "way the 
firm should produce in order to maximize profit, 


13. The following table gives the various vitamin contents of three types of food and daily requirements of үйл 
alongwith cost per unit. Find the combination of food for minimum cost. | 

7) "Minimum doily — 

. requirement (mg) . | 





14. А farmer has 1,000 acres of land on which bes can grow corn, wheat. ог soyabeans, Each’ acre dig costs € 100 "m 
preparation, requires 7 man-days of work and yields a profit of * 30. “Ал acre of wheat costs 1120) to prepare, 
requires 10 man-days of work and yields a profit of 40. An acre of soyabeans costs #70 to prepare, requires 8 man- 
days of work and yields a profit of 20. If the farmer has € 100,000 for preparation and can count on 8,000 man-days ! 
of work, how many acres should be allocated to each crop to maximize profits ? 








ЕТЕ ARTIFICIAL VARIABLE TECHNIQUES 





So far we have seen that the introduction of slack/surplus variables provided the initial basic feasible 
solution. But there are many problems wherein at least one of the constraints is of (=) or (=) type and slack 
variables fail to give such a solution. There are two similar methods for solving such problems which we explain 
belaw : 

(1) M-method or Method of Penalties. This method is due to A. Charnes and consists of the following 
steps: 

Step I. Express the problem in standard form. 

Step 2. Add non-negative variables to the left hand side of all those constraints which are of (2) or (=) type. 
Such new variables are called artificial variables and the purpose of introducing these is just to obtain an initial 
basic feasible solution. But their addition causes violation of the corresponding constraints. Ав such, we would 


like to get rid of these variables and would not allow them to appear in the final solution. For this purpose, we 
assign a very large penalty (— M) to these artificial variables in the objective function. 

Step 3. Solve the modified L.P.P. by simplex method. 

At any iteration of simplex method, one of the following three cases may arise : 

(1) There remains no artificial variable in the basis and the optimality condition is satisfied. Then the 
solution is an optimal basic feasible solution to the problem. 

(a) There is at least one artificial variable in the basis at zero level (with zero value in b-column) and the 
optimality condition is satisfied. Then the solution is a degenerate optimal basic feasible solution. 

(iii) There is at least one artificial variable in the basis at non-zero level (with positive value in b-column) 
and the optimality condition 18 satisfied. Then the problem has no feasible solution. The final solution is not 
optimal, since the objective function contains an unknown quantity M. Such a solution satisfies the constraints 
but does not optimize the objective function and 1s therefore, called pseudo optimal solution. 

Step 4. Continue the simplex method until either an optimal basic feasible solution 18 obtained or an 
unbounded solution is indicated. 











uple 84.18. Use Charne's penalty r method to 
гүү | Minimize Z = 2x, + x, Эр 
баай! Sx, +, = 3, dx, + Bx, 26, yi XR es Xp ix 20 





Solution. Consists of the following steps : 

Step 1. Express the problem in standard form. 

The second and third inequalities are converted into equations by introducing the surplus and slack 
variables s,, 8, respectively. 

Also the first and second constraints being of (=) and (>) type, we introduce two artificial variables A,, A,. 

Converting the minimization problem to the maximization form, the L.P.P. can be rewritten as 

Мах.  Z'—-—2x,—x,- Os, + 08, МА, — MA, 
subject to dx, +X, 0s, + 08, +A, + ОА, = З 

4х, + 3x,— 8, + 08. + ОА +A, = 6 
x, + 2х. + 05, +3, + ОА, + ОА, = 3 
Хү, Хэ. 51,5, Ау, Ag 20 

Step 2. Obtain an initial basic feasible solution. 

Surplus variable s, is not a basic variable since its value is — 6. As negative quantities are not feasible, s, 
must be prevented from appearing in the initial solution. This is done by taking s, = 0. By setting the other поп- 
basic variables хү, x, each = 0, we obtain the initial basic feasible solution as 

ХүэХ,-0,58,/-0:А,-3,А,-06,8,-3 

Thus the initial simplex table is 


C, – 2 -1 0 0 -М -M 

Ch Basis X, х, 84 85 А, А, b Ө 

-М А, (8) 1 0 0 1 0 3 3/3— 

-М А, 4 8 -1 0 0 1 6 6/4 

0 з, 1 2 0 1 0 0 3 3/1 
Z =Хсва, =TM -4M M 0 -М -М -9M 
C,=¢,-2Z, 7M -2 4M-1 -M 0 0 0 
Т 


Since С, is positive under x, and x, columns, this is not an optimal solution. 
Step 3. Iterate towards optimal solution. 
Introduce X1 and drop А, from basis. 





The new simplex table is 








с – 2 -1 0 0 -М 
Cy Basis Xi Xs 8 Eo A, b Ө 
-2 хү 1 1/3 0 0 0 1 3 
-M А, 0 (5/3) =} 0 1 2 6/56- 
0 $5 0 5/3 0 1 0 2 6/5 
Z -2 QUE RE M 0 -M -2-2М 
1 3 3 
C 1.50 М 0 0 
j 0 2087 3 = 
Т 
Since С, is positive under x, column, this is not an optimal solution. 
Introduce x, and drop А... 
Then the revised simplex table is 
с -2 -1 0 0 
Cg Basis х, X, 84 $5 b 
-1 Xo 0 1 - 3/5 0 6/5 
0 в, 0 0 1 1 0 
2, -32 -41 1/5 0 — 19/5 
С, 0 0 -1/5 0 


Since none of С, is positive, this an optimal solution. Thus, an optimal basic feasible solution to the 
problem is 
x, = 3/5, x, = 6/5, Max. Z' = — 12/5. 
Hence the optimal value of the objective function is 
Min. 2 = - Max. Z' = — (— 12/5) = 12/5 


Solution. Consists of the following steps : 
Step 1. Express the problem in standard form. 
The inequalities are converted into equations by introducing the slack and surplus variables ву, 8, 
respectively. Also the second constraint being of (2) type, we introduce the artificial variable A. Thus the L.P.P. 
can be rewritten as 
Мах. 2 -=3х + 2х, + 08, + 05, — MA 
subject to 2x, +x, +3, + Os, + OA = 2, 
dx, + 4x,+0s,-s,+A= 12, 
11,25,8,,4 2 0 
Step 2. Find an initial basic feasible solution. 
Surplus variable s, is not a basic variable since its value is — 12. Since a negative quantity is not feasible, 
s, must be prevented from appearing in the initial solution. This is done by letting =, = 0. By taking the other 
non-basic variables x, and х, each = 0, we obtain the initial basic feasible solution as 
ху =х,=5,= 0,8, = 2А = 12 
The initial simplex table is 



























с; 3 2 0 0 -М 
Ср Basis хү х, 8, $5 А b 8 
0 8, 2 (1) 1 0 2 2 — 
-М А 3 4 0 -1 1 12 8 
2|-УЕЁсва, -3M -4 М 0 М -М -12М 
С; =е,-2, 3+3М | 244M 0 -М 0 
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Since C, is positive under some columns, this is not an optimal solution. 
Step 3. Iterate towards optimal solution. 
Introduce x, and drop s}. 

The new simplex table is 


с 9 2 0 0 -М 
Ср Basis хү Xo 81 85 A 0 
2 Xa 2 1 1 0 0 2 
-М А -5 0 -4 — 1 1 4 
2, 4-5М 2 2+4М М -М 4-4М 
С, -(1-5М) ü -2-4М) -М 0 


Here each C, is negative and an artificial variable appears in the basis at non-zero level. Thus there exists 
a pseudo optimal solution to the problem. 

(2) Two-phase method. This is another method to deal with the artificial variables wherein the L.P.P. is 
solved in two phases. 

Phase I. Step J. Express the given problem in the standard form by introducing slack, surplus and 
artificial variables. 

Step 2. Formulate an artificial objective function 

Z 2—A,—-A,..— 
by assigning (— 1) cost to each of the artificial variables A; and zero cost to all other variables. 

Step 3. Maximize Z* subject to the constraints of the original problem using the simplex method. Then 
three cases arise : 

(a) Max. Z* « 0 and at least one artificial variable appears in the optimal basis at a positive level 

In this case, the original problem dosn't possess any feasible solution and the procedure comes to an end. 

(5) Max. Z* = 0 and no artificial variable appears in the optimal basis. 

In this case, a basic feasible solution is obtained and we proceed to phase II for finding the optimal basic 
feasible solution to the original problem. 

(c) Max. Z* = 0 and at least one artificial variable appears in the optimal basis at zero level. 

Here a feasible solution to the auxiliary L.P.P. is also a feasible solution to the original problem with all 
artificial variables set = 0. 

To obtain a basic feasible solution, we prolong phase 1 for pushing all the artificial variables out of the 
basis (without proceeding on to phase II). 

Phase II. The basic feasible solution found at the end of phase I is used as the starting solution for the 
original problem in this phase i.e., the final simplex table of phase I is taken as the initial simplex table of phase 
II and the artificial objective function is replaced by the original objective function. Then we find the optimal 
solution. 


Exan ple 34.20, Use two-phase method to —. — у | AD c va ML 


TAAL, 







^ TAS Y " 
r inimize yc 7.5хү- Зх, " b у A Г J Ч 4 i 3 z `` | j F 4 "t р | Pe | 
subject to the constraints 3x, +x, —x, 23, £j 73, € 2922, npo" à dai! e bt AS niu 
уе ЕУ) |^ J | | ‘woe | "las В 
"Phase I. Step 1. Express the problem in standard form. SPAR rides 7400 a ME: бу 7: 


Solution. Introducing surplus variables ву, s, and artificial variables A}, А., the Баве I problem in 
standard form becomes 
Мах.  Z' 20x, 0х, + 0х. + 0s, + 0s; — A,— A, 
subject to dx,—x,—xX4,—3,- 08, +A + ОА, = 3 
Хх — Хо +х. + 05, – 5. + ОА, +А, = 2 
Хү, Хо» Ха» 81183, Ау, 4220. 
Step 2. Find an initial basic feasible solution. 
Setting x, = х, = х. = 8, = 8, = 0, 
we have А, =3, А, =2апа Z*=—-5 


Хэн 





Initial simplex table is 
С, 0 0 0 0 0 -1 -1 
ср Basis х, х, х. 5, 8, А, 2 b 8 
er А, (8) -j =J =] 0 i 0 3 16- 
-1 А, 1 -1 1 Ü -1 0 1 2 2 
2) = Уса, -4 2 0 1 1 -1 -1 -5 
Cj me 2 4 -2 О -1 -1 0 0 
4 4 
T 
As C, 18 positive under х, column, this solution is not optimal. 
Step 3. Iterate towards an optimal solution. 
Making key element (3) unity and replacing A, by x,, we have the new simplex table : 
с, 0 0 0 0 0 -1 -1 
Cp Basis х, X5 Ха 8, 85 A A, b Ө 
0 1 1 i : 0 3 
х, -3 -3 -3 3 0 1 —8 
2 4) 1 1 3 
=] A, 0 - = B : -1 -3 1 1 = < 
= à 2 4 E x 1 
j 3 ий. 8 8 өн E: 
2 4 1 1 | 
С, 0 -3 3 3 -1 -3 0 
Т 
Since С, is positive under x, and s, columns, this solution is not optimal. 
Making key element (4/3) unity and replacing A, Бу x4, we obtain the revised simplex table : 
с, 0 0 0 0 0 = -1 
Cu Basis х, xs Ха 81 $5 A, А. b 
0 x, 1 - 1/2 0 - 1/4 -1/4 14 14 5/4 
0 Хо 0 — 1/2 ] 1/4 — 3/4 — 1/4 3/4 3/4 
2% 0 0 0 0 0 0 0 0 
С, 0 0 0 0 0 -1 -1 
Since all С, < 0, this table gives the optimal solution. Also 7° „„ = 0 and no artificial variable appears in 


the basis. Thus an optimal basic feasible solution to the auxiliary problem and therefore to the original problem, 
has been attained. 

Phase П. Considering the actual costs associated with the original variables, the objective function is 

Мах. Z =- 15/2x, + Зх, + Ox, + 0s, + Os, — ОА, — 0A, 
subject to dX, —X,—X,—8, + 0s,+A, + OA, = 3, 

Xa — X4 + xX, + 085, —8, + 0A, +A, = 2, 
Хо, Хо, Хз, 815 85; Ay, А, > 

The optimal initial feasible solution thus obtained, will be an optimal basic feasible solution to the 
original L.P.P. 

Using final table of phase I, the initial simplex table of phase II is as follows : 


с; — 15/2 3 0 0 0 
Cn Basis X4 X. X4 8, 5. h 
- 15/2 X 1 - 1/2 0 — 1/4 — 1/4 5/4 
0 Xa 0 1/2 1 1/4 — 3/4 3/4 
Z — 15/2 15/4 0 15/8 15/8 — 75/8 
С, 0 — 3/4 0 — 15/8 — 15/8 


since all C; < 0, this solution i is optimal. 
Hence an optimal basic feasible solution to the given problem is 
x, = 5/4, х. = 0, х. = 3/4 and min. Z= 75/8. 





ив EXCEPTIONAL CASES 


(1) Tie for the incoming variable. When more than one variable has the same largest positive value in 
С row (in maximization problem), a tie for the choice of incoming variable occurs. As there is no method to break 
this tie, we choose any one of the prospective incoming variables arbitrarily. Such an arbitrary choice does not in 
any way affect the optimal solution. 

(2) Tie for the outgoing variable. When more than one variable has the same least positive ratio under 
then 8-column, a tie for the choice of outgoing variable occurs. If the equal values of said ratio are > 1, choose any 
one of the prospective leaving variables arbitrarily. Such an arbitrary choice doesn’t affect the optimal solution. 

If the equal values of ratios are zéro, the simplex method fails and we make use of the following 
degeneracy technique. 

(3) Degeneracy. We know that a basic feasible solution is said to be degenerate if any of the basic 
variables vanishes. This phenomenon of getting a degenerate basic feasible solution is called degeneracy which 
may arise 

(1) at the initial state, when atleast one basic variable is zero in the initial basic feasible solution 

or (11) at any subsequent stage, when the least positive ratios under 8-column are equal for two or more 





rows. 

In this case, an arbitrary choice of one of these basic variables may result in one or more basic variables 
becoming zero in the next iteration. At times, the same sequence of simplex iterations is repeated endlessly 
without improving the solution. These are termed as cycling type of problems. Cycling occurs very rarely. In fact, 
cycling has seldom occurred in practical problems. 

To avoid cycling, we apply the following perturbation procedure : 

(1) Divide each element in the tied rows by the positive coefficients of the key column in that row. 

(11) Compare the resulting ratios (from left to right) first of unit matrix and then of the body matrix, column by 
column. 

(i1) The outgoing variable lies in that row which first contains the smallest algebraic ratio. 


Example 34.21. Maximize Z = бх, + Зх, (4 , : 
subject to x, +x, < 2, 5x, + 2x, 510,3х,48х,518:х,х,20. Ш СН rA 


Solution. Consists of the following steps : 
Step 1. Express the problem in the standard form. 
Introducing the slack variables s,, s,, 83, the problem in the standard form is 
Max. Z = 5x, + dx, + Os, + Os, + Os, 
Xi +X, +8, + 08. + 08: =2 
bx, + 2x, + 08, + 8, + Os, = 10 
Зх, + 8х, + 05, + 05, + 8. = 12 
X15 X5, Ву, 85, 832 0. 
Step 2. Find the initial basic feasible solution. 
The initial basic feasible solution is 
x, =x, = 0 (non-basic) 
в, = 2, s, = 10, s, = 12 (basic) and Z = 0. 
Initial simplex table is 


€, b 3 0 0 0 
Cn Basis Xi х, 81 S5 Sa b 8 
0 51 1 1 1 0 0 2 2/1 
0 8, (5) 2 0 1 0 10 10/5— 
0 84 d 8 0 0 1 12 12/3 
2, =E сева, 0 0 0 0 0 0 
C, -0,— РА F : 3 0 0 0 
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Ав С, is positive under x, columns, this solution is not optimal. 

Step 3. Iterate towards optimal solution. 

x, is the incoming variable. But the first two rows have the same ratio under 8-column. Therefore we 
apply perturbation method. 

First column ofthe unit matrix has 1 and 0 in the tied rows. Dividing these by the corresponding elements 
of the key columns, we get 1/1 and 0/5, s,-row gives the smaller ratio and therefore s, is the first outgoing 
variable and (5) 18 the key element. 

Thus the new simplex table is 


с, 5 3 0 0 0 
Cg Basis Xi хо ЕД 85 84 b B 
0 81 0 (3/5) 1 - 15 0 0 0 
5 х, 1 2/5 0 1/5 0 2 5c 
0 84 0 34/5 0 — 3/5 1 6 15/17 
2, 5 2 0 1 0 10 
С, 0 1 0 -1 

1 


Ав С, is positive under x, column, this solution is not optimal. 
Making key element (3/5) unity and replacing 81 by x4, we obtain the revised simplex table : 


с, 5 d 0 0 0 
Cg Basis х, X. 5} i 53 Ь 
3 х, 0 1 5/8 — 1/3 0 0 
5 х, 1 0 - 2/3 1/3 0 2 
0 84 0 0 — 34/3 5/3 1 6 
2, 5 3 5/3 2/3 0 10 
С) 0 0 - 5/3 - 2/3 0 





АЗС. < 0 under all columns, this table gives the optimal solution. Hence an optimal basic feasible solution 
is x, = 2, x, = 0 and Z „a = 10. 





PROBLEMS 34.5 


Solve the following L.F: problems using M-method : 
1. Maximize Z = 3x, + 2x, + Эх, 
subject to: 2x, +x x45 2, Bx, + Ax, *2x,28,x,x,43142 0. 
2. Maximize Z = РА "х, + Эх, 
subject to : x, +x, + 2x, € Б, 2x, + dx, + drg = 12, ху, X9, X4 € 0. 
3. Maximize Z = &x,, 
subject to : x, — x, 20, 2x, + dx, € — 6, x,, x, unrestricted. 
4, Maximize Z = 5x, — 2x, + ах, 
subject to : 2x, + 2x, —x, 2 2, dx, — 4x, € 3, x, + 3x, € B, x,,x,, x, 20. (Mumbai, 2064) 
5. Maximize Z =x, + 2x, + 3x, — x, 
subject 0: x, + 2s GENE 15, 2x, + x, + 5x, = 20, 
(+r вх € x, = 10, x,, X4, X4, x42 0. (Madras, 2003) 
Use two phase MI d to solve the following L.P. problems : 
6. Minimize Z =x, + x, 
subject to : 2x, +2, 2 4, x, +. 1x4, 27, 
X, x; 2 D. (Rajasthan, 2005) 
. Maximize Z = 5x, + Эх, | 
subject to : 2x, +x $ 1, x, + 4x, > 6, 
Xyp X, 2 0. (Kottayam, 2005) 
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8. Maximize Z = bx, — 4х. + 4x4, Э. Maximize Z = 5x, = 4x, + х, 
subject to : 2x, + 2x, — x4 = 2, subject to : 2x, + к, — Gx, = 20, 
dx,— drn 5 В: и. + x4 55, Gx, + 5x, 10х, S 76, 
ху, ху ху 20. (Mumbai, 2009) Bx, — Bity + 6х, S 50, 


Solve the following degenerate L.P, problems : 


10. Maximize Z = 9x, + Зх, 11. Maximize 2 = 2x, + 8х„+ 10x, 
subject to : 4x, * x; < B, 2x, +x, € 4, subject to : x, + 2x, = 0, x, +x, = 1, 
х.ж > 0. Хы x42 0. 





(1) DUALITY CONCEPT 


One of the most interesting concepts in linear programming is the duality theory. Every linear 
programming problem has associated with it, another linear programming problem involving the same data and 
closely related optimal solutions. Such two problems are said to be duals of each other. While one of these is 
called the primal, the other the dual. 

The importance of the duality concept is due to two main reasons. Firstly, if the primal contains a large 
number of constraints and a smaller number of variables, the labour of computation can be considerably reduced 
by converting it into the dual problem and then solving it. Secondly, the interpretation of the dual variables from 
the cost or economic point of view proves extremely useful in making future decisions in the activities being 
programmed. 

(2) Formulation of dual problem. Consider the following L.P.P. : 

Maximize Z = сух, + €,X4 +... +С, Xy 
subject to the constraints чатах. Sb, 

QX]  54X, +... + ü, X, S bo, 
Git) T Ompa t ct Ge <b i 
X44 Хо» o, X, = О. 

To construct the dual problem, we adopt the following guidelines : 

(1) The maximization problem in the primal becomes the minimization problem in the dual and vice 
versa. 

(п) (<) type of constraints in the primal become (>) type of constraints in the dual and vice versa. 

(iii) The coefficients c,, со, ..., c, in the objective function of the primal become b,, ba, ..., b,, in the objective 
function of the dual. 

(iv) The constants b,, bp, ...,6,, in the constraints of the primal become c}, Co, ..., c, in the constraints of the 
dual. 

(v) Ifthe primal has n variables and т constraints, the dual will have m variables and n constraints i.e. 
the transpose of the body matrix of the primal problem gives the body matrix of the dual. 

(vi) The variables in both the primal and dual are non-negative. 

Then the dual problem will be 

Minimize W = b,y, + bay + ... + b,y,, 
subject to the constraints ауу + ФУ» + -- + OL, > Cys 

ауу + Gog¥o +... + аи 2 Со 
41У + Gosyo +... ъа, Уы 2 En 
31» Jos --- Y, 2 0. 
Example 34.22. Write the dual of the following L.P.P.: 
Minimize £= 3x, = 2x5 + dx, 


subject to dx, Sig + dx, 27, 6х, 4 X, 8х; 2 4, (x, —2x4,— x, < 10, 
х,-2х24-0к228,4х,47х,-2Х,.22,ХьХ»Х,2 0. 





Solution. Since the problem is of minimization, all constraints should be of = type. We multiply the third 
constraint throughout by — 1 so that — 7x, + 2x, +x, 2 — 10. 
Let у, Yp Yy y, and у, be the dual variables associated with the above five constraints, Then the dual 
problem is given by 
Maximize W = Ту, + dya — 10у. + Зу, + 2y; 
subject to Зуу + бу. — Ty, + y, + 4у, 33, бу, Ул 2y4,— 2y, + Ty, < – 2, 
Ay, + Sy, + у. + бу, — 2у„ 54, у, У, Уз У У 2 0. 
(3) Formulation of dual problem when the primal has equality constraints. Consider the problem 
Maximize Z=C)%; 6X, 
subject to ах, + Qjo = By, ах, Faux, = Oy, x,, x, 2 0. 
The equality constraint can be written as 
Uiit + Gots € b, and ax, + a,4x, 2 b, 


or ах, + ах, S b, and — a,,x, ах © — бу, 
Then the above problem can be restated as 
Maximize Z =сүхү CX, 
subject to ату + дух, 56у, ах фа, S— 6), 


4X, + 0х < бэ хь x,2 0. 
Now we form the dual using y,', уу”, y, аз the dual variables. Then the dual problem is 
Minimize У = (у=) + бду», 
subject to Gu, —y, )*a4y5 бү Gu, — V1") + ау. 2 Cor Уң Ур Ho 2 ©. 
The term (y,' — y,") appears in both the objective function and all the constraints of the dual. This will 
always happen whenever there is an equality constraint in the primal. Then the new variable у, — y," (= yj) 
becomes unrestricted in sign being the difference of two non-negative variables and the above dual problem 


takes the form. 
Minimize W = by, + бу. 
subject to Gi + йуу» 2 Сү аду, + ау 2 C5, y, unrestricted in sign, y, 2 0. 
In general, if the primal problem is 
Maximize Zata OX. CX, 
subject to аз FOX P ooo a x mb, 


а ntl + а око +... * nn = б 
Хү, Xas тээ x | > О. 
then the dual problem is 


Minimize W = Буу, + б.у +... + б У, 
subject to бүз + Goo + +O, RO, 
ауу + аду. +... + Vig 2 Со» 


жи гээ ий жи. ижил ини ни иг їл ги 


дүү + Conta т.т C. У m 2€, 
Уу, Yo +> Уи all unrestricted in sign. 
Thus the dual variables corresponding to equality constraints are unrestricted in sign. Conversely when 
the prima variables are unrestricted in sign, ee dual c constraints are ые, 
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dual cacti is 
Minimize W = Ty, + 5у,, 
subject to 2у + Зу. < 4, Зу, —2y, < 9, Zy, + 4y, 52, y, 2 0, y, is unrestricted in sign. 
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PROBLEMS 34.6 


Write the duals of the following problems (1 — 4) : 
1. Maximize Z = 10x, + 13x, + 19x, 





subject to Gx, + Эх, + dx, < 26, dx, + 2х, + 5x4 57, Хү, хь, Ха = 0. 
2. Minimize Z = 2x 104 ON 
subject. 10 dx 44x, +x, 2 11) —2x, 3х, + 2x, 5 = 7,x,— 2x, 28x, $— 1 


ak) + 2х, + 2x, 2 D, x4, X5, Хү 0. 
3. Maximize Z = 3x, + 16x, + 7x, 


subject to ла Зх, »2Х,51,2Х,4Х,.-Хү2-4,ХүХэ.Х280. 
4. Minimize Z = 3x, — 4x34 2 
subject to 25, — 34, ^ x, 55, b 2х, = 9, = Вх, + 4x, + 3x, = B, 
ху. х. > О and х, 18 unrestricted. (Мати, 2004) 


5. Obtain the dual problem of the following L.P.P. 
Maximize Дх) = 2x, + fx, + Gx, 
subject to Bx, 6x,—x4 23, — 2x, aa S 4, x, — fx, + 8x4 51, 
— Ч, — 3x, + 7x, 6, х,у, ху 20. 
Also verify that the dual of the dual problem is the primal problem. 





(1) DUALITY PRINCIPLE 


If the primal and the dual problems have feasible solutions then both have optimal solutions and the 

optimal value of the primal objective function ts equal to the optimal value of the dual objective function i.e., 
Max. Z = Min. W 

This is the fundamental theorem of duality. It suggests that an optimal solution to the primal problem 
can directly be obtained from that of the dual problem and vice-versa. 

(2) Working rules for obtaining an optimal solution to the primal (dual) problem from that of 
the dual (primal) : 

Suppose we have already found an optimal solution to the dual (primal) problem by simplex method. 

Rule I. If the primal variable corresponds to a slack starting variable in the dual problem, then its optimal 
value is directly given by the coefficient of the slack variable with changed sign, in the С, row of the optimal dual 
simplex table and vice-versa. 

Rule II. If the primal variable corresponds to an artificial variable in the dual problem, then its optimal 
value is directly given by the coefficient of the artificial variable, with changed sign, in the C, row of the optimal 
dual simplex table, after deleting the constant M and vice-versa. 

On the other hand, if the primal has an unbounded solution, then the dual problem will not have a fea- 
sible solution and vice-versa. 

Now we shall workout two examples to demonstrate the primal dual relationships. 


Example 34.24. Construct the dual of the following problem and solve both the primal und the dual: 
Maximize 8 —2x, + x 


subjectto хук 2x, 52x, 3, S4, x, 5 3, x, x, 2 D. (Rohtak, 2005) 
Solution. Using the primal problem. Since only two vari- Х, 


ables are involved, it is convenient to solve the problem graphi- C(2, 2) 
cally. "iN 

In the x,, x,-plane, the five constraints show that the point 
(хү, x5) lies within the shaded region OABCD of Fig. 34.12. хон 
of the objective function Z = 2х, +х, at these corners are Z(0) = 
Z(A) = 6, В) = 7, Z(C) =6 and Z(D) = 1. Hence the optimal шин 
tion is x, = 3, x, = 1 and max. (Z) = 7. 

Solution. Using the dual problem. The dual problem of the 
given primal 15: 





Fig. 34.12 
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Minimize W = 2y, + 4у, + Зу, 
subject to =Y t Ya t+ Vg 22, 4. +5. l, Yp y, 2 0. 
Step 1. Express the problem in the standard form. 
Introducing the slack and the artificial variables, the dual problem in the standard form is 
Мах. W = — 2y, —4у, — Зу; + 08, + Os, – MA, — MA, 
subject to —y, +55 +5: —8: + 0s, +A, + OA, = 2, 
2у, + у„ + Oy, + 08, —55+ 0A, + А„ = 1 
Step 2. Find an initial busic feasible solution. 
Setting the non-basic variables y,, Ул, Уз, 8,, $5, each equal to zero, we get the initial basic feasible solution 


as 
Yi =Y; = У; = 8, = 5, = 0 (non-basic); A, = 2, А, = 1. (basic) 
Initial simplex table is 
e, -2 -4 -8 0 0 -М -М 
ёр Basis Yi Уг Уз 8, 8, А, А, 8 
-М А, 43 1 1 2 1 0 2 2/1 
-М А, 2 (1) 0 0 ad 0 1 Vie 
2, -М — 2M -М M M -М -М -3M 
C, M-2 2M —4 M-3 -М -М 0 0 
Т 
As C, is positive under some columns, the initial solution is not optimal. 
Step 3. Iterate towards an optimal solution. 
(Г) Introduce у, and drop A,. Then the new simplex table is 
C, – 2 = 4 -8 0 0 -М -М 
Cy Basis Yı Yo Ya 5, 85 A, A, Ь 9 
-М А, =$ 0 (1) -1 -3 1 Vic 
-4 у, 2 1 0 0 = 0 1 1 10 
2, 8М-8 -4 -М M 4-М -М M-å -М-4 
C. 6 — 3M 0 М-8 -М М-4 0 4-2М 









As C; is positive under some columns, this solution is not optimal. 
(ii) Now introduce y, and drop A,. Then the revised simplex table is 


с, -2 -4 - 0 0 -M -M 

Ch Basis 5 Ус Уз 8, 85 A, As b 

-8 Уз -8 0 1 -1 1 1 -1 

-4 Vo 2 1 0 0 -1 0 1 1 
2 1 -4 -8 3 1 -8 -1 -T 
C, -8 0 0 -3 -1 4-М 1-М 


As all С, < 0, the optimal! solution is attained. 
Thus an optimal! solution to the dual problem is 
У =0, у. =1, у; = 1, Min. W =- Max. (W’) = 7, 
To derive the optimal basic feasible solution to the primal problem, we note that the primal variables ху, 
x, correspond to the artificial starting dual variables A,, A, respectively. In the final simplex table of the dual 
problem, C ) corresponding to A,, and A, are 3 and 1 respectively after ignoring M. Thus by rule II, we get opt. 
x, = 3 and opt. x, = 1. 





x, =3,x, = 1; max. й ЕТ. 
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Solution. The dual of the given visités fa 18 i Mix: Wz д9, + буу» 20y, + 18у,, 


subject to У: + Уз + 2у, © 0.7, y, + Зу, + у, 50.5, у, Уо Уз; Уу 20. 
Step 1. Express the problem in the standard form. 
Introducing slack variables, the dual problem in the standard form becomes 
Мах. И = 4y, + бу. + 20у, + 18у, + 05, + 05,, 
subject to у, + Oy, Уул 2y, + 5, + Os, = 0.7, 
Oy, * ys + 2¥g + У, + Os, doa cm 0.5, у,, Yor Уз, У = 0. 
Step 2. Find an initial basic feasible solution. 
Setting non-basic variables уу, Yo Уз, y, each equal to zero, the basic solution is 
У =У5=Уз=у, = 0 (поп-Бавіс); s, = 0.7, s, = 0.5 (basic) 
Since the basic variables s,, s; > 0, the initial basic solution is feasible and non-degenerate. 
Initial simplex table is 


C, E! 6 20 18 0 0 
Cn Basis Уу Ур Уз У; Si 85 b 8 
0 8, 1 0 1 2 1 0 0.7 0.7/1 
0 8, 0 1 (2) 1 0 1 0.5 0.5/2<— 
7, 0 0 0 0 0 0 0 
С, 4 6 20 18 0 0 
T 
As C, is positive in some columns, the initial basic solution is not optimal. 
Step 3. Iterate towards an optimal solution. 
(1) Introduce у, and drop s,. Then the new simplex table is 
Ci 4 6 20 18 0 0 
CR Basis Yı Fo Уз Ja 81 85 b 0 
0 8i 1 - 1/2 0 (3/2) 1 — 1/2 9/20 3/10«— 
20 ys 1/9 1 l 1/2 1/4 1/2 
£, 0 10 20 10 0 10 5 
С, 4 — 4 0 8 0) -10 
T 
As С, is positive under some of the columns, this solution is not optimal. 
(ii) Introduce y, and drop s,. Then the revised simplex table is 
с, 4 6 20 18 0 0 
CB Basis У Уг Уз M4 81 So b 
18 У. 2/3 -1/8 0 1 2/3 -1/8 3/10 
20 Уз - 18 2/3 1 0 - 1/8 2/3 1/10 
А ? 16/3 22/3 20 18 16/3 22/3 74/10 
C — 4/8 0 0 — 16/13 — 22/9 


— 4/3 








As all С, < 0, this table gives the optimal solution. 

Thus the optimal basic feasible solution is y, = 0, y, = 0, y, = 20, y, = 18, тах. W = 7.4 

Step 4, Derive optimal solution to the primal. 

We note that the primal variables x,, x, correspond to the slack starting dual variables s,, 8, respectively. 


In the final simplex table of the dual problem, C; values corresponding to 8, and з, are — 16/3 and — 22/3 
respectively. 


Thus, by rule I, we conclude that opt. x, = 16/3 and opt. x, = 22/3. 
Hence an — basic feasible solution to the given primal is 
= 16/3, x, = 22/3, min. Z = 7.4. 


Obs. To check the — of the Я: лра the student is advised to solve the given L.P.P. directly b; 
simplex method and see thal min. Z = max. W = 





PROBLEMS 34.7 


Using duality solve the following problems (1-4): 






l. Minimize Z= 2x, + Эх, +x | 
sulyect to x, + 4x, + 2x, 26, 9x, +5. 2,7 4 and x,, x; 20. INT. 20 
^. Maximize Z = 2x, + x2, | 
subject. to x; Bx, S10, ay X; бух, 15, $2, ху = 21, S 1,34, Fy 2:0. (Andhra M. Tech., 2008) 
З. Maximize Z = 3x, + 2x,, i ч. 
subject to ЖЕ, + 2x, 2 Пух. 33, em, 2.0. 
4. Maximize Z = х,» 2x4 + Бх, 
subject to Xy + 2x4 + X, < 430, 3x, + 2х, < 460, x, + dx, < 420, ху, 15, x, > D. 


ETEEN (1) DUAL SIMPLEX METHOD 





In $ 34.9, we have seen that a set of basic variables giving a feasible solution can be found by introducing 
artificial variables and using M-method or Two phase method. Using the primal-dual relationships for a prob- 
lem, we have another method (known as Dual simplex method) for finding an initial feasible solution. Whereas 
the regular simplex method starts with a basic feasible (but non-optimal) solution and works towards 
optimality, the dual simplex method starts with a basic unfeasible (but optimal) solution and works towards 
feasibility. The dual simplex method is quite similar to the regular simplex method, the only difference lies in 
the criterion used for selecting the incoming and outgoing variables. In the dual simplex method, we first deter- 
mine the outgoing variable and then the incoming variable while in the case of regular simplex method reverse 
is done. 

(2) Working procedure for dual simplex method : 

Step I. (1) Convert the problem to maximization form, if it is not so. 

(11) Convert (2) type constraints, if any to (€) type by multiplying such constraints by —1. 

(tit) Express the problem in standard form by introducing slack variables. 

Step 2. Find the initial basic solution and express this information in the form of dual simplex table. 

&tep 3. Test the nature of C; = =с,— Z: 

(a) If all C, < 0 and all b, 2 0, then optimal basic feasible solution has been attained. 

(5) If all C. < 0 and at least one 6 < 0, then go to step 4. 

(c) If any С, > 0, the method fails. 

Step 4. Mark the outgoing variable. Select the row that contains the most negative б. This will be the key 
row and the corresponding basic variable is the outgoing variable. 

Step 5. Test the nature of key row elements : 

(a) If all these elements are > 0, the problem does not have a feasible solution. 

(b) If at least one element < 0, find the ratios of the corresponding elements of C -row to these elements. 
Choose the smallest of these ratios. The corresponding column is the key column and the associated variable is 
the incoming variable. 
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Step 6. Iterate towards optimal feasible solution. Make the key element unity. Perform row operations as 
in the regular simplex method and repeat iterations until either an optimal feasible solution is attained or there 
is an indication of non-existence of a feasible solution. 
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Solution. Canasta of the following ера 
Step 1. (i) Convert the first and third constraints into (<) type. These constraints become 
-Хү-Хү(5-1,-3Х,-2Х,5-10. 
(11) Express the problem in standard form 
Introducing slack variables s,, Sa $4, s, the given problem takes the form 
Мах. Z=- Зх – 2х. + Os, + 08, + 05. + Os, 
subject to -xX -X +8, =—1,x%, +x, +s, = T, -xX — 2x, 8, — — 10, 
х„+в, = 8,01, X5, Sir So 84, 8, = 0. 
Step 2. Find the initial basic solution 
Setting the decision variables хү, x, each equal to zero, we get the basic solution 
хр =Х, =0,5, =- 1,5, =7,8, 2 — 10,5, = 3 and Z = 0. 
г. Initial solution is given by the table below : 


C, —48 —2 0 О 0 0 
Cy Basis. xi х, 8, 8, 8, 8, b 
0 8, -1 -1 1 0 0 0 -1 
0 8, 1 1 0 1 0 0 7 
0 53 -1 (- 2) 0 0 1 0 — 10 — 
0 8, 0 1 0 0 0 1 3 
Z, = Yega,, 0 0 0 0 0 0 0 
С, =t 2, —8 -2 0 0 0 0 
Т 
Step 3. Test nature of С, 
Since all C, values are < 0 and b, = — 1, b, = - 10, the initial solution is optimal but infeasible. We 


therefore, proceed. further. 

Step 4. Mark the outgoing vartable. 

Since b, is negative and numerically largest, the third row is the key row and s, is the outgoing variable. 

Step 5. Calculate ratios of elements in C -гош to the corresponding negative elements of the key row. 

These ratios are — 3/— 1 = 3, – 2/— 2 = 1 (neglecting ratios corresponding to +ve or zero elements of key row). 
Since the smaller ratio is 1, therefore, x,-column is the key column and (— 2) is the key element. 

Step 6. Iterate towards optimal feasible solution, 

(0) Drop s, and introduce x, alongwith its associated value — 2 under с. column. Convert the key element to 
unity and make all other elements of the key column zero. Then the second solution is given by the table below : 


с; = 8 = 8 0 0 0 ü 
Ch Basts хү Хо 81 By За 54 5 
0 5i -4 0 1 0 -$ 0 4 
0 1 | 1 A 
-2 х, 1 1 0 0 -$ 0 5 
0 5, (4) 0 0 0 i 1 -84- 
Z, = Уса, -1 -2 0 0 1 0 -10 
C, -c;-Z, -2 0 0 0 -1 0 





Since all C, values are < 0 and b, = - 2, this solution is optimal but infeasible. We therefore proceed 
further. 


(i1) Mark the outgoing variable. 
Since b, is negative, the fourth row is the key row and s, is the outgoing variable. 
(iii) Calculate ratios of elements in C ‘row to the corresponding negative elements of the key row. 


This ratios is — 2/ - l = 4 (neglecting other ratios corresponding to + ve or 0 elements of key row). 


^ 
x,-column is the key column and (-2) 3 is the key element. 


(iv) Drop в, and introduce x, with its associated value — 3 under the cp column. Convert the key element to 
unity and make all other elements of the key column zero. Then the third solution is given by the table below : 


Ci — 4 —? 1 0 ü Ü 
Cn Basis Xi X 8, 8, 84 5, b 
0 8i 0 ü 1 0 -1 -1 6 
0 S3 0 ü 0 1 1 1 0 
= х, 0 1 0 0 1 3 
-9 хү 1 0 0 0 - 10 -2 4 
2 -3 -2 0 0 d 4 — 18 
C 0 1 0 0 —8 -4 


Since all С, values are < 0 and all 6’; are > 0, therefore this solution is optimal and feasible. Thus the 
optimal solution P = Sug = 3 and Z „„=- 18. 





F 
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Solution. Consists of the following steps : 
Step 1. (1) Convert the given problem to maximization form by writing 
Maximize Z’ = — 2x, — 2x, —4х., 
(it) Convert the first constraint into (€) type. Thus it is equivalent to 
— 2x, —dx, -4х. 5-2 
(iti) Express the problem in standard form. 
Introducing slack variables, £}, s,, 53, the given problem becomes 
Мах. 2 =- 2x, — 2x, — 4x, + Os, + 05, + Os, 
subject to — 2x, — dx, — Sx, +в, + 05, + Os, 2 — 2, 
3x, +х. + 7x4 + Os, + $. + Os, = З, 
x, 4x, + бх, + Os, + 05, + 8, = 5, 
Xie Хээ Xa, Бү, 95, 84 2 U. 
Step 2. Find the initial basic solution. 
Setting the decision variables X4, хо, x4 each equal to zero, we get the basic solution 
X17X4,-7x4,-20,85,72—2,8,- 3, 53 = 5 and Z’ = 0. 
Initial solution is given by the table below : 


C -2 — 2 — 4 0 


| 0 0 
1 
Cp Basis X, Xo Xa 8, 85 54 b 
0 8, -2 (— 3) -5 1 0 0 – 2 4 
0 ғ, 3 1 7 0 1 0 3 
0 83 1 4 6 ü 0 1 5 
2, g 0 ü О 0 О 0 
С – 2 _2 -4 0 0 0 
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Step 3. Test nature of С, 

Since all C, values are < 0 and 5, = — 2, the initial solution is optimal but infeasible. 

Step 4. Mark the outgoing variable. 

since b, < 0, the first row is the key row and s, is the outgoing variable. 

Step 5. Calculate the ratio of elements of Crow to the corresponding negative elements of the key row. 

These ratios are — 2/- 2 = 1, 2/4- 3 = 0.67, — 4/— 5 = 0.8. 

Since 0.67 is the smallest ratio, x,-column is the key column and (~ 3) is the key element. 

Step 6. Iterate towards optimal feasible solution. 

Drop s, and introduce x, with its associated value — 2 under c, column. Then the revised dual simplex 
table is 


i -9 -9 =~ № 0 0 


1 
Cn Basis X Xs х. 81 Sy Sa b 
-2 хо 2/3 1 bia - 1/3 0 0 2/3 
0 85 7/3 О 16/3 1/3 1 0 7/3 
S4 — Б/В 0 — 2/8 4/3 0 1 ТЗ 
4 — 4/3 -2 - 10/3 2/3 1 0 — 4/3 
С, — 9/9 0) — 2/3 — 2/8 О 0 


Since all C, < 0 and all b/'s are > 0, this solution is optimal and feasible. Thus the optimal solution is 
x, = 0, x, = 2/3, x, = О and max. Z' = - 4/3 i.e., min. Z = 4/3. 





PROBLEMS 34.8. 


Using dual simplex method, solve the following problems : 


1. Maximize Z = – 3x] —х, 


subject to *x,9X,21,2x, 43x,2 2; *,,x, 7 0. 
2. Minimize Z = 2х, + x,, 

subject to Jr. +x, 23, 4x, + 315 7 6, x, + 2x, $ 3, x,, r4 7 0. (Kurukshetra, 2007 8) 
3. Minimize Z =x, + 2x, + 3x,, 

subject to 2x, x, 347 4,4; X, ав, xy 2 2; X4, 15, x4 2 0. 
4. Minimize Z =x, + 2x, tx, + 4x, 

subject to 24, + 4x. + bx, ёх,2 10, 3x, —x, + Tx, — 2x, 2 2 


Bx, + 2x, +x, + бх, > 15, x,, x5, X4, X, > 0. 





| ENSEM (1) TRANSPORTATION PROBLEM 


This is a special class of linear programming problems in which the objective is to transport a single 
commodity from various origins to different destinations at a minimum cost. 

(2) Formulation of a transportation problem. There are m plant locations (origins) and n distribution 
centres (destinations). The production capacity of the ith plant is a, and the number of units required at the jth 
destination is b, The transportation cost of one unit from the ith plant to the jth destination is c,. Our objective is 
to determine the number of units to be transported from the ith plant to jth destination so that the total transpor- 
tation cost ts minimum. 

Let x,, be the number of units shipped from ith plant to jth destination, then the general transportation 
problem is : 


т n 
Minimize 4 = Ушу, бу Хү 


1-1/-1 





subject to the constraints 
X4 Xo. +X, =G, for ith origin (i = 1, 2, ... m) 
Ky + Xap +. Хул bi, for jth destination (j = 1, 2, ... п) 
Хүүг 0. 

Def. 1. The two sets of constraints will be consistent if 


"m n 
zx а= ), b; 
(-1 j=l 
which is the condition for a transportation problem to have a feasible solution. Problems satisfying this condi- 
tion are called balanced transportation problems. 

2. A feasible solution to a transportation problem is said to be a basic feasible solution if it contains at the 
most (m + n — 1) strictly positive allocations, otherwise the solution will degenerate. If the total number of 
positive (non-zero) allocations is exactly (m +n — 1), then the basic feasible solution is said to be non-degenerate. 

3. A feasible solution which minimizes the transportation cost is called an optimal solution. This problem 
is explicitly represented in the following transportation table : 


Distribution centres (Destinations) 


Plants 
(origins) 











Demand 





The mn squares are called celis. The per unit cost c.. of transporting from the ith origin to the jth destina- 
tion is displayed in the lower right side of the (i, jth cell. Any feasible solution is shown in the table by entering 
the value of x., in the small square at the upper left side of the (i, ЛЕЙ cell. The various a's and b's are called rim 
requirements. "The feasibility of a solution can be verified by summing the values of Xij along the rows and down 
the columns. 


WORKING PROCEDURE FOR TRANSPORTATION PROBLEMS 





Step 1. Construct transportation table. Express the supply from the origins a,, demand at destinations b, 
and the unit shipping cost с, in the form of a matrix, know as transportation table. Ifthe supply and demand are 
equal, the problem is balanced. 

Step 2. Find the initial basic feasible solution. We find an initial allocation which satisfies the demand at 
each project site without violating the capacities of the plants (origins) and also meeting the non-negativity 





restrictions. There are several methods for initial allocations e.g., North-West corner rule, Row minima method, 
Least cost method, Vogel's approximation method. The Vogel's approximation method (VAM) takes into account 
not only the least cost с. but also the costs that just exceed the least cost с, and therefore yields a better initial 
solution than obtained from other methods. As such we shall confine ourselves to VAM only which consists of the 
following steps : 

(1) Display the difference between the least and the next to least costs in each row, by enclosing them in 
brackets to the right of the row. Similarly display the differences for each column within brackets 
below that column. 

(11) Identify the row or column with the largest difference among all the rows and columns and allocate as 

much as possible under the rim requirements, to the lowest cost cell in that row or column. In case of 
a tie allocate to the cell associated with the lower cost. 

If the greatest difference corresponds to ith row and с,, is the lowest cost in the ith row, allocate as 
much as possible i.e., min (а,, b.) in the (i, th cell and cross off the ith row or the jth column. 

(11) Recalculate the row and column differences for the reduced table and go to the previous step. 

(iv) Repeat the procedure till all the rim requirements are satisfied. Note the solution in the upper left 
corner small squares of the basic cells. 

Step 3. Apply optimality check 

In the above solution, the number of allocations must be ‘m + n — Г, otherwise the basic solution 
degenerates. 

Now to test for optimality, we apply the modified distribution (MODI) method and examine each unoccu- 
pied cell to determine whether making an allocation in it reduces the total transportation cost and then repeat 
this procedure until lowest possible transportation cost is obtained. This method consists of the following 
steps: 

(i) Note the numbers u, along the left and v, along the top of the cost matrix such that their sums equal to 

the original costs of occupied cells i.e., solve the equations [u, + v = 6, 7 starting initially with some 
и, Е 0. 

(ii) Compute the net evaluations w, = и, + v, — с, for all the empty cells and enter them in upper right hand 

corners of the corresponding cells. 

(iit) Examine the sign of each w,» If all ш, < 0, then the current basic feasible solution 1s optimal. If even 
one w, > 0, this solution is not optimal and we proceed further. 

Step 4. Iterate towards optimal solution 

(i) Choose the unoccupied cell with the largest w,; and mark Ө in it. 

(ii) Draw a closed path consisting of horizontal and vertical lines beginning and ending at 0-cell and 

having its other corners at the allocated cells. 

(11) Add and subtract 8 alternately to and from the transition cells of the loop subject to rim 
requirements. Assign a maximum value to Ө во that one basic variable becomes zero and the other 
basic variables remain non-negative. Now the basic cell whose allocation has been reduced to zero 
leaves the basis. 

Step 5. Return to step З and repeat the process until an optimal basic feasible solution is obtained. 


Example 84:28. Solve the following transpórtation problem : 


Destination 
A В C D 


Source ug Avatiability 
Ш 


Requirement 





Solution. Consists of the following steps : 
Step 1. Transportation table. Here the total availability and the total requirement being the same i.e. 43, 
the problem is balanced. 





Step 2. Find the initial basic feasible solution. Following VAM, the differences between the smallest and 
next to the smallest costs in each row and each column are computed and displayed within brackets against the 
respective rows and columns (Table 1). The largest of these differences is (10) which is associated with the fourth 
column. 





Table 1 Table 2 + 





(15) (8) (4) (18) 





6 10 12 15 
(4) (2) (4) (10) 


Since Сү, (= 13) is the minimum cost, we allocate XQ, = min (11, 15) = 11. This exhausts the availability of 
first row and therefore we cross it. 


Table 3 2 Table 4 Table 5 


rj 12 - 





6 10 — 12 
(15) (9) (4) 





The row and column differences are now computed for reduced table 2 and displayed within brackets. The 
largest of these is (18) which is against the fourth column. Since сү, (= 23) is the minimum cost, we allocate 
ху = min (13, 4) = 4. 

This exhausts the availability of fourth column which we cross off. Proceeding in this way, the subsequent 
reduced transportation tables and differences for the remaining rows and columns are shown in Tables 3, 4 
and 5. 

Finally the initial basic feasible solution is as shown in Table 6. 


Table 6 Table 7 





Step 3. Apply optimality check 
As the number of allocations = m + n — 1 (i.e., 6), we can apply MODI method. 
(1) We have u, + v, = 17, lg + Vg = 18, и + v, = 27 
из +0. = 18, и +0, = 13, lig +1, = 23 
Let u, = 0, then v, = 17, v, = 18, u, = 9, из = 9,0, = 23, ц = - 10. 
(и) Net evaluations ш, y? (ш, + vj) — Ci; for all empty cells are 
U-7-—14,w,,2—8,w0,,2—26,0,,- — 5, Wo, =—6, we, =-—9. 
(iii) Since all the net evaluations are negative, the current solution is optimal. Hence the optimal 
allocation is given by 
Хү, ll, x4 = 6, хо = 3, X94 = 4, Хао = 7 and X44 = 12. 
The optimal (minimum) transportation cost 
шр11х1384-6х17-3х18-4х23-7х217-12х 18 =$ 796. 


Example 34,29. A company has three cement factories located in cities 1, 2, 3 which supply cement to 
four projects located in towns 1,2, 3, 4. Each plant can supply 6, 1, 10 truck loads of cement daily respectively 
and the daily cement requirements of the projects are respectively 7, 5, 3, 2 truck loads. The transportation 
costs per truck load of cement (in hundreds. of rupees) from each plant to each project site ¢ are as follows: 


Project sites 





Determine the optimal distribution for the company so as to minimize the total transportation cost. 


Solution. Consists of the following steps : 

Step 1. Construct transportation table. Express the supply from the factories, demands at sites and the 
unit shipping cost in the form of the following transportation table (Table 1). Here the supply being equal to the 
demand, the problem is balanced. 





Table 1 
Project sites 
1 2 3 4 Supply 
| 6 
Factories 2 1 
3 10 
Demand T 5 8 2 17 


Step 2. Find the initial basic feusible solution. 
Using VAM, the initial basic feasible solution is as shown in Table 2. The transportation cost according to 
this route is given by 
фёф-4(1х245х3-1х146х544х1541х9)їтесв 100 = € 10,200. 
Step 3. Apply optimality check. 
As the numbers of allocations = (m + n — 1) i.e., 6, we can apply MODI method. 


We now compute the net evaluations ш, = (u; + v.) — с, which are exhibited in Table 3. Since the net 
evaluations in two cells are positive, a better solution can be found. 


Table 2 Table 3 





Step 4. Iterate towards optimal solution. 

First iteration : 

(a) Next basic feasible solution. 

(i) Choose the unoccupied cell with the maximum w,,. In case of a tie, select the one with lower original 
cost. In Table 3, cells (1, 3) and (2, 3) each have w, = 1 and out of these all (2, 3) has lower original cost 6, 
therefore we take this as the next basic cell and note Ө in it. 

(ii) Draw a closed path beginning and ending at 0-cell. Add and subtract Ө, alternately to and from the 
transition cells of the loop subject the rim requirements. Assign a maximum value to 0 so that one basic variable 
becomes zero and the other basic variables remain > 0. Now the basic cell whose allocation has been reduced to 
zero leaves the basis. This gives the second basic feasible solution (Table 5). 






Table 4 


Total transportation cost of this revised solution. 
=* (1х 2+5х3+ 1 хб+бх Б+2х 15 + 2 х 9) times 100 =® 10,100. 
(b) Optimality check. Ав the number of allocations in table 5 = m + n — 1 (i.e., 6), we can apply MODI 
method. We compute the net evaluations which are shown in Table 6. Since the cell (1, 3) has a positive value, 
the second basic feasible solution is not optimal. 


Table 6 Table 7 





Second iteration : 
(a) Next basic feasible solution. In the second basic feasible solution introduce the cell (1, 3) taking 8 -1 
and drop the cell (1, 1) giving Table 7. Thus we obtain the third basic feasible solution (Table 8). 


Table 8 | ТаЫе 9 





(b) Optimality Check. As the number of allocations in Table 8 =т+т-1С.е., 6), we can apply MODI 
method. 
We compute the net evaluations which are shown in Table 9. Since all the net evaluations are < 0, this 
basic feasible solution is optimal. 
Thus the optimal transportation policy is as shown in Table 9 and the optimal transportation cost 
-4(/5х3-1х114-1х6-17х5-41х15-42х91їїтєв 100 =$ 10,000. 


TE DEGENERACY IN TRANSPORTATION PROBLEMS 





When the number of busie cells in а non-transportation table, is less than ‘m + п — Г the basic solution 
degenerates. To remove the degeneracy, we assign a small positive value = to as many zero-valued variables as 
may be necessary to complete п + n — 1' basic variables. The cells containing € are then treated like other basic 
cells and the problem is solved in the usual way. The e's are kept till the optimum solution is attained. Then we 
let each € — 0. 





Solution. Consists of the following steps : 
_ Step 1. Transporation table. The total supply and total demand being equal, the transportation problem is 

balanced. 

Step 2. Find the initial basic feasible solution. 

Using VAM, the initial basic feasible solution is as shown in Table 1. 

Step 3. Apply optimality check. Since the number of basic cells is 8 which is less than m + n — 1 = 9, the 
basic solution degenerates. In order to complete the basis and thereby remove degeneracy, we require only one 
more positive basic variable. We select the variable x„, and allocate a small positive quantity ғ to the cell (2, 3). 





4 4 6б-Е-6 2 4 2 + 
We now compute the net evaluations ш, = (ш, + 0) — с, which are exhibited in Table 2. Since all the net 
evaluations are < 0, the current solutions is optimal. Hence ‘the optimal allocation is 
3 = 5, Хо = 4,х = 2,5. = 1, Xag = 1, x,,- 3, х, = 2 and x,, = 4. 
tthe x can (optimal) transportation cost 
-Эх9-4х3-эЕх74-2х541х6-1х9-43х6-2х2-4х2 
= 112+ 7e = * 112 as ғ — 0. 


Table 2 





| р 
2. Solve the аш transportation problem: 


b LT 
i wY ї Ч 4 | 
4 Ч ы ге 
А € Е чы =. ве. 
Су. кә фа 1 GN C давс. 
де | шэн Мж. „| is 
_ 1 


ч Ч 24 


ties per day тус daily requirement in sorties over ich 
maximizes the total tonnage over all 


4 RPS МЕ; 
oT i 


„Е, "s which = : к) bu га! — at (л үү and и, Weekly factory capacities, weekly 
unit shipping cost: а in ru "a Gre nase follows | | л 


Determine the КАЛАЧ КО don for this company to minimize АННЫ costs. 
| n of ita п units s from paa to four. distribution centres. The sv 


5. A company is spending € 1,000 on tra no 
and demand of units, with unit eost перо on 








6. А departmental store wishes to stock the following quantities of à popular product in three types of containers : 


Container Буре. : - 1 2 d 

Quantity : 170 200 180 

Tenders are submitted by four dealers who undertake to supply not more than the quantities shown below : 
Dealer ; 1 2 a 4 | 

Quantity 3 150 160 110 130 


The store estimates that profit per unit will vary with the dealer as shown below’: 






Dealers = 
Container type 


d 


Find the maximum profit of the store. 
7. Obtain an optimum basic feasible solution to the following transportation problem : 





To + 
3 4 | 2 
From : 1 3 ч Available 
3 4 6 b 3 
4 1 5 10. 
Demand 


В. A company has three plants at locations A, В and C which supply to warehouses located as D; Е, F, G and Н. 
‘Monthly plant capacities are 800, 500 and 900 units respectively. Monthly warehouse requirements are 400, 400, 
500, 400 and 800 units respectively. Unit transportation costs in rupees are given below : 





To 
D E F G H 
A 5 8 6 MW 
From B 4 7 6 6- 
C 8 4 б 6 8 x 


Determine an optimum distribution for the company in order to minimize the total transportation cost. 





(1) ASSIGNMENT PROBLEM 


An assignment problem is a special type of transportation problem in which the objective is to assign a 
number of origins to an equal number of destinations at a minimum cost (or maximum profit). 

(2) Formulation of an assignment problem. There are n new machines M, (i = 1, 2, ... n) which are to 
be installed in a machine shop. There are n vacant spaces S, (J = 1, 2, ... n) available. The cost of installing the 
machine М, at space 5, 15 с; rupees. Let us formulate the problem of assigning machines to spaces so as to 
minimize the overall cost. — 

Let Xij be the assignment of machine M, to space 8, i.e., let Xij be a variable such that 
1, if ith machine is installed at jth space 
5971 0, otherwise 
Since one machine can only be installed at each space, we have 
Xa Xa = +%, = 1, for machine M, (i= 1, 2,... n) 
Хүж хо, + X= 1, for space S, Grab 2 m 





п л 
Also the total installation cost is У у. Cj X. 
i=l j=l 





Thus the assigninent problem can be stated as follows : 
Determine x;2 0(/= 1, 2, ... n) so as to 
minimize 2 = 2. » Ci Xi 


i=l j=1 


n n 
subject to the constraints 9 x, -1,/-1,2,.. n and 9 x, 21,12 1,2,... n. 
i-1 j=l 
This problem is explicitly represented by the following n x n cost matrix : 


Spaces 


Machines M, 








ЕК ЕЙ WORKING PROCEDURE TO SOLVE AN ASSIGNMENT PROBLEM 





Step 1. Reduce the matrix. Subtract the smallest element of each row (of the given cost matrix) from all 
elements of that row. See if each row contains at least one zero. If not, subtract the smallest element of each 
column (not containing zero) from all the elements of that column. This gives the reduced matrix. 

Step 2. Assign the zeros 

(a) Examine rows (of the reduced matrix) successively until a row with exactly one unmarked zero is 
found. Make an assignment to this single zero by encircling it. Cross all other zeros in the column of this en- 
circled zero, as these will not be considered for any future assignment. Continue in this way until all the rows 
have been examined. 

(6) Now examine columns successively until a column with exactly one unmarked zero is found. Encircle 
this zero and make an assignment there. Then cross any other zero in its row. Continue in this way until all the 
columns have been examined. 

In case, some rows or columns contain mor than one unmarked zeros, encircle any unmarked zero arbi- 
trarily and cross all other zeros in its row or column. Proceed in this way, till no zero is left unmarked. 

Step 3. Apply optimality check. 

Repeat step 2 (a) and (b) until one of the following occurs : 

(i) If no row ог no column is without assignment (encircled zero), then the current assignment is optimal. 

(ii) If there is some row and/or column without an assignment, then the current assignment is not optimal 
and we go to next step. 

Step 4. Find minimum number of lines crossing all zeros. 

(a) Tick (v) the rows which do not have assignments. 

(b) Tick (Y) the columns (not already marked) which have zeros in the ticked row. 

(c) Tick (У ) the rows (not already marked) which have assignments in ticked columns. 

Repeat (5) and (c) until no more marking is required. 

(d) Draw lines through all unticked rows and ticked columns. If the number of these lines is equal to the 
order of the matrix then it is an optimal solution otherwise not. 


NEAR PROGRAMMING 


Step 5. Iterate towards optimal solution. 

Select the smallest element and subtract it from all uncovered elements. Add this smallest element to 
every element lying at the intersection of two lines. The resulting matrix is the second basic feasible solution. 

Step 6. Go to step 2 and repeat the procedure until the optimal solution is attained. 


Example 34.31. Four jobs are to be done on four different machines, The cost (in rupees) of producing it hy 
job on the jth machine is given below : 


Machines 
M, м, М, M, 
Ч, 5 
Jy 
Jobs 4, 
Ч, 





Assign the jobs to different machines so as to minimize the total cost. 


Solution. Consists of the following steps : 

Step 1. Reduce the matrix. Subtract the smallest element 11 of row 1 from all its elements. Similarly 
subtract 12, 10 and 11 from rows 2, 3 and 4 respectively. The resulting matrix is as shown in Table 1. Columns 
1 and 4 do not have any zero element. Subtract the smallest element 4 of Col. 1 from all its elements and element 
1 from all elements of Col. 4. The reduced matrix is as given in Table 1. 


Table 1 Table 2 





Step 2. Assign the zeros. Row 4 has a single unmarked zero in Col. 3. Encircle it and cross all other zeros 
in Col. 3. Row 3 has a single unmarked zero in Col. 1. Encircle it and cross the other zero in col. 1. Row 1 has a 
single unmarked zero in Col. 2. Encircle it and cross the other zero in Col. 2. Finally row 2 has a single unmarked 
zero in Col. 4. Encircle it (Table 2). 

Step 3. Apply optimality check. Since we have one encircled zero in each row and in each column, this gives 
the optimal solution. 

The optimal assignment policy is 

dob 1 to machine 2, Job 2 to machine 4, Job 3 to machine 1, Job 4 to machine 3, 
and the minimum assignment cost = $ (11+ 13 + 14 + 11) = Ў 49. 

Example 34.32. А marketing manager has 5 salesmen and 5 sales districts: Considering the capabilities 


of the salesmen and the nature of districts, the marketing manager estimates that sales per month (in hundred 
rupees) for each salesman in each district would be as follows : 


Sales districts 
A B C D Е 


Salesman 





gi m C) BS = 


Find the assignment of salesmen to districts that will result in maximum. sales. (Madras, 2000) 
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Solution. Consists of the following steps : 

Step 1. Reduce the matrix. Convert the given maximization problem into a minimization problem, by 
making all the profits negative, since max. Z = min. ( ~ 2). Then subtract the smallest element of each row from 
the elements of that row. Now subtract the smallest element of each col. (not containing zero) from the elements 
af that column. This gives the reduced matrix (Table 1). 


Table 1 Table 2 





Step 9, Assign the zeros. Rows 2 and 3 have each a single unmarked zero in Col. 1. Encircle these. Columns 
2 and 5 have each a single unmarked zero in row 1. Encircle these and cross the zero in row 1. Columns З and 4 
have each unmarked zeros, Encircle the zeros in each of the rows 4 and 5 as shown in Table 1 and cross other 
Zeros. 

Step 3. Apply optimality check. As col. 4 is without assignment, this solution is not optimal. Therefore we 
go to next step. 

Step 4. Find minimum number of lines crossing all zeros. Draw the least number of horizontal and vertical 
(dotted) lines which cover all the zeros. Since there are four dotted lines which are less than the order of the cost 
matrix (= 5), we got to step 5. ` 

Step 5. [terate towards optimal solution. Select the smallest element in the Table 1, not covered by the 
dotted lines. Such an element is 4 which lies at two different positions. Selecting the elements that lies at 
position (3, 5) arbitrarily, subtract it from all the uncovered elements of the cost matrix (Table 1) and add the 
same to the elements lying at the intersection of two dotted lines. Now draw more minimum number of dotted 
lines so as to cover the new zero. Here we draw such a line in Col. 5 (Table 2). 


Table 3 





Now, since the number of dotted lines is equal to the order for the cost matrix, the optimal solution is 
attained. 

Finally, to determine this optimal assignment, we consider only the zero elements (Table 8): 

(1) Examine successively the rows with exactly one zero. There is no such row. 

(1) Examine successively the columns with exactly one zero. Col. 2 has one zero, encircle it and cross all 
zeros of row 1. | 

(111) Encircle arbitrarily the zero in position (2, 1) and cross all zeros in row 2 and Col. 1. Then encircle the 
unmarked zero in row 3. Now encircle arbitrarily the zero in position (4, 3) and cross all zeros in row 4 and Col. 
3. Finally encircle the remaining unmarked zero in row 5. 

Now each row and each column has one encircled zero, therefore the optimal assignment policy is : 

Salesman 1 to district B, 2 to A, 3 to E, 4 to C and 5 to D. 

Hence the maximum sales = (38 + 40 + 37 + 41 + 35) x 100 = € 19,100. 


PROBLEMS 34.10 


1. А firm plans to begin: T ate of three new produets.on its three plants. The unit cast of producing 1 at lant ji is: 
as given below. Find the assignment that minimizes the total unit cost. 


Plant 


. A machine tool company decides to ie our русата а гагат four т а Each contractor is: to 
receive only опе sub-assembly. The cost of each sub-assembly is determined by the bids submitted by each 
contractor and is shown in table below (in hundreds of rupees). Assign different assemblies to contractors 50 ав to 
minimize the tatal cost. 


Sub-assembly 


‚ Four professors are each capable of teaching any one sof the four different courses, Class гэгчийн time in 
hours for different topics varies from professor to professor and is given in the table below. Each professor is 
assigned only one course. Find the assignment POPE schedule. во as to minimize the total course preparation 
time for an courses. | 


Булаг 
Programming | 


5. Consider the TAS of assigning ym кейнде d labour units to ЛА jobs. The Nec costs in thousands of 
| Inees are diveh by the following maten | 


Find the optimal assignment. 

6. À compa ny has six jübs to be processed. by six mechanics. The following table gives the return in. rupees when the ith 
job is assigned to the jth mechanic. How should the jobs be assigned to the mechanics so as to maximize the over all 
return 7 
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INTRODUCTION 


The calculus of variations is a powerful technique for the solution of problems in dynamics of rigid bodies, 
optimization of orbits and vibration problems. The subject primarily concerns with finding maximum or mini- 
mum value of a definite integral involving a certain function. It is something beyond findi ng stationary values of 
a given function, Only an elementary exposition of the subject is given here with the sole aim of introducing the 
student to a topic whose importance is fast growing in science and engineering. 

Before proceeding further, the student should revise § 5.12 concerning maxima and minima of functions 
of several variables. 


FUNCTIONALS | 


Consider the problem of finding a curve through two points (x,, y,) and Y 
(x, Уу) whose length is a minimum (Fig. 35.1). It is same as — BÀ the | 








curve у = у(х) for which у(х) = уу, У(Х) = y, such that | 


In general terms, we wish to find the curve у = у(х) where y(x,) = y, and 
y(x) = y, such that for a given function fix, y, y^) (5 
Аб, У j) 





[7 fix, у, 9") dx is a stationery value ог an extremum. I) 
Ti 


An integral such as (1), which assumes a definite value for functions of Fig. 35.1 
the type y 2 y(x) is called a functional. 

In differential calculus, we deal with the problems of maxima and minima of functions. The calculus of 
variations is however, concerned with maximizing or minimizing functionals. 





EULER'S EQUATION 


A necessary condition for 


Is [" f(x, y, y) dx to be an extremum is that 
T 
ал | 
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of d EJ -0 
dy dx \ dy’ 
This is called Euler's equation. 
Proof. Let y = у(х) be the curve joining points A(x,, у), B(x,, y,) which makes Г an extremum. Let 


y = у(х) + &n(x) (1) 
be a neighbouring curve joining these points so that at A, n(x,) = 0 and at B, n(x,) = 0. (2) 


The value of J along (1) is J = E fix, у(х) + £n(x), у(х) + ЕП (x)] dx 
! 


This being a function of є, is a maximum or minimum for ғ = 0, when 


ar =Oate=0 ...(3) 
de 
Differentiating 7 under the integral sign by Leibnitz's rule (р. 139), we have 
Әг де, oF ду, wf 23 ах (4) 
de ax Ви. ду ж” ду ОЕ | 
But ғ being independent of x, P = 0. Also from (1), Е = n(x) and = тү (x). 
wikis | UY Qu АГ _ f af 
Substituting these values in (4), we get = E т(х) + —— oy L— 1 ule 


Integrating the second term on the right by parts, we have 








dl f of d (of 
ten [ted in 
арг = 
= [| 3) nix) dx [By (2)] 
Since this has to be zero by (3), 
а (2) =0 A) 
ду dx \ dy’ 
which is the desired Euler's equation. 
Obs. 1. Other forms of Euler's equation. 
(a) Since fis a function of x, y, у’, we have MA ж 
“у, (Б) 
"t 5) y M y" | (5) 
| af f|, of ^ 6 
- f eii. : 
dí 4 а, „4 Y 
Subtracting (6) from (5), we get холо б A Su o» у-у = E 
afp 23) ar.,]ar 4191. By (DI 
or 2(r-x£)-E-- SE] «о Ву (D) 
: gi... x 
Hence rau y£) А UT) 
which is another form of (I). 
(5) Again since T is also a funetion of x, y, y, Say: Vix, y, у). 











- i). 2 (x) ys 7077-8, OF ку Ot, yw OF 


ax lay) wlay Фу ау at 
Substituting this in (Т), we get of Sf -У--г- тл E y: 2t = (V.T-U., 2001) ...(HT) 


ду y ^y ^ ay! 
which is an extended form of (Т). | 
Obs. 2. The above problem can easily be extended to the integral 


у Л Fix, Vie Fo нэн Ул» J ур +, Yn) dx 
involving n functions уу, y, ... У, of x. Then the necessary condition for this integral to be stationary is 


xa W | 20, i-1,2,..n UV) 


These are Euler's equations for the n functions, 


SOLUTIONS OF EULER'S EQUATION 




















Every solution of the Euler's equation which satisfies the boundary conditions, 18 called ап extremal or а 
stationary function of the problem. The extremal can easily be obtained in the following cases : 
(1) When f is independent of x 


We have of/óx = 0 and Euler's equation (7) above becomes Н | Г-у 8 = 0 


Integrating, we get f — у’ x = constant. This directly gives a solution of Euler's equation. 
(2) When f is independent of y 


We have 9//9у = 0 and Euler's equation (J) reduces to T [э] = 0 


Integrating = = constant which gives a solution directly. 
(3) When f is independent of y'. 
We have 9д/7ду” = 0 and the equation (J) becomes x = 0 which gives the desired solution. 


(4) When f is — of x and y 








We have Ч = UU за -0 and 
“ду 
Then the equation (JI) above becomes y" чё = {}, 


p? x # 0, it reduces to у” = 0 which gives a solution of the form у = ax +6. 


Example 35.1. Find the extremals of the functional |" у? 1x) ах. (УТ, 2008) 


Solution. We have f = y'?/x? which is independent of y i.e., df/dy = 0. 


d(MY а (оү у-у. 4, aa 
n 2 (2)-2(8)-s f ае 


А | d [ af 
Euler's equation reduces to -0 
ers eg Ion reduces zu | 


d x g | 
Le., — (ху”-8у)-0 or уу = З/х 
x 








Integrating both sides, | E dy = 3 [= +loge 
| x 


Le, Іов у’ =3logx+loge or у’ = сх? 









Непсе у = сх4 e c' or у= сух + с, 
This is the required extremal. 








Ач у MM | 
g | АЁ. ши = | 9 "m 17 
"n А кг," т MEE 


Solution. Let A(x,, y,) and B(x,, у,) be the given points and s the arc length of a curve connecting them 


(Fig. 35.2). Then 
s= [а = ү (1+ y?) dx 
Now s will be minimum if it satisfies Euler's equation 
HF 
Here f= J(14 у?) which is independent of y i.e., дру = 0 КИ 


а E = . wd] y гэрт 
2 [2.5775] «o «81-34 3 
dx (ду : dx uis Fig. 35.2 


On integration, we have у7 (1+ y^) = constant у’ = constant, m say. 
Integrating, we get y 2 mx c, which is a straight line, the constants m and c are determined from the fact 
that the straight line passes through A and B. 


ГЭ 
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" KR 428. р ! | LI m аё. "X. ЖЫ e | 2 то ll С) r3 i ш * Ж, r Үр $ il 4 
"hk L |o Jd ви“ Т ТРЕ — | =. paw | " Са 7 = Ta = PF | m Ч ‚ч n (8: H L 1 ! тт F] E 

"M і ga г г f Ч Р J ЧГ Т КТ Frit к TF + 7 ya к FERS 1: RRE К ТҮ 









"Borm n CEPR, 


Solution. In Fig. 35.3, the surface area = E 2ny ds 
= 2n | “уү(1 y^) dx. This has to be minimum. 
1 


Since f -уу/1--у2) is independent of x, therefore, Euler’s Y 
equation reduces to 


f xi = constant, c : say [By 5 35.4 (1)] 
y уа + у?) «vasi (1+ У) =@ 
б yy y*)-y s (1+ y?y ме. 2 ze 


| dy y - c^) 
or ya ey?) =e or у= = 


Separating the variables and integrating, we have 








y _x+a 
с 


d dx , Ev 
acu d or cosh- (2 


à + 
Le, у = с cosh | 3 
С 


which is a catenary. The constants a and с are determined from the points (x,, y,) and (х,, yp). 












Васе, Let the захиаг шан sliding: on ies curve e OP, ањ о 
with zero velocity (Fig. 35.4). At time f, let the particle be Р(х, y) such 
that arc ОР =s. 

By the principle of work and energy, we have 

КЕ, at Р- К.Е. at О = Work done in moving the particle from О 





to P. 
P 10}, >) 
1 (ў | Y 
от E – 0 = тву Fig. 35.4 
ог 48/4 = J(2gy) At) 


Thus the time taken by the particle to move from O to P, is 


” [ a- $ Pr 185 жа ва is 


[1 + у? )/ y] is independent of x. 
_ и. Euler's equation reduces to f — у’ df/dy’ = constant, c : say 















is, ра [Var] ос Varo y u 
Фу || уу oy Е Xl 
or JLyG + y?» = Ше = Va, вау. 
=... 9 | y 1. — 4 
1 dx [ | г dy [Put y =a sin? Ө] ...(i) 
or x= й I] 2a sin 0 cos 0 d6 
о l'V'a—asin" 8 


ra ш 2 р 9 Р р p ) a ; Р ЭЭ 
=a | 2sin"^ 040-а | (1 — cos 28) d8 = — (20 — sin 20) E) 
0 0 2 


Writing a/2 = b and 28 = $, equations (ii) and (i) become x = b (i — sin ф), y = b (1— cos ф) which is a cycloid. 
The constant b is found from the fact that the curve goes through (x,, y,). 








| Solution. We have ни fu y + 12ху | 
=. | 1 — = of -— Р = а ра - 5: UP 
г. [ду z212x;-— 2); — = 
д//ду 2 27] вы 


Hence the Euler's equation Y. FE of |” = 0 becomes 
dy dx \ ду 


12x-2y"20 ie, у" = бх mU 

















Lici 


Integrating (i), y'=3x?+C Aii) and  y=x?+ Cx+C' tz) 
Using the boundary conditions, when x = 0, y = 0 (iii) gives С” = 0. 

When x = 1, y = 1, (iii) again gives C = 0. 

Hence (iii) reduces to у = x? which is the only curve on which extremum can be attained. 


NT I Ч Ade j 








and 


and 


and 


Solution. Let Ѓ= у — y? + 2xy so that T -0-— 2y 4 2x 


G[d |. d хөл 
(E) neo 
M TRATTE 
M шега equation с а E | 0 beco 

—-2y42x—-2y"20 or у’+у=х or (D'«1)y-x 
Its А.Е. 02+1=0 gives D=+i. 
7 С.Е. = су cos x +c, sin x 

PLs—L—Zi-eD»Üixsa-DÓxsse 
D* «1 

Thus y-cecosxc,sinx-x FE) 
Using boundary conditions : when x = 0, у = 0, (1) gives с, =0; 
when x = 7/2, y = 0, (i) gives 0 = c, + 1/2, Le., c, = — 1/2. 


Hence (i) reduces to y 2 x — 5 sin x, which is the only curve on which the given functional can be 





Solution. Let f = x? (y? + 2xy + 2y? so that s €— 2 = эку 


Euler’s equation Я. = 4 (£) = 0 becomes 


2x + 4y — (ax) = 0 or 2x+ 4у —(2x%y" + 4ху) = 0 
xy" + 2xy' — 2y = x. This is Cauchy's homogeneous linear ($ 13.9) 
Putting x = e', it reduces to (0? + I) — 2) y = e. 


1 А 
Its solution is y-e e cue ote or y-cecx-* tg дорх 40) 


Since y(1) = 0, we have с, +c, = 0 
| "T о. 
у(2) = 0 gives 0 =2с, + 4° ЫГ log 2 
Solving these equations, we get су =—c,= = log 2. 
Putting the values of c, and c, in (i), we get | 


y= 48 log 2 (x7? — x ) + 7x log x] 


which is the required solution. 





A geodesic оп а surface is a curve along which the distance between any two points of the surface is a 
minimum. To find the geodesics on a surface is a variational problem involving the conditional extremum. This 
ы was first studied шин Jacob Bernoullt in 1698 and its emcee method of solution was given x Euler. 





Solution. Lets y my "m bea a curve joining cts ninta A А, у) and B Bs, "Ж? їп the a n" Then Яв Талов 
of a curve joining A and В is given by 


512 28 dx = Г, Vil + аулак? as 4. di Г Ja + y?) ах 
Хү 


The geodesic on "das xy-plane is the curve y = у(х) for which s is minimum. 
We have f(x, y, y') = (1+ у?) which depends on у’ only. Hence the Euler's equation. 





= P. -0 L&, y" 
dx |2 + y?) 


i.e. у” (1 +у?)—у' у" = 0 Le., — =0 
Integrating twice, we get y = c,x + с, 

which is a straight line. 
Hence the кеен оп а рїапе аге тош lines, 


Ө; Find the. х geod "e 
"(17 Ыы. = 





! (18 № pa 
Solution. In ойо сы хайан "s 0, z) we c dee 
x-zrcosó,y-rsinó,z = 2. (р. 357 
The element of are оп a right circular cylinder of radius a, is given by 
ds? = (ах)? + (ду)? + (dz)? = (ар? + (раф)? + dz? = a? d$? + dz? |, р=аапӣар = 0] 


ог ds = үа? +2149?) do or s= f" la? «2 de Ai) 
1 


Now the geodesic for the given cylinder is the curve for which s is minimum. Here {= , K а? +z”), whichis 
a function of ф and z' while z is absent. 
^ Euler's equation for the functional (1) reduces to 


X e. = constant or T ME = C, SAY. 
dz” | (a* + 2) 


This simplifies to (2)? = constant ог dz/dó = сү, say. 
Integrating, 2 = сф + c, 
This is (Ле destred geodesics оп а circular cylinder which is a circular helix. (Example 8.3, р. 818) 





Яг rU PE ж 5.10, Shou And RA. ge Т-ТУ? on N RE of. ra ЕЗ Lita its grea ^ i j "el; vt 
. 3| Exemple 8510, Show that shegcodesics on a epliere of radiis a arg йз gred eiyele 
Solution. In aphiavien! coordinates (г, 8, 9, we have 
x =r sin ð cos ġ, y = r sin 0 sin $,2 = г cos Ө. (р. 359) ...(i) 
г. The arc element оп а sphere of radius a, 15 given by 
ds* = аг? + (г d6)* + (г sin Ө do)* = a? а0° + (a sin Ө)? аф? [^ г=аа=0 





ог ds =a \[1+ sin? 6(do/d0)"| dð, ог s=a | [1+5ш? ө. (Ф7:| 40 








Now the geodesic on the sphere r = a is the curve for which s is minimum. Here f = a 
which is a function of 8 and 6’ while 0 is absent. 
Euler's equation reduces to df/ db’ = constant. 
И». , 
| ! 8. 
ar - WEE иш... ИИВ = constant. 
99  J(1-- sin? 6.67) 





sin? 8.4 | 
or Un P. МЕ (say) or віп“ Ө (ѕіп? Ө – с2) ф2 = с? 
Ja * sin? 6.6%) 


d с с соѕес? 8 


or PEE. ЕР ЕЕ ee = 
dO sing J(sin* 8-— c?) 


T | 
Integrating ф = | . ссовес 9.40. 46 = віп? c cot Ө ар" 
[(1 с2) — (e cot Ө)?] | 


or cot 0 = А со5ф + В sind or acos6=Aa sin Ө cos ф + Ba sin Ө sin ф 
or z=Ax + By [By (i) when г = a] 
This is a plane through the centre (0, 0, 0) of the sphere which cuts the sphere along a great circle. Hence 
the required geodesics are the arcs of the great circles. 
7 





[а - c^ cosec^ Ө) 





_ PROBLEMS 35.1 | 
1. Solve the Euler's equation for the following functionals : 






| | | | i ! Xe ї d 
i) [жуу уа Gi) [аз уа | E (V-T.U., 2004) 
“А | хү | | 8! | : 


2, Show that the general solution of the Euler’s equation for the integral Д ' 


ie: 1-(8| ае = А)? фу? = А, | ”, | m 
а ах | Е. 





Find the extremals of the following functionals : 





З, | (y* 4 y? + 2ye*) dx. | ‚ (V. T.U., 2004). 

uL MET SRM CN | WW A. 

4. | (у + уг — 2у sin x) dx, y(0) =y (1/2) = 0. | | (VTU. 2008) 
0 7 

б. Го? fy ai +4y cos x) dx; y(0) = 0, y (x) = 0. ) | VEU, 2 08 5) 

Ye Te y? | = x? 1*4 73 
6, | — dx. Ч. | — dx Уу O) = 0, y(2) = 3 

8, ~ dx;y (1) = 0,9(2) = 1. | (Марта ‚ме, 22 

| в [7 я 

aur \ 

9. Solve the variational problem 5 I. [у2 —(y^*] dx under the НЕ у(0) = 0, уб) =2. = (У.Т. 0,20 10) 


10, А heavy cable hangs freely under gravity between two fixed points. Show that the shape of the cable is a cat 


11. А particle is moving with a force, perpendicular to and proportional to its distance from the line of zero v 
Show that the path of quickest descent (brachistochrone) is a circle. 


12. Find the geodesics on a right circular cone of semi-vertical angle a. 





ISOPERIMETRIC PROBLEMS 


In certain problems, it is necessary to make a given integral. 

Ха , 

1- | f(x,y, y) ах 41) 
"Хү 

maximum or minimum while keeping another integral 

Xs мэр 

& = | glx, y, у) dx 2) 
Xi 


constant. Such problems involve one or more constraint conditions, just as J = a constant. A typical example of 
this type is that of finding a closed curve of a given perimeter and maximum area. This being one of the earliest 
problems to engage attention, we often refer to problems of this type as tsoperimetric problems. 

Such problems are generally solved by the method of Lagrange multipliers. To extremize (1), we multiply 
(2) by X and add (о (1) where А is the Lagrange multiplier. Then the necessary condition for the integral № Н 


x 


dx to be an extremum is > - £ 25)” 0 where H = {+ 3g. The values of the two constants of integration and 


the parameter A are determined from the three conditions namely : the two boundary conditions and the integral 
J койш given constant value. 


E 


P А 






Рг с а 
а.) АГ ла 1 EMT 
} Fa Г m "aad c m ЛД 


TOWN |. _@ кө: BENE Li гал. Жш. А A Ln Е . ko 
B ee wale А Т 4 Lin га Fic. Г M хапе 4 = fe CAP LACG. EE AJ 

Solution. Let / bé the a fixed pertuieter of a ane ci rve 
points with abscissae x, and x, (Fig. 35.5). Then 


ls Г (1 + у?) ах i) 


Also the area between the curve and the x-axis is 


П. 


ER nd. maxin pm area, 
5 betwaan the YA 


4 
A а= ы 
аван 
aS 












| 
шашныг M 





X | x 
А= | уас (ii) 
хү 
We have to maximize (ii) subject to constraint (1). Fig. 35.5 
Taking f=yandg= 1 + y?) ‚ we write Н 2f +g =y + 5%. (1+ y?) 


Now Н must satisfy the Euler’s equation 
В | 1-4 _ Эу _ =0 
ду dely, dx | fa +y?) 


Integrating w.r.t. x, we have x — Ay’/,/(1+ y^) =0 
x—a 


Л (хаў ebuzzpro.blogspot.com 


r 


Solving for у’, we get у 


И 






хай an +b ie. uie. - b)? = 2? which is a circle. 


= ш== = 4 ux 
— Ба. сын T— 


Ё 5 F 






dis, " 1 HOUSE uf ы 


я 
= 


Solution. байхаа the are СОРА of the curve which rotates about the х-ахів as —T in Fig. 35. 6. 


Then surface area S= [ Зпу 48 = [ 2ny Ja су?) dx 


and volume of the solid so formed V= [ my? dx. 


1120 


Here we have to maximize V subject to fixed S. Taking f = my* 


and g = 2ny J(1 + y?) , we write H = + Ag = ny? + 20y (1 + y?) . 


Now Н has to satisfy Euler’s equation. But it does not contain x 
explicitly. 


Н uw = constant, с: say 





Le., пу? + 2nÀy J(1 - y?) —y' 2лАу ы! =б 


(ly 
хүй, ЭС” | 
or лу“ + — =С AU) 
J + y^) 
Since the curve passes through O and A for which y = 0, (i) gives c = 0. 
у + 2I JJ + у? - 
| 2 až 
Solving for уг, y (= 2 = AA -y 
ах y 
Separating the variables and integrating, we get 
Гах = [——— c - ps or x-k- (4X? — y?) (й) 


Дал? — у?) 
Whenx=0,y=0 ~= А= 2А 


(ii) becomes (x — 2А)? + у? = (2А)? which is a circle with centre (2А, 0) and radius 24. 
Hence the figure formed by the revolution of given arc is a sphere. 





PROBLEMS 35.2 | 


1. Find a function y (x) for which [| (x? +y?) dx is stationary, given that [ j? йдх-2,у(0)-0,у(1)-0, 
(Madras, 2000 8) 


л, 1 | B | 
2. Find the extremals of the isoperimetric problem v [y (x)] = Ї y? ах given that Г y dx =e, a constant. 


| 
3. Show that the curve c of given length / which minimizes the curved surface area of the solid generated by the 
revolution of c about the x-axis is à catenary. (УТ. U., 2000 S) 


4. Find the extremal of the functional J = f [y ^)? — у^] dx under the conditions y(0) = б, y (л) = Land subject to the 
9 б 
traint [ dx =1 
constraint 3. a 
^ У | | 
' 
4 „МИИ. 
5. Prove that the extremal of the isoperimetric problem v [y (x)] = | ус dx, y(1) = 3, y (4) = 24, subject to the FERE 
Ё | 


" 
! 


4 1 | 
| y dx = 36 is a parabola. (Madras MEC 
Л 





| SEVERAL DEPENDENT VARIABLES 


We now extend the variational problem of $ 35.3 to a problem with several variables as functions of a 
single independent variable г.е., A necessary condition for 


№: 
1- Г fF Fores Уш» Yir esses у, ах MÀ) 
Xi 





NE =. т 
4 
= Ке : 
mH À 


to be an extremum is that E A а <= =0,:=1,2,. (2) 
і 


Let у, Уз, -- У, satisfy the boundary conditions y (xj) = y;,, Ух) = У; 

Consider arbitrary functions т, (х), 115(Х), ..., n,(x) which are all zero on the boundary i.e., 
тү) = 0 = тх) 

Replacing у;, уз, ... by y, + ет, Yo + ЕТ, --- in (1), we get 


шд , ғ Ёо, г ч - 
ЦЕ) = J. f (x, Yi + ЕТ, Уг + Е, -e Уу + ЕЛ, Уг + ЕП, ...) dx a (d) 


This is a function of the parameters £}, £,, ... and reduces to (1) fore, =e, =... = 0. 
To find the stationary value of (1), we find the stationary value of ДЕ) for Е, = €, =... = 0, КЕ) will have a 
stationary value when 
ale) _ 0, Ale) o 
d£, : 
Writing f= Р(х,у, Ys «9, Уо» e) 
and F=f, y, + £T No + ЕП, Уг + Ho + ЕЛЬ, =). 


(3) becomes ЦЕ) = [^ Рах. 
№ 





Хү, x, being constants independent of £,, differentiating under the integral sign, we get 


dlle) ээ дЕ dx OF 
жы М fe ‚= |, E Th + E wy | a 

















olle) .. 0, when £, = & =... 0 gives 
1 
г) 
Integrating by parts the second term, we get 
Г сир Ly x: _ к a(x) n (x) dx = 0 
ie., Г E, - m | nix) dx = 0 [: тук) =0=1(х,)) 


Since this equation must hold good for all values of r,(x), we get 


xafa ий 
ду, ах | ayy 


Similarly сз = О when ғ, = & =... = 0, will give 
A d F = 0 and so on 
a 


All these conditions give a system of Euler’s equation (2). A solution of these equations leads to the desired 
curves. 














: | of 4 E | : 
Solution. Euler's equations are — — —|——|-20 d) 
3 х [ак 
Hu ug i) 
ду dt (Әу 
— x af of E" af af oy 
Here f= 2ху + х? фу, 2 L = Әу, = Jy", — = Эх, = Dy’ 
f= 2ху y 79 д oy 3y y 
d в 4“ х dx ... 
(1) becomes 2y — —(2x")=0 te, 2y-2—— = 0 or ----үу AUI) 
у к ) һ 0а P “? ( 
- d : 3 g? d* : 
(и) becomes 2x — —(2y) 20 Le, 2х- 94 y -0 or @ у 22 iu) 
dt dt? dt* 
Now to solve these simultaneous differential equations, we differentiate (iii) twice, 
4 2 
ах * = eT zx [By (10) 
dt dt 
or (D*— 1) х = 0 which is a linear equation with constant coefficients. 
Its solutionis х= су е* +¢,e°* C, COBX+C, sin x I) 
From (її), y=x"=c,e*+ce,€*—c, cosx—c, Siny ve DE) 
Since x = О when і = 0 Е, О= су +с +6. (VEL) 
у= О мһеп ѓ = 0 is О=с,+с„-с,„ tit) 
Also --1whentzmJ/2 «+ -1«сүе" «сүє "^c, Ux) 
у= 1 when t= w2 2, = с; е”? + с.е" m2 _ C x) 


Adding (vii) and (viii), c, + c, = 0 

Adding (ix) and (x), c, e"* + се "*— 0 

Solving these equations, we get €, — €, = 0. 

From (viii), c4 = c, +c, = 0. From (ix), c, =— 1. 
Hence from (v), x = — sin x and from (vi), y = sin x. 





ЕАМ FUNCTIONALS INVOLVING HIGHER ORDER DERIVATIVES 


A necessary condition for 





T= [7 ро, у, y. у? ах A) 
Х| 
s A f 
to be extremum is gu | | + 2 EJ = 0, 
ду 4х(ду) ах (ду) 


Let y(x) be the function which makes (1) stationary and satisfies the boundary conditions 

у(х,) = у, у(х.) = у, У’) 2 y,' and у'(х„) = у... 
Consider the differentiable function n(x) such that 

nix) = 0 =т(х„) апа m'(x)202nm'x,) .4(2) 
Replacing y by y + en in (1), we get 


Ke) = Г f (х, y+en, y + ктү, у” + en dx 448) 


This is a function of the parameter ғ and reduces to (1) for € = 0. 
To find the stationary value of (1), we find the stationary value of ДЕ) for = 0. But ЦЕ) will have a 
stationary value when ае} = 0. 


Writing f = f(x,y, yy") and F=f (x,y + ет, y + en’, y" + en”). 
(3) becomes ЇЕ) = Г F ах 
хү 
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Хү, X, being constants independent of =, differentiating under the integral sign, we get 
4ЦЕ) үз dF а= f” (Ens дЕ Бал 

















de i Yi de ду dri ду” 
ee of n Зо 
ae : 0 when Е = 0 gives Г (Ln a" + ут" и] de = 0 


Integrating by parts once the second term and twice the third term, we get 

















Xa of af m E af af of | 
Ц ут аут, 71, sly) n" r " | 
= а (әр 
+ |А PE G пах = 0 
or |. 2-2 |+ E | neos» o [By (2)] 


Since this equation must hold good for all values of (x), we get 


OPDE 
dy 4х(9у) de (д 


| Ха EK o3 Л : к 
In general, a necessary condition for the functional I = | f(x,y, у, У”,... УЛ!) dx to be stationary will be 
xi 


L AU (2 -- кє у a 2.) - 
Ф dx dy' ах” ду” | dx^ ду”! 


which is called the Euler-Poisson equation and its solutions are called extremals. 























Solution. The Bul Potéüon satiation is 








J my (27) = і 
-- p atts 2 = 0 uU) 
dy dxidy 1 dy | 
TT о of of 4 of ” 
Here f="? у +27, —— 2-2y, —, = 0, — = 2у 
ду ду ду 
2 
(i) becomes — 2y + a: (2y")=0 or у”-у-0 or (D'-1)y-0 
Its solutionis j(x)=c,e"+c,e¢*+c, cosx+c,sinx UL) 
у(х) = сует —c,e*—c, sn x + с, cos x AUD) 


pisi the given boundary conditions to (ii) and (iii), we get 
О = (0) =c, +e, +с., 1 =y (0) =e, -C+C 


2 -— 1 1 T" 
= у(л/4) E суе" + с.е m4 4. - + Я" tu) 


"M: 


= у'(л/4) = суе" — c, g^ V - е + 756 


Solving the equation (iv), we get c, = c, = с, = 0, с, = 1. Hence the required curve is у = sin x, 








PROBLEMS 35.3. 


| 11, Г (dyY к 
1, Show that the functional | fae (4r) «(2 LS that x(0) = 1, y (0) = 1; x (I) = 1,6, у (1) = 1 is stationary 


t forx= 1.4 £92, y - f. 


2. Find the extremals of the functional v (у, 2) = 14 (Qyz—23** y? -—29)dx 77 (МУТА), M.E., 2006) 

| М КЕ А 
| i л pt 54 Ё + , JT. lu 
3, Find a function y(x) such that Ї y* dx = 1 which makes Ї Уу? dx в minimum if y(0) = 0 = (п), y"(0) = 0 2"). 


4. Find the extremals of the functional | Ч (y? — y? + x*) ах that satisfies the conditions y(0) = 1, у10)-0, 

2) — 0, y'a) = —1. 57 (Madras, M.E. 2000 $) 

‚б Find the extremals of the functional [ (Ау #2 yy) dx which satisfies the boundary conditions уСа)-0,У1- а) 
а: 1" + : | 


| =.0, »(a) = 0, via) = 0. 
6, Find the extremals of the following functionals : 


12) tly = = Г. (18y? — у + x*) dx (Nagpur, 1997) (ii) uly(x)| = if (2ху y") dx, 


| APPROXIMATE SOLUTION OF BOUNDARY VALUE PROBLEMS — Rayleigh-Ritz Method 





In $ 35.3, we have seen that the solution of Euler's differential equation alongwith boundary conditions 
amounts to extremising a certain definite integral. This fact provides a technique of solving a boundary value 
problem approximately by assuming a trial solution satisfying the given boundary conditions and then 
extremising the integral whose integrand is found from the given differential equation, 

To solve a boundary value problem of Rayleigh-Ritz method, we try to write the given differential equa- 
tion as the Euler's equation of some variational problem. Then we reduce this variational problem to a minimiz- 
ing problem assuming an approximate solution in the form 

y (x) = yg (x) + Ус, 6, (x) (1) 
where the trial functions ф, (x) satisfy the boundary conditions and ф, (х) = 0 on the boundary C of its region R. 


h 
Let the integral to be extremised be J = | fly, у, x) ах AA) 
it 
such that y (a) = А and y (6) = B 
Substituting (1) in (2) by replacing y in y in J, giving J asa function of the unknowns c; Then c's become 


parameters which are so determined as to extremise Г. This requires 


аг 0, i243,2 .. 


| 
Solving these equations, we get the values of c;, which when substituted in (1) give the desired solution. 


Example 35.15. Зицє the boundary paper prin y'-y-x-0(0£x 51), у (0)=y(1)=0 by Rayleigh: 
Ritz method. "| 


Solution. Given differential equation is y" y +x = 0 At) 
Its solution is equivalent to extremising the integral J = [ F(x, у, у) dx 
where F(x,y,y)22xy—y* ~ у, (LL) 
oF а я (25 
ду ах \ dy’ 


since the Euler's equation —— | = О gives (1). 





Assume that the trial function is y (x) = ey + сүх + сох” (üt) 
To satisfy у(0) = 0, у(1) = 0, we require c, = 0, с, = — су. 

(tii) becomes —y(x)-c,x(1-x) Ku) 
Substituting y and y'in Z, we have 


I 


1 | 
| 235-5 - WP lax [ (де, (x? — х3) — c?(x — х2)? — 21 — xY*] dx 


а ll 
“63309 


ис 41 | 1 11 Эр 5 
Its stationary values are given by di/dc, = 0. $ 15717 О Le, е = 98" 
Thus the approximate solution is У(х) = ax —x) (U) 


ESUE WEIGHTED RESIDUAL METHOD —Galerkin's Method 





The starting point of this method is to guess a solution to the differential equation which satisfies the 
boundary conditions. This trial solution will contain certain parameters which can be adjusted to minimize the 
errors so that the trial solution is as close to the exact solution as possible. 

Consider the boundary value problem 

y" =f Gy, у, x) with y (a) = А and y (b) = B Ad) 

We write the differential equation as R = y' -/(У, у, x) ...(2) 
where A is the residual of the equation (К = 0 for the exact solution y (x) only which will satisfy the boundary 
conditions). 

Consider the trial solution as y (x) = с, ф(х) + с, ф(х) +... 
where ¥(a)=A and у(5)-В, The trial solution is differentiated twice and is substituted in (2). 

To find c,, с», ..., we weight the residual by trial functions ф(х), ф(х), ... and set the integrals to zero. Thus 
we have | R $,G) dx =0, | Еф. (х) dx = 0, ... 


These lead to simultaneous equations in the unknowns. 


Having found c}, €» ..., the approximate solution y (x) is obtained. 






TPES yaurappras Л umo HELON юй, ых 
Solution. The residual is Е-у-учх 0) 


To find the trial solution which satisfies the boundary conditions, we derive a Lagrangian polynomial 
(§ 28.8) which passes through the points : 
x : 0 1/2 1 
y z 0 c 0 
The resulting polynomial is у(х) = 4сх (1 ~ х), so that ф(х) = x (1 — x). 
Substituting y (x), y' (x) in (i), we get R = 4ex* + (1 — 4c)x — 8с 


1 
Thus | Rox dx = 0 gives [ [4сх? + (1 — 4c) x – 8c] x (1 — x) dx = 0 whence с = 5/88. 


Hence the approximate solution is y (x) = ax (1-х) which is same as found in Example 34.14. 
Exact solution. Rewriting the given equation as (0? — 1)y = — х, 

we find its solution as y = c,e* + ce + x 
Since y(0) = 0 and y(1) = 0, therefore c, =—c,= (е — e 1). 
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x —-X 
| # . Е шин Е 

Hence the exact solution is y = x - ——-y 
e—e 


The approximate and the exact solutions for some values of x are given below for comparison : 


x |. Approx. Sol. | Exüct Sol. 
0.25 fal ee Dr UM 0.035 
0.50 | 0657) — 0.057 
0.75 | 0.043 | 0.05 
Obs. To obtain a trial solution containing two unknown parameters, we derive a Lagrangian polynomial which 
passes through the points : 
x і 0 1/3 2/3 1 
y : 0 сү Cy 0 


More the undetermined parameters, the more accurate is the solution, but it involves more labour to find their 
values. 


Example 35.17. Find the approximate deflection oft а simply supported beam under a uniformly distrib- 
uted load ш Fig. 35.7, using Galerkin's method. 


Solution. The differential equation governing the deflection y(x) of the 








“у 4 w per unit length 
beam is EI T —-w-z0,0«x«l! (i) [$ 14.8] Ё 
ах | 
The boundary conditions to be satisfied are 220 бай” 
уї(х-0)-у(х-1)-0 (deflection is zero at ends) Aii) i БУТ? Ж 
| Fig. 35.7 
d'y а?у — | : | 
did (х = 0) = —5- (== 1) = 0 (bending moment zero at ends) 
(lir) 


We assume the trial solution y (x) = c, sin (rx/l) + с, sin (31x/I), which satisfies the boundary conditions (ii) 
and (ii). 
Substituting the trial solution in (1), we obtain the residual 
В = Ele, (vl sin (nx/I) + Ele, (321) sin (31x/l) — ш 
Thus f R .sin(nx/l)=0 and [ В. sin (Злх/) = 
0 О 


Computing these integrals, we get 
Elc, (nil) 1/2 — ш. 2l/ = 0, Elec, (Зп) 1/2 — w . 21/3x = 0 





4 p 
Solving these, we obtain су = шон and с, = = 
п EI 243m ЕТ 


Hence the deflection of the beam is given by 








PROBLEMS 35.4 
1. Solve the boundary value problem : 
уну ex =O0(0S2 21), у (0) = 9(1) =0 by | 
(0) Rayleigh-Ritz method, (ш) Galerkin's method. Compare up solution with the exact Жи! 
2. Using Galerkin’s method, solve the boundary value problem y^ = 3x + №; :у(0) =O, y (D =. 
3. Apply Galerkin's method to the boundary value problem y" + y - x = 0 (075 х Г) у to = у (1) = 0, to find 
coefficients of the approximate solution y (x) 2 ex (I — x) +c" (1-х). d 


Эр LX ^ mde WOl 


— 





ULUS OF VARIATIONS 


[Hint, Substituting y (x), y' (x) in the given equation replacing y, y" by y , y", we get the residual At =— 2e, + c, 
(2 — 6x) e x(1 — x) (сү cux) +x 


-1 | 
Thus [ Re-all- de= Oana Í В.х2(1:5)4:50. 
10 


Computing these integrals, we ў; 
$ ^8 8. 38 Л 
1097205 T z301" 80572 20 
Solving these, we obtain c, = 71/369, c, = 7/41.] 
4. Using Ritz method, find ап approximate solution of the problem y" — y + 4xe* —0, y'(0) — (0) = 1, y(1) + y(1)5 — e. 
5. Solve the boundary value problem : y" + (1 + x?) y + 120, yC 1) 2 y (1) = 0, by taking the apptoxipate solution yx) 
=e (1 — x7) + сд? (1— x?) and using (i) Ritz method, Gi) Galerkin's method. 
6. Given the boundary value problem : y" + r^y 2x, y (0) = 1, у (1) = — 0.9. 
Use Galerkin's method to estimate y(0.5), taking the trial solution : 
у=1-1Эх+сх А —x) + 0,77 -x) 
7. Using Galerkin's method, obtain an approximate solution of the boundary value problem : 
a (=) *tyzx,y(0)20, y (1) = I, 
in the form y (x) =x (1 —x) (c, +). 
B. Of all the parabolas which pass through (0, 0) and (1, 1), determine the one, which when rotated about the x-axis, 
generates a solid of revolution with least possible Volumes between x = О and x = 1. 
[Hint. Take the parabola as y = x + сх (1 — x).] 
9. Using Rayleigh-Ritz method, find the potential at any point due to a charged sphere of radius a. 


[Hint. Potential at a distance r from the centre of the sphere is ф = $, (л/а), where o, is the value of 9 for г = а and 
k < 0 so that $ — 0.as г — «c. 


Electrostatic field due to charged sphere being conservative, electrostatic intensity E = Vib. 
Also potential energy for unit volume = EP | 
. "Total potential energy of the field in the entire region А exterior to the given sphere is 


SAN еа Y эр (Өү, ae й 
d вк || Е? dx dy de - —— fifi ЧЭ) 43 dx ду dz 
edt Yd cg ава 
ERI QD ena 
Electrostatic field will be in stable equilibrium if V i$ minimum, i.e., dV/dp -0 and d?Vidp? > 0. 


This gives А = — 1. Hence ф = à, a/r] 


ЕВ HAMILTON'S PRINCIPLE* 





An important concept of mathematical physics is Harmnilton's principle which 
states that the time integral of the difference between the kinetic and potential ener- 
gies of a dynamical system is stationary 

Consider a particle of mass m moving from a fixed origin O under the effect 
of a force F (Fig. 35.8). At any time f, let its position vector be R. Then by Newton's 
second law, 


e Е 
жа n =F 441) 
dt 








Fig. 35.8 


* Named after the Irish mathematician William Rowan Hamilton (1805-1865) who is known for his contributions to 
dynamics, 











Let the natural path OBA of the particle be changed to another path OCA, end points remaining the same. 
Let this variation in path, often called virtual displacement, be 6R. Then the work done during this displace- 
ment 18 

j2 
б"=Е. 88 = a .8R [By (17 


Also the kinetic energy of the particle is 








m \2 
Zu 
rom TR a(R). 48. d am 
Thus T+ BW =m E FER) em E. SR =m © (8.8) 
Integrating both sides w.r.t. t from t, to t,, we get 
Jor + ануаг-т| ЧЕ вв | =о 2) [> 68 = О att, and tj] 


If the force field is conservative, there exists a potential V such that W = — V. Then (2) takes the form 
[7 -sv)dt =0 ог 8[(r—v)dt =0 ie, [(T-V)de ..(8) 


is stationary. This proves the Hamilton's principle for a particle. Its derivation can be extended to a system of 
ренот Бу summation and toa “ee body by integration. Hence the principles is true for any dynamical system. 





Def. The energy difference T-V = L is called the kinetic potential or the Lagrangian function. 


_ LAGRANGE'S EQUATION 


In a dynamical system, the position of a body can be specified by the quantities q,, 9., ... 9, which are 
called the generalised coordinates. 

The potential energy V, being a function of position only depends on these generalised coordinates g;. The 
kinetic energy Т, however, depends upon q, and the velocities dq /dt (i.e., g,) i = 1, 2, ... n. Therefore, Lagrangian 
function L = T — V is also a function of q} and q, i = 1, 2, .. n 





Thus by Hamilton's principle, the system moves so that f. L dt is stationary. 





Solution. At any time f£, let the displacement of m fróm Hi T — айна 
О be x (Fig. 35.9). Then the kinetic energy of P is 


21 ах 
Т ims) 


Also the work done during its fall from O to P is 
W= [ ong- ko dx = mgx – dhe’. 
If V is the potential energy of the mass at P, then 
Vz-Wzihx?-mgx 














Lagrangian L-T-V-imz* + тах — 30385. 


Thus the Lagrange's equation 
а (3E) -o 
dx dt \ ox. 
-— биш Зай Ж ый WU: жи 
becomes (mg — kx) 2:075)-0 or цаст = mg — kx 


which is the required equation of motion. 





Solution. At any time f, let the masses ту, т. be at Pn, уу and Р Pty, ys) (Fig. 35.10) so that 


ху = А sin 6,3, =h соз Ө, (i) 
=l sin Ө, 41, sin бу, y; =} cos Ө, 441, cos 6, 
Then total kinetic energy is 
Т- lim, + ў 2) + imQG. +) 
= dn + Mg) у + }т„2@; + m;lI,68, cos (0, -0,) [Using (01 
Also total potential energy is 


V = mgh (1 - cos Ө) + mgl, + 1, —1, cos Ө, —/, cos 6,) 
Lagrangian L=T-V= (т, +m,) 01 +4m,565 
Thus the Lagrange’s equation corresponding to Ө,, is | 


9L dj|oL 
36, -&|[&)- 0, һесошев 


= Me] ly 6,8, sin (8, — 6,) — (m, + т.) gl, sin Ө, — a [(m, + m)l? Ө, +т 156, cos (9, + 6,)] = 0 


or (т, + m)l Ë, + т, 1,6, сов (6, — 0,) + myl, 6,” sin (Ө, — 6,) + (т, + m,)g sin Ө, = 0 (iii) 
Similarly from (ii), Lagrange's equation corresponding to Ө,, i.e., 
oL d 3L =0 
96, dt \ 0, ) — 
becomes mal, 0,8, sin (Ө, — 6,) — m, gl, sin Ө — 2 [mole 6, + т 1,6, cos (Ө, — 8) = 


Now 0, and Ө, being small, retaining first order terms only, (iii) and (iv) reduce to 
(m, + m5) 116, + т,1,6, + (m, + m,)g0,2 0 and 1,6, +1,6, * g6,- 
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Integral equations play an effective role in the study of boundary value problems. Such equations also 
occur in many fields of mechanics and mathematical physics. Integral equations may be obtained directly from 
physical problems e.g., radiation transfer problem and neutron diffusion problem etc. They also arise as repre- 
sentation formulae for the solutions of differential equations. A differential equation can be replaced by an 
integral equation with the help of initial and boundary conditions. 

Integral equations were first encountered in the theory of Fourier integrals. In 1826, another integral 
equation was obtained by Abel. Actual development of the theory of integral equations began with the works of 
the Italian mathematician V. Volterra (1896) and the Swedish mathematician I. Fredholm (1900). 


DEFINITION 


An integral equation is an equation in which an unknown function appears under the integral sign. We 
shall take up integral equations in which only linear functions of the unknown function are involved. The 
general type of linear integral equation is of the form 


+ 
у(х) = Их) +A | K(x, t) y(t) dt 
where F(x) and Kix, t) are known functions while у(х) is to be determined. The function K(x, t) is called the Kernel 
of the integral equation. 
Ifa and Ь are constants, the equation is known as Fredholm integral equation, 
Ifa is a constant while 6 is a variable, it is called a Volterra integral equation. 

















CONVERSION OF A LINEAR DIFFERENTIAL EQUATION TO AN INTEGRAL EQUATION AND 
VICE VERSA 





To make this transformation, the use of the following formula ts necessary : 


[| И [feo dxdx= [е - 0 fit) dt NT 


Ingnerd, Г|- foa - — 


лэн | (x — t^! f(t) dt UD) 
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: 
Proof. Let ja | (x — ^ 7! f(t) dt “a 
= o 


where n is a positive integer and a is a constant. 
Differentiating both sides w.r.t. x, using Leibnitz's rule (р. 139) 


dl, (9 T — — 
See | Ce-o pode + «0. - 1-1 ВРО, 0 
= | @-ne@-0"? fede =n- 09 49) 
a 
Again differentiating (2) w.r.t. x 
d*I d | T 
и =(п —1)-—— 0, , = (п 1) (в – 201, using (1) 
Proceeding іп this way, we get 
d^ = (п – 1) (п – 2)..1.1, (x) = (п - 1) M I, (x) 
dj ni "y MR шайы жыл ыл 1 
Now taking n = 1 in (1), we get 
х Хо. 
[= | f(t) dt | f (ху) ах (3) 
п tt 
Putting x = a in (1), we obtain 
I, (a) = 0 for all n 


Taking п = 2 in (2), we get T2 = I(x) 
| хоо | 
1,- | Ооо) хә [^ Ifa) = 0] 
X рх | | | 
= | | F3) dx, ах) [Using (3)] ...(4) 
0 = 


Putting n = 3 in (2), we have йн = 21,(x) 


а 
= 9 Г [ Г f (x) da ах» dx [Using (4)] 
БА! ГЕ] її 
Proceeding in this way, we get 


1,-0-01 f. f” Дра а dey. dx, 


х PX, Xo 1 T An л 
Le., | | хэ. | f (хү) dx, ах»... dx, = | (x — ty" ! F(t) dt 
д i а | in- 1)! 101 
If х,, x4, ... x, be the same as x, we get the formula (11) above. 
ee аа 1 САВ ИИГЕ БИН ай 4f) ЫЕ ИГУ, С 












Solution. Integratin 
уба) —y'(O)] — Зуб) —y (0)] + 2 | x dt = 501 — cos х) 
Since y'(0) = — 2 and y(0) = 1, it becomes 


С | Ё, Аай " 


g both sides of the given differential equation, we get 


у(х) + 2 – Зу(х) +8 + 2 | хо dt = 5 — 5 cosx 





or 


or 


which is the desired integral equation. 





y'G) - 360 + 2 [o dt -—5«cosx 
Integrating again as before, we have 
(a) 1 - 3 f» dt 21 | v dt - — 5 sin x 


ус)-1-38 Г y(t) dt +2 [е — dic Sina [Using (I) above] 


у(х) + f, 2e- 0-3| у = 1—5sinx 
Ww "7 "112 


^! ! €. - ; Га VAY LE Mi n d V. "P i 
res га : jon di * (9) УИ ae 21 pP р Үй 10 
Жа Б jd Чи Айс oS, И Mn 
^j dM 





or 


D ay’ fae). 
* 2 м a— Pus „ Ч d L "Ts 
ж. ‘a = Tl = By Г ы. ee dp m 


шанаа: ТОЙЫН ИНЕ (ї) by Laits rule їр: = we - 


2-1 Z ix + t) y ( dt + (x + 2) yx) E (a) - шал 


= [0 а + 2xy(x) = [ уз) dx + 2ху (x) Gi) 
Differentiating again w.r.t. x, we get 
2, 
“3 = у(х) + 2[xy'(x) + 1. y(x)] = Zxy' (х) + 3y(x) 


d'y _ on DY зух)-0 (ii) 
ах? ыг yen 
Putting x = 0 in (i), we obtain 


у(0) = [ «+ y(t)dt+1 ie, у(0)-1 


and putting x = 0 in (ii), we get y' (0) = 


ts 3: heh а 25 T 2 1 
+f siva lent 5) to the t" a ^B; Jer EC Pi ED. y^ d 27 E" у 402) | 


Непсе (1) 18 снай to in with initial conditions y(0) - 1, y 9) =0. 


еб 
rd г qiu (A y, y y ya quit: i", AI Wk : d) 1 "ri 


"hind "OT. ci s 
h^ НА <P 
15 utu 
И us. 


51 


} Ё 1 E xa | 
"à = -= = жч. ar ail PAR : LE Р -( | 
ж à ТАЖ Л, Ё Ap 
va pa т 1 vy 4? | Г ef » | 





vit i 2 Tues A eA X T id эж Vf ! PARVIS] 


A Ч, Ж \ ыг 7 м № 


шір Differentiating () w.r. nix by Leibnitz’ s rule (p. 139), we have 


х = үн It (t —x)] y(t) dt + [t (¢-x) (01, „.1+х—[ё(#—х) у], „.0 
z fe 1) y(t) dt + x=x- [o (0) dt i) 
Differentiating (ii) w.r.t. x, we get 


£x. "BUE 
Ф? оода -te yon. =0 0+ 10у (00... i} =1 xy (x) 








42 | 
or at + ху = 1 which is the differential equation corresponding to (2). 


Also у(0) = 0 and y’(0) = 0. 


E EM a è = л 
сү яс моба F5 3. 
Ч : i ї СЭН. 7 №. ў 









Т” ї 3 727 РД м к ї єй 
IN ams "nus (y 
Solution. Integ 


Е 


ing both sides of the given differential equation w.r.t. x over (0, x), we get 
убх) — 50) + А [ у(х) dx = 0 


‚| "дэн | 1 |] = 8i [gm 
ян T БУ газ ў Ü. к | - AT : | $ гал 4 ? i 4 á d Г 
" EI . Т 3 | F -~ 4 | 
eee, 4, Po Ja E Ї п CN. d en co OW. a. Ша L mE " й | 
ar eg, = т. gea. Бал ЧЭ — е fe ae c ы 1 | = 1 Lui Е 2 ащ 
5 ы 






ог убх) =с-А | у(х) dx, taking 0) =c i) 
Again integrating (i) w.r.t. x in (0, х), we obtain 
ух) — (0) = ex -& [^ | ye) ax 
ya) -ех-Э а-у at ГР” 


[Using (I) of § 36.3 and noting that y(0) = 0] 
Putting x = 1 in (ii), we get 


уй)-с-3 f a- 0 (at [- x29 
[i | | 
4 с=з [a-5»oat iti) 
Substituting the value of с from (iii) in (ii), we get 
—- A wm 
у(х) Ax [а t) yt) dt — X | (x — t) y(t) dt 


«А Ч a-60dt« [a-0y0 at| -à  «-Охоф 
=r ['ta-3 yat «3 ра-дуфа 


=) | | Ё K(x, t) y(t) dt + f K(x, t) y(t) at| 
0 x 


ёна 5. gy. 10-2) whent«x 
= нка ‚Ке when t > х 


Hence у(х) = А f K(x, t) y(t) dt 
which is a Fredholm integral equation with a symmetric kernel A(x, t). 


| 
| 
P4 
= 


dy ^ 








ay 


Rl ed 
6. 2) — ху = sin x given that y = 1, y ш-1,у7 ‚с als РО. 
d*y Чу a A Rb ЖАК 
Л. —4——. АДН lf = 4 + y=4 cos 2x given that 
di! di аг (56:33 


y2—1,y'24, y" 2 0, y" LE when = = 0. 
Convert each of the following integral equations into differential equations alongwith initial conditions : 


“ЁХ | rx 
В. Ух) = [e +Ву 4-1, | 9, у(х) = T (x —£) y(t) dt + 3 sin x. 
X і 
10. уб) +3 | (x 0)? уйа: xt — 3x4 4. 11. yaja [e -H 44(x—10- 3! y dt = 
= 0 4 ) 4 
| 1 
12. If y" (x) = (=) зу (0) = уй) = 0, show that у(х) = | Kix, t) f(t) dt, 


Lett -1) whenterx 
where Kíx,0)- 1° 
18-09 when f > x 


Е CONVERSION OF BOUNDARY VALUE PROBLEMS TO INTEGRAL EQUATIONS USING 
GREEN'S FUNCTION 





Consider the linear homogeneous T equation 


L(y) + (x) = 03 

where — L(y)- E CL а у= = py" + py + ду A) 
together with the homogeneous boundary conditions of the form 

* M. (3. 

Gy dx = ... ) 


Now let us find a function С (x, В which for a given number f, is given Бу G(x) when x < t and by G,(x) 
when x > t and which has the following properties : 
I. Сү and С. satisfy the equation L(G) = 0 in their defined intervals i.e., Сү) = О whenx <t;L(G,)=0 
when x > f. 
П. С, and С. satisfy the boundary conditions at the end points x = a and х = b respectively. 
Ш. С (x, t) is continuous at x = t i.e., 0,0) = С. 
IV. The derivative of G is continuous at every point within the range of x except at x = t i.e., G, (t) - G,'(t) 
= — l/p(t) 
Def. G(x, t) as defined above is called the Green's function. 
If G(x, t) exists, then the solution of the given problem can be transformed to the integral equation 


b 
у(х) = | С (х, t) $ (D dt (4) 


Let y = у(х) and у = y(x) be the non-trivial solutions of the equations L(y) = 0 which satisfy the 
homogeneous conditions at x = a and x = b respectively. 
The above conditions Г and ЇЇ are satisfied if we write 
Ciy, (x) whenx<t 
=] ji ...(Б) 
Соуз (x), whenx>t 
Imposing the condition Ш on (5), we get 
Coyolt) — Cy y(t) = (6) 
Imposing the condition ГУ on (5), we have 
С,у, (0)-0С,у,/ Ф) = — Lp (0) T) 





Equations (6) and (7) give a unique solution, if 
| X0) yalt) 
| yx yatt) 
By Abel's formula*, we find that 

y, UD y, (D — volt) y," (t) = С/р@) ...(B) 
Now [(7) x y(t) — (6) x y, (0) gives on using (8), 


= y, (В ys (0 — y(t) y(t) « 0 








| | 1 
C=- 5 ys Ч апа С. = — c^ 


— = у(х) yolt), x«t 
Thus (5) reduces to С (х= 4 ` -(9) 
-e n yo(x) х» 


Conversely it can be shown that the integral equation. 
b 
у= | Gtx, 0 en dt 


where G(x, t) is as defined by (9), satisfies the differential equation L(y) + ф(х) = О together with the prescribed 
ботиннэ conditions, 
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байнлээ: Given equation: is  Lo)- + хэрэ. wal) 
with the conditions y(0) = 0, y'(1) = 0, where L (y) = » and ф(х) = 

The associated equation L(y) = 0 1в y"(y) = 0 UI) 

Its solution is у=С,х+С, (iii) 

Now y,(x) is a particular solution of (it) satisfying the condition y(0) = 0. 

г. Taking C, = 0 and C, = 1, we get y,(x) =x iU) 


y.(x) is another solution of (її) satisfying the condition y'(1) = 0 

л From (ii), y'(1) = C, = 0. Then у(х) 2 C; 

Taking C, = 1, a particular solution is y,(x) = 1. 

The constant C is found from у(х) у(х) — yah x) = —— 

Since L (у) = py" + p'y' + qy = у” (given), ~ р=1. 

Thus С = у(х) ya (x) — ух) уу (x) =х.0-1.1=-1. 
Green's function is given by 

| 2162) yalt) 





x«t 
P а | С d x, Е 
G(x, t) = « -| 4) 
| ноу, QS: (> 


Hence the equation (1) is equivalent to the integral equation 
1 21 
у(х) = | G(x, t) Mt) dt = | С (x, t) .(y - dt 
0 0 


= [ G(x, t) y(t) dt – | [> ааг» ft t at| 


* The conditions that у(х) and y,(x) satisfy the equation 
L(y) = 0 are (p y, + чуу =0 «AL, (руу) + у = 0 „(ii 
[1) x y, — Gi) x уу] gives уруу) -yiya = 0 

ET ЇРСУуУс -yy l 20 or уу-уу = C/p 


1 Р? я p 1 
- | Go. 0 у) dt- x|—| +| — 
d | “10 9 х 














; G(x, t) y(t) dt Nis + 2) 
where G(x, 1) is given by (1). 


Example 36.6. Find the Green's function for the boundary value problem 
ау ах? + и°х = 0, y0) = 0 =у(1). 


Solution. We observe that the solution у, = sin их satisfies the boundary condition у(0) = 0 and the 
solution y, = sin р(х — 1) satisfies the second condition y(1) = 0. Also both these solutions are linearly 
independent. 

The constant C is found from y, y,' — уу; = C/p (x). 

Since L(y) = py"  p'y' + ду = y" (given), o mel 

C =y — У,у = Н sin px cos р(х — 1)- р sin p(x — 1) cos ux = p sin p 

Hence the Green's function 15 given by 


_ 2102) yolt) ET раар: xd 

G(x, t) = x - ie 
‚=. yit) Xo(x) — _ вш uum их — 1) psi 

C p sin p 


PROBLEMS 36.2 - 





1. Transform the problem а?у / dx? + xy = 1; y(0) = 0 2 9(1) to an integral equation, finding the corresponding Green's 
function. | | 

2. Transform the problem y" + y = x у (0) = 1, 5^ (I) = 0 to an integral equation using Green's function. 

3. Construetan integral equation corresponding to the boundary value problem 


2 | 
E че“ и=хуы (О): 0, и) =1. 
4. Find the Green's function for the boundary value problem d*y/dx? — y = 0 with y(0) = y(1) = 0. 
ya { 
5. Transform the boundary value problem 57 + х а: + (202-0 u = 0; u (0) =u (1) = 0, to an integral equation. 


[Hint. их) = ж, u(x) = : =x and C =— 2] 


ELEME SOLUTION OF AN INTEGRAL EQUATION 





| b 7 
The solution of the integral equation y(x) = Ех) + al K(x,t) y(t) dt is a function у(х) which when 
il 
substituted in the equation reduces tt to an identity w.r.t. x. 


Example 36.7. Show that +(x) = 2 — x is a solution of the integral equation 


X i 3 | Х, 
| e^! y (tdt » e +x]. -4А9 
Solution. Since y(022-t 
[e y(t) dt = [en (2 — t) dt 
ü 0 


* uj x a -— р 
=2e [e dt -e fte dt 





se|- е [ee p - facea] 


= 2e" (— e-* + 1) + e" (xe?) -e| -е' | 


= — 2+ 260 +r +e (2* – 1) =e +x-1. 
Thus — satisfied v 2-х. Непсе — 2— is вов of (i). 





| Peg ae л А i 
л - У ж 2 ит 1 Юан в : Г " 
^ | Л 4 5. ГЛ Ae р га Я эн сы А А P. i і " m T 
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Solution. Substituting у(х) = (1 + x2) 9? in the R.H.S. of (i), we have 
1 -[——; t l | 
1435 901435 (460)? 








ша БИШ. 1 4 
wt А. 132 Їй-- УЛ 





Solution. Bübeiibuling y(x) » xe* in the RHS. of бм we аа 


sin x +2 | cos (x — 0). te dt 
- sinx +2 feos x [ee cos t dt + sin х 1е sin z de} (Integrating by parts) 
= sinx + 2 cosx (1 |t. e' (cos t +sin || -216 (cos t+ sin £) at| 


| т | х 
+ 2 віп а нэ (sin t — cos Р) | - | (sin t- eos na 
2 о 240 
= sin x + хе" (cos? x + cos x sin x + sin? x — sin x cos x) 
— cos x НО (cos t + sin t) dt — sin x Г t sin t сов 0 dt 
= sin x + xe* — cos x| e' sint |. + sin x | e' cos || 


= sin x + хех — ех cos x sin x + é sin x cos x — sin x = хех 
Thus y(x) = xe* is a solution of the integral equation (1). 





INTEGRAL EQUATIONS OF THE CONVOLUTION TYPE 


у(х) = Fix) + [ K(x —t) y(t) dt 


is an integral equation of convolution type and can be written as 
у(х) = F(x) + K(x) * у(х) [See p. 748] 
It is a special integral equation of importance in applications. 





Taking Laplace transform of both sides, assuming that L F (x) = fs) and L[K (x)] = k(s) both exist, and 
using convolution theorem 
y(s)2f(s)-k(s).y(s) or yí(s)- = ТОМД ) 
aking the inverse transform of both ача; we e get the көргө solution. 


-4 EH ЗУ... “= Lira ] = " 
Е, | p Рег! ыг T) b ui T MN TEE TEES IE 
1 р ч 
dios 











ИЛ Ч . e age ama ib in "at is 
; Ч 5 ЧАСА | E a 4? FE. did 7 8 | 45 | du " 
йында. Given — китте сап Бе written as 
у(х) = Bx? + у(х) * sin (x — t) 819) 
Taking Laplace transform of both sides and using the convolution theorem (р. 748), we get 
= 6 8 = = _ 6(s* +1) Ё Э 
ҮЭ 5 бе + 
S Жэ +1 s? s < 
| x* xt 
On inversion, we get ¥=6 эг? Zi ETM 


which is the required solution of (1). 





Solution. The ; given VER mm can ulis хэ ав as 
y(x) =x + 2 cos (x) * y(x) 
Taking Laplace transform of both sides and using convolution theorem, we get 


Ws) = +25 — -У(8) or si- - 2 





+1.) 8 
or y= 8° +1 22 , 2 
5°(6-1/ s 8" 8-1 (8-1Уу 


On inversion, we obtain у= 2 +x – 20 + 2xe* 
Hence y = х + 2 + 2(x – 1) e* is the desired solution. 





Solution. The | given — ини сап nba ae as 
у(х) * у(х) = 4 sin 9x KU) 
Taking Laplace transform of both sides and using the convolution theorem, we get 
36 — 6 


or zt 


y (G) = —— y =t 
5 s? +81 4s? +81 


1 - 
(s? + a?) 





On inversion and noting that L7! = Jo (ax), we get 


yz =+6L"! lote)" + 6 J, (9х) 


Thus y = 6J, (9x) and y = — 6 J, (9x) are both solutions of (i). 






ТИ ABEL'S INTEGRAL EQUATION 


y(t) 
0 (x—t)* 
such that G(x) is given and a is a constant (0 < а < 1), is known as Abel's integral equation. This is an important 
integral equation of the convolution type. An application of this equation is in finding the shape of a smooth wire 
lying in a vertical plane such that a bead placed anywhere on the wire slides to the lowest point in the same time. 
This is the well known tautochrone problem and the shape of the wire is a cycloid. 


The integral equation ах = G(x) 





Solution. The given банов: can Бе written as 
у(х) ty V2 = 1 + 2x — x? 
Taking the Laplace transform of both sides and using convolution theorem, we get 


y.L(x 172) = L(1 + 2x — x?) 





: -Г1/2) 1.2 2 .. > 1 1 1 1 
or ай ae n y mals uz +2: are — * 572 
1 " 
= мера. = m" ! ч =] - : T 
Оп inversion, and noting that L mi nan’ e have 
1 12 QU? 5312 


lí 1/2 Ba) 
Вы + 4,02. 9 3/2 
л 


Непсе y= z Е (3 + 12x — 8х3) is the desired solution. 


| INTEGRO-DIFFERENTIAL EQUATIONS 





An integral equation in which various derivatives of the unknown function y(x) are also present, is called 
an integro-differential equation. An example of such an equation is 
y'(x) = у(х) — cos x + f, sin (x —t) y (O dt 
The solution of integro-differential equation subject to given initial conditions can also be found by 
Laplace transforms as illustrated below : 
ja MES 


РГ: OP, DIT wa 





Solution. Given equation can be written as y'(x) + 3y(x) + 2 L ydx =x 
0 
Taking Laplace transform of both sides, we get 
Lly’(x)] + 3 Шу(х)] + 2L | Ї» (x) а) = E(x) 


or is ¥(s)~ yO +37 (8) +2=F(8)= [Using § 21.6] 
© 
шэнэ. 2 ee 1 | 
ауе Звы: [> y(0) = 1] 





ши 





| _ 14-85 1+5" 1 2 5 
sls + 38+ 2) s(s+1)(s+2) 28 8-1 25+2 
1 1 of 2 y 8 af 1 
inversi ге obtain 1 = 5141) ал ——— qp 
On inversion, we obtain y 5 | = Е 5 mE 


Э 


Непсе у = 2- 2e * + 5 e^ 25 is the required solution. 


Example 36.15. Solve Z- 3 [гоз 2 (x — 10) yt) dt + 2 given y(0) = I. 


Solution. Given equation can be written as 
y'(x) = 3 cos 2x * y(x) + 2 
Taking Laplace transform of both sides, we get 


1.((у Тх)| = 3L (cos 2х). (в) + 2 
8 








= | y _ (s42)(s5* +4 | 
sy(s5) - (0) = 387 (s) 2 ог Уу x See re pe y (0) = 1 
5° 5 s“ (s* +1) 
4 8... 5 1 
= 245.9 -6 
s s^ 58-41 s*«1 


On inversion, we obtain y = 4 + Зх — 3 cos x — 6 sin x 
which is the required solution. 





Obs. The given integro-di 


/ | fferential equation can be converted into the following integral equation by integrating it 
from 0 to x and using y(0) = 1. 


"X 
yx)-2x +1+3 Г (x — t) cos 20x — t) yt) di. 


| PROBLEMS 36.3 





= 
1. Show that ух) = 1—x is a solution of the integral equation | wr yodi = х. 
2. Show that у(х) = 1 is a solution of the Fredholm integral equation 


1 
yix) + [ х(е* —1) y (t) dt == - x. 


/ ї 
3. Show that y(x) = -T is a solution of the integral equation | 
Тэх 0 





4. Show that у(х) = е (2x — 2/3) is a solution of the Fredholm integral equation 
ri 
ух) f At гуш = 2xe*. 
Solve each of the following integral equations : 


х | a | 
5. yix)zx- E [| (<= і) y(t) dt. 6: у(х) =x? + [эө ain (x — t) dt. 
px | < 
т. | 0 yer) de =2уб) «x - 2. | в. | v6 - D dr 9 sin 4x. 


9. Finda solution of the integral equation убх) = Šein 2x + [ уй) yx — t) dt. 
{i 
Solve the following integral equations’: 


10. S ау +5 [хо dt =e*, y (0) = 0. 11. 4 2y + эо dt=sinx,y(0)=1. . (Mumbai, 2006) 


— REED 


эгет олу KL 
4 , D нв. 
Ч л ов” n i 





A kernel K(x, t) of Fredholm integral equation is said to be separable (or degenerate) if it can be expressed 
as the sum of a finite number of terms, each of which is the product of a function of x alone and a function of t 


alone i.e., if it is of the form K(x, t) = Ў f, (x) g,(t)- 
n=1 


Also since cos (x + В = cos x cos ¢ — sin x sin Ё, cos (x + t) is a separable kernel. 


ЕГЕТ ДЖ SOLUTION OF FREDHOLM EQUATIONS WITH SEPARABLE KERNELS 





Consider the integral equation 


ув) =A | ? Kix, D y(t) dt + Fx) (1) 


where K(x, t)=f, (x). galt) + folx) . galt) +... f 0-8, (2) 
Substituting (2) in (1), we get 


т 
у(х) = А [|$ fat) ett | a+ Fe 


-X Y fale? i£ g,(O y(t) de} + Fix) 848) 
n=1 оо? 


Evidently [eco dt = C, (say), is a constant and will be different for different values of n. Then (3) 
a 
takes the form 


ув) =A 6, fa 6) + FG) fd) 


nal 
This is a solution of (1) in which т constants C,, Ca ..., C,, are to be determined. 
Now multiplying both sides of (4) Буд, (x) and Жы аны from а to b, we obtain 


Г у(х) g,(x) dx = А Г | х C, f(x) g(x) dx + Г F(x) g,(x) dx 
ыг 8-1 Ч 
b 
Writing Г g,(x) f, (x) dx = а, and | E(x) F(x) dx = B,, the above equation becomes 
“(1 п 


т 
C, =A Ў, C, O4, + By 


n=] 
= MC,0,, + Соо +... + C, Sm) + By 
Taking k = 1, 2, ..., m, we get the following m equations which determine C,, C,, ... Си: 
(1 — Aar) Cy — Ацо Cy =.. = A Oy mlm Бу 
— Лаз: С, +(1—Aagg) С. -. uu Cn = 445) 
жа, Ха, C, - + a- Аа) с. = -8, 
Equations (5) will give a unique solution if the determinant A of the coefficients of C,, Ca ...C_, is not zero. 





Now the following cases arise : 
I. When F(x) = 0, (1) is said to be a homogeneous integral equation and all B's are zero. 
(i) If А + 0, the only solution of (4) is the trivial solution C, = C, =... = С, = 0. Then у(х) = 0 is the trivial 


solution of (1). 


(it) If A= 0, at least one of the C's can be assigned any value and the remaining C's can be found accord- 


ingly. Then (4) gives infinitely many solutions. The values of À for which А = 0 are known as the eigen values. Any 
non-trivial solution of the homogeneous integral equation for a certain value of X is called the corresponding 
eigen function. The solutions corresponding to eigen values of À can be expressed as arbitrary multiples of eigen 
functions. 


| b 
II. When Ех) #0. Let us assume that | Em (x) F(x) dx = 0 so that В, -0 


(1) ГА #0, the only solution of (1) is the trivial solution C, = C, =... = С, = 0. 
Then y = F(x) is the desired solution of (1). 
tii) If A = 0, atleast one of the C's can be given any value and the remaining C's can be found. 
Then (4) gives infinitely many solutions. 
I. When atleast one of the [Vs = 0 
(1) If A 2 0, then equations (5) give a unique solution of the constants C. 
Hence there is a unique solution of (1). 
(ii) If ^ = 0, then equations (5) will be inconsistent. 
Either there is no solution or infinitely many solutions of (1) exist. 





or 


Solution. (i) Given equation may be written as 
qus m Das fran um ЇГ шал 
y(x) = Ms 1 ty(t) dt —4x 1 y(t) at 
у(х) = (2Ах) С, — (4х2) С, Ai) 


1 | 1 
where C,= [ tv dt, C, = | хо 


or 


or 


Substituting y(x) in C,, С, we get 
1 
C, = | ЦОЛ) C, — (434?) C] dt 


1 | | 
С, = | (234) C, — (434?) C3) dt 
| un 5383 5 unl =: 
C, E 2A [| at} +C; |а Ї! at} =0 
| | i- | 
C, гэ f ratis 1+4 реа) -0 


C, E 5 >) + AC, =0;-2AC, 4 C, (14 40/3) = 0 Gi) 


The determinant of eigen values will be 
1-24/3 А. 
-А 1+4A/3 
^ The eigen values are 4, =—3,A,=-3 
For À, = A, = — 3, the equations (ii) reduce to 
3C, —3C, = 0; ЗС, —3C, = 0 ie, С, = С. 
From (i) у(х) = — 6C,(x – 2х2) = х – 2х? И C,=— 1/6 


= О ог (А + 3)? = 0 








Hence the eigen function corresponding to A, = А, =—3, is 
у(х) = х — 2x? 
(її) Given integral equation may be written as 








1 - х 
у(х) = = 1 [ е?е! - y(t) dt = - : C, i) 


ri 
wh C= | e y(Ddt 
where 1А yit) 
Substituting the value of y(t) from (i) in C, we get 


1,f eC Y С lom o: 
С = | ol БЭХ нш || =. | af Ja 
ji Сар е2 1 j^ a 


ri 
2 [2 и =0 іе. С=0 
е^ —] 0 





or С [ - 


Hence from (i), у(х) = 0 
which shows that the given integral equation has only trivial solution. 





Ж ке А 





Solution. Writing the панц equation 16 the following на 
yix)=cosx+A [sina [ cost у(1) dt — cos х [еа ty (t) de) 
or у(х) = cos х + (À sin x) C, - (À cos x) C, m 
where C,= ['eost-x0dt, С,- [sine yt 
Substituting y(x) in C, and C,, we get 
C, = ЇГ eost (cos t + (А. sin t) C, — (À cos t) Cp) dt 
С, = [зае [сов t + (А віп t) С, — (А cos t) Co} dt 


Ci {1 -À [Г cos t sin ( at| + Со [2 (cos? t at) = [ cos” га! 


or єг pa S =. 840) 
С, [A | sin га} +С, hs | sin t cos t dt} = | sin £ cos t dt 
| 0 | 0 0 

By evaluating each of the integrals in (ii), we get 
1 1 -— 
C; * 5% Min i-r © Ал + С„ = 0 mu 

The determinant of the equations (12) is given by 

1 іл : ШИ 
2714-14-12 #0 
-làm 1 47 








Thus the equations (iii) have a unique solution 
28 „ An? 
Ср үл ym EY 
4 ART 4 + An 
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Substituting these values of C, and C, in (i), we obtain the required solution 


у(х) = cos x + — == (2r sin x — An? cos x) 
+ | 


Ад? 
ог (x)= _* (9 COS x + TA sin x) 
hea eo. nl аашаа 





PROBLEMS 36.4 


Determine the eigen values and eigen functions for the following homogeneous integral equations with degenerute 
kernels ; | 


1 | 1 LF i at 
1. у(х) = А | (3x 2) t. y @) di. 2. y(x) = А | (Бх E? + 4x" ¢ + 3xt) y(t) dt. 
J-1 
a4 2к.. | 
8. убху А |, sin? x -y (t) dt. 4, y(x)—À Ї sin x sinty(Qdt=0. (Madras M.E., 200058) 
n i рат | =i 
5. у(х) = А. | sin x cos i. y (£) df. 6. у(х) = А | sin (x 41) У de. (Madras ME., 2000) 
2 | 
Solve the following integral equations : 
A 1 | 
7 xr [ & - y (6) dt. в уб) -543 | axo ХӨ, 
\ 0 
ай ie 2 ы б 
9. yx) = + *[ (L+sin x sin t) y(t) dt. 10. ух) = @х-п) +4 | sin” х” y(t) dt. 
0 
| k/7 T | é | | 
11. у(х) = sin x +A { sin x cos t- y(t) dt. 12. y(x)2 x A | (x cos t+ t” х + cos x sin £) y(t) dt. 
Ù -X 


aĵ | 24. 
13, Obtain the solution of (x) =1 +A [xt -5 dt in the form y) = 1 + x (3). 
What happens when A= 3? 
14. For the integral equation 
_ | 
36) = К+ А Ї (1-3х0) y(t) dt, 


find the eigen values of À and the corresponding eigen functions. 
15. Obtain the most general solution of the equation 


3 2m 
у(х) = Fix) + К 1 sin (x +f) y(t) dt 
where 1) Fix) 2x (И) Рх) = 1, under the assumption that A # + Шт. 


SOLUTION OF FREDHOLM INTEGRAL EQUATION BY THE METHOD OF SUCCESSIVE 
APPROXIMATIONS 





b 
Consider the Fredholm equation у(х) = Fix) + А | K(x, t) y(t) dt .K1) 
П 


where F(x) is continuous in a € x < b and A(x, t) is finite and continuous in the rectangle а x € 5b anda st b. 
Replacing y under the integral sign by an initial approximation y(0), we get the first approximation 


b 
y! (x) = F(x) +A | K(x, t) y (t) dt ...(2) 
Replacing y under the integral sign in (1) by y'!', we get the next approximation 
sb 
y 2 (х) = F(x) + А Ї К(х, t) уб (t) dt ...(3) 





Proceeding in this manner, we get the general formula for successive approximations as 
b | 
y" (x) = FG) X | Ко, t) y" (de 4) 


We now, obtain the condition for the convergency of the sequence y™ (x). 
Replacing x by ¢ and t by a dummy variable t,, (2) becomes 


b my 
y? () = Fl) + А [, Ки, t) y (4) dt 
Then (3) takes the form 
rh PE ks 
y 9 (x) = Ех) + А Ї K(x, t) (ра + af Kit, t) y? (44) at,| dt 


н | 
= F(x) + А | K(x, t) F(t) dt + А? [ ке, t). [ K(t, бу? (t,) dt, dt B) 


Writing K* ф(х) = Г K(x, t) 01) dt, the equations (1), (2) and (5) become 
п 


у(х) = F(x) + АК* у(х) 
у(х) = F(x) + AK* y (х) 
Ух) = F(x) + АК* F(x) + АК" yl (х) 
Similarly У) (x) = F(x) + Э.КЖ F(x) + 2K F(x) + 23 К°З yO) x 
In general у”) (x) = Fix) + АК" Fx) + АРК"? Fix) + АЗ КЗ F(x) +... + К" y™ (х) 
Asn — еэ, we get 


у(х) = Lt у"(х)= Е(х) + Lt [AK Ех) + А? К Fix) +... ©] (6) 
n oe n + 


Now F(x) and K(x, t) being continuous for all values of x and t in (a, Б), F(x) € M and |К (x, t)| € m where 
M, m are their respective maximum values in (a, b). 


|К Е(х)| = | [коо Е(х) at | 





ab 
«nu | [а < mM (b — a) 
Similarly K” Ех) <т’ M .(b -aY 
Then АК F(x)| < |А. m" Mib -aY 


<M (|A| m (b — a) 
In (6), Ул K” F(x)<M Уп A | m(b — aM 
Now the series on RHS. being a хөхий! series, converges for |A| m (b — a) « 1. 
Thus by comparison test, YK " F(x) also converges for |X| m(b —a) <1 
| 1 


m (b — a) 
Hence the given integral equation (1) will have a continuous solution when the condition (7) 18 satisfied. 


x) 


ie., for || < 























Solution. Taking the initial approximation у! (х) = 1 and substituting it in the R.H.S. of (i), we get 


| a |1 4... 
утех [аг-1@=1+эх [© =1+ = 
10 





Substituting уй! (х) in the R.H.S. of (i), we have 


2 
Ук) =1+А || EE JL 1+2х f (ia 


Substituting у! (x) in the R.H.S. of (i), we get 











ор № At х № |е 
OG6)2142 (4142-45-14 аай 
жы ex sh па = ribi ES 
Ax AX wx хе. АА? 
= 1+ L—A4——-14—114—4— 
2° 6 18 " з 3. | 


Hence the solution of (1) is 
| Rel, X (ХҮ (aY 
(х)-14---1--41-141-| +--- 
у(х) = 1+ z| ыг” 5) (>) + | 
As the number of terms tends to infinity, the exact solution is 


- »|, a fay (ХҮ 
у(х) = 1+ zb «(5 г | 


xd 
2 





[Summing up the С.Р. which converges for 1/3 < 1] 





t [] 4 i Г Г А 

wi (=. а 5 | 1 1 "T S "dae Ji | їл ! | 

Е ь a . 4 a Е >. | = і й | i #7 " 4! 
a. м A = =. [ ЕЭ - | 


Solution. Taking t dis » initial üpproxima&on y (x)= 1 +x vamd substituting itinthe R.H. 5. of 6G) we » get 


yl (x)- 19x fa- 01-04 


| | x* x 5 | y* 24" 
=1+х+х|х+—|-|—+—|=1+х+—+— 
| 2- 2 9 | 2 6 


Substituting y (x) in the R.H.S. of (i), we obtain 


p? 
у(х) = 1+5 + [e-o + s J^ 


х2 х3 og! 20450144 2 
- x | x +—+ | |в + 
bees TEE Е 4 А 


Proceeding in this manner, we get 


2 x? 4 5 n 
uud 3a EL am эр харх pasce 
? 112! 31 4l &l nl 





tite tae te =1+ 


11721 aS “ЗҮГ 17 


x x" ox" ll a 5 
117213! 
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|. SET THEORY 


SETS 

(1) The concept and the language of sets play a very important role in expressing mathematical ideas 
concisely and precisely. It was Cantor* who first introduced and developed the notion of sets in mathematical 
investigations. It is, therefore, essential for a student of engineering to grasp the basic ideas of Set Theory. 

Def. A collection of objects defined by some property, is called a set. The objects belonging to a set are called 
its elements or members. 

Examples of a set are (1) the set of positive integers less than 25, (11) set of pages in a book, and (iii) set of women 
students in a college. 

А set is denoted by a single capital letter e.g. A, B, ..., 5, X, Y and the elements of a set are generally 
denoted by small letters a, b, c, ..., x, y, 2. 

When e is an element of a set S, we write e є S and read as ‘е belongs to 5”. When e is not an element of S, 
we write e e S. 

If 5 be a set of odd integers, 3, 7, 11 € 5 but 4,6 5. 

(2) Representation of a set 

(1) Tabular form of a set. In this, the elements are enclosed in curly brackets after separating them by 

commas, e.g., the set of positive even integers less than 9 is written as S = (2, 4, 6, 8] and the set of 
prime numbers between 4 and 14 is Т = (5, 7, 11, 13]. 

(11) Symbolic form of a set. In this, the set is written as [x/P(x)) where x is a typical element of the set and 

Р(х) is the property satisfied by this element. In symbolic form, the above two sets are 
S = |x/x = a positive even number < 9] 
= (х/х = a prime number between 4 and 14]. 





*The great German mathematician George Cantor (1845-1918), the creator of Set theory. 
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(3) Empty set or null set. A set which has no elements is called an empty set or the null set and is 
denoted by the symbol ф. 

(4) Finite and infinite sets. А set ts said to be finite if it has a finite number of elements. Otherwise a set 
is said to be infinite. 

The number of distinct elements in a finite set А is called its cardinality and is denoted by |А |. 

For instance, the set of days in a year is finite, the set of points in a line 18 an infinite set. 

(5) Subset. If every element of a set A is also an element of set B, then A is called a subset of B and this 
relationship is denoted by A c B or B > А ; which is read as ‘A is contained in B’. 

Another definition : If A and B are two sets such that 

xeA => xeB, 

then А is called a subset of B. 

The notation — stands for the word ‘implies’. 

For instance, the set V of vowels is а subset of the set A of the English alphabet and we write V cA. 

(6) Power set. For a set A, collection of all subsets of A is called the power set of A and is denoted by P(A). 

If A = [1, 2, 3] then P(A) consists of 23 i.e. 8 elements ф, [1], [2], [3], [1, 2], [2, 3], [3, Папа [1, 2, 3]. 

In general, if A has n elements, then P(A) has 2" elements. 

(7) Equality of sets. Two sets A and B are said to be equal if the elements of both are the same i.e., if each 
element of A is also an element of B and vice versa, and we write A = B. 

In other words, if A and B are two sets such that 

АСВ and ВСА А = В. 

Неге <> stands for ‘implies and is implied Бу! or ‘if and only tf”. 

For instance, (2, 3, 5|] = (3, 2, 5, 3] = [2, 5, 3, 2], since the change іп the order of elements ог the repetition of an element 
18 immaterial and all these contain the same elements 2, 3, 5. 

(8) Proper and improper subsets. When the set B contains all the elements of A and some others, А is 
said to be a proper subset of B and is denoted by A c B. 
Le.,if A c B and A + B then A c B. 

If A c B and every element of B is also un element of A i.e., В с A, then А is said to be an improper subset 
of B i.e., A = B. 

For instance, the set of positive odd integers and the set of positive even integers are both proper subsets of the set 
of natural numbers. 

(9) Universal set is that which has all the sets under investigation as its subsets. It is generally denoted 
by ЧГ. 

For instance the set of all letters of English alphabet is a universal set of the sets of the form (а, i, e, u}, lb, x, и, m] etc. 





. « Example 871. If A, B, C are sets such that Ac Band В = C; then showthat Ac C, СП 
Solution. Let x be any element of A. 
Since А c B Le., all the elements of A belong to B, 
50 xeA = хє В 40) 
Again as B c C Le., all elements of В belong to C, 
80 xeH = хеб ХШ) 
It follows from (1) апа (ti) thatx e A > хе С 


АСС. 


hic chs of the foliquine pet are equal? . ж A RAY A910 X7 AN TE 
; a= fx: 55 M (Sy + Is 0] | Л 1 37 + Г "Nl Jor n 
112, 1) and S, =: 3-62 + 11х-6=0 о 


Solution. Here S, = (1, 2, 2, 3] = [1, 2, 3] 
= xs (c- 1) = 0} = (1 S, = {1, 2, 3) 
S,-ix:ix—1)(x-2)(x-3) = 0} 511, 2, 3] 
From these we find that 5,, 5., S, are equal. 





ЕЯ SET OPERATIONS 

(1) Union of two sets A and В is the set of all elements which belong to A or to B or to both. It is denoted by 
AW В read as ‘А union В’ and is represented by the shaded portion in Fig. 37.1. 
Symbolically А ù B = (х/х e A or x є B]. 
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Fig. 37.1 Fig. 37.2 


(2) Intersection of two sets A and B is the set of elements which are common to both A and B. It is denoted 
by A п B read as ‘A intersection В’ and is represented by the shaded portion in Fig. 37.2. 


Symbolically А г В = (х/х e A and x e B] 
Such diagrams as Figs. 37.1 and 37.2 which exhibit the various relations between the sets are known as 
Venn di 8. 


(3) Disjoint sets. If the sets A and B have no common elements, they are called disjoint sets. Their 
intersection is an empty set. 

For instance, if A be a set of boys in a college and B the set of girls in the same college, then A and B are disjoint sets 
Le. Am В = ф. 

(4) Complement of a set. If В с A, the set of elements of A which are not т В is called the complement 
of B in A and is denoted by B* in A. It is also known as the difference A — B of sets A and B. Thus 

B* in A = (х/х e A and x e B] 

which is shown shaded in Fig. 37.3 (1). 

If U be a universal set, then the set 'U — A’ is called the complement of A and is denoted Бу A‘, which is 
shown shaded in Fig. 37.3 (ii). 

For instance, if U = (1, 2, 3, 4, 5,... | and А = (1,3, 5, 7, ...), then A‘ = (2, 4, 6, 8 ...}. 





Fig. 37.3 (I) Fig. 37.3 (11) 


(5) Cartesian product of two sets A and B denoted by A x B is defined to be set of all ordered pairs (a, b), 
where a є А and b e Bie., 


AxB-|(a,b):aeA and ЁР є В) 
For instance ША = [1, 2], B = (1, 2, 3), then A x B = [(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, D) B x = ((1, 1), (1, 2), (2, 1), 
(2, 2),13, 1), (3, 2) « АхВ;=ВхкАаА, 


"T 
t 








Ка А ив, (В ГА С) = (2, 9, 6, T] ^) 
Again AUB = (0, 2, 5, 6, 7, 81, 
AwC211,2,3,5,6, 7} 


(A o B) r^ (А o С) = I2, 5,6, 7] JU) 
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Hence from (i) and (ii), we get 
Av (В с\ С) = (А 0 В) с\ (А o С). 


Example 87.4. With the help of Venn diagram, show that 
A n (B) C) = (А г В) (А C). 





(iv) 





Fig. 37.4 


Solution. First we draw vertical lines in the whole areas of B апа C во as to represent B v C. 
[Fig. 37.4 (i)]. 

Now draw horizontal lines in the whole area A. Thus the double hatched area in [Fig. 37.4 (11)| represents 
area common to A and B U C ie., Ar (BC). 

Again we draw horizontal lines in the area common to A and B so as to represent А г В [Fig. 37.4 (iti)]. 

Now draw vertical lines in the area common to A and С, so as to represent А > С. Then the whole hatched 
area in [Fig. 37.4 (iv)] represents (A су B) U (A n C). 

Hence we observe that the double hatched area in Fig. 37.4 (ii) is equal to the total hatched area in 
Fig. 37.4 (10). 


Example 37.5. Prove that (1) A - (B c C) = (A - B) (А - C). | 
(Ах (B с С) = (A x B) (A x C). (Tiruputi, 2001 





Solution. (1) Let x be an arbitrary element of the set А — (B ^ C), then 
xeceA—(BriC) = xeAandxe(BnC) [ xe(A-B)-xeA and x e B] 
xeAand(xgB or x¢C) 


= 
=> (xeAandxeB) or (xe А апіх e C) 
=> xe(A-B) or S yii 
=> xe(A—-B)ut(A- 
A —(Br»cC)c(A-B)u(A- a KE) 


pa x be an arbitrary element of the set (A — B) (А — C), then 
xe(A—B))u(A—-C) => xe(A-B) or xe(A-C) 
= (xeAandxeB) or (xeAand x e C) 
> xeAand(x¢B or x«eC) 
= xeAandxe BOC 
= xceA-(Brc) 
: (А-В) 4 (А-СсаА— (B e C) welt) 
From (i) and (ii), we get А — (B ^ C) = (А - B) o (A – C). 
(її) (х,у) ЕАх (Б г б) 
x e A and y e (B С) 
(x e A and y В) and (x Е A and y e C) 
(x, y) є (A x B) and (x, y) e (A x C) 
(x, y) Е (А х B) rn CÀ x C) 
Hence Ax(BOC)=(Ax В) г (А x C). 


уу 





1. Commutative Law 


АуВ-ВиоА:АсВ-ВгаА. 
2. Associative Law 
Ач (Вы С)=4А В), С 
А п(В т С) = (А В) тС 
3. Distributive Law 
А (В 2С) = (А В) (А г\ С) 
А ш (В г\ С) = (А В) с\(А ш c) 
4. Complement Law 
АЧА = Г; А тА = 6. 
5. Identity Law 
AUVb=A=0VUA 
ANU=A=UNA. 
6. Absorption Law 
AU(ANB=A;AN(ANB=A 
7. De Morgan’s Law | 
| (AU BY = Аг В; (А г ВУ = Ас Ве 
B. Involution Law 





PRINCIPLE OF INCLUSION 


(1) If A and B be sets with cardinalities | A | and | B |, then 
[АСВ | = | А | + | В| - | АХА | 
Proof. The number of common elements in A and B is | Ar B |. Each of these elements is counted twice 
ш|А |» | В |,oncein | A | and once in | B |. This should be adjusted by subtracting the term | A ^B | from 
|A| + |B 
хам ІА В| = |A| + |B|- |АоВ|. 





(2) Duality, 118 be any Жр, ИТТЕР sets and molor E B. conn алаг авео P andi union 
uU etc.) and а new set S* is obtained by replacing c Бух, U by с, ф by U and U by $ in S, then the statement S* 
is true and is called the dual of the statement S. 
For instance, the dual of A ^ (Вх А) = А 18 Ас (BOA) = A. 
^. med nd n жь P E^ Ў 


¥ ar л Г | | 1 
| ^ е a. à 
+ La ыг. Ч 4 
rM LY d § = & = 2 











яаман Tat Ate tie ool aff tox: ditrtkere- end d бюэй of coffee drinkers. Then 
[АОВ [= | А | +18 [- [А еВ | = 180 + 70 — 50 = 200 
Hence 200 persons drink at least one beverage апа 250 — 200 = 50 persons drink neither tea nor coffee. 
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Example 87.7. How many integers between 1 and 468 are divistble by 3 but not by 5. 





Solution. Number of integers between 1 and 468 which are divisible by 3 = БА = 156 





Number of integers between 1 and 468 which are divisible by 3 and 5 = E -81 


х 


Hence the number of integers between 1 and 468 divisible Бу 8 but not by 5 = 156 - 31 = 125. 






Example 37.8. How many integers are between 1 and 200 which are divisible by any one of the in c ger 
2, J and 5 ? | 


Solution. Let A,, A,, A, denote the set of integers between 1 and 200 which are divisible by 2, 3, 5 


respectively. 


| | 200 | 200 
| = || = 12 = | = 20 
А, ^ A] | | 1 33, ГА, n А. БЭ 


A, nA) = | 2% | 13, A, nA nA | -6 
Hence А, VA, UA] = | A, | + | Ap | + | Ag |- | AY mAs | 
- | A, nA, |- | A, A, | + 1А, AA, 0, 
= 100 + 66 + 40 — 33 — 13 — 20 + 6 = 146. 





PROBLEMS 37.1 | 





1, Show that the following sets are equal : T. 
Az (2, 1), B=(1, 2, 1, 2,1,2), Cs1x:x?- 3x 2=0}. 
2. Which of the following statements are true ? Give reason to support your answer. 


(гу {a} c ta, b, c) (ùi) a c la, b, с} (iit) a c; la, b, c] 
(10) la, b) c la, b, с] (0) (а, b] € (a, Б, c] (vi) $ c (а, b, c]. 
3. Prove that 
(D) B-A is a subset of A‘. (ii) B-A°=BoA 


tiD tA cB, BcC,CcA] => A=C. 
. IA = la, b, c, d, e], B= a.c, e, g) and C = (b; e, f, g), prove that 
(i) Au В) г С = (An С) (В nC) (8) (А ^ B) (А С) = А гу(В o C). 
5. ЖА = А2 В then prove that B = А nB. 


6. Prove that A B ВА СД, Aa 
7. With the help of the Venn-diagram, prove that A TS 
(i) (A v BY = A? Bt and (AM BY = Аб Ве, (Andhra, 2004) 
(GD Aw (В nC) = (А o Bo (Av С). (V.T-U.,. 2001 8). 
& If BA, prove that | m, 
@WBUCCAUC Gi) BACTAN C. 204 
9. (ОЛА В = А-В, show that А = B. A. 


GTAWB=A UC and AnBzAnC,show that В = С. 17 
10, (i) Prove that (i) А-В-А-АгВ. (V.T.U., 2001 ; Madras, 200 


UDA- (B С) = (А - B) (А – C). | 
11. Show that for any two sets A and B fi. 


(А-В = А гв (i) ASB = B xA 

(2) AUB «(Ao В) (Во A)u(An B). | 
12. МА, B, C be sets such that Ас B, B ^ € = $, show that A AC = $. P 
13. Show that A U (BUCY = (A U B) (A U C9). Л 
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14. Prove that A x (Bx C) = (A x.B) (A x С). (Andhra, 2001) 

15. ИЗ is any set and Pis) is its power set and A and B belong to Р(8), prove that B г (А — B) $$. 

16. НА and B are finite sets then prove that А с B and A гу B are finite sets and | 

n(A UB) = n(A) + n(B) = n(A à B). | (Andhra, 2004) 

17. In survey conducted on 200 people, it was found that 140 are smokers while 80 are alcoholic and 40 are both. 
smokers and alcoholics. Find how many are neither smokers not alcoholics. | 

18. How many integers between 1 and 789 are divisible by 5 but not by 7. 

19. How many integers are between 1 and 250 while are divisible by any of the integers 3, 5, and 7. 

20. Out of a class of 153 students, 54 have taken History, 63 have taken Geography, 62 have taken Economies, and 43 
have taken Geography and History, 45 have taken History and Economics, 46 have taken С hy and 
Economics and 37 have taken all the three subjects, How many of the students have not taken any of these three 
subjects ? Use a Venn diagram. 





1. ALGEBRA OF LOGIC 


INTRODUCTION 





(1) Logic is concerned with all types of reasoning such as valid statements, mathematical proofs, valid 
conclusions etc. Logical reasoning is used to prove theorems, to verify the correctness of computer programs and 
to draw conclusions from experiments. Later on, we shall observe that the algebra of sets and logic is analogous 
to the algebra of switching circuits which is similar to 'Boolean Algebra'. 

(2) Propositions and Statements. А proposition is a declarative sentence which is either true (1) or 
false (0). Some authors use T' and F respectively for 1 and 0. The truth or falsity of a proposition is defined as its 
truth value. 

All the declarative sentences to which it is possible to assign one and only one of the two possible truth 
values are called statements. 


Example 37.9. Which of the following are statements : (a) Agra is in India (b).3 + 4=5 (e) Where do you 
live ? (d) Do you speak Hindi ? 


Solution. (a) and (b) are statements that happen (a) is true and (b) is false. 

(c) and (d) are questions so they are not statements. 

(3) Compound statements. The statement which 18 composed of sub-statements and logical connectives 
is called a compound statement. 

eg. It is raining and it is cold’ is a compound statement as it is comprised of two sub-statements ‘It is raining’ and ‘it 
is cold’, 

(4) Truth table. The truth value of a compound statement is completely determined by the truth value of 
its substatements. A convenient way to represent a compound statement ts by means of the truth table wherein 
the values of a compound statement are specified for all possible choices of the values of the sub statements. 

We shall use the numbers 0 and 1 to denote the false and true statements. Also we use letters p, g, r, ... to 
represent a proposition or logical variable. 





ЕГИ LOGICAL OPERATORS 


(1) Conjunction. Jf p and q are two statements then their conjunction р and q written as p ^ q, is defined 
by the truth table 1. 
Table 1 Table 2 


ШИШ 0^7 





oof + Uu 





ХЭ oC omo US 
o'a о ы 





11156. Hicher ENGINEERING MATHEMATICS 


For example, the conjunction of p : it is raining and q : I am cold is p aq : It is raining and I am cold. 
(2) Disconjunction. If p and а are two statements, then their disconjunction p or q written as p v q is 
defined by the truth table 2. 
For example, the disjunction of p and q for p : it is raining today ; g : 3 is an odd integer is 
руч: М із raining today or 3 is an odd integer. 
(3) Negation. If p is a given statement and its negative ‘not рт, written as ~ p (or Np or | p)is defined by the 
following truth table : 


p -P 
0 1 
1 0 


For example, the negation of the following statement 
(0)р:243-1 1 -р:2+3<1 
(b) q.: it is hot is ~ 0: itis cold. 


Example 37.10. If p be Ч is hot' and q be ‘it is raining’, describe each of the following statements by a 


sentence : | 
(074 v—p (b)-p^-q (c) = (= рм). | 
Solution. (a) It is raining or it is not hot. (b) It is not hot and it is not raining. 


(c) It is hot but not raining. 
(4) Conditional operator. The conditional statement ‘if p then q' written as p > q is defined by the truth 


table 4 : 
Table 4 Table 5 
p q pq p 9 peg 
1 1 1 1 1 1 
1 0 0 1 0 0 
0 1 1 0 1 0 
0 0 1 0 0 1 


Obs. The contrapositive of conditional statement p — g is the statement ~ p > ~ q. 


(5) Biconditional operator. If p and q be two statements, then the statement ‘р if and only if q' denoted 
by p €» апа abbreviated as ‘p if q’ is called a biconditional statement. The truth table for biconditional state- 
ment is table 5. 


Example 37.11. Construct the truth tables for | 


(@рл-9 (b) (pv qv = р 
(с) (р = 9) a(q— p) (а) (p >q) v = (p + д). 
Solution. (a) The truth table is 
p q -q р^-@ 
1 1 0 0 
1 0 1 1. 
0 1 0 0 
0 0 1 0 
(5) The truth table is 
р Ч руч -p (py gy =p. 
1 15247 d 0 1 
1 0 S 1 0 1 
0 1 1 1 1 
0 0 0 1 1 
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(c) The truth table is 


p q p gp (р -q)^(g — p) 

1 1 1 1 1 

1 ü 0) 1 0 

0 I 1 0 0 

0 -0 1 1 1 

(4) The truth table in this case is 

р Ч pg -4 p-g (p+ =~ 9) p-—qv-lp-—-q) 
1 1 1 0 0 1 1 
1 0 0 1 1 0 0 
0 1 1 0 1 0 1 
0 0 1 1 0 1 1 





| STATEMENTS GENERATED BY A SET 


(1) If S be a set of statements, then any valid combination of statements т S with conjunction, 
disconjunction or negation ts a statement generated by 5. 

A statement generated by a set 5 need not include each element of S in its expression. 

For example, if p, q, r are statements in 5 then 

(а) (рл) ^r (b)-q^r (су рл) yiqar) 
are statements generated by S. Their truth tables are : 


р q r peg (рлалг -4 ~ АГ 

(a) (b) (c) 
1 1 1 1 1 0 0 1! 
1 1 0 1 0 0 0 1 
1 0 1 0 0 1 1 1 
0 1 1 0 0 0 © 0 
1 0 0 0 ü 1 0 0 
0 1 0 0 0 0 0 0 
0 0 1 0 0 1 1 1 
0 0 0 0 0 1 0 0 


(2) Tautology is an expression involving logical variables which is true for all cases in its truth table. Itis 
also called a logical truth. 

(3) Contradiction is an expression involving logical variables which is false for all cases in its truth 
table. Obviously, the negation of a contradiction is a tautology. 

In other words, a statement formula which is a tautology is identically true, while a formula which is a 
contradiction is identically false. 


Oba. The conjunction of two tautologies is also a tautology. 


Example 37.12. Show that (a) p v ~ p fee tautology (b) р да хэ (-р vq). 
Solution. (a) The truth table is 


p -p pw-p 
1 0 1 
0 1 1 


Hence p v ~ p is a tautology. 





(5) The truth table is 








Hence (р > q) <> (~p vq) is true. 


ЕД EQUIVALENCE 


(1) If p and д be statements generated by the set of statements S, then p and q are equivalent if p €» q isa 


tautology which is denoted by p <> q. 


If p > q is a tautology, then we say that p implies q and write it as p >q. 





(2) Equivalent formulae. Some basic equivalent formulae are given below which can be proved by using 


truth tables : 

1. рурсэр PApSp Idempotent laws 
2pvqeqap p^qecq^p Commutative laws 
3.pvq)vrespv(qvr) (p^g)^re»p^íg^r) Associative laws 
4.pví(q^r)epveg)^ípvr) p^(gvr)eip^q)víp^r) Distributive laws 
5.pv~pol p^-p«e0 Negation law 
6. ру0<>р palep Identity laws 
T.pv1«1 р^0 < 0 Null laws 
8.pvipag)=p p^(pvq)ep Absorption laws 
9.-(pvq)e-p^-q -(pvg)e-pv-q De Morgan's laws 
1.р-эру4 9=>р\уа Disjunctive addition 
11.рл9 9 р^9 = 9 
12. (руф) л-р 9 (руд) л ~ дәр 

13. (ра) л (9 ғ) = (р >r) Chain rule 
14. р» 9 <= - руд Conditional equivalence 


15.p«»q«»(p—q)^(lq Бы 


Dafa гай “= (3 


Г 4 а D 
de TI 

Tid е цал " 
Эн Ч 4 =г 


Biconditional equivalence 


| " | 
| 
ла а j е 
+ © 4 ' re 4 A ni i ) 
^ ЖА: Г Г 
Ч Li 





M Ф 5) | i-p Ar Mv { 


Solution. (a) em Нара андына qor < 


Ру 
~qvr 


Replacing q — r by ~ q v r, we get p > (~ q v r) which is equivalent to ~ ру (~ q v r) by the same rule. 


Thus -pv(-qvr) e 
e 
= 

(5) [-p^(-q^r)lví(q^r)ví(p^r) 


002200 


(-pv-qi)vr [By (3)] 
- Флдуг [Ву (9) 
(p^q)r [By (14)] 
[- рл (-алг)] у (дур) лг [Ву (4) 
[~pa~qarlviqvp)ar [By (3)] 
[-(pvq)^rlv(qvpl^r [By (9)] 
[-(pvq)v(ipvgi]^r [By (4)] 
l^r [By (5)] 


r [By (6)] 





| DUALITY LAW 





(1) Two formulae A and A* are said to be duals of each other if either one can be obtained from the other by 
replacing л Бу v and v by a. 

If the formula A contains special variables 1 or 0, then its dual A* is obtained by replacing 1 by 0 and 0 
by 1. 
e.E., (0) Dual of(p v g)^ris(p^qg)vr 

(ii) Dual of (p ^ g) v 0 is (руд) ^ 1. 

(2) Tautology implications. A statement A is said to tautologically imply a statement B if and only if 
А — B is a tautology which is read as "A implies B". 

The implications listed below have important applications which can be proved by truth tables : 


lp^g-p pp«q 
2.-p-p-q ар 9 
3. ~ (р э 9) => р -(р 9) = ~ 9 
4. рл(р 9) => 9 - рл (рм9) = 9 


5. (р 9) л (9 эг) = рг 


сУи ARGUMENTS 





(1) An argument ts an assertion that a given set of propositions рү, Po, ..., p, (called premises) yields 
another proposition q (called conclusion). The argument is symbolically written as “p,, py, ..., p, Н 9”. 

An argument p,, p», ..., p, - 9 is true provided 18 true whenever all the premises p}, Po, ..., p, are true. An 
argument which is true is said to be ‘valid argument’. Otherwise it is called a fallacy. 






Example 37.14. Show that | i ys LAW м 
(a) the argument p <> 4, q + p is valid. е eat 20042 f ua 
e argument p >q, q+ p is a fallacy. ijr pr dps lle Er ДЖАЛ 


Solution. (a) Let us first prepare the truth table as follows : 





Since p €» q is true in cases (rows) 1 and 4, and д is true in cases 1 and 3, therefore p эд and а both are 
true in case 1 only when p is also true. This shows that the given argument is valid. 
(b) Let us first prepare the truth table below : 





This table shows that p — q and д both are true in case З only while the conclusion p is false. Hence the 
given argument is a fallacy. 

(2) Theorem. The argument p, Py .., p, į q is valid if and only if the proposition 
(Dj ^P A Pgh s ^D,)—qisatautology. 

The proportions p,, p, ..., p, are simultaneously true if and only if the proposition p, лр, ^ ..., ^ p, is true 
i.e., if the proposition (p, ^ p, ^ ..., A p,) > q is a tautology. 








Obs. The validity of an argument depends upon the particular form of the argument, not on the truth values of th 7 


statement appearing in the argument. | 
Example 37.15. Test the validity of the following argument : | | п 
S,: If 5 is less than 3, then 6 is not a prime number t | 
52:5 is not less than 6 = 
8.. Б is a prime number. | . 


р>- 


Solution. Let ‘5 is less than 3’ be p and '5 is a prime number’ Бе q . Then the given argument is of the form 
44-35 4. 
Since in the last line of the truth table, the premises p — ~ g and ~ q are true but the conclusion 0 is false, 


therefore the argument is fallacy. 


8, 


9. 


10. 


11. 


12. 


13. 





p Ч - p--gg ~p 

i 1 0 0 0 

1 0 1 1 0 

0 1 0 1 1 

0 0 1 1 1 

PROBLEMS 37.2 Эг, 1 

If p = Sam is a teacher, q = John is an honest boy, then translate the following into logical sentens; 
(a) - (рма), (b) p v - q, (c) - p «e» q, (dip =g. 


Change the following sentence into symbols : | 
(a) ‘If I do not have саг ог I до not wear good dress then | am not a millionaire’, 


(b) Everyone who is healthy can do all kinds of work. (Anna, 2004 8) 
Prepare truth tables for the following statements (a) (p = q)^-g, (6) (p <q) л (куф). | | 
Write down the truth table of z M | 

(a) p vg (Madras, 1997) (b) p ^p ^q) (Madras, 2005 S) 
Verify that the following are tautologies : AA SA 

(a) р lg > (p ^q) (Алла, 2005) 

(b)ip^q-r) > (р г) у (д =r) (рефл) = (-rz»-p). | Y 
Show that Q VIP «-@)v(-P ^-Qiisatautology. (Anna, 2004 S ; Madras, 2003 S) 


Over the universe of positive integers 

pin) :n is prime and n < 32. 

gin): паза power of 3. 

rin): n is a divisor of 27. | 
G) What are the truth sets of these propositions ? | 
(ii) Which of the three propositions implies one of the others ? | 

Given the propositions over the natural numbers 

pin<4,q: Әп > 17 апай г: п is a divisor of 18, what are the truth sets of 


(20:0, üi)p ^q, 
(iit) г, (mgr. (Madras, 1999) 
Show that (a) - Q, P Q > ~ P. | (Madras, 2003). 
(Po R)^(Q—R) => (Pv @)—> R. (Madras, 2001) 
Construct the truth table for (1) (- p— q) ^ (9 z* p). | (Bharthian, MSc. 2001) 
(Gi) [Pw (Q^ R)) г (РУ 0) А (Р В). (Andhra, 2004) 


Prove that the following statement is a contradiction : 
S=|lpvgalpyv-qgal-pyaq)al-pv~ а}. 
lf p, g, rare three statements then prove that 
(ауры (А т) = (руд) alpyvr) (5) (р 0) уг = (р ул) > (evr) 
(с) ~ (рма) = рл ~ 9. 
Define conjunction, conditional, biconditional and negation, with examples. 
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14. Show that (i) рл q logically implies p а. { | УУ? CER B 
| (ii) p «э — q does not logically imply p — q. з | зор Ў 1222 22 
15. Write the duals of (p vg) ^ r and (p ^q) v t. | | 5 ' 
16. Show that s v г is tautologically implied by (p. q) ^ (g - p A (gq — 5), | "Andhra, 2004 ; Vo uper d 2001) 
17. Let PUn)be'B"—3^ is a multiple of 5'. Prove that Pin) is a UA n. 2 ava 
18. Prove that P > 1Q, R +0, R i- |P isa valid argument. | | J (Madras, 2003) 





19. Prove that p — (q vr) 4 (p ^ 14)-эт: | | 4 па, 20 
20. Show that E v.S follows logically from the premises € v D, C v D >- Н H > A A- B, Ал-В ә Rw SS. n'as) 


УЖЕ PREDICATES | 





Statements involving variables such as ‘x > 7’ and ‘x = y + 7 are neither true nor false so long as the values 
of the variable x, y are not specified. We now, discuss the ways that propositions can be evolved from such 
statements. The statement ‘x > 7' has two parts : First part—'the variable x’ is the subject of the statement ; 
Second part—is greater than 7' 15 the predicate which refers to the property that the subject of statement can 
have. If P(x) denotes the statement ‘x > 7' then P is the predicate and x is the variable. The statement P(x) is also 
known as the value of the propositional function P at x. The predicates are denoted by capital letters and the 
objects by the variables (denoted by small letters in brackets). 

Thus predicates are simple statements which turn out to be propositions involving variables whose values 
are not well specified. 

In other words, predicate is a variable statement which becomes specific when particular values are as- 
signed to the variables. 

There are statements which involves more than one variable consider the statement ‘x = y + 7 which is denoted by 
Qix, y) where © is the predicate and x, y are the variables. When values are assigned to the variables x, y, the statement 
Qix, у) has the truth value. 

Similarly Rix, y, 2) denotes the statement ofthe type х + y =z". When values are assigned to x, у, z, this statement has 
a truth value. 

For example, consider the statements (i) Ram is fair; (ii) Sham is fair. 

Here in (х) and (if) ‘is fair’ is the predicate while Ram and Sham are the objects. If we denote the predicate 
by F and the objects by r and $, then the above statements can be symbolically expressed as (i) F(r) ; (it) F(s). 

Now consider the statement Ram is fair and the house is pink. 

Writing ‘the house is pink’ as P(h), the given statement can be expressed as Fir) л Pih). 


ЕЖЕ QUANTIFIERS 


(1) In a propositional function, when all the variables are assigned values, the resulting statement has a 
truth value. However, there is another method to create a proposition from a propositional function which is 
called quantification. It is of two types : Universal quantification and Existential quantification. 

(2) Universal quantification. Many statements assert that a property is true for all values of a variable 
in a certain domain. This domain is termed as the universe of discourse and such a statement is expressed using 
universal quantification. 

Thus the universal quantification of P(x) is the proposition 'P(x) is true for all values of x in the universe of 
discourse’. 

The universal quantification of P(x) is denoted Бу v xP(x). The symbol v is called the universal quantifier. 
Obs. When it is possib 


quant п Ух P(x) is same as the ci 
Рух), ..., Ple,) are ай true, 


le to list all the elements in the universe of discourse say : X1, X4; ..., Ж, then the universal 
njunetion Р(х) ^ Pix) ^ ..., Р(х) for this conjunction is true if and only if PG), 


== 


Ф = 








Example 37.16. What is the truth value of the quantification V х P(x) where . Я 
(а) P) i is the statement х < 5' und universe of discourse is the set of real numbers.» ' 
(b) P(x) is the staternent < 18’ and the universe of discourse consists оў) positive Chaos had с 





Solution. (a) For instance, Р(6) is false ; therefore Р(х) is not true for all real numbers x. 
Thus v xP(x) is false. 


1162 HIGHER ENGINEERING MarHEMATICS 


(b) The statement v xP(x) is same as the conjunction P(1) ^ P(2) ^ P(3) ^ P(4) ^ РБ) 

Here the universe of discourse is 1, 2, 3, 4, 5 and P(5) is the statement ‘5? < 18' which is false. Hence 
V xP(x) is also false. 

(3) Existential quantification. Many statements assert that there is an element with a certain prop- 
erty. To express such statements we use existential quantification. In such cases, we form a proposition which is 
true if and only if P(x) 15 true for at least one value of x in the universe of discourse. 

Thus £he existential quantification of P(x) is the proposition 'these exists an element x in the universe of 
discourse such that P(x) is true’. 

The notation 3xP(x) is used for the existential quantification wherein 3 is called the existential quantifier. 

Obs. When it is possible to list all the elements in the universe say DX, №, e X then the existential quantification 

Эх P(x) is same as the disjunction P(x,) v Р(х„) v ..., Р(х). 


Example 37.17. What is the truth value of the quantification 3xP(x) where 
(a) P(x) is the statement 'x » 5' and universe of discourse is the set of real numbers. 
(б) P(x) is the statement х? > 18 and the universe of discourse consists of positive integers not exceeding 5 ? 


Solution. (a) Since х > 5' is true, say: for x = 6, 8 etc. 
dxP(x) is true. 
(b) The statement dxP(x) is same as the disjunction P(1) v P(2) v PB) v P(4) v P(5) 
The universe of discourse is 1, 2, 3, 4, 5 and P(5) is the statement 5? > 18, which is true. 
Hence 3xP(x) is also true. 


Example 37.18. Find the truth value of each of the following statements : 
(a) Эх, x^ 1 (6) Va, | x. | zx (c) 3x, x += x. 


Solution. (a) If x, = 1, then x,” = 1, therefore the given statement is true. 
(b) If x, = — 3, then | x, | * xy, therefore the given statement is false. 
(c) As there is no solution to x + 4 =x, the given statement is false. 


Example 37.19. Given P = (2, 3, 4, 5, 6], state the truth values of each of the following statements : 
(а) (у x e Р) (х +3 < 10) (b) (V x € P) (x 4 2 < 7) 
(c) (Ax e P) (x - 3 = I0) (d) (Зх € P) (x +2 < 7). 


Solution. (a) True, for each number in P satisfies x + 3 « 10. 
(b) False, for if x, = 6, then x, + 2 is not < 7. 

(c) False, for no number in P is a solution to x + 3 = 10. 

(d) True, for if x, 2 then x, + 2 < 7 is a solution. 


Example 37.20. Negate each of the following statements : 
(a) vx, x* = х, (b)V x,x-4d»x (с) “х, | x | =x 


Solution. (a) ~ ух, х2 = х= ух ~ (х? = х) = ух, х? ж. 
(6) - Ух, х+4>-х=9х - (х +4> х) = ъх,х+4<5х. 
(с) = Vx, | х | =х=Эх-([х|=ю=ЗЭх, |x | ex. 


Example 37.21. Symbolise using quantifiers : 
(0) Every even number is divisible by 2. | 
(ii) There ts no prime number between 23 and 29. (V.T.U., MCA, 2001 8) 


Solution. (1) E(x) : x 18 even number ; D(x) : x is divisible by 2. 
(Ух) [Etx) — D(x)] 
Gi) If p denotes the set of prime numbers, then (2,), (23 «л < 29). 





_ Example 37.22. Symbolise the expression ‘All the world loves a lover? ^ ^ 


Solution. Let p(x): xis a person ; 
L(x): х is a lover. 
and Q (x, y) : x loves y 
Then the required expression is 
(V x) [p(x) — (y) (py) ^ Шу) — Qix, у). 
Summary. (i) v Q(x) means that the predicate Q(x) is true for all values in the universe of x. 
(11) 3Q(x) means that the predicate Q(x) is satisfied if there is at least one value in the universe of x. 


УЛЕЙ NORMAL FORMS 





(1) For the given variables p,, Po, ..., p,, we may form a statement S (p,, po, ..., p,). The truth table for 5 
will contain 2" rows for all possible truth values of the л variables. The expression 5 may have the truth value 1 
in all cases or may have the truth value 0 in all cases or have the truth value 1 for at least one combination of 
truth values assigned to the n variables. (Here S is said to be satisfiable). The problem of finding in a finite 
number of steps whether a given expression is a tautology or a contradiction or at least satisfiable is known as a 
decision problem. As the formation of a truth table is quite cumbersome, we go for an alternate approach called 
normal form. 

In this approach, we use the word 'sum' in place of disjunction and 'product' in place of conjunction. 

A sum of the variables and their negations is called an elementary sum. Similarly a product of the vari- 
ables and their negation is called an elementary product. 

(2) Disjunctive normal form of a given formula ts the formula which ts equivalent to the given formula 
and which contains the sum of the elementary products. The disjunctive normal form of a given form is not 
unique. In fact, several disjunctive normal forms can be obtained for a given formula by applying the distribu- 
tive laws in different ways. 

A given formula is however, identically false if every elementary product appearing in its disjunctive 
normal form is identically false. 


Example 37.23. Obtain the disjunctive normal forms of ЗИ NET tithe, E 
О рл.) (0 - (p v ч) €» (p ^q). | | A LUN ЯЛЖ 


Solution. (Üp^(p—g)«»p^(-pvq)clpn^ vigo. 
which is the desired disjunctive normal form. 
(i)-(pvg)ex(p^gq)e-(pvg)^(p^g)vipvq)^-(p^q) [v ЕЕ <= (EAF)vi-E^-F) 
<> (-p^-q^p^q)vi(pvgi)^(-pv-q)| 
€» (-p^-q^p^q)vlipvq)^-plvlipvq)^- qi 
€» (-p^-q^p^q)víip^-pví(qn-pweí(p^-qi)víq^-q) 
which 1s the desired disjunctive normal form. 
(3) Conjunctive normal form of a given formula is that formula which is equivalent to the given for- 
mula and contains the product of elementary sums. 


| Example 87,24. Find a conjunctive normal form of ~ (p vgie (pag. LU d DAC GE 
Solution. ~ (рм) < (рла) <> [- руа) э (рл дА рл > ~ (ру 9) 
= [Кру9) у (рл 91 У [- (рл д) м -(pvq)) [Ву conditional equivalence] 


< (pyvyqvp)al(pyvgvaq)all-pv~q)v(-pa-q) 
 pvy¢vpalpveavgal=-pyv-qv-p)al-pyv-qv-q) 
which is the required conjunctive normal form. 
(4) Principal disjunctive normal form. Consider a formula for the propositions p and g using conjunc- 
tionasp^q,p^-q,-p^q,-p^-q.Theseterms are called minterms or Boolean conjunction of p and д. 
An equivalent formula for a given formula, consisting of disjunctions of minterms only is called the prin- 
cipal disjunctive normal form (pdnf) or sum of products canonical form. 





Procedure to obtain the principle disjunctive normal form : (i) Replace the conditions and biconditions by 
their equivalent formulae containing л, v, ~ only. 
(it) Using DeMorgans laws, apply negations to the variables. 
(iii) Apply the distribution laws. 
(iv) Introduce the missing factors to obtain minterms in the disjunctions. 
(v) Delete identical minterms appearing in the disjunctions. 





Solution. (1) p v q <> ee ОЙ 
(р лд) у (рл - 9) у (длр) у (сл ~ р) 
(рл) м (рл - д) м (дл ~ р) 
(-ру-4) < [- рл (- яу] 1-9 л (ру - pi 
(-p^-q)víi-p^q)vi-q^p)ví(-q^-p) 
(-p^-g)víi-p^q)ví(-q^p) 
-p^i(qv-q)vIq^ítpv ~ p) 
(-рлд) м (- рл д) м (длр) ул ~ р) 
(~pag)vl=pa~@q) ~ (лр). 

(5) Principal conjunctive normal form. Consider а formula for the propositions р and q using 
disconjunction asp v q, -pvq,pv-q,-pv ~ 9. These terms are called max terms. 

An equivalent formula for a given formula, consisting of conjunctions of the max terms only is called the 
principal conjunctive normal form (pcn/) or product of sum canonical form. 

Procedure for obtaining pcnf for a given formula is similar to the one for pdn/ as all assertions made for 
pon can be made for Rey" using тшш a са 


(її) ~ рла) 


(tic) -руа 





a 
-рлїї-руд л (9 ap) 
[Using DeMorgan's law and equivalence р > q < ~ p v q.] 
<> -pvl-p»^(q^p) vig ^(q^p)l 
<> ~pviqap) 
= [-p^iqv-q)víq^p) 
€» (-p^q)vi-p^-q)víg ^p) 


S 


This 18 the desired pdnf. 
(iz) po (р +9) л ~ (- ду ~ р)] 
= -pvl-pvq)^(q^p) 
<> Ї-ру(-руд 17 [- ру (aap) 
€» (-pvq)^l-pvq)^l-pvp) 
<> -pwq 
This is the desired pont 





<> (Сб уб Рулду). 

o (-QvP)^|-PviQ^-Q)AQ «(P ^ - P) 

<> (- ӨР) л (- Ро Qal-Pv-Qa(QvP)al(Qv ~ P) 
<> (- ӨР) л (- Ру 9) л (- Ро ~ 9) л (0 v P). 


Solution. (Q — — Р) A ob PAQ) 





EE 4 | INFERENCE THEORY 


Inferring the conclusions from certain premises is known as the inference theory. When conclusion is 
reached from a set of premises by using the accepted rules of reasoning, then this process is called a deduction or 
a formal proof. A proof of a theorem is a valid argument. 

The criteria for finding ‘whether an argument is valid’ are called rules which are expressed in terms of 
premises and conclusions or in terms of statement formulae. 

The proofs are of two types : Direct or Indirect. 

(1) If in a proof the truth of the premises directly shows the truth of the conclusions, then it is called a 

direct proof. 
(11) An indirect proof proceeds by assuming that p is true and also C is false, and then deduce a 
contradiction using p and - C, along with other premises. 

The only difference between assumptions in a direct proof or an indirect proof is the negated conclusion. 

Rules for deriving direct and indirect proofs : 

(i) the proof should have finite steps only ; 

(11) each step must be either a premise or a proposition which is implied from previous steps using valid 
equivalence or implication ; 
(iii) the last step for a direct proof must be conclusion while for an indirect proof it must be a contradiction. 


"xample 37.28. State whether the conclusion C follows асат [rom m frenis ҮДА, 





x R: p гэ 9; 482 123774 С:- -@ ngo. "a x i An. i y fi 
РИ бёрю Y ls ОЬ 
(с) ` #:р—›>@ Ч: rg Ў, ^j Л! НРУ iri a и 
с) . R Ryg; Sp, | С Ч ‘ Tope Ч E a 7 Зе К | 
Solution. Let us first form the following truth table : 

p q -р ~q рэя -Ф^9 peg 
t АЕ 0 1 0 1 
1 0 0 1 0 1 ЭЛЭГ 
0 0 1: 1 1 1 1 


(а) Here only the first row of premises А and 5 contains 1 but not the conclusion С. 

Hence C is not valid. 

(5) Only the first row of both R and 5 contains 1 but not the conclusion С. 

Hence C is not valid. 

(c) Here both R and 5 contain ‘1’ only in the first row and the conclusion C also has ‘T in that row. Hence 
our conclusion 15 valid. 





ample 87.29, Find the direct and indirect proofs of p =>) qr), - -ГУР, asr- в. 12 


е 4 
а 


Solution. Direct proof 


(.-rvp (premise) (ii) г (another premise) 
(iii) р [By (1) and (11) liv) p— (q —>r) (premise) 
(0) д = ғ [Ву (iii) and (iv)] (vi) q (premise) 
(vil) r [By (v) and (vi)], which is a conclusion. 
Indirect proof 
(1) ~ (s — r) (negative of conclusion) 
(и) Блер (By conditional equivalence) 
(1) -гур (premise) 
(iv) - r and (0) 8 [By conjunctive simplification] 
(vi) р [By disconjunction of (iii) and (iv)] 


(vit) p — (q >r) (premise) 





(viii) 4-9 Г [By (vi) and (vii)] 
(ix) 4 (premise) 
(x)r [By (viii) and (ix)] 
(xi)r^-r [By (x) and (iv)] 


This is a contradiction. 





PROBLEMS 37.3 





. НА «11, 2,3, 4, 5) be the universal set, determine the truth values of each of the following statements : 


(a) (v x e A) x + 2 « 10) (Б) x eA(x42210) 
Negate each of the following statements : 
(a)Vx,x?2r;  (b)vx,x452x 
(c) Some students are 26 or older, (d) All students live in the hostels. 


. What is the truth value of v x Р(х) where Р(х) is a statement ‘x? < 10' and the universe of discourse consists of 


positive integers not exceeding 4. 


4. Use universal quantifier to state ‘the sum of any two rational numbers is rational’, 
5. Over the universe of real numbers, use quantifier to say that the equation a + x = b has a solution for all values of 
a and b. 
6. Translate the following statements involving quantifiers, into formulae : 
(a) All rationals are reals. (b) No rationals are reals. 
(c) Some rationals are reals. (d) Some rationals are not reals. 
7. Show that Qv (Р a - Q)v (- Рл- Q) is a tautology. 
8. Convert ~An(-BoC) = O into СМЕ. | (V.T.U., MCA, 2001). 
9. Without constructing truth tables, obtain the product of sums canonical form of the formula (TP — К) ^ (Q €x P), 
Hence find the sum of products canonicals form. (Anna, 2004.8) 
10. Find the direct proofof p—r,qg—s,pvg = svr. xp 
11. Prove tbat P^ Q, Q— R, Pv R = Rby using indirect method. (Anna, 2004 8) 


. Using quantifier say Vz is not. a real number ? 
. State whether the conclusion C follows logically from the premises # and & 


(a)R:p—g, S:-g, С:4 (bD)R:p—qg, 9:9; C:-p. 


111. BOOLEAN ALGEBRA 


EAG INTRODUCTION _ | 


(1) The concept of Boolean algebra was first introduced by George Boole* in 1854 through his paper ‘An 


investigation of the laws of thought’. It is basically two values ie., (0, 1) set. Earlier it had applications to 
statements and sets which are either true or false. In 1938 Claude Shannon showed that basic rules given by 
Boole could be used to design circuits. These days however, Boolean algebra has wide applications to switching 
circuits, electrical networks and electronic computers. 


Basically there are three operations in the Boolean algebra (1) AND, (ii) OR, and (iit) NOT, which are 


symbolically represented by л, у and / respectively. Some authors, use the symbols (+), (.) and (/) for the same 
operations. 


v (Le, 


Here ' denotes the complement of an element and is defined by 0' = 1 and 1' = 0. 

The operator л (i.e., ‘AND") has the following values 1 4 1=1,140=0,041=0,0A0=0; while the operator 
OR) has the values 1 v l=1,1v0=1,0v1l=1,0v0=0. 

Def. Any non-empty set В with the binary operations '^' and “7 and the uninary operation '/' ts called the 


Boolean algebra [B, ^, м, /] if the following axioms hold where a, b, c are elements in В: 


1. Commutative law: а л b-b^a;avb-2sbvea 
2. Associative law: ал (Б хе) = (а л Б) лес 
ам (Бус) = (а х Б) ус 


*A British mathematician George Boole (1813—1864) who created Boolean algebra. 














3. Distributive law: av(bac)=(avb)alave) 
албус-(алЬьА)У(алс) 

4. Complement law : ала' =0, ама' = 1 

The operations ^, v and / are called sum, product, and complement respectively. We shall follow the usual 
practice that / has precedence over v, and v has precedence over ^, unless guided by brackets. e.g., a ^ b vc 
means a ^ (b v c) not (a ^ b) v c while a v b' implies а v b' not (a v 5)’. 

(2) Boolean function. The variable x is called a Boolean variable if it assumes values only from B (0, 1]. 

Def. A function from the set (ху, x4, ...,x,) :x, В, 1i € n) is called a Boolean function of degree n. 
Boolean functions can be represented by expressions comprised of variables and Boolean operations. 

eg., 0, 1, ху, Xp, ..., x, are Boolean expressions in the variables х, (1 € i < п). If p and д are Boolean 
expressions then p ^ q, p v q and p' are also Boolean expressions and each represents a Boolean function. 

By substituting 0 and 1 for the variables in the expression, the values of this function can be found. 

(3) If f and g be Boolean functions of degree n, then 

(1) Complement of f is the function f' where 

fi Mag eg Due e uses 
(ii) f and g are equal if fx, x», ...,x,) = gx, xo, ..., x) 
(iii) Boolean sum f v g is 
(vg) (x xa s mm foem su x vg, xu ses x) 
(iv) Boolean product f ^ g is 
(FABLE ee MEI Es хэ d EE. S eese. 
(4) Power in a Boolean function :x*^- x vx = х 
xr!zx*oxesxvoxzx,."-x 
Similarly, 2x = x, Зх = x etc. 


Mu 


M E Ex: ЛА 5 4 1 2 4 " + Gu У) | ^, { Е" Е | va , 
ЭМ | 


E "a FF] ПЕ en 7 \ d , Ет * Ls . > 1 1 ] f = 
= аде =. ў x ae | т | 
mul т. РТР Гу" Р » oh )wz ] 1: Е. a." M К, "fa 
Шр ч, 2 E а 


п cms 

Ї ГО EF тев of the Boolean function | A T 

- Л ae : Еа z „° n i ит: СЕ; a e ч, ГР at 8 sare s cub M ag : i ? 
ГЕ качты ОЕ ACC UE Ed ee ui ais Жу de aug NEL 


Solution. f — third degree Boolean function lina 23 i.e. 8 vilis нйн аге mowi in хавь — -— : 





moe. s || р I ЁО Tl Y М E | 
г. = | D 4 L 7 
ls a ay | Ч xti я Е | ч | ъ=. 
г, AN | 1 i ^ A | 

Pi à; T" 





а) The dual of any Boolean function is obtained = interchanging Boolean sums and Boolean яаж: 
along with the interchange of zeros and ones. 

For example the dual of x v (y ^ 0) is x ^ (y v 1). 

The dual of any theorem of a Boolean algebra is also its theorem. This implies that the dual of any theo- 
rem in Boolean algebra is always true. 

2 Principle of duality. The dual of any theorem (or property) in Boolean algebra is also a theorem (or 
property). 





BOOLEAN IDENTITIES 


There are many identities in Boolean algebra which are quite useful in simplifying electrical circuits. 


Some of the important ones are given below : 








1. Identity law : xvÜ0zx:x^lex 

2. Dominance laws : xvl21;x^020 

3. Complement law : v= lirar =p 

4. Idempotent law : XYvx-rxix^X—X 

5. Double complement law : f) гээр 

6. Commutative law : XvymsyvXx;X^ymy^X 

7. Associative law : ху (ум2) = (хуу) м2 

хл (у л2) = (хл Уу) л 2 

8. Distributive (аш: xv(yazj)=(xwy)a(xvz) 

xA(y vz) = (х ay) м (x Az) 

9. De-Morgan’s law : хлу= Vy avy) r Ay’ (Bhopal, 2008) 

10. Absorption law : хл(хму) = х 

Example 37.31. Let B be a Boolean algebra. Show that for all a € B, there exists a unique complement a’, 

| | i ! ve 4 (А; ЇЙ га, £ 10 " 

Solution. Let b and с be two complements of a. 

Then Ь-5лА1 [^ 015 an additive identity] 
=batave) [^ «cis complement of a] 
= (Бла) и (б лс) = (ал В) у (б лс) 
=Ov(bac) [с ал»Ь-ала"-0| 
=bac wall) 

Similarly с=сл1= сл (а у Б) [го ауб=аха' = 1] 
= (сла) у (сл b) 
= але) м (b ac) [fs але=ала' =Ù] 
= О (лс) 

-Өлє UE) 

From (i) and (ii), we find that b = c. 

Thus the complement of a is unique. 

Example 37.32. In a Boolean algebra, show that _ DAR 234754) Е ЖА 

(ix + (х.у) =x ()x.(x-y)-x. | Ty was a 5x (Bhopal, 2008) 

Solution. (1) x-&(x.y)2x^(xvy)-2(xvO0)Aixvy) [= xvo0zx] 
=х\/ (0 лу) [By distributive law] 
= ху (у л 0) (Ву commutative law] 
=xv0 [1 :ул0-0 
=, 

(11) х.(хжу)-хм(хклу) 
= (хл 1) м (халу) [^ xal=x 
=хл (1му) [Ву distributive law] 
=xa(y v 1) (Ву commutative law] 
=X Ad [^ уУ1-1 
= Ж, 
Example 87.33, Simplify the following : | Pigg 3, 


Фу. x ()x v y ^y w2 ^y vz' (ii) x v y ^ [x ^y) у УГ. 20 





Solution. (i) 


(ti) хуулууглууг = (уух) л(уу2) a vz’) 


(хлу) мх Уу = (хлу)у(х vy) 


-(хлу)м(хлу! 
=], 


= [у м (х azl] А (уу 2") 
= ум kazaz] 

= у м [хл (2 л 2)] 

= ум (x л 0) 

= ум 0 


авиа, 
== 


(iii) Sy AI AO VS e ESO AD VER 





(11) L.H.S. 





= хуул [бу ух) л (у му)“ 
= (хуу) л (хуу) л Ц“ 
= (хуу) л (хуу) = 0. 


= (х лу) у (z лу) у (2 ^x) 


= (хл у) м (2 лумх) 


= (км2) л (ум2) л [хм (умах) ^ ly v(y ^x)] 
= (кмг) ^ v2) ^ му) ^ (y va 
—-(xvz)^(yvz)^l(xvy)^ixvyl 
-(xvz)^(yvz)^lx vy) 

= (х му) л (ум2) л (2 vx) 


-1.Н.8. 
-(хлу)У(х7ла) 


= [x мМ(ХА21А|Уум(Х7л2) 

= (хм) м (хм 2) л [у ух”) ag vz) 

= [1 м (х м2)] л уух) л (ум 2)] 

= (хм2) л (ум) л (ум2) м1 

= (км2) л (ума) л lly v 2) v (х л х") 

= (хм2) л (умах) ally vz) мх] vu v2) ух] 

= (х м2) л [ум мх] л (х му) м ХК л (ум2)] 

= (хм2) м (1 лу) л (х vy) у (Laz) 

=[(xvz)allal@’ v y) v 1] 
—-(xvz)^(x vy) = R.H.S. 


E t 





Solution. G) (xvy) AG vy) lx vy) Ax v lx v.y) ^y] | 
= [(хлх’) у (ул) м (м лу’) м (у ^y) 
= [0 v (х лу) v lx ay’) v 0] 


= (лу) v (x ay’). 


(ii) [x a(x’ УУ! v [x' ^ (x v y) 


= [x ^x) v(x ^y) v Ix' ^x) v (х' ^y)] 
= [0 v (x ^ у) v [Ov (x' ^ y)] 
—-(xvx)^yzsy^lzy. 





[By De Morgan's law] 
| | p m р = 1| 
[By commutative law] 
[By distributive law] 


(Ву associative law] 
[^ z^2'-0l 
[^ xa0=0] 


[By commutative law] 
[Ву distributive law] 
|: yvy'z1l 





[By commutative law] 
[By distributive law| 


[- xvx=xetc.] 


[7 рлр=р 
(Ву commutative law) 


[By distributive law] 







[By distributive law] 
[^ x^x'-0 


[^ tas x0 
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Example 87.36. Ifavx=b v x and a vx' =b ух’, then prove that a = 6, 


Solution. Sincea vx -bvx and avx'bvx' 
(a vx)^lavx)-(bvx)^A(bvx') 


ie., ам (клх) = бм (хл) [By distributive law] 
or avO=bv0O [1 xax =l] 
or а = Б. 


Example 37.37. In Boolean algebra [В, +, ., 1], show that 
uy tyez) zey z) =х.Е (Bhopal, 2008 ; M.P.T.U., 2001) 


Solution. [(x v y') ^ Gy v z)] v [x vz) ^ Gy v 2")] 
=((ixvy)aylvildevy az) м (ла) лу] v {lx vz) az’) 
= (холу) м iy ^y у x az) м (у' az) м {(х ay) м lean у)} м (@ a2’) м (ж ^2')) 
= (х луу 0] vl(x^z)v(y' ^2) v lx л у) м (2 ^y) v (@az')v 0] 
= {(х ^y)v(x^y)vi(x^z м (л 2") м (лу) vtz^y 
= (холу) у (хл 1)у(А1)=(хлу)ухут 
ш(хуху2)/(ууху2)-(ху2)/(уухуг) 
=(xvz)AQvy)=&vez)al 
=x V2. 





‘PROBLEMS 37.4 | 


l. Find the truth table for the Boolean function Дх, y, 2) = (x ^y) v (y 42"). 

2. Write the dual of the Boolean expression x + х, у= х +5. | (Andhra, 2002) 

3. Simplify the following : | 
(D x ry ^2) Gi) (х v y v Ул Оо лу ла. 


4. Ina Boolean algebra [B, л, у, / ], prove that | 
(1) (кол у) у(х лу? =x. (Anna, 2005) (2)Хх"А(хму) ал. | | 


5. fa^x-baxanda^x -b^x,thenshowthata zb. Г, 

6. In а Boolean algebra [B, M vil ан ын ' 
(хл хлу=хлу (ху (уу хуу. | 

7. In Boolean algebra, prove that г”, | 
ü) x ^ Gt! зу) =х ^ у (dx лу=х' ^x vy 


8. Show that (x ^y^ v (x' ^ y) v (x! ^3") 2 x' v y'. 
9. If B be a Boolean algebra and x, y, 2 Е B, prove that 
(хуу (хуу) л (муре лу 
10: Prove that (x3) an у (x' ^ y')] = (x vy). 


11. In a Boolean algebra. B, prove that (a +b) 2a'.b'V a,b c B. (Bhopal, 2009) 
12. In any Boolean algebra, show that а = b if and only На. b' ва”, 6 =0. “ay (Madras, 2001) 
13. In Boolean algebra, show that 
(1) (а 4) а 4 с) за. са +b /с: | 
(it) (a + 6"). (b +c") еъ а= ia' - Б). (Ь'+ с). (^ a), | (Andhra, 10 
14, Give the truth table for the Boolean function | у 
1: B4 =» B determined by the polynomial | | | 
Р(х аш ху = (кү v x3) A y^ cs v x4 WEU., 2001) | 





ЕТ: MINIMAL BOOLEAN FUNCTION 


Def. A minimal Boolean function т n variables is the product of ху, Xa ..., x,. It is also called minterm. 
If x, y are two variables and х”, y' are their complementary variables respectively, then x v y, x' v y, х ^ y, 
x ^ y', x' му are each a minimal Boolean function. 


Similarly there are 2? i.e. 8 minimal Boolean functions in the three variables x, y, z Le., x vy vz, х vyv 
2, хуу у, хууч" хуу vz,x'vyvz',x vy'vz,x' vy! v2" 

In general, there are 2" minimal Boolean functions (ог minterms) in п variables. 

Similarly the join of the variables хү, x, .... x, is called a maxterm and there will be 2" maxterms. 








УВС DISJUNCTIVE NORMAL FORM 


(1) Def. A Boolean function which can be expressed as sum of minimal Boolean functions ts called a 
Disjunctive normal form or minterm normal form or Canonical form. 

(2) If the number of distinct terms in a disjunctive normal form of Boolean function in n variables are 2", 
then it is called a complete disjunctive normal form. 

(3) Complement function of a disjunctive normal form function f is the sum of all those terms of a 
complete disjunctive normal form which are not present in the disjunctive normal form of f. The complement of f 
is denoted by f '. 

For example, if f = (x v y) ^ (хуу! 
then its complete disjunctive normal form in variables x and y is 

(x v y)^(x' vy) ^G ^y ^(x' vy!) 
The complement function of this disjunctive normal form is f'(x, y) = (x' ^y) ^ (x' v y'). 


8 :38, Find the value of the complete disjunctive normal form in. three ari 





b is XX. bY 1 





Solution. The complete disjunctive normal form in three variables x, у, z is 
Ах, у, =) =(хуум2) л(иууч г") л(хму' vz) a(x’ vy vz) 
^(xvy'vz') ^(x' vy vz') ^(Gx' v y' v z) ^ (х v y' v 2") 
= [x vy) м (2 ^2) л (клу) v(zaz)) л [к лу) м (2 л 27) л [б vy) м (2 ^ 2')] 
= [(x v y) v 0] ^ [Gc лу) v 0] ^ [л y) v 0] ^ [(x* v y) v 0] 
= Ку (улу) ^ [х' v (у ^ y] 
-í(xvO0)A(x'vO)2x^x'-0. 


СИ CONJUNCTIVE NORMAL FORM 





Def. If a Boolean function f(x, Xo ..., x,) is expressed in the form of factors and each factor is the sum of all 
the n-variables, then such a function is called a conjective normal form or maxterm normal form or dual 
canonical form. 

(2) If a conjective normal of a function of n variables contains all the 2" distinct factors, then such a 
function is called a complete conjective normal form. 

(3) Complement function of a conjective normal form function f is a Boolean function which is the 
product of all those terms of complete conjective normal form which are not present in conjective normal form of f. 

The complement of conjective normal form f is denoted by f '. 


Forexample,if — f(x, y) (x ^y) v(x ay’) 
then its complete conjunctive normal form in x and y is 
(x ^y) м (х лу) v (х' ^y) v ix! ^y) 
The complement function of this conjunctive normal form 15 
F'x,y) = (лу) м (х ^y) 





Fair x4, x4) = (хү ^ x4) (у ^ x3) v c, ^ ху) 
= (x. ^x)vGx^x)v x AX) [By commutative law] 
= (х, Ах) v A Xa) vi ^x) 
= [x5 ^ (x4! v x4 v(x," ^ x4) [By distributive law] 
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= (хл I) м (хула) he рур = 1 
шХ,УХ, ^ Xs [By identity law] 
Minterm normal form of хү, Хь, x) 
= [x] ^ xS) ^ (x, Ух v Eon, л xg) ^ (хо v xy") v. Kx ^ x4) ^ Ga v xy) 
= (Ху AXg AX) VS ^X^ хү! м (хрл л) У (у лХү,лХхү)У ts ^ XS ^X) V xs ^ X4 ^ x) 
= (х' ^ Ж. ^ ху) V xs ^ Xa A^ хү) м (x," ^X. ^ Xo) T (x,' ^ Xa ^ X») МИ (х, AX, ^ X4). 


Example 37.40. Express the following functions into conjunctive normal forms.: 
(1) x! ay, (Н) (x ^ y) v (x' л yl). 


Solution. (i) х Ay=x' ay alzvz')=(x' Ay az) м (х ayaz'). 
(11) (х лу) vix'^y)2lx^y^(ezvz?)] vIx ^y' ^(z vz')] 
=(xayaz)vixaya2') м (х' ay’ ла) v(x ay’ ^z'). 


Example 37.41. The function f 2 (x ^ y A z) v (x ^ y' м2) v(x ^y AZ) V(x ^y yen is in conjunctive normal 
form. Write its complement ? | 


Solution. The complete conjunctive normal form in three variables x, y, zis(x Ay ^z) vix'Ay ^z)v 
x лу ла) vixvyvz)vix^y' ^z)v(x ny^z)vix ^y'^z) v(x' ^y ave’). 
The complement of the given function F is 
F'-(x' ^y^z)v(xA^y'^z') vix ^y ^z') vis ^ y' az’). 





PROBLEMS 37.5 л 
1. Find the value of a complete disjunctive normal form in 
(1) two variables x,y. | (ii) three variables х, y, z: 
2. Express the following functions into disjunctive normal form : 
AD x vj (ii). x A уу), Ч 
8. Express the Boolean function F = A v (B' ^C) in а sum of minterms. | | 





4. Convert the function x ^ y' to disjunctive normal form in three variables x, yz 

5. Express the function {= (x v y') A (x v z) ^ (x v yl) into conjunetive normal form i in which maximum ое 
variables are used. ; 

6. Write the complement of the conjunctive normal form function (x ^ y &2') vx ay az v ^y ^ z’): | 7 


Eyam) SWITCHING CIRCUITS | 








(1) A switching network is an arrangement of wires and switches (or gates) which connect two terminals. A 
switch can be either closed or open. A closed switch permits and an open switch stops flow of current 

(2) Ир denotes a switch, then р’ denotes that switch which is open when p is closed and р! is closed when 
p is open. 

If x denotes the state of the switch p, then х! represents the state of the switch р’. x is called the Boolean 
variable which is a binary variable. 

If x = 1 denotes the switch is closed or current flows, then x = 0 denotes that the switch is open or current 
stops. 

(3) Two switches p, and p, are either connected in series (represented by ^) or connected in parallel (repre- 
sented by v). 

These are shown as follows : 


P, 
бб PY (ii) -151- 


(p, & p, in series : p, ^ р.) Ds 
(p, & p, in parallel : p, v p.) 
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If B 10, 1] is non-empty set and ^, v, / are the operations on B, then the system [[0, 1), л, w, 1] is usually 
called Boolean switching algebra. 

(4) Simplification of circuits. The simplification of a circuit means the least complicated circuit with 
minimum cost and best results. This depends on the cost of the equipment, number of switches and the type of 
the material used. Thus the simplification of circuits implies the use of lesser number of switches which can be 
achieved by using different properties of Boolean algebra. In other words, the simplification of switching circuits 
is equivalent to simplification of the corresponding Boolean function. 

Example 37.42. Draw the circuit which represents the Boolean function : 


(1) (py ^ р) ^ (p, v ру) (it) (p, ^ Py) (рау p). 

Solution. Here p, ^ py is a series circuit while р. v p, is a parallel circuit. 

The required circuits are as follows : 
P3 


ied A 


Р, р» 


(zi) 





P4 





ixample 37.43. Write the Boolean functions representing the following circuits ; 


Pey Pay Ps Paf 


Pi Р, 
Also draw the circuit diagram which would be the complement of the circuit in (10), 





(it) 





Solution. (i) The given circuit is represented by the Boolean function : 
f= pi^ (Pe Pq) м р. ^ (рь v pg 
(11) The Boolean function for the given circuit is 
ЃГ= (р, м Po) л (ра 4 py) v ps урь) ^ pal 
The complement of f ie., f' = (р, уро’ у Крал ра) v (Ds v pg) ^ p, 
= (p, ^pa) v Їр, ^ py)! л (ps v pg) ^ p4Yl 
= (p,' A ру) м р. мри) ^ (09, ^ Dg') v p4')l 
Its circuit diagram is as follows : 
P. 


AE. A 
Ps, Psp 
рү 








P, 


Example 37.44. Simplify the following circuit and draw the diagram of the resulting circuit : 








Hicker ENGINEERING MATHEMATICS 


Solution. The given circuit is represented by the Boolean function f 
= (ру уру) V (руу pl A (ру A р) = (p, v pov ру) ^U ^ ps? 


= (р AP, лр) V (Dy A Py A Po!) v (pa A Py ^ Dg) (By distributive law) 
= (ру A Pg’) v (ру A Py A Pa!) = pi^ (р v (pa ^ ру) 
=p, ^ Dg [By absorption law] 





| PROBLEMS 37.6 
1. Draw the circuit diagram represented by the Boolean functions : 


(i) Ip, ^ (av pal м [pa ^ (py! мра) (1) p, A ia v pay (ps ^v р, vpa A Pe 
2. Write the Boolean functions representing the following circuits : | 


(rE) 





3, Simplify the Boolean functions, p v (p' ^ д) v (p. q) 
4. Simplify the following circuit and draw the diagram of the resulting circuit ; 





5. Draw the simplified network of Дх, у, 2) = (x v y v г} ^ (хуу! v2) ^ (x! му ма). (MPT. U 2001) 
6. Consider the function fix, 3, x4) = Хү A x9) ^ (ху әх) фу Ух.) 
(a) Simplify f algebraically. (b) Draw the switching circuit of f. 


(c) Also find the minterm normal form of f. (Madras, 1998) 


IV. FUZZY SETS 


ҮЙҮН FUZZY LOGIC 








We have so far dealt with the fundamentals of classical logic. Besides this, we have crisp logic which deals 
with propositions that are required to be either true or false. There is however another type of logic which 
includes not only the crisp values but all the values between true (1) and false (0). But there is some degree of 
vagueness about the exact value between (0, 1]. The logic to infer a definite outcome from such vague inputs 18 
called fuzzy logic. 

(2) Fuzzy set. To provide a mathematical modelling to fuzzy logic, L.A. Zudeh introduced the concept of 
‘Fuzzy sets’ in 1965 on the basis of a membership function. The theory of ‘fuzzy sets’ is now fully developed. 

Def. А fuzzy set Е of a non-zero set X(x) is defined as F = fx, и/Х/:х e X. 

Here нь: X -+ [0, 1] is a function called the membership function of F and uplx) is the degree of member- 
ship of x e X in Р. 

In particular — u(x) = 1 implies full membership 

u(x) = 0 implies non-membership 

and 0 < u(x) < 1 means intermediate membership. 

A fuzzy set F is, therefore, a set of pairs consisting of a particular element of the universe Х and its degree 
of membership i.e., each x is assigned a value in the range (0, 1) indicating the extent to which x has the attribute 
Е. It can also be represented as F = хү, ий), beg, нр), ..., Їх,, нб, JI]. 


For example, if x is the number of cars in a lane, ‘small’ may be taken as a particular value of the fuzzy 
variable x and to each x is assigned a number іп the range (0, 1) then р(х) є (0, 1) is the membership function. 


small 





Example 37.45. In а car-race, all the cars complete the race in four time-groups : shortest time, moderate 
time, long time and longest time.,If we note the time taken by each car in a group, it will give rise to a distribution 
of times. Now let us find the outcome of the race based on engine power, car speed and road conditions. Each of 
these variables may further be divided into : 

(1) low, medium and high for the variable engine power, 

(11) slow, moderate and fast for the variable car speed, 

(111) rough, bumpy and smooth for the variable road conditions. 

Now we try to predict on some basis, in which of the four groups the car will finish, if it has low engine 
power, moderate speed and rough road. 

Then the distribution for the engine power would correspond to the membership function for low, medium 
and high. Similarly the distribution for the speed would depend on the membership function for slow, moderate 
and fast, while the distribution for road conditions would depend on membership function for rough, bumpy and 
smooth. 


FUZZY SET OPERATIONS 





(1) A fuzzy set is said to be normalised when the largest element of the set (called зиргетит) is unity. 

For instance, the set of members (5, 10, 15, 20, 25] is normalised to 10.2, 0.4, 0.6, 0.8, 1] by dividing each member by 
25, the supremum in the set. 

The normalization of a fuzzy set F is expressed as Sup F(x) = 1. 

хєл 

(2) Complement. The complement of a fuzzy set F is the set F* with degree of membership of an element in 
Е equal to one minus degree of membership of this element in Е. (Fig. 37.5) 

For example, if F = [0.4 Ram, 0.6 Sham, 0.8 Jyoti, 0.9 Ritu] 
be a set of intelligent students, then ЁС = [0.6 Ram, 0.4 Sham, 0.2 Jyoti, 0.1 Ritul 
is a set of non-intelligent students. 





Fig. 37.5 Fig. 37.6 
(3) Intersection. The intersection of two fuzzy sets F and С is the set Ко Ц, where the degree of member- 
ship of an element т Ег С is the minimum of the degrees of membership of this element т Е and С. (Fig. 37.6) 
(4) Union. The union of two fuzzy sets F and С is the set F o G, where the degree of membership of an 
element т FW С, is the maximum of this element in F and С. (Fig. 37.7) 
For example, if 
Е = 10.5 Rani, 0.2 Suman, 0.4 Anita, 0.8 Sunita] 
he a set of fat girls, and 
G = [0.1 Rani, 0.6 Suman, 0.9 Anita, 0.5 Sunita] 
be a set of tall girls, then 
Рос = [0.1 Rani, 0.2 Suman, 0.4 Anita, 0.5 Sunital 
and F o G= 10.5 Rani, 0.6 Suman, 0.9 Anita, 0.8 Sunita] 
(5) Equality. Two fuzzy sets F and С are said to be equal if and only if F(x) = G(x) for all x in X. 
(6) Subset. The fuzzy set F is said to be a subset of the fuzzy set С (i.e., F c С) if and only if F(x) < Gi) 
for all x e X. 
(7) Double negation. If F is a fuzzy set, then (А) = 1. 
(8) De Morgan's laws. If F and G are two fuzzy sets then 
(РС= ЕСЕ (Ег СУ = Е o. 





vun ит +9. LAM ue Ял! Е боом is gs gi = шимт 
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Then the corresponding 

Ег С = |0, 0.1, 0.3, 0.5] 

F o G = [0.1, 0.5, 0.8, 1, 0.5, 0.8, 1, 1] 
Clearly F is not a subset of G and G 1s not a subset of F. 


ЕТТИ TRUTH VALUE | 


(1) Truth value of the negation of a proposition tn fuzzy logic is one minus the truth value of the proposi- 
tton. 

For example, if the truth value ofthe statement ‘Ham is happy’ is 0.8, then the truth value of ‘Ram is not happy is 0.2. 

(2) Truth value of the conjunction of two propositions in the fuzzy logic is the minimum of the truth values 
of the two propositions. 

(3) Truth value of the disconjunction of two propositions in the fuzzy logic is the maximum of the 
truth values of two propositions. 

For example, if the truth value of ‘Ram is fat’ is 0.6, and the truth value of ‘John is fat’ is 0.9, then the truth value of 
the statement 

(a) ‘Ram and John are fat’ 18 0.6. 

(b) ‘Ram or John is fat’ is 0.9. 

(c) ‘neither Ram nor John ts fat’ is negation of minimum of negation of ‘Ram is fat’ (Г.е., 0.4) and negation of ‘John is, 
fat’ (i.e., 0.1) = 0.1. 

(d) ‘Ram is not fat or John is not fat’ is maximum of 0.4 and 0.1 i.e., 0.4. 





| ALGEBRAIC OPERATIONS ON FUZZY SETS 


(1) Algebraic sum of two fuzzy sets F and Gis defined by the membership function 
Hp, o = nx) + p(x) = н„(х) ux) 
and is written as F + G. 
Algebraic product of two fuzzy sets F and G is defined by the membership function. 
Hg x) = np x). ng (x) 
and 18 written as F.G. 
(2) Properties of fuzzy set operations which are common to crisp set operations, are as under 
l.Idempotent : FUF=F, Fr FzZF 
2. Identity: Е $42 Е, Ет О = Е 
3. Commutative : F С = СОЕ, Ет С=С б Е 
4. Distributive: F r^ С ео Н) = (Кс б) чо Н), Е Сон) = (Е О) Е Н) 
5. Associative: (Fu G)UH=FU(GUA), (FG) Н= Еп (Сс Н) 
6. Absorption: FU(F a С) = Е, FACFUG)=F. 


су: GENERATION OF RULES FOR FUZZY PROBLEMS 





We should know before hand all possible input-output relations while dealing with problems concerning 
fuzzy engines or fuzzy controls. These input-output rules are then expressed with ‘if ... then’ statements. 

For instance, if F’s and С are inputs of fuzzy problems and A’s are the actions taken for each rule, then 
the set of if... then’ rules with two input variables F, and С, and the actions taken are shown in table 1, 





Le., if F, and or G,, then R,,, else Table 1 


if F, and or G,, then Н,,, else F, 
НЕ, and or G,, then R», else F, 
if F, and or G,, then Rys 





In case, the fuzzy statements have more variables, then ‘if ... then’ rules becomes more complicated to 
tabulate. 

However such a tabulation can be simplified by following a decomposition process as follows : 

The decomposition process of three fuzzy variables F, G and H with actions R's taken is shown below : 


Table 2 Table 3 





Here the statements F Е, and С, and Н, then R,,, is decomposed into ЧЇ F, and С, then А,’ and ‘f R, and 
Н,, then К„,,. 

Similarly R,, and H, then К„,». 

This decomposition process can easily be extended to any number of input variables. 








FUZZY PROPOSITIONS 


(1) A fuzzy number is a fuzzy set В — [0, 1]. We can easily extend classical two-valued logic to three-valued 
logic. Fuzzy logic, however is an extension of multi-valued logic. It provides foundations for approximate reason- 
ing with imprecise fuzzy propositions using fuzzy set theory. 

The classical propositions are statements which are either true or false. In fuzzy logic, the truth or falsity 
of fuzzy propositions is assigned different degrees i.e., the truth and falsity are expressed by numbers in (0, 1]. 

A variable whose values are ‘words’ or ‘sentences’ is called a linguistic variable. For example ‘height’ is a 
linguistic variable and its values are tall, very tall, quite tall, not tall, short, not very short, not quite tall etc. 

(2) Classification of fuzzy propositions. The classification propositions are statements which are 
either true or false. In fuzzy logic, the truth or falsity of fuzzy propositions is assigned different degrees t.e., the 
truth and falsity are expressed by numbers in [0, 1]. 

The fuzzy propositions of simple nature can be classified into the following four types. In each case, we 
introduce the relevant canonical form and then discuss its interpretation. 

Type I. Unconditional and unqualified propositions. 

The standard canonical form of this type of proposition is expressed as p : u if F 1) 

Here u is the variable that takes value и from some universal set U апа F is a fuzzy set оп U which 
represents a fuzzy predicate such as young, tall, low, high etc. Given a particular value u (say v), this value 
belongs to F with membership grade F(v). This membership grade is then interpreted as the degree of truth T(p) 
of proposition p 
Le, Tip) = Flv) ...(2) 

Here Т is a fuzzy set on (0, 1] which assigns the membership grade F(v) to each value v of u. 

In some fuzzy propositions, values of variable u in (1) are assigned to individuals in a given set I i.e., 
variable u becomes a function u : J — и where uli) is the value of v for individual i in U. Accordingly the canonical 
form (2) is modified to the form 


p : u (i) is F where i e I dd) 





HIGHER ENGINEERING MATHEMATICS 


Solution. The degree of truth of this proposition Тр) is then determined for each person i in J by means 
of the equation 7{р) = young lage (1). 


Example 87.48. At a particular place on the earth, consider the air temperature и (in °С). Let Fig. 37.8 
represent the membership function as predicate ‘high’. Assuming that all relevant temperature readings are 
given, the corresponding fuzzy proposition is expressed as, 

p- temp (и) is high (°C) 








F (и) T (p) 
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Fig. 37:8 Fig. 37.9 


Solution. The degree of truth T(p) depends upon the actual value of the temperature and on the nature of 
predicate ‘high’ which is defined by the membership function T in Fig. 37.9. 

eg., Ши = 75 then F(75) = 0.65 and T(p) = 0.65. 

Type II. Conditional and unqualified propositions. 

A proposition p of this type is expressed by the canonical form 

p:lfxisFthenyisG (4) 

where x, y are variables whose values are in the sets X, Y and F, G are fuzzy sets on X and Y respectively. These 
propositions may also be viewed as propositions of the form 


Ix, у} is R 45) 
where R is a fuzzy set on X x Y which is determined for each x Е X and each y є Y by the formula 
Rix, y) = BIF (х), С (у), .4(6) 


where В is a binary operation ав (0, 1] representing a suitable fuzzy implication. 

Type Ш. Unconditional and qualified propositions 

A proposition of this type is expressed by either of the following canonical forms : 

piuisFisS AT) 

or p : Prob (U is К) is P ...(B) 
where u is a variable that takes value v from some universal set U and F is a fuzzy set on U which represents a 
fuzzy predicate such as small, young, daughter etc. 

Prob. (U is F) is the probability of fuzzy set event ‘и is К’; S is the fuzzy truth qualifier and Р is the fuzzy 
probability qualifier. 5 and P are both represented by fuzzy set on [0, 1]. 


Example 37.49. Mary is ‘young’ is ‘very true’ where the predicate ‘young’ and the truth qualifier "very 
true’ are represented by the respective fuzzy sets shown in Fig. 37.10. 


Fairly Fairly 
false true 
А 


c Absolutely false 





Fig. 37.11 


Solution. The degree of truth Tip) of any truth-qualified proposition p is given for each и є U Бу Түр) = 
S(F(u)l. 

Assuming that Mary's age is 20, she belongs to the set representing the predicate ‘very young’ with mem- 
bership grade 0.50, our proposition belongs to the set of propositions which are ‘very true’ with membership 
grade 0.50 as shown in Fig. 37.11. This implies that the degree of truth of our truth qualified proposition is 0.50. 

If the proposition be modified by changing the predicate to ‘young’ or the truth qualifier to ‘fairly true’, we 
would obtain the corresponding degree of truth of such propositions by the same method. 

Type IV. Conditional and qualified propositions 

This type of propositions can either be expressed in the canonical form 

р: Ихаз F, then y is Gin S 
Or p : Prob {x is F/y is G} in P, 
where Prob |x is F/y is (2) is conditional probability. 





сл APPLICATIONS OF FUZZY SETS 





The concept of fuzzy sets has already influenced all engineering disciplines to various degrees. 

Electrical engineering 1s the first such discipline where the utility of fuzzy logic and fuzzy sets has been 
recognized by developing controllers. Electronic circuits for fuzzy image processing have also been developed. 

Some ideas regarding the application of fuzzy sets in civil engineering emerged around 1970. In the con- 
struction of bridges, dams, buildings etc. a designer has to take into account the safety factor for which the fuzzy 
theory has an effective role to play. Fuzzy set theory has also proved quite useful for assessing the life of existing 
constructions. 

In mechanical engineering design problems, the utility of Fuzzy set theory was realised during mid 
1980's. The membership function is expressed in terms of thermal expansion or corrosion or cost of different 
materials ёс. 

When the utility of fuzzy controllers was increasingly felt around mid 198055, the need for computer 
hardware to implement the various operations involving fuzzy logic, had been recognized. In digital mode, fuzzy 
sets have been expressed as vectors of (0, 1) members. 

Fuzzy control and fuzzy decision making are two well-developed areas of fuzzy set theory. These are 
directly relevant to industrial engineering problems. The utility of fuzzy sets has also been recognized for 
estimating the service life of given equipment under various conditions. 

Modern Reliability theory has also been developed on the assumption of fuzzy sets. At any given time, ап 
engineering product may be in functioning state to some degree or in failed state to another degree. The 
behaviour of an engineering product with respect to its functioning state and failed state has been characterized 
as based on fuzzy set theory. 

The use of fuzzy set theory in Robotics includes approximate reasoning, fuzzy controllers, fuzzy pattern 
recognition and fuzzy data bases. 





| | PROBLEMS 37.7 f ILU EE UI ТОРУ ИЛ 
злу sets | P| = - [0:6 Sónu, 0.9 Renu, 0.7 Paul, 0.3 Sham) | Е MEE LA 
| | F. = [0.3 Sham, 0.8 Paul, 6.9 Renu, 0.8 50п0) — Ul dete АС 4 
апа F, = (0.8 Paul, 0.3 Sham, 0:5 Sonu, 0.9 Renu] | EA "SET UE 
e above two sets are equal ? | pi? ЖЭЛ, 
_ Write the complement setof the fuzzy set Е, ‘if = [0.a Rim 0.3 Shari, 0.6 John, 0.7 Charu). Ten ҮА ЖИ 
SIRF = (08:38, 0.25. O5%,,.0-8x,) ond. G 1045, 0.66, 0156 09] А Ў О 
been two fuzzy sets, then write down FUG and FOG. — | Г, FA HET, mb n 
4, State the truth values of the negation of the following propositions: mu dA ЛИТ, Г "n wY м 
(i) Truth value of ‘F is rich’ is 0.8 | ЧАН ЛАУ, АКАД Uu 
(ii) Truth value of 'G is fatis 0.67 SLICES "M" A MM dd eel 
(tii) "Truth value of ‘Mary is beautiful’ is 0.7. | 478 mn 4 514 Nia к 
5. ель онад fiery vole АДА ве mi olives: A WELCOME у О 
Xft, 2,8,4,5,6; 7,8,9,30] 7) | Е ЕТ ЛЕНИЕ Я 13/ 
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Tensor Analysis 
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Some physical quantities are specified by their magnitude only while others by their magnitude and 
direction. But certain quantities are associated with two or more directions. Such a quantity is called a tensor. 
The stress at a point of an elastic solid is an example of a tensor which depends on two directions—one normal 
to the area and other that of the force on it. 

The properties of tensors are independent of the frames of reference used to describe them. That is why 
Einstein found tensors as a convenient tool for formulation of his Relativity theory. Since then, the subject of 
tensor analysis shot into prominence and is of great use in the study of Riemannian geometry, mechanics, 
elasticity, electro-magnet theory and numerous other fields of science and engineering. The emergence of tensor 
calculus as a symmetric subject is due to Ricci and his student Levi-Cita. 





SUMMATION CONVENTION 


Consider a sum of the type 


n 
ауху + Golo t..+ aX, Le, 2, ах, 441) 


In tensor analysis, the subscripts of the symbols хү, х, ... x, are replaced by superscripts and we write 
these as х1, x*, ..., x". The superscripts do not stand for the various powers of x but act as labels to distinguish 
different symbols. The power of a symbol (say : x') will be indicated as (x^)?, (х!) etc. Hence (1) is written as 


2, ад. 2) 


A still simpler notation is to drop the X sign and write (2) as a x AS) 

In this the repeated index 1 successively takes up the values 1, 2, ..., n and the expression (3) represents 
the sum of all such terms. The repeated index i over which the summation is to be done, is called a dummy index 
since it doesn't appear in the final result. This notation, known as summation convention, is due to Einstein. We 
shall adopt this convention throughout this chapter and take the sum whenever a letter appears in a term once 
as a subscript and once as superscript. 


1181 





Solution. Since the indexi i occurs s both as a subest end asa арене we first sum on i ii {тош 1 to 3. 
Sz =a, хх + ty xx! + аз) xix 
N ow each term in S has to be summed up w.r.t. repeated index у from 1 to 3. 
S =a,,x'x! + а„хЇх? + a, glx? + as xx! ках? + ахх? 
ахі + a + азх®х® 
= oa + a ai + asd)? + а + auge Ix?  (a44 + dy xl? + (ay, + um 





Solution. Since p fi, sous 
From Calculus, we have 


df = ЭГ ал + OF ад Pai в. UP ад: 
х ox ox” 


КЕЙ (1) TRANSFORMATION OF COORDINATES 





In a 3-dimensional space, the coordinates of a point are (x!, х?, x?) referred to a particular frame of refer- 
ence, Similarly in an n-dimensional space, the coordinates of a point are n independent variables (x!, x*, ..., x") 


with respect to a certain frame of reference. Let (x', x?, ..., x") be the coordinates of the same point referred to 
another frame of reference. Suppose, x!, x^,..., X" are independent single-valued functions of x!, x?, ..., x" so 
that 

x! = 61 (xl, x, ..., x^) 

x* = ф2 (xl, x?, ..., x") 

x^ = ф" (xl, x2, ..., x^) 
or more briefly x = ф (xl, x?, ..., х”) se 1) 


We can solve the equations (1) and express х! as functions of x' so that 
x! = y! (xl, x?, .... x") ...(2) 
The equations (1) and (2) are said to define a transformation of the coordinates from one frame of reference 
to another. 
(2) Scalars or invariants. A function d(x!, x?, x?) is called a scalar ог an invariant if its original value 


does not change upon transformation of coordinates from x}, x?, x? to x! , x^, x". 


Le., 001, х2, x3) = у(х, x?, x?) 


А scalar or invariant is also called a tensor of order (or rank) zero. 





KRONECKER DELTA* 


The quantity 67 defined by the relations 


5/ -0, whenj+i 
and 8/ -1,  whenj-i,is called Kronecker delta. 
Evidently 6|-62-63-..-67-1 
while 6,289525, =...=0 


*Called after the German mathematician Leopold Kronecker (1823-91) who made important contributions to number 
theory, algebra and group theory. 





We note that by summing up w.r.t. the repeated index /, 
=0+a,,+0+0=a,, 

In general, a, ёр = аё + a5," +... a8, +... +а, б," 
=0+0+..+a,.1+..+0=a,. 


т! 





Solution. dis expansion of дебей, we have 
аА +а А? a4, A) = А 
а АА qi AP = 0 
а А?! + а, „АЗ + а, „АЗ = 0 


which can be compactly written as 
у= Д,а А? = 0, аА = 0 
Using Kronecker delta койы, these сап be combined into a single equation 
a A" = Аб, k 
Similarly aj AN = АВ? ‚ аз А = Аё, 
All these nine 1 are included in a,,A¥ = лё“. 
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. Solution. E partial мэн of ф іп the two —! байнаа аге different — are байый һу 
the following formula of Differential Calculus : 


e$ _ êp GEAN дф SEA EE, 06 оёх" 








éd ox @ of a Os ай or" ас 
дк! — ax! ex" m 
In icular, when ф = x, we have —— - —— —— Er i) 
parti ф ad LE ад (1) 
Since x! is independent of xf, бхУ/Ох = 0, when j € i 
-],whenj-t i) 


Hence the result follows from (i) and (ii). 





1) CONTRAVARIANT VECTORS 


Let A!, A?, ..., A" (1.е., А!) be a set of n functions of the coordinate system xl, x?, ..., x" Ge., x!). If these 
transform in another gystem of coordinates x! >, ...... X". x') according to the law 


= Е 
Arse ga (1) 
then A' are called components of a oodtravartont vector or contravariant tensor of order one. 
An example of a contravariant vector. Let us transform the coordinates of a point х! to x' in a n-dimen- 
sional space. 
Since x is a function of x! (i.e., хү, хо, ..., x, ), therefore, 


d d =i 
ах! = ад Хад. ay 
x ax" 


ах! 
= aj d^ , using the summation convention. 





Comparing this with (1), it follows that the set of differentials dx!, dx*, ..., dx" is an example of a 
contravariant vector. That is why the coordinates of a point are numbered by superscripts and not by subscripts. 
(2) Covariant vectors. Let А, be a set of n functions of the coordinate system x'. If these transform in 
another system of coordinates x' according to the law 
- а 
A; “илт ax — A; 
then A, are called the components of a covariant vector or covariant tensor of order one. 
An example of a covariant vector. Let ф be a function which has a fixed value at each point of space 
independent of the coordinate system employed. Therefore, ф is a function of the coordinates х! in the first 
system and a function of the coordinates x' in the second system. By the chain rule 


1 2 =f 1 2 = i 
2 0фёх , Ob Ox ^ — , ах _ Ob Ox , Ob Th Ox 


2) 








ах" ax! ax! ах? ax! ... ас" вх = ах! az! ut az! ARR ax agi 
Comparing this equation with (2), it follows that £he set of derivatives, 
Og/ex!, Өмөх?, ..., 0o ex" 


form a covariant vector. 






Solution. Hare: (i) 
and | 
Let х2 8448) 
| < ак | 
According to the law of transformation, we have А; = TA р Ч-1,2,8) 
X 
and we wish to evaluate A,, As, Аз where A,, А„, A, are known. 
We know that x =r sin Ө cos 6, y = г sin Ө sin ¢,z=r=cos Ө (EEL) 
- & ax? ex? бу дг | г. 
Now Ae A pe A wl +0 2) + — x2 rom (1) and (i 
Set CAU ere (2y — = [From (2) (и) 
= sin Ө cos $ . r sin 0 совф. r еіп Ө dn de din) dud Érdin D ains cos? Ө) 
+ cos Ө. г sin Ө cos ф. r cos Ө [From (i£i)] 
ээн - ах! бх? бх" ЭГ 
Similarly А, =— A, +—+ A, +—~ А, = г сов Ө сов ф . г віп Ө сов o.r віп Ө sini 
ё ax? 1 ах? А, aye 3 ф ф ф 
+ г cos Ө sin $ (Zr sin Ө sin ф—г° cos? 0) + (— r sin 0) г sin 0 cos $ . г cos Ө 
- 6d ax” ox? 
and A, =—— A, + —— A, + —À. 
? ex | д“ az? ® 


-—rsinOsin$.rsinO cos 8 .r sin Ө sin $ 
+ r sin Ө cos $ (2r sin Ө sin ф — г? cos? Ө) + 0 





БИШ TENSORS OF HIGHER ORDER 


Let г and j be each given values 1 to n, then the symbol A" will give rise to n? functions. 
(1) If A! be a set of n? functions of the coordinates хі, x, ..., x^ which transforms to A" in another system 
of coordinates x! : х?, x, according to the law 


- Amb asi 
| Ox Ох AH atl 


then the functions A" are said to be components of a contravariant tensor of the second order. 


(2) If A, be a set of п? functions of x', x*, ..., x" which transform to А, in another system of 


coordinates, x', x^, 





.,x according to the law 
Ч, - L— —— Au, ..4(2) 


then the functions A; are said to be the components of a covariant tensor of the second order. 


(3) If A‘, be a set of п? functions of xl, xf, ..., x^ which transform to А! in another system of 


coordinates, x!, x?, ..., х", according to the law 
= Ox! 6x! р 
E -- 
A; _ дей ‘aor l4 „..(8) 


then А! are said to be the components of a mixed tensor of the second order. lt transforms like a 
spnitenvaGarit vector with respect to the index i and like a covariant vector with regard to the index /. That is why 
iis placed as a superscript and / as subscript. 

We can similarly define tensors of the orders higher than two. 





Obs, Each of the above laws of" ransformation (1) to (3), give rise to п? equations as i and j are each given the value 
їл. о | 1 | | - 
Example 38.6. Show that the Kronecker delta is à mixed tensor of order two. 





Solution. If 8] transforms to 8/ in the coordinate system x', x?, ..., x" by the law for mixed tensors of 


order two, then 
гэн ‘ax, Tİ Ox" ax . 
= E "i I ead “зог = б! [^ б" = 0 for / т] 
Хо ЭХ” х 


Непсе H is a mixed tensor of order two, having the same components in every coordinate system. 











Example 38.7. Show that the velocity of a fluid at any point isa contravariant tensor of rank one. — . 


Solution. Let dx!/dt, dx*/dt, dx*/dt be the components of fluid velocity of the point (x! , x?, x*), i.e., dx'/dt be 
the components of velocity in the coordinate system x'. Suppose the corresponding components of velocity in the 
coordinate system x" are d X^ /dt. Then x!, x?, x? being the functions of x!, х2, x? which in turn are functions of 
t, we can write 

dx! Ox! dx! öx! ах? ах dx? 
— = —— + — —— + —-— 
dt @! dt а’ dt ә di 
ах! _ 6x! ах! 
dt гк dt 
Now according to the law of tensor transformation, (1) shows that the velocity of a fluid is а contravariant 
tensor of rank one. 








veel) 


or 











Solution. Given transformation  Xx' =a x" + b! ai) 
| Ox! —. 

РА | ам" T 
yields a" a. (Н) 

Also from (i), a! x' za! af x" +и Б 

= x" alb =x" +а b. 
Sk 1. 7 4. " 
P= a, һе, = ат Uti) 
ox CX 


| 1186 HIGHER ENGINEERING MATHEMATICS 
From (ii) and (111), it is clear that апу vector with components a, b, c will on transformation give the same 


components whether transformed as a contravariant vector or as a covariant vector. Thus in this case, there is 
no distinction between the two. 


CES SYMMETRIC AND SKEW-SYMMETRIC TENSORS 





(1) A tensor is said to be symmetric with respect to two contravariant (or two covariant) indices if its 
components remain unchanged on an interchange of the two indices. 

Thus the tensor AY is symmetric if AY = АЛ, for every i and j. 

(2) А tensor is said to be skew-symmetric with respect to two contravariant (or covariant) indices, if its 
components change sign on interchange of the two indices. 

Thus the tensor A" is skew-symmetric if A” = — A" for every i and j. 


In general, the tensor Aj is said to be symmetric or skew symmetric in Е and j according as 
uk _ А ЛА uk 
AP = АЙ or — АЙ 


Example 38.9. Show that (i) a symmetric tensor of the second order has only 4n(n + 1) different 
components. | | 
(ii) A skew-symmetric tensor of the second order has only 4 n(n — 1) different non-zero components. 


Solution. (i) Let АУ be a symmetric tensor of order two so that A" = АЛ, 

If each of the indices i and j take the values 1 to n, then A" will have n* components. Out of these n* 
components, n components A,,, Asp ... А „ are independent. 

Thus the remaining components are (n? — п) which can be taken in pairs (7 A4, = Azp Ag, = A,4 ete.) 

Hence the total number of independent components 


^N ) z” ) 


(ii) Let A" be a skew-symmetric tensor of order two so that AY = — A". As above, A" will have п? compo- 
nents. Out of these, n components АП, A*?, .., A" are all zero. |[: А! =- АЦ], 
Omitting these, there are (n? — n) components. Since A!? = — A?!, A! = — A?! ete., therefore ignoring the 
sign, (п? — n) components can be taken in pairs. 
Hence the total number of independent non-zero components 
- bee Зе: | 
= g -n)= gle D. 





PROBLEMS 38.1 


1, Write the following using the summation convention : 


у dé . & de ма ор 7 A OY (р 
(i) Ft a tad Ge thor др, (Ш) (rto GPP HG +. + (emp 
2. Write out in full the following : 





(1) a, xx (i, ] = 1, 2. 3) (Н) gydd] = 1, 2. 3) 
(iii) д". | 
3. (a) Shows that 5' is an invariant. (Bhopal, 2003) 
"| 
(b) Evaluate (i) 8, 5, (iz) 58.89, B^. | 
p Р oap 
4. Show bat) 2287 Gp S CP, Lp 
>. ахаа р" 
5. Ifthe x's are n independent functions of x's and i, у, k, i each take values from 1 ton, show that 
ёс ax | 
=e Hel 9159) 


6. Write down the law of transformation for the tensors 
d) АР (ii) Cian: 
7. A quantity AG, Л, 8,1, m) which is а function of the coordinates x? transforms to another coordinate system 
ЕР according to the law : | 
A (r,s t, u, v)= 2 ашы сол Яс Alt, 7, 8,1, m) 
Is this quantity a tensor ? If so express it suitably and state its nature and rank ? 
8, If the components of two tensors are equal in one coordinate system, show that they are equal in all coordinate 
systems. 
9, A covariant tensor has components 2x — z, xy, yz in cartesian coordinate system. Find its components in 
(а) cylindrical coordinates (Punjab, M.E., 1989) (Б) spherical coordinates, 
10. If g,, denotes the components of a covariant tensor of rank two, show that the product g; dx! ах! is an invariant 


scalar. (Delhi, 2002) 
11. А edatravariant tensor has components a, b, c in rectangular coordinates ; find the components in spherical 
coordinates. | 
12. Piero АС! is an invariant, if В! and СУ are contravariant vectors and Apis а covariant tensor. 
(Madras, M.E., 2000) 
13. Show that ĝA /дх% is not a tensor even though A, is a covariant tensor of rank one. (Bhopal, 2003) 


14. If a tensor АР is a skew-symmetric with respect to the indices p and q in one coordinate system, show that it 
remains ао ес with respect to p and а in any coordinate system. 





EE ADDITION OF TENSORS 


The sum (or difference) of two tensors of the same order and type is another tensor of the same order and 


гуре. 
Let А, and B be two tensors of the same order and same type. Their components in the coordinates 


system x’, 2 EX are А. and В,, such that 


a ex ax! = ах" ах 
x age № авд т 
e &' | =- ма. 
ВА Вау: des Сул 
Ay 5r agi № СМ 9 ex ox " 


Thus С, transforms in exactly the same manner as A, and B, and is, therefore, a tensor of the same order 
and same type. 


ЕЕ OUTER PRODUCT OF TWO TENSORS 





If A" is a contravariant tensor of order two and B,, is a covariant tensor of order two then their product is 
a mixed tensor СУ, , of order four such that 


act aot... үд x =j a s zi А) г aus 
cli = A! By = | ж дм |= Ox 5 Ox' ox! Ox' Ox АРЧ Ox Ox! ax" Ox (тра 


—  ———— _ OU SS ee ша O Á m: Ln 
=== === 


But this is the law of transformation of а mixed tensor of order four. Therefore, СУ i is a mixed tensor of 
order four. Such products are called outer products of two tensors. 





БОД CONTRACTION OF А TENSOR 


Consider a mixed tensor АР of order four. Ву the law of transformation, we have 





In this, put the covariant index / = a contravariant index i, so that 


za _ ВЕ 257 ах? ай nae ӘХ OF* ай pep 


SE o 

















б Әх? Gxt Ox! OX! дё“ Ox! xP * 
9x) DX" o» ураг OX! OF" py por 
ox ах’ P a exi га. uU P 


This shows that АУ” is a contravariant tensor of order two. 

The process of getting a tensor of lower order (reduced by 2) by putting a covariant index equal to a 
contravariant index and performing the summation indicated is known as contraction. 

The tensors АМ and Аф obtained from contraction of the same tensor АР are generally different from 


each other unless the tensor АР” is symmetric with respect to i and j (i.e., АФ = АЎ), 





INNER PRODUCT ОР TWO TENSORS 


Given the tensors АЎ and B7, if we first form their outer product АЎ Bf, and contract this by putting 
р =k, then the result is A", m. which is also a tensor, called the inner product of the given tensors. 

Hence the inner product of two tensors is obtained by first taking their outer product and then by contract- 
ing it. We can get several inner products for the same two tensors by contracting in different ways. 


Example 38.10. Show that any inner product of the tensors AP and В?" is a tensor of rank three. 


Solution. The transformation laws for A? and B?* are 





- - — Aj SL) and B®, = uud NC IDEA. rm KL) 


Inner product of АР апа Bes is 











он. (ax? at \( ax? ах? ар" |... 
АР Ве = Ox” Cx Ox" ду =й Ai ВЯ 
| ax Ox" JUL Ox ae oOx 
DP Dy Ат i , 0 AU AI Ж 
ОЕ gh al pe „ © 200 


а а ах 


іП 





Hence the inner product of AP and 8% is a tensor of rank 3. 
Similarly putting р = ¢ in the product of (1) and (ii) and noting that 
Ox" Ox" дах" 
Or OxP ay 
A? B?* is found to be a tensor of rank 3. 
Similarly, А? BY can also be shown to be a tensor of rank 3. 











- am : 


| QUOTIENT LAW 





To ascertain that a set of given functions forms the components of a tensor, we have to verify if the 
functions obey the tensor transformation laws. But this is a very tedious job. A simple test is provided by the 
quotient law which states that ifthe inner product of a set of functions with an urbitrary tensor ts a tensor, then 
these set of functions are the components of a tensor. 

The proof of this law is given below for a particular case. 


Tensor ANALYSIS 


Example 38.11. Show that the expression Afi, j, k) isa tensor if its inner product with an arbitrary tensor 


Bj is a tensor. 
Solution. Let AG, j, k) Ві= С! 400) 
where С! is a tensor. In the coordinate system x^, let (i) transform to 


Alp, q, ғ) BY = e ii) 
where B® and C; are the components of the tensors B, and С/. Expressing В 4* in terms of B,” and бо in 
terms of СУ, (ii) takes the form 

0х9 ох’ Ox" |, 4 Ox" Ox 














Alp, т quw oy ii) 
uid "S ар ex ax? 
Multiplying (i) by = ex 4.2 
Ox" Ox^ x * ox! | 
Alp, q, r) — - AU TA TE, ВЕ 
[a тай ad = i а ax? 
Now В being an arbitrary tensor, the quantity within the brackets must be identically zero, Le., 
Ox" Ox* ox" OX" ax! 
AD GAT at ay MOS дв 
Ox! Ox! дж" 
or A(p, a, r)= Өс OX AG. А) 
РФС OR? ох ор 7 


But this is the law of tensor transformation. Hence Ali, J, А) is a tensor of order three, with i, / as covariant 
indices and А as contravariant index. 


PROBLEMS 38.2 


1. Prove that if a tensor equation is true for one coordinate system, it is true for all coordinate systems. 

2. Show that every tensor can be expressed as the sum of two tensors, one of which is symmetri и дамы akaw: 
symmetric. 

3. ШАРУ and BP! are tensors, prove that their sum and differences are also tensors. 

4. Show that A, is a tensor if its inner product with an arbitrary mixed tensor БУ, is a teneor. 

5. Prove that (a) the contraction of the tensor AP, is an invariant. 
b) the contraction of the outer product of the tensors A? and B, is also an invariant. 


6. LetAPm a be a tensor | choose р =t and = = and show that А9, , is also a tensor. What is its rank ? 








(1) RIEMANNIAN SPACE 


The distance ds between two adjacent points whose rectangular Cartesian coordinates are (x, y, z) and 
(x + ах, y + dy, z + dz) is given by ds* = ах? + dy?  dz*. 
Riemann extended the concept of distance to a space of n dimensions and defined the distance ds between 
two adjacent points x' and x' + dx' (i = 1, 2, ..., n) by the relation 
ds” = a (ах)? + a, (dx)? +... +a (dx") + а, „ахах?  ... + a, dx'dx" +... 
=a. ааз, using summation convention. 441) 
The coefficients a,; are the functions of the coordinates x', The quadratic form (1) is called a Riemannian 
metric and any space in which the distance is given by a such a metric is called a Riemannian space.* 
If in a particular coordinate system X', the quadratic form (1) reduces to the form 
ds? = (dX")* + (ах?) +... (dX"*, 
then it is called a Euclidean metric and the cocum бар space 18 called the Euclidean space. 


= uu— = 


* See footnote on p. 673 











(2) Metric tensor. As in the physical space, the distance ds in the n-dimensional space is assumed to be 
independent of the coordinate system, i.e. a scalar invariant ог a tensor of order zero. In the relation (1), dx' and 
dx! being displacements are components of a contravariant vector or a tensor of order one. Therefore, their outer 
product dx'd»! is a contravariant tensor of order two. By the quotient law, the functions a, must be components 
of a covariant tensor of order two. 


Let us write a,-gj*h, whereg,- $(a; tap апал, = }(a,—a,). 


Interchanging i and J, we have Bj таң +а;) = g, and л, = 1 (а,-4, )=-А, 
g, is symmetric and А, is skew- тээн Thus (1) take the form 
ds? = a, dx'dx! = (g; + В, ) dx'dx! 


Now А, dx dx! i is zero, since ^, is ekew-aymmietris. Hence ds? =й ах ах! where g, is a covariant symmetric 
tensor of order two. It is called the metric tensor or the first fundamental tensor. 


ЕТИ CONJUGATE TENSOR 





Let g be the determinant |g,;| and G, denote the cofactors of 
g,, in g. Define the function of д by the relation д = G,/g wD) 
Since the functions g,, and G,, are symmetric in the subscripts, the functions g” will be symmetric in the 
superscripts. Now 


G; g EM. 
Eg -g,—---—-1 and g.gi=g,— 
9 Ч р g i Ug 
= 1,1/=1, = 0, ifl #{ 
Тһив g,,8 = à/ 38 


If w be an arbitrary contravariant tensor, then its inner product with the tensor g,, will be an arbitrary 
covariant tensor due to — Le., 


AB) 


ЫГ 
i io + = wu, 
which is a contravariant tensor of order one. Therefore by quotient law, g" are the components of a contravariant 
tensor of order two. Hence g" is a symmetric contravariant tensor which is called the conjugate tensor or the 
second fundamental tensor. 





Solution. Let (x!, x?, x?) be the rectangular cartesian coordinates and x!,x^, x? be the spherical coordi- 
nates of a point so that 


хі =x, x? = у, х? =2,апі x! -r,x?-0,x? =6 84) 
and 

We know that х =r sin 0 cos ф, у =r sin 0 віп ф, 2 = г cos Ө Ай) 
Let я „апа g; be the metric tensors in cartesian and spherical coordinates respectively. 
Then ds? = (dx! + (ах? + (dx?P = д dxPdx* 
д 811 = 1 = 9 = Bay: and g,, = 0 = g,4 = д etc. (ШШ) 
On transformation 

_ & Ox а Әх! дх? ax? ex? ax? ; 

5 = axi ag) “РФ = ax ay? 811 + ax agi 822 * axi 557 833 (i) 








=) en 


Putting г =j = 1 in (iv), we have 


_ tay ext Ү aj y 
511 EJ 811 | ас £22 (=) &33 


2 Z „л? 
J (25 i (>) А (=) [By (i) and (ii 
= (sin Ө cos ф)* + (sin 0 sin ф)* + (cos 0)? = sin? 0 + cos? 0 = 1 [By (11) 


Putting i 2j = 2 in (iv), we have 


| Ar! 2 дк? 2 | ex? | 
Boo =| —= | £u t| — | ga + | | E33 
ex? | Lex? | ex? | 


2 2 ^ *À 
= (=) rs E3 + (=) [Ву (i) апа (111) 


= (г cos Ө cos ф)* + (r cos 0 sin $)* + (— r sin Ө)? = г? cos? 0 + т? віп? 0 = ғ? 
1N2 2 42 
| Е ax! f 2.2 ex? 
Similar]; =| — +| —— | goo +| — | Es = г? віп? Ө 
y E33 EJ Ё11 ES 822 (5) &33 
and Ej; = 9 = 813 = 891 = 893 = &31 = 230 
Hence the first fundamental tensor, written in matrix form, is 
1 0 0 
s 0 


Г 
О r*sin?0 
0 


r? Qs = r# sin? @ 


О r^sin*0 


oO oO fF 5 o 


and the cofactors in g are given by 
G =r“ sin? Ө, Gyo = r? sin? 6, С.з = P GO ms С,» = Ga = Gaa = ©з = Gag 
The components of the second fundamental tensor are given by g” = G, /g. Hence the second fundamental 
1 0 0 
tensor in matrix form, is |0 1/r* 0 
0 0 I/r*sin? 0 


pe "r 






- 
meli 2 L т 
E p 
i МЕГЕ Y В 


point so that 
хі=х,х2=у, х =2 and х =р, х? = ф,х° =z i) 

We know that x=pcos$,y=psin ф, 2 =z (IE) 
Let g,, and gj be the metric tensors in cartesian and cylindrical coordinates respectively. 
Then ds? = (dx!Y* + (ах?) + (dx)? = g dx? 
a £1, = 1=890=8aq and g,,-0-259,,-4,, etc. (Eti) 
On transformation, 

өх? аҳ“ өх! ax} Ox? ах? ox? ex? (о) 

iU 


Sucar әкі r agi agi T ою ag P7 дю ою 





Putting i =) = 1 in (iv), we have 


| 2 ) 42 RT | 5 Y 
_ Ta дх? | х” | eY (Фү (a) 
Боов к à dep + | -— gum ET pa 


= cos? ф + sin? ф+ 0 = 1 [By (i) and (11) 
Putting i = j = 2 in (iv), we have 


2 ac Y а? ү ад Y x ү Y fey 
Ёоо (5 811 (2 E22 (S вы -(& (2) 13 


=(—p sin ф) + (p cos 9)? + 0 = р? [Ву (i) and (11) 
"T 2 А2 2 жа! 2 
Similarly ва =| — | +|—~| gag =0+0+1=1 
y £33 E | 511 ES | E22 Е | &33 
and 812 = 0 = Дуз = &21 = Боз = Яз = Ea» 

Hence the metric tensor, written in matrix form, is 
100 1 0 0 
0 p 0 e в-10 р? 0| =p? 
0 0 1 0 0 1 


Also cofactors in g are given by 

Gy, 7p,G4-71,G4 = pP”; Gg = Өн Gis = Gg, = Gag = G4, = G4, 
The components of the conjugate tensor are given Буд" = Сн. 
Hence the conjugate tensor in matrix form is 


1 0 0] 
0 1/p* 0 
0 0 1] 


ВЕСУ ASSOCIATED TENSORS 


From (3)of$38.14, we have — w.g;- v, (1) 
Le., the inner product of the tensor u/ with the fundamental tensor i is another tensor v, which is called the 
associated tensor of w. 

Similarly, we have о. g = и) (2) 

Hence w is the associated tensor of v,. 

Thus the indices of any tensor can be lowered or raised by forming its inner product with either of the 
fundamental tensors gj; or g as in (1) or (2) above. 








ЕТОЙ (1) LENGTH OF A VECTOR 


The vector À is given by 


А = Аш, ог A-Ag' 1) 

Also we have the associated vectors A, = дА! (2) 

or А! = 893, (3) 
Length of vector А = (A. A)!” = (Alg.. Ag) 12 [Ву (1)] 

= (gj; А'А [^ 8 By = н 

= (А.А) (Ву (2)] 

Also length of vector A = (A . А)!” = (A д! Ag) = (ЕА, А)! = (A, A!) [By (3)] 
Hence the magnitude or length of the vector A = 4( g,; A A7 J= (g" А,А у) = 4] (А.А!) UL) 


which is an invariant. 


peg de и pa 
Ї ens) 





(2) Angle between two vectors. Let A and B be the given vectors such that 
A = A'g, and В = Big UI) 

A.B = |A| |B| cos 0 
A.B АВ ву 


ог сС050------ 
|A||B| a AA?) Да, B B^ ‚А! A!) 


In terms of associated vectors, we have 


sn AB __ 
KA KBB) 


^ PROBLEMS 38.3 a 


[Using (4) and (5)] 








CHRISTOFFEL SYMBOLS 
Christoffel symbol of the first kind is denoted by lij, №] and is defined by 


Og ik , &i Og; 

lij, k] = Pa Bik -% (1) 
/ Цаа а! ^ ad ax! 

where g, are the components of the metric tensor. 


Christoffel symbol of the second kind is denoted by ll and is defined by 
у 


k Ex | 
| | х = g^ цу, П 200) 
Some authors write Christoffel indi of the second kind as ii. uhi ог Г, К 


=. j - 
т Rx d k le: 300 хэлүү amai Lpi ai EU HE a ae ee) ү] 
1 ЛЕ Бүгү | ИВ 111- 1 Em LiT ЇГ Le 2 fl E <-i м | | 
| 3 | RS =d - ite hi 1574 кР 9: | Ч! 
PCT Im LC Ы E ҮҮЛ Иа ү шал = ae Fi uz сэр: „but DEM кй ыыр ын йл! ре am aci «Үү? 
" j L 





Е 4) yc. кер Ahi T Eri UTER SW: T 
| LI 2 й | " | А кг г. 
| ы га = 4 E [М 
i = p T гш a : 5 
1 4 (3 
a! „ } 
z 1 D. d Vi nce Р 7 | G 4 a 
! 5-4-2БЫЛ * П 
} i i^ à 
à | ! ae ан. dB. 4 Е ( a * 
ih 2- 201 == ub 32 « 
Du M а | г. (d Ч ч 4 
ғ | BN D fe | н ( | 
^ | | | 
ч T | 
a -4 
is 4 
1 








Solution. It is a 3-dimensional space in spherical coordinates such that 
xlzr,x*20andix?-4 





Clearly = £y =r", аа =r" віп? Ө and gj; = 0 for i » j. 240) 
Also g!! = 1, g”? = 1/r?, 233 = L/r* sin? Ө (See Ex. 38.12) ...(ii) 
(a) Christoffel symbols of the first kind are given by 
lij, k] = = JP + Ba _ Si iii) 
ах’ ах! ex n k 1, 2,3 
Taking i = 2,j = 2, and k = 1 in (iii), we get 
821 | 4 Bar - = |. 900) AO) _ eir?) | _ T 
[22, 1] = НЕ Ет 2d | 515832 = г v) 
Putting i = 1,/ = Запа & = 3 in (iti), we obtain 
sx, is 23 1 | &r? sin? 9. 20) _ BO) | Нэх” 
13,3 == | ———— е E 
ma perc minutes mee e 
(b) Christoffel symbols of the second are defined by 
К | 
M = g^! [ij, 1] =e"! lij, 1] + g^? Ej, 2] + e^? lij, 3] Qt) 
M = g!1[22, 1] 412122, 2] + g!?[22, 3] = [22, 1] + 0[22, 2] + 0122, 3] 
ш-Р [By (iv) 
| A = 8313, 11 + 232113, 2] + g*9[13, 3] 
= 0[13, 11401183, 2] + 013, 3] (Ву (10) 
1 ; ! 
- y .rsin*0--— [Ву (0) 





and 


Solution. (a) By definition of Christoffel hare of the мэт kind, we have 


lik, l= = a x = t) 
ik, i] = — JE Se kJ i) 
Since gij is a symmetric tensor, ~. Bj = Bjo Sin = Exp Ey - Bin 
Adding (i) and (ii), we get the required result. 
(b) We know that g/g’ = à. [Refer to $ 38.14 (2) 
Differentiating w.r.t. x*, we get 
ij 
C a dm 5, = 1 or 0] 
Multiplying by =" and transposing, we have 
ag pS, e amet n or or 8828, a ging llk, Л + Uk, 0) [From (а) 








й Ry cca (etis Л) - e" (gk n) =" n =й | 


ах! 
Interchanging m and j, we obtain the desired result. 
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ЕЕЕЕЙ TRANSFORMATION OF CHRISTOFFEL SYMBOLS _ 


The fundamental tensors Bij g" and also [ij, k] are functions of the coordinates х". Let these transform to 


E, E" and [ij, k] in another coordinate system 57. 
(1) Law of transformation of Christoffel symbol of first kind. 


Let [ij, k] which is a function of x’, transform to [ij, А] in another coordinate system х. 


eg B, ОЁ; 
ij, i» | EA + Ba _ Еу 

дх 0х Әх") 
Since g, is a covariant tensor of order two, we have 


ax? дх" 


Bi ах ax! бра 
Differentiating both sides w.r.t. x*, we get 
OH; | a's? өс? дхР 25 , бх? дка Вы Ox! 
à P" ex ах! ax" ax! 

















ee $ | = ЖЭ 
Ax ex'ex! ё ам ox'ox/ 


(1) 


.(2) 


wld) 


[Note that E is in terms of original coordinates x and to differentiate it w.r.t. x^, first we differentiate it w.r.t. x” and 


then differentiate x^ w.r.t. x^.) 
Interchanging i, k and also p, г in the last term of (3), we have 

Og, | ex^ o , oP ЭР _д°х1_ Gx? Әх“ ax? Om. 
ах |дх'ёх* ox сх охох!) "1 — ex" ax! ох ax? 
Similarly interchanging /, & and also а, r in the last term of (3), we get 

OB, | ёх? ёх" a a gat | Ox? дк" Ox? бн 
azi | axtax! ах оёх) охо!) ох вх oxi ox" 
Substituting the values from (3), (4) and (5) in (1), we obtain 

ёёх” х? ex? Ox" бх? 


ex'ox/ ex^ Ep ex! ах! ax* 

















[pq, r] 








lij, А] = 


This is the desired law of transformation of Christoffel symbol of the first kind. 


(2) Law of transformation of Christoffel symbol of the second kind. 
Let 65 [ij, [| transform to g" [ij, 1]. 
Since g" is a contravariant tensor of order two. 
shi _ OR" ÔT". y 

Ox" ах 

Q^xP х? ах? Ox? ax" 
eror ox ^" аж api ox 
Multiplying the respective sides of (7) and (8), we get 

T гт 2_р гүү! poa 


се - = сана 
Since бя“ g = ВТЕ = 5, 





From (6), we have 17,11- = —|pgq, г] 





KA) 


...(5) 


...{6) 


(T) 


.4(8) 


AQ) 


HIGHER ENGINEERING MATHEMATICS 
х | ГЕ] 
and б g*'[pg, r] = ging, r] кез ‚ 
[pq] 
[T| ёх? ., OX! ах? av" аг | t | 
ij Ё ра 











= брт == 
ox ax ах ах бох! ах 





|! Ox ax! Р? ax? ox! | t | 
(0| ах'ах’ ам’ дах ax! ах 





ai ы rk A LO) 
Pq 
This is the law of transformation of Christoffel symbol of the second kind. 
Obs. 1. From (10), we obtain the following iniportant relation : 
ахах! ах |j| өх ax! lag. LA. 


Obs. 2. It is evident from (6) and (10) that the Christoffel 3-index symbols are sors. These symbols transform 


like tensors only for linear transformation of coordinates. 





Example 38.16. Prove that " ы Z По 48). 





Solution. Let бу be the co-factor of g, ing so that g = д. G; (summation over k only) 
= = С, [^ G, does not contain g,, implicitly] 
Also a = E. Bin =G} Bin (summation over i and А) (1) 
Се” Cg Ox! бх! 
We know that ай = оч kii) 
Substituting the value of G., from (ii) in (i), we get 
E _ Bik ‚1 08 _ ik Bin 
al 7 a T B x! dir" 
or =; (log g) = g'^([h, i] + ly, А]) [By Ex. 38.15 (a)] 
Р 
- g^ Uk, i] +, = | : | + | i) -2) i 
Jk ji ji 
i| 1 д _ 0 | TA 
Hence lul ас” 2,7 98 g)- P Jz. ELE) 





(1) COVARIANT DIFFERENTIATION OF A COVARIANT VECTOR - 


Let A, and A, be the components of a covariant vector (i.e., a tensor of first order) in the coordinate system 
xi and x' respectively. Let us investigate the tensor character of the partial derivatives of A, w.r.t. the variables 
= = — o 
xl. From the law of transformation. A; = — А, 
Ox" 
YA. 22. P Р ДА дү? 
Differentiating w.r.t. x’, we have wie = --т-тА, + a. cR 28 LL) 
Ox! xlor " Gx" ам Ox" 


(Note that A, is not directly a function of x). 


Due to presence of the first term on the R.H.S. of (1), it is evident that эс is not a tensor. 
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2x 
On replacing this term by = А, and substituting for the second derivative from (11) of § 35.18, we get 

















дА, бх! SE | 80 AP. A, 8 | Ox? дк? 0А, 
ax! ox 


1 у) ox бх pq) "аж ax! ex? 
аА. -II P ay? | aA, [8] 
ог A Ау p. RE E - AI | 
ex iJ oxi ax | ox? рд | 
ИР РИЧИ. ЗВ 
15 Shows ТП une expression ахі "uj 


is a covariant tensor of the second order. This is called the covariant derivative of А, w.r.t x/ and is denoted by 
Aij 


(2) Covariant differentiation of a contravariant vector. Let Af and А! be the components of a 


ты 


contravariant vector in the coordinate systems x' and x'. From the law of transformation A* = A. 
ад* O° x КҮ ох" ОА! 
ex! охот ex! ах! 
Substituting for the second derivative from (11) of § 35.18, we get 
e eral l paa] s КУ» дА! 
ex" ox! ах (ijj) ax’ ex^ |p q! дх' ax! 
Interchanging the dummy indices i, / in the first term on the R.H.S. and putting 


Differentiating w.r.t. х, we have 


























DO. 
ы А*= АР in the second term, we obtain 
Ox 
ээ? aar] i em 28, 
ex) ax? ly ox! ра) ex ax! 


Transposing the second term on the R.H.S. to the L.H.S., we get 


4 Гадя | ї МИН hoe 
col = earl i H-2 = = + Ab 
ex! | 8x? Р Ч Эх | az! lj 














д [T zi дүй s | 
or 2A a S Lee e [e ЕЕ ТА и 
ex? (| eo ox! ext (P gq] 
This shows that E к.А? | | ‘| is a mixed tensor of the second order. This is called the covariant deriva- 
ох | 


tive of A! w.r.t. x! and is denoted Бу А! j. 
иь. The folowing Paus held коой fer ханын difirentiution: E 





Example 88.17. Prove that the covariant derivative of g! is zero. 


Solution. Let А, denote a covariant vector which moves parallel to itself so that 


aA, I Ч 
Ч - — S — 4 = () шшш ! 
А, or дүй А, l il (1) 








Let ф = А, А, so that ф is a scalar invariant. Differentiating it w.r.t. х^, we have 


| cA 
3 & AA; 22-17 АУ 


= АА, " jh ZUM к АА [By (i)] 
Interchanging i and / in the second term and j and / in the last term on the right, we get 


M І ЕЯ +e | Я, +e d AP 


Since дф/дх^ is a covariant — the expression 


are eal el 


is a tensor of the third order aan quotient law. Thus it is the covariant derivative g" e 


gÜ p= te | 
= ede нагнат —— 


mk 


ers PY ed Liat ee afte Та | 


[Changing the dummy index т to Л 





If $ be a scalar function of the coordinates, then the gradient of ф is denoted by grad ф = = which is a 


covariant vector. 
(2) Divergence. The divergence of the contravariant vector А! is defined by 


ki 
The divergence of the covariant vector A, is defined by div A, = g* A... 
(3) Curl. Let A; be a covariant vector, then 


. eA' 1 i 
div А! = ог + A^ | | which is sometimes written ав A’ ,. 


СА, ae p -- дА; ko — ааг 
Ary = ^|, j and A; , ас — A, ji are covariant tensors 
/ 715 ам а 


is a covariant tensor of second order, which is called curl of A,. 


Thus curl A, =A, ;—A, p 
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and 


| i| д | 1 ё 
Solution. (а) Using | " | =—- log zg =— eve [By Ex. 38.16] 





kil ас Je o^ e Je ёс 
га : | 
ШП =? | ( А ) Tr 
Jg ах" ve (1) 
(11) We have Уф = div grad ф А 


grad ф = = , which is a covariant vector. 


The contravariant vector associated with o$/ex" is 
А* = gr д/дх'. 
1 


* а, L += Ц " ur 1 | |J- e Al kr оф 
| J : d 2 ! ü Р | ko d _ -—— = E D a 
Then from (1) and (i), V?$ = div (g' Г == VEE 





22 





PROBLEMS 38.4 


Determine Christoffel symbols of the first and second kind for ап orthogonal curvilinear соо 
Determine the Christoffel symbols of the first kind in (0) rectangular, (b) cylindrical and (c) spherical 





de EA п 





| Evaluate the Christoffel symbols of the second kind in (a) rectangular, (b) cylindrical and (c) spherical ана 
Prove that (0 ра," = lap. 7), ^ Фу раг) 229 
Af (ds? = r° (de)? + r* sin? 6 (409, find the values of — 


| 2 
(а) (22, 1] and 112, 2] (5) E | and | i a 
. If (ds = (dr)? «24084 sin? 0 (d$, find the values of 


(а) [83, 1) and (28, 3] |» Ё | and el 


> Show that the tensors ду „яў and &, are constants with respect to covariant differentiation. 
"Write the covariant derivative W.T. +. x" of the tensors и and АХ, 


Show that the covariant derivative of Бу 18 zero. | (Madras M.E., 2000) 


. Find the covariant derivative A’, В!" with respect to 24. 

. Evaluate div A* in (d) cylindrical, (b) К coordinates. 

. Obtain the Laplace's equation in (a) cylindrical, (b) spherical coordinates. 
If A, гк із the curl of a covariant vector, prove that 


Ара tA Ан; 0. (Madras M.E., 2000 S) 
Using tensor notation, show that | 
(a) div curl A^ = 0 (b) curl grad ф- 0. 











Useful Information 


I. BASIC DATA 
1, Basic Constants 





221118 = 30.48 ст = 0.3048 m 
| Патти ors 
a 


PX 3 EL ir в -a 
0 3 | 1 
жоё зле dmg у | | Ч A^ | | | | | 
1 um im? ASSL OS ГАН 
. 1 ie ' "Y | 
лал | 
| к!) А | 
1 






- 2 1! М л 

af J - чы, ; 

Г JA 
a 








Note. The M.K.S. system is also known as the International system of units (SI system). 
4. Greek Letters Used 






- 





| Өөлөжжжл 


Е 
I ч ~~ Ы 
! Ko гш 





Factorial n ie., m!=nt(n—-1) (a — 2) ...... 8.2.1. 
Double factorials: (Эт)! = 2л (Zn — 2) (2n —4)......6.4.2. 
(2n —1) !! =(2n – 1) (2n - 3) (2n - b) ..... 5.8. I. 


Stirling's approximation. When n is large n ! ~ «/2лп . n" e^. 


II. ALGEBRA 
1, Quadratic equation : ах? + bx + c = 0 has roots 
ox Dot ш) B- -b- N(b* - 4ac) 
2a Е 2a 
GS olet. 
a ü 
Roots are equal if b? — Дас = 0 
Roots are real and distinct if b* — 4ac > 0 
Roots are imaginary if b* — 4ac < 0 


ээ 


Cubic equation : x? + /x? + mx +n =Ù 
Cardan’s method : 
(i) Remove х" term by putting y = х - (- 1/3) 
(ii) Equate coeffs. in the new equation and y? — 3uvy – (и? + v*) - 0 [^ ysu-*v 
(iii) Find uë and v?. Then find u and v. 
(iv) Gety =u + v and x = у – 13. 
3. Biquadratic equation : x! + kx? + /x? + mx +n=0 
І. Ferrari’s method : 
(1) Combine х! and x? terms into a perfect square by adding a term in A. 
(ii) Make Б.Н.5. a perfect square to find A. 
(iii) Solve resulting quadratic equations. 
П. Descartes method : 
(1) Remove x? term by putting y = x — (- А/4) 
(и) Equate transformed expression to (у? + py +9) (y^ — py + q^) 
(iti) Equate coeffs. of like powers from both sides. 
(iv) Find р, 9 and с’ and solve resulting quadratics. 


4. Cross-multiplication : a,x + Бу +¢e,2=0 
ах + bay + Coz = 0 
Then * — a 2 


буса — әср Сүйо-Сай, ау — Qab) 
5. Method of least squares: 
(1) Straight line of best fit y = a + bx. 
Normal equations ; Ly = na + bXx, Уху = aXx + БУХ, 
To find a, b, solve these equations. 
(и) Parabola of best fit y =a + bx + сх? 
Normal equations : Ly = na + bXx  cXx*, 
Ууу = пЎх + БҮХ? + cEx?, Xx", = ух" + bYx? + суда 
To find a, 6, с, solve these equations. 
6. Progressions : 
(1) Numbers a, a + d, a + 2d, ... are said to be in Arithmetic progression (A.P.) 


Its nth term T, =a + n- 1d and sum 5, = = (2a « n- 1d) 


(ii) Numbers a, ar, ar^, ......, are said to be in Geometric progression (G.P.) 


Bm | 
Its nth term T, =ar"~' and sum S, = AT, s= T (r « 1) 
| =F -f 





is said to be in H.P. if its reciprocals are in A.P.) 


Its nth term Т = Ia + n-1d) 
(10) If a and b be two numbers then their 


Arithmetic mean = 5 (a + b), Geometric mean = Jab, Harmonic mean = 2ab/(a + b) 


(v) Natural numbers are 1, 2, 3,......, п. 








| nin * 1) 2,0 *D n1 pna- [nin 0 2 
9 7 6 ' 2 
7. Permutations and Combinations 
n! n! "P... , 
пр = Їл. .н E" "С: “С. spe" 








"РГ ^ rMn-n! rl’ 
B. Binomial theorem 
(0) When n is a positive integer 
(Loxfi=14"C, С +в PC x". 
(ii) When n is a negative integer or a fraction 
n(n- 1) 94-8 (n — 1) (п - 2) Жз 
1.2 1.2.8 


л! 


(1+х)" = 1 +лх + 


(tu) Binomial coefficients : "C, = —————— 
ri(n—r)! 
9. Logarithms 
(à Naturals logarithm log x has base e and is inverse of e*. 
Common logarithm log, x = M 106 х where M = log, e - 0.4343 
(ii) log, 12 0; log, 02 — = (a > 1); log, а= 1. 
(tit) log (mn) = log m + log n ; log (т/п) = log m -log n ; log (m^) = п log m. 
10. Partial Fractions 
A fraction of the form 8057 * «13 +... + ал 
box" bx" t +. tbn 
in which m and n are positive integers, is called a rational algebraic fraction. When the numerator is of a 
lower degree than the denominator, it is called a proper fraction. 
To resolve a given fraction into partial fractions, we first factorise the denominator into real factors. These 
will be either linear or quadratic, and some factors repeated. Then the proper fraction is resolved into a 
sum of partial fractions such that 
(1) to a non-repeated linear factor x - a in the denominator corresponds a partial fraction of the form 











A/íx — а); 
(п) toa repeated linear factor (x — a)" in the denominator corresponds the sum of r partial fractions of the 
fori “hg Lu | As осы А, E 
x-a (x-a) (x-a) (x-a) 


(iii) to a non-repeated quadratic factor (x* + ax + b) in the denominator, corresponds a partial fraction of 
the form шиг 
x" +ax+b 


(iv) to a repeated quadratic factor (x^ + ax + bY in the denominator, corresponds the sum of r partial 
Aix B, : А„х + В, , " A.x + B, 


fractions of the form — . 
? ках- b)* (x* + ax +6)" 


x*-ax*b (x 
Then we have to determine the unknown constants A, A,, B, etc. 
To obtain the partial fraction corresponding to the non-repeated linear factor x — a in the denominator, put 
x = a everywhere in the given fraction except in the fac tor x ~ a itself. 





In ай other cases, equate the given fraction to a sum of suitable partial fractions in accordance with (i) to 
(10) above, having found the partial fractions corresponding to the non-repeated linear factors by the 
above rule. Then multiply both sides by the denominator of the given fraction and equate the coefficients 
of like powers of x or substitute convenient numerical values of x on both sides. Finally solve the simplest 
of the resulting equations to find the unknown constants. 
11. Matrices 
(i) A system of mn numbers arranged in a rectangular array of m rows and n columns ts called a matrix 
of order m x n. 
In particular if m = п, it is called a square matrix of order п. 

(it) Two matrices of the same order can be added or subtracted by adding or subtracting the corresponding 
elements. 

(iti) Product of a matrix А by a scalar k is a matrix whose each element is А times the corresponding 
elements of A. 

(iv) Two matrices can be multiplied only when the number of columns in the first is equal to the number 
of rows in the second. If A is of order m x n and B is of order n x p, then the product AB is a matrix of 
order m x p, obtained by multiplying and adding the row elements of A with the corresponding column 
elements of B. 

(0) Transpose of a matrix А 18 the matrix obtained by interchanging its rows and columns and is denoted 
by A’. 
A square matrix А is said to be symmetric if A = A‘ and skew symmetric if A = — А“, 
(vi) If A and B are two square matrices such that AB = I (1.e., a unit matrix), then B is called the inverse of 
A and is denoted by А-'. Then AA“! = A“! A = T. 
(uit) Rank of a matrix is the largest order of any non-vanishing minor of the matrix. 
(viii) Consistency of a system of equations in n unknowns. 
If the rank of the coefficient matrix А be r and that of the augmented matrix K he r', then 
(a) the equations are inconsistent (i.e. there is no solution) when r +r’, 
(b) the equations are consistent when г =r’. 
(c) the equations are consistent and there are infinite number of solutions when г =r’ < n. 

(ix) Eigen values: If A is any square matrix of order n, then the determinant of the matrix A — ÀJ, equated 
to zero is called the Characterist equation of A and its roots are called the eigen values of A. 

(x) Cayley Hamilton theorem: Every square matrix satisfies its own characteristic equation. 

12. Determinants 
(1) A determinant is defined for a square matrix A and is denoted by | A |. Unlike a matrix it has a 
single value e.g., 

a, b, € 
|А | = а b, е, 
аз ба C 
=a, (b,c, — bata) — b, (ас. — aaea) + с, (@gb, — a,b.) 


by со 
b, сз 


Oy by 
1 ila b. 


а Ce 
Gs Ca 


-а, -b, +ë 























In this way, determinant can be expanded in terms of any row or column. 
(и) Properties : 
1. A determinant remains unaltered if its rows and columns are interchanged. 
II. A determinant vanishes if two of its rows (or columns) are identical or proportional. 
III. If each elements of a row (or column) consists of m terms, the determinant can be expressed as the 
sum of m determinants. 
IV. If to each elements of a row (or column) be added equi-multiples of the corresponding elements of 
two or more rows (or columns), the determinant remains unaltered. 


V. If the elements of a determinant A are functions of x and two parallel lines become identical when 
x = d, then x —a is a factor of A. 
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Ш. GEOMETRY 
1. Coordinates of a point : Cartesian (x, y) and polar (г, Ө). 
х= г cos Ө, y-rsin Ө 
or г = V(x? + y?), 8 = tan"! (y/x). (Fig. 0.1). 


Distance between two points (хү, y,) and (x,, у.) = \ [(х„ —x,* + (vo — Y,*] 
Point of division of the line joining (хү, уу) and (x,, y,) in the ratio m, : m, is 
| MyXg + тоху туу; + My), | 
m,-msg ^ тт 
In a triangle having vertices (хү, y4), (x4, Уу) and (x4, уз) 
E [un ¥ 1 
п) Area -—|x, y, 1 
“|Ха уз 1 
(i) Centroid (point of intersection of medians) is 


“ын Xs У+У 2d 





3 i 3 
(iii) Incentre (point of intersection of the internal bisectors of the angles) is 


ax, tbx, rcx, ay; by, + суз 
| a+b+ce `° а+Ь+с | 
where a, b, c are the lengths of the sides of the triangle. 
(10) Circumcentre 18 the point of intersection of the right bisectors of the sides of the triangle. 
(v) Orthocentre is the point of intersection of the perpendiculars drawn from the vertices to the opposite 
sides of the triangle. 
2. Straight Line 
‘= Ja у 


(i) Slope of the line joining the points (хү, уу) and (x,, у, 


Slope of the line ax + by + c = 0 is — ^ ie, — ЖЕ: 
(it) Equation of a line 

(a) having slope m and cutting an intercept с on y-axis is y = mx +c. 

(b) cutting intercepts а and b from the axes is ES = 1. 

a і 
(c) passing through (хү, у) and having slope m is y — y, = m(x — x) 
(d) passing through (x,, y,) and making an Z0 with the x-axis is 1-2 1 =, 
с050 sing 
(e) through the point of intersection of the lines a,x + b,y +c, = 0 and a,x + boy +c, =O is a,x + by + 
сү» ах + bay +с„) = 0 





(iii) Angle between two lines having slopes m, and m, is їап”! — me A 
1+ түл 
Two lines are parallel if m, = m, 
Two lines are perpendicular if m,m,--1 
Any line parallel to the line ax+by+c=0 is ax+by+k=0 
Any line perpendicular to ax+by+c=0 is br-ay+k=0 


ax, +by, +с 


(10) Length of the perpendicular from (хү, уу) to the line ax + by + c = 0, is — halts 
(а? +b”) 


3. Circle 


(1) Equation of the circle having centre (A, k) and radius r is (x — А)? + (y - А)? = ғ" 
(ii) Equation х? + y? + 2gx + 2fy + с = 0 represents a circle having centre (— g, — f) and radius = Wig? + f* — с). 








(iii) Equation of the tangent at the point (хү, уү) to the circle x? + y? = а? is yi 
xx, yy, =а?. 
(iv) Condition for the line y = mx + c to touch the circle x? + y? = a? is 
c=aV(1+m?), 
(v) Length of the tangent from the point (хү, у) to the circle x? + y? + 2gx 
+ 2fy +e = 0 is Vix,? + уу?  2gx, + 2fy, + с). 
4. Parabola 
(i) Standard equation of the parabola у? = дах. U ww "7 
Its parametric equations are x = at?, y = 2at. =_ 
Latus-rectum Ш, = 4a, Focus 18 8 (a, 0) 
Directrix ЯМ is x + а = 0. | 
Focal distance of any point P (ху, y,) on the parabola 
у = 4ax is SP=x,+a 
Equation of the tangent at (x,, у) to the parabola у? = 4ах is 
УУ; = 2а (x + xi) 
Condition for the line y = mx + c to touch the parabola 
y* = 4ax is c = a/m. | 
Equation of the normal to the parabola y? = 4ax in terms of its slope m is Fig. AP-1.3 
| у = mx – 2am – am’. 
(ti) Other mondare forms of parabola 


„ш ol 


== e T E з 
ч nr 











* 





: X25 of 
(i) Standard equation of the ellipse = + 28 =1(а>6>0). 


It parametric equations are x = a ә Ө, у = b sin Ө. 
Eccentricity е = \(1 — b?/a?), 
Latus-réctum LSL' = 2b*la. 
Foci 5 (- ae, 0) and S' (ae, 0) 
Directrices ЯМ (x = - ale) and Z'M' (x = а/е). 
Sum of the focal distances of any point on the ellipse is 
equal to the major axis i.e., 
SP + S'P = 2a. 
Equation of the tangent at the point (хү, e to the ellipse 
2 2 
- + зүс =1lis 1 —La E = 1, 








2 2 
Condition for the line y = mx + с to touch the ellipse 5 + гт 51 
ü р 


isc =V (а m? + b?) 
- | х° у? 
(it) Another standard form of ellipse — + авс 1(а>6>0) 
d i 


Vertices: А (00, a) ; A' (0, — a) 
Foci : S (0, ae) ; S ' (0, — ae) 
Directrices : ZM : y = ale, Z'M' : y = – ale 
Latus rectum : LSL' = 2b*la 
6. Hyperbola 
(1) Standard equations of the hyperbola is 





2 F- 
а“ b 
Its parametric equations are 
x =a sec Ө, у = Б tan Ө. 
Eccentricity e = N(1 + Б?/а?), 
Latus-rectum 1.81, = 2b?la. 


Directrices 











ZM (x = ale) and Z'M' (x = – а/е). ze 
(и) Equation of the tangent at the point (хү, уу) to the hyperbola 
8 .9 е 
Aha. 
a^ 5 а b 
(iii) Condition for the line y = mx + c to touch the hyperbola 
2 ‚2 
7-3 = lise = Va? т? – 62) 
a 
. | j х? у? х у х у 
(iv) Asymptotes of the hyperbola —— — = 1 аге “+> = 0 and —-= = 0. 
а? Б? a b a b 
(v) Equation of the rectangular hyperbola with asymptotes as axes is xy = с?. 
Its parametric equations are x = ct, у = c/t. 
7. Nature of a conic 
The equation ах? + 2hxy + Бу? + 2gx + 9fy +c = 0 represents 
a Л g 
(i) a pair of lines, if|h b f| (=A)=0 
gfe 
(ii) а circle, Та-5,7-0,А20 
(iii) a parabola, if ab — h* =0, ^ #0. 
(iv) an ellipse, if ab — h? > 0, ^ « 0. 
(v) а hyperbola, if ab - h* « 0, A #0, 
and a rectangular hyperbola if in addition, a + 6 = 0. 
IV. SOLID GEOMETRY 
1. (0) Ifl, m, n be the direction cosines of a line then I? + m? + n? = 1. 
a b с 








If a, b, с be the direction ratios of a line then / = “m= 


р Тыл 
(ii) If be the angle between the lines having d.c.'s l, m, n and Г, т’, п’, then 
cos 8 = Ш’ + mm’ + nn’ 
Lines are perpendicular if, Ш + тт’ + nn’ = 0 
Lines are parallel ifl = l''m 2 m',nzn' 





& 





“ гал mE Чан" и =. я эт үй : 
" ыг > a OR = ns Tn Тай ys - | 
11515! Ew | С | ИГ. 
z^ 7 = Bh. Le Ш 4 Г гээж, Ёл a U! 1 


(iit) Projection of the line joining the points (x,, Yy Zp and (хо, Ус, Zo) on a line having 4.81, m, п = 
L(x,— x4) + my, Ya) + n(z, — 25). 


2. Plane 
(i) Different forms of equation of a plane 
— General form : ах + бу + сг = й 


where а, b, с are the d.r.s of a normal to the plane. 
— Normal form : lx + my + nz =p 
— Intercept form : Tax att, 
a C 
— Any plane passing through the point (хү, ¥,,2,) is a (x —x,) +b (у-у) *clz -z,) = 0 
(п) Angle Ө between the planes ax + by + cz = а and ах + b'y + cz = d'is given by 
айа + bb" + ec’ 
Via? +b? + с?) (a^? +b" +0”) 
Planes are perpendicular if aa’ + bb’ + ec’ =0 
Planes are parallel if ala" = blb' = cle 
(iii) Any plane parallel to the plane ax + by + cz = is ax + by + cz = К. 
3. Straight line 
(i) Equation of the line through the point (хү, уу, 2) having d.r.s a, b, c is 
— A =s 4 за (Symmetrical form) 
(ii) Equation of the line through the points (хү, уу, z,) and (хо, Vo, 2») is 
ЛЫН X us E Ь (Two point form) 
X-a У-У 22-2 
(iii) Angle Ө between the plane ах + by + сг = d and the line 
а: У-Ур £n 
a — b — c 
aa’ + bb" + cc’ 
Wa? +b? +07) (a? +b + с") 
Line is parallel to the plane if aa’ + 6b" + eœ =0 
Line is perpendicular to the plane а/а‘ = bib" = сіс" 
(iv) Coplanar lines 


cos Ө = 


18 sin Ө = 


i Х-1Х y — 2-2 XX = M Z-2 
Tesla 1,031. 25:21 амд ТЗ: Ур ЭЛ. 
l тү 111 , Ma "ns 


X=% У-У 2-2) 
are coplanar if L m m |=0 
2 то n» 
and equation of the plane containing these lines is 
х-Х у-у 4-4 
h тү Fly = 0 
2 то Ng 
(v) Shortest distance between two skew lines 
- y—23 = x-x -Усз 2-2 
RM ИВЕ лах: МИЙ, 2л: ИИИ g.J4—J2 2—25 
1 ту n А m» Ng 
is l(x, x) mly,—y,) + nlzy —2,) 
where Z, m, n are given БУЙ + mm, + nn, = 0 and ll, + mm, + пп, = 0 




















- TDI 


Equation of the line of S.D. is given by 














х-Хү у-ур 2-21 х-х) у-у; 2-23 
l my n, |0and| ВБ т Ny (50 
[ т n [ т n 
4. Sphere 
(1) Equation of the sphere having centre (a, b, c) and radius r is 
(x af + (у – Б)? +(z-e =r? 


(ii) Equation x? + y? + 22 + 2ux + 20у + 2wz + d = 0 represents a sphere having centre (— u, — v, — ш) and 
radius = Ми? + v? + ш? — d) | 
(iii) Equation of the sphere having the points (ху, уу, г) and (х,, У», 22) ав the ends of a diameter is (x – х) 
(x — x.) * (y -Уу) (у — yg) * (z — 24) (z — za) =0 
(tv) Equation of a circle (1.е., section of a sphere 5 = 0 by the plane U = 0) is given by 5 = 0 and U = 0 taken 


together. 
(v) Equation of any sphere through the circle of intersection of the sphere S = 0 and the plane U = 0 is 
S+kU = 0. 


(vi) Tangent plane at any point (хү, y,,z,) of the sphere 
x? + y? +22 + Qux + 2ру + Qwz +d = 0 is 
xx, + ууу +22, + Ue + ху) + (у + у) + ш (2 +2z,)+d=0 
(vit) Two spheres х? + у? + 2? + 2ux + 20у + 2wz + d = 0 and 
x? + у* +2? + 2и'х + Qv’y + 220244 = 0 cut orthogonally if 2uu’ + 2vv' + 2ww' 2 d +d’. 
5. Cone 
(i) Equation of a cone with vertex at the origin is a homogeneous equation of the second degree in х, y, 2. 
(ii) Enveloping cone of the sphere S = 0 with vertex (xi, уу, z,) is SS, = T? where S = x? + y? + z? — а?, 
S =x tyi +z at, T= + yy, +22, -а 
6. Quadric surfaces 


2 .2 „а 
exi x | Soy pg 
(ii) Hyperboloid of one sheet: ~+- = 1 
а? b? е? 
| x? у? 2 
Hyperboloid of two sheets: 2-47--2---1 
a” b? с? 
2 2 „2 
(ш) Cone: - 4- F ЕР = =0 
2 2 
(iv) Elliptic paraboloid: 2, ink 
| — — x^ у? 92 


т. Volumes апа surface areas 











ae Романо MATHEMATION 


V. TRIGONOMETRY 











=. ч. 





3. Any t-ratio of (n. 90° + 8) = + same ratio of 9, when n is even. 
| = t co-ratio of Ө, when n is odd. | | 
The sign *or-— is to be decided from the quadrant in which п. 90° + Ө lies. 


EE., sin 570° = sin (6 x 90° + 30°) = — sin 30° = – 


2 
> 
tan 315° = tan (3 х 90° + 45°) = — cot 45° =—1 


i. sin (A +B)= sin А cos B + cos А sin В 


cos (A + В) = cos А cos B F sin A sin B | 

sin 2А = 2 sin A cos А = 2 tan A/(1 + tan? A) 
| | 2 — tan? 
cos 2A = cos? A — sin? A = 1-2sin?A = 2cog? A -1- 1180 А 
1+tan* A 


tanAttanB ,, о 2tanA 


УТ -anA 


. sin А cos B = 5 [sin (A + В) + sin (A — В)] 
cos A sin B= 5 [sin (A + B) – sin (A - B)] 
ЕА GEB ; [сов (A + B) + cos (А — ВУ 


sin A sin В = 32 [cos (A — B) — cos (А + В)] 


det oi C-D 
2 ЕГЕ 
C+D i „С-В 
2 2 
C+D „С-В 
2 2 
C+D. C-D 


2 2 


. snC+sinD=2 


sin C — sin D = 2 cos —— 





cos C + cos D = 2 cos 





cos C — cos D = — 2 sin 





7. sin ЗА = З sin А — 4 sin? A, cos ЗА = гай А.В dx; din th SAA 

1-3tan* A 
8. asin x +b cosx =r sin (x + 8) 

а cos x +b sin x = г cos (x — Ө) 

where a = r cos Ө, b = r sin Ө so that r = Vla? +62), 8 = tan"! (bla) 
9. In any AABC : 

(1) alsin A = b/sin В =c/sin С (Sine formula) 

b* ec? фа" 


(п) cos A = ——— —— (Cosine formula) 
2bc 


(Hi) a = b cos С + c cos B (Projection formula) 


(iv) Area of AABC = 5 ba tA 





sls- a) (s - b) (s — c) where s = 5 (a bc). 


10. Series 





X x* x? 
(i) Exponential series : e* = 1 + — 4 —  — +....., оо 
1! 2! 8! 
(ti) Sin, cos, sinh, cosh series 
‚йкы QE = со — и ж со 
Кее = gl 417777 
з Q5 202 
sinh x =x + —+—+...... ос, cosh x = 1 + —+— +... оо 
3! 5! 1) 
(ui) Log series 
2 „8 2 „4 | 
x" X x" Ж 
log (1 +x) =x-——+— -...... оо, log (1-х) =—| x +—+4+—...... со 
б 2 3 9 2 3 
(iv) Gregory series 
| 3 5 | 3 5 
lindamk-T— 4L uuo tanh“! x = — Я И: РА 
8 5 2 71-х 3 B 


11. (1) Complex number :z-x-*iy-r(cos0-*isin8)-re'? [see Fig. AP-1.1] 
(п) Euler's theorem : cos 0 + i sin Ө = e? 
(ui) Demoivre's theorem : (cos Ө + i sin Ө)” = cos ле + sin n8 




















ех рх ех e 
12. (i) Hyperbolic functions : (i) sinh x = ; cosh x = 2 - 
tanh x= “ЛЕ. сх = eU e. ech x = ; cosech x = —— 
cosh x sinh x cosh x sinh x 


(1) Relations between hyperbolic and circular functions : 
sin ix = 1 sinh x; cos ix = cosh x ; tan ix = tanh x. 
(iii) Inverse hyperbolic functions: 


sinh! x = log [x + Jx? + 1]; cosh! x = log [x + V(x? — 1)]; tanh! x = 2 log Са х 
2 X 





VI. DIFFERENTIAL CALCULUS 
1. Standard limits : 








HH K 
(п Lt ЕЕ па" 1, п апу rational number (ti) Lt кашыды edi 
ru Х-10 х-0 т 
(iii) Lt (l+x)"=e (iv) Lt 2-1 
х -+ 0 х + = 





= log. a 





2. Differentiation 





(i) Ө aeg ue ро 24 
Y de dx ах 
du du dy ,. 
dx dy dx (Chain Rule) 
(ii) Tee 
d н 
d; бов, х) = № 
(tit) ча 15 
(iii) — (sin x) = cos x 
d 
EL "— е 
j, (tan х) = sec 
Lo ) t 
л, (Sec х) = sec x tan x 
d 1 
(1) — (sin x) = = 
dx — 
d 
— (tan! x) = 
dx гэ 
а 1 
— (вес 1х)= —— 
ах xY(x* —1) 
(v) E di h x) h 
0) 2 sinh x) = cosh x 
d | 
a Te = gan? 
чу (tanh х) sech* x 
(vt) D^" (ax +b)" = тт — 1) (m 


D” log (ax + b) = (- 1)" (n— 


П" (e™) = m"e™ 


= 2) ...... (mm 











Sass 
dxiv) | y? 
£ (ax & bY =n (ax + bY la 
d 
ele = ах 10р, а 
d 
jj, £ ahs: 

Ba х log a 
Дү 4083) =— sin x 
d. . ! 
“уу, (cot x) = — совес? x 
d 
— (cosec x) 2 — cosec x cot x 
dx 
d 1 
— (eus! x) = — ———— 
dx X(1- x?) 
4 (cot! x) = = 
dx 1+х 
d E -1 
——(совес х)----2--- 
dx xN(x* - 1) 
СРР 
ЭХ cosh х) = sinh x- 


4 (coth x) = — cosech* x 
-n + 1) (ах + Бу" a” 
1)! a (ох + by 

D" (a™) = т" Пора)", ал" 


р" ps (ax + s = а" вэ (ax +b + пл! 9 


cos (ax + b) 


cos (ax +b + пт/2) 


D^ ей й = (bx + im (a? + b? y"? eax » (bx+c+ntan™ md 


cos (bx + c) 


(vit) Leibnitz theorem: (uv), = и, + "Cu, v, + и о Ug + 


3. (i) Maclaurin's series : fix) = КО) + at (0) + © = Fr 


(i) Taylor's series : fix + a) = fla) + — T (a) кв 


4. Curvature 


cos (bx +e -- n tan b/a) 


BEBE T a ur Uy 


па 


+ 


-Р a) + f(a) +. 


1+ 5,2) 2, 248 | 
(1) Radius of curvature p = tw = =... (pet CA 
Уг г? + Zn — ГГ ар 


(it) Centre of curvature : x =х- 


yty) . 1 | 
Ч--4-, у=у+ — (1+у,®). 
Уо Уз 


(ut) Evolute is the locus of the centre of curvature of a curve. The curve is called the involute of the evolute. 


liv) Envelope of a curve f (x, y, 0) = 0 is the ‘a’ eliminant from 
f (x, y, à) = 0 and T (x, y, а) = 0. 


The envelope of the normals to a curve is its evolute. 





5. Asymptotes 

(1) Asymptotes parallel to x-axis are obtained by equating to zero the coefficient of the highest power of x in 
the equation, provided this is not merely a constant. 
Asymptotes parallel to y-axis are obtained by equating to zero the coefficient of highest power of y in the 
equation, provided this is not merely a constant. 

(ii) Oblique asymptotes are obtained as follows: 

Put x = 1, y = т in the highest degrees terms getting ф (т) 
Put 6, (т) = О and find the values of m. 
Find с бош с = —$, _ (т/ф, (т) 
If two values of т are equal, then find c from 


2 
T >," (m) + ch’. 1 (т) + 9, =2 (m) -0 


The asymptotes is y = mx +c. 
(iii) Asymptotes of polar curve Шт = ҢӨ) is г sin (8 — a) = L/f" (0) where œ is a root of f (8) = 0. 
6. Curve tracing 
(1) A curve is symmetrical about x-axis, M only even powers of y occur in its equation. 
(11) A curve ts symmetrical about y-axis, if only even powers of x occur in its equation. 
(iii) A curve is symmetrical about the line y = x, if on interchanging x and y, its equation remains 
(10) A curve passes through the origin, if there is no constant term in its equation. 
(v) Tangents to curve at the origin are found by equating to zero the lowest degree terms. 
7. Partial Differentiation 
(1) Euler's theorem. If u is a homogeneous function in x and y of degree n, then 
du du : 0 8 ous хуй y sou 
à ^N ^ a wa 
du ди ах ди dy 
dt ax dt ày dt 


(иг) 3 - [aite ylzc 


у = піл – 1) и 





(ii) Chain rule : — ifu = f(x, у), х= ф Œ), y = wld). 








(iv) Jacobian d 25) Әби, о) |ди/дх ди/ду 


x, y Oy) du/dx du/dy 
If J = 0и, valix, y) and J' = a(x, уи, v), then JJ' = 1 
Оби, и) Әби, о) 9(г,з) 
dlx, y) : dír,s) a(x, y) 














| | | 9 | Y 
(и) Taylor's series : fla + h, b + kK) = [ (a, b) + ны = +k 2 | f+ aU | © + 23 FE oss 


(ut) Maxima Minima (a) 20 = 0, of. 
ax ay — 
ФГ df gr 32 
a2 2 < О for maximum 7. f > 0 for minimum. 
dx” ду? дхду * ax? D 


x: TN UN „а ЇР. | af (х, ax) 
(vit) Leibnitz's Rul Жи ,0Q)daj2| —— 
vil) Leibnitz's Rule Ja | | f(x, в) «| Г = da. 





where fix, œ) and гын are continuous functions of x and « and а, b are constants. 








VIL. INTEGRAL CALCULUS 
l. Integration 
y^*! 1 
(1) | x" а= (n #—1) | = а: = log, x 
n+l x 
| e dx «e | а* dx = ачор, а 


(ii) | sinxdx = — сова | cosx dx = віп х 


| tan x dx = — log cos x | cot x dx - log sin x 


| sec x dx = log (sec x + tan x) | cosec х dx = log (cosec x — cot x) 











| sec? x dx = tan x | совес х dx =-—cotx 
a^ +x" a a Y(a* — x^) 
dx _ 1 а+х dx a x 
J T 2 = | 9. 51 
лы ам» US V(a* + x*) ü 
dx — Ш. y-a | dx 1 + 
Ja 2a Era ла a sh 
i; ict ag 
(v) | Via? —x?) dx = К), Ч ціх 
2 2 а 


: | Wa? 4x?) а? | 
| via? tae л £0 +з) а? цаа 
a 


2 2 
DNE 2 | 
| Vie? -а®ах= 28883 egt 


(v) | е“ sin bx dx = = — (a sin bx — b cos bx) 
| a +b 








| е" cos bx dx = = (а cos bx + b sin bx) 


a^ +b? 
(wi) | sinh x dx = cosh x | cosh x dx = sinh x 
| tanh x dx = log cosh x | coth x dx = log sinh x 
| sech? x dx = tanh х | cosech x dx =- coth x 
ux [Um low eu ЇГ хий aden (ж=1)(п=8)(п= Бум. T. ol siut 
(vii) Ї sin xdx- | cos М — | «(only if mis even | 
ий (m-1(m-3)...x(n-10Dm-3.... (m 
sein" "aed п ee NL A АНБ dme Ч rand naree 
Ї sin" x cos” x бүтөт — x (Z only if both m and n are even) 


(viii) f го di = [га x) dx 


[f (x) dx - 2 [it (x) dx, 


if Дх) is an even function 
= 0, if fix) is ап odd function. 
pou а 
Ї f(x) dx =2 [| f(x) dx, ff (20 —2) «fü) 
= 0, if f (2a – x) = — fix). 








2. Lengths of curves 


А 2 

(1) Lenth of curve y = f (x) between x = a, x = b is Ї I * E4 L 
dx Y 

(ii) Length of curve x = f (y) between y = a, y = b is [ р ЕЭ | ау 


dx Y dy ^ 
Length t (t) bet. tzt,tz-t, 1-1 +|—]| pdt 
(iii) Length of curve x = f (t), у = $ (t) between i is f le 2) 
| 2 
(iv) Length of curve r = f (0) between 0 = a, 0 = Bis i || 15) | 
3. Areas of curves 


b 

(1) Area bounded by y = f (x), x-axis and x = a, x = b is Ї у dx 
б 

(ii) Area bounded by x = f (y), y-axis and у =a,y = b is | x dy 


| В 
(iii) Area bounded Бу г = f (8) and lines 6 = a, Ө = D is | г? дө 


4. Volumes of revolution 
(0) Volume of revolution about x-axis of area bounded by y = f (x), x-axis and x = a, x = Б ts 


| пу? dx 
(ii) Volume of revolution about y-axis of area bounded by x = f (y), y-axis and y = а, y = b is 
Їл x^ dy 
(иг) Volume of revolution bounds by r=f (8) and @=a,0=6 
(a) about OX = [5 ын, sin Ө dé (b) about OY = [2 2m з cos 040 


5. Surface areas of inti 
(г) Surface area of revolution about x-axis of curve у = fix) from x 2 a to x = b is 


х= б 
5 = | 2m y ds 
Р" 


) 0 | d | 
Cartesian form: S= [ лус dx where A - | | T (2 | 


| ез х2 2 

Parametric form : 8-| any Edt аб (E | 
| ds 9 | аг 1 | 
Polar form : S= | 2 < ав where 40 4 (S| 


(ii) Surface area of revolution about y-axis is | 2nx ds. 
6. Multiple integrals 


(i) Area - [ Г ах Чу; Volume = J. Г 2 ах Чу | r E dx dy dz 
p “Yi Ур *a 


[| xodx ay река NEC 


(it) С.С. of a plane lamina: x = S 
[| pdxdy | Г” рак p dx dy 





JI] =p ax dy az __]|| ypar ay ae yp dx dy dz __ [| epardy de гр dx dy de 
оаа | өвөө” ff rac 


| рх ах dy | py dx dy 


(iii) Centre of pressure x = 1223 i 1222 


С.С. of a solid х = 








(iv) M.I. about x-axis іе, 1, = || ply? +22) dx dy de 
М.І. about y-axis i.e., I, = | „Р (z^ +x") dx dy dz 
М.І. about z-axis i.e., I, = [|| (х? + у?) dx dy dz 


7. Gamma function T(n) = Le x"! dx =(n-1)!,T(n + 1)=n Гл) = п !, T(1/2) = Үл 


Fim) Tín) 
Г(т + п) 


(т > 0,п > 0) 


Beta function Bm, n)= | х х”-1(1-х1"71дх- 


1. (i) IfR=x1 + у4 +zK thenr = | В |= v(x? + y? +27) 
(ii) PQ = Position vector of Q — position vector of P. 
2. ПА =а+а, dJ +a, К,В= 5,14 5,9 +6, К, then 
(i) Scalar product: A. B = ab cos Ө =a; b, * a,b, + ab, 
(1) Vector product: A x B = ab sin Ө N - Area of the parallelogram having A and B as sides 








I J K 
=|) а, аз 
5, b, b, 
(ai) B11 AifA.B=0 and Ais parallel to B if A x В = 0 
а) @ fy 


З. (i) Scalar triple product [A B C] - |b, b, 5, | = Volume of parallelopiped 
С Со ©з 
(ii) If [A B C] = 0, then A, B, С are coplanar. 


(iii) Vector triple product Ax (Bx C) = (A.C)B-(A.B)C 
(Ax B)x C (C. A) B-(C.B)A 


4. (i) grad f=Vf= Ér Xy К 
NEN 
жашата eC ME 
IJK 
шлиаухЕ|2 9 2 цараїл-ї аж 
9: Wy = а: чийг 
h № f 


(i) If div Е = 0, then Е is called a solenoidal vector. 
(113) If curl F = 0 then Е is called an irrotational vector 
5. Velocity = dR/dt ; Acceleration = Ч ВЕ ; Tangent vector = dR/dt ; Normal vector = Уф 


6. Green's theorem: [ (фах+у dy) = JI. Z- 2? ау 











Stoke's theorem: [ғ.а = | curl F.N ds 


Gauss divergence theorem: ЇЕ .Nds= | diu Е dv 
| v 


7. Coordinate systems 





TIAL EQUATIONS 





1. Equations of first order 
(1) Variables separable : fly) dy/dx = 6 (x), | fly) dy =| ф(х) dx + c. 
(ii) Homogeneous equation dyldx = f(x, у(х, y) where fix, y) and 0 (x, y) are of the same degree. 
Put y = ux so that dy/dx = v + x 4иййх. 
(iii) Equations reducible to homogenous form : ду Te 
dx a'x+b'y+e’ 
When ala’ = ЫБ, putx=X+h,y=Y+k 
When ala’ = ЫБ’, put ax + by = t. 
(iv) Leibnitz's linear equation : z + Py =Q where P, Q are functions of x. 


LF. = el к then solution is y (LF.) = | © (1.Е.)4х +с. 
(v) Bernoulli's equation : dyldx + Py = Qy", reducible to Leibnitz's equation by writing it as 
ул © + Py!" =Q and putting y!-^ =z. 
(vi) Exact equation : M (x, y) dx + N(x, y) dy = 0 
Solution is [| М dx + | (terms of N not containing x) dy = c, provided dM/dy = dN/dx. 


(vii) Clairaut’s equation : y = px + Кр) where p = dy/dx. 
Solution is obtained on replacing p by c. 
2. Linear equations with constant coefficients 





d" d^ | | | | 
th E baud. i 2 +k, y=X 


Symbolic form: (07 +k D"! +... «ek, D +k yX. 











1. To find C.F. 














П. То find P.I. 
(X=, РІ. = Зай" put D =a, If (a) #0 
1 | | 
=x —— £g put D =a, f (a) = 0,f' (a) #0 
нв ? Цана 

= o — — e" put D =a, (Га) = 0, f" (a) #0 

(ii) X = sin (ax + b) or cos (ax + Б) 

1 à Р 

| lò- a #0 
m Г | 
=х ЯВ 5) sin (ax + b) [or (cos ax + Б), put D? = — a*, [o(— а?) = 0, à (— a?) #0] 





za? yr; За las +B) or cow fae + ,putD?--a?, [0 (02) = 0, 9° (Ca?) #0 
0702 


(iii) X= а", РЛ; = ЛБ x" = (ХЭГ х". Expand [ f (D)! in ascending powers of D ав for as D" and 
operate on x^ term by term. 


TE х т 1 oe 1 | 
(iv) X =e" V, PL = —— e* Vee™__* V 
| f(D) f Da) 


Ш. Complete Solution : C.S. is y = C.F. + P.I. 
| iaa ао па RET ау n з d*y p. y = 
3. Homogeneous linear equation : x? 23 + Кух ad kax 2 + Ау = Х 
reduces to linear m with constant coefficients by — 
-ё,х Ф e py, edy- -0(0-1)у,л3 У -р(р-1) 0-2)» 
dx ах” a 
4. Lagrange's linear partial differential equation 
Pp + Qg = R, P, ©, R being functions of x, y, z. 
To solve it (i) form the subsidiary equations =. ду = 
(ii) solve these equations giving u = а, v = b. 
(iii) Complete solution is ф (u, v) = 0 oru = flv). 
5. Homogeneous linear partial differential a with constant coefficients 


d'z „ dz 
а сти +h, те = Е (х,у) 


Symbolic form : (D" + k,D"~* +... +k D": = Fix, у) 








То find C.F. 
Roots of A.E. 


(1) тү Туту III 
(8) fi, yy Migr veses: 


(tit) ту ту, тү, ANT 





To find P.I. 


| 1 
(0 (х, уу = 09+ BL = — — 
у АР,’ 


(it) F(x, y) = sin (mx + ny) ог cos (mx + ny) 


par + бу, put D =d, ТУ = р, 





Р.]. = віп ог cos (mx + ny), put D? --т DD’ = – mn, D? = – п? 


1 
700°, DD’, D?) 
(iii) Fix, v) 2 x" y^ , P.I. = [f (D, ЭГ! х” y". Expand [f (D, РЭГ! and operate on x™y".| 
1 | 
———., F (x, y). 
Rp >? 
Resolve ИДО, О’) into partial fractions considering f (D, Г”) as a function of D alone and operate each 


Fi, y)» | FG, c- mx) dx. 


(10) F(x, y) is any function of x and y, P.I. = 


| — 1 
rtial fracti , y)re ibering that ————— 
partia ion on F(x, y) remembering tha [a 


Complete solution: C.S. is y = С.Е, + P.I. 
X. INFINITE SERIES 


1. Basic test: If M и, * 0 then the series Xu, diverges. 

2. G.P. Series: Ye r e r^ +r?  ...... < converge if | г | < 1; diverges ifr > 1 and oscillates ifr € — 1. 

3. p-series: m + = + S + ...... © converge for p > 1; diverges for p < 1. 

4. Comparison test: Iftwo positive term series Xu, and Хо, be such that „М = - = finite quantity (#0), then 
v Vn 


ел 


=J 


10. 


= 


1 


‚ Ratio test: In the positive term series Lu, if Lt 


Хи, and Хи, converge or diverge together. 
u А 
——"— = k, then the series converges for k > 1, diverges for 


n= Ин. 


k< 1 and fails for = 1. 


norm Ма 4 


Raabes! test: In the positive term series Eu,, if М n zs. | =k, then the series converges for А > 1, 


diverges for k < 1 and fails for = 1. 


к=н +1 


. Logarithmic test; In the positive term series Xu,, Ш Lt | log 2 =k, then the series converges for 


k > 1, diverges for k < 1 and fails for = 1. 
[fu /и, , does net involve n as an exponent or a logarithm, then the series Xu, diverges. 
: : à V : 
Cauchy's root test: In a positive term series Zu, if м ^ e À, then the series converges for À « 1, 
diverges for А > 1 and fails for À = 1. 
Integral test: A positive term series Ef (n) converges or diverges according as | f (x) dx is finite or infinite 
1 


where fin) is continuous in 1 < x < < and decreases as n increases, 


. Leibnitz's test for alternating series: An alternating series и, — 4, + и„— u, + ...... e» converges if each term 


is numerically less than the previous term and Lt и, =0, 


ne 


if Lt #0, then the given series is oscillatory. 


it оа 





и 
12. General Ratio test: In an arbitrary term series Zu if Lt Mn+! [А |, then Xu, is absolutely convergent 
п =} 


= [д | 7 
if | k | < 1 and divergent if | k | > 1 and the test fails if | А | = 1. 
XI. FOURTER SERIES 


1, fix) = = a, + a, cos x + а. cos 2x +... + b, sin x + b, sin 2x + ...... in (0 2л). 
| 1 r?* 1 (425... 1 r?* | 
where == | f(x) dx,a, = = | f(x) cos nx dx, 0, --| f(x) sin nx dx 
n | n 40 


1 - - 
2. fix)= 5 а; + 2, a, COS NX + У, b, cos пх in any interval (0, 2c), 


п= 1 
| pee | pee а 2 
where а= >f f(x) dx, а, = =| f(x) cos “= dx, b= i[ Р(х) sin DT dx 
c 40 | cJ с c 40 с 
3. For even function fix), Fourier expansion contains only cosine terms. 
: 21. ZI RRE . a 
ie, == [ fix) dx, a, = =| fx) cos Е dx, b, = 0. 
For odd function f (x), Fourier expansion contains only sine terms. 


ie, —aQ20,a,-0,b, = 2| f à) sin == dx. 
XII. TRANSFORMS 


l. Laplace Transforms. L (f (t) = Jes f(t) dt 

















| 
(i) (0-4 (ii) Let) = —— 
5 8 
(iii) L(e")z == (фр) L (sin at) = — 
5-1 85 ya? 
| | 8 n " | 
(v) L (cos at) = түр (vi) L(sinh at) = X 
(vii) L (cosh at)  — —. (viii) Ге“ Rt) = F (s - a) 
5 — 
(ix) Lf" (O= sL fU- f() в) L te Ro) = c 1» ims) 
x 
——E: e ii (s |. [üOwhent «a 
(xi) "b w|- [| Fis) ds (хи) u(t—a)- Tien lien 


üs 





(xiii) Llutt -a)] = © 
5 


(xiv) L6(t-a) =e" 


T 
1 e^ f() dt 
(xv) Lf (t= =a where f (t) is a periodic function of period T. 


2. Inverse Laplace Transforms 





| | n-1 
(i) L7 (2) = 1 (ii) L7! (= : 
8 127 / (1-1) 
(iii) L^? ne ой (iv) L? s } 32 sin at 
5—0, s“ +a") a 








S +а 


(v) LA 5 = cos at (vi) Lo s _ 1 sinh af 
#7 | B u] a 

















(vii) 121 | $ 2 : | - cosh at. (ui) L| | 1 tsinat 
S - (s?--a?)^ |] За 
9 2 
(ix) 1/1|-5-22 | = t cos at. 
E са?) 
3. Fourier Transforms : F(s) = ү fit)e' dt 
Fourier sine transform : Е. (s) = | го sin st dt 
0 
Fourier cosine transform : F, (s) = | ro cos st di 
Jo 
‚| ди ТЭ 
Е |= | = —s* F(u). 
4. Z-Transforms : Z(u,) = » ине o 
п-0 
()201)--2 (i) 200--4-, 
2-1 (2-1 
2 | 
(iii) 2(и2)--2-25 (iv) Z(a")=—2_ 
(z = 1) 2-1 
(u) Z(na") = —% — (vi) Z (sin пб) = ——29m9 __ 
(z-a) 2 – 220080 + 1 
(vii) 2 (cos пб) = 2-889 _ (vii) 2 (sinh ng) = ., SinhO — 
2“ — 22 совӨ+1 z? — 92 cosh 0+1 


z (г – cosh Ө) 


(ix) Z (cosh n8) = 5 
2° – 22 cosh6+1 


ХПІ. STATISTICS AND PROBABILITY 








LAM sete › SD.os [Efi 9 
if If 
УрО) 


3. Moments about the mean : Hy = 1, щ = 0, Ho = 67, Ц, = rf 
i 
4. Coeff. of skewness = (mean — mode)/a which lies between — 1 and 1. 
5. Kurtosis : B, = uL". 
| nid,d,—-Ld,<d, 
6. Coeff. of correlation r = ——————————————————;-1l1«er«l1 
Ч л xa? — (Xd, Y*Mnd7 — (ха, Y 1 


а 


¥ 


7. Line of regression of y on x : y - y =r — (x - x) 


x 


"o Р 
х (y—y) 
a. 


x 





а 


Line of regression of x on y : x - x = 





No. of ways favourable to A 
Total no. of equally likely ways ` 
(D p(A or B) = p(A) + p(B), (и) р(А and B) = p(A) . p(B) 
9. Binomial distribution : pír) = "C, p" q^7* 
Mean = np, Variance (0?) = пра 


8. Probability p(A) = р+9=1. 
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F 
m^ pm 
r! 





10. Poisson distribution :p(r) = 
Mean = m, Variance (a?) = т. 


| ERE мэн 
— Ё 207 , Standard variate = == 
c 





11. Normal distribution : f (x) = 
G4 27 


(i) Probable error А = 0.6745 с. 
(it) 68% of values lie between x = u -o and x 2 р + о, 
95% of values lie between х = u — 1.986 and x 2u + 1.966 
99% of values lie between x = u — 2.586 and x = р + 2.586 
XIV. NUMERICAL TECHNIQUES 
1, Solution of equations 


(0) Bisection method : x, = lg ato 
2 


Хр Xp 





(it) Method of False position : x, = x, — fa) - fla) fix). 
"oc | f(x) 
(11) Newton-Raphson method : x, , =% i 
es ЇГ (х) 


(iv) Iterative formula to find 11 Nis x, 4 =x, (2— №) 
(v) Iterative formula to find JN isx, үг =, + Nix, ) 


2. Solution of Linear Simultaneous equations 
(г) Matrix inversion method. For the equations 
ax byscz-d,axebytcez-d,axby*cz-d, 





a, 5, 

if А = Qo be 
аз б, 

| X 1 Ay 

|= |А | C 


where A,, B,, etc., are the co-factors of a,, b,, ete., in the determinant |А |. 

(11) Gauss-elimination method. In this method the coefficient matrix is transformed to upper triangular 
matrix. 

(111) Gauss-Jordan method. In this method the coefficient matrix is transformed to diagonal matrix. 

(iv) Gauss-Jordan method of finding the inverse of a matrix А. The matrices A and Г are written side by 
side and the same row transformations are performed on both till A is reduced to 7. Then the other 
matrix represents A-!. 

4. Finite differences and Interpolation 


(1) Forward differences: Ay, = у, у-у, 
Backward differences: Vy =y, =Y. 
Central differences: Oy, pa 7 У 1 


(it) Relations between operations : 
AzE-l1;Vzl1-E585-E"-p-w 


p= 12 + EV A= EV = VE = 8Е!?, Е =e 
2 


(iii) Factorial notation | x |'2x(x- 1) (x 2)... (x—r- 1). 
Factorial polynomial [x]" = x(x — A) (x — 2A)... (x - А — 1A) 





(iv) Newton's forward interpolation formula 
"E 1) pp-Dp-2) .. 
Ауу + 31 А? у, 





Ур = Уо tP дуу» +... where р = (х-хү/!Л. 


(0) Newton’s backward TP formula: 


(р-1 + 1)(p+2) 
Xp 7 Y, ep Vy, + oy узу + PET TET uy + уйл, where р -(х-х, УЛ. 





(vi) Stirling's formula: 


Ын 9 2; 2 
-y p| Mota p 2. ‚Р -0| AY: +у_› | р (р ~ 1) 
Jp = Jo * P Ge 51 A" y. 31 “ЭЭГ ШОО 


(vit) Bessel’s formula: 


| 1 
2 2 р-=|рір-1) 
EN (0 pip- D &y-1i*^ yo | 4 
p= %o+ Palo ор t ис 
, (P+) pip- 1) (р-2) y Ку. : 
4! 2 
(viii) Lagrange's interpolation formula: 
тн (x — ху) (x 7 x5) ...... (x x4) T (x — xg) (x ^ x5)......(x— x,) "— 
(xp = x1) (x -Х4)....44(Хо-4Х,) (x, — хо) (xj Жа -х,) 
(x—xg) x —14)...... к=... 
(Е,-Х0)(Х,-3Х1)...-4Х,-3,-1)77 


(rx) Newton's divided difference formul 
y =fix) = у + (x —x) [ts xil + (x — xg) Gc — x) [Xp Хү, £j] (x x x —x) (x — Ig x, Хх» +... 
(xy, хә] — [xo, xi] 
[xs — Xp! 


where [хх] 2120 and so on. 
X = 





‚ [kp x xal = 


4. Numerical differentiation 
(1) Forward difference formulae: 


(2) - а NET M Азу, - уе к) 


dx}, A 2 3 
а?у т [а 11 
25 RIT o Tg A +... -.| and so on. 


(it) Backward йә formulae: 


2 | EE UT l3 l o4 | 
: = V de IA : +—V Y, +— V j Q AM 


? E Е" 11 


di? 
(iii) Central difference formulae: 
(>) _1| Ayo + Ау: _1А%уу+4А%у„ 1 Wye +A уз | 
dx), h| 2 6 2 30 2 шэн 
d*y lf. 1 ls | 
— =] Ау Дуо Абу +. 
Fl | i үгээ 


5. Numerical integration 


(i) Trapezoidal rule: 


Xy*nh о Л | 
| fix) dx => y, +у„) + 2 (у, Xo у, 


Xp 


| 1224 
(и) Simpon's 1/3 th rule: 


хо + nh Л 
J. Mx) dx = (yg + у) + 40, Ya + ess FY, 1) + Җу„+у, +...... * y,  9)] 
(Number of sub intervals should be taken as even) 
(tit) Simpson's 3/8 th rule: 
Yo d nh ah 
| f(x) dx "8 ls t y,) 30 * Yo T Y. gest Y, ot 2S estt Y, а) 
(Number of sub-intervals should be taken as a multiple of 3) 
(iv) Weddle's rule: 
xp + nd | ah 
| Га) de = lyo + By, + У + бу + у, + бу + Wg + буу s 


"Ао 
(Number of sub-intervals should be taken as multiple of (6) 
6. Numerical solution of ordinary differential equations 


(i) Picard's method: y, Ус + [ (x, yg) dx 


Уг Уу? [ fy) dx etc. 
To 
(11) Taylor's method: 
y = у, + (х - xy) (y), + (x— a (у” Io + (x- выр. (y^^), ERN 
(ii) Euler's method: y, = y, + h fixy + h, уу) 
Hepeat this process till y, is stationary. Then calculate y, and so on. 
(iv) Modified Euler's method: у, = y, + Uf + hy) fixa + 2h, у,Л 
Repeat this step till y, is stationary. Then calculate y, and so on. 
(0) Runge Kutta method: y, = yy +h where h = aly + 2h,, 2h, + Е.) 
such that k, = А f (xy, yg; Ro = h f (x, + М2, vq + R,/2) 


ky = h Ах, + М2, Yo + А2); Ry = hf xo  h, уул ka) 
(vt) Milne's method 


Predictor formula: y, = у, + E (2f. — FP, + 2f.) 


Corrector formula: у, = у, + =f - 4f. + f.) 


(Four prior values are required to find the next values) 


(vit) Adams-Bashforth method: 
Predictor formula: y, = y, + = (55/,-59Г ,437f ,—9f .) 


Corrector formula: y, = Yo + sl (9f, 4 19% -of ,—]. 
(Four prior values are required to find the next values) 
7. Numerical solution of partial differential equations 
(i) Classification of a second order equations: 


d'u 92ц 


ди ди 
A (x, y) и + B (e, y) Se O U х,у) == м = 
эх? дхду ду? 


dx dy 
is said to be elliptic if В? — 4AC «0 

parabolic if B® —4AC = 0 

hyperbolic if В? — ААС > 0 





*ENDIX 1—USEFUL INFORMATION 





үй 2 
(it) Laplace equation: In + —— ди -0 
dx” ду“ 
Standard 5-point formula: и, j= = [и; _, jU ijupe tUL | 
25 = 1 
Diagonal 5-point formula: и, = 4 ЭРЭ” vt 55,3, у-1 411 171 8 sre 
2 2 
(iii) Poisson $ equation: a K ia ди — =f (y). 
Standard 5-point formula: 
ui. РТ бат j-i 47 А? füh, jh) 
: "ИЕ ЧАИ Mr. du 
(10) One-dimensional heat equation: С^ = p? 
atx 
Schmidt formula: u; у= & u, , jt (12d) u; j+ au; ,, ; where а = ke“/h? 
when a= 1/2, it reduces to 
Bendre-Schmidt relation: u; ;, у = 2ш. 1j * Чад) 
2 2, 
(0) Wave equation: ou ——=¢" ди 
a" dx* 
Explict formula for solution is 
t; jp = 201—0? с?) ш. , 0 с? (и,_ 7+ цул, Uj- Where о = k/h 


If œ is so chosen that the coeficient of и, 
simplified form 


417 4-1) 


Tu 


j18 zero ie., k = híc then the above explicit formula takes the 


i*lj -4j-1 
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ee к 0 — —_ — mm 





Table VI: 5% and 1% pointsofF | 

















$849 ооо | 9917 9925 9080 9933 | 9936 9942 9946 9950 

з В №№ 95 928 9,12 901 8.94 888 874 884 85 
94.12 3052 2946 28.71 2824 2791 2749 27.05 2660 26.12 

4 “тл 69 | 659 689 | 636 616 604 591 5 вз 
- 2130 1800 1669 | 1588 18552 1521 1480 1437 | 18939 13.46 

0881 оса Бю | 505 495 462 0468 | 453. азе 
71208 0 1139 1097 1067 1027 990 | 947 902 
476 458 | 488 ав | 415 400 | $84 3.67 
ӨЛӨ 915 (9875 847 вй 7:2 | 0781 ess 
485 4.12 897 3.87 88 | 35 ПЗ 3.23 
8.45. 7.85 7.46 7.19 6.84 6.47 6.07 5.65 
4.07. 8.84 3.66 3.58 3.44 3.28 3.12 2.98 
7.59 7.01 6.63 6.37 6.03 5.67 8.28 4.86 
3.86 3.63 3.48 3.37 4.28 3.07 2.90 2.71 
10.86 8.02 6.99 6.42 6.06 5.80 5:47. 5.11 4.73 4.31 

10 4.96 4.10 801 3.48 3.33 8.22 3.407 2.91 2.74. 2.54 
10,04 7.56 6.55 5.99 5,64 5.39 5.06. 4.71 4.33. 3.91 

12 4.75. 3.88 3.49 3.26 3.11 3.00 2.85 2.69 2.50 2.30 
9.33 5.93 5.95 5.41 5.06 4.82 4.50. 4.16 3.78 3.38 

14 4.60 3.74 3.34 8.11 2.96 2.85 2.20 2.58 2.35 2.13 
8.86 6.61 5.56 5.03 4.69 4.46 4:14 3.80 3.43 3.00 

16 4.49 3.68 3.24 8.01 2.85 2.74 2.59 2.42 2.24 2.01 
8.58 6.23 5.29 4.11 4:44 4.20 3.89 3.55 3.18 2.75 

18 4.41 3.55 3.16. 2.93 2.17 2.66 2.51 2.34 2.15 1,92 
8.28 6.01 5.09 4.58 4.25 4.01 3.71 3.37 3.01 2.57 

4.35 3.49 3.10 2.87 2.71 2.60 2.45 2:28 2.08 1.84 
8.10 5.85 4.94 4.48 4.10 8.87 3.56 3.28 2.86 2.42 

35 4194. 3.38 2.99 2.76 2.60 2.49 2.34 2.16 1.96 171 
1.17 5.57 468 4.18 3.86 3.68 3:39 2.99 2.62. 2.17 

30 4.17 3.32 2.90 2.69 2.53 2.42 2.97 2.09 1.89 1.62 
7.56 5.39 4.51 4.02 3.70 3.47 3.17 2.84 2.47 2.01 

40 408 3.23 2.84 2.61 2.45 2.34 2.18 2.00 1.79 1.51 
7.31 5.18 4.31 3.83 3.51 3.29 2.99. 2.66 9.29 1.81 

60 4.00 3.15 2.76 2.52 2:31 2.95 2.10 1.92 1.70 1.39 


7.08 4.98 4.13 3.65 3.34 3.12 2 89 9 50 2.12 1.60 





Answers to Problems 





1. xi- 6x? + 3х2 + 42x - 70 = 0 


Problems 1.1, 


5. Two roots between (1, 2) and (- 3, — 4) 


6. 2,2,-1 7. 3 

9. 6,4,-1 10. —4,2,6 

12. 1(3+ 4/5 ;1(5+ 45) 13. 1,4,7 

16. (i)-5,-2,1,4 (ii) 1,-2,4,-8 
18. 36 19. (i) 4/3, (ii) 16/9. 





1. x? + Gx? 
4. — 


6. x! + 15x" + 52x 36 = 0 


1 


9" 


1 


is 


— 36x + 27 = 0 


Problems 1.2, г 


2. (i)— 2, 1+ 31, 1-3 





(ii) 2+ 48, 3,-5 


11. : 


14. 
17. 


2. 6x5 — 7x! - 13x? + 4х? 2 = 0 3. 


5. (1) x? — 9х2 + 26x 24 20; (ii) 


(i) x5 + 7=0 


10. (2755 + 4my -Bn =O; (уяад — Brink + n*20; 
11. у? — 30y* + 225y — 68 = 0 


REM, 5+ узи 


12. (i) ——— 


(iv) = 3, — 2. B. EE 1/2, 1/3 : 
1(5 + 51); 10-3+ 4/5) 


^42 _ 


(ii) 2, 2, 1/2, 1/2 


(v) +1,-3,- 1/8, 2: 





14. "= 1, — 2, — 6, — 7. 


7. у? + (р? + За) y? + 3g + q” = 0 


(D m? — 2in, (i) Im — n 


10x! 9x? + Вх? — 7x - 1 2 0 
x? + 13r? + 60x? + 116x + 80-0; 


8. 3x3 — 11x^4- 9x -2- 0 


(c) xinx + т)? = n 


(iit) 


1, — 2, 4, — 1/2, 1/4; 





_ 2 cos 


2n 


m 
т 


9 


A. | 

5. 
2 8л ocos 117 в, 
cos SE ES E 


3. 


6, -342,(-3) 


6. 5, 10» 148 ) 








1. 1,2,3,4 
4. -1,3,3 + J30 
7. 2+ /3,-2+i8 








1. 1.32 
4. (i) 0.71 rad 


Problems 1.4, page 12 


2. = d; 1, + 2 


s > ee 


5. 1+ /7,2+ V3 6. 14+2i,-1+ 42 
8. 2.4, 2+ 214/2. 





Problems 1.5, page 15 


2.29 
1.81 rad 


mp 





Problems 1.6, page 15 


1. (4) 2. (с) 3. (c) 

4. (с) 5. (с) 6. (а) 

7. (4) 8. (5) 9. (с) 
10. (a) 11. (с) 12. minus 
13. $ 15.1 (v) 14. piq 15. 21 
16. -3and- 2 17. Conjugate pairs 18. fix) is continuous in (a, b) 
19. x? —9x* + 29x – 24 = 0 20. 3,6,-2 21. x? — 200x — 7000 = 0 
22. pir 23. x! 2x9 - x* 6x 6-0 24. 6 
25. minus 26. pq = г 27. 1, 1(- 1 v3i) 
28. (її!) 29. 1,1,-2 30. x? — 7x? + 12x 10 = 0 
31. Zero and 2 32. 21 33. True 
34. True. 








5. (1) 1000 





Problems 2.1 page 25 


13. 


14. (a — bXb —cXc — aXab + be + ca) 15. 
16. (a — bXa — cXa -dib —cXb — аус — d) 17. 


(a — bXb —cXc — a) 
(b — сХе aXa — bXa — 1Xb — 1X(c — 1) 
х= 0, 4 (а +b” +c” — ab — be- ca) 





Problems 2.2 page 31 


2. 
4. 

. 10 
21 Ч. 

9 


-9 6 
(иг) |-18 -1 10. 


27 18 


15. 


хэ-8,уз-2,2--4,0-8 


1 1 
4[ 
(i) lax? + Бу? + ez? + 2fyz + 9gzx + 2hxy] 


al 


1 0 05 -2 1 
7/5 1 Оо 19/5 - 32/5. 
3/5 41/19 11/0 0 327/19 





8 0 55 0 -2 
2.(0|0 7 15+ 2 0 
55 15 0 -05 2.5 

2 4/5 9/5 

4. (1) 3 —4/5 -14/Б | 

-1 1/5 6/5 | 


100 
5. B=|0 2 0 
0 0 aj 


Problems 2.3, page 35 


а 


Б ` | Ка +c) 
5 2s (it) | (а+с) 


Ь 
i(a +b) 

1/33 -4/33 21 
-4/33 14/33 13/33 


0 +(b +c) 
(ii) 
2/11 13/33 -1/33 
1 -1 


01 
6.(0|-2 3-4. 
-2 3-3 


(+ с) 
1(a + Б) | + 


c 
| 





1, 3 2. 2 
6. No value of p is possible. 
OW ed = 
10 -1 -4 
—19 29 2/9 
id | 2/9 -1/9 2/9 
2/9 2/9 -1/9 
1 00 ; a 
8.P-|-2 10LlQs|* ~ 
1-2 1 v 9 
iR 0 0 
1-1 Ó 
9. |-2 3-4 
-2 4-8 
1 00 : 
(ü)P-|-2 10|0-10 - 
-1-11 (0 
0 
11. 03 0083 (809 (юз 








1. х-1,у-2,2-1 
3. х=1.2, у=2.2, 2 = 3.2 


Problems 2.4, раде 40 


3. 3 d. 2 Б. 3 
1 1 10-17 
(0 z| 1 -11 14 
-3 12 0 
12 -1/2 1/2 
(iv) | - /2 3 <1 
5/2 -3/2 1/2 
—7/24 5/6] 
б “Ай cul. 
-8/24 1/2 ,Kank (A) = 3 
-1/12 0 
10 0 1 1 = 
10, ОР51-1 1 0.@=]0 1 
1 1-4 0 0 
2 2 
1 4 Li 
d Ч Ч 
т 2-5 X 
6 6 6 
о 1 0 
0 0 1 


ebuzzpro.blogspot.com 





_ Problems 2.6, раде 45 


2 х-2,у--1,:-1/2 
4.x=y=z=e 








1235 | 


5. u= 1,0 = У ш = ЫЗ 6. x, =1,x,=-—5,x,=5 

7. x 22,y 21,220 8. x = 1/7, = 107,2 = 1/7 

9. х-у-тїз-2 10. x,22,x,-1,x,-—1,x,-3 
11. х-1,у--1,Е-1 12. 1|-1.5,ї,-2.5 

13. i, = 369/175, i, = 24/25, i4 = 72/175 14. x, = 2, x, = 1/5,х,-0, x, = 4/5. 





Problems 2.7, page 50 





1. Consistent ; x = 1, y = ЗА – 2, z = k for all А 

2, R=1,x=—d2z,y = 22 +1;2 =2,2% = 1 82, у = 22 

3. (1) А= 3, р 10; (ti) #3; СП) А = 3, p= 10 

d. (i) Equations are inconsistent ; (17) consistent ; x = – 1, у= 1,2 = 2; 
(iit) Equations are inconsistent ; (iv) Consistent : х = 2, у = 1,2 = – 4 

5. Ifa =- 1, Б = 6, equations will be consistent and have infinite number of solutions 
If a =—1, Б #6, equations will be inconsistent ; 
Ifa + – 1, Б has any value, equations will be consistent and have a unique solution 


6. 1 —5,x 24/7, yu E 80; AS 5, x 204—5), y = 2 (13k ~9),2=k for ай № 


9. 3--1,1,12;x-- 1/11, y--1511;x-2-5,y-21;x- sy = 1 


11. А = 3 is the only real value for which x = у = 2 

12. A=1,x, = 2t-—s,x,=t,x,=8;4=—3,x,=—t,x,=—2t,x,=¢t 

13. A=1,-9. For A = 1, sol. is x = А, y =—&, 2 = 2k 

For А =—9, sol. is x = ЗА, у = ЭЁ, = =— 2k 

14. (i) Have infinite number of non-trivial solutions ; x = А — 51/3, y = А — 4/3, z = А, ш = p for all values of A 
and р. (ii) x = 11k, + 6k,, у = — 8k, – 3k, Z = kp, ш =k, where k,, Ё, are arbitrary constants. 





РгоЫегп$ 2.8, раде 54 


„ allo 612 cosa -sinal 4,4, ,, | 0080 эта 
" Н bà ЫН 2 A= заа ана ааа) ви ме 
1 4-1 
3. Z=(BA)X,whereBA=|-1 9 3 
ld 14: -4 


| | | 1 
4. ху = 19у, – 9у, + 2y4; x; = —4y, + 2у, —y4; x42 2у * ys 6. мг ас ier. 
9. (1) №. (ii) No. (ii) Yes, 9x, — 12x, + 5x, — 5x, = 0. 





Problems 2.9, page 60 


1. 10:30 2. (a) 106,3; (1, 2), (83, - 1); (5) —1,6 ; (3, 1), (2, — 5) 
3. (a) 0, 3,5; (1, 2, 2),(2,1,-2),(2,-2,1) (b) 1,2,3; (1, 0, — 1), (0, 1, 0), (1,0, 1) 
(6)5,—-3,—3;(1,2, — 1), (2, — 1, 0), (3; 0, 1) 
(4)8,2,2:(2,-1,1),(1,0,-2),(1,2,0) (е) 2,3, 1; (3, 1, 1), (- 4, 1, — 3), (0, 5, 5) 


5. ()8,12,6 (ii) 49, 121, 25 6. 1, 1, 1/5 
3.5 , [0 4 m8 1 12 4 6 1 12-28 
9. (i) Е “AF (i)—|3 2 -7|; (0) 1-5 -1 -3|; (10-12 0 
c сы “1-1 -1 -1 0 о 13 


i -4 11 -5l 
10. 33-412-201-35-0,--1-1 -6 25 


99] 6 сто! 








1 


| 
© 
ш 


1 


© 





19. 


23. 


1121-1 11-3 -2 2 1 [1 10 -8 
1)-|1 13 1| (8) =|1 6 5 -2| (000) —|-8 1 10 
4 -11 3l 3 27 


-6 -3 5 10 -8 1 

6251 13. 17-61 + 8А З = 

15 0 1 6 

015 0 15. АЛ-11:1 6 

0 0 15| 4| 1 -10 
if 1 78 78 100 
шаг – 21 90 26 16. |25 10. 
21 -154 -90 25 0 1 





194 -123 162 
0,|-95 96 -123 
95 —95 124 

6] iT $18 18 

2 I nds -5 10 -6| 

6 | 6| 5. 6 22 


Е 4 4 ач! +36" -32" +36 |: 


0 2 — 2" +6" 


251 -405 235 
— 405 891 -405 
235 -405 251 
(а) 1, 2,4; (1, 0, 0), (0, 1, 1), (0, 1, — 1) 10 0 
(5) Жэ” + 2x," + dx,” 0 1 1 
0 1-1 
-|-148 0 2/46 
(i) x,* + 4x,” + 4х.?, 1//3 14/2 1/46 |, positive definite ; 
1/43-1//8 1046 
13 243 2/3 
(ii) Зу? 1525, |2/3 1/3 – 2/3 |, positive semidefinite 
2/3 -2/3 1/3. 





11. 2,1 12. Indefinite. 


_ Problems 2.11, Pag 


Problems 2.12, page 72 


(b) 2. (a) 3. (c) 4. (c) 
(a) 8. (b) 9. (d) 10. (a) 
(b) 14. (d) 15. (c) 16. 2 
. 18 2 
2 20. | 4 d 21. 0 
All the eigen values are 2 0 and at least one eigen value is zero. 


(a)n=p,(b)m=p,n=q 24. 8 


3.2" +6" 


5. (с) 
11. (а) 
17. sum 


25. (5) 


T. (1, 1,- 1), (1, 1,—1), (2, — 1, 1) M 4x* + у? + 22 








6. (a) 
12. (с) 
18. 0,8 





23 1 
26. f 6 1 27. x? + 4ху – 4у? 28. x=y=z=0 29. 2,2,8 
693 
30. A? =A 31. 2 32. 1,4,9 33. (iv) 
84. 4 45. тето 36. Indefinite 37. 1-1 
38. The elements of its leading diagonal 39. 2 40. àp i= 1, 2,...,п 
41. (с) 42. А огАТ 48. 1, 1/2, 1/3 44. )? – ТА? + 16). – 12 = 0 
45. 1, 1/3 46.5 = 83 – 1 47. Symmetric; skew-symmetric 48. 755 
49. ” "s > а, ыы 50. its determinant 51. ^2-64+3=0 52. Augmented matrix 
4 -1 3 1 -05 -0.5 
53. Ё -2 ] 54. A3, 4,3, 2,3 55. 17 56. - 05 1 -05| 
(43 01 -0.5 -05 1 
57. 38 58. 2 59. Index = 2, Signature = 1 
60. False 6l. False 62. False 63. True 
64. False 65. True 66. False 67. True 
68. False 69. True 70. True 71. True. 





Problems 3.1, раде 80 


1. (© 4159 ; 6//159,1/J159,11/V159; (ії) 4131 ; 9/131, — 7//131,1/4/131 


3. 90° B. xz1,y--1 11. 2:1. 





Problems 3.2, | 


1. 5 2. (ii) A, B, C form a A, rt. Zed at C 4. cos! (.62) 


6. 2.11 7. 13; 12/13, 4/13, 3/13 13. 60° 





| | 1 2 18 ус а 5417 xe 

1. I- 100 - 18K, ——1- —— J- —— K, (540 3. (2J + К 
s A sen — 

5. 1,094) 6. (b) 1043 7. — 2/ 426. 





1. 40 2. 17; 241 + 13J + 4K 3. 3.33 
4. 70.5 5. 21 — 7J — 2K; ,/(57) 6. (1, 2, 2) 
7. 6 8. 8.25 9. 2(-31+ 23+ 10K), 24113. 





Problems 3.5, page 96 


1. 7 2. —4 3. (п) Yes 4, Not linearly dependent 
5. 5/6 6. (015: (0154 11. @-TW-113+5K; (ii) 301 — 15J + 15K 


1 cosy coso 
cos ҷу 1 cos 6 
соф cos0 1 


15. (b) табе 











Problems 3.6, page 101 


‚ 2х-у+32=9 2. В. (21+24+К)=5 3. II 2+K) 
3 5. 4х – Зу + 22 = З 7. x бу - 22+ 7 = 0 
2; 2х + 2у – 32 = 6 9. Elx -xfx -iix 4x,)) =0 10. у=2 
Зх + 4у – 52 = 9 12. k= 10.2; 5х – 15у – 212 = 34 13. 1/6. 2x – Зу + 624 5 = 0 
| 5 -7 -3 m "т 
совт! (2/3) 15. (11 -= , =, == (1) 88.7° (1) 5х – Ту – 32+ 7 = 0 
4837 J83' /83 * 
. 6x + Зу -22 = 18; 2x - Зу - 62 = 6 20. х? +y? + 2-7 = 9р? 
| xyz = 6k? 


(i) 25x + 17у + 622 78 = 0; (И)х + ЗБу— 102 – 156 = 0; (iii) bisects the acute angle. 

















Problems 3.7, раде 105 

















x-3 3-9.2—5 2. 4393” 3. 90° 
1 3-2 
Choe 59,4 5. 3 g ETE 5—2 EH 
5 5 l| "29 "^1 
х-1 у+2 z-3.x-1 уч41 2-3 т 
"Чочо ав и di -318 уз 
4.1 10. 8.57 
(3, 4, 5): (ii) (26/7, — 15/7, 17/7) 12. 40°15’ 
29x — 27у – 222 = 85 14. 2-х=у+1 = (z + 1/8. 





Problems 3.8, page 107 


7х —2y – 32 = 0 2. 2х + Зу + 62 = 38 3. 11х + 12у – 82 = 5 





х-4 -6 2+2/3 | 
Зу-2:-2 5. M Gast RW 6. x yt22-lxy(2/5)221 
x*4llb у-2/5 z 8. x-2 у-1 z-1 
-11 9 15 3 -1 1 





x-—2y+z=0 2. (5,— 7,6) 





oer Breytd doa tbBrevytd 4 (0,1, 2); dee y-2x 4 8«0 
al + bru en a'l - b'm *c'n 
Бїх 5)2y-3 AG 13) B. M l1 4 


. (2, B, — 3); (0, 1, 2); 8.83. 


Problems 3.10, page 113. 





14/6 ;11х+2у-72+0=0; 7х +у-52+7=0 
10.77: 20х-8)- 10-5- 12-7); (63, 5.7:C1,—1,-1) 


—10y + 62-1 = 0 = х 22. 


1 
—; dx 
45 


Problems 3.12, | 





1. Ге + 4х + бу- 22+5=0;(2,-3,-1);3 

2. хХ2-у2-22-20х-2у-4:-0:(1,-1,2):-46 

3. (а) х2 + у? +22 4х – 4у – 42 +3 = 0 (b) 3(х2 + y? + 22) – 2(x + у +2) 1 = 0 
7. (i) х2 +y? +22 —ax — by —cz = 0, 


у 5 [аф -c?) Ыс? *a?) са? +7?) 
(ii) х2 + у? + 22 ах — by – сг = Oand ++ -1:|#® еза пак 
8. (1,3,4); 47 10. х2 + y? +22 + Ax+y4+z4+1)=0 
11. 13(x? + y? + 2?) — 35x — 21у + 43:2 + 176 = 0 
12. 3(x? + y? + 22) - 7x - 8у +2 + 10 = 0 13. x? + y? + 22+ Ту – 82 + 24 = 0. 





. Problems 3.13, page 120. 


1. (1х-3-0,х-7-0 (п) х + 2у + 22 = 9, 2х+у-22=9 








2. x2 y? +22 + 2x + 4у + 62 — 11 = 0 and 5(х2 + y? + 22) — 4х — Ву — 122 — 13 = 0 

3. (i) x? + y? +22 – 10у – 102 – 31 = 0 4. (ii) x? +y? +22 – 14(х + у +2) + 98 = 0 
x-06 y-24 z ал л 

9. ЭЭС у+2+6 = 0 10. (12/5, 4, 9/5). 


Problems 3.14, page 124 





1. (Вг – үу)? = 4a(az — үх) (2-7) 

2. 528x? + 363y? + 762? — 528ху — 264yz + 3532х + 704х + 13522 — 4436 = 0 

3. 5x? + 3y? + 22 — 2xy — буг — 42х + бх + Ву + 102 – 26 = 0 

4. х? + y? — 32? – 2х - 2y + 62 — 1 = 0 b. x? + у? = 22 tan? а 

6. х? + Ty? + 22 + Bey + Byz — 162х = 0 7. Ax? + 40у? + 1922 — 48xy — 72yz + 362x = 0 

B. х2 у2 + 22 + 4у – 42 = 0 9. yz + 2х + xy = 0, cos (174/3); х=у/ + 1=2/+ 1 

10. совт! 4/ (41) ; 25x? — 16? — 1622 = 0 11. 4x? + 4y? — 2? + 202 – 100 = 0 

12. х= y/222/-1;x/-2-2y-z 14. — 2x? + y? — 22? + dry — Brz + dyz + Вх — 10у + 82 – 3 = 0. 





Problems 3.15, page 126 


1. 5x? + By? + 5z? + 4у2 + 8хг — 4ху — 144 = 0 

2. Зх? + Gy? + 322 + Byz — 22x + 6x — 24у — 182 + 24 = 0 

3. 45х° + 40y? + 132° + 12ху + 36yz – 242х — 42x — 112y — 1202 - 392 = 0 

4. x? + у? + 22 yz -zxy ху = а? 

Б. 9x? + by? + 92? + 12ху + буг — 36x — 30y — 182 + 36 = 0 ; п units 

6. x? + y? —2x -4y – 11 = 0 

7. a(nx – 12}? + 2h(nx — lz) (ny — mz) + b(ny — т2)? + 2ип(пх — lz) + 2fn(ny — mz) + cn? = 0. 





иРгометв 3.16, page 131 


1. Ellipsoid, 33.51 
2. Hyperboloid of revolution of one sheet ; Hyperbola 5x* — y? = 6. No area 





. Right circular cylinder with axis along z-axis 

. Hyperbolic paraboloid 5. Hyperboloid of two sheets 
. Parabolic cylinder 7. Right circular cylinder 

. Cone with vertex at the origin 9. Hyperbolic paraboloid 

10. Hyperboloid of two sheets. 








Problems 3.17, 











1. (6) 2. (a) 3. (с) 4. (b) 5. (5) 6. (а) 
7. (с) 8. (4) 9. (c) 10. (с) 11. (d) 12. (с) 
13. (6) 14. (с) 15. (с) 16. (с) 17. (с) 18. (5) 
19. (с) 20. (с) 21. (b) 22. (b) 23. (c) 24. (c) 
25. (b) 26. (a) 27. 1/43,1/43,1/4/3 28. 0,0,1 29. х-0,у-0 
hom nm 
30. (- 3,2, 1) 31. 8 or — 10 32. |], т, л,|-0 
3 Т Ng 
33. у? z? = (bxlaY 34. 12x + 31y — 202 = 66 35. 523.6 
2 2 „2 
36. cos-! (6/442 ) 31. P gt =и+у+2 
38. (3,5, 7), (5, 8, 11) 38. -(х-1)-у-2-1(-83) 40. х? + y°+2%+x-6y—7z+9=0 
41. al « bn « cn = 0, ах, + by, + cz, +4 = 0 42. 2/426 
43. (3/2, — 2, 2), 35/2 44. 44/3 45. * +8 => zaa == 
46. Parabolic cylinder 47. Hyperboloid of two sheets 
48. совт! ВЭ 49. 6,-4, 12 БО. 6 
Tea 
51. True 52. True 53. True 
54. Elliptic cylinder Bb. 4(х? + у? + 2?) + S(xy + yz + 2х) = 0 


56. (I- 2J — 8К)/ 4/69 


Problems 4.1, page 





6. 823/01 — £2» me 5 8. sin t/a cost t. 





Problems 4.2, page 138 


n! (0-1)! /(п-1)! 
(x-1P)** (x2) (+1) | 








1. (C1y-(n-1)!2^[(2x + 1" + (2x - 1^] 2. (- 1 | 
3. a (2 sin (x + пл/2) + 3" sin (Зх + пл/2) – 5" sin (5x + пл/2)] 
4. 2 19" cos (90 + n 1/2) + 9.7" cos (70 + пл/2) + 36.5" cos (50 + nr/2) + 84.3" cos (30 + n1/2) + 126 cos Ө] 


256 


_ (20)? ues | -1 NE NE ИЕ бү 
5. — 5 le® sin (2x +n tan 2) — e- 2 sin (4x — п tan"! 2)] 


6. 5 е5х S (41) 2 cos [4х + n tan"! (0.8)] + (29)"? cos [2х + n tan"! (0.4) 





m 4 | m=] 
ш че! НЭТ — | 8. (- 1^ n! Тэгэх —— | 


8 (х1 «2 (2х +3)" (х+2у'*! 
9 Gita!) 4 „i-l 1  i*1 1 
3 (х +1)"*1 4 (xiy 4 п 


10. e MES where Ө = tan"! (a/x) 
fx" +a") | 


11. 2(—1)"-! (п – 1)! sin по sin" о where a = cot ! х. 





Problems 4.3, | 


(n — 1) (n — 2) + n(3-r)x*] ; 


(yy EE 
1. ge =. 


(її) om (Пор 2)" 2* (cos 90 + 9 cos 76 + 3 cos 50 + 84 cos ЗӨ + 126 cos 0)| + "C, (log 2)" – 1 2* (сов 90 + 1/2) 
+ 9 cos (70 + пл/2) + 36 cos (БӨ + 1/2) + 84 cos (30 + 1/2) + 126 cos 0 1/2] + ...... + 2* [cos (90 + n1/2) 
+ 9 cos (70 + n1/2) + 36 cos (50 + nr/2) + 84 cos (ЗӨ + пл/2) + 126 cos (Ө  n1/2)]] 
5. у, (0) = 0, Yan , , (0) = (- 1)" . (2m)! 
7. (у,), = 0, ifn is even 
= m(1? —m?) (32 — m?) ...... [(2n — 1)? — m*], if п is odd 
8. (Yono = е" m?(2? + m?) (4? + т?) ...... (2n — 2? + m?] 
(5.15 7 — ети? m (1? + m?) (32 + m?) ...... [(2n — 1)? + т] 
17. (m*— (n — 2)? (т — (n — 4? ...... (m? — 2?) m?, n even 
(m? — (n — 2) (m? — (n — 4X?) ...... (m? — 12) m, n odd. 





_ Problems 4.4, page 146 





2. х = (2m — 1) a/(2m + 2n — 1) 
3. (Г) с = 3.154, 0.846; (ic-2m2; Шї)с-е-1. (iv)c- 0.5413 
6. 0.36 12. 6 = 0.25. 


Problems 4.5, page 150 





m(m? — 1?) (т? - 32) . 











Д 2 2 
эд, msin® mim -1) зе min —T)(m —9) inse... 
dia: ER o 51 adhi 
Eu 38 | 
25. 4-21(х-1)418х-18 426-1? — 26. d ess | 


| 1 (х п/2)2 (х – п/9)* 
(ut) Z450 -1)- iG -1Y 4 5e -17 27.1- aona + mome — 2. 1,9998 








29. log (0.5) — /3(х-1/3)-2(х-1/3у- ыз, -WIF  ...... 


30. 0.8482 


31. (i) 2.6121. (ii) 1.12. 





7. 1/2 8. 1/12 
13. 1/3 14. 2 


Problems 4.6, page 154 


3. 1/3 4. aloga 5. 1 6. 1/18 
9. 3/2 10. 0 11. 1/30 12. 1 
15. 1 16. 1 17. 2 18. 11e/24 


19. а=2:1 20. а-5,6--5 21. а-1,5-2,с-1. 





1. — 1/3 2. 1/2 
Т. ae 8. 1 
13. 0 14. 1 
19. -$ 20. (6), 


_ Problems 4.7, page 156 222 | = 


9. е 10. 1/Ve 11, Ve 12. 0 
15. е-15 16. е 17. e" 18. е1? 





1. x 20y = 7 ; 20x + y = 140 


Problems 4.8, page 160 


2. (a, b) 10. m/4 


14. Т = 2a sin t/2 ; N = 2a tan ¢/2. sin t/2; S.T. =a sint ; S.N. = 2a sin? t/2. tan 1/2 


15. a sin? 0 tan Ө. 





Т. (1) п/о; 


Problems 4.9, page 162 


(ii) 1/2. 





Probiems 4.10, page 166 


6. ра" =r"! 7. r^ *1z J2a™p 


8. (1+ m?) р2 = г? 9. (i) (1+ 9х/4а) ; (ii) cosh x/c 10. a6 


11. (1) да sin 8/2 ; (ii) a (sec 20) ; (iii) rq(8r—3). 





1. (i) 2a (1 + t? ; 
5. (i) (a? sin? Ө + b? cos? 9)??/ab ; 
11. (2) 3/2; 


12. (i) 24 sin 9 ; 
BUE 





1. a(2 +372, — 4/2 at??? 
6. (x + y + (x — у)?З = 2023 


Problems 4.11, page 172 


(ii) y/e (iii) (1 + аЗ)/ба? 
(ii) 4a sin 8/2 ; (iii) at 

(i) 1; (iii) Ша 

Gi) a^/(n + 1) r^-! 14. 24(r?/a) 


Problems 4.12, page 176 


4. (D x = a(t — sin t), у – 2a = a(l + cost), (ti)x=acos6,y=a sin Ө 


7. (i) (x — Ba/4)? + (y + Sa/A -а 2) (й) х2 + у? 21 (x ey) BZ =0 


11. y? = 4ах 


28 
12. (x/a)? + (yb = 1 13. 27ay? = 4(x — 2a). 








| m 
14. (x/aY + (vib = 1 15. у= и _ #0 
28 2u’ 
16. (0 Ух + Ју = уе; (0) 4ху = с; (й) x? + y? = с23 17. x?9 + 923 = 623 





Problems 4.13, pag 


2. а=1, b = 1/4, Point of minima 4. x =0.42/ 5. v -(аш2/35)15 

8. 6 ©; (1 віп oJ + sin o) 10. Sq. with side /2a 
13. 8+ 2V7,2+ 247,5 — V7 14. Depth is half the width 15. (423 + p2/39/2 

16. 3/3a/4 25. 2.5 km/hr. 


Problems 4.14, page 185 





1. х+у+а= 0 2. х= +а,у= +6 3. х= +а, у= +6 

4. у= 0; х+1= 0; х+у= 0 b. у= х,у + 2х = 0, у+ 2х+1=0 

6. x+a=0;x-a=0;x-y+ Уда -0:5-у-49а4-0 

7.x+2y+2=0,x+y=+2/2  10.rcos0-a;rcos0-—a 11. rcos 8-2 0;r cos Ө = 2a 
12. г8ш0-2 13. r sin (Ө — mwn) = а/п cos mm. 


Problems 4.15, page 194 











Problems 4.16, page 194 


1. с 2. х? + 4ay -0 3. 1/5 4. (c) 5. (a) 6. (b) 

7. (c) 8. (b) 9. (b) 10. (c) 11. (b) 12. (c) 
13. (c) 14. (b) 15. x? - 4y 16. of constant length 

з Б | 

17. x + ЗГГЫ +... 18. 17 cos ( 2x +n E) +4" cos (4x +n J +6" cos (6x +n 2| 
19. -32/За 20. Тгие 21. -а 22. 2a(1 + №? 
23. (x – а)? + (y – Б}? =k? 24. envelope 25. xy = с? 
26. с 27. 2a 28. e&'(x? — 12x? — 36x — 24) 
29. (iii) 30. (x/a)* + (y/b? -1 31. (B) 
32. с= 2.5 33. х= y 34. node 
35. Four loops of r= a sin 20 and three loops of г = a cos ЗӨ. 
36. у= £x 37. х= 4 38. 4b 
39. (А) 40. г>а 41. (0) 
42. (D) 43. (C). 


Problems 5.1, page 198 





1. 2/3 2. Does not exist 3. Zero 


7. Discontinuous. 


4. Does not exist 





Problems 5.2, page 202 


1. (i) xy(2— cos ху) — sin ху; x*(1 — cos ху); 
Gi) 2х/(х2 + y?), 2y/(x? + y?) ; 


(ii) (x? + 2ху — y?V((x? + уЗ)? + (x + у)?}; (у? + 2xy — xP (x?  y?Y + (х + у)?); 





11. n=2,-3 


18. e*"(x?y?z? + 3xyz + 1). 





Problems 5.4, | 


13. 2u. 





_ Problems 5.5, pa 


2. — 2/(e*t + e”) 
6. Bet. 


2. datt + 2) 
4. 6.5 sq. ft/sec 





Problems 5.6, page 214 








Problems 5.7, page 218 
T. x(yu + l- ш) +2 — 2uv 





3. zero 








10. 0; и = tan v 


Problems 5.8, page 220 








1. AX«Y«Z-6; Я -У-1=7+3 2. ЗҮ-22-Х-3-0, x= 22.211 
if x E 
3. x ty у а,” x,(X—x,)=y9,(¥ —y,) =z,(Z—2z,) 
4. ТХ-ЗҮ-82-26: 3-1 ҮЭЗ1 7-2 
7 = В 
Б. (— 1,2, 2/3) = 





1. (i) x- Чэ + Зху?) 


(и) 58 £ 4|х41)-(у-1/4) +2 Kx + D? — 2x D (у — 1/4) Gr – 2/4)" | 


Gi taxa j; e - у?) + 1 (уз — Зху?) +... 


2. 14(к-14-100-1446-180-19- 
3. — 0.8232 4. — 4500 units b. 2% 7. 2% 


11. 2 cota+2 12. Rs. 43.20 13. р-3а-—4г)% 14. -11% 15. 5r. 





Problems 5.10, 


1. (1) (a, а) gives maximum if a < 0 and minimum if a > 0 











(и) Min. at (a, a) (fit) Max. at (4, 0), Min. at (6, 0) 
(iv) Max. at (+ 1, 0) ; Min. at (0, + 1) (v) Max. at (1/3, 1/3) ; Min. at (21/3, 21/3) 
2. 4,2,1 З. (1) 3a?; (ii) рКа? + b? + c?) ; (iii 3a? — 4.12x 12x 6 cm 
6. (0,0, + 1) 8. 4,1 9. 50 
10. 4,8, 12 11. Two stationary values of u are given by Г m* E oa 
Ав а a да 


Problems 5.11, page 236 








1 ,-АХ х Г (- 1" п! 
1. — tan? = + ———— S x РЕК. 
Эв" а Зачх +a") (m + 1y'*! 
з. zlog [3 +5 a - 8| 4. — a? — 19, 
Problems 5.12, 
1. zero 2. (a) 3. 1 4. (5) 5. (5) 6. (b) 
7. (с) В. (с) 9. (4) 10. (а) 11. (5) 12. (d) 


13. (a) 14. (d) 15. (c) 16. (b) 17. zero 18. 2/(x + у) 





19. rt—s*<0 20. (d) 21. 4u 22. alu, иУд(х, y) 
23. f(a, 6) = 0, (а, Б) =0 24 (с) 25. x dr'ay dé 

26. (c) 27. —1 28. (c) 29. equal 

30. False. 





Problems 6.1, page 244 


1. (i) 128/315; (ii) 8/45 2. (1) 128/315; (11) 117/192 


(2n — 3) (2n — 5)... 3.1 л fz a NEN 
з. (1) 2n - 9 2n - 5)......3.1 | 
В (0:-3/2:-8 429 В Ge 8) „око 
5. (0) 80/619. 001144. 6. (i) 57/256: (ii) 1/15 Т. (i) 35ma*/8; (ii) 5ra?/2 
8. (i) 55/8: (ii) 28m. 





Problems 6.2, page 247 


1. (i) 1 tan*x— 2 бап x+tanx—x (ii) — 1 cot*x + 2 cot x + log sin x 
| a Е 1 т 9 _ (gyn-v* n-2 
3. = 1082-4 аа Side ay Pg Мей 


6. (0 Б sectx.tanx + jg Sec x + 2) tan x Gi) 1148 , 3 log (2 V3) 


(iii) — 1 сойхсовесх- З. cot x cosecx + 2 log (cosec x — cot x) 


4 |. B 8 
т. 19742 | 5 Н.С) ав E No. con 
7. | an + лова +} а 8. ж-а + бап! 





Probiems 6.3, page 250 


1. жилт” 





1 m n 8-1 ээх Гэ лай цагг 4 
3. Га (log x)" dx = =—_ — (log x)" - n [s (log х) dx; [| x” (log x)" dx =- 1/216 
5. 149/225 6. 317/64 — 1/4 7. 21 —15n? + 120 


4 , е cos" ! x(acosx+nsinx) п(п – 1) 18: зас їсэг x 
11. I, = 0 — dm Әв | 2 [ е? cos? x dx = = (Зе —11) 





12. 24/85. 


Problems 6.4, pa 





7. (2) 37/8; (ii) 51/8; (iii) 31/256 ; (iv) 151/640 8. (Г) 161/35 ; (it) Br/315. 


Problems 6.5, page 256 





1. log 2 2. 1 log2 3. 1/3 4. n/2 5. + log 2 6. 255-42 


Problems 6.6, page 260 





1. (i) nab; (it) 8a7/3 2. 214 3. 242/5 





4. (i) 80411543 ; GD(2- ma? 5. (i) ла?; (üi) a? 6. (i) хад: (ii) 4a? 
8. Зпа? 9. a*/6 10. Зла? ; na? 

11. UE 2/8 13. (Зл — 8) a/6 14. 6402/3 

15.11. 





Problems 6.7, page 262 


1. (i) 3ла2/2: (ii) a? 2. (D ла2/8 ; (ii) na?/12 5. (1— л/4)а? 6. na?/2. 





Problems 6.8, page 265 


1. 1222 а 2. (i) log (2 + 43), (ii) log, (e + Le) 

3. (i) a [V2 + log (1 + V2)] ; (ii) (15/16 + log 2) a 4. (D4a/43; (ii) 43 
5. 37.85 7. (i) 8a 8. ба 

9, 4/3 11. 2+ = log 3 12. 8a 

Ээ” p? (1.3? (1 (1.38.5)* (132 Fm E 
15. Bralia (3) TEST ar (55712 hd 14. 2a[ VE «log +. 





Problems 6.9, pag 


1. лс?(1 + sinh 1 cosh 1) 2. nh*(a — h/3) 3. 2na? 


4. лаЗ/12 5. (i) 3 паб? ; (ii) 3 na3b 6. ЯА (г + rR +R?) 

1. 48 ла? 8. (i) 2na? (log 2 — 2/3); (ii) na?/24; (iii) п/48 

8: (D 5а202:, (8) bre? 10. 32 па3/105 11. 4л2а3 

| гү:2 uis үну s 14. Sonata? 4 52 | za [1 9 _1 
13. (1) gri ; Qi) гай 14. z mala + БЭ) 15. 4 3 log (4/2 + 1) at. 





Problems 6.10, page 271 





22 о 2 | 
1. AP (2 + sinh 2) 2. BEL (2.9 — 1) 8. 2nab Ё T 


sin! Ка? EZ 


4. = nr^h : nr Ar? + А?) ‚ where г is the base-radius and A the height of the cone 


5. 4ла” 8. SE ла? 9. Ч па” 12. 4па? 
13. х ла” 14. 4ла41-1/у2) 15. па? [3/2 — log (42 +1). 





Problems 6.11, page 271 


1. (5) 2. (c) 3. (b) 4. (c) 5. (5) 6. (с) 
7. (с) 8. (а) 9. (b) 10. (а) 11. (с) 12. (с) 
2 


1248 | 


19. (iii) 20. (iii) 21. nh(r,? + ror, + To”) 
24. (b)or(c) 25. (a). | 








Problems 7.1, ра 




















1. 13 2. 3/35 3. l(e- 1) 4. ixlog(l« V2) 

5. a*/8 6. 4 ab(a* + b?) 7. 3/56 8. ла/4 

9. 241/60 10. 1- 1/42 11. а (log e-4) 12. 1/24 

13. За! 14. па? 15. 1 

16. (i) Г Г „к P053 dx dy - [, i ws f(x, y) dx dy, (ii) ЇГ Г 3 f(r, 0) гаг 40 
18. 4a?/3 19. 457/2. 








Problems 7.2, page 283 


1. 4.5 2. 7/6 8. ла? 4. 3 log, 3-2 





Problems 7.3, page 264 


1. ае (а? + b? + c?) 2. 8 abe (22 4d @) 3. 4/35 

1 Аа 2a 8,9 19 1(18 | 
4. те — 39270400. 3 5. 3192—97 6. 1(13 – 8e + e?) 
7. 5ra?/64. 





15. Зл 16. 4л 17. па?(2 – J2 уЗ 18. 1603/3 
19. ла3/8 20. 128а3/15 21. 3na? 29. 4.3 л 
23. 8a*/3 25. 1 26. labc. 





_ Problems 7.5, page 293 


2. 64 3. 2(x — 2)a? 4. 2na? 5. Зла . 








Problems 7.6, page 


1. 18227. А 2. 21 nja*/32 3. 30.375 
= (за, за) ” k +3b) ЫЗа + >] в. E o 
20' 16 6(a + b) ' 6(a + b) 8 | 
8. x = 3а/5, У -90/40 wherea = OA 9. (1/5, 1/5, 2/5). 
10. x = 3/4 11. (26а, 160, We) 12. 27 metres 
13. (22, Заа. 14. Divides the diagonal in the ratio 7 : 5 


15. | 5, = h) where a is the base, л the depth 
16. C.P. lies on the radius L to the bounding diameter at a depth 82а/(15л) from the centre. 





Problems 7.7, page 301 





1. ab?/12 2. 5Ма?/4 3. 2М/9 4. 1 Mla? + b?) 

5. (21/32) npa‘ 6; = MR? 7. iMr?; i M(3r? + Ah?) 

8. () a ; ii) ЗМ (8412), (i) эр (3r? + 2h?) 9. 104803770p 
3. npabc(a? + b^) _ pa^b? 

10. 30 11. — нү 12. m — E 


Problems 7.8, раде 309 





1. (i) 3.323, (ii) 11.629; (Ш)т-//2: (iv) 0.1964; (0) 0.1227 
2. (i) Jn /2; (ii) T(5/4); Gi) Ух/8: (10)29"9-18 (р, д) 








(+ ч J Гр +1) 1 J r(3) 
4. т/4-/9 7. -3/8 ü: v 8 о о 
I "E. S 396 n 411 1 
пг(" + p«141) (2+2) 
л n. n 2 
16/2. ka? b? c? 
10. 16/35 15. 1 





Problems 7.9, pag 





bmi с 3 2 1.) 21. 8-153 ЭР” 





Problems 7.10, page 313 


1. 4 2. Area of the triangle having vertices (0, 0), (0, 1), (1, 0) 
3. к 4. 3.1416 5. 154r /8 6. 92x 





11. 3/4 12. T 13. (d) 14. 27/4 
15. ла2/12 16. — 1/3 17. © 18. 44/105 
19. r^ sinedrdedó 20. е?—1 21. 1па6 (а? +02). 22. 1л1о (1+ 42) 
23. 3/256 24. (c) 25. Э5 + 5 Sin = 26. 48/5 

a Мба? – x7) 
27. 1/6 28, 16/3 29. [ | jara FO Уу dy dz 

тё? 2u cos В 

30. J2n 31. 31/256 32. 1/2 33. 1 [ г 40 dr 
д fh [3 з. Mr2/ 
34. 5 35. | 50:16 86. 16 37. 3Mr2/10 
38. 1 39. log 2 40. 5 Ул 41. (c) 42. (b). 





Problems 8.1, page 318 


3. (1) t? sint + 7t? cos t + 20t sin? — 10t ; (11) (208 + t sint —cost)I 
— (2t cos t + 2 sin £ + 751?) J — HE sin t + 27? cos £ + 10 cos РК 
5. —AC + 2J) 6. (D (ua? seca). (iDa? tan a; (cost J —sint D cos œ + зто К 


7. (14:24 + (24 — ЗК (54° – 122 + 13) ; 1(21 + 39 + К) 


8. (x — alJ2) 2 y — аә = (2 27 tan a) /V/2 tan a 


9. (i) abila? sin? t + b? cos? t)?? ; (ii) 1/4-/2 


10. (i) R-(p« E«qd «29K ; 29 К 
45 


(и) R=pl + (p + 24) J+ (p+ qMJ 4(р-а4К:(2К-1-4У,6. 





Problems 8.2 раде 321 





1. ай! = 0) = 437 ,a(att = 0) = /325 2. «= + 1/./6 
3. 8/14/7; — 14/7 6. (a) d?s/di? ; v?/p; (b)0;3 


3 
7. 417) m.p.h. in the direction tan^! (0.25) North of East 
8. 21.29 knots/hr. in the direction 74747” South of East. 





Probiems 8.3, page 325 





1. (а) 2(xY + уд + zKY(x? + у? + 22). 6) $ +e 2. (-1-34 + 2К/ Ла 

3. 122 4. 15/4/17 5. а= 6,6 = 24,с= 8 

6. — 260/069) ; (1056) ID AL E 8. 96(I + 3J — ЗК) ; 96 (19) 
9. 9 | 10. 1(21 + 23 — К) 11. cos! (1/422) 


12. cos! (— 1/430) 13. а.= — 6, b = — 10. 


1. 
4. 
13. 
16. 
17. 























Problems 8.4, 


(012:51-164-9К: (1) 278 ; 5(271— 54.7 +8 К); @й)-32;0 
a =— 2; 4х (2 – ху) 1 + (у – 2у2 + 4xy?) J + (2x? + y? 22-2) К 


(120; GD 20 +2) 0) + 2у К 


14. (а) 2n(2n — 1)/x* + y? + 22)" * 1; n = 19 


(i) 2(y3 + Зх2у — 6ху2)21 + 2(3xy? + x? — 6x? y) zJ + 2(ху? + x? – Зх? y) yK ; (ii) Zero 


1724/ 421. 


75114 360 4 – 42 К 


ШИН Problems 8.5, page 335 





2. (t-t + 2) E+ (1- И + (4-4 cost - 3D К 


339 
V =6 sin 21 + 4(cos 2t — 1)J + BEK ; В = 3(1— cos 291 + 2 sin 214 + Kk. 


0 2. 85 
88 
303 8. 8 35 


паб 4. па? 


— Qab? 5. 19 д 


Problems 8.6, page 336 


3 | 
d. — 2/8 4. 5 D. Es 





Problems 8.7, pac 





6. zero 





3. 8. 


Problems 8.8, page 341 


5. Zero 6. 128/5 7. 35na*/16. 


Problems 8.9, раде 345 


6. Zero 10. 2 11.0 


Problems 8.10, page 350 


108л 7. (1) 12 ла? (ii) 12(е—е-!) B. 4na? 
e 10. > natb 11. -4л 12. 8/3 
12 ба 1. 2. 8/3. 


142 

(i) 1 (x8 + 3 +27 — Зхуг); 
(iti) xz? — yz + 3x*y. 

(i) Yes, 507 + у? 222); 


xy віп = +cosx+y*z+e 
а:45:2,с--1 


EN Problems 8.11, раде 354 


12. г. 





4. x*y — y?z? +23 
(ii) x*y + уг +2; 
(iv) x*y? + у22? + xyz = 0 
(ii) Yes 


B. ry + xz? ; 202 
10. a = 4 ; 2x? у — xz? ; 47. 


Probiems 8.12, page 362 





1. (i) (p sin 26 -z sin ф) T, — (2p sin? ф + z cos ф) T, + Зр cos 6 T, 
(ii) (2p сов? ф — Зр? sin? ф) T, - (p sin 26 + Зр? sin? ф cos ф) T, + pz cos ФТ, 
2. (i) гаш | {sin 0 (1 + sin? ф) + г cos? Ө sin ф} T, 
+ [cos Ө (1 + sin? $) — г sin Ө cos Ө sin $ T, + sin ф cos ФТ, | 
(ii) г? sin Ө ((51п? Ө сов? ф sin ф + sin Ө cos Ө sin? $ + cos* Ө cos ф) T, 
+ (sin Ө cos Ө сов? ф sin ф + соз? Ө sin” ф — sin Ө cos Ө cos 6) T, 
+ (cos Ө sin ф cos ф — sin Ө sin? ф cos 0) T, 


3. pz sin 20 T, + pz cos 29 T, + 5 P^sin 20 T, 





Problems 8.13, page 363 


1. 1/14 ‚2/14 , 3/14 2. 10-2) =у-1=2+3 8. дийг = уу Фу 
4. 4х-32-2хг 5. zero 6. s |. (хау — ух) 
7. ЗУ 8. 3;0 9. Irrotational 
10. 4л 11. solenoidal 12. — 28/5 13. zero. 
14, ола жан). 15 91,979 95 6, aan 17. — (121 + 5J + 8K) 
| | dx ду dz 
18. zero 19. zero 20. zero 21. zero 
22. R/r?^;nr'-?R 20. 58.5(2) 24. —— (21 - 4J К). 25. 2,-2,2 
n $8.5(2) : Tar + K) 
26. 0 21. 2ir 28, 7/3 29. zero 
30. (c) 31. (c) 32. (5) 33. (c) 
34. (а) 35. (а) 36. 5и 37. zero 
38. irrotational field 89. (a) 40. the rate at which fluid 15 originating at Р per unit volume. 
41. (a) 42. it gives the maximum rate of change of ọọ. 43. (10) 
44. (a) 45. (а) 46. (5) 47. (a) 
48. (5) 49. zero + 50. True 51. True. 





Problems 9.1, pag 


1. Convergent 2. Convergent 3. Convergent 4. Divergent 
5. Convergent 6. Convergent 7. Convergent 8. Divergent. 


Problems 9.2, page 367 





1. Convergent 2. Convergent 3. Oscillatory 4. Convergent 





Problems 9.3, page 372 


1. Convergent 2. Convergent 3. Divergent 4. Divergent 
5. Convergent 6. Conv. for p > 2 ; Div. for p € 2. 7. Divergent 
8. Convergent 9. Convergent 10. Convergent 11. Convergent 








12. Divergent 13. Divergent 14. Convergent 15. Convergent 
16. Convergent 17. Divergent 18. Convergent. 


| Problems 9.4, page 376 


1. Conv. for x < 1; Div. for x21 2. Conv. forx < 1; Div. forx 21 
3. Conv.forx $1; Div.forx 1 4. Conv. for>1; Div. forx « 1 


5. Convergent for all values ofp 6. Convergent 7. Convergent 

8. Convergent 9. Сопу. forx<1;Div.forx>1 10. Convergent 
11. Convergent 12. Convergent 13. Divergent 
14. Convergent 15. Conv. for x < 1, Div. for x > 1; Conv. for p > 1 and Div. for p< 1 
16. Divergent 17. Conv. if Bh > a> 0 ; Div. if 2 p > 0. 





Problems 9.5, page 379 


1. Conv. for x € 1; Div. for x > 1 2. Conv. forx <1; Div. forx > 1 
3. Conv. for x < 1; Div. forx>1 4. Conv. for x < 2: Div. for x > 2 
5. Conv. for x «e ; Div. for x >e 6. Conv. for x € 1; Div. forx > 1 
7. Conv. for x <1; Div. forx> 1 8. Conv. for x* < 1 ; Div. for x^» 1 
9. Conv. for x? < 4 ; Div. for x” > 4 10. Convergent 
11. Conv. for x « l/e ; Div. for x 2 l/e 12. Conv. for x < 1; Div. forx > I 
13. Diverges 


14. Conv. for x < 1 ; Div. for x > 1. When x = 1, Conv. for b —a > 1, Div. for b —a x 1. 





Problems 9.6, page 381 


1. Convergent 2. Convergent 3. Convergent 
4. Convergent 5. Conv. for x < 1; Div. forx 21 
6. Conv. for x < i ; Div. for x > i 7. Convergent. 





Problems 9.7, page 383 


1. Oscillatory 2. Convergent 3. Convergent 4. Convergent 
5. Convergent 6. Oscillatory 7. Convergent 8. Convergent 
9. Convergent 10. Oscillatory. 





Problems 9.8, page 387 


1. (i) and (ii) conditionally convergent 

3. (i) Conditionally convgt. ѓог0о <р<=1; (и) Conditionally convgt 

4. Absolutely convergent for (1) 0 <x <1 (ii) -1«х«1, (iii) | x | 51. 
5. Convergent for x < 1 and not convergent for x > 1 


6. ()-1-«х«1: (iz) -1<х<1; 
Т. -е<х<е 8. (i) Absolutely convergent (ii) convergent 


9. Absolutely convergent. 





Problems 9.9, page 388 


1. Сопу. forx<1;Div.forx>1 2. Convergent 3. Divergent 

4. Convergent 5. Divergent 6. Conv. for x < 1; Div.forx > 1 
7. Conv. forx < 1; Div. forx21 8. Conv. for x <1; Div. Югх > 1 

9. Conv. for x < 1/4 ; Div. for x > 1/4 10. Conv. for x < 2; Div. forx = 2 





11. Convergent for all х 12. Conv. for x < 1; Div. forx>1 13. Convergent 
14. Absolutely convergent 15. Convergent 
16. Convergent for p > 1 ; divergent for p < 1. 





Problems 9.10, page 391 





1. Uniformly convergent for 0 € x < 1. 2. to 


5. Uniformly convergent for all real values of x 6. Uniformly convergent for 0 € x x Ша 
10. (i) and (ii) Both converge uniformly for all real values of x. 





l. (c) 2. (d) 3. (a) 4. (b) 5. (c) 6. (d) 


7. (a) 8. (b) 9. (b) 10. (d) 11. (c) 
12. (a) (- 1, 1) (b) (— 1/2, 1/2) 13. -1«xs1 14. 1-1 15. a, « k 16. Oscillatory 
17. All values of x 18. k< 1 19. Convergent. 20. Divergent. 21. g—p>1 
22. Divergent 23. Convergent. 24. 0-х-4 25. yes 26. True 27. Convergent 
28. Divergent 29. x>1 30. 05х «1 31. (5) 32. (c) 38. (4) 
34. (5) 35. True. 
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Problems 10.4, page 408 
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5. In- Af cos x 4? "GL. 
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СИЕ. ME ДИРЕ NEN кё Y d 
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8. 4k (sin x + шиль, = өх Ёс. =) ; 
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8 n| sin 2x _ sin 6x sin 10x 
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T Ex L3 457" 8117 | 
14. 207 = sin Л sin ™ + + sin 2™ sin Rx 0l dn 3... : 
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а 3 = (-1» e (— 1)" (9 + nni) 
3. x sinar У, "GE d 4. sin A 9 L 81 + (nx? А ena 


Problems 10.9, page 423 





1. 11.733 – 7.733 cos 2x — 2.833 cos 4x + ...... — 1.566 sin 2x — 0.116 sin 4х +...... 
2. 1.45 + (— 0.37 cos x + 0.17 sin x) — (0.1 cos 2х + 0,06 sin 2x) 
3. a, = 41.66, а, =- 8.33, b, = – 1.15 4. — 0.0731 


5. у = 2.102 + 0.558 cos x + 1.531 sin x + 0.354 cos 2х + 0.145 sin 2x 
6. 7.8 sin 0 + 1.5 sin 20 — 9.2 sin 30 + 11.6 sin 46 — ....... 





Problems 10.10, pac 








1. 2173 2. = (Re — 0) + fte + 0)) 3. (- 1, 1) such that Ax) =- R- x) 
4. fx) = А when 0 <x < n and fix) =- А when t <x < 2л 5. Sine 
6. $ 10.11 (3) 7. Zero 8. not defined 9. odd 
10. Cosine 11. even 12. х= k/n 13. Zero 
| | [* 2 пит » 1 (9538 2.5. пиу 
14. Cosine 15. Zero 16. | х сов ЛБ dx 17. p[ Р sin SE ах 
18. § 10.3 19. Zero 20. a, = | fix) ах, а, = 2 | f(x) cos == = ЛХ dx 
21. 4 {sin x + Sin 8x | sin 5x , = 22. п 23. Zero 
п d 5 | 
24. 21 25. y (іу И Ip 26. False 
2 l4 п?л? 

21. —n/2 28. odd 29. Zero 30. 3.5855 

1 л? 
31. zero 32. — 1/2 33. 5 dn 34. T 


л 4|. Y 208: - l 4 28. 1l 1 
35. 2-3 feos x +-} cos ax + 4, cos 5x +.. 36. fix) = = + сов 2x + — cos 4x 


37. х2-х 38. x(l + x) 39. True 40. False 
41. False. 


Problems 11.1, page 429 





dx 


d”. dy _ 


2 
7. (52-25) ЕЗ +x2=0 


а?у 4 
4: 2 





1. NXa-x^))dü- 3?) «c 


4. (1 x?92 340 +y") =c 
7. х= 2 сову 


10. (1 – ау) (a + x) = cy 


13. у = іар! (х+у+1) + с 


15. x = совес (x + y + 1) – соё (х - y - 1) + с 


| E 1 
17. cos xy + — = с. 
2%? 





1. x(x? – Зу?) ze 
4. y+ Ja? + у?) zé 


7. y 2x tan“! (сх) 


2 2 


2 
2. 44 + 4y=0 
3 | 
5. 24 79 + бу = 0 
dy 
8.. ау = 
dr 


5. tany = c(1— e*) 
8. (x? + 1) (9? + D)-c 


11. (х+1) (2-е) =е 


d'y | dy " 
3. т +2. —xy=0 


6. 2x 2 +х2 у? = 0 


10. у” – Зу" + 3y' – у = 0. 


З. tan x ќап у= с 
6. 267 = e* +1 
9. 3e?* — 2e** + Sx? = c 


12. al [z-z-s]. + е. 
"Oe yee y 


14. tan (х + у) = вес (х+у) +х+с 


16. log sin (у — x)= 


Problems 11.3, page 432 


2. су! = x?e- х5 
5. у? = 2х[у + х log (сх)] 


B. 27 = у + с 


10. Іор х = 2 2-2 sin (22) +c 11. xy cos (y/x) = с. 





Problems 11.4, page 434 


JY - X 
1. (X? + 2Y?? = e| where X=x+1,Y=y-1 
Joy « X) y 


2. (y -x = с(у+х – 2) 
4. ах? + 2hxy + Бу? + 2дх + 


6. ху + 3 log (8x — 12у – 


3. (x + y) 
2fy +c = 0 


= с(х — у – 2/3) 
5. 3(2y —x) + log (8x + Зу + 4) = с 


‚12402 
2 


3. (х/у)? = 3 log cy 
6. х(с + у) = ау? 


2 
! NE n RR: d m 
9. logy- 453 (2106 2 +1) = 


5)-c 7. log(x «y + 1) + $(y-x) = с. 





l. y се {891 + tanx-1 


4. y coshx 2c + Z cosh? x 


7. y(1+sin x) = с — x?/2 


Problems 11.5, page 437 


2. y= log x + c/log x 
5. yy (1- x^) «аш х -с 


8. 2r sin” Ө + sinf Ө = с 


3. у sec? х = sec x – 2 
6. у= c(1- х) + (1 – x?) 


9. ус”! -2х-с 





10. х= у? + cy 11. х= ѕіп1у-1 + се" > 12. ху? = с еу 


18, xe" > = ќап! у +с 14. хе’ = с + tan у. 





Problems 11.6, page 439 


1. y 'seex = tanx 4c 2. l/r = ѕіп Ө + с cos Ө 3. х? + (4х°  c)y* = 0 

4. Пу =х? 2+ ce * #2 5. уё=х°+сх—-1 6. yix=logy +c 

7. sin y 2 (1 + x) (e* 4 c) 8. е**У = ze" +e 9. tan y =x? — 332 + 6x — 6 + ce 
10. cos y = cos x (sin x + c) 11. Vx = /уПов J'y + c) 12, у! = 5 log x + i + сх". 





Problems 11.7, page 442 





1. х? + у? — Заху zc 2. x* + 92у? —y* — 2a?x* — ору? & c 
| | 5 
3. x? — 6x?y — бху? + y? = с 4. A =a? у? + хуб + cos y =с 5. еу + y? =e 
6. x5 + x8y? — х2у3 _yS =e 7. x? + 8х?у? + уќ = с B. х2 — y? = cy? 
9. Зу cos 2x + бу + 2уї = c 10. e&*-secxtany + с 11. х? у + ху х tan у + tan y = с. 





Problems 11.8, page 445 





1. ах + tan! y/x zc 2. x^ + y? — 2а? tan“! (y/x) = с 3. y+ex+logx+1=0 


4. 3logx – (yix) = c 5. log (y/x) + 1x??-c 6. xy + log (x/y) - (Шу) = c 
7. (у + 2/у2)х + y? zc B. 4xiy + Ax? y^ - x*- c 9. 2cos (xy) - х? = с 
10. log (x/y) 2 c xy 11. (x/y) + е = с 12. 4(xy)!5 — 2 (xiy)? = C 


13. 4y log x = y? + с. 





Problems 11.9, page TH 

1. (x-y +c) (х? +у2+с) = 0 2. (2у-х +c) (у +x + се – 1) = 0 
3. х? + y? = ex 4. (у – сх) (у? x3? – с) = 0 

5. (y -c) (y + x? – е) (xy + cy + 1) = 0. 





Problems 11.10, page 448 


1. х+е= a log 25-1 ча tan ! р |» with the given relation 
2| "Xü 4 р?) 

2. ху = c?x*c 3. у= 24 (xc) + с? 4. 2су-с +1 

5. x = (log p -p +c) (p — 1)°, with the given relation 

6. x = sin p +c, with the given relation. 





Problems 11.11, page 449 


1. у= c(x— с)? 2. y? = 2ex + c? 


8. (у + ор) ( p -1) «a cosh p = c, with the given relation 
4. y - (1 + p*)'! = с, with the given relation. 








Probiems 11.12, 


age 450 


1. (i) Gen. sol. : y =cx + а/с? ; Singular sol. : Зах? = (Зас + х)? 
(ii) Gen. sol. : с = log (сх — y) ; Singular sol. : y = x(log x — 1) 


(iii) Gen. sol. y = cx + N(a?c? + b^) ; Singular sol. y + J1— x^ = 0 


Гэ 
(iv) Gen. sol. y = сх — sin! c ; Singular sol. y = d x -1 —sin ух -1 
x 


2. y = сх + (c — 2с?) 
4. (у= ex) (c € 1) c ac? = 0 


6. xy = cy —c* [Hint : Put u = у, р = xy] 





1. (1) 2. (ut) 


3. (y - cx) (c— 1) 5c 


5. y? = cx? + с? [Hint : Put x? = и, у? = v] 


Т. y*2 ex? — 


1-0) 





Problems 11.13, page 450 


4. (1) 5. log y + с = x*/2y* 


3. (иг) 

6. ух? =х3+с Т. ех + ху + су = 0. 8. (Ш) 9. х? + у? + 2tan! y/x = с 
10. logx + с = у3/3х3 11. (0) 12. y? + Ше + ce? =2 
13. y = сх + а/с? 14. с = log (ex — y) 15. ху=с or x*—y*-c 
16. 2 17. ху = с 18. (5) 19. (5) 
20. (1 + x78? + (1+у2)32 = с 21. y = be* 22. х+у=и 
23. x^ 24. $ 11.11 (3) 25. Sxty? + 2054+ y?) = с 
26. sin (y/x) = ex 27. (a) 28. (c) 29. х + у ау/ах = 0 
30. e* «2сову-с 31, (с) 32. False 33. False. 








Problems 12.1, page 454 


1. (1) 9y + 4x? = 0 ; (di) 3(x + Зу) = 2(1 — ез) 


3. rf +y? = ex 


Б. у? = 4x 
8. x = Зу? 
10. г? = а? sin 26 


4. 


у= (а — x") гем 


y = ае 
(1) rne- = с; 
с2х? = 9cy + 1 


(11) 


2. у+1 = дех |? 
2-5 
= ^C 
х 

T. у=ах+6 


г = а +b сов Ө 


19. r= ае со ч. 





1. 2x? + y?z c 

4. x^ +y? + Quy—c=0 
Т. r= b(cos Ө — sin Ө) 
10. r^nsin68-b 





5. 2Vu,/k 


Problems 12.2, page 457 


x? + 2y? = c? 


3. By? + 2x? = c? 


This system is self-orthogonal 6. г-с(1-сов0) 


г = 2b/(1-— cos Ө) 


x°+y*+ex+1=0 


9, г? = c? gin 20 
14. у = cx. 


10. у= (V150 — 0.0013282)? ; t, = 45 min. 1 sec., t, = 1 hr. 16 min. 51 sec., t, = 1 hr. 38 min. 13 sec 


11. 17 min. 4 sec. 














5. 
7. 





4. 


Problems 12.4, раде 455 





Problems 12.5, page 467 


. 52.5 mts 2. 48°C 


490,000 cal 5. 2.16 cm. 





Problems 12.6, page 469 


Problems 12.7, page 469 


6(1 — е7) 2. 54 ш 3. 90.25% 
у =ae™ 6. rectangular hyperbola 

The system is self-orthogonal 9. 2/5 /Е 
Sunil 12. (d) 13. (c) 

2.21 16. (с) 17. (с) 
False 20. True. 


Problems 13.1, page 474 





sin (04 + Ө) where Ө = cot! (RCo). 


4, 
Ч. 





. 0.0006931 sec 2. —10 (R sin t — L cos + Гев) 
І? + Б? 
i= 2 (1--е-39) 4, i= he С ЩИ 
5 | + R*C*o*) 


3. В drinks hotter coffee 








604.9 | 2. 2 log 3/log 2 
(1 – 1/p)*! times the original amount 4. 64.5 days 
21.5 gm 6. t= 300 — 51052 + 5 log 2-7 х 
5-х 
. 8 hr. 50 min. 16 вес 8. 100 (2— £779) 13.9 min. 


r(6—a)-c 
x*—y*zo 
2 log 3/log 2 


(4) 
(а) 


Z e sin 3t 2. у= ех (4 cos Зх — sin Зх) 

| | WX » Wax 
у= су + (6, + сх) e? 4. усет е? (о, cos YSE + сү sin X32) 
y = (сү + с„х + сүх) e 6. y = (с, + сх) cos 2x + (c, + c, x) sin 2x 
y = суе" + се? + е*® (с. cos x/ 2. + с, sin x/ 42 ) 


y = (с, + Сух) cos x + (c, + сүх) sin x + сре", 


Problems 13.2, page 486 


у= (с; cux) e™ + Зх? ез + 5 eL log 2 


2 Sess xy ££ 
¥ 5" (cos x + З sin x) — 35 5 


х=е* (су cos J2t + с, sin J2t)+ 1 (sin t — cos t) 


y-c,e* +e lo 59 sin 2x — cos 2x) 





З. х= с, cos nt + c, sin nt + on sin (mt + a) 





6. у = суе + се + zag (10 со8 5х — 11 эт 5х) + gg (sin x + 2 cos x) 


2 = 
TN = х_ a ас I _ 2 
7. y=e,+ le, + сах) е 5 + 50 cos 2x og Sin 2x 


B. y = (су + сх) е + 2+2 (2 віп 2х + cos 2x) 


9. у = (c, + c,x)e* + с. e + 5 (кез: — де") 10. у= се + се + 15 2x — 8x? 9x) 
11. у=с, + coe" + сех + xe* – (х? + x) – 2 віп х 


12. y= e*(c, cos 4x + с, sin 4x) + em + zzz (23 sin x + 6 cos x) + + dz gn 


13. y = (су + сүх) cos x + (cg + c x) sin x + x* — 24x? + 72 + m sin 4x — 2. sin 2x 
14. y 2c, е 7 + с.е — “үр” (cos 2x + 2 sin 2x) 


15. у=е- =? | су + x/4) cos (x4/3/2) + (с, + х/4-/3) sin (х,/8/2| + ex? | es cos ,/3x/2 + с, sin, /8х/2| 


i X 
16. y 2 e*(c, cos J2x +с„вїш 42x ) + zu sin x + 5 cos x). 





Зх 
бр u НУ 2-8. FL e 2 12 50 " 
18. y = с, сов Уй х +c, віп y2x + 11 ec. ЭРЭР (4 sin 2х — cos 2х) 
19. у= суе + се +c, cosx+e, а cosh х 


2х 
20. у= с + (с, +¢,x)e* + (2-18... 1 (3 8ш 2х + 4 сов 2х) 


21. y = c, cos 4х + с. sin 4x + +(x sin 8х-8 cos 3a ) 
PESE TS РИ: ЗИ 
22. y = (су * с.х) е + т совх + 20 1) sin x 


23. y = суе + с.е — ЯС sin x + cos x) + (xe*/12) (2х2 — 3x + 9) 


24. y c, * +c, 2 +c, er), е" 


25. y = c, cos ax + c, sin ax — 4. cos ах log (sec ах + tan ах). 


Problems 13.3, page 





1. у= (c, — x/a) cos ax + [с„ + (1/a?) log sin ax] sin ах 
2. у= су cosx + c, sin х + cos x log (cos x) + x sin x 
З. y 2 c, cos x + C, sin x — cos x log (sec x + tan x) 
| 2 
4. y =C] COS X +C, sin x + 5 sin x — = cosx б. у = (с, + сх) e* + хє" log x 
6. y = (ет + e?) log (1 + &) + (с, — 1 —x) e + (с.-х) е? 
Т. y= e (с, cos x + с, sin x) —e* cos x log (sec x + tan x) 


8. у= с; + cg? — е sin x 9. у-с, cos x + c, Sin x + sin x log (1 + sin x)—x cosx-—1 


10. y =c] e +c, е + 5 (x? + 3x + 3.5 — 2xe*) 11. y=c, cosx +c, sinx—x sinr 





12. y = c,e^ + c,e™ +xe% + 1 (sin + cos x) 13. y = сүй + ce — 5 (2x + 1) — тс (cos. x + 3 sin x) 
14. y =e (c, cos J2x +c, sin J2x)+ 57 (9х3 18x" + бх — 8) + 4 (cos x — sin x) 


15. y =c, + се — ze sin x. 


Problems 13.4, page 495 





4 
1. у= сух? + c,x? — x? log х 2. y=oc, x*+e,x%7 + = log x 
3. у = (с, +c, log x) x? + 1 + 2х + 1х2 (log х)? 
4. у= сух? сүх z- Шх) log x 5. u= AP (a? — r2) 
i w 1 3 
6. cx! + cux + glegx—- 4 


7. y cu! х le, сов [( /3/2) log x] + c4 sin [( 43/2 ) log xl} + Lx + log х 


8. y 2 cx? + xlc, cos ( /3 log x) + су sin (./3 log x)| + 8 cos (log x) — sin (log х) 
9. у= сух! + (с, cos (log x) + c, sin (log x)] x + 5х + 10 log х/х 





11. y 2 x-*(c, + c, log x) + Хор x-— 2) 


1f _ 1 NOCERE : 
10. у- z(e + Cy log x) + = x 


| x 
l-x 


12. у= сух + cux + © log (7 log x — 2) 


+ J57 


13. у-с((2х +3} +с.(2х + 3)^ — 2 (2x + 3) + 4 where a, b = 3 1 
14. y =c,(x—1) + cx — 1* + е, (х – 1k + log (x + 1) +1 
15. у = c, cos log (1 + x) + c, sin log (1 + x) — £ sin [2 log (1 + x)] 


16. y c,(3x + 2)5 + c, (3x + 2)! + d; ae + 2)? + (Bx + 2) - т 


Problems 13.6, раде 499 





1. х= (су + сох) е? ; у = [(1 — 2x) (c, — 2c,)] e™ 
2. x= +e! у= е7 е + віп ё d. x=c,e'+c,6° бей iy mcr 5 -сү, + бей 
4. x — et (с, сов £ c, sin t), y 2 е (c, — с„) cos £ + (c, + c4) sin t] 


5. x= Let + $e — c, sin 2t + с, cos 2t, y = Фе + е! + сү сов 21 +c, sin 2t 


+7 E 2 13 | “ы 4А. ЗЕ 12 
6. х= if ais 27 yore — ‚е eS ЭРЧ ЭНН Е 
| сац Mi is 95°? “1 cg 7 5 25 
ы B. у= сех + coe + Qe, 2 = Зсүе* + 2с,е + Зе* 


8. х= суе + с.е — 1 (cos t — 2 sin t); у = 2c,e"* — 2c,e?! + E (sin t+ 2 cos t) 


= H- 1), «di. | 1) 
11. х= суе + coe" — = (cos ё – 2 віп t), y = 2c,e* — 26,6% + 2 cos É + > sin t 


12. x (сү + ¢,t) et + (ce, «с,06,ул- 5 lc, +c, (1 + 0] e^t + 2 le, (1-0 — eyle" 





| 2 А t Ё e. 
13. x 2c,e' + ce! + c, cost c, sint — 4 00884 д sint 


| ? халил s | 
у=-—се' се‘ +c cost +c, sin t+ 10240 (sin t — cos t) 





Problems 13.7, рг 


1. у= суе + се“ + с; cos ax + c, sin ax 


2. — 55 (3 sin 2x 4.4 cos 2x) 3. 1/6 4. Xx —1) 
5. (5) 6. y=c, + (c, сүх +c, x?) e* 7. (a) 
B. y =e" (c, + сох) cos 2х + (с. + сүх) sin 2x 9. y=cosx+2sinx 
10. (iz) 11. у= (су +c, x) cos x + (с, +c, x) sin x 
12. i cosh 3x 13. y - a log x + 6 
14. у= (c, + c, x) poa (сз + сое“ 15. exe 
16. ie 17. sin 2x 18. 2 х2 e^ 
19. y = (c, +c, x) e ?? + с. 20. (c) 21. (a) 
2 
22. хе! 23. E + Ty = 2e. 24. (c) 
at 
27. у= (с +c, logx) x 28. x!y, + xy, — y = 0 29. = log 2 
ЗО. е! 31. (4) 
32. y 2c,e* + gem + c, ema 33. Фу 3 +2 
S. d 
34. $3 , 9" =0 35. False 36. False 
dx dx 


Problems 14.1, page 506 





1. 38 sec 4. х ие" sin [nt V(1 А?) | 
n1 — А? 
6. It must be shortened by 1/8640 of its length 
7. It must be increased by 0.0074 ft./sec* 8. 
hs, -8-3, | 
9. k?»4u,0— де 5 +с„е 2 wheredA= (57 — 4u) 
Е? = 4, 8 = (c, + c,t) e? 











10. х= Žo (sin nt —n cos nt). 
2n 


4321/4319 











Problems 14.2, 


2. 1Я. ; 1/242 вес; 4-/2 ft/sec 4. ш 
5. x=e™ [cos J220t + (5/4220) sin 4220 {| ‚ 6. 0.45 sec. ; 1.15 sec 


8. x — 10 2+ _ Ты _ N2 sin (эг + x x s sec., 9/27 cycles/sec 
9. 0.8 (2 sin 4t — At) 
10. (i) x =Ae™ cos L V(b? — А?) + B} + le "t/(52 + k? — п?) sin nt 





Problems 14.3, p 


41.-СЕ" 
2. i-Isin (T/J LC) 3. i= 2Ehe-FT'L sin (kt/2L), where А = (“= | 


4. R? > 4L/C for over damping ; В? = 4L/C for critical damping ; R^ < AL/C for under damping ; critical 


resistance = 2 JL/(C 
Б. q =e" (0.002 cos 1323¢ + 0.0008 sin 13237) 


8. (i) i=Ae™ cosh (Bt + y) ; (ii) i = Ae™ cos (Bt + y) + = cos ф sin (pi 4-0) 


21, 


| R (кү 1 " 
where a= – —, В = *4| — “ҮГ and ф = tan`! ((1 — CLp*VCRp]. 


TA 


























. wl nl nl) wl пм ш, 
6. y= 7 In sin nx — Í cos nx + 1 — x] 7. ELIA 
B. E (sech $ вес al 

2a 





Probiems 14.5, 





. 2usina и’вт2а 4, 2u* sin(a—B)cosa ... и? 
1. ын Ш о 2. (i) “вов (006 * (шї) E(1* sin 8) 
| | 2 _ E Ex a Emil лэх a 22 
4. 4х2 + b?,? = 4 5. i PET pt, is $4977 pt. 
. , E(2 1 рир 1 зве \.; _ E(1 1 ва, 1 amr) 
6. г, = 8(2- “эс -69 ; 2 = Ri3 g* Ms | 


7. x =a(nt — sin nt), y = all — cos nt) 


8. х= 7 (1-00 ot) у = 7 = Ha - sin wt), where @ = eH/m. 


1 Problems 14.6, page 529 





5. (5) 6. (5) T. (b) B. 60 sec 
9. 30/xJLC 10. 0.0074 sec 1l. resonance 12. EI 25 - Ру = zc — Ix) 
dy 


-0 


13. ул 0 and = 
T dx 





4 „з 
11 
1. у= – х? sin x — 4x cos x сүх +С, ys Ци? + сүх? Бах + Сз 














1. 2(y/4—1)2 x 2. ү(у2 -8y) + 4 cosh 21у – 1) = 3x 


3. ао sinh smh ——_—_—— ——————— 
r o С Ч JG? - ae?) 


dd 


Problems 15.3 page 534 _ 








1. у=су—х?°—с„/х 2. у=с,х+ (с? + 1) log (х—с,) + c; 


3. 15c?y = 4(сух + а?) + cix + Cy 4. x? 4 y? = 
"тү... pew VENERE : он US = unn 
5. 8- “log [1.4 Pt | 6. v= х ел Ugla те 








Problems 15.4, page 536 _ 





1. у= 2х - 2 log (1-69) + с, 2. y? 2 x? + сух + 65 
3. logy = суе" + c,e* 4. (logy – 10сух +с,) = 1 
5. (x-a)? + y? = с, circles whose centres аге on the x-axis. 





Problems 15.5, раде 537 


1. y= e* (сух + со) 2. y = (х? — x + сух)ех + сох 
3. y = e*(c, log x +x * cy) 4. су= 1+ (А – х) cot x 


5. у= la - 5008 x — =с; ‚е ?*(cos x + 2 sin ole 





Problems 15.6, Page 539 


1. y =c, cos (sin x) + c, sin (sin x) 2. y 2c, сов (1/х) + с, sin (1/х) 
3. y=c,e' + c,e* — t where t= cos x 4. y = c, cos (2 tan"! x) + c, sin (2 tan"! x) 


5. y mp, dein x + Сре Vine + sin? x. 


Problems 15.7, page 540 





1. nx — lz = c(mz — пу) 2. x? + y? +22 = cx З. xy? = cz? 
4. x^ y^ xz = cz 5. у(х +2) = c(x +y +z) 6. x+y +z + log (xyz) = c. 





Problems 15.8, раде 541 _ 





x-y 2-х 





1. x? -y? =e), x7—2* -с, 2. lx+ my + nz сүх жу +2? =с, 8. — 
| ye У- 
4. х? -y - 2xy 2c,, x*-y*-z*=c, B. хуг =c,, x^ & y? +2? = с, 6. y cuz, х? ку? +2? = c6. 





Problems 16.1, page 544 


РЕР РЕ Am 
= Y= t a шин 
x* x? xl? 
Ёл ШАС. oec rm EAE 
y «| 4-3 ' 8.7.4.8 12.11.8.7.4.3 
—-———— — ны, 
A" p* 5.4 S-B-5.4 18:12:9-8-5-4 
X x A А х x 
. = аа gri ад eee ТҮТТҮ | SS ae T Ee rege ir ЭР Bgm 
a «|! 9 2-4 2-4-6 wes 3 3-5 3-5-7 | 
Ба ox x | 2 x* xÜ Baf 
4. у= 4 + 5х — 40 – = а —...... 5. уна 8 ^16 1958 ^" + Сүх 
6. у= ay(1—- x^ t ix! -1x" +......) + аух. 














| мм. ( 35 | 

1. у = c cos ух + c; sin yx 2. y= ®[1-э5+® aru )+«[«- + ЖЕТА 
8. у= (с; хогны НЕ В. et. — 26. | x + t- (1+1)х* + : (1-4-41)х +...... 
(207^ "(ap gy = (31723 | 


4. y 2 e, 0 +х + x7/A  x/A T +...) + cux + 4х+х2/3.6+23/3.6.9+...) 


5. y= a [1- 2x Fa? - ia а Jea[» log x + ap [3s = Px" + 


| : | : 
бусад 1626205-| сөн зай «+. | 


Ти 2 
= kx x x X 
Ч. y 2 сүх it 520775 оа y 
+ Cy Yx(x4-x*/2.34 x*/2.4.3.7 4 39/2.4.6.3. 7.1] +...) 
2 ай | 
в. y= ava- +|- ini a ж, > 


ebuzzpro.blogspot.com 





9. y = all- 2x e 1x? +...) + a x' (1 - 2x - 3x? —4х +...) 
35 13 4. 125 5. 
Е" Там Sis Te | 





10. y= а [1+3 +5" ien сай" (1+ 


кч 





Problems 16.4, pa 
1. y = eyed (х) + cJ uix) 2. у=с (х) + cu „„(х) 


3. y = x"[c,J, (kx) + cay, (kx)] where n = ;a- о.) 


4. y = xle,J,(2x) + c, Y,(2x)] 5. у- — + cox x Y (2 x) 
€ 9 

1. у= с Уха, (х) + eo JE. ux) 11. x?- 2, ai Fie Jia.) en J, (30, ) — 2/»(2о.„)) 
n- n 








e UNS 4 2 7 
"mE: 47 | .. 8 6, 2 34 224 
(80 55-45.5-55 +4 (iv) Р, + Р-Р + В a 
9. (0/(х)- anes = AC) 2325 += = PG); 
40 
(i) Р(х) = Z ha- zRG- ap PU * x = PG) + az PG). 





Problems 16.6, page 572. 














1. x3 = 4 Gn + Ту) . 





Problems 16.7, раде 575 


1. у(х) = sin nx, n = 1,2,... 2. у,(х) = sin [(2n + Плх/2Н, п = 0, 1, 2, ... 
3. y,(x) = cos nx, n = 0, 1, 2, ... 4. 1, sin x, cos x, sin 2х, cos 2x, ... 


5. y,(x) = sin (сл +1) Slog | x Ї п =0, 1,2, ... 


6. [key] + ne? у= 0, p(x) = e* 7. [e * Уу] + 2ne* y =0, р(х) = "ныг 


ШИГ 16.8, раде 575 





1 : 2 
1. z (10 - 9P, + 8P,) ‚ A(2/ nx) cos х 3. (2л +1) 
4. тего 5. zero 6. J (x)= 259, 4100) + JJ 
т. (7,0007, Вах =0 а. в 9. JOm sin x 
* | “л Ox n X = = dx? dx ху — а JA TOC) Sin x 


„_1(%)) 





2=px+qy +р? +9? 
р +9 = рх + ду 


xyr = 2 (рх + qy – 22) 


sh N 


‚ р(х — 22) + 9(22 y) =y-=x 


log x + axy + ф(х) + wily) 


u=—e sin x + ф(х) + wit) 
= =е* cosh у + &* sinh x 





x? + y* 22 = f(x y +2) 
х? + y? = Р(у? — yz) 


1 
11. 
2 


14. P 


14. 


17. нк UU 
r 


20. (у – 2)р + (2 – х) = х – у. 


Problems 17.2, 


2. Ух – Му = Рх – Уә) 
[cos (x + y) + sin (x + у) = |z ЧЕ 


7. x log (х + у) 2 = Р(х + у) 


10. x+y Ein S 
13. ф(у/2, x? 








(1 = 2xt + № = -Ү t" P, (x) 
n=O 


Problems 17.1, pac 


zp? + д? + 1) = с? 
2р? + д? + 1) = 9 
qx -ру = х + у 


1 
2 = Gry + хў (у) + e) 
z = f (x) + хф(у) + why) — 35 sin (2х + Зу) 


„ ® = их +e" cos x. 





22. True 23. True 
28. (iii) 29. (iii) 
34. (iii) 35. (10) 





3. р? + д? = tan* a 
6. py -qx = 0 
B. xys = px + ру —z 


12. x(y —z)p + wWlz—x)q =2(x — y) 


18. д?г _ эй. д?г 


ax ар ах 








3. x? - y? + 22 - f(x y * z) 


Б. x? — у? = (y? — г?) 


8. x? + y? + 22 = [log (ху! 


11. (x? + у? + 27, xyz) = 0 
14. x? + y? + 2? =f (y?— 2yz —27) 





Problems 17.4, page 587. 


1. 2 = ах — ayl +а) + Б 2. 2=ах + (1 а?)у+с 3. 42(1 + a?) = (x + ay + Б)? 
4. (1-а * az) = (x + ay + Б)? 5. 22 = ау? — [а/а  1)]x? + b 6. z = а(х — y) — (cos + cos y) + b 
7. &2= (х + аў + (у+а)?+Ь — 8.3z2-(x «af + (у –ађ «b 


= 2 
Ма? на?) уу а”) _ © cosh +b 


9 
9. z- “© 4-3 
jn a 2 2 


1 
10. z= ax + by + sin (a + b) 11. z= в (2х +а)? +а?у+Ь 12. z-ax + by — 2V(ab) 
13. = = аху + a*(x + y) + Б. 


Problems 17.5, pac 





1. z= {У(ах) + V(b+ yY +a) 2. 2 = ах?у!%® 


2 


d. Zaliya —4a* = а? log (2 + V2? —4a* J- 2ах + 2y+b 


d. log (2 -—ax)=y—a log(a+y)+6 5. 2 (z-a- b) - Vax +--у+с 
Га 


6. = = axe — ia?e ?" 4 b. 


Problems 17.6, page 595 








1. 2 2 fiy) + fy + 2х) + xf y + 2x) 2. г=/(у—х) + fy + 2x) + xf y + 2x) + ES 
3. z =f (œ + y) + хф + у) + f xe 4. 2= fiy + x) + zf y +x) + [у + 2x) — e? *? 

5. z=f,\0 + x) e xf y + x) —sinx 6. y =f, (x — at) + f(x + at) - oy sim pt 

7. ——— Á cos явдаг 

B. fi(y x) +f, — 2x) + fy + Зх) + тє = sin (x + 2y) 4 =x 

9. z= = fly хэд + fy + Эх + Tet мин 

10. z =f,(y) + £y +x) + 4 (sin x cos 2y + 2 cos х sin 2y) 

11. == fiy) + fy +x) + 5 [sin (х + 2y) + cos (x  2y)] - & [sin (х — 2y) + cos (x — Зул 

12. 2 - fiy + х) +f, – х) + од € "sin (x + 2y) — 2 cos (x  2y)] 

13. z = [(у – x) + (у — 2x) + Ax?y — 3x4 14. z - (у —x) + xf y —x) + = (xt — Quy + 2x?y2) 
15. z= fi- x) + fO + 2x) + уе” 16. z = fi(y - x) + xf, —x) + fly + x) + < (cos 2y + 2 sin 2y) 


17. 2=А бу’ —x) + xf,(y — x) +x sin y. 





Problems 17.7, page 597 


хе * 


2 
2. z = e'i (y — x) + eo, (y — 2x) + x + 2y + 6 


1. z-e* $6) + е*ф(у — х) – 





б. 2 =еф 0) + e "eux + у) + 1 сов (x + 2y) 


2. z =e, (y + х) + е o y +x) + tea 
4. 2= (у) + e? f y +x) + ix -x* + ху? +6x 


6. 2-/((х)-е9/,2у-х)- 2 [4 cos (3x — 2y) + 3 sin (3x — 2у)] 





Problems 17.8, page 598 


1. z= ф(х) + plx +y + 2) 
3. z= ф,(ху2) + duy) 
5. y = , (2) + ephe) 


2. z=, (у + sin x) + ф(у — sin x) 
4. г = ф,(у/х) + ф„(х? + у?) + ху 
6. у=фх+у+г)+хф(х+ yz). 





Problems 17.9, pag 


1. order two & degree two 2. z=f\ly + 2х) + 2f,(y + 2х) 3. z =- x" sin xy + yf (x) + ф(х) 

4. x? - y? 42% =f (x+y +) 5. -gsin (x+y) 6. xp + yq =z 

Ў: ала Фа ey de 8. Jx — Jy = f (6/x — Vz) 9. xlog(x+y)=2+4f(x+y) 
10. First 11. = = 2x + y log x + f (xy) 12. dz/dx =dz/dy 
13. 2 = f) + fy +x) fy + 2х) 14. yp =g? 15. u= | FO) dy + eo 

| 1 | | | 

16. с-1 17. и = gayta on) + oy) 18. fj(y +x) + fly + бх) 
19. (tv) 20. (її!) 21. (zu) 22. (11) 23. (ii) 24. (iv) 
25. (iv) 26. (1) 27. False 28. False 29. True 30. True 
31. False. 





Problems 18.1, page 601 


1. z= cet о 38у" 2 и = се У- х) 3. i = Ве-!2х-Зу 
4. и = 3e*-» — ех – 5 Б. и = 3g 9x - ЗУ + де-—Зх-2у 6. и= -sinh Мх +е ЗУ gin x, 


Problems 18.2, page 610 





2 p! Р 2 
a, = 7 |, ГОО sin а,Ь, = с 


4 y= S (sin 7 QUE X ORE RR as 
у т? | П ш оц Ї 








! ! 
f, gx) sin “ах 


І 








б. у(х,1)- 


ef. sin Ж ыш P4 L ei Зпх . Злаё 
ar 1 33 | r= 


7. (D yix, Ð = а(х — x? — с?Р); (ii) у(х, 0 = E — cos 2лх cos 2nct). 


Problems 18.3, 





1. u(x,t) = 2283 | eD -(2n«Den/ 1004 Сүү (2n + Юлх 





Ao (2п + 12 ~ 100 
2. | s sin x gps 8: stis =) 401, (56 | 2 — 
4. u(x, t) 2 — 3x + 90 > c = sin ip EE „-“"®/5% 
b. u(x,t) = 5 - zi um. T TOR pe | е-(2н-1Р eer / 25 
6. u(x,t) = 50— EI Gu ” (2л шулж e cr (2л-181/ 2500 
7. O= 498 чаи cos = = = cus sre + e mm M oin Tx = coe 


8. V= Уе ^ /2** sin [nt —V(n/2k) x]. 


Problems 18.4, page 623 





тэгээ ‚ың nc Dux |) @- ny 
8 «= sin nx sinh n(x — y 3200 «= 20 20 
m= НИ 5. ера SS ——À — ———3— 
Р а. n(n? — 4) sinh nx шинийг DI (2n — 1 sinh (2n — Dr 








“л” sin (21-10 _ 32004 ( г "^ віп (2n- 8 
c 2 2, 10 "(9n-1P о 


(2n —1y 





| (n _4п A án 2 ор г 4п | | . 
3. u(r, л) = 2 5, р MC M C S ыы у HH (1— cos лл) sin 4n8 





6. u(r, 0) = (= Le my 7. u(r, 0) = 4 cos Ө (г — l/r) + 4 sin 6 (r + Ir). 





Problems 18.6, page 630 


= Jala ) | 
1. u= — = cos o,f Jar). 
2. 2 Ji) ” = 


e= бу Bini —- 





== (S) cos sin М 





Problems 18.7, page 634 





sin ЭР exp (-n?r?t / ВСР) 


Nd 
_ 200-x) x), „= 
= 20. ES „ити, а, ре 
"RR ан, : exp (-n*r^t / ЕСІ?) 


v = Vy cos e |. 


Problems 18.9, page 638 





13. 


15. 
16. 
18. 
20. 


ou c9. 9?i a?i 
o^ а’ а? 


If u(x, t) is the temperature, then temperature gradient at a point is ди/дх for all t. 


elliptic 


y0, В = 0, y, t) = 0, EJ -0 
9 о 


5. д?у/Әг? = с?д?у/дх? 
7. parabolic partial differential equation 


9. y= хук (23 — у, 5<х<1 


l 


11. zero 


u(0, y) = 0, vla, у) = 0,0 < y «a; и (х, 0) = 0 for all ¢ and u (х, а) = и for0O<x<a 


du (0, t) 
dx 
ди _ 2 | Pu 
at dx” 
u(x) =x? + 20 
и = Ве-12х - Зу 


дий, t) 


= 0 for allt 





14. у(х, t) = fx + ct) + Ax — ct 


r“ 
+ 5 where с? is the diffusivity 


17. § 18.8-(6), (7), (8) 
19. 2 = 4е3х +! 


a? (= k/sp) is called the diffusivity of the substance (cm?/sec) 


2.21 Е 


23.5 18.7 — (3), (4), (5) 


22. u(x, t) = У b, sin BEE оёти 


nel 


25. False. 


Problems 19.1, page 646 





D JE (cos € 4 sin €) cos (®—®). Gi) — 8i/2 
1. (1) V (cos € + sin 8 ) cos (3 “| (ii) — 825 


o. 
9. 


=F 
х? + y*—2x41 


A circle: centre (-1, 1) radius /2 
-240.51- i8 


3. х=+ 1.5,у= +2 


8.-1-1/3,-1-1/3,1-143:443 


10. —1-в, 4 2(x sin 15° + i cos 15°), ү Z(T cos 15° +i sin 15°) 


11. (1) Annular region between the circles of radii 2 and 4 with centre (— 3, 0) including boundary of inner 
circle; (ii) Region of complex plane above the line y = 2; (iii) Infinite region bounded by the lines Ө = 7/3 and 
Ө = 1/2; (iv) Real axis and region above it between x = + 2 
13. (0) Ellipse with foci at z = + 1 and major for axis = 3 
(11) (a) Right bisector of the line joining = = 3 and z = — 1; 
(b) Circle through the points z = 3 and z = — 1, 


14. (i) Right bisector of the points 0 and 2; (ii) Circle through the points 4 and 3 





15. (i) A straight line; (ii) Circle with centre (1, 1/2) and radius 45/2. 





Problems 1 9.2, nage 650 


Б. 4mn/n(n + 1) 7. 2° ** gir" ыы 


Problems 19.3. раде ЕЕ 





= 


. (i) (2)! [0.98 + 1(0.195)]6; (2)! [- 0.195 + i (0.98)] 


án + З 


(ii) (9)15 cos п, where n = 0, 1, 2, 3, 4; (iii) + 24/2 





(iv) 2*9 cos rr/9, where г = 1, 7 or 13 

3. +i 1(V3xi), 1 (- 3 i) 

5. (1) 1,—1, cos (+ 71/5), cos (+ 31/5) 
(Gi) -1,1(1xi/8), £a «0/42, (C1 0/2 
шаг Ses 1, cos (+ =), cos (+ 45), 


47 207 5 ) 5 
(iv) cos (Zn + 19/6, where n = 0, 1, 2, 3, 4, 5; 2 (2m + 11/3, where т = 0, 1,2 


6. (—1+ iV 2, (1 - iy J2 


Т. 51,521, (cos Л + i sin к |, = (eos Та isin z); Last four values 


9. x!4x?—2x—1-2 0. 


БЕ 





Problems 19.4, page 655 


1. 32 cos? Ө — 24 cos? 0 + 6 cos Ө 
13. — (2)! (sin 128 — 2 sin 108 — 4 sin 80 + 10 sin 60 + 5 sin 40 — 20 sin 20) 
14. sin® 6 =A sin 8 — B sin 30 + C sin 50. 


Probiems 19.5, page 661 





1. (i) e" cos 2xy, 6577 sin 2xy (ii) ie®, (iii) е16 сов ЗО, е16 sin 30 
б. (рд — p'aXar' -ФӨР = ро —р'д)# + (ar – a'r lpr’ — p'r} 

10. бү (cosh ТӨ + 7 cosh БӨ + 21 cosh 30 + 35 cosh Ө) 

17. - log? 18. =" 13/12. 





Problems 19.6, 664 _ 





T L 1+ эп ө = 1 
10 +7 4 198 1 = g according as cos 0 is + ve or ve 


11. sin” (sin 6) +i log [уа + sin Ө) — Jsin Ө |. 


Problems 19.7, page 667 





1. (i) log, 10 +: (ап! (4/3) = 2пл]; (ii) log, 1 + (п + 2лл) 
4. (i) Ме U^-3" (2n -1yn.log V2; 00 e" 9, (nx / 4) log, 2 





9. l(cos 2x + cosh 2y)] — i tan"! (tan x tanh y) 
10. (i) 2nn+ilog(2+ 3); (ii) — 11083 + (п + Lim. 





Problems 19.8, page 669 


1. efi 0 cos 0 соб (0 + sin? Ө) 
2. sin x cos (cos B) cosh (sin В) — cos а sin (cos B) sinh (sin В) 





З. tan`! ИП except when x = 1 and a= (2л + Пл 4, log (2 cos 0/2) 
1+х cosa 
5. — Кап”! (cos В cosech a) 6. i tan! er 
-c 
7. (2 сов Ө) -12 cos 0/2 В. sin 101—0 (5 віп wey 
е n-lq).. лр B citas loi Diem sid 
9. sin | a+ - В | sin — cosec = 10; ——— ——«# 
| 2 2 2 sink 
Шин 
11, Sin (cos a — sin о) $n 1— x cos Ө — х" cos n0 + х"*" cos n- 10 
" 1 — ва 204 sin? а Е 1— 2x cos 6 + x” | 





2. 0.053 radians 8. 1°59’ 4. 39.7. 





1. (5) 2. (c) 3. (b) 4. (c) 
5. (5) 6. (4) 7. odd 8. 32 cos? Ө— 48 cos* Ө + 18 cos* 6-1 
9. 61 - 2i) 10. 2i sin n6 11. dz(-6 17) 12. cosh x cosy 
: i: oz | i | -niia | 
13. 19 radians 14. 1 15. —cos x sinh у 16. е 17.0+B+y7 
18. 2i nn 19. real 20. sinh $ 21. sinh 24/(cosh 20 + cosh 20) 
22. 16 cos? о — 20 cos? о + 5 cos а 23. an equilateral 24. n/2 
25. x=+1y=-4. 26. a circle 21. True 28. True 
29. True 30. True 31. False 32. True 


33. False. 





Problems 20.1, pac 


4.a=1,6=-6,c=ld=2,e=4 


6. 


(г) and (11) Not analytic. (iii) Analytic 


Т. р = — 1 
11 & 12. fiz) is not analytic at origin although C-R equations are satisfied there 


14, 
15. 


(1) 23 + 32? + 1 + ic ; (ti) cos z ; (itt) log z ; (iv) t/z ; (vU) ег + i(c—2) ; (vi) ze™ + іс; (vii) z sin z ; (viii) x*e7 + ic 


(Е) (1 +12 +c; (ti) cosz + с; (iHi) е; (iv) ze~ 40:(0) 1 + ге °; (017) (2 cos x cosh yY(cos 2x + cosh Зу! 


ОА) == i23; (ii) Re) = 3 - cot =] ii) Ми ї Ё sje 





5 
y-d2xy^—x?-c 
2 tan! (y/x) ; 2logz + с 20. v - C —e?9 cos (x? -y2) ; fia) = C ёе 
(i) x4 — бх2у2 + yi 2c (it) x* - y? + 2e* sin y =c (Hi) r*sin 20 = c' 


(1) х/(х® + y?) ; G1) $ log (x? + у?) 
(D a (1 + cos 8 + i sin Ө log г); (D (г + 1/r) cos Ө + (r — №) sin 8+ с 
— 2 tan! [(y — 2V(x — 1)], 2i log (z — 1 — 2i). 


“Problems 20.2, page 687 





3. w = (21 — 6zV(iz — 3); fixed points 2 = i, 21 ; no critical points 
— (20 + 181) — (32 + 1202 
“^^ (29-170)-1(11-302 
B. Gow о, Uus Ес ВИ ик, 


27+ (L+ iz 


Problems 20.3, page 692 





10. 


(i) Kw) > 0 ; (ii) Region bounded by the parabolas v? = 4(1 + и); and и? = 1 — 2v ; (iii) Region bounded by 


parabolas v? = Я + u, u? = 4(1 + и) ; (iv) Region boundary p = 2 Jp cos 5 + 3. 


ш = 26 


Lines parallel to x and у axes шар into two families of rectangular hyperbolas in the w-plane which cut 
each other at right angles. Lines parallel to и and v axes map into two families of parabolas іп the z plane 
which cut each other orthogonally. It is conformal at z = 0 

(a) Line 40 +1=0 

(b) Every circle through the origin (z = 0) transforms into a st. line not passing through the origin (ш = 0). 
If a line passes through z = 0, its image is a line through ш = 0. (b) Circle with centre (1/2, 1/2) and radius 
(1 42 ) (c) Lemniscate р? = cos 20 

z=+a 11. See § 20.10 (3) 14. See § 20.10(4). 





Problems 20.4, page 694 


z = cosh ш 3. w=sinz 4. ш = log z. 





Problems 20.5, page 696 


(a) (5 — i V6 (b) (5 + 16 2. (1) 4 + (25/3) ; Ui) 4 + Be 3. 1 (64i - 103) 


(i) i; (i) 2i ; (iii) 0 7. (a) iG 1, (b) t (5—3) 9. (i) 2:00-4. 





Problems 20.6, page 702 


1. (2) 0; (i) 2m 2. 0 3. (a) zero ; (b) zero 
4. (1) 5m ; (п) mi/2 (їг) Ат B. (a) — 10 zi (b) Элте 6. (1) 4ri ; (it) Zrie^! ; (iti) — лі 
7. (1) Sra ; (ii) O B. (1) O ; (er) 2706 + 138); (и) 127и 9. zero. 





Problems 20.7, page 70 


1. У (-I"*! næ- 1)" ; Convgt. т |z- 1| «1 


nel 
2. (г) = 2+ x (2+0- zz +1) +....... Region of convergence is |2 4 i| <1 
& © 1(@@-1)- ort? ўч л (2—1 —...... GI) — (г — n/2) + (г — 1/2)3/3! — (г — п/9)5/5! + ... 


ы 


(iit) (a) Az) = — 5 2 (z +1)" э) in the region |2 +1| < 1. Also, (2+1) < 4 


О 
afa =-5 (5 | “ЭХ 


A= 








Ч in the region |-1| < 2. Also |z- 1|<3 








4. (1) T — Ф m Pp ee re i 
0 2+1 (2+1) (2+1) 2 92 23 


BS lg ES 3.4 1l tn Сер) 
(1) --14-4Ф-54-4|- -=+—-...|: (ш) — 55-1) 7 3»---- 
42 E " z + 2? + - 12 1-3 3° 9 | га 56 gn*l 


| "uw or 3 
1 1 1 tagjoy (2-1) ы 














Б. (De (2-1)? +(z-1)" t3 3 G-Ded (2-17 * 
| | 2 3.2 
(ii) eXz — 17-3 + 9052 — 1)-2 + 2042 — 1)-1 + = Be буга: 
Е мэн эв 221—5 
6. (i) Ус ~1)""'n.(z-1)-" for |г-1| > 1. GD — 2. и сіЯ 
: 3 2, 2 o 8 22 2 | 
Тт. (0) 1+ 1-- Seg ae аы ee о. 
о-в g(t Get] 
0008 3 3? 1 2+2 „(2+2 (= + 2) 
(a) —zt-— -0- ЛЖ + | +... 
Ч) 242 (4422 (т+2йЙ tue E 5? 5 | 
ns gn Т. Ө ав. 81 5 7 2-3 52-3)? 72-3)? 
(iii) (a) E LOL X Жонн (5) Xz-35 15-23 442 + ва "v 
= 18:91 sum AX wd x Ш 1 3 
B. (a) 4 16 645 —— II : (b) Е 3 4 16 64° е 3 > T ес 


9. 2 = 0, 2 = 2 аге the isolated singularities 10. z= 0 is an isolated essential singularity 
11. 2 = 0, is a non-isolated essential singularity 
12. 2 = lisa pole of order 2 13. 2 = lis a pole of order 4 
14. 2 = а is a double pole and z = 0, + 1, + 2, ....... are simple poles. 


Problems 20.8, 715 





i, = ; — 2 + 3t + Art? +... wheret=z—i;-—1 





11. 





(i) 3e/2; (ii) Res (z = – аі/?) 
(i) Res 10) = — 1/2, Res f(2) = 21; 








Е 1+ 2i 2i—1 
(ii) Res 1—1) = 0, Res fü) = арыг Вев/-0 = эт 
3 - an. 248 aug aw = 


(1) Res ДО) =— 4/3; (at) Res fli) = lel ; Res Д-т) = ie ; (att) — i 7/4, Res finn) = 1, п an integer. 
(00; (т) 16m/(2 + 3r) 
ый 
(1) ж (11) 0: (111) ind 7. (0m ; (it) 1/2 (3 + 21), (tii) zero. 
(1) 2x ; (ii) пе; (zit) 1/16 








Zi 
(i) —2ni; (109 8ni/3e?; (üi) T : (ф) SE ie -2 
(i) TE » кв. ба 
. i... 1l 17208127 | ТЕ: : 
xi 1a. s 360 151868 "U^ 3° 





_ Problems 20.10, page 72 


. (i) 2. (iii) 3. (a) 4. (ид) 5. (rt) 6. (ii) 


1 
T. (и) B. (їл) 9. (111) 10. (zi) 11. (т) 12. (1) 
13. (it) 14. (iit) 15. v(x,y) 2x*— 77 + 2y *c 
16. —-y' +e 17. u + iv is an analytic function 18. 21/3 
19. 1 20. z= 5 (a+b) 21. 2u+1=0 
22. 2-1, 201+ V9) 23. 2-0 24. —1 
2 8 4 
; -Žž 2.4 i . Gi 
25. z 3 + 5 1 + ... 26. тего 21. (nu) 
ов. 12.02-00): са. 39. zero E „ш 
ol. zero 32. e* sin y 33. zero 
i-e ШИ” ЭГЭЭ gg. u lw до. 13u 
34. z=2 35. no point in the z-plane 36. a Se 
37. zero 
38. А simply connected region is one in which any closed curve, lying entirely within it, can be shrunk to a 
point without going out of the region 
39. which is analytic or regular 40. z=1,2 
41. (z, —z,Y(z4 —z, Wz, — z,Xz4 2.) 42. i 
1.3..7:2,15 3 гуа 
43. 52745782 5162 + ... 44. +1 
45. 1 46. Magnification and rotation 
47. The coefficient of (z —a) ! in the expansion of fiz) around an isolated singularity (2 = а) is called the residue 
of Д2) at that point. 
48. 2л 49. zero БО. z=1,2 
| 1], = 2? 23 T prc 
51. defe 52. i/2 53. 2 = 0, 2 
54. 5 20.14 55. + 56. zero 
57. Zeroes are at z = + 1, singularity is at z = 0 58. -1 





essential singularity 60. zero 

1 |, (z-n/4y (2-5/4У (2-п/4 | 
sin 2 = —— 2-1 +.) 

2 78 п 4(2-1/4) T 5] + 

a circle with centre (3, 2) and radius 2 in w-plane. 63. пл, n an integer 
QíaYw'(a) 65. circles 66. True 67. False 68. True 69. True 
False 71. True 72. True 73. True 74. True 75. True 
True 77. False 78. False 79. False 80. True 81. True 
True. 





Problems 21.1, page 732 



































1. 1. 24 38-2). 2. ҮНЭ) з. 25-20 
8-2 56° 4-9 8 a? Wis s? – 95 
4 scosb—a sin b " s? — 9s +4 6 2(s* — 5) 
s? +a’ ^ ss? +4) - (s? +1082 + 25) 
yo Wm mM 5] 1 3/2 1/2 s(s? + 28) 
qoe E + E. LL e 
25? /2 4[s «1 = «9 в +25 (s* + 4Xs? +36) 
| b 60 8-2 | 30(5 +3) 
10. ——— 7 — lt. 2... —À—— 12. ———————À—————— 
(s +a) – Б? 8-2 5 _45+90 (s* +65 + 130062 + 6s + 73) 
m 2 4 2l. — o. 4-4 
' (e+ Dis? + 2s +5) ' 8|s-2 s?-4s48 52 -88-32 
2 54? TM | 
15. NETT 16. 2 y^ ie e 17. нЕ ВИ 
8 +4a 2| 5-9 8 -108 +169 (s + 2) 
18. i 38 TT 6 24 6 ; 19. 4045 * 4s - U) 
"nO (5+0 (5+2 (5+3) (As? + 1)? 
1 =й 1+ -TE —mns/3 
NE 21. == 22. ©. 
8 8 8-1 85:41 
Р —Du " -88 
23. e 28. 5 _ 24. 5 7 (2435 4 35?) + (5s- 1) 
5-1 8" 8 8 


4 
(s—1Xs? -25+5). 





Problems 21.2, раде 734 


2. [Ew/(s? + ш?) coth (ля/210) 3. (a/s) tanh (as/2) 
1 


| 


1. (1527) — &-*T/a(1 — e*7) 
(1/s*) tanh $ as 6. (s? дав + a? + 52-2 
—À 

(в —2)V(s+1)° 





Problems 21.3, page 7: 


p — Ч — 2(3s* + 4) 5 16 
s(s? + 2s + 2) s (s? + 4} o (s? + 4)? 











25° -ба 1, _ 2ав а 96-2 
(s? 4 a* y? (s -ay (s^ -4s + 13) 
будаг ji, HE ES CUM 11. log ((s + bs + а) 
s^ +45 +20 (s^ +45 + 5) 
| T | | 1 s* +Ь 
12. сої! (s) 13. 1 log (s? + 36)/(5? + 16)! 14. log -. 
= (s— ay J 
15. cot! (s + 1) 16. 5 log [s S 17. cot! s — 18 log (1+5) 
2. 
2 
| 1 25 1 s“ +9 Y Ё 5 a 8(8-1) 
18. ————— + —— + = 1 19. (:) log 2/3 ; (ii) 1/8 ; (tii) 12/169 ; (4p) --2---- 
s—log2 (5° +1)? [5:2] = $ (s? + 2s + 17) 
1 . cot ! (s — 
21. 0 4 о 1. о SE. 
8 5 в -425-2 


Problems 21.4, page 





1. 5 (соз ŠE — sin 57) - 4 cosh 3t + 6 sinh 3t 2. еї — е?! 
3. Зе? + 263 4. e” + 20-4 b. = (Be? еч) 
6. cosh t Т. ef + e” — 203 В. 2696 Зе" -2с" 
9. seer 26 10. it sinh? 11. it(e'—e-*) 
12. i (3e? – З cos 2t + 2sin 2) 13. l(sint—te-*) 14. 1 [cos at + cosh at] 
15. (1a?) [e^ — е"? (cos (N3at/2) + V3 sin (V3at/2)] 16. 1 (5sin t — sin 2t) 
17. 1 e-? (6 cos 3t — 7 sin 3t) 18. = («e віп + = a-e cost 
19. Тет (sin t + sin 22) 20. (2/V3) sinh (12) sin (2 N30) 21. cos at sinh at. 





Problems 21.5, pac 








Тем = a 1 ifa i) ;- 2 EY, ( 2) 

1. os (€ + 56— 1) 2. 8 1! 31:52 е 3. -3 cos = 

4. 4(6-Їяаа| 5. 1 24cost+1 6. 1 resing 

a а | 2 2 
7. t sinat B. 2 (a*t* — dat + 2) e^ 9. . = 
10. р (g- 9  — grat) 11. е-е 3—09 12. 1 (cos at — cos bt) 
аг 08 | 2 Р sin 2t 
13. T (1- cosh at) 14. > (ef — cos Ё) 15. ; 
Vict d 5, 5t _ -at 

16. sin £ 17. 2 (sinh ¢ — t cosh t) 18. е е 


t Р? а-ф 








19. zy (sin at — at cos at) 20. 59 (at — sin at) 21. #(e-* -1) 4 2(e-* — 1) 
ü 
1 27 2-8 us Е ух. - -H t” | 
22. — (e** —e- *! — Ate- *!) 23. —— (3 sin 3t + 2 cos 2t — 207 “*) 24. — +cost—1 
16 13 9 
on € s 
54 (sin 3f — 3¢ cos ЗР). 





Problems 21.6, page 754 





| = T. — _ 3 -3 _ 1 -. a at epa c paw 

1. у= 19 ze 5 ‘е 2. х= 2 sinh £ З. y -t— 3 sint + cost 

4. у= 2t 3 + $(e* — et) — 22?! 5. y = 4e* (1 + t) — Tet 6. у= 2 cos БЕ + t sin 52 

NE SNC oe: eee -a _ 1 T" | 

T. у= zg віп wt 8. у= ве 10 * 10 (2 sin ¢ + cos £) 

9. y = 1 (cos kt + cosh kt) 10. y = 1|[(3 — 22) sin t — 8t cos t] 11. у= 2 ~* (sin ё + sin 27) 
12. y= =| tE cos 2 4c е sin 2 13. y =e“ (x^ — бх + 12) —e! (15x* + 7x + 11) 

аг та —— болок — x go SUE. не 
14. x= g Sin 2t 9902-5 t cos 2t 15. y — Al 2 cos | 
16. у= е?! 17. y=t 18. y = 3.7, (2t) 


21. (n sin at — a sin nt) F,/mn(n* — aë), where п? = kim. 





Problems 21.7, page 756 


1. х= 1 (e' + cost + 2 віп? — t cost), y = 1( sint —e' + cos t — sin 6) 








2. х= е! +e t, у= е – е + віп ё 8. х-2447/2,у--1-072 

4. х= 18 (5—2:7! —3e7 9113 y= i (e^! — e- © 5. x = еб (1 + 2t) + 2e? y = sinh t + cosh t —e- * — te’ 
-— e г + T Че ca | usc. us 

6. i,= 2x (sin eX + sin pt) ; i, се (cos ov — cos pt). 





Problems 21.8, pag 


1. 2 (е2 е-4ҹ) 


52 +4 








2. (i) (1—20 u(t — n) + 2tu(t), Lr + Е -ar - 2) p- ав 
5 | 5 


| = 28 -25 | | 
(i) 8 (u(t) ие — 2), 21-06) E ) ae" es) 


8 
(iii) (u(t) — ult — TY) cos (at + 6) ; (5 cos ф- @ sin ф) — e" x [s cos (ф + oT) — c sin (9 + «ТУ? + a?) 
8. (9 aub P jer -f-t je 
& +1 (5 etl [в 5+1 


üt gam E LL B |e ЖИ 
s +1 (8244 5+1 5 49 5+4 


Gi) - (1 + e- (252 — 1) — 2е—4 (1 + 48)] 
5 














— |. Em 


4. ()e*Ks-1;  (Qi2e*/s; (iii) e {284424284 25) ; — (iv)e-* (2 + 2s + s? + 83)/62 
8 8 8 


4 
5. 20е-2 
6. (i) —sint.u(t-7); (ii) 2 e 4 1-9 gin 3(t — 2). ult 9): 
(iii) 3 е-8-9(0-19и(-1) (iv) 3—4 (t — 1) u (t- 1)  4(t— 3) u (t — 3) 


7. у= j sin 2/ 5 (1.— cos 22) - |41 — cos (t - D) и (t - D) 


В. x-3-2cost«42[(t —4 —sin (t — 4) u (t — 4). 


Я rc Ea 
их 62-88 o anc 
^ — |2Wx*(31-5x), W (2-27 l 


ЫТ * eer ^ 3)'8 "^! 


| 27 wl? 2 ш з, W 4 ш мм pfe LL TIE 
10. убх) = SET х IZET * + 3AET * —— — (x —1/2)* u(x — 1/2) 


24 ЕТ 

















a 2. (d) 8. (b) 

(s^ +1) 
& = 5. te” 6. 1 2-2 sin 3¢ 

s“ -ds + 5 
7. sf (в) - RO) 8. 1 (2. 3t) e- 32 ө. 1|1,..5 

| | 8 218 82-16. 
| 1 | k! 2 
13. е" 14. Г (3/2)/з3/2 15. s?fls) — КО) — (0) 

1| as 8 " | ROT 

16. >|. "— — 17. cot-! (s/a) 18. 

4 Е +16 s?^4 a 24 
19. RE SANDS 20. (c) 21. fít-a)u(t—a) 

8 +4 

22. е9 23. 1— 3t + 212 24. [ro dt 

= Бі | ; oe r і 
25. (i 26. — ----лс 21. E c Е _. 

0 (=g) (= + 1) (s + 2) 8“ ~ 68+ 34 8“ – б= + 25 

-8t 
e 
28. 1/(5 – log 4) 99, ==, 30. (d) 
T (nt) 
t. t u - " 


35. (iii) 36. (ii) 37. (iv) 38. (i) 





39. | fena 40. (и) 41. (iG) 42. (d) 
43. True 44. False 45. False. 








Problems 22.1, pag 

















1. : “Sin KOS ЭХ dh; for үх | «1, 2 for |x| =1,0for | x | >1 
4, 4 ¢"sin@—@coso — — : jud ES o € _. 
2. (1) TL cos wx dw (iz) х, |, «ов ак ——3 aw 
4. (i) ZEIN аё x; Gi) (2252 2) sin as + 2as cos asl/s? 
5. (sin sa — sa cos sa) 6. (i) Y (31) e 35 (ii) Yt фи 
ER = в. V(n/2) е а E 
(OU: t 38 ын ES ET ' 2а 
10. 1 13. (i) 2 (1 — e -*5) (ii) tan- ! (s/a) 
1 ad 1 2 
11. “ог /4a . уг 8 /4а 
а 492 5 2a? 42 s 
14. (1) = (58484144 sneer (ii) (2 cos s — cos 48 — 1)/s* — (2 sin s)/s 
2 1-8 145 
| " | | |. aS UC D? -1 
17. (7/5) cos s/c 19. Дх) = (2 + 2 соз х — 4 cos 2хУлх 20. 2/n(1 + x?). 





T" (1= s) 
2. 4 Ге аг 5. 2 Са) 





1. 5 le^! + e?* (3£ — 1)] 2. Н (e- 22 — 2 sin t — cos t) 3. (sinh at — at)/a* 
l xx | | i.. ит 
4. = le* (x — 1) + cos x] D. 2 (sin t — £ cos t). 





Problems 22.4, pac 


| = V 3: 1 ai 
= = {5t БЕ — (1- cos пл) е" t Sin лл 
1. у= 30 e^ '* cos 5х 2. 2, ял ( ) 


X; ut: d [et i sd dis 
m +0 & 





enl 


ё: ёо: 339: 625---5 lav %- ef: 
(x, t) = 8, “сй * >‘ 1)" ler 9 Kkt) ENT 





SWERS TO PROBLEMS 
Problems 22.5, page 792 





1. Б) = | f (0 cos st dt 2. s?/2 

3. The Fourier transform of the convolution of f (x) and ё(х) is the product of their Fourier transforms. 

4 f= Feeds 5. f гше“ а 6. e^ F(s) 

т. 2 in: | F(t) si | 1 285 (Fin) 

7. "| sin Ax [, гад sin л аг ах 8. — 9. —s? [F (u)] 
2p. =. пп [i | пт. 1 ГА 

10. = [sin (х) d^. | віп (О) де 11. — 7E | у). сов 77 ax 12. * r(4) 
т 40 0 1 Jo ! a \a 

13 к= 2 V 2: СӨРК| авна 14. І Бв/2) 

uu л? = | р? | р = 2 

15. l/(s? + 1) 16. True 17. False 18. True 

19. True 20. False 21. True. 








L (фе;  G)ze*-1;  G)—— 














2-е“ 
22 z/42 z 2202-3242 ox 202 +1) 32 22 
A (2—1 25-42:41 2-1 08) (2-1 ' en (2-18 44-17 2-1 
& () - z? sin Ө (isa 2(= — cos x/8) - sin &—; z sin n/8_ 
22—22 с08 0+1 2? 22 сов n/8 +1 2? — 22 сов n/B +1 
2(2 — cos 8) 2(2? cos Ө — 22 + cos Ө) 2? 2? 
7. и 8. ——,|2 |> 1; ——— 
22 — 22 cos 0+1 нээ (z? — 22 cos Ө + 1)? Жы z +a" 
: йн жее өү dee “De 
9. (1) 22-69 (ti) ae F (iii) e-e 
z*(1+ 322) | - 
12. a a) 13. u, = 2, u, = 11. 





Problems 23.2 page 804 


guum B IE. | 32 | | 
1. -01:15124 2. 2.12142 8. ао. 8 ;3<|=|<4. 
4. я прера 5. —log (13/2); [2] >3 в. e**, ROC is z-plane 


7. -ejz 4; | г | > | e |. 





Problems 23.3, page 807 


i. = n*1-1) 2. (n + 1)a" 3. zn -1) 





8. arte 9. (n* + Tn + 4) (4)" 


1284 


13. м, = (29^ -! + (3^ ^! + (4 -! (n > 0) 


12. (- 1)" *! - 2n + cos nn/2 13. 


(iii) (35-1 


15. 5 (n-1)(n-2)5-3, п> 3 and =0,n< 3 


М “ Р 


= 28-1) 2-8 nzl,0,nzO 





J T - 
Be | SIIL m 
ї 4 Pata Л à a er 


11. 2+ (2) + 3(n — 1) 2", (n > 1) 


l1-e-@ 
a | ; QG)(-2^-)z?,n»0 


16. 2(- in-! -(- 2p -! 


Qr 


20. 2n sin (пл/2),п = 0, 1, 2, ... 








| в(зү' _з(-1ү 
аш | e—1£- 
Ук (5) ss] 


8. y, 221-34 (-2yp- 
- 4| ( | 
5. у, = "i 2 (- 1Y' (87 | 


ened) (T 
11. y, = Яа 1)" -=(- 3)" ell 
13. y, = су 4" + (a -1| 2" + 2n — > 
19: yu Ё 5 : (- 3)" | ил) 


_Problems 23.4, j 


2. y(n) = (n - 1) (- 1^ ^?y(n - 2) - 2" 


4. Рп) 2 2 4 (- Ay 


Ja мп. {АЛГ 


B. y, 7 c,* c4. 3" + 57/8 
10. 5.2" 


12. y, - 1— 2k + 2* 


cos ET 


14. ЛЭ cos 


16. y, =(-2)"-1, (n > 1). 





Problems 23.5, page 811 


1. z/(z — 1) 2. У uz" 3. z/(z — 1)? 4. агг – a} 
nx 
5. ——— 6. el/z 7. (22 + zz- 13 
z“ — 2z cos ð +1 
8. Z(au, + bu, жсш,)-02(и,) + bZ(v,) + cZ(w,) 9. 2"-1 
10. (—1)"-!n 11. иу- Lt (Zu,)) 12. False 13. False 
5. бы: 16. False 17. False 








1. a = 2.28, b = 6.1879, р = 30.46 2. 
4. a = 0.5012, n = 0.5 5. 
7. а = 0.0498, b = — 0.02. 


Problems 24.1, 


а = 1120,6 = 55.1 
а = 0.115, 6 = 11.8 


3. а=0.2, 6 = 0.0044 
6. а=4.1,6 = 0.43 











1. y = 13.6x 

4. R = 70.052 + 0.295: 

6. (a)y = 4.193 + 1.117x 

7. y = 1.243 — 0.004х + 0.2252 


Problems 24.2, page 819 








2. 15.2 thousand tons 3. У=0.004Р + 0.048 
B. а = 0.545, b = 0.636 


(b) y 28—0.5x 


8. y = 0.34 — 0.78x + 0.99x? 9. y = 18.866 + 66.158x — 4.333 
10. R = 3.48 – 0.002У -0.0029У2 11. V = 2.593 — 0.326T + 0.023 T°. 





1. 6.32, b = 0.0095 
4. y 2 7.181 — 5.16 1 ; 4.894 
р 
7. a = 0.1839, b = 0.0221 
10. a = 99.86, b = 1.2. 


Probiems 24.3, page 823 


2, а = 1.52, b = 0.49 


3. а=3,6=2 


5. a = 0.988, b = 3.275 6. у = 2.978 х0.5143 . 5.8769 


8. ДО = 0.678 e^ + 0.312 e! 9. а = 146.3, k = — 0.412 





1. а = 11.1, 5 = 0.71 
4, a= 15.8, b = 2.3,c- —0.5 





1. у= 0.12 + 0.47x 
4. y = 0.485 + 0.397x + 0.124х2. 


Problems 24.4, 


2. y = 46.05 + 6.12 


3. а = 0.0028, b = 0.01, c = 4.18 


5. а = 1.459, b = 0.062. 





Problems 24.5, page 828 


3. у = 1.53 + 0.063x + 0.074x? 


Problems 24.6, раде 829 





1. У=ах + b where X = х, Y =у/х 


2. У = A + ВХ, where X = log,,p, Y = log,,v, А = X logb, B = — Ur 
г 


4. у-аХ «c, where X = x^ 5. (ii) 
6. Ly = пА + BXx, Ixy = AXx + BXx? where y = log, y, A = log,,a, В = log,, b 


3. § 24.4 


7. $ 24.12 


B. Zero 


9. y = aX + b where X= x*/log,,z, Y = y/log,,x 


11. The moments of the observed values of y are res 


12. a = 1.7, b = 1.26 
14. ír) 


CEN 





ely equal to the moments of the calcula 


10. a = 0.0167, b = 1.05. 
ed values of y 





13. y =a + bx where х = Их, y = Му 


15. (b) 





1. 336.79 


Problems 25.1, page 837 


2. 64% get more than 50 marks ; median 54.7, ©, = 46, Q, = 61.5 
3. Mean = 27.9 ; Median = 25.66 ; Mode = 21.85 
4. Mean = 32.58 ; Median = 32.6 ; Mode = 35.1 


5. 3.1% 
8. 60 km/hr 


6. 1.3% 
9. 38.6 ; 36.2 


10. Median = 12.2 days ; Mode = 11.4 days 


7. 192 km/hr 





1 = 4.45, 0.39 


Problems 25.2, 


3. 4,7 


4. 10.04, 10.13, 11.69, 5.54, 2.35 























5. 32, 32.6, 12.4 6. Q.D. = 10.9, S.D. = 15.26 7. 1.845 ; 1.8175 
B. 0.55, 1.24 ; first, yes 9. Height 10. A 
11. B is a better player and more consistent 
12. A is more efficient, B is more consistent 13. 161.3, 5.68. 
К Problems 25.3, 
1. щ=р=0, py = 2, n, = 11; В, =0, В, = 2.76 2. 8.85 ; 5.25 ; 0.32 ; 1.09 
3. — 0.2064 4. 0.22 ; 1.157 6. 0;2.9 


7. В, = 0.493 ; В, = 0.655 ; platykurtic. 


Problems 25.4, | 





1. г= 0.81; х = 0.5у + 0.5, у = 13x + 1.1 2. г = 0.96 

3. г= 0.92 4. r=- 0.055 5. 0.7291 

6. г = 0.4517 7. r= 0.632 ; у = 0.467 + 0.8х, x = 0.167 + 0.5y 

9. m = (B -bia — о) 10. x =4, у =7,r=-0.5 11. x =9.06, y =5.52, г = 0.46 
12. г = 0.7395; x =- 0.1034; y = 0.5172 13. 134.5 
14. 1.28 inch 15. 0.8545 16. 0.932. 





Н Problems 25.5, page 855 


1. (d) 2. (d) З. (a) 4. (a) 














5. (5) 6. (а) 7. (b) 8. Coefficient of correlation 
9. No 10. 13.83 11. x =2, у =3,r= V3 
1 
15. § 25.9 18, 22:25. 17. (5,9) 
п с, с, 
18. Reliability or consistency 19. JB, 20. degree of peakedness 
| 2 
21. y- y =r 22 (x - g) 22. 100 с/х 23. tan-1 1-7. 99» 
с, г o0, 
24. 3 25. Two regression coefficients 26. perpendicular 
2 
27. greater 28. +1 29. 1- ere 
п-п 
30. Coefficient of standard deviation 31. zero 
32. — 1 апа 1 33. —0.6 34. False 
35. True 36. False 





Problems 26.1, page 858 





1, 4096 2. 360 ; 120 3. 120; 115 4. (a) 676000 (b) 468000 








‘Problems 26.2, page 868 


1. (1) 7/12 ; (ii) РСА/В) = 3/4, P(A U В) = 7/12, P(A’ B^) = 3/8 
2. (а) 1/36 ; (b) 1/6, Yes 3. 36:30:25 
4. 1/7 5. (i) 1/4, (ii) 7/8, (її) 11/16 6. 15/1024 








| 8. 20/81 9. (i) 2816/4165 ; (ii) 2197/2025, 
10. 0.11 11. (a) 6.739 ; (b) 0.024 12. (а) 1/114 ; (b) 685/1140 
13. 2/801 14. 10/21 15. 1-(1-p)) (1—p,) ...(1—p,); 0.518 
16. 15/17. 17. 1/2 18. 5/12 19. (i) 83/110 (ii) 25/83 
20. 1— 2/(n - 1) 21. 7/20 22. (a) 1/6 ; (b) 3/4 23. 61/90 
24. 0.72 25. 0.2223 26. 0.88 





__Problems 26.3, page 


1. 3/11 2. 25/69, 28/69, 16/69 3. 0.3175, 0.254 4. 15/59. 


Problems 26.4, page 878 





1. R=1;p=.8, 0? = 2.232 2. 245 
3. Е(х)-0,-с«х-«0 5. $32 
= 1/8,0<x<1 
=1/2,1<x<2 


= 7/8,2<х<3 
=], З<х< о 
6. 2 7. f)isa p.d.f. == = с? = M 8. (i) 9/16, 7/16 ; (ii) k = 0.45 
9. (г) 0.37, (ii) 0.63 10. 4/9 
12. y, = 3/4 ; Mean = 1 ; Variance = 1/5. 13. 0.2 
14. 1/3, 2/9 15. F(x) -0,x «x,;(x—xWx,—x))x Sx <; 1,2 225. 





Problems 26.5, page 881 


1. п=4р=а= 2:18 2. *C (I/6)*7" (5/6) ; r = 0, 1, 2, 3, 4 
3. (а) 0.02579 ; (b) 0.04571 ; (с) 1.024 x 10-7 4. 0.3456 
5. 45927/50000 6. (1) 0.246 ; (ii) 0.345 


5 
7. (i) °С (1/20) (19/20)? ; (ii) У C, (1/20y (19/20? -7 (iii) 19 


rag 
8. (а) 0.08 ; (b) 0.26 ; (с) 0.92 9. (a) 250 ; (b) 25 ; (c) 500 
10. (i) 0.59049 ; (iz) 0.32805 ; (iii) 0.08146 11. ili 
12. 99.83 13. 0.3585, 0.3773, 0.1887 ; 0.0596 
14. 600 | 15. 100 (.432 + .568)5 


16. 200 (0.554 + 0.446). 





Problems 26.6, pac 





1. (i) 2; i) 2 e? 2. P(0) = 0.2636, P(3) = 0.1041, P(» 3) = 0.1506 
4. (10) e-19/15 ! = 0.035 5. 0.08 

6. (i) 0.2231 (11) 0.1913 7. 0.0008 

8. т = 0.51 = c? ; Poisson frequencies of 0, 1, 2, 3, 4 accidents are 180.1, 91.9, 23.4, 4, 0.6 

9. 0.6 11. Theoretical frequencies are 44, 43, 21, 7, 1 


12. Theoretical frequencies are 109, 142, 92, 40, 13, 3, 1, 0, 0, 0, 0. 


_ Problems 26.7, page 890 





2. (i) 0.1644 ; (ii) 0.7686 3. (i) 0.095 ; (ii) – 0.995 4. 36.4 


B. (i) 16, (ii) 2 6. 294 7. 543 

B. (1) 79 ; (11) 35% ; (иг) 11 10. 52 11. 67 

12. 7 866 13. у- ! » 84 14. п = 13.64. c = 3.98. 
4 J (3.47) И " ? 





Problems 26.8, раде 892 _ 


1. (a) 0.0287, (b) 0.9672, (с) 0.5111 2. (a) 0.7854, (b) 0.1815, (c) 0.1815 
8. (a) 0.97815, (b) 0.00595, (c) 0.01209. 





3. 





Problems 26.9, ран 


zn D, Ti -1) 5. Méanwa b, variances bt 
((1 — ete]? 8. (1-7). 


Problems 26.10, page 894 — 





‚ (а) 2. (5) 3. (а) 4. (5) 5. 1/7 6. 1/2 





7. (5) 8. (5) 9. (а) 10. (с) 11. 0.1288 12. 2 
13. 0.21 14. 0.24 
15. X: 0 1 2 16. 5 25.5 17. 0.7837 
p(x): 1/4 2/4 1/4 
18. zero 19. equal 20. P(A) + P(B) 
21. В, =0,8,=3 22. 120 28. 0.2646 
24, 1/9 25. 0.2222 26. 1/6 
27. e? 28. 5/36 29. 2 
30. symmetrical 31. 1-е-” 32. six 
33. 0.6915 34. (9 + pe) 35. 4:5 
36. 1/6 37. 3.5 38. 4/2 
39. unity 40. п =>, р — 0 such that np is fixed 
41. P(A) + P(B) 42. »C,/» +2С, 43. np 
МИР 
44. P(A UB) = 0.72, P (A ^ B^) = 0.1653 45. (5 i 3| 
"I IE ES 
46. 1 47. =| Сре”) 48. 1/6 
r dt kao 
49. 3/4 БО. 1/2 61. 0.2 52. 2/7 
53. (q + ру 54. 2/3 55. Mean and 5.0. 56. 1/13 
57. 2 58. 5 26.6 59. e- 43 60. 1/3 
61. True 62. False 63. True 64. False 
65. False 66. True 67. False 68. False 
69. k=2 70. 8 71. fix) = Ae for > 0, А is a parameter 
72. 25/12 73. 2 74. l 75. 4 
76. 8 77. n, m degrees of freedom тв. | е0) ах 














е х7 1 | 
79. — 5/7 80. ygr esee 81. > (b +а) 
82. 50% 83. 3/8 84. 1 85. 3/4 
86. (iii) 87. Ех) = Ї Г(х) ах 88. re" 89. = <? < = 
d- = (2r)! 
90. 6 91. 1/9 92. False 93. 2 
94. 4(1—x? 95. 0.264 


Problems 27.1, 





1. Die is biased 2. No 3. Yes 
4. 8.91% and 15.07% 5. Consistent 6. р = 65/500, S.E. = 0.015 
7. 37.5% ; 30.3 and 44.7 respectively 8. No 
9. Difference is not significant 
10, Z - 6.56 so that the difference is significant 11. No. 





Problems 27.2, раде 904 _ 


1. No 2. Mean weight lies between 64.6 and 69.4 lbs. 
3. 0.0774 b. 62 6. 2.696 7. No 
8. No 9. (1) Yes, (ii) No 10. Yes. 





Problems 27.3, раде 910 








1. 0.25 2. t = 0.62, Yes 3. 11.887 and 12.113 cm 


4. Refute the claim D. Process is not under control 6. No 
7. Sample mean = 575.2 kg., S.E. = 2.75 kg 8. Accept null hypothesis 
9. Yes with 75% confidence. 10. No 11. No 

12. No 





Problems 27.4, page 914 


1. 0.41 2. Hypothesis is correct 
3. Significant at 5% level 4. Yes 


5. f,: 33.82 161.78 315.98 308.48 150.54 29.4 





y? = 7.97. Binomial distribution gives a good fit at 5% level 
8. /,: 305 365 210 80 18 12 
5 301.2 361.4 216.8 86.7 26 7.9;4?2 3.097 
Poisson distribution gives a good fit at 5% level 
7. Ё: 314 355 204 85 29 12 
f3 301 362.2 217.3 86.9 26.1 6.5 


Poisson distribution can be fitted to the data 
B. y* = 1.2. The fit is quite good at 5% level. 





Problems 27.5, page 917 





1. First variance cannot be regarded as significantly greater than the second 
2. Not significant аз F = 2.1 and F,,,— 4.15 4. Not significant as F = 2.4 and К, p = 3.2 
5. Product of firm B cannot be said to be of better quality than those of firm A. 


6. Not significant at 1% level and just significant at 5% level as F = 2, F, ,, = 2.62 and F} o5 = 1.98 
Т. Е = 1.49, Not-significant 8. Е = 1.025 ; Yes 








Problems 27.6, page 917 


1. $27.3 (3) 2. $27.15 3. $27.3 (2) 

4. We are testing the hypothesis that one process is better than another 

5. $27.11 6. 1 7. 50 B. (0, ==) 

9. П 10. 8; 16 11. r=n-1 12. False 
13. Less than 30 14. § 27.17 15. -с «со 16. (tz) 
17. True 





Problems 28.1, page 926 


1. (i) 2.687, (ii) 1.46, (iii) 2.375, (iv) 2.875 2. (i) 0.519, (ii) 2.875, (iii) 1.146, (iv) 0.367 
3. (i) — 0.686, (ii) 2.7065, (iii) 0.686, (iv) 1.4036 

4. (i) 0.853, (ii) 0.607, (iii) 2.798, (iv) 3.789, (v) — 0.134 

5. 1.861 | 6. (i) 1.532, (ii) 2.095, (iii) 1.834, (iv) 1.226 
7. (i) 1.855 (ii) 2.198 (iii) 1.662 8. — 16.56 

9. (i) 0.853, (ii) — 1.9338, (iii) 2.7985, (iv) 4.545 


10. (i) 0.518, (ii) 0.052, (iii) 0.695, (iv) 2.911 11. x, , = - (x,  N/x,) ; (i) 3.605 (ii) 3.162 


12. 3.4482 13. 2.3784 
14. (1) 0.055 (i1) 0.258 (rir) 0.4347 





Problems 28.2, page 929 





1. (i) 1.532, (її) 0.684, (iii) 3.18, (iv) 1.168 2. 1.674 
3. 2.231 4. — 1.328 5. 2.924 





Problems 28.3, pag 





1. х-1,ус--9,:-65 2. x = - 51/4, y = 115/8, z = 35/4 S.xs1,;52,2-8 
4. x, 22,x,-—1,x4,- 3 5. x,21,x,-2,x,-—1,x,--2 6. х-1,у-3,Е-25 
T. x-B'T,y-5T7,2--—13 8. x21,y-2-2,223 9. x=7,y=-9,z=5 
10. x, = 2, х„ = 1/5, х, = 0, x, = 4/5 11. x=y=2=1 12. x2s1,y22,2523 


12 -04 0.2 
13. x = 35/18, у = 29/18,2 = 5/18 14. x,=—1,x,=0,x,=1,2,=2 15. |-0.2 -0.1 0.3}. 
— 0.4 Оз 0.1 





Problems 28.4, раде 942 


1. x = 2.556, y = 1.722, z = – 1.055 
2. (a) x = 2.426, у = 3.573, z = 1.926 (b) x = 2.426, y = 3.573, z = 1.926 


d.xesi1ysirzl 4. x = 0.998, y = 1.723, z = 2.024 
6. x = 1.052, y = 1.369, = 1.962 B. х= — 13.223, у = 16.766, 2 = — 2.306 
9. х=1,у=2,2= 38, и = 4 10. x = 1.36, у = 2.103, z = 2.845 

11: x=y=2=)] 12. x = 52.5, у = 44.5, 2 = 59.7 


13. x = 1.93, у = 3.57, z = 2.43 





1. х=2,у= 1 
2. х= – 1.853, у=- 1.927 





19481 Г 
1. (а) 5.38, | 1 | ; (6) 4.418, Laus] 


3. (0)6,[1, 1, 1Y (5)8, 


Problems 28.5, page 943 


З. x = 0.7974, y = 0.4006 
b. х=- 3.131, y = 2.362 


_ Problems 28.6, page 


4. x = 3.162, у = 6.45 











(1, — 0.5, 0.51 


2. 3.41; [0.74, — 1, 0.67]' 


4. (a) 7 ; [2.099/7, 0.467/7, 1] (b) 25.182, [1, 0.045, 0.068)’ (d) 11.66 [0.025, 0.422, 1.000]. 





Problems 28.7, page 945 


f, .. 1) 


3. Chord АВ 


5. initial approximation x, is chosen sufficiently close to the root 


1. Newton-Raphson method 2. x, =X FU) 

4. Xal” z 65 + N/x,, ) 

6. diagonal T. (c) 

9. auti (2x, + Nx?) 10. Kno 2 буух, 
12. (а) 13. x, ,, =x, (2-Мх,) 
15. Newton-Raphson method 16. § 28.6 
18. False 19. True 





1. 0.4 2. 


Problems 29.1, page 952 


— 7459 5. 239 6. 4.68, 2.68, 55.8, 99.88 


8. (i) 1-2 sin (x + 1/2) sin 1/2; (it) tan` 1(1/22): 
(tit) 192 [x (x + 4) (x + 8) (x + 12) (x + 16)] (iv) — 2/[(x + 2) (x + 3) (x  4)] 

9. (0 е [e* log (1 + 1/x) + (e?— 1) log 2x] (ii) 2* (1 — xW(1 + x) 
(ui) (a — 1)" a* ; (iv) (- 1)" nV[x(x + D (x + 2)... (x + n). 


12. (i) — 36 ; (ii) 24 x 210 x 10! 14. и = [x]* — 6[x]? + 13[x]* 
15. 4x? — 12x? + 8x + 1; 12x(x — 1) - 16. = [elt + 341° + 464 +с 


17. y(4) = 74, y(6) = 261 





А? 
1. S) и, =U, ph — 2U, + 


19. 15. 


Problems 29.2, | 


4 . A*u, = инок 7 2и, a НИ 
4 Eu, Uy 4h 


2. (i) 2(cos A — 1) sin х; (it) бх; (и) 2(cos А — 1) [sin (x + A) + 1] ; (iv) 8 


B. Error = 10 
11. у(4) = 74, у(6) = 261 


15. (i) n(3n? + Gn + 1) ; (ii) 


9. 31 
12. — 99 


nin +1) (п + 2) (n +3) 


4 


B. (a) 

DW S MEE. m. NES. 
13. хус К) fi) fix) 
14. (5) 

17. Upper triangular matrix 


20. x=1,y=1. 


+х +9 


10. Д1.5) = 0.222, Д5) = 22.022 
13. У; = 1 арргох 








Problems 29.3, page 





1, 5.54 2. 6.36 3. 1.1312 4. 0.788 


5. < 110.52 6. 8666 Ч. 352; 219 8. 0.9623, 0.2903 
9. 24 арргох 10. fix) = 9х - 4х? 11. 1.625 12. 0.1955 
13. 4.219 14. 2530 15. y,=0.1,y,,=100 16. и, = 42, и, = 49 
17. 10, 22 18. 755. 





Problems 29.4, рад 


1. 19.4 2. 12.826 3. 54000 4. 3.2219 
5. 3.0375 6. 395 7. 3.347 8. 9 
9. 3250.875 11. 2.5283 by all formulae. 


Problems 29.5, page 974 





1. 14.63 2, 2.8168 3. 0.89 4. 100 
5. 648 + 30x — х? 6. х3 3x? + 5-6 7T. x5 — Ox* + 18x? —х2+ 19x — 18 





1. 1 2. 3.09 3. 448, 3150 4. 133.19 


5. fix) = a х8-25:424-2 xta 521-256. fix) = a; 7. fix) = 3 — 33 + 5х2 — 6 


8. 31. 





1. 11.5 2. 6.5928 8. 37.23 


Problems 29.8, page 978 





1. $7.3 2. (b) 





4. Intermediate value of the variables. 5. $7.8 


в. i X2: xe Xal- о, ay Xoxa] „ 0-1, ngl 8. $7.14 
X4 — X9 4 4 


(x-xi) (x-z) , (x-xy)(x-x) | (x—xy)(x-2) 


9. Дх) = — - + $$ ———+„————_ 
е (xg — х) (xo —х2) (xy х0) (хур x9) (xg — ху) (XQ — x) 
10. = 11. (с) 12. 1.857 
13. Extrapolation is the process of estimating the value of a function outside the given range of values. 
14. 1/(аЬс) 15. (а) 16. x* — 7х? — 18x — 12 


17. (b) 18. 6h? (x + А). 
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Problems 30.1, рас 





1. —27.9, 117.67 2. 4.15, 9 3. 0.63, 6.6 
4. (a) 0.493, — 1.165 (b) 0.4473, — 0.1583 ; (с) 0.4662, — 0.2043 b. 2.8326 
6. —0.06 ; 0.5 4. 0.175 B. 13.13 m/sec 
9. (i) — 52.4, (п) — 0.0191 10. 44.92 11. 0.085 
12. 3.82 rad/sec, 6.75 rad/sec* 13. 0.2561 15. 0.0186 
16. 135 17. Ymar (D) = 0.25, y, (0) = 0 18. Max f(10.04) = 1340.03 





Problems 30.2, page 995 
1. (i) 0.695 (ii) 0.693 (iit) 0.693 2. (i) 0.7854 (ii) 0.7854, (iii) 0.78535, (iv) 0.7854 


3. 1.61 4. — 6.436 5. (1) 70.16 (1) 0.635 

6. 0.6305 7. (1) 2.0009 ; (12) 1.1873 8. (1) 1.1249 (11) 0.911 

9. (a) 1.8276551, .0001924 ; (b) 1.8278472, 0000003 ; (c) 1.8278470, 0000005 ; (d) 1.8278474, .00000001 
10. 1.3028 11. 403.67 12. 7.78 

13. 710 sq.ft 14. 3.032 15. 408.8 cub. cm. 

16. 1.063 sec ; 1.064 sec 17. 552m ; 3 m/sec*. 18. 30.87 m/sec. 


19. 29 min nearly. 


Problems 30.3, page 996 





l. (c) 2. ага)-14 f(a) = 4% fe - 
3. h should be small 4. 0.775 5. 22 
6. 30.8 7. (b) 
8. larger number of sub-intervals 9. 0.7854 10. (d) 
11. у, >= 2 + = V5, + АЖ +. d 12. a multiple of 6 
13. (c) — | 14. 0.783 15. 0.69 
16. 1.36125 17. 1.36 
18. if the entire curve is itself a parabola 
19. even and multiples of 3 20. False 





Problems 31.1, pag 


Угуа-2Уууа + Wy, =0 2. Ay, = (—1)"* U(n + 1) 3. u, 17 2u, =0 
(0 (x + 2)у, g 2(2x + D) y, ‚у +ху,= 0; (ii) (2? + х)у, о — (2x2 + 4хУ, үүл (x? + Bx + 2)у, = 0 
(4) Yara Weer + 15у, = 0; (Ш) У, аз 7 67, +1 + 4, = 0 
(i) (x – Dy, ,o— (Зх - 2)у,, + 2ху, -0;)y,,,—4y,-0; 

(йш) Уыз би „а 4-090. = 0. 


өрөөр 


_ РгоЫетз 31.2, ра 





1. u, = (сү + сор) Зр ' 2. у„=сусов == + c, sin A 8. u, = c, cos nTU2 + c, sin пл/2 
4. уулс, 27 + c4. 3". 5. y, = (20-1 (- 2p 7! 6. u, =c; (— 1) + (c, + с.) 25. 
T. fix)= (c, + Cox) (- 1¥ +c. 2х 8. ш = 2n + (— 2)". 9. ¥, = 6 + (п – 8) 2" 


10. и, = 2"? [c] cos 124 + с, віп nad] 


П. y, = 2" la сов” + c; sin ZE + су сов 277. e, sin d 14. y, =c; C 1)" + с, (10)" 





Problems 31.3, pa 


е 1005 


3. y, = еу + сор + cup? +e plp —1)(p—-2) 4. », 2? sin - 2008) + 2 
5. y=e,+e,.3* + +. ge 6. y, = (c, Cox) 2 + 3x(x — 1) 29-35 5,4171 


7. u, - c4 c, (- 1)" + 


1 Җ 
Э. уулс,» 25 + cy (27 – 4 (9x* + 12x + 11) 


j 
cos| p-> 
Dp ‚Р Ё [ 2 


8. Yp = €, cos st mn "аниа тай 


2 sin — 
2 


10. y, =c, (— 1)" + c, cos = +c, + sin + піл — З) 


Зл 


11. y, = (c, + con) (ЗУ +e- 1)” + Ziy ёл 12. у, = 


Е: d 


13. y, =c- 2) + e (- 39 + — 12 144 


14. u, + (c4 + cox) (- 3F + 


n-1 
(c, + en) 27^ + = + n(n — 1) (à) 


2^ ] 2 r-2 
ор (Ox 2) + 17 


15. y, =сү(= 2)" + 2" (c, cos nr/3 + c, sin 078) + 5 (2)! 4. 2^ -4 (2n + 3) 


А 
16. и, = la + Con будл - 1)? (л -2)}2" 17. ¥, = C1 - 25 + Со. 8 + Ege- 13k + 61) 


18. y, = 2" le +n) cos 77 + cs + Sin mh 





Problems 31.4, раде 1006 
(x + 1) 


7 
4 — 


16 


u = 2.4" 


и, = — 2a + b(— 2¥ е + —— 





у, =а+6 (-1\+х,2, =а+6 (С 1+1 – 


у, = (a + bx) (-1¥ - = : 


: 2” 1 
“Айс ar T 1¥ [а + bx 2) 


-22 шинжин I + nín + 1) 


x m x)v,-a*ccbí(-2FX4 zx — 1). 


Problems 31.5, page 1007 


1. Y1- 29,* Y; у= my, Solve it for y,. 





1. Yared БУ, 1+ бу, =9 


4. уу-с- 2". 


6. (x* + x)y, , 4— (2х2 + dry 


8. y, = (2n +2 + (- 2p -1 


Problems 31.6, pag 


2. и 2c * cn + cn? 

5. y, = e(2)" — (n + 1) 
, — (x? + Зх + 2)y, = 0 

9. Third 


8. Un = C4 + Ca (— 2)" + с,(3У 


7. y, = c( 2 +1 





10. (x + 2)у, ,,—2(n + 1)y,, + ny, =0 11. Second 

L x | 
12. y, = (C, + Сл)2" 18. 9 Xx - 1) (3y-? 14. y, ,5—50y,,1* 9У, = 0 
15. True. 





Problems 32.1, 





х? xi 3x5 | 1 1 
ў. ака M NON 2. 0.0214 ёё. у= NE NEC 
Y 2 8 48 Ig 515 T 


4. (a) 0.9138, (b) 0.1938 
5. y(1.1) = 0.1103, y(1.2) = 0.2428. Exact y(1.1) = 0.1103 and у(1.2) = 0.2428 
6. 1.1053425 7. 1.1272 8. 1.005. 


Problems 32.2, page 1017 
1. 1.1831808 2. 1.1448 3. 4.5559 





4. y(0.1) = 0.095, y(0.2) = 0.181, (0.3) = 0.259 . y(0.2) = 1.2046, y(0.4) = 1.4644 
6. 2.2352 Ч. 1.0928 8. 5.051. 





Problems 32.3, page 1021 


1. 1.7278 2. 1.1749 3. 1.0207, 1.0438 
4. 2.5005 5. у(0.1) = 0.9052, у(0.2) = 0.8213 
6. y(0.1) = 2.9919, y(0.2) = 2.9627 7. 0.3487 8. 0.8489 


9. 1.1678 10. 1.0911, 1.1677, 1.2352, 1.2902, 1.338. 





Probiems 32.4, раде 1026 


1. 3.795 2. 1.2797 3. y(1.4) = 3.0794 
4. у(4.5) = 1.023 5. у(0.4) = 2.162 6. y(0.4) = 0.441. 





1. 0.2416 2. 1.0408 3. 0.6897 
4. y(4.4) = 1.019 5. 2.5751 6. у(1.4) = 0.949. 




































































| X - l- , Е g 1 8 iL x. 9 7 1 
1. ул: 1424 4 — a а" 
957 32740) 40° 193 "C 2 8 10. 34 340 256 


2. у(0.1) = 0.105, 2(0.1) = 0.999 ; y(0.2) = 0.22, 240.2) = 0.997 


3. y(0.1) = 2.0845, 2(0.1) = 0.5867 4. уул 14 Zz + ax 
5. (0.1) = 0.5075 6. (0.2) = 0.9802, y(0.2) = — 0.196 
7. — 0.5159 8. 6(0.2) = 0.8367, (46/4), , = 3.6545. 


Problems 32.7, page 1038 





1. 0.14031 2. у(.25) = у(.75) = 2.4, у(.5) = 3.2 
3. у(1.25) = 1.3513, у(1.5) = 1.635, у(1.75) = 1.8505 

4. y(.25) =- 0.3473, у(.5) = — 0.9508, у(.75) = — 1.7257 

5. п=2, (0.5) = 0.1389, true value = 0.1505 ; п = 4, y(0.5) = 0.147 





6. у(0.25) = 0.062, у(0.5) = 0.25, у(0.75) = 0.562 
7. y(1) = 1.0171, y(2) = 1.094 8. y(1/3) = 1.1539, y(2/3) = 3.9231 ; y(1) = 7.4615. 





Problems 32.8, page 1038 


1. (5) 2. y, ,,- 2y, * y; ,* у, = БА? 3. lex x? х2/6 
4. $314 5. $313 | 6. (b) 
Т. у, 7 Yo + 2 (fs + Af. + f.) 8. Modified Euler's method 


Л | | 
9. Уус Уу? 24 (55f, — 59f_, + 37/. ,—9f 3) 


10. Milne's method and Adam-Bashforth method 


1 | ми 
11. four 12. y=1+ E Y 13. (b) 
_ 4h. | zz E 
14. у= yy + EJ (2f, — f, + 2.) 15. Уус yo + a (9f, + 19f, — 5f € f 
16. 1.1818 11. Yon? £30 3-92) 0 18. 831.7 


19. starting values 

20. Picards and Runge-Kutta methods 

21. It agrees with Taylor's series solution upto the term in h* 

. (а) 23. y,,, + 20? — 1) y, * y; =0 24. (a) 

. True 26. False 27. False. 


кр 





Problems 33.1, page 1041 


1. Parabolic 2. Hyperbolic 
З. (1) Parabolic (ii) Elliptic (iii) Elliptic 4. Outside the ellipse (x/0.5)* + (y/0.25)* = 1. 








Problems 33.2, pac 





1. и, = 1.999, и. = 2.999, из = 3.999 

2. 2.87, 5.6, 9.87, 2.89, 6.14, 9.89, 3.02, 6.17, 9.51 

3. цу = 10.188, и, = 0.5, и. =1.188, и, = 0.25, и, = 0.625, и. = 1.25 

4. u, = 26.66, и, = 33.33, и. = 43.33, и, = 46.66 

5. ц, = 0.99, и, = 1.49, u, = 0.49 

6. и, = 1.57, и, = 3.71, и, = 6.57, и, = 2.06, и, = 4.69, и, = 8.06, и, = 2,u, = 4.92, и. = 9 
7. u, =-З и. = – 2, и, = – 2. | 


Problems 33.3, раде 1054 


0 
0 
0 
g 
0 
0 





_ 0.14 


' 
4 


, 


г 


T A 
" 


_ Problems 33.4, раде 1060 











Problems 33.5, page 1060 


1. (5) 2. False 3. a hyperbolic equation | 
4. Poisson’s equation B. шоре at рушу 6 (u; ,,—2u, ; * uj, ph? 
9. hyperbolic 10. Bendre-Schmidt 

11. игууул 201—407) u; ‚+ 4a? (uj уул шүүү, ул) Where a = k/h. 

2х i: нм ЗЭЭ? | 1 

12. u; „у= 2 (uj АЖ Щу) 13. $33.5(2) 14, A< 9 


15. Elliptic 
16. u(0,£) 0 = и (1,0), (t > 0); ulx, 0) = Дх), 0 < x <1; &x/6t (х, 0) 20,0 <x «1 


| Ou би 
M. eg Rua y pos pO ay 18. a * 52 = Р(х, у) 


ш.) — 2uj j FU 41, j 4 U; j-1-— 2uj j + Uj раї 


РЕ: | o ES 


19. 100 20. 
21. » «0 22. К = 1/4. 


Probiems 34.1, раде 1063 





1. Мах. Z = 1.2x, + 1.4x,; subject to 40x, + 25x, < 1000, 
35x, + 28x, < 980, 25x, + 35x, < 875 and x,, x, 2 0 
2. Max. Z = 3x, + 2x, + 4x,; subject to 4x, + 3x, + 5х. < 2000, 
2x, + 2х, + 4x, < 2500, 100 <x, < 150, 200 < x, and 50 < x, 
3. Max. Z = Зх, + 2x, + x,; subject to dx, + 4x, + Зх, < 42, 
Ox, + 3x, < 45, 3x, + бх, + 2x, < 41 and x,, x4, x, 20. 
4. Мах. Z = 400 x + 300 y ; subject tox + y 200, x > 20, у >4x,x2>0,y 20 
5. Min. Z =x, +x, ; subject to 2x, + x, > 12, 5x, + Br, > 74, 
x, + 6x, > 24 and хү, Xy X, 20. 





6. Мах. Z = 0.15x, + 0.25x, ; subject to 
2x, + 5x, < 480,000, 5x, + 4х, < 720,000, 
8x, + 16x, < 300,000, 0 <x, < 25,000 and 0 <x, < 7,000 
7. Min. 2 = 41x, + 35x, + 96x, ; subject to 
2x, + 3х, + 7x, 2 1250, x, + x, > 250, 5x, + Зх, > 900, 
6x, + 25x, + x, > 232.5 and x,, x,, x, 20 
8. Min. Z = 100x, + 250x, + 160x, ; subject to 
0.94x, + x, + 1.04х. < 0.98, 10x, + 15x, + 17x, > 14, 
470x, + 500x, + 520х. > 495, x, + x, +x, = 1 and x,, x4, x, > 0. 





Problems 34.2, page 1069 


1. x, = 100, x, = 50; max. Z = 550 2. x, = 8/15, x, = 12/5, тах. Z = 24.8 
3. x, = 15, x, = 0; max. Z = 300 4. x, = 1000, x, = 500 ; max. Z = 5500 
5. 450 units of product B only ; max. profit = * 1800 

6. X-2,Y 24.5 ; max. profit = 7 37 

7. А = 1.18 units, B = 0.53 units ; max. profit = $ 14.50 approx. 

8. 2000/11 units of product А and 1000/11 units of B ; max. profit = $ 10,000 

9. x, = 4, x, = 0; max.2 = 8 10. Unbounded solution 

11. x= 2, X474; min. Z = 64 

12. Production cost will be min. if G and J run for 12 and 4 days respectively. 





Problems 34.3, page 1074 


1. Мах. Z = 3x, + 5х, + 8x, ; subject to 2х, — 5х, + s, = 6, 
dx, + 2x, +x, —S, = 5, 3x, + 4x, +5, =3; 
Хү, Ж, Хаг 835 85:84 20 
2. Min. Z = Зх, + 2x, + 5x,, subject to — 5x, + 2x, + 5, = 5, 
2х; + 8x, 4dx,—5, = 7, 9х, + 5x, 8,2 З 
Хү, Хо, Хз, Sp Sp 842 0. 
3. Мах. Z = 3x, — 2х, + 4x, — 4x, ; subject to 
XQ *t2X,4X,—X.,948,-28,2x,—X,-x,—xX,—847 2, 
—4x, + 2x,- 0x,— Sx, = 6; ху, 35, X4 X5 51,5: 20 
4. (i) x, = 2, x, = 1 (Basic) ; x, = 0 (Non-basic). (ii) x, = 5, 
x, =— 1 (Basic) ; x, = 0 (Non-basic) ; (iii) x, = 5/3, x, = 2/3 (Basic) ; x, 0 (Non-basic). All the three basic 
solutions are non-degenerate 
6. Basic solutions are (i) x, = 2, x, = 1 (Basic) and x, = 0; 
(11) x, =. = 1 (Basic) and X, = 0: (ш) X=- 1, X, = 2 (Basic) and х, = 0 
(а) First two solutions are non-degenerate basic feasible solutions 
(b) First solution is optimal and 2-5. 


Problems 34.4, page 1081 





1. x, =2,х. = 4, тах. Z = 14 2. x, =0,х. = 20; тах. Z = 200 

3. x, = 7/3, x, = 4/3 ; max. Z = 16 4. x, =5,x, =x, = 0; max Z = 50 

5. x, =0,x, = 100, x, = 280; max. Z = 1350 6. x, = 89/41, x, = 50/41, x, = 62/41; тах. Z =$ 765/41 
7. x, =4,x,=5,x,=0;minZ=-11 

8. x, = 280/13, x, = 0, x, = 20/13, x, = 180/13 ; max. Z = 2280/13 

9. x, = 0, х, = 400 units ; max. profit = $ 1200 

10. x, = 125, x, = 250 units ; max profit = $ 2250 

11. x, = 400 gms, x, = 0 ; min. cost = 2 12. x, =0,x, =x, = 50; max. profit = $ 700 














13. x, = 0.5, x, =x, = 0.04 units ; min. cost = $ 5.80 
14. Averages for corn, wheat, soyabeans are 250, 625, zero respectively to achieve a max. profit of * 32,000. 





Problems 34.5, page 1088 


1. x,-0,x,-2,x,-0; max. Z = 4 2. хү-3,х,-2,х,-0,шах. 2 = 8 

8. x, = x, = — 6/15 ; max. Z = — 48/5 4. x, = 23/3, x, = 5, х, = 0 ; шах Z = 85/3 
5. x, =x, =x, = 5/2, х, = 0; шах. Z = 15 6. x, = 21/13, x, = 10/13 ; max. Z = 31/13 
7. Infeasible 8. х, = 23/8, x, = 5, x4 = 0 : тах. Z = 85/3 


9. x, = 55/7, x, = 30/7, x, = 0 ; max. Z = 155/7 
10. x, = 2, x, = 0; max. Z = 18 
11. Degenerate solution : x, = 0 (non-basic) ; х, = 1, x, = 0 (basic) ; max. Z = 3. 





Problems 34.6, page 1091 


1. Min. W = 26y, + 7у, ; subject to бу, + 4y, 2 10 
бу, + Зу, 2 13, Зу, + буу 2 19; y, Уу y, 20 

2. Мах. W = 11у, + Ту, + Ya + 5y, ; subject to Зу, + 2y, —y, + Зу, € 2, 
4y, + 3y, + 2y3 + 2у„ < 4, у, – 2у, + By, + 2у, $3; 
Хү» Yor Уз» Уц 2 0 

3. Min. W =— Зу, + y; + 4y, ; subject to y, + Зу, – 2y, < – 3, 
y1*X4,216,y,—-2y, * y, 5-7; 
У. У 2 0, Уз, unrestricted in sign 

4. Мах. W = – бу, + 9y, + Ву. ; subject to — 2y, + dy, — 8у. $3, 
3y,—-2y,*4y, S- 2, - y, + By, = 1; 
Y, Уо 2 0, уз unrestricted 

5. Min. y = Зу, + 4y, + y4 + бу, ; subject to 5y, – 2y, + у, — Зу, 2 2, 
бу, + у — Sy, – Зу, > б,—у, + 4у, + Wy + Ту, > б, y, Vor Nar Y4 20. 





Problems 34.7, page 1094 


1. x, =x, =0,х. = 5/2; min. Z = 2.5 2, xy24,x,- 2; max. Z — 10. 
3. x, = 7, x, = 0, max. Z = 21 4. x, = 0,x, = 100, x, = 230 ; max. Z = 1350. 


Problems 34.8, pa 





1. x, =0,x,=1; max.Z=-1 2, x, = 3/5, x, = 6/5 ; min. Z = 12/5 
3. x, = 6, x, = 2,x,=0; min. Z = 10 4. x, = 65/23, x, = 0, x, = 20/23, x, = 0 ; min. Z = 215/23. 





Problems 34.9, pa 


1. хүүг 200, xi = 50, x55 = 175, x4 = 125,24, = 275,25, = 125; min. cost = € 12075 
2. х.з = 14, х, = 6, Xop = 5, Xog = 1, Xag = 5; min. cost = 143 
8. хуу = 50, x,, = 100, x,, = 150, Xa, = 150, x,, = 100, x, = 50 ; min. tonnage = 3300 
4. x,, = 140, x,, = 60, х, = 40, x,, = 120, x,, = 90 ; min. cost =$ 5920 
5. xi = 5, X14 = 2, Хо = 3, Xa = T, Xag = 5,x,, = 13; 
min. cost = $ 799 and maximum saving = = 201 
6. ху 150, x,, = 20, х, = 160, Xo4 = 40, Хад = 90, ха = 90 ; max. profit = 4920 
Ч. Xi = 2, Xa = 1, Xag = 2, Xa = $, Xa = 1; min. cost = 33 
B. x, = 0, ху. = 800, x,, = 400, х,, = 100, x,, = 400, x... = 200, 
x4, = 300, x,, = 300 ; min. cost = 9200. 








Problems 34.10, pa 


1. Хүүг Xp = х. = 1; min. cost = € 18 

2. A—252,B—53,C—4,D—1;min.Z = 38 

3. I > B, II — A, III —^ D, IV — C ; min. cost = € 49 

4. A — Dyn. Prog., B —> Queuing Th., C > Reg. Analysis, D — L.P. ; min. time = 28 hrs 
5. (DAS I, B II, C III, D IV: i) Ao 1, В+ Ш, СП, р ГУ 

6. 15 IV, 25 IIl, 3 > VI, A—5 1,5 III, 6 > V; max. profit = = 270 





Problems 34.11, page 1110 


1. $34.5 Def. 2 2. it provides an optimality test 38. $34.11 

4. $ 34.16 (1) 5. $34.13 6. 5 34.6 (1) 

7. Min. W = Ту, + 5y,, subject to 2y, + Зу, < 4, 
Зу, — 2у. < 9, 2y, + 4у, < 2, y, 2 0, у. is unrestricted in sign 

8. $34.12 (2) 9. § 34.14 

10. Minimize 2 = (2x,, + хү, + 11x,4 + 4х, 4) + (5x,, + 6x,, + Bx,4 + ТХь,), 

subject to Хүү Xj + Ху, + Хү, @, (= 15), x4, + X5, + Xog + хь, = @„ (= 20), 
Хүү Хар b, (= 10), х,, + хо = b,(-5);x,x,,-7b4(212);x,, +x = b, (= 8) and х; 2 0. 
[^ Ха = Eb, = 35] 


11. (i) x, =3,x, = 5,x,= 0; (0) x, = 0.5, x, =0,x, = 2.5 12. § 34.5 (Def. 4) 

13. § 34.15 14. balanced 15. § 34.9 

16. § 34.7 (3) 17. optimal 

18. Minimize у = бу, — 3y,, subject to y, + у. = 5, 2у, — бу. > 6, y, > 0 and y, unrestricted 

19. 5 20. Max. Z = 5/19 21. 834.7 

22. $34.16 23. $ 34.7 [2 (ii)] 

24. Min. W = Зу, + 4y, + Зу, subject to — y, + у„ +Y, 2 2, 29, + y; 2 l, yp y, 20 

25. North west corner rule and Vogeli approximation method 26. Slash or surplus variables. 





Problems 35.1, page 1118 





x 
1. (y= 152 сх + Cy 3 (ti) y сүх 1 + ¢y 3. y= e +e e+ = 
4. y 2—x cos x/2 5. у= (с +x) sinx 6. y = sinh (сүх + Cy) 
Т. у-х2-1 8. (х + с)2 + у2 = А? 9. у= 2 ѕіп х 


12. The spirals of the family r = a sec ( sin & + Б). 





Problems 35.2, page 1120 


l. у= + 2 віп ттс, where m is an integer 
2. y = А? + ax + b, where А, а, b are determined from the isoperimetric and boundary conditions. 


1 > J 
4. у(х) = 51 — cos x) + 4 (2 — д) sin x. 





Problems 35.3, page 1124 


2. у= (c, + сох) cos x + (c4 + Сх) sin x, 
z = (c, + c,x) cos x + (с c,x) sin x — 2c, sin x + 2c, cos x 


3. y=a, sinnx,n-1,2,3.. 4. y 2 cos x 5. y=- ger Gt ca 


6. (i) y = суе? + c,e™* c4 cos 2x + с, sin 2х; 
(Ш) y 2 e, + cg + сз? + с„х% + сү + с„х5 + 01/71. 





__ Problems 35.4, page 1126 _ 





1. (andi) y ха -8) 2. y - (5x — 1) 4. ӯ = 0.58 + 0.27x 
5. (i) and (ii) е, = 0.93,с,= — 0.05. 6. 0.05 7. c, = 3.27, c, = — 2.69 


B. y- (502-30), 











__ Problems 36.1, page 1134 











1. у(х) = 6x -5 + IKG — 6x + 6t) y(t) dt. 

2. у(х) = х -sinx + e (x —1)+ [sin хе  - 0i yt) dt 

3. уб) = | tt х) у dt + li? 

. As | « Nt) dt + ox 

4. у(х) + [r+ 2-204 @—ne year =< 5 +х—8 
40 | 20 6 


5. у(х) = cos x — Чэ -з° -5 fi &- 2 yit) dt 


4.4 ОТ, „тв... 
6. уб) = sinx - + Тв t) i} уй) dt 


2. gm 1 me xz ў 19 32 85 » 20 
7. yx) — | (4 — 6 (x — t) e 2 (x — t? а 93] y(t) dt = 2 сов 2х – т +ске? + ae 
8. y"(x) -2xy'(x) - 3y(x) 20; у(0) = 1, y'(00) = 0 
9. y"(x) - у(х) + З sin x 20; у(0) = 3, у'(0) = 0 

10. у(х) + 6y(x) = 0; y(0) = 4, y'(0) = — 3, y"(0) = 2 

11. у(х) — 3y"(x) + Ay'(x) + 2y(x) + €* 20; y(0) = 1, y'(0) = 2, y"(0) = 3. 


Problems 36.2, page 1137 





1 
1. у(х) = Í, G(x, t) tyl£) dt + Zal — 1), where G(x, t) = x(1 — t), (x «D апа = (1-х), х> 
2. у(х) = [ое t) y(t) dt +i (x? — Зх + 6), where G(x, t)=x,x<tand=t,x>t 


1 
З. u(x) = | G(x, t) e' u(t) dt = (x? + x), where G(x, t) = x(1 — 2t), x «t and = t(1— 2x), x > t 


4. Glx, tj  Sinbxsinh(t ^ D... and = Sinh tsinh (x D) 
sinh 1 sinh 1 


X 





б. u(x)=A | GG, 0 t. u(t) dt, where бх, 0 = Ex| —— |, x «tand- 1-1 1.1 хєх 
“0 2 (i-t. 2 |х-х 





Problems 36.3, pa 


5. y(x) = : (sin x + sinh x) 6. у(х) =x? + =x 7. y(x) 21 
8. у(х) = + 6J, (4x) 9. у(х) = J, (2x) (x > 0) 





10. yx) = 5 -?:(cos x + З sin 9-5 Е? 11. у(х) = (1—x)e-* + 172 sin x 


12. у(х) = 1+ x?  x'/24. 13. у(х) = 1 + x*/2 14. у(х) = 1/2 


15. у(х) = Зи дэ (3x + 2). 
п 





Problems 36.4, раде 1145. 


1. Has no eigen values and eigen functions 
2. Eigen value А = 1/4 ; eigen function is у(х) = х? + 3x/2 
3. Eigen values А = 8/(л — 2) ; eigen function is у(х) = sin? (x) 





4. Eigen value А = Уп, y = sin x 5. Has no eigen values or eigen functions 
6. Eigen values are A = + Мл ; eigen functions are у(х) = cos x + sin x, у(х) = cos x — sin x 
А. [(6 — X) x — 4] | | 2 
‚ ух) = — C B. =x — —————5 [10 + (6 + А) 
Т. у(х) =х + TTET. у(х) =x + 1201-27-32 [10 +(6 +A) x] 
A | i au iz o: ЭР 
Ян, a - xo (1-5 an) e 4° | | J 
. о Р 
Е анх B. sie — anas 
m-l 2-4 


18. yx) =х+ 2-2АЛ (Qux — 4Ал sin x + cos x) 
1 + 2. “к 


13. There is no solution to the integral equation when А = 3 
14. 4,-2,4, -—2;y,(x)-1—- x, ух) = 1- Зх 


15. (т) When Fix) lution is y(x) +A, 2A sin x + on cos x 
1 ler wI =X, SOIUuLIOT 1: к= ч Жэ зээгт инч ШШ. oS 
d ANE) —1 Ma) -1 


(и) When F(x) = 1, solution is у(х) = 1. 


Problems 36.5, pe 








cp ME ee — o — лк ТЇ 
1. у(х) = 1 33:73 (A#—3) 2. у(х) = Tax only if | A | « = 
5. у(х) = 1 6. y = sinx Ч. y(x) = 2. 





Problems 37.1, page 1154 


2. (1) True, since [а] is a subset of the set (а, b, c] ; (її) and (iii) False, since the element а cannot be a subset 
of the set (а, b, c] ; (iv) True, since the set (а, b] is a subset of the set ап, b, с}; (v) False, since the set la, 5] 
is not an element of the set [a, b, c] ; (vi) True, since the null set $ is a subset of every set. 

17. 20 18. 105 19. 136 
20. Number of students not taking any of these courses is 71. 





Problems 37.2, page 1160 





1. (а) It is not true that Sam is a teacher and John is an honest boy ; (b) Sam is a teacher and John is not an 
honest boy ; (c) Sam is not a teacher iff John is an honest boy ; (d) If Sam is a teacher then John is not an 
honest boy. 

2. (а) pvq)-»r where p = Í have по саг, = I do not wear good dress, г = Гат not, a millionaire. 


3. 








о oc кы кы б б н а 


7. (i) T, = 12,3, 5, 7, 11, 18, 17, 19, 23, 29, 31] 
T, =[1,3,9, 27, 1, T= (1,8,9, 7] 
(i) T, «T, 


10. 


15. 





1. (a) (Wx © A) (x + 2 < 10) (6) (1x © А)(х+2= 10) 


2. (a) V x, (x* ах) (b) > x, (x +5 < х) 
(с) None of the students are 26 or older (4) Some students do not live in the hostels. 
3. V x P(x) is false 4. V (x, Xa) Q(x, + х„)© 


5. V (a, b) Ria - x = b) 
6. (a) V x[Q (x) — R(x)] (b) - v x[Q(x) — Rix), (c) 3 xIQ(x) ^ R(x), — (d) 3x [Q (x) ^ - R(x)] 
8. (CAv-A)A(Bv-A)A(-AvC)A(G v C) 


10. 1. руд (Premise), 2. — р > д (conditional equivalence) 
9, аа (Premine) ebuzzpro.blogspot.com , срыва Behan vole 
5. р э г (Premise) 6. ~s > p (4, conditional equivalence) 
7.~s — r(5, 6 chain rule) 8. svr(7, conditional equivalence) 


12. (bx) R (x= JZ) 13. (a) Conclusion is not valid (b) Conclusion is not valid 


Problems 37.4, page 1170 


Problems 37.5, page 1172 
1. (DO (iz) 0 2. ()ixvyvz)^lxvyvz) Ш) хуул (хуу) л (ху) 
4. (хмуу2) л (хмум2') л (хуу м2) л (хуу vz)^lxvy' уг”) ^(ix' v y'vz) als’ vy’ уг? 


B. (хлулг)у (хлулг”) у (хлу' az) м (лу az’) 
6. Е = (хлулг) м (хлу' ла) м’ ayaz) vix' ay az’) vix ay’ лг) 





Problems 37.6, pac 








2. (i) p, v lps’ a (Py ур) (ii) fp, v p3) v (p, Урд ^ (Dy ^ ру) 


3. X AY 4. рү APs “ру; 





1306 


6. (a) x, ^x, (b) 





(c) (x, ух, v xq) ^ (x, V XQ" уху) ^ (xa v x! v x1) ^ Gr v xo! v x1") 





Problems 37.7. pac e — 





1. Fa =F, 2. Е" = [0.2 Ram, 0.7 Sham, 0.4 John, 0.3 Charu] 
3. FUG = 10.4 x,, 0.7 x5, 0.5 x4, 0.9 x] 
F ^ G = [0.3 x,, 0.6 x,, 0.1 x4, 0.8 x] 
4. (т) Truth value of ‘F is not rich’ is 0.2 
(п) Truth value of 'G is not fat’ is 0.4 
(i1) Truth value of ‘Mary is not beautiful’ is 0.3 
б. G)FzG (11) F is not a subset of G ; G is not a subset of F, 
(ui) Е = [1, 1, 1, 1, 0.9, 0.7, 0.5, 0.1, 0, 0] 
FaG = [0, 0.1, 0.3, 0.5] 
FG = [0.1, 0.5, 0.9, 1, 0.9, 0.9, 1, 1] 
6. () Truth value of the cojunction of ‘Latif and John are good players’ is 0.6. 
(ii) Truth value of the disjunction of ‘Latif and John are good players’ is 0.7. 
8. Members and its degree of membership. 





Problems 38.1, 


L @ R-RE, Gia 

2. (0 ay (x! +а, (х2) + as x9)? + (аү + а„,) хіх? + (ay, a4, Ix? + (а, + a4,)x?x? 
(ii) gj, dx? + до х?) + g, (dx)? + 2g, „ахах? + 2g, dx?dx? 2g, dx? ах! 
(iii) дүү = 87+... 48, gn 


2 


Gg; (it) BP. 6. (i) A,” 


- 


Yes, AY", contravariant order 3, covariant order 2, Rank 5 
(a) 2p cos? ф —z cos ф + p? sin? $ cos? $, — p? sin 26 + pz sin ф р! sin ф cos? ф, pz sin ó ; 
(b) 2r sin? Ө cos? ф — г sin Ө cos Ө cos 6 + г? sin‘ Ө sin? ф cos? ф + г? sin Ө cos? Ө 8110: 
2г? sin Ө cos Ө cos? ф — г? cos? Ө cos 0 + r* sin? Ө cos Ө sin? 6 cos? $ — r° sin? Ө cos Ө віп 6; 
— 2r* віп? Ө sin $ cos ф + г? sin Ө cos Ө sin ф + r* sin* Ө sin 6 cos? à 
11. (a cos $ + b sin ф) sin 0 + c cos Ө; [(a cos $ + b sin ф) cos 8— c sin 9]/r ; (b cos ф— a sin ф)/ sin Ө. 


. Problems 38.2, | 





Problems 36.3, pa 


1. g 24, g!! = 2 9% = 5,553 = 1.5, 912 = 3, 53 = — 2.5, gl3 2 1.5, 
2. 84, = Lg = р? ga = Lg = 0j); g = 1, 47? =p-*,g8= 1,9 — O (1s j) 
3. в = r* sin? 0/1 — r?/R?) ; g™ = 1 — r?/R?, g” = 1r?, g?? = (г sin 9) ?, g? = 0 (i. j). 





1. 


(a) lii i] = 1 460796, lii, k) =- > gn? 


lik, k] = [hi, А] = ae [1], k] = 0, when i, 7, k are all different 
бу lie lg два) 1 дви 
(b) lal =E ЛБ: M = 9 5 ox" 


| = = MEE 5 pg" Eu (по summation over i ог А) 


lal = 0, when i, j, & are all different 


(a) All are zero 

(b) [21, 2 = p = [12, 2] ; [22, 1 = р, all others are zero 

(с) [21,2] = r = [12, 2] ; [31, 3] = r sin? Ө = [13, 3] ; [32, 3] 
= r* sin Ө cos ф = [23, 3]; [22, 1] = – г; 133, 1] = - r sin? Ө; 
[33, 2] = — г? sin Ө cos 6 ; all others are zero 

(a) All are zero 


(b) ló |=- -ӨЧ ад” ман all others are zero 
22 12] р 
(c) аи [a 
22 33 21 12] r 
2 , I3] [3] 1 
(за 7 - sin Өсөн Манж 


| 5 | -| 5 | = cot 8, all others are zero 





32 23 
(а) г? sin Ө cos Ө; r? sin Ө cos Ө (b) — sin Ө cos Ө; cot Ө 
(a) -r sin? 0 ; r? sin Ө cos Ө (b) -r sin“ Ө; cot 6 
| ди? ! 8) l is. h дА? 55 " Ae. [^ Е 
dbi NEAL EMI udis a Jr? Ма (ls А“, 


10. АВ," + Al, В", 


11. 


Вап 


| 9 a3 oap]; €) d Seta) 2 и. 
(а) Ч 2 (oA) + а Ад ea]; (5) _2 T А - (sin. 8 Aq) + 20 


r sin Ө 
ou 1 23v 92 id Ju 1 v 1 д» 92420 со Өдөр 
uj Жо Ed 0 © 3:09:248 ушш кош > ео 
(а) app 2223 pop а 28 ^ 72 sin? 0 гёк ғ? дө 


ebuzzpro.blogspot.com 





А 


Abel's integral equation, 1140 
Absolute convergence, 383, 703 
Acceleration vector, 319 
Addition of complex numbers, 639 
of matrices, 27 
of vectors, 77 
Adjoint matrix, 33 
Adams-Bashforth method, 1026 
Algebra of Logic, 1155 
Alternating series, 382 
Amplitude, of complex quantity, 640 
of S.H.M., 503 
Analytic function, 674 
Angle between, two lines, 82, 1193 
two planes, 97 
Angular velocity of a rigid body, 91 
Area as a double integral, 281 
of curves, 256 
of a curved surface, 292 
Argand's diagram, 641 
Argument of a complex number, 640 
Arguments, 1159 
Assignment problem, 1105 
Associated tensor, 1192 
Asymptotes, 183 
Atmospheric pressure, 462 
Augmented matrix, 46 
Auxiliary equation, 472 


BHaye's theorem, 870 
Bending moment, 518 
Ber and Bei functions, 561 


Bernoulli's equation, 437 
Bernoulli-Euler law, 518 
Bessel's interpolation formula, 964 
Bessel functions, 550 
Generating function of, 555 
Ürthogonality of, 559 
Bessel's equation, 550 
Beta function, 302 
Bilinear transformation, 685 
Binomial distribution, 879 
Binormal, 317 
Bisection method, 918 
Boolean algebra, 1166 
identities, 1168 
Boole's rule, 991 
Boundary value problems, 783, 1035, 
1124 
C 
Calculus of variations, 1111 
Canonical form, 64, 1071 
Cantilever beam, 519 
Capacitance, 463 
Cardan's method, 9 
Catenary, 1114 
Cauchy-Reimann equations, 673 
Cauchy's homogeneous linear equa- 
tion, 490 
inequality, 701 
integral formula, 697 
Mean value theorem, 144 
root test, 380 
Cayley-Hamilton theorem, 58 
Central differences, 947 


1308 


Central limit theorem, 902 
Centre of 
curvature, 72 
gravity, 294 
pressure, 296 
Change of, interval in F-series, 404 
variables, 211, 287 
Charpit's method, 588 
Chebyshev polynomials, 571 
inequality, 894 
Chemical reactions and solutions, 468 
Chi-square distribution, 911 
Christoffel symbols, 1193 
Circle of convergence, 704 
Circulation, 335 
Clairaut's equation, 449 
Co-efficient of, correlation, 845 
variation, 839 
Comparison tests, 368 
Complementary function, 472, 590, 
1000 
Complex inversion formula, 781 
Complex numbers, 639 
Complex potential, 679 
Complex variable, 656 
derivative of a function of, 673 
Exponential and circular functions 
of, 656 
Hyperbolic functions of, 658 
Logarithmic functions of, 664 
Concavity, Convexity, 177 
Conditional convergence of series, 383 
Conditions for a Fourier expansion, 400 
Conditions for parallelism, 
of lines, 82 
of planes, 98 
of a line and a plane, 105 





Conditions for perpendicularity 
of lines, 82 
of planes, 98 
Cone, 121, 122, 180 
Confidence limits, 902 
Conformal transformation, 688 
Conicoids, 126 
Conjugate functions, 674 
matrix, 67 
lensor, 1190 
Conservative field of force, 351 
Consistency of equations, 46 
Contraction of tensors, 1187 
Contravariant tensor, 1188 
Convergence of series, 366 
Convolution theorem, 748, 776 
Correlation, 845 
Covariant differentiation, 1196 
tensor, 1154 
Convex region, 1064 
Cramer's rule, 43 
Critical speeds, 522 
Curl, 326, 356, 1198 
Curvature, 166, 317 
Curves in space, 316 
Curve-fitting, 812 
Curve tracing, 185 
Cylinder, 124, 130 
Cylindrical co-ordinates, 357 
Curvilinear co-ordinates, 355 


D 


D (operator), 472 
D'Alembert’s Ratio Test, 373 


solution of wave equation, 609 


De Moivre's theorem, 647 
Deflection of beams, 518 
Degrees of freedom, 905 
Del (operator), 322 
Derivative of (2), 673 
directional, 323 
of a vector function, 326 
Descarte's method, 12 
Descarte’s rule of signs, 2 
Determinants, 17 
Difference equations, 998 
Differential equations, 26 
Bernoulli's, 437 
Bessel's, 550 
Cauchy's, 490 
Clairaut's, 49 
Legendre's, 498, 562 
numerical solution of, 1008 


partial, 577 


simultaneous linear, 496, 754 


total, 539 


Differentiation of vector under integral 


sign, 233 
Dirac-delta function, 761 
Direction cosines, of a line, 78 
of the join of two points, 78 
Dirichlet's conditions, 400 
Dirichlet's integral, 307 
Discrete Mathematics, 1149 


Distance between two points, 78 


of a point from a plane, 98 
Distribution function, 873 
Divergence, 326, 1198 
Divergence of series, 366 
Divergence theorem, 346 
Divided differences, 975 
Double integrals, 274 


change of order of integration in, 276 


enclosed area as, 281 
volumes of solids as, 285 
Dual Simplex method, 1094 
Duality concept, 1089 
Duality, 1167 
Duality law, 1091, 1159 
Dummy index, 1181 


E 
Figen values of a matrix, 55 
values by iteration, 943 


Elastic curve of a beam, 518 
Electric circuits, 463, 514 


Electro-mechanical analogy, 515 


Electro-motive force, 464 

Ellipsoid, 127 

Elliptic equations, 1042 
integrals, 310 

Eulers method, 1012 

Empirical laws, 812 

Envelope, 174 


Equation of, a cone, 121, 122, 130 


a cylinder, 124, 130 
a line, 102 
a plane, 97 
a sphere, 117 
Equivalence, 1158 
Error function, 312 
Errors and approximations, 222 
Euclidean space, 1189 
Euler's, equation, 1111 


formulae for Fourier coefficients, 


395 


method for numerical solution of dif- 


ferential equations, 1012 
theorem, 205, 657 
Even functions, 408 
Events, equally likely, 858 
exhaustive, 858 
independent, 562 
mutually exclusive, 858 
Everett's formula, 965 
Evolute, 173 
Expectation, 874 
Exponential, function, 656 
distribution, 893 


F 


Factorial notation, 949 
Factor theorem, 22 
Factorization method, 933 
F-distribution, 914 
Ferrari's method, 11 
Field, conservative, 351 

irrotational, 351 

scalar, 322 

solenoidal, 351 

vector, 322 
Finite differences, 946 
Fisher's z-distribution, 916 
Flow problems, 678 
Flux across a surface, 90, 338 
Forced oscillations, 509 
Fourier-Bessel expansion, 560 
Fourier integrals, 767 


Fourier-Legendre expansion, 568 


Fourier series, 395 

Fourier transforms, 769 
Boundary value problems 
solved by, 783 
Finite, 769 
of derivatives, 780 


Fredhlom's equations, 1131, 1142, 1145 


Frenet formulae, 317 
Frequency, 831 

curve, 881 

Cumulative, 831 

distribution, 831 

of S.H.M., 503 
Frobenius method, 544 
Functionals, 1111 
Fundamental tensor, 1190 
Fuzzy sets, 1174 

applications of, 1179 
Fuzzy set operations, 1178 
Fuzzy propositions, 1176 


G 


Gain or loss of oscillations, 505 
Galerkin's method, 1125 
Gamma distribution, 893 
function, 302 
Gauss elimination method, 828 
Gauss interpolation formulae, 962 
Gauss-Jordan method, 37, 931 
Gauss-Seidel iteration method, 938 
Generating function of, 
Bessel functions, 555 
Legendre polynomials, 565 
Geodesics, 1117 
(Geometric series, 366, 668 
distribution, 892 
Goodness of fit, 911 
Gradient vector, 322, 367, 1195 
Graphical solution of equations, 13 
Green's function, 1135 
Green's theorem, 339, 349 
reciprocal theorem, 350 


H 


Half-range series, 412 
Hamilton's principle, 1127 
Harmonic analysis, 420 
Harmonic function, 350, 677 
Heat flow, laws of, 466 

Heat equation, 611, 618, 1051 
Helix, circular, 318, 1117 
Hermite polynomials, 571 
Histogram, 881 


Homogeneous differential equation, 431 


Homogeneous functions, 205 

Hooke's law, 458 

Horner's method, 927 

Hungarian method, 1106 

Hyperbolic equations, 1055 
functions, 658 

Hyperboloids, 127 

Hypergeometric distribution, 892 


Image, of a point, 104 

af a line, 104 
Inclusion-principles, 1153 
Indeterminate form, 151 
Inference theory, 1165 
Infinite series, 365 
Inner product of two tensors, 1188 


Integral equations, 1131 

of convolution type, 1138 

Lest, 369 

transforms, 766 
Integrating factor, 435 
Integro-differential equations, 1140 
Intensity of loading, 519 
Interpolation, 946 
Inverse interpolation, 977 
Inverse operator, 475 
Inverse Laplace transforms, 740 
Irrotational fields, 351 
Isogonal Trajectories, 457 
Isoperimetric problem, 1119 
Iterative methods of solution, 936 


4 


Jacobian, 215 

Jacobi iteration method, 936 
Joukowski's transformation, 689 
Jacobi series, 556 


K 


Kirchhoff 's laws, 464 
Kronecker delta, 1182 
Kurtosis, 844 


L 


Lagrange's, equation, 1128 
interpolation formula, 971 
linear equation, 581 
Mean value theorem, 142 
undetermined multipliers, 229 

Laguerre polynomials, 571 


Laplace’s equation, 619, 625, 635, 1042 


Laplace transforms, 726 
Inverse, 740 
Laplacian, 357 
Laurent's series, 704 
Legendre's equation, 493, 562 
Legendre polynomials, 563 
Orthogonality of, 567 
Leibnitiz, rule, 233 
rule for alternating series, 382 
linear differential equation, 435 
theorem, 139 
Lengths of curves, 263 
Level surface, 322 
Level of significance, 898 
Limiting (terminal) velocity, 460 
Line integral, 335, 694 





Linear differential equations, 471 
Linear transformations, 51 
Linear programming, 1061 
Graphical method in, 1064 
Simplex method in, 1072 
Line of greatest slope, 107 
Liouville's theorem, 701 
Logarithmic function, 664 
test, 377 
M 
Maclaurin's series, 147 
M-method, 1082 
Mairix, 26 
Adjoint of a square, 33 
Characteristic roots of a, 55 
Conjugate of a, 67 
Elementary, 36 
Hermitian, 68 
Inverse of a, 33 
Null, 27 
Orthogonal, 55 
Rank of a, 45 
Singular, 26 
Skew-Hermitian, 68 
Skew-symmetric, 27 
Symmetric, 27 
Transpose of a, 27 
Triangular, 27 
Unitary, 69 
Matrix solution of equations, 43 
Maxima and minima, 177, 226, 986 
Mean deviation, 838 
Measures, of central tendency, 532 
of dispersion, 838 
Method, of false position, 920 
of Frobenius, 544 
of Group Averages, 823 
of least squares, 816 
of moments, 827 
of separation of variables, 429, 600 
of variation of parameters, 486 
Metric tensor, 1190 
Milne's method, 1022 
Milne-Thomson method, 679 
Mixed tensors, 1185 
Modified Euler's method, 1013 
Modulus, of a complex quantity, 640 
of elasticity, 458 
Moments, 848 
Моше={ of a force, about a poini, 90 
about a line, 91 


х ocn 


Moment generating function, 876 
Moment of inertia, 297 
Monge's method, 597 
Morera's theorem, 701 
Motion, of a fluid, 678 
under resistance, 503 
Multiplication of, determinants, 23 
matrices, 28 
vectors, 86, 95 
Mutually exclusive events, 858 


N 


Negative Binomial distribution, 892 


Neumann's function, 551 
Newton’s, backward interpolation 
formula, 958 
formula for unequal intervals, 975 
forward interpolation formula, 958 
law of cooling, 466 
second law of motion, 458 
Newton-Raphson method, 822, 942 
Non-homogeneous linear partial 
differential equations, 5t 
Non-linear partial differential 
equation, 584 
Normal, distribution, 884 
flux, 80 
to a surface, 219 
Normal forms, 1163 
Null hypothesis, 896 
Numerical, differentiation, 880 
integration, 989 
solution of equations, 916 
solution of ordinary differential 
equations, 1008 
solution of partial differential equa- 
tions, 1040 


О 


Objective function, 1062 
Oblate spheriod, 130 
Odd function, 408 
Ogrive, 831 
Ойл law, 464 
Operator, del, 322 
dilTerence, 946 
dilTerential, 472 
logical, 1155 
Order of a difference equation, 898 
of a differential equation, 426 
Orthogonal spheres, 120 
system, 678 
trajectories, 454 


transformation, 52 


Orthogonality of, Bessel functions, 559 


Legendre polynomials, 567 
Oscillatory series, 366 
Osculating plane, 317 
Outer product of two tensors, 1188 


р 


Parabolic equations, 1051 
Paraboloids, 128, 129 
Parseval's formula, 417 
identity, 
Partial, derivatives, 198 
differential equations, 577 
Particular integral, 472, 590, 1000 
Partition method, 41 
Pedal equation, 163 
Periodic functions, 895, 732 
Picard's method, 1008 
Point of Inflexion, 177 
Poisson distribution, 888 
equation, 1048 
integral formulae, 702 
Power series, 385 
Predicates, 1161 
Predictor-corrector methods, 1022 
Principal axes, 301 
normal, 316 
Probability, 859 
Addition theorem of, 862 
Multiplication theorem of, 863 
generating function, 877 
Probability integral, 312, 886 
Probable error, 887 
Product of inertia, 300 
Projectile with resistance, 526 
Prolate spheroid, 130 


Q 


Quadrics, 126 
Quadratic forms, 64 
Quantifiers, 1161 
Quotient law, 1158 


R 


Raabe's test, 377 
Radio equation, 631 
Random variable, 871 
Rank, correlation, 858 
of a matrix, 35 
Ratio test, 373 
Rayleigh's power method, 943 


Rayleigh-Ritz method, 1124 
Reciprocal equations, 7 
Reciprocal, tensors, 1190 
Recurrence formulae, 552, 566 
Reduction formulae, 239 
Reduction of quadratic form to canoni- 
cal form, 64 
Regression lines, 848 
Regula falsi, 920 
Relation between roots and coeffi- 
cents, d 
Relations between the operators, 953 
Relaxation method, 940 
Repeated trials, 879 
Residue theorem, 710 
Resonance, 509 
Reimannian space, 1189 
Right handed and left handed systems, 
TT 
Rodrigue's formula, 563 
Rolle's theorem, 142 
Root mean square value, 418 
Roots of a complex number, 650 
Houche's theorem, 46 
Runge-Kutta method, 1015 
5 
Saddle point, 226 
Sampling, 897 
Saw-toothed wave, 417 
Scalar product, of two vectors, 81 
of three vectors, 93 
Scatter diagram, 812 
Schwarz-Christoffel 
692 
Series, alternating, 382 
Binomial, 668 
Convergence of, 366 
Exponential, 668 
Fourier, 395 
Geometric, 366, 668 
Gregory's, 668 
Jacobi, 556 
Laurent’s, 704 
Logarithmic, 668 
Power, 385 
Solution of differential equations in, 
542 
Summation of trigonometric, 658 
Taylor's, 704 
Set theory, 1149 
Set operations, 1151 
Shear force, 519 


transformation, 
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Shortest distance between two lines, 
110 
Simple harmonic motion, 502 
Simple pendulum, 504 
Simplex method, 1072 
Simpson's rule, 990 
three-eights rule, 990 
Simultaneous, 
differential equations, 496 
Lotal differential equations, 540 
Singular point, 708 
Singularity, essential, 708 
Skewness, 843 
Solenoidal, field, 351 
vector function, 327 
Solution of, biquadratic equations, 11 
cubic equation, 9 
difference equations, 999 
differential equations, 426 
differential equations in series, 542 
equations graphically, 13 
Laplace's equation, 619, 1042 
non-linear simultaneous equations, 
942 
partial differential equations, 577 
Poisson's equation, 1048 
simultaneous equations, 929 
Sphere, equations of, 117 
Spherical co-ordinates, 359 
Spring, stiffness of, 458 
Oscillations of a, 507 
Stagnation points, 690 
Standard deviation, 888 
Standard error of estimate, 852 
Statistical inference, 897 
Stenier's theorem, 298 
Stirling's formula, 964 
Stoke's theorem, 341 
Straight line in symmetrical form, 102 
Stream function, 678 
Strum-Liouville problem, 573 
Strut, 519 
Student's t-distribution, 905 
Successive differentiation, 134 
Summation, of series, 665 
convention, 1181 
Suríace integral, 337 


Surface areas of revolution, 269 
Switching circuits, 1172 
Synthetic division, 2 


T 
Tangent plane, 119, 219 
Taylor's series, 704 
series method, 1010 
theorem, 145, 220 
Telegraph, equations, 631 
Telephone equations, 631 
Tensor, associated, 1192 
Conjugate, 1190 
Contravariant, 1183 
Covariant, 1184 
Fundamental, 1190 
Metric, 1190 
Reciprocal, 1190 
symmetric, 1186 
Testing à hypothesis, 898 
Tetrahedron, 81 
Theorem of perpendicular axes, 298 
Thermal conductivity, 466 
Torsion of a curve, 317 
Total differential equations, 539 
Transformation, Bilinear, 685 
Conformal, 688 
Joukowski, 689 
Linear, 51 
of equations, 5 
Orthogonal, 52 
Schwarz-Christoffel, 692 
Transmission line, 630 
Transportation problem, 1097 
Trapezoidal rule, 989 
Triple integrals, 283 
Trivial solution, 48 
Truth value, 1176 
Two phase method, 1085 


Two-dimensional, heat equation, 018 


Laplace's equation, 619 


U 


Uniform, convergence, 389, 702 
distribution, 892 





Units, electrical, 468 
Systems of, 458 
Unit, impulse, 761 
step function, 756 
М 
Validity of series solution, 542 
Variation of parameters, method of, 
456 
Vanance, 888 
Vector, acceleration, 319 
differentiation, 415 
field, 322 
Integration, 334 
products, 86, 95 
Velocity of escape, 460 
Velocity potential, 678 
Venn diagrams, 1151 
Vibrations, damped, 507 
forced, 509 
ofa string, 602 
Vibrating membrane, 626 
Vogel's approximation method, 1099 
Volterra equations, 1131, 1138 
Volume integral, 345 


Volumes of solids, 285 


of revolution, 286 
as double integrals, 255 
as triple integrals, 285 


W 


Wave, equation, 602, 1055 
forms, 417 

Weddle's rule, 991 

Weibull distribution, 893 

Weirstrass's M-test, 390, 702 


Whirling of shafts, 522 
Work, 90, 335 
Wronskian, 486 

Z 


Zero of analytic function, 708 
Z-Aransform, 793 
Application to difference equations, 
508 




























Dr. B.S. Grewal E 


The book provides a clear exposition of essential tools of applied mathematics from a 
modern point of view and meets complete requirements of engineering and computer science 
students. Every effort has been made to keep the presentation at once simple and lucid. It is written 
with the firm conviction that a good book is one that can be read with minimum guidance from the 
instructor. To achieve this, more than the usual number of solved examples, followed by properly 
graded problems have been given. Many of the examples and problems have been selected from 
recent papers of various university and other engineering examinations. Basic Concepts and 
Useful Information has been given in an Appendix. However, the subject matter has been set 
in eight main units: 

е Algebra & Geometry : Solution of equations, Linear algebra: Deter-minants, Matrices, 
Vector algebra and Solid geometry. 





© Calculus : Differential calculus, Partial differentiation, Integral calculus, Multiple integrals, 
Vector calculus. 

"^ Series : Infinite series and Fourier series. 

Ө Differential Equations : Differential equations of first order and their applications, Linear 
differential equations and their applications, Differential equations of different types, Series 
solution of differential equations and special functions, Partial differential equations and 
their applications. 

^ Complex Analysis : Complex numbers and functions, Calculus of complex functions. 


Transforms : Laplace transforms, Fourier transforms and Z-transforms. 
^ Numerical Techniques : Empirical Laws and Curve fitting, Statistical methods, 
Probability and Distributions, Sampling and Inference, Numerical methods, Finite 
differences and Interpolation, Difference equations, Numerical solution of Ordinary and 
Partial differential equations, Linear programming. 
^ Special Topics : Calculus of variations, Integral equations, Discrete mathematics, 
Tensors. 
An exhaustive list of ‘Objective Type of Questions has been given at the end of each chapter 
Standard Tables, Answers to Problems, and a fairly comprehensive Index is given at the end. 
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